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ON THE KOSTANT SECTION AND THE UNIVERSAL
CENTRALIZER IN POSITIVE CHARACTERISTIC
AND OVER THE INTEGERS

SIMON RICHE

ABSTRACT. In this paper we prove analogues of fundamental results of Kostant
on the universal centralizer of a connected reductive algebraic group for alge-
braically closed fields of positive characteristic (with mild assumptions). We
also extend some of these results to integral coefficients.

1. INTRODUCTION

1.1.  This note is concerned with the generalization of some fundamental results
concerning the universal centralizer group scheme I associated with a connected
reductive group G (and its Lie algebra J) to the case where the coefficients are an
algebraically closed field F of positive characteristic or a finite localization R of the
integers (with mild assumptions).

The case of complex coefficients is due to Kostant [Ko|. The case of fields of
positive characteristic is probably well known (at least in part) to experts, but
is not treated in detail in the literature as far we know (except for some results
in [Vel), and is usually used only under rather strong assumptions (see e.g. [Ng]).
The case of integral coefficients might be new.

In the “classical” case (field of characteristic either zero or large), these results
play an important role in various aspects of the geometric Langlands program, see
e.g. [G1l BE, Do, Ng]. We expect our generalizations to play a similar role in
modular (or integral) versions of these results. In fact, our main motivation comes
from our desire to generalize the definition of the “Kostant—Whittaker reduction
functor” used e.g. in [BF],[Do] to the case of integral coefficients. This functor plays
an important technical role in [MR].

1.2. The first part of the paper (Section is concerned with the case of alge-
braically closed fields. In this case we have tried to prove the various results in the
maximal reasonable generality, and to introduce our assumptions only when they
become necessary.

First we recall the construction of Kostant’s section to the adjoint quotient g/QG,
where g = Zie(G) (see Theorem[3.2.2). Then we use these results to prove that the
universal centralizer I is smooth over the regular locus g,es (see Corollary .
We also describe the Lie algebra of the restriction Iy of I to greg in terms of the
cotangent bundle to g/G (see Theorem , generalizing results in characteristic
zero due (to the best of our knowledge) to Bezrukavnikov—Finkelberg [BE]. Finally
we consider variants of these results when the Lie algebra g is replaced be the
Grothendieck resolution g (see .
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1.3.  The second part of the paper (Section |4)) is concerned with the case when G
is a split, connected, simply-connected, semi-simple algebraic group over the finite
localization R of Z obtained by inverting all prime which are not very good.

In this setting we define and study a Kostant section S (see in particular The-
orem 7 prove that the restriction of the universal centralizer to S is smooth
(see Proposition [4.3.1)), and describe the Lie algebra of this restriction in terms of
the cotangent bundle to S (see Theorem. Finally we study analogues of these
objects for the Grothendieck resolution (see §4.4)).

The proofs in this section mainly proceed by reduction to the case of algebraically
closed fields.

1.4. Some notation and conventions. All rings in this paper are tacitly assumed
to be unital and commutative. If A is a B-algebra, we denote by {245 the A-module
of relative differential forms, see [Hal §I1.8]. If M is an A-module, we denote by
Sa(M) (or sometimes simply S(M)) the symmetric algebra of M.

If X is a scheme, we denote by Ox its structure sheaf, and by O(X) the global
sections of Ox. If Y is a scheme and X is a Y-scheme, we denote by 2x,y the
Ox-module of relative differential forms. If X is smooth over Y, we denote by
T*(X/Y) (or simply T*(X)) the cotangent bundle to X over Y, in other words the
relative spectrum of the symmetric algebra of the locally free Ox-module Ty /y =
%Omox (Qx/}q OX)

If R is a finite localization of Z, we define a geometric point of R to be an
algebraically closed field whose characteristic is not invertible in fR. If F is a such
a geometric point, then there exists a unique algebra morphism R — F, so that
tensor products of the form F ®g; (—) make sense.

1.5. Acknowledgements. This work is part of a joint project with Carl Mautner,
see [MR]. We also thank Zhiwei Yun for useful conversations on regular elements,
and Sergey Lysenko for his help with some references.

The author was supported by ANR Grants No. ANR-2010-BLAN-110-02 and
ANR-13-BS01-0001-01.

2. PRELIMINARY RESULTS

2.1. Reduction to algebraically closed fields. Let R be a finite localization of
Z. In this subsection we prove various results that allow to deduce results over R
from their analogues over algebraically closed fields of positive characteristic. These
results will be used crucially in Section

Lemma 2.1.1. Let A be a finitely generated R-algebra, and let A’ be a finitely
generated A-algebra. Assume that A’ is flat over R and that for any geometric
point F of R of positive characteristic, F @x A’ is flat over F Q, A. Then A’ is flat
over A.

Proof. By [SPl, Tag 00HT, Item (7)], it suffices to prove that for all maximal ideals
m C A’, with p the inverse image of m in A, the A,-module A/, is flat. Let also
q be the inverse image of m in R. Then, by [SP, Tag 00GB], q is a maximal
ideal of R, i.e. is of the form ¢ - R for some prime number ¢ not invertible in *R.
From our assumption on geometric points one can easily deduce that A’/(¢- A’) is
flat over A/(¢- A). Hence, using [SP, Tag 00HT, Item (7)] again, we deduce that
(A ) (- A))mjear = Ay /q - Ay is flat over (A/(€- A))pjea = Ap/q- Ap. By the
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same result and our other assumption we know that Aj, is flat over :i,. Hence we
can apply [SP, Tag 00MP] to the morphisms Ry — A, — A}, to deduce that A7,
is flat over Ay, which finishes the proof. O

In the next statements, if X is an R-scheme and & is an fR-algebra, we set
X=X X Spec(R) Spec(G).

Corollary 2.1.2. Let X and Y be schemes which are locally of finite type over R,
and let f: X =Y be a morphism. Assume that X is flat over R and that for any
geometric point F of R of positive characteristic, the morphism Xp — Yr induced
by f is flat. Then f is flat.

Proof. Since flatness is a property which is local both on X and Y, we can assume
that both of them are affine. Then the claim follows from Lemma 2.1.11 O

Proposition 2.1.3. Let X and Y be schemes which are of finite type over R, and
let f: X — Y be a morphism. Assume that X is flat over R and that for any
geometric point F of R of positive characteristic, the morphism Xp — Yr induced
by f is smooth. Then f is smooth.

Proof. First, by Corollary 2.1.2] f is flat.

The smooth locus of f is open (see e.g. the definition of smoothness in [SP, Tag
01V5]) and the closed points are dense in every closed subset of X (see [SP, Tag
00G3]), hence it is enough to prove that f is smooth at closed points of X. Let x
be such a closed point. By [SP, Tag 00GB], the residue field «(x) has characteristic
¢ for some prime number ¢ invertible in JR. Let F be an algebraic closure of x(z),
let 2" be the point in X,,(,) whose image in X is , and let 2" be the unique closed
point of Xp lying over 2'. Let also f': X, () — Yi@) and f’: Xgp — Yg be the
morphisms induced by f. Then f” is smooth by assumption. Moreover, one can
see (using e.g. the characterization of smoothness in [SP, Tag 01V9, Item (3)] and
the invariance of dimension under field extension, see [GW], Proposition 5.38]) that
the smoothness of f” at z” is equivalent to the smoothness of f/ at z’, which is
itself equivalent to the smoothness of f at x. This finishes the proof. O

Lemma 2.1.4. Let A be a finitely generated R-algebra. Let X be a Noetherian A-
scheme which is projective over A and flat over R. Assume that for any geometric
point F of R of positive characteristic, the scheme Xg is affine. Then X is affine.

