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Abstract

The present work addresses the lower bound limit analysis (or yield design) of thick plates
under shear-bending interaction. Equilibrium finite elements are used to discretize the bend-
ing moment and the shear force fields. Different strength criteria, formulated in the five-
dimensional space of bending moment and shear force, are considered, one of them taking
into account the interaction between bending and shear resistances. The criteria are chosen
to be sufficiently simple so that the resulting optimization problem can be formulated as a
second-order cone programming problem, which is solved by the dedicated solver Mosek.
The efficiency of the proposed finite element is illustrated by means of numerical examples
on different plate geometries, for which the thin plate solutions as well as the pure shear
solutions are accurately obtained as two different limit cases of the plate slenderness ratio.
In particular, the proposed element exhibits a good behavior in the thin plate limit.

Keywords: limit analysis, yield design, lower bound, thick plates, finite element method,
second order cone programming

1. Introduction

Due to the development of efficient mathematical programming solvers, numerical yield
design (or limit analysis in the specific case of a rigid perfectly plastic behavior) has gained
increasing attention in the last decades. The resolution of a yield design problem can be for-
mulated using two different approaches. The first one, namely the static approach, consists
of maximizing the loading factor over a set of stress fields which are statically admissible and
fulfill the strength criterion at each point of the structure. The second approach, namely
the kinematic approach, is only the mathematical dualization of the first one, by means of
the virtual work principle. It leads to the minimization of a convex function, the maximum
resisting work, over the set of kinematically admissible virtual velocity fields and under a
normalization condition of the power of external loads. The finite element method has been
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sur-Marne, France, Tel : +33 (0)1 64 15 36 59

Email address: jeremy.bleyer@enpc.fr (Jeremy Bleyer)
URL: https://sites.google.com/site/bleyerjeremy/ (Jeremy Bleyer)

Preprint submitted to International Journal for Numerical Methods in Engineering November 15, 2014



used for both approaches : the stress fields and associated equilibrium equations being dis-
cretized in the static approach [1, 2], whereas the virtual velocity fields are discretized to
compute the maximum resisting work in the kinematic approach [3, 4].
Yield design theory being a general framework for estimating the ultimate load of any struc-
ture, it has also been formulated in the specific case of plates and slabs [5–8]. Most of the
work in this area has been devoted to the case of thin plates in bending, i.e. plates possessing
a finite resistance to bending moments only, the resistance to shear and membrane forces
being assumed to be infinite. One famous method to estimate the collapse load of such
structures is the yield line theory developed by Johansen [5], which is a kinematic approach
involving rigid failure mechanisms separated by yield lines. Finite element method has also
been proposed to solve kinematic approaches for thin plates in bending, either as a numerical
implementation of the yield line theory [9] or by considering more complex velocity fields
[10–13]. Similarly, finite elements discretizing the thin plate equilibrium equations have also
been proposed to solve the static approach [12, 14, 15].
However, to the author’s knowledge, little work has been devoted to the case of ”thick”
plates for which a limited shear resistance has to be taken into account. The work of Cecchi
and co-workers [16] on masonry walls for instance considered a Reissner-Mindlin kinematic
limit analysis finite element, in which dissipation is produced at the elements edges due to
bending moment, torsion and shear. In [11] and [17], quadrilateral finite elements have been
proposed to solve the kinematic approach for thick plates. It is worth noting that, with-
out any specific treatment, these elements exhibit shear-locking in the thin plate limit. To
overcome this effect, the authors proposed a mixed B-bar strain formulation. Very recently,
Canh V. Le [18] proposed to use a discrete shear gap stabilization technique to overcome
shear locking, still for the kinematic approach.
It seems that, so far, no finite element has been proposed to solve the static approach for
thick plates.
Following the point of view adopted in [12, 15], the present formulation only relies on a
plate model, in the sense that it does not refer to any corresponding three dimensional
structure. The only optimization variables will, therefore, be the bending moment and the
shear force fields throughout the whole plate. Besides, one key aspect of the static approach
relies in the definition of the strength criterion. Hence, in this work, strength criteria will
have to be formulated in the five-dimensional space of bending moments and shear forces. In
order to keep computations tractable, simple generalized strength criteria will be considered.

The formulation of the yield design thick plate problem will be the purpose of Section
2. Section 3 is devoted to the finite element discretization of the problem and mathematical
programming aspects. Some considerations on the shear-locking effect are then given in
Section 4. Finally, Section 5 is concerned with numerical examples which are used to validate
the proposed formulation.
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2. Yield design of thick plates

2.1. Description of statically admissible fields

Let Ω be a plate of thickness t occupying the plane (Oxy) in a cartesian frame (ex, ey, ez).
The internal forces of the plate are described by a symmetric tensor N of membrane forces,
a symmetric tensor M of bending moments and a vector V of shear forces. The external
forces are represented by a transversal distributed pressure fz = −pD and, possibly, loads
distributed along a line Γ with a transversal component Fz = −PL. Distributed exterior
couples and in-plane loads can also be considered in this model, but will be taken to zero in
the following for the sake of simplicity. Note that the sign convention for bending moments
is such that positive bending corresponds to traction of the bottom face of the plate.