Proof. By Serre’s criterion (see [Hal Theorem II1.3.7]) it suffices to prove that
for any coherent sheaf of ideals Z C Oy, the complex of A-modules RI'(X,7)
is concentrated in degree 0. However by Grothendieck’s vanishing theorem [Hal
Theorem II1.2.7] this complex is bounded, and since X is projective over A its
cohomology sheaves are finitely generated over A (see [Hal, Theorem II1.5.2]). Hence
by [BR2, Lemma 1.4.1(2)] it suffices to prove that for any geometric point F of R,
the complex F ®% RI'(X,Z) is concentrated in degree 0.
Now one can easily check that we have

L L
F @x RT(X,T) = RI(X,F @x ).

Moreover, since Oy is flat over R, the complex F ®éI is concentrated in degree 0,
and isomorphic to the direct image of a coherent sheaf Zp on Xy. Hence we have

L
F &9 RT(X,T) = RT(Xy, Tr),
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and the desired claim follows from the assumption that X is affine and the other
direction in Serre’s criterion. [l

2.2. Lie algebra of a group scheme. Let X be a Noetherian scheme, and let G
be a Noetherian group scheme over X. We denote by €: X — G the identity, and
consider the Ox-coherent sheaf

wG/X = 5*<QG/X>-

Then, by definition (see e.g. [SGAL Exposé II, §4.11]; see also [Wal, Chap. 12] for
the case G and X are affine), the Lie algebra of G is the quasi-coherent Ox-module

Zie(G/X) := Homoy (wa/x, Ox),

with its natural bracket. We also denote by Lie(G/X) the scheme over X which
is the relative spectrum of the symmetric algebra of the Ox-module wg,x. This
scheme is naturally a Lie algebra over X. When X is clear, we will sometimes
abbreviate Zie(G/X), resp. Lie(G/X), to Lie(G), resp. Lie(Q).

We will use the following easy consequences of the definition.

Lemma 2.2.1. (1) If G is smooth over X, then the Ox-module Lie(G/X) is
locally free of finite rank, and Lie(G/X) is a vector bundle over X.
(2) Let f: Y — X be a morphism. Assume that either G is smooth over X, or
that f is flat. Then there exists a canonical isomorphism

Zie(Gxx YY) 2 f* ZLie(G/X)
of Oy -Lie algebras.

Proof. (1) Since G — X is smooth, the Og-module Q¢ x is locally free of finite
rank (see [SP, Tag 02G1]), which implies that wg, x and Zie(G/X) are locally free
of finite rank over Ox. The fact that Lie(G/X) is a vector bundle follows.

(2) We have

[ ZLie(G/X) = frHomoy (e Qg x,O0x) = Homo, (f*e"Qq/x, Oy)

under our assumptions (see [Mal Theorem 7.11] for the second case). Now using [Hal,
Proposition 11.8.10] one can easily check that f*e*Q¢,x is the restriction to Y of
Qax xv/y, which finishes the proof. O

2.3. Notation and assumptions. In Section [8|we will work in the following set-
ting.

Let IF be an algebraically closed field of characteristic £ > 0. Let G be a connected
reductive group over F, of rank r. Let B C G be a Borel subgroup and T C B be
a maximal torus. We denote by t C b C g the Lie algebras of T C B C G. We also
denote by U the unipotent radical of B, by n its Lie algebra, and by DG C G the
derived subgroup. We denote by B the Borel subgroup of G which is opposite to
B with respect to T, by U™ its unipotent radical, and by b™ and n™ their respective
Lie algebras.

We let @ be the root system of (G, T), and W be its Weyl group. For a € P,
we denote by g, C g the corresponding root subspace.

We denote by & C ® the system of positive roots consisting of the opposites
of the T-weights in n, and by A the corresponding basis of ®. We also denote by
dC X, (T) the coroots of ®, and by A c &t C ® the coroots corresponding to A
and ®* respectively. We denote by Z® C X*(T), resp. Z® C X,(T), the lattice
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generated by the roots, resp. coroots. For o € ®, resp. & € ®, we denote by do,
resp. da, the differential of «, resp. &, considered as an element in t*, resp. t.
Let us consider the following conditions:

(C1) for all @ € @, da # 0
2) £ is good for G, and X, (T)/Z® has no /-torsion;
3) ¢ is good for G, and neither X, (T)/Z® nor X*(T)/Z® has (-torsion;
4) ¢ is good for G, X,(T)/Z® has no f-torsion, and there exists a G-equi-
variant isomorphism g — g*.
We claim that
(C4) = (C3) = (C2) and (C3) = (C1).

Indeed, the condition that X*(T)/Z® has no {-torsion means that the vectors do
(a € A) are linearly independent in t* = F ®7 X*(T). This implies in particular
that they are non zero. Since any root is W-conjugate to a simple root, this justifies
the implication (C3) = (C1).

The implication (C3) = (C2) is obvious. Now, if x: g — g* is a G-equivariant
isomorphism, restricting to T-fixed points we obtain an isomorphism t = t*. It is
not difficult to deduce from the G-equivariance of x that this isomorphism must
send each differential of a simple root to a non-zero multiple of the differential of
the corresponding coroot. Hence the former are linearly independent iff the latter
are linearly independent, which justifies the implication (C4) = (C3).

Let us note also that the condition that X, (T)/Z® has no ¢-torsion is automatic
if DG is simply connected. Indeed, Let T’ be the maximal torus of DG contained
in T. Then, as explained in [J2| §I1.1.18], we have

X(T)=X.(T)n (D> Q-a).
acd
In particular, X,(T")/Z® is the torsion part of X,(T)/Z®. If DG is simply con-
nected then X,(T')/Z® = 0, hence X,(T)/Z® is a free Z-module. This remark
shows that condition (C4) holds (hence also the other conditions) provided G sat-
isfies Jantzen’s “standard hypotheses”, see e.g. [J1, §6.4].

Remark 2.3.1. (1) Condition (C1) is discussed in [J3, §13.3]. The only cases
when this condition might not be satisfied occurs when ¢ = 2 and G has a
component of type C,, (n > 1). In particular, it is satisfied if ¢ is good for
G except possibly when £ = 2 and G has a component of type A;.

(2) Primes satisfying (C3) are called “pretty good” in [He]. See also [Hel, The-
orem 5.2] for the relation between this condition and other variants of the
“standard hypotheses.” In the case G is semisimple, this condition is equiv-
alent to £ being very good, and (C4) is equivalent to (C3), see the proof of
Lemma [£.1.3] below.

2.4. Regular elements and the adjoint quotient. We continue with the nota-
tion of For any closed subgroup H C G and any « € g, we denote by H, the
scheme-theoretic centralizer of x in H, i.e. the closed subgroup of H defined by the
fiber product = x y H, where the morphism H — g sends h to h-z. If H is reduced,
we also denote by Cg(z) the reduced part of Hy, i.e. the reduced subgroup in H
whose closed points are {g € H | g - x = x}. If b is the Lie algebra of H, we set

ba:={y €b|lz,y =0}
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Recall that for x € G we have dim(G,) > r. (This follows, by standard ar-
guments, from the fact that any element in g is contained in the Lie algebra of
a Borel subgroup, see [Bol Proposition 14.25], and that B acts trivially on b/n.)
An element = € g is called regular if dim(G,) = r. We denote by greg C g the
subset consisting of regular elements; it is open (see e.g. [Hu, Proposition 1.4]) and
non empty (see Lemma below). We will also consider the subset grs C greg
consisting of regular semi-simple elements. This subset is open, and non-empty if
(and only if) (C1) holds, see [J3| §13.3]. For any subset £ C g, we set treg := £NQreg,
s := €N grs. Then by [J3] §13.3], if (C1) holds we have

(2.4.1) ts ={z €t|Va € ®, da(zx) # 0}.
We will denote by
x: 90— 9/G
the quotient morphism, and by Xreg: reg — /G its restriction to regular elements.

(Here, g/G := Spec(O(g)¢).) In Section |3| we will need a few well-known results
concerning this morphism.

Lemma 2.4.1. If z,y € greg and x(z) = x(y), then x and y are G-conjugate.