With the previous notations, the local equations of equilibrium in this model are given
by :

divN = 0 (1)

div V − pD = 0 (2)

divM + V = 0 (3)

whereas the jump equations through a line Γ of normal n read as :

[[N ]] · n = 0 (4)

[[V ]] · n− PL = 0 (5)

[[M ]] · n = 0 (6)

where [[·]] denotes the jump of the quantity · through the line Γ following its unit normal n.
Finally, the boundary conditions on the plate boundary ∂Ω of normal n are written by pre-
scribing (or not) some components of the in-plane reaction T = N · n, the vertical reaction
R = V · n or the resulting bending moment M = M · n.

A set of fields (N, V ,M) will then be said to be statically admissible with a set of external
forces (pD, PL) if they satisfy the local equilibrium equations (1)-(3), the jump equations
(4)-(6) and the prescribed boundary conditions.

2.2. Yield criteria for thick plates in the (M,V ) space

Generally speaking, the strength criterion of a plate can be formulated as a condition
involving all internal forces (generalized stresses) at any point of the plate, namely :

f(N, V ,M) ≤ 0

The present work aims at investigating the resistance of bending plates when the plate
cannot be really considered as thin. It will therefore be assumed that the plate is infinitely
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(a) Representation of the von Mises bending
criterion GM

(b) Representation of the shear crite-
rion GV

Figure 1: Bending-only and shear-only strength criteria GM and GV

resistant to membrane forces, but not to bending moment and shear forces so that the
strength criterion reduces to :

f(V ,M) ≤ 0

The strength domain in the five-dimensional space will be defined as :

G =
{

(V ,M) s.t. f(V ,M) ≤ 0
}

In the following, the intersection of the strength domain G with the subspace of zero shear
forces V = 0, will be noted GM ⊂ R3 and taken as the classical von Mises ellipsoid criterion
for bending plates :

GM =
{
M s.t. fM(M) ≤ 0

}
with

fM(M) =
√
M2

xx +M2
yy −MxxMyy + 3M2

xy −M0 = ‖M‖vM −M0

Similarly, the intersection of the strength domain with the subspace of zero bending moments
M = 0, will be noted GV ⊂ R2 and taken as a simple criterion limiting the norm of the
shear force vector :

GV = {V s.t. fV (V ) ≤ 0}

with
fV (V ) =

√
V 2
x + V 2

y − V0 = ‖V ‖ − V0

The ultimate bending moment M0 and shear force V0 are material parameters describ-
ing the plate strength to pure bending and pure shear respectively. Referring to a three-
dimensional modelling of the plate of thickness t, associated with a von Mises strength
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criterion of ultimate tensile/compressive strength σ0, then, M0 and V0 are given by the
following relations :

M0 =
σ0t

2

4
; V0 =

σ0t√
3

(7)

In the following applications, three different forms will be considered for the complete
strength criterion associated to G (figure 2) :

1. infinitely resistant shear forces : G =
{

(V ,M) ∈ R5 s.t. M ∈ GM

}
= R2 ×GM

2. no shear-bending interaction : G =
{

(V ,M) ∈ R5 s.t. V ∈ GV and M ∈ GM

}
= GV×

GM

3. shear-bending interaction : G =
{

(V ,M) ∈ R5 s.t. fVM(V ,M) ≤ 0
}

with :

fVM(V ,M) =

√(‖M‖vM
M0

)2

+

(
‖V ‖
V0

)2

− 1 (8)

It is worth noting that the first criterion with infinitely resistant shear forces can be obtained
as the limit of the two other criteria when V0L/M0 →∞, where L is a characteristic length
of the plate. On account of (7), it corresponds to the limit β = L/t → ∞, β being the
slenderness ratio of the plate. Hence, the first criterion corresponds to a thin plate limit of
the two other criteria.

The second criterion is obtained as the product of GM and GV , so that there is no
interaction between shear and bending strength capacities. On the contrary, the third
criterion can be represented as an ellipsoid in R5, the intersection of which with the subspace
V = 0 is represented by GM whereas its intersection with the subspace M = 0 is represented
by GV . Hence, the criterion with interaction is strictly contained in the second criterion with
no interaction, which is itself contained in the criterion with infinite shear strength. It is
to be noted that the interaction criterion, associated with expressions (7), has already been
proposed in previous works [19, 20] and can be seen as an extension to plates of the strength
criterion for idealized I-beams under combined bending and shear.
Indeed, in the case of a local von Mises criterion, the expression of the support function (or
plastic dissipation in the context of limit analysis) accounting for shear deformations can be
expressed as [21] :

π(χ, γ) = σ0

∫ t/2

−t/2

√
z2χTQbχ+ γTQsγdz (9)

where χ = (χxx, χyy, 2χxy)
T is the vector in Voigt notation of the curvature rate tensor χ,

γ = (γx, γy)
T the shear strain vector components, t is the plate thickness and

Qb =
1

3

4 2 0
2 4 0
0 0 1

 Qs =
1

3

[
1 0
0 1

]
The exact strength criterion G∗ expressed in terms of the bending moment and shear force
vector can be obtained from the expression of this support function as follows :

(M,V ) ∈ G∗ ⇐⇒M : χ+ V · γ ≤ π(χ, γ) ∀χ, γ
5



a)  infinite shear resistance b)      no interaction c)    with interaction

Figure 2: Schematic representation of the different strength criteria

As stated in [11], expression (9) is often approximated using a ng-points Gauss quadrature
over the half thickness, so that :