Proof. This follows from [J3, Proposition 7.13]. Alternatively, one can prove this
result directly using the facts that x separates semi-simple G-orbits (since they are
closed, see [Bol, Proposition 11.8]), that Cq ()" is reductive if € g is semi-simple
(see [Bol Proposition 13.19]) and that the nilpotent cone of a connected reductive
group is irreducible (see [J3l Lemma 6.2]). O

Proposition 2.4.2. Assume that (C1) holds. Then the inclusion t C g induces an
algebra isomorphism O(g)¢ = O()W ; in other words an isomorphism of schemes
t/W = g/G.

Proof. In [J3| §7.12] it is explained that the proof given in [SS| §11.3.17’] applies if
(C1) is satisfied. O

When (C1) is satisfied, we will usually use Proposition to consider x as a
morphism from g to t/W.

Lemma 2.4.3. Assume that (C1) holds, and that X,(T)/Z® has no (-torsion.
Then

(1) the action of W on t.s is free (in the sense that the stabilizer of any x € tys
is trivial);
(2) for any x € t,s we have G, =T.

Proof. (1) Our assumptions imply that the stabilizer in t of the reflection s, as-
sociated with o € @ is the hyperplane Ker(da). Using we deduce that if
T € ty5, then z is not fixed by any s,. Hence to conclude it is enough to prove that
if we W and x € t satisfy w - x = z, then w is a product of reflections stabilizing
x.

This property follows from a well-known argument (see e.g. [Hul Lemma on
p. 32]). In fact, let us first assume that ¢ > 0. Then we have natural isomorphisms

t2 X, (T)@zF 2 (X.(T)/¢- X.(T)) ®p, F.

Hence it is enough to prove a similar property for the W-action on X, (T)/¢- X, (T).
Now let w € W and i € X.(T) be such that w - i = & mod ¢ - X,(T). Then
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w-fi— g€ ZdNL- X, (T). Since X,(T)/Z® has no (-torsion, this implies that
w-fi—fi € £-Z®. Let us write w - i — i = £X. Then the image of i in X, (T)®zR
is fixed by the element (£A) - w of the group W x ¢Z®, which is the affine Weyl
group of [J2| §11.6.1] (for the reductive group which is Langlands dual to G). By a
well-known result on groups generated by reflections in real affine spaces (see [Bol,
V, §3, Proposition 1]), (£) -w is a product of reflections in W x (Z® stabilizing .
Projecting on W, we deduce that indeed w is a product of reflections in W which
stabilize i mod ¢ - X,(T), which finishes the proof in the case £ > 0.

The case ¢ = 0 is similar and simpler; details are left to the reader.

(2) First we show that G, is smooth. In fact, since z is regular we have
dim(G,) = dim(Cg(x)) = r. On the other hand, it is easily checked using the
triangular decomposition of g that g, = t. We deduce that the inclusions Zie(T) C
Zie(G;) C g, must be equalities. We have proved that dim(G,) = dim(Zie(G,)),
which implies that G, is smooth (see [Wal, Corollary on p. 94]).

It follows from [J3| Lemma 13.3] that G, = Cg(z) C Ne(T). Since no element
of W = Ng(T)/T stabilizes x by (1), we deduce that G, = T. O

We will finally use the following easy observation.

Lemma 2.4.4. If k: g = g* is a G-equivariant isomorphism, then for any x € g
the image k(gz) of 9. is the subspace (g/[z, g])* C g*.

Proof. Using the G-equivariance of x we observe that k(g,) C (g/[x, g])*. Then we
conclude by a dimension argument. O

3. THE CASE OF FIELDS
In this section we use the notation of §42.3]

3.1. The principal nilpotent element and the Kostant section. For any
a € A we choose a non-zero root vector e, € g, and set

e = E €q-

Lemma 3.1.1. The element e € g is regular.

Proof. First we observe that regular nilpotent elements exist: this follows from the
fact that the nilpotent cone in g has dimension dim(g)—r (see [J3| Theorem 6.4]) and
consists of finitely many G-orbits (see [J3| §2.8] and references therein). Then the
claim follows from [Spl Lemma 5.8]. (In loc. cit. it is assumed that G is semisimple,
but this assumption does not play any role in the proof of this lemma.) O

Lemma 3.1.2. Assume that (C2) holds. Then the morphism

n—b, = ez
1s injective.
Proof. This result is a consequence of the considerations in [Sp}, Section 2]. In fact,
let Gz D Bz D Tz be a split connected reductive group over Z, a Borel subgroup
and a (split) maximal torus such that the base change of Gy, resp. By, resp. T,

to F is G, resp. B, resp. T. We denote by t; C by C gz the Lie algebras of
Tz C Bz C Gz. Then we have g = F ®y gz. Moreover, since the morphism

I[oe:T—@E)>

aEA
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is surjective, we can assume that each e, is the image in g of a vector z, € gz
which forms a Z-basis of the a-weight space of gz (with respect to the action of

Ty).
As in [Sp| we consider the Z-grading gz = B,,, g%, induced by the heighﬂ of
roots, and denote by ¢;: g5, — ggl the morphism y +— [} ca %a,y]. Then the
morphism of the lemma is the morphism obtained from
Dti: Doz~ Do

<0 <0 <0

by applying the functor F ®z (—).

It is clear that ¢_; identifies with the inclusion Z® < X, (T). Hence the induced
morphism F®zg, ' — F®zg) is injective if (C2) holds (more precisely, iff the second
condition in (C2) holds).

Now if ¢ < —1, then by [Spl Proposition 2.2] the morphism ¢; is injective, and
by [Spl Theorem 2.6] its cokernel has no p-torsion if p is good. (In [Sp, Section 2]
it is assumed that the root system of Gy is simple. However the result we need
follows from Springer’s results applied to each simple factor in a simply-connected
cover of the derived subgroup of Gz.) Hence F ®y t; is injective, which finishes the
proof. ([

From now on we will assume that (C2) holds, so that we can apply Lemma
Let us consider the cocharacter Ao := >os ci+ @1 Gy — T. This cocharacter defines
(via the adjoint action) a Gp,-action on g. The vector e is a weight vector for this
action, of weight 2. Let us choose a Gy,-stable complement s to [e,n] in b, and set

S:=e+s, T:=e+b.
Then T is endowed with a G,-action defined by ¢ -« := t =2\, (t) - 2. This action

contracts T to e (as t — 0o) and stabilizes S.
Let us note that

(3.1.1) T C Greg-

Indeed, by Lemma € € greg. Hence an open neighborhood of e in T is included
in greg. Using the contracting Gp,-action on Y defined above, we deduce that the
whole of T is included in greg-

Lemma 3.1.3. Assume that (C3) holds. Then we have
g=5legl.

Proof. By the same argument as for centralizers in G (see §2.4)), one can check that
dim(g,) > r for all € g. In particular, it follows that dim([e, g]) < dim(G) — r.
Hence to prove the lemma it suffices to prove that g = s + [e,g]. And for this it
suffices to prove that n™ C [e, g].

This fact will again by deduced from [Sp]. We use the same notation as in the
proof of Lemma [3.1.2] As in this proof, one can assume that each e, is obtained

from a Z-basis of the corresponding root space in gz, and consider the morphisms
t;. Then F® tg: F @z g9 — F ®z g5, identifies with the morphism

A
t—=TF=, t— (da(t))aea-
1Recall that the height of a positive root « is the number of simple roots occurring in the

decomposition of « as a sum of simple roots (counted with multiplicities). The height of a nega-
tive root « is the opposite of the height of —a.
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Hence it is surjective if and only if the linear forms da (o € A) are linearly inde-
pendent, i.e. if and only if the third condition in (C3) holds.