π(χ, γ) = 2σ0

∫ t/2

0

√
z2χTQbχ+ γTQsγdz ≈

1

2

ng∑
g=1

M0ωg

√
(1 + ξg)2χTQbχ+

16

t2
γTQsγ

(10)
where ξ = 4z/t − 1 and ωg is the weighting factor of the Gauss point ξg. It is now quite
easy to see that, in the case of a one-point integration rule (ξ1 = 0, ω1 = 2), equation (10)
reduces to an approximate yield criterion given by :

(M,V ) ∈ Gapp ⇐⇒
√
MTPbM +

t2

16
V TPsV −M0 ≤ 0

where M = (Mxx,Myy,Mxy)
T , V = (Vx, Vy)

T and

Pb =

 1 −1/2 0
−1/2 1 0

0 0 3

 Ps = 3

[
1 0
0 1

]

which is exactly equivalent to the expression of the shear-bending interaction criterion (8).
Therefore, this criterion can be seen as an upper-bound approximation of the exact strength
criterion G∗ in the case of a plate made of a material obeying the von Mises criterion.

2.3. Statement of the yield design problem for thick plates

It is assumed from now on, that the plate loading depends upon several loading param-
eters collected in the vector Q. In this context, the domain K of potentially safe loads Q,
as introduced in the limit analysis or yield design theory [8], is defined as follows :

K =
{
Q ; ∃(V ,M) statically admissible (SA) with Q

∀(x, y) ∈ Ω (V (x, y),M(x, y)) ∈ G
}
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56

1
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3

Figure 3: Degrees of freedom in a given element for the quadratic interpolation of M and the linear inter-
polation of V

uniformly 
distributed load

linear line load

Figure 4: Admissible loads on a given element consistent with the chosen interpolations

3. Finite element discretization

3.1. Equilibrium, jump equations and boundary conditions

The numerical resolution of the previously mentioned static approach will be performed
using a finite element discretization of the plate by considering piecewise continuous bend-
ing moment and shear force fields, separated by statically admissible discontinuities across
adjoining elements. In the following, since the plate is assumed to be infinitely resistant to
membrane forces, they will not be taken into account in the formulation and can be consid-
ered as reactions only.

In each triangular finite element e, a 6-noded quadratic interpolation for each component
of the bending moment tensor and a 3-noded linear interpolation of the shear vector will be
assumed (figure 3). Hence, using classical linear (N1

i (ξ, η)) and quadratic (N2
i (ξ, η)) shape
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functions, we have in each element :

V(ξ, η) =
3∑

i=1

N1
i (ξ, η)Vi

M(ξ, η) =
6∑

i=1

N2
i (ξ, η)Mi

where M =
〈
Mxx Myy Mxy

〉T
and V =

〈
Vx Vy

〉T
.

Since the bending moment varies quadratically and the shear force varies linearly, the
quantity div M + V varies linearly in the element as well. It is, therefore, sufficient to
enforce this quantity to be zero at the three end nodes of the triangle, so that equation
(2) is satisfied exactly at every point of the element. Similarly, since div V is constant in
the element, only uniform distributed pressures in the element are possible for the chosen
interpolation to satisfy equation (3) (figure 4). Then, in element e, the local equilibrium
reads as : 

[D1
M ] [N1

V ]
[D2

M ] [N2
V ]

[D3
M ] [N3

V ]
0 [DV ]




M1

...
M6

V1

V2

V3


=



0
0
...
0
pD,e


where [Di

M ] (resp. [N i
V ]) computes divM (resp. V) at node i and [DV ] computes div V .

The jump equation for bending moments between two adjacent elements e and e′ has
to be satisfied at all three nodes of the shared edge (figure 5). Let i = 1, 2, 3 be a node in
element e and i′ = 1′, 2′, 3′ the corresponding node in element e′, we have :

[b] 0 0 −[b] 0 0
0 [b] 0 0 −[b] 0
0 0 [b] 0 0 −[b]




M1

M2

M3

M1′

M2′

M3′


=


0
...
0


with [b] =

[
n2
x n2

y 2nxny

nxtx nyty nxty + nytx

]
, t being the tangent unit vector (figure 5). The jump

equation for shear forces has to be satisfied at the two end nodes of the shared edge only.
With a linearly varying line load PL between nodes 1 and 2, the jump equation reads as :

[
〈n〉 0 −〈n〉 0
0 〈n〉 0 −〈n〉

]
V1

V2

V1′

V2′

 =

{
P 1
L

P 2
L

}
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1

3

1'

3'

2'
2

(a) Jump equation for M

1

2

1'

2'

(b) Jump equation for V

Figure 5: Satisfaction of the jump equations between adjacent elements

Boundary conditions are enforced exactly the same way by retaining the appropriate
lines of the following equations (in the case of zero prescribed reactions) :[b] 0 0

0 [b] 0
0 0 [b]


M1

M2

M3

 =


0
...
0


[
〈n〉 0
0 〈n〉

]{
V1

V2

}
=

{
0
0

}
All these elementary contributions of local equilibrium, jump equations and boundary

conditions are then assembled into a global linear relationship between the vector of static
unknowns Σ and an external force vector F of the form :