And for ¢ > 1, combining [Spl, Proposition 2.2] and [Sp, Theorem 2.6] we obtain
that Coker(¢;) is finite and has no p-torsion if p is good. Hence F ®zt; is surjective,
which finishes the proof. [

Remark 3.1.4. More generally, if (C3) holds, for any € S we have g = s ® [z, g].
(In particular, we have dim(g,) = » in this case.) Indeed, as in the proof of
Lemma [3.1.3] it suffices to prove that g = s+ [z, g, i.e. that the morphism s g — g
defined by (s,y) — s+ [z,y] is surjective. This property is an open condition on
x. Since it is satisfies by e, it is satisfied in a neighborhood of e in §. We conclude
using the contracting G,-action.

3.2. Kostant’s theorem.
Proposition 3.2.1. Assume that (C2) holds. Then the morphism
UxS—=T7T

induced by the adjoint action is an isomorphism of varieties.

Proof. The proof is copied from that of [GGl Lemma 2.1].
Let us denote by v the morphism of the lemma. First, we remark that the
differential d(; ()¢ of ¥ at (1,e) can be identified with the morphism

{n@s — b
(n,s) = [n.e]+s

By Lemma|3.1.2|and the definition of s, this morphism is an isomorphism. It follows
that 1 is étale in a neighborhood of (1, ¢), and in particular dominant. We deduce
that the morphism ¢*: O(T) — O(U x §) is injective.

To prove that t* is an isomorphism, we consider the Gp-actions on & and T
defined in In fact we also define a Gy,-action on U x S by setting ¢ - (u, s) =
(Ao (t)uro(t)~1,t - s). Then the actions on U x S and T are contracting as t — 0o
(to (1,e) and to e respectively), and 1 is Gy-equivariant. Hence to conclude we
only have to prove that the characters of the action of Gy, on O(T) and O(U x S)
coincide. However, if X is any of these spaces, z is its Gy-fixed point, m, C O(X)
the ideal of z, and T, the tangent space of X at x, then, as a Gy,-module, O(X)
is isomorphic to the associated graded of the mg-adic filtration, which is itself
isomorphic (again as a Gy,-module) to O(T7). Since d(1,¢)?) is an isomorphism, we
deduce the equality of characters, which finishes the proof. O

Now we can prove the main result of this subsection. Our proof is essentially
identical to that in [Vel Proposition 6.3] (which is due to Springer), and is partially
based on the same idea as for Proposition The fact that the proof in [Ve]
can be generalized to very good primes using the results of Demazure is mentioned
in [SI, §3.14], see also [J3], §7.14]. In fact, slightly weaker assumptions are sufficient.

Theorem 3.2.2 (Kostant’s theorem). Assume that (C1) and (C2) hold. Then the
natural morphisms

S—>T/U—g/G

are isomorphisms.
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Proof. Proposition [3.2.1] implies that the first morphism is an isomorphism. So
to complete the proof it is enough to prove that the composition S — g/G is an
isomorphism. First, let us prove that this morphism is dominant.

For this it suffices to prove that G -S contains the open set of regular semisimple
elements. So, let x € g be a regular semisimple element. Then x is G-conjugate to
a regular element y € t by [Bol Proposition 11.8]. Now UT -y =y+nT 3 y+e (see
e.g. [J3, §13.3]), hence x is G-conjugate to y + e. Finally, since y +e€e+b="7T,
it follows from Proposition that v € G - S.

Now we consider again the Gy,-action on S defined in Then the morphism
S — g/G is Gy-equivariant, where the Gy,-action on g/G is induced by the action
t-x=1t"2z on g. As in the proof of Proposition to conclude it is enough to
prove that the Gp-modules O(S) and O(g/G) have the same character.

To prove this we remark that S is isomorphic, as a Gy,-variety, to s, hence to
b/[e,n]. (Here the G,-action on b is given by t-2 = t=2A\.(t)-2.) Now recall the no-
tation introduced in the proof of Lemmal[3.1.2] As in this lemma we can assume that
each e, is obtained from an element x,, € gz. Then one can consider the base change
G¢ of Gz to C, and the corresponding objects B¢, T¢, gc, be, tc. If ec denotes
the image of ) A 7 in gc, then it follows from the proof of Lemma that
the (Gy,)p-character of b/[e,n] coincides with the (Gy,)c-character of be/[ec, ne]
(where the (G, )c-action on be is defined by the same formula as the (G, )r-action
on by considered above). By Lemma applied to the field C, we have a Gy,-
equivariant isomorphism bc/[ec, nc] — gc/lec, gc]. Using Kostant’s theorem over
C (see [Ka|, Theorem 7)), we deduce that the Gy,-character of O(S) coincides with
the (G, )c-character of O(tc/W), where the (G, )c-action is induced by the action
on tc given by t -z =t 2.

From these considerations we obtain that to conclude the proof it suffices to prove
that the Gy,-character of O(g/G) coincides with the (G, )c-character of O(tc/W).
By Proposition it suffices to show that the Gy,-character of O(t/W) coincides
with the (Gy,)c-character of O(tc/W). However, if N is the product of the prime
numbers p which are bad primes for G or such that X, (T)/Z® has p-torsion, then
we have

O(tc/W) = C ®zp1 /8y Sz /n) (X *(T) @z Z[1/N)W
O(tg/W) =F ®z(1 /57 Sz1 /v (X (T) @z Z[1/N))W

by [De, Corollaire on p. 296]. (Note that the Z-module Coker(i), where i is
the map considered in [De, §5] for the root system ® C X*(T), is isomorphic
to Bxt},(X.(T)/Z®,Z) with our notation; in particular, this Z-module has the
same torsion as X, (T)/Z®.) By [De, Théoreme 2 on p. 295, the Z[1/N]-module
Sz /N (X*(T) @z Z[1/N])W is graded free. We deduce the equality of characters,
which finishes the proof. U

Remark 3.2.3. If (C1) and (C2) hold, it follows from Theorem|3.2.2that g/G = t/W
is smooth. In fact this follows more directly from the ingredients of the proof:
see [De, Corollaire and Théoreéme 3 on p. 296].

3.3. The universal centralizer. The main player of this subsection and the next
one is the “universal centralizer” over g, i.e. the closed subgroup of the group scheme
G X g over g defined as the fiber product

I:i=g xgxg (G xg).
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Here the morphism g — g X g is the diagonal embedding, and the morphism G xg —
g %X g is defined by (g, x) — (g-x,x). By definition, for = € g, the (scheme-theoretic)
fiber of I over x identifies with the group scheme G,.

We will denote by I, the restriction of I to greg, by Ls its restriction to g,
and by Ig its restriction to S.

Lemma 3.3.1. Assume that (C3) holds. Then the morphism
a: G XS = greg
induced by the adjoint action is smooth and surjective.

Proof. Let us first prove smoothness. The differential of a at (1, e) can be identified
with the morphism g x s — g sending (z,s) to [z,e] + s. By Lemma this
differential is surjective, hence a is smooth in a neighborhood of (1,e). In fact,
since this morphism is G-equivariant, there exists a neighborhood V of e in § such
that a is smooth on G x V. Then using the G,-action on S as in the proof of ,
we conclude that a is smooth.

To prove surjectivity, using smoothness it is enough to prove that closed points
of greg belong to the image of a. In other words, we have to prove that any element
of greg is G-conjugate to an element of S. Let z € greg. Then it follows from
Theorem that there exists y € S such that x(z) = x(y). We conclude using

Lemma and (3.1.1)). O

Remark 3.3.2. Assume that (C3) holds. Then for all € g,e; we have dim(g,) = r.
In fact, this property was observed for z € S in Remark But since any
element of g,c; is G-conjugate to an element in S by Lemma it holds on the
whole of ges. In the terminology of [Sp, §5.7] this means that, in this case, all
regular elements in g are smoothly reqular.

Let us note the following consequence. (See also [BGl Corollary on p. 746] for a
different proof, assuming that Jantzen’s “standard hypotheses” hold and that ¢ is
odd.)

Proposition 3.3.3. Assume that (C3) holds. Then the morphism Xreg: Gres —
9/G is smooth and surjective.

Proof. Consider the composition

G XS5 greg N )
Using Theorem [3.2.2] this morphism identifies with the projection G x § — S on
the second factor. In particular it is smooth and surjective. By [SP], Tag 02K5], we
deduce that x;es is smooth and surjective. O

Remark 3.3.4. Assume that (C3) holds. The fact that xyeg is smooth implies
that, for all © € greg, the morphism dy(Xreg): Te(greg) — Ty(2)(9/G) is sur-
jective; in other words we have a surjection g — Ty, (g/G). (Here Ty (greg),
resp. Ty (4)(9/G), denotes the tangent space to greg at z, resp. to g/G at x(x).)
Since the composition of X;eg With the morphism G — gey defined by g+ g -z is
constant, the differential d,(Xreg) must vanish on [z, g]. Since dim(g/[z, g]) = (see
Remark , we finally obtain that d;(Xyeg) induces an isomorphism g/[z,g] —
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Proposition 3.3.5. Assume that (C3) holds. Then the group scheme Ls is smooth
over S.

Proof. By definition we have Is = S xgxs (G x §). Since each of the mor-
phisms which define this fiber product factors through g x4/c S, we also have
Is = 8 Xgx,,e5 (G x §). Now using Theorem we obtain that the first pro-

jection induces an isomorphism g x4/g S = g, which provides an isomorphism
Is = S x4 (GxS).

In this fiber product the morphism G xS — g is the composition of the morphism a
of Lemma, with the open embedding gree — g, hence it is smooth; this implies
our claim. (]

Corollary 3.3.6. Assume that (C3) holds. Then the group scheme L.z is smooth
0Ver Greg-

Proof. The following diagram (where each map is the natural one) is Cartesian by
the G-equivariance of I:

G xTg—> Ty

.

GX$4a>greg.

By Lemma and Proposition the composition G x Is — greg is smooth.
Since a is smooth and surjective, so is the morphism G x Is — I,,. Using [SP]
Tag 02K5], we deduce that the morphism I,cg — greg is smooth. O

Remark 3.3.7. Assume that (C3) holds. Then it follows from Corollary that
for any = € greg, the stabilizer G, is a smooth group scheme over F, i.e. an al-
gebraic group in the “traditional” sense. In particular we have dimp(.Zie(G,)) =
dim(G,) = r, see [Wal Second corollary on p. 94], and therefore the embedding
Zie(G,) < g, is an isomorphism (see Remark [3.3.2).

Corollary 3.3.8. Assume that (C3) holds. Then the group scheme L eg is commu-
tative.

Proof. By Corollary [3.3.6} I, is flat over ges. Hence it is enough to prove that
I, is commutative. Since any element in g,s is G-conjugate to an element in
(see [Bol Proposition 11.8]), it is enough to prove that for any x € t,s, the group

G, is commutative. However in this case we have G, = T (see Lemma [2.4.3|2)),
which is clearly commutative. (]

Let us also note the following property.

Proposition 3.3.9. Assume that (C3) holds. Then there exists a unique smooth
affine commutative group scheme J over t/W such that the pullback of J under
Xreg: Oreg — t/W s Lieg.

Sketch of proof. The group scheme J is constructed by descent (for schemes affine
over a base) along the smooth and surjective morphism x,eg (see Proposition 3.3.3)),
following the arguments in [Ng, Lemma 2.1.1].
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These arguments use the fact that the morphism p: G X greg — Greg X¢/W Breg
defined by (g,z) — (x,¢g - ) is smooth and surjective. To check this property, we
consider the composition

(3.3.1) G X G XS 9% G X Grog 25 Grog X /W Gres-

To prove that p is smooth and surjective, it suffices to prove that this composition
has the same properties: then surjectivity is clear, and smoothness follows from
Lemma and [SP, Tag 02K5]. Now, to prove that is smooth and surjec-
tive, it is enough to prove that its composition with the automorphism of G x G xS
defined by (g, h,z) — (hg~!,g,2) has the same properties. The latter morphism
sends (g,h,x) to (¢ - x,h-x). Hence it identifies with the smooth and surjective
morphism

(G xS) X¢/w (G xS) M Oreg Xt/W Bregs
which finishes the proof. O

Remark 3.3.10. The group scheme Is is naturally isomorphic to the pullback of J
along the isomorphism & = t/W given by the composition S < greg — t/W.

Using the group scheme J one can obtain a more “concrete” description of the
category of G-equivariant coherent sheaves on g,cg, as follows.

Proposition 3.3.11. Assume that (C3) holds. Then there exists a canonical equiv-
alence of categories

Coh® (greg) = Rep(J) ,

where the right-hand side is the category of representations of J which are of finite
type over O(t/W).

Sketch of proof. We only indicate how to construct the functors in both directions.

First, consider a G-equivariant coherent sheaf 7 on g,e;. Then it is naturally
endowed with the structure of a representation of I, see e.g. [MR], §2.3]. Hence its re-
striction to S is a representation of Is. Identifying S with t/W (see Theorem
and Is with J (see Remark , we obtain a representation of J.

In the other direction, consider some (finite type) representation G of J. Then, to
define the corresponding G-equivariant coherent sheaf F on geg, since a is smooth
and surjective (see Lemma it suffices to define a G-equivariant coherent
sheaf 7' on G x S together with a descent datum. However G defines (as above) a
representation G’ of Is, and we can consider the coherent sheaf F' := Og X G’ on
G xS. One can identify the fiber product (G xS) x4, (G xS) with G x1s, so that
the two projections to G xS are given by (g, (h, s)) — (g, s) and (g, (h, s)) — (gh, s)
respectively. With this identification, the descent datum is equivalent to the datum
of an Ig-equivariant structure on F’, where Is acts on G x S via (h,s) - (g,s) =
(gh,s). However G’ can be considered as an Is-equivariant coherent sheaf on S,
and this structure is obtained by considering F’ as the inverse image of G’ under
the (Is-equivariant) projection G x § — S. O

3.4. Lie algebras. We set
J:=Zie(1/g), Treg = Lie(Lieg/Bres); s = Lie(Lis/trs),
Js := Zie(1s/S), J:=Lie(J/(t/W)).
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It follows from Lemma [2.2.1{|2) that J,eq, resp. Jys, is the restriction of J to greg,
resp. grs. We also set

I:=Lie(I/g), Teg:= Lie(Treg/Oreg); Irs := Lie(Lrs/grs),
Is :=Lie(Is/S), J:=Lie(J/(t/W)).
The following properties are easy consequences of the results of

Proposition 3.4.1. Assume that (C3) holds. Then:

(1) the coherent sheaf Jreg, Tesp. Jyis, T€SP. TS, T€SP. J, ON Greg, TESP. Grs, TESP. S
resp. t/W, is locally free of finite rank;

(2) the Lie algebra Lieg, Tesp. Lis, resp. Ls, resp. J, is a vector bundle over greg,
resp. grs, resp. S, resp. t/W;

(3) the Lie algebras Jieg, Trs, Is and J are commutative;

(4) the restriction of Jreg to S is canonically isomorphic to Js; in other words
there exists a canonical Cartesian diagram

]IS E—— Hreg

-

S —— Oreg

o~

(5) there exists a canonical isomorphism X, (3J)
ezists a canonical Cartesian diagram

Jreg; in other words there

Hreg —7

Xreg i

Oreg — t/W§

(6) the coherent sheaf Js is canonically isomorphic to the pullback of J under
the isomorphism S = t/W ; in other words Is is canonically isomorphic to
the pullback of J under the isomorphism S = t/W .

Proof. (1) and (2) follow from Lemma 2.2.][I) together with Proposition
Corollary and Proposition |3.3.9} (3) follows from Corollary and Propo-
sition (4) follows from Lemma and Corollary (5) follows from
Lemma (2) and Proposition|3.3.9} Finally, (6) follows from Remark O

The main result of this subsection gives a more concrete description of the Lie
algebras J, Ieg and Is. The proof will require that (C4) holds. In fact, from now
on we fix a G-equivariant isomorphism x: g — g*.