HΣ = F

3.2. Formulation of the strength criterion as conic constraints

In order to obtain a rigorous lower bound, the strength criterion should be satisfied at
each point inside a given element. Unfortunately, the quadratic variation of M inside an
element makes it impossible to determine a priori where the strength criterion maxima will
occur. This issue has been circumvented in [12] by adopting a so-called criterion of the
mean which corresponds to the satisfaction of the strength criterion only in a mean sense
over each finite element.
In the following, it has been decided to check the strength criterion only at a finite number
Nc of points within the element, while keeping in mind that it can be violated between
these points. It is always possible to imagine a post-processing procedure which will analyze
the optimal static field to determine the exact position of the strength criterion maxima.
If the criterion is violated at some of these points, a down-scaling factor can be applied
to the ultimate load for the static field to fulfill the strength criterion exactly. Another
idea would be to reoptimize separately the static fields on each element discretized into
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6
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Figure 6: Position of the points used to check the criterion in a reference element up to Nc = 10

Point ξ η
1 1 0
2 0 1
3 0 0
4 1/2 1/2
5 0 1/2

Point ξ η
6 1/2 0
7 1/3 1/3
8 2/3 1/6
9 1/6 2/3
10 1/6 1/6

Table 1: Coordinates of the checking points in the reference triangle

many sub-elements using the approximate solution from the first computation as imposed
boundary conditions on the element edges. However, it will be proved numerically that the
error made on the ultimate load using a finite number of checking point is negligible and
decreases when refining the mesh. The position of the checking points which will be used in
the following are represented in figure 6 and given in table 1.

Now, let c denote a checking point in a given element e. The von Mises criterion for
bending moments and the strength criterion for shear forces only can be written at c as :

fM(Mc) = ‖JMc‖ −M0 ≤ 0

fV (Vc) = ‖Vc‖ − V0 ≤ 0

where J =

1 −1/2 0

0
√

3/2 0

0 0
√

3

.

Therefore, introducing the following auxiliary variables zc =

〈
1

M0

JMc,
1

V0
Vc

〉T

, the dif-

ferent strength criteria can be written as :

• infinite shear strength :

‖zc
1→3‖ ≤ 1 ∀c = 1, . . . , Nc ·NE (11)

• no interaction :
‖zc

1→3‖ ≤ 1
‖zc

4→5‖ ≤ 1
∀c = 1, . . . , Nc ·NE (12)
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• with interaction :
‖zc‖ ≤ 1 ∀c = 1, . . . , Nc ·NE (13)

Clearly, in each case, the strength criterion can be formulated using second-order cone
constraints of different sizes which can be summarized by a condition of the form zc ∈ C.
Finally, let us mention that for the second criterion with no shear-bending interaction, it is
not necessary to satisfy the shear criterion at each checking points, but sufficient to fulfill it
at the three nodes of the triangle since V varies linearly and fV is convex.

3.3. Formulation of the yield design static approach as SOCP

The global force vector is now assumed to be proportional to a reference load F0 :
F = λF0. The resolution of the yield design static approach will give a lower bound λl ≤ λ+

to the exact ultimate load factor λ+ that the plate can sustain, on account of adopted
strength criterion. This lower bound is obtained by solving the following maximization
problem :

λl = max λ
s.t. HΣ = λF

AΣ = 〈z1 . . . zNc·NE〉T
zc ∈ C ∀c = 1, . . . , Nc ·NE

(14)

where the auxiliary variables definitions have been assembled into the constraint AΣ =
〈z1 . . . zNc·NE〉T . This problem involves the maximization of a linear function over linear
equality constraints and conic constraints which is a standard SOCP problem. The total
size of the conic constraints depends on the chosen strength criterion symbolized by C.

4. Some comments about the shear locking effect

4.1. Shear locking effect in displacement/velocity-based finite elements

The shear-locking effect corresponds to a lack of robustness of some displacement-based
(or velocity-based in the context of yield design/limit analysis) thick plate finite elements
in the thin plate limit [22, 23]. Usually, the finite element solution corresponding to a fixed
mesh size strongly deteriorates when the plate thickness tends to zero, due to the presence
of spurious shear strains. In order to obtain a finite element solution close to the exact thin
plate solution, the mesh size has to be increasingly smaller for increasingly smaller values of
the plate thickness. Mathematically speaking, the convergence of the finite element solution
is non-uniform with respect to the plate thickness t.

The source of the shear-locking phenomenon can be found in a mismatch between the
discrete thick plate functional space and the functional space corresponding to the thin
plate solution. Indeed, the thick plate kinematics consists of a transversal velocity field w
and a rotation velocity vector β. When using, for instance, a continuous piecewise-linear
interpolation for the velocity field w and the rotation field β, the Love-Kirchhoff kinematic
constraint ∇w − β = 0 must hold true at the thin plate limit inside each element, so that
β must be in fact constant in the element. Since it is also continuous, it has to be constant
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over the whole domain, w being therefore linear over the whole domain. In the case of
non-trivial boundary conditions prescribing zero value of w and/or β on some part of the
plate boundary, the only possible choice satisfying the Love-Kirchhoff condition is w = 0
and β = 0. This interpolation will then lead to a convergence of the FE solution to the zero
field when t approaches zero instead of converging to the true solution.