Theorem 3.4.2. Assume that (C4) holds. Then there exist canonical isomorphisms
J=T /W), Lreg = Greg X¢yw T (t/W), Is 2 T*(S)
of commutative Lie algebras over t/W, greg and S, respectively.

Proof. Tt is enough to construct the third isomorphism; then the other two isomor-
phisms follow, using Proposition [3.4.1)(5)-(6).

First we construct a morphism of coherent sheaves Js — (s. Since Is is a closed
subgroup of G xS, the Lie algebra Js embeds naturally in Zie(GxS/S) = g?rOs.
Now since S is a smooth closed subvariety in g, the tangent sheaf Ts embeds in
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the restriction of 74 to S, i.e. in g ®r Os, and the cokernel of this embedding is
a locally free sheaf. We deduce a canonical surjection g* ®r Os — {0s. Then we
define our morphism as the composition

(3.4.1) Js — g ®r Os —> 9" ®F Os — Qs.

To finish the proof it suffices to prove that this morphism is an isomorphism.
Recall the contracting Gy,-action on S considered in One can “extend” this
action to a compatible action on G X S by group automorphisms, setting ¢- (g, z) =
(Ao (t)gho(t)~1,t - ). This action stabilizes Is, and we deduce a G,-equivariant
structure on Js. Clearly Qs is also Gy-equivariant, and is a morphism of
Gm-equivariant coherent sheaves. Since Qs is locally free (in particular, has no
torsion), using some version of the graded Nakayama lemma we deduce that to
prove that is an isomorphism it suffices to prove that the induced morphism

(3.4.2) ic(Ts) = ic(Qs)

is an isomorphism, where 4.: {e} < S is the inclusion.

We claim that there exists a canonical isomorphism i*(Js) — g.. Indeed, us-
ing Lemma “ and Proposition |3.3.5( there exists a canonical isomorphism
i*(Js) — Zie(G.), and by Remark [3.3.7 the right-hand side identifies with g.
canonically. Using this claim and the obvious isomorphism ¢}(Qs) & s*, one can
identify (3.4.2 - with the composition

e = g > g" > 5"

The fact that this morphism is an isomorphism follows from Lemma and

Lemma B.1.3 O

3.5. Variant for the Grothendieck resolution. In this subsection we consider
analogues of the objects studied above for the Grothendieck resolution g. Recall
that this variety is the vector bundle on the flag variety & of G (considered as the
variety of Borel subgroups in G) defined as

g=1{(z,B)egx B|xe Lie(B)}.

There exists a natural projective morphism 7: g — g defined by 7r(x B') = z.
We denote by @reg, resp. grs7 the inverse image of greg, resp. grs, in g, and by
Treg grcg —+ Oreg, T€SP. Trg: Ors — Ors, the restriction of 7.

We will also use the morphism v: g — t defined as follows: for ¢ € G and
r € ZLie(gBg™1), v(z,gBg!) is the inverse image under the isomorphism t —
b — b/n of the image of g~ -z in b/n. (One can easily check that this morphism is
well defined, and is a smooth morphism which satisfies grs = v (ts5), see e.g. [J3,
§13.3].) We denote by vreg: greg — t the restriction of v to greg. Combining 7 and
v we obtain a morphism

(Y2l a — g Xt/W .
We denote by reg: greg = Greg X¢/w t, TESD. Qs Ors — Ors X oo /W trss the restriction

of ¢ tO Greg, reSP. Grs-
We will consider the schemes

S:=8x,8, YT:=7Tx,43
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These schemes are also endowed with an action of G,,, obtained by restricting the
action on g defined by
t-(x,B') = (72N (t) -z, Ao () B/ Ao (t)7h)
for t € Gy, and (z,B’) € g. The natural morphisms S 5> Sand T — Y are
Gm-equivariant. Note that the set-theoretic fiber of 7 over e is reduced to (e, B)
by [Spl Lemma 5.3]. Hence this G,-action on T is contracting to (e, B1).
One can also consider the universal stabilizer I over g, defined as the fiber product

i = ﬁ XExF (G X a)

If (z,B’) is a point in g, then the fiber of I over (z;, B’) identifies with (B),. We
will denote by I,es the restriction of I to greg, by I its restriction to grs, and by

Is its restriction to S. If (C3) holds, then it follows from Corollary that these
group schemes are commutative.

Lemma 3.5.1. Assume that (C3) holds. Then the morphism
G xS > Oreg
induced by the G-action on g is smooth and surjective.

Proof. By G-equivariance the following diagram is Cartesian:

G x g#ﬁreg

G x S*G>greg7

where the left vertical map is the product of idg with the morphism induced by
7. Hence smoothness and surjectivity of a follow from the same properties for a,
which we proved in Lemma [3.3.1] a

Remark 3.5.2. Using similar arguments one can prove that the morphism U x S =
T induced by the U-action on g is an isomorphism, assuming that (C2) holds.

Lemma 3.5.3. Assume that (C3) holds. Then the morphism

Preg - Ereg — Greg Xt/W t

is an isomorphism.

Proof. Following the arguments in [G2, Remark 4.2.4(i)], we only have to prove the
following properties:

(1) the morphism ¢,es is finite;

(2) the scheme geg X¢/w t is a smooth variety;

(3) ¢rs is an isomorphism.

Indeed, then the claim follows from the general result that if f: X — Y is a finite,
birational morphism of integral Noetherian schemes such that Y is normal, then f
is an isomorphism.

First, we claim that the projection myeg : ﬁreg — Oreg is quasi-finite. In fact, since
the locus where g is quasi-finite is open (see [SP, Tag 01TT]), it is enough to prove
that this morphism is quasi-finite at all closed points of Ajrebeince any closed point

3.5.1

in greg is G-conjugate to a closed point in S (see Lemma| , it is enough to prove
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that .. is quasi-finite at all closed point of S. Using the contracting Gp,-action
on S (and again the fact that the quasi-finite locus is open), it is enough to prove
that meg is quasi-finite at (e, B™). This property follows from [SP, Tag 02NG] and
the fact that the set-theoretic fiber of 7. over e is reduced to (e, BT).

Since Tyeq is quasi-finite, a fortiori ¢yeq is quasi-finite, see [SP, Tag 03WR)]. Since
this morphism is also projective, it is finite, see [SP, Tags 02NH and 02LS], which
proves (1).

Property (2) is a consequence of Proposition m

Finally we turn to (3). We remark that m is étale by [J3| Lemma 13.4]. On the
other hand, the quotient morphism t,s — t,s/W is étale by Lemma [2.4.3|[1]) and [J3,
Remark 12.8], hence the morphism g, X, Jw b = Ors 18 also étale. We deduce
that ¢, is étale. Moreover, comparing the fibers of m,s (see [J3, Lemma 13.3]) and
of the projection grs X¢,_/w ts — @rs (see Lemma [2.4.3|[1)) over closed points, we
obtain that ¢,s induces a bijection at the level of closed points. Using [SP, Tag
04DH], we deduce that ¢, is an isomorphism. O

Proposition 3.5.4. Assume that (C3) holds.
(1) The morphisms
§%S><t/wt, and THTXUW{:

induced by ¢ are isomorphisms. In particular, S and Y are affine schemes.
(2) The morphism vyeg Testricts to an isomorphism & — t.

Proof. (1) follows from (3.1.1) and Lemma [3.5.3] Then (2) follows from (1) and
Theorem [3.2.21 (]
Proposition 3.5.5. Assume that (C3) holds.