Various numerical strategies have been proposed to overcome this shear-locking effect,
relying mainly on some kind of relaxation of the strain compatibility equations. Since the
present work addresses the development of thick plate equilibrium finite elements in the
context of a yield design static approach, it seems valuable to investigate the question of the
possible occurence of a shear-locking effect for equilibrium finite elements.

4.2. The case of equilibrium finite elements
A first answer can be obtained when looking at the functional spaces used in the static

approach. For thick plates, the bending moment field belongs to the functional space of sym-
metric tensors which are L∞(Ω), i.e. bounded over the domain (finite resistance to bending)
and the divergence of which (the shear vector) is also bounded. In the thin plate limit, the
only difference comes from the fact that the shear strength is now unbounded. So that,
the bending moment still belongs to L∞(Ω), while its divergence can now be unbounded.
Hence, the thin plate functional space is here larger than the thick plate functional space.
This is the main difference compared to the kinematic approach for which, due to the Love-
Kirchhoff kinematic condition, the thin plate functional space is smaller than the thick plate
functional space.

Therefore, when using a discrete interpolation of the bending moment in the thick plate
case, it is still valid in a thin plate context, irrespectively of the thickness value. It can
be expected that no shear locking i.e. no deterioration of the solution, with respect to the
thickness, will occur when using equilibrium finite elements.

5. Illustrative examples

5.1. Square plate under uniformly distributed pressure
The problem of a square plate of side length L = 1 under uniformly distributed pressure

pD = p and various support conditions is first analyzed (figure 7). Owing to symmetry
conditions, only the bottom-left quarter of the plate has been discretized with two different
unstructured meshes : a coarse mesh with 3 elements per half-side (NE = 24 elements) and
a fine mesh with 15 elements per half-side (NE = 532 elements).
The boundary conditions ensuring symmetry at x = L/2 and y = L/2 are Mnt = 0 and
Vn = 0. For the plate edges x = 0 and y = 0, either simple supports (Mnn = 0) or clamped
supports (no condition on the static variables) are investigated. The slenderness ratio of the
plate is defined as β = L/t. Unless otherwise specified, the number of checking points has
been taken equal to Nc = 10.

12



symmetry 
conditions

simply supported
or clamped

coarse mesh fine mesh

Figure 7: Square plate problem under uniformly distributed pressure

Boundary conditions NE = 24 NE = 532 NE = 2172 Upper bounds

simply supported
24.885

(0.59%)
25.018

(0.06%)
25.018

(0.06%)
25.033

clamped
43.442

(1.71%)
44.075

(0.27%)
44.106

(0.20%)
44.196

Table 2: Comparison of the lower bound estimates obtained with the infinite shear strength criterion with
Love-Kirchhoff thin plate upper bound estimates. The ultimate load estimates are given in terms of the
ultimate load factor λ = pL2/M0, the number in parentheses indicates the relative error in percent compared
to the upper bound estimate.

5.1.1. Thin plate solution with the infinite shear strength criterion.

First, the criterion with infinite shear strength is adopted. It can be easily seen that
the ultimate load p+ is proportional to M0/L

2 = (σ0/4)(t/L)2 and should correspond to the
ultimate load obtained with a thin plate model. In table 2, the lower bounds obtained with
different meshes are compared to the upper bound ones obtained in [13, 24] by a kinematical
approach with a Love-Kirchhoff thin plate model and a majoration procedure to ensure a
strict upper bound status. The lower bound estimates are very close to the upper bound
estimates which enable to bracket the exact ultimate load of these two problems within less
than 0.2%. In the following, the lower bound estimates obtained with a very fine mesh
(NE = 2172 elements) will serve as reference values for the thin plate solutions and will be
noted p(β =∞).

5.1.2. Influence of the slenderness ratio on the ultimate load.

Secondly, the evolution of the lower bound estimate with respect to the slenderness ratio
is investigated. Results are presented in figure 8 for simple supports and in figure 9 for
clamped supports. The distinction is made between the criterion with or without shear-
bending interaction. Clearly, it can be observed that for β ≥ 10 (and β ≥ 50 for the
clamped case) the lower bound estimates are close to the thin plate solution by less than
1%. It is also worth noting that, even if the solutions obtained with both strength criteria
coincide for β close to 1, they produce significantly different results in the regions around
β = 5 for simple supports and β = 10 for clamped supports, when the solution exhibits a
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Figure 8: Evolution of the lower bound estimate for a simply supported plate with respect to the slenderness
ratio β. Results are normalized by the thin plate reference solution p(β =∞) = 25.018M0/L

2.
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Figure 9: Evolution of the lower bound estimate for a clamped plate with respect to the slenderness ratio
β. Results are normalized by the thin plate reference solution p(β =∞) = 44.106M0/L

2.
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combination of shear and bending.
Moreover, the ultimate load obtained in the case of a plate resisting only to shear forces
(pure shear solution) has also been represented. This solution is given by [25, 26]

pL2

M0

=
4√
3

4− π
2−
√
π

L

t

and is independent from the boundary conditions. As expected, the computed estimates
are a lower bound of this exact solution and agree quite well with the results in the thick
plate limit. Thus, for β = 1, a collapse load of pL2/M0 = 8.707 is obtained for both
type of supports, whereas the pure shear solution yields pL2/M0 ≈ 8.712. Despite an error
being less than 0.1%, the slight difference with this analytical result can be understood by
recalling that the collapse mechanism of the square plate perfect shear solution corresponds
to a uniform transversal translation of a region consisting of a square, the corners of which

are rounded by circles of radius ρ =
2−
√
π

4− π
L, the other part of the plate remaining fixed.

The previous results could, therefore, be improved by adapting the mesh along this region
to reproduce the optimal fields more accurately. Finally, it is also worth noting that the
estimates obtained with the no shear-bending interaction strength criterion are very close to
the upper bound obtained by combining the pure shear solution and the thin plate solution
(pure bending),

p = min

(
4√
3

4− π
2−
√
π

M0

tL
, p(β =∞)

)
5.1.3. Static fields and influence of the shear and bending parts of the strength criterion.

By way of an example, the different components of the static fields, solution of the
simply supported plate problem with β = 2.5 with a shear-bending interaction criterion, are
represented in figure 10 for the most refined mesh. In order to investigate the influence of
both shear and bending to the satisfaction of the strength criterion, we define the following
quantities :

sM =
‖M‖vM
M0

and sV =
‖V ‖
V0

so that the strength criterion with no interaction can be expressed as sM ≤ 1, sV ≤ 1 and
the strength criterion with interaction is given by

√
s2M + s2V ≤ 1. The local variation of sM

and sV are represented in figure 11 for the previous problem. It can clearly be observed that
the bending part of the criterion is saturated at the plate center and in the corners, whereas
the shear part of the criterion is saturated on the plate edges away from the corners.

Let also define sM (resp. sV ) as the spatial average of sM (resp. sV ) over the whole plate
which may represent a global indicator of a pure-bending, pure-shear or mixed shear-bending
problem. The evolution of these two quantities with respect to β for simply supported
boundaries and the two shear-bending criteria is represented in figure 12. Here again, these
results suggest that for β being close to 1, the problem is shear-dominated as expected,
whereas it is bending-dominated for β � 1. For intermediate values of β, the behavior
is different given the presence or the absence of interaction between shear and bending.
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Figure 10: Spatial variation of the static field components solution of the simply supported plate problem
with β = 2.5 and a shear-bending interaction criterion (M0 = 1, V0 = 5.8)

Figure 11: Spatial variation of strength criterion bending part sM and shear part sV
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Figure 12: Evolution of sM and sV with respect to β for the simply supported plate problem

As regards the criterion without interaction, the bending part of the criterion is almost
saturated in the whole plate for β ≥ 3 whereas the shear part is decreasing with higher
values of β.

5.1.4. Investigation of the influence of the number of checking points.

It is also of interest to study the influence of the number of checking points on the lower
bound estimates. In table 3, the value of the lower bound estimates are given for the simply
supported case with a shear-bending interaction criterion for different types of meshes and
different values of β and Nc.
First, the relative difference between Nc = 6 and Nc = 10 are always less than 1% which
ensures that the produced values are close to the converged values. Secondly, it can be
observed that the difference increases with increasing values of β, which can be attributed
to the fact that for large values of β the problem is bending dominated and it is the bending
part of the criterion which is influenced by the number of checking points. Indeed, for β = 1,
the ultimate load value is strongly dominated by the shear criterion which is always exactly
satisfied in the whole element if it is satisfied for all three corners of the triangle. Hence,
there is no modification in taking Nc = 6, 7 or 10 in this case. Finally, we also observe that
the relative differences at fixed values of β decrease with mesh refinement. Obviously, this
can be attributed to the fact that with smaller elements, the variation of the local bending
moment field are less important and it is, then, more difficult to violate the strength criterion
between checking points inside an element.
Therefore, it can be safely concluded that, with a sufficiently fine mesh, the obtained ultimate
load estimates are pseudo lower bounds of very good accuracy, although there is no strict
assurance that the criterion is not locally violated within an element.

18



mesh type Nc = 6 Nc = 7 Nc = 10

β = 1
coarse

8.6175
(0%)

8.6175
(0%)

8.6175
(−)

fine
8.7056
(0%)

8.7056
(0%)

8.7056
(−)

β = 10
coarse

24.7048
(0.54%)

24.6032
(0.13%)

24.5718
(−)

fine
24.7113
(0.01%)

24.7100
(0.00%)

24.7098
(−)

β = 100
coarse

25.0471
(0.67%)

24.9159
(0.14%)

24.8814
(−)

fine
25.0159
(0.00%)

25.0150
(0.00%)

25.0148
(−)

Table 3: Influence of the number of checking points on the lower bound estimates λ(β) = p(β)L2/M0. The
number in parentheses indicate relative error compared to the corresponding value obtained for Nc = 10.

5.1.5. Comparison of soft/hard simple supports and boundary layer effect.

The comparison of the Love-Kirchhoff and Reissner-Mindlin plate models has already
been widely discussed in the literature, but mostly in the case of linear elasticity and with
reference to three-dimensional solutions. One interesting aspect of the comparison between
both models concerns the boundary conditions. The Reissner-Mindlin plate model is, in-
deed, able to distinguish the case of so-called ”hard” and ”soft” supports, i.e. whenever
the displacement is fixed, the rotation around the normal to the boundary is either fixed
(”hard” supports) or free (”soft” supports). For simply supported stress-like boundary con-
ditions, this corresponds to imposing only Mnn = 0 (hard supports) or Mnn = Mnt = 0 (soft
supports). One main question concerns the behavior of those boundary conditions in the
limit range of a very small thickness, since in a Love-Kirchhoff thin plate model, only hard
supports are admissible due to the enforced relation between the displacement gradient and
the local rotation. In the framework of linear elasticity, it has been shown that, in some
cases, the Reissner-Mindlin solution converges to the Love-Kirchhoff solution in the thin
plate limit except in a boundary layer zone which can appear along the plate edges [27, 28].
It is, therefore, interesting to investigate this question in the framework of yield design and
without any comparison to three-dimensional solutions.