(1) The group scheme s is smooth over S.
(2) The natural commutative diagram

FIig—)Ig

L

S——=S
is Cartesian.
Proof. The proof of (1) is similar to the proof of Proposition [3.3.5) namely we use
isomorphisms
Is :gxﬁxg((} x S) %gxﬁxlg(G x S) %gxa(Gxg)

(where the last isomorphism uses Proposition [3.5.4/(2))), and then the result follows
from Lemma [3.5.1]
To prove (2) we use the isomorphisms

Is =S xg,, (GxS) and Is=Sxg, (GxS)

constructed in the proof of Proposition and of (1), respectively. By definition
there exists a natural closed embedding Is — S xgs Is, which we interpret as a
morphism

(3.5.1) S x=

Greg

(G x8) = S xs (S Xg,., (Gx8)).
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Using the isomorphisms & =5 t and & =5 t/W induced by v and y respectively, the
right-hand side in (3.5.1)) is isomorphic to t x/w (S Xg,., (G x §)). Then, using

the isomorphisms & = t (again induced by v) and Preg: Oreg — Oreg Xyyw t (see
Lemma [3.5.3]), the morphism (3.5.1)) identifies with the natural morphism

(txgyw S) XX ()W Breg (txyw (G x8)) = txyw (S Xg,., (G xS)),
which is clearly an isomorphism. O
Corollary 3.5.6. Assume that (C3) holds. Then the group scheme ieg s smooth

OVET Greg, and the natural commutative diagram

Ireg > Ireg

-

Oreg > Oreg
is Cartesian.

Proof. The smoothness of ieg can be proved by the same arguments as for Corol-
lary (or can be deduced from the second claim). To prove that the diagram
is Cartesian it suffices (by descent) to do so after pullback under the smooth and
surjective morphism @ (see Lemma [3.5.1). Then the claim follows from Proposi-
tion [3.5.5)2) (see the Cartesian diagram in the proof of Corollary [3.3.6)). O

Remark 3.5.7. Assume that (C3) holds. Then the second claim of Corollary
implies that for (z,B’) € greg the inclusion (B'), — G is an isomorphism.

From Proposition and Corollary we deduce that, if (C3) holds, there
exists a smooth, affine and commutative group scheme J on t whose pullback under
Vreg : Oreg — t 18 Lieg. In fact we have Cartesian diagrams

J——=1 Is —=1J

(35.2) L i and L L

t——t/W S —=t.

Remark 3.5.8. Assume that (C3) holds. Then, using the same arguments as for
Proposition [3:3.11] one can check that there exists a canonical equivalence of cate-
gories Coh® (Greg) = Rep(J).
We set
3= Lie(1/q), Treg = Lie(Lieg/Breg)s Irs = Lie(Lis/rs),
Js = Zie(Is/S), J:= Lie(J/t)
and
T:=Lie(TI/§), Deg := Lie(Treg/reg); Ius := Lie(Li/drs),
Is := Lie(Is/S), J:=Lie(J/t).

The following proposition is analogous to Proposition [3.4.1] and its proof is
similar (hence left to the reader).

Proposition 3.5.9. Assume that (C3) holds. Then:
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(1) the coherent sheafieg, resp. Srs, resp. 35, resp. ‘:5 ON Greg, TSP Brs, TESP. g’,
resp. t, is locally free of finite rank;

(2) the Lie algebra Hrcg, resp. ]Irs, resp. Hg, resp. JI is a vector bundle over greg,
T€SP. Prs, TESP. S resp. t;

(3) the Lie algebras jreg, jrb, 33 and 3 are commutative;

(4) the restriction of Jyeg to S is canonically isomorphic to JS, in other words
there exists a canonical Cartesian diagram

]IS —— Hreg

L

§—— areg;

(5) there exists a canonical isomorphism I/reg(J) =] reg; in other words there
exists a canonical Cartesian diagram

Hreg >

T

Oreg — t;

(6) the coherent sheaf JS is canonically zsomorph@c to the pullback ofd under
the isomorphism Kpa t; in other words ]Ig is canonically isomorphic to the
pullback ofJ under the isomorphism S St O

Lemma 3.5.10. Assume that (C3) holds. Then there exist canonical Cartesian
diagrams

Is —>1Is g —>le J——>1
i l l l and l i
§4>S, Ereg*)greg t——t/W.
Proof. This follows from Lemma Corollary Proposition Corol-
lary and the left diagram in (3.5.2)). O

Combining Theorem and Lemma [3.5.10| we obtain the following.

Theorem 3.5.11. Assume that (C4) holds. Then there exist canonical isomor-
phisms

T2 txgw T /W), Treg = Greg xgyw TH(H/W),  Is =S x5 T*S)
of commutative Lie algebras over t, greg and g, respectively. O
3.6. Comparison with the regular semisimple locus. In this subsection we

assume that (C4) holds
In Theorem |3.5.11| we have obtained a description of ... Restricting to Ors, We
deduce a canonical isomorphism

(361) I[rs = ars ><t,»S/W T* (er/W)
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On the other hand one can obtain a simpler description of frs (which only requires
(C1) to hold) as follows. By [I3l Lemma 13.4], there exists a canonical isomorphism

G/T X trs l> arsa

which sends (¢T, ) to (g-x,gBg~1). The universal stabilizer for the G-action on
G/T X t;5 is G/T X t;5 x T, considered as a closed subgroup of G/T x t,s x G
via the morphism (¢T,z,t) — (¢gT,z,gtg'). The Lie algebra of G/T X t,s x T is
G/T X t,5 x t. Hence we obtain a commutative diagram

G/T X t;5 X T

L

G/T X tyg ——— Grs-
Comparing with (3.6.1]), we obtain an isomorphism
(3.6.2) G/T X tys x t = (G/T X tr) X yw T (tes/W)

of commutative Lie algebras over G/T X t,.

To describe this isomorphism more explicitly, recall that we have fixed a G-
equivariant isomorphism k: g — g*, and that x induces an isomorphism t = t*.
This allows to identify t,5 x t with the cotangent bundle T*(t,s). The quotient
morphism t.s — /W is étale (see the proof of Lemma ; therefore it induces
an isomorphism T(t,) — tys Xy, sw T(tes/W) between tangent bundles, hence an
isomorphism T* (tys) — tys Xy, yw T*(tes/W). Combining these remarks we finally
obtain an isomorphism of vector bundles over t

trs X t l) trs Xtrs/W T*(trb/W)

We claim that the pullback of this isomorphism under the projection G/T Xt —
t;s coincides with (3.6.2). Indeed, this claim amounts to the following observation.
Both of the compositions

z—(z,B) ~ v
trs — Ors — trs

and
grs — ars L> trs

(where grs =8N grs) are isomorphisms, which provides a canonical isomorphism
0 ts — Sis. Now if (y,gB) = o(x), we have to check that the diagram

t=gy = Gy

* * de0 *
t = T% (ts) - T(y,gB)(Srs)

is commutative. (Here the upper horizontal arrow is the canonical isomorphism,
induced by any h € G such that y = h -z, and the vertical arrows are the iso-
morphisms constructed above.) Using the fact that the morphisms S,s — S5 and
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tis — tys/W are étale and Remark one can rewrite this diagram as

ge —————> 0y

Z\L ) \LZ
(9/[x,9])" —(9/ly,0])",

and the commutativity follows from the G-equivariance of .

4. THE CASE OF fR

From now on, for simplicity we restrict to the case of semisimple, simply con-
nected groups.

4.1. Definitions and preliminary results. Let Gz be a split connected, simply-
connected, semi-simple algebraic group over Z. We let By, C Gz be a Borel sub-
group, and Tz C By be a (split) maximal torus. We denote by gz, bz, tz the Lie
algebras of Gz, Bz, Ty.

We let N be the product of all the prime numbers which are not very good for
Gz, and set R := Z[1/N]. We let G, By, Tk be the groups obtained from Gy,
By, Ty by base change to R, and g, b, t,y be their respective Lie algebras. We
have goy = R ®z gz. We also denote by Ug; the unipotent radical of Begg, by ne its
Lie algebras, and by W the Weyl group of (G, Te).

We denote by ® C X*(Tg) the root system of Gg, by @+ C @ the set of roots
which are opposite to the T-weights in ngy, by A C ®* the corresponding basis,
by ® C X, (Ts) the coroots, and by d* C ® the coroots corresponding to ®+.