For this purpose, the simply supported square plate problem with an infinite shear
strength criterion and hard or soft supports has been investigated. The ultimate load esti-
mates obtained with different values of the mesh size h = L/2/ME, ME being the number
of elements used to mesh the plate half-sides, have been compared to the reference value of
the simply supported plate problem with hard supports, consistent with a Love-Kirchhoff
model, p∗LK = 25.018M0/L

2. Three different meshes have been used : a uniform unstruc-
tured mesh (mesh A) and two meshes specifically devised to capture a boundary layer along
the plate simply supported edges (figure 13). The first one is adapted along a boundary
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Figure 13: Three types of meshes used to compare the influence of hard or soft supports. Represented
meshes correspond to ME = 20 elements per plate half-side (h = 0.025).

layer of width e = 0.015 (mesh B), whereas the second one is adapted along a boundary
layer of width e = 0.005 (mesh C). Note that there is only one element in the boundary
layer width direction.
The evolution of the relative error (defined as 1−p/p∗LK) with respect to the mesh size h has
been represented in figure 14. First, it has been observed that, in the case of hard supports
(Mnn = 0 only), the ultimate loads obtained at a fixed mesh size do not depend on the type
of mesh (unstructured or adapted) which has been used. The results presented in figure 14
for the hard support case (crosses) correspond, therefore, only to an unstructured mesh of
type A. Hence, one may conclude that the solution corresponding to the hard support case
do not present any rapidly varying feature along the plate edges.
On the contrary, in the case of soft supports (Mnn = Mnt = 0), the results are quite de-
pendent on the mesh employed. It can first be observed that the convergence rate is in
O(h0.9) for mesh A whereas the convergence rate for hard supports is sensibly faster as it
varies as O(h2.6). As regards meshes adapted along a boundary layer, the convergence rate
is close to that of the hard support case for the largest values of h. Thus, it seems that the
solution corresponding to the simple support case presents a rapidly varying feature along
the plate edges, since it is better approximated by boundary layer-adapted meshes. Besides,
at a certain critical mesh size, convergence is stopped which can be explained by the fact
that the solution can no longer be improved with mesh refinement in this region because the
typical element size is fixed by the boundary layer width e. It is also clear that this effect is
delayed for a smaller width e.
Finally, the analysis of the static fields in this boundary layer shows a distribution of almost
infinite shear forces which counterbalance the transition of the Mnt component from 0 to a
non-zero value through the boundary layer.

20



Figure 14: Relative error convergence of the simply supported plate problem with hard/soft supports for
different types of meshes : circles = uniform unstructured mesh (type A), triangles = mesh adapted along
a boundary layer of width e = 0.015 (type B), squares = mesh adapted along a boundary layer of width
e = 0.005 (type C)

Hence, it can be concluded that the hard support problem converges normally to the thin
plate limit value, whereas the soft support problem converges to the same value, but also
exhibits a boundary layer effect near the plate supports due to the additional constraint
Mnt = 0, as is the case in the context of elasticity.

5.2. Circular plate examples

In this second example, the ultimate load of simply supported and clamped circular plates
of radius R is investigated under a uniformly distributed load p. These problems have been
treated in the work of Capsoni and Vicente da Silva [17] using an upper bound kinematic
approach based on a fully 3D Reissner-Mindlin element. In order to avoid shear locking in
the thin plate limit, they proposed to relax the strain compatibility equation using a B-bar
method. For this reason, the produced collapse load estimates are not exact upper bounds
of the true collapse load but only pseudo-upper bounds. Besides, the maximum resisting
power is obtained by integrating the expression corresponding to the 3D von Mises criterion
through the thickness. Therefore, their criterion is slightly different from the criterion with
shear-bending interaction that is considered here. In fact, the latter is obtained by using
only a one point quadrature in the integral through the plate thickness [11]. However, their
results are still very interesting to assess the efficiency of the present static approach in the
case of a strength criterion with shear-bending interaction.
For all computations, only a quarter of the circular plate has been meshed using an un-
structured mesh consisting of 726 elements. For both boundary conditions, the lower bound
estimates obtained for different slenderness ratio β = R/t have been compared to the corre-
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[17]

Figure 15: Collapse load of a simply supported circular plate with different slenderness ratios

sponding (pseudo)-upper bounds obtained with the finest mesh considered in [17]. Besides,
collapse loads corresponding to a thin plate model have also been represented. Thin plate
lower bounds have been computed using the present method with the infinite shear strength
criterion whereas upper bounds have been computed using the H3 finite element kinematic
approach developed in [13, 24].

As regards the simply supported case (figure 15), it can be observed that the results
obtained from the present lower bound approach and those obtained from [17] agree very
well for the whole considered range of slenderness ratio. In the thin plate limit β →∞, the
computed values converge, as expected, to the solution obtained with a thin plate model, the
remaining discrepancy being around 0.1%. Moreover, in the thick plate limit for β = 0.5,
a collapse load of pR2/M0 = 2.309 is obtained. This result has to be compared to the pure
shear solution,

pR2

M0

=
4√
3

2R

t
≈ 2.3094

which is independent from the boundary conditions.
As regards the clamped case (figure 16), it can first be noted that the same value as the
simply supported case is obtained for β = 0.5 with our method. For higher values of β a
larger discrepancy than in the simply supported case can be observed between our lower
bound and Capsoni and Vicente da Silva’s pseudo-upper bound. Considering that our lower
bound yields the correct value in the thin plate limit (the error being still around 0.1%), the
difference can be attributed to the lack of performance of the upper bound finite element
used in [17] for this problem. This can be explained by the fact that, contrary to the thin
plate finite element of [13, 24], they used a finite element which cannot account for rotation
discontinuities along the clamped boundary, thus requiring the use a very fine mesh near
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Figure 16: Collapse load of a clamped circular plate with different slenderness ratios

the clamped boundary in order to improve the quality of the upper bound.

5.3. L-shaped plate

The next examples consider a L-shaped plate under uniformly distributed loading and
boundary conditions as shown in figure 17. Three different structured mesh of the type
represented in figure 17 are considered with a total number of elements taking the values
NE = 150, 600 and 2400. Here again, different slenderness ratios are considered with the
ellipsoid-type interaction criterion and compared to the upper bounds values obtained by
Le [18] for the same problem. Limit loads are given in a dimensionless form, that is, as
λ+ = (q+L2)/M0. The obtained lower bounds are given in table 4 where the line β → ∞
corresponds to the thin plate limit with the unlimited shear force criterion.
The results are seen to be quite close to the upper bounds computed in [18] in which an
adaptive refinement of the mesh has been used to produce those values. Here, it can be
seen that the lower bound estimates converge very quickly when refining the mesh and that
there is no sign of deterioration of the convergence in the thin plate limit, which is a further
evidence indicating that the proposed elements seem to be free from any shear-locking.

5.4. Rectangular plate with eccentric square cutout

In this last example, the problem of a rectangular plate with an eccentric square cutout is
investigated. This problem has been treated in [18] by a kinematic approach for two different
slenderness ratios. The plate is subjected to a uniformly distributed loading of magnitude
q and all external and internal edges are simply supported. The geometry is described in
figure 18.
Lower bound estimates have been obtained for three different meshes and two different
slenderness ratios β = 1 and β = 100. In this example, the slenderness ratio is β = L/t with
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Figure 17: L-shaped plate problem meshed with NE = 600 elements

λ+ NE = 150 el. NE = 600 el. NE = 2400 el. Upper bound [18]
β = 1 3.7 3.7 3.7 3.73
β = 2 5.67 5.68 5.69 5.8
β = 4 5.87 5.88 5.89 5.98
β = 8 5.98 6 6 6.08
β = 10 6 6.02 6.03 6.1
β = 20 6.03 6.07 6.08 6.14
β = 40 6.04 6.08 6.1 6.16
β = 80 6.05 6.09 6.11 6.18
β = 100 6.05 6.09 6.11 6.18
β →∞ 6.05 6.09 6.11 -

Table 4: Lower bound estimates for the L-shaped plate for three different meshes.
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(a) Geometry and boundary condition [18] (b) Mesh corresponding to NE = 1464 elements

Figure 18: Rectangular plate with an eccentric square hole

λ+ NE = 314 el. NE = 1464 el. NE = 3590 el. Upper bound [18]
β = 1 13.30 13.35 13.37 13.69
β = 100 48.42 48.78 48.82 49.46

Table 5: Lower bound estimates for the rectangular plate with eccentric square cutout for three different
meshes.

L = b = 6 m. Limit loads are given in a dimensionless form, that is, as λ+ = (q+ab)/M0.
The obtained lower bounds are given in table 5 and compared to the upper bound estimates
obtained in [18].

6. Conclusion

The present work formulates a yield design problem for thick plates in bending by taking
into account the effect of shear and bending in the plate strength criterion. It seems to be
the first time that an equilibrium finite element is proposed to solve the lower bound static
approach of this kind of structures. Due to the simplicity of the considered strength criteria,
the discretized problem can be cast easily as a standard second-order cone program, taking
advantage of the efficiency of dedicated SOCP solvers such as the Mosek software package.
The efficiency of the proposed finite element is validated on different plate examples. In
particular, it enables to retrieve the pure shear solutions in the thick plate limit β ∼ 1,
as well as the thin plate solutions obtained in previous works with an excellent accuracy
(less than 1%). Contrary to other elements proposed in the available literature, this element
seems to be free from any shear locking in the thin plate limit. It has also been shown that,
as is the case for elastic problems, a boundary layer effect can occur at the thin plate limit
when soft support boundary conditions are used.

Future work will deal with more complex strength criteria than those used in this paper.
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The performance of the proposed method relying, partly, on the efficiency of SOCP solvers,
the main difficulty will be to formulate five-dimensional strength criteria which can be ex-
pressed as conic constraints without too much effort. One simple extension could be, for
example, to use a Johansen square strength criterion for the bending part of the strength
criterion.
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