For any geometric point F of R we set

Gr = Spec(F) X Spec(R) Gox.

We also denote by Br, Tr the base change of Bg;, T, and by ty C brp C gr the
Lie algebras of Tr C Br C Gy.

Proposition 4.1.1. The inclusion tyy — goz induces an isomorphism of R-schemes
Moreover, these R-schemes are smooth (in fact they are affine spaces).

Proof. Consider the first claim. Under our assumptions, the group Gg is a product
of quasi-simple groups. Hence it is enough to prove the claim in the case G is
quasi-simple. In this case, it follows from [CR| Theorem 1].

The second claim follows from [Del, Théoreme 3]. O

Using Proposition [4.1.1} we will freely identify gm/Gm with ter/W. Let us also
note the following corollary.

Corollary 4.1.2. For any geometric point F of R, the natural morphism

o7/ Gr — Spec(F) Xgpec(s) (992/Gar)
is an isomorphism.
Proof. By Proposition 2.4.2 and Proposition it is enough to prove that the
natural morphism
tr/W — Spec(F) Xspec(or) (tor/W)
is an isomorphism. The latter property follows from [De, Corollary on p. 296]. O
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Lemma 4.1.3. There exists a symmetric Goy-invariant bilinear form on go which
is a perfect pairing.

Proof. As in the proof of Proposition [I.1.1] we can assume that G is quasi-simple
(and simply-connected). If Gg is exceptional then by [SS, Corollary 1.4.9] the
discriminant of the Killing form of gz is invertible in R, hence the Killing form
of goz satisfies the conditions of the lemma. If Gg is classical then gy can be
realized naturally as a subalgebra of gl(m,R) for some m, and one can check that
the restriction of the bilinear form

{ gl(m,R) @x gl(m,R) — R

(4.1.1) Xev - tr(XY)

is non-degenerate, see the considerations in [SS| p. 184]. For instance, let us explain
this argument in types B or D: in this case there exists a natural quotient morphism

Gy — SO(m,R) = {M € GL(m,R) | ‘M - M =1}
for some m > 3. The induced morphism on Lie algebras is an isomorphism since 2
is invertible in R, so that we can identify go with
so(m,R) = {z € gl(m,N) | 'z = —z}.
Then the submodule
{x € gl(m,R) | 'z = x}

is a complement to so(m,R) in gl(m, R) which is orthogonal to so(m,R) for (4.1.1]),
which proves that the restriction to so(m,fR) is a perfect pairing. (]

Lemma[4.1.3|implies in particular that for any geometric point F of R, the group
Gy satisfies condition (C4) of It follows that all the results of Section (3| are
applicable to this group.

From now on, we fix a bilinear form as in Lemma and denote by k: gn —
g% the induced isomorphism of Gi-modules. (Here g§; := Homau (g, R).)

4.2. Kostant section. We now explain how to define the Kostant section over fA.
For any a € A we choose a vector e, € gz which forms a Z-basis of the a-weight
space in gz (with respect to the action of Tyz), and set

e= E €q-

We denote similarly the image of this vector in go.
Lemma 4.2.1. The R-module by /[e, n] is free of rank r.
Proof. This follows from the results of [Sp| as in the proof of Lemmam O

Now we consider the cocharacter A\, := Yacit @ € Xi(Tw), and the (Guy)m-
action on g defined by
z-x:=2"2X(2) - 2.
Then e is fixed under this action, and the subalgebras bg; and ng; are (G, )sz-stable.
Using Lemma we can choose a (G, )m-stable free R-submodule s, C bgy such
that by = s53 @ [e,nz]. Then we set
S, := e + s, T := €+ bsx.

It is clear that S,y and Y, are (G, )m-stable.
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By construction, if F is a geometric point of R, the base change of Yo to F is
the scheme Y studied in Section [3| for the group Gy, and the base change of Sg; is
the scheme S studied in Section [3]| for Gy, for the choice s = F Qg s5z.

Proposition 4.2.2. The morphism
Ugn X Spec(R) S — T
induced by the adjoint action is an isomorphism of R-schemes.

Proof. We have to prove that the induced morphism O(Tg) — O(Ux x Sxn) is
an isomorphism of R-modules. Now, as in the proof of Proposition [3.2.1] each of
these modules is endowed with a natural (G, ),-action (equivalently, a Z-grading),
and one can easily check that the weight spaces are finitely generated free R-
modules. Moreover, our morphism is (G, ),-equivariant. Hence it suffices to prove
that for any prime ¢ not invertible in R, the induced morphism Fy @ O(T,) —
Fr @9 O(Uz X Sg) is an isomorphism. The latter result follows from the similar
claim for an algebraic closure of Fy, which is a consequence of Proposition [3.2.1] [

Theorem 4.2.3 (Kostant’s theorem over ). The natural morphisms
S = Tor/Un — gn/Go
are isomorphisms of R-schemes.

Proof. The fact that the morphism Sy — Yo /U, is an isomorphism is a conse-
quence of Proposition [£:2.2] Hence what remains is to prove that the morphism
So — g9/ G is an isomorphism. By the same arguments as in the proof of Propo-
sition it suffices to observe that for any geometric point F of R, the induced
morphism

Spec(F) Xspec(r) S — Spec(F) Xspec(ar) (99/Gor)
is an isomorphism (by Corollary and Theorem applied to Gy). g

Proposition 4.2.4. The morphism
a: Gy X Spec(R) S — g

induced by the Gy-action on gm is smooth.
Proof. This follows from Proposition 2.1.3] and Lemma [3.3.1 O

Remark 4.2.5. Since a is in particular a flat morphism, its image is an open sub-
scheme in go;. One can define the regular locus go:®* C gom as this image. Then the
morphism a: Gg X Sm — gg;" is smooth and surjective. Moreover, the same argu-
ment as in the proof of Proposition shows that the restriction gg® — tor/W

of the adjoint quotient is smooth and surjective.

4.3. The universal centralizer and its Lie algebra. We define the (affine)
group scheme Iz over g as the fiber product

I := IR Xgu xgn (GiR X gi)‘i)»

where the morphisms are similar to those considered in §3.3] We also denote by
I? the restriction of Iz to Si. It is clear that for any geometric point F of R, the
base change of Iy, resp. I?, to F is the corresponding group scheme defined and
studied in for the group Gp.

Proposition 4.3.1. The group scheme If? is smooth over Sg;, and commutative.
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Proof. Smoothness follows from the same arguments as in the proof of Proposi-
tion [3.3.5] using Theorem [4.2.3| and Proposition |4.2.4]

To prove commutativity, we have to prove that the comultiplication morphism
O(IZ) = O(IZ) R0 (sy) O(IF) is cocommutative. However using flatness of I over
Sx (hence over RR) we obtain that the vertical arrows in the natural commutative
diagram

O(IF) — O(IF) ®o(sy) O(IF)

| |

O(I§) —— O(I§) ®o(se) OI5)

are injective, where IS := Spec(C) X Spec(M) IZ and Sc := Spec(C) X Spec(9t) SR
Hence the desired cocommutativity follows from the case ' = C of Corollary
O

Remark 4.3.2. If one defines gy® as in Remark then the same arguments as in
the proof of Corollary [3.3.6] imply that the restriction of Iy to the open subscheme
05:" is smooth (and commutative). Moreover, one can construct an affine smooth
group scheme Jgt over tgy /W as in Proposition m

We set
3% = Lie(I¥ /Sw), 12 :=Lie(I¥/Sn).

Lemma 4.3.3. (1) The coherent sheaf 3% on S, is locally free of finite rank,
and the Lie algebra 1% is a vector bundle over Sy.
(2) The Lie algebra T3 is commutative.
(3) For any geometric point F of R, the Lie algebra Spec(F) X gpec(or) H? coin-
cides with the Lie algebra Is of §3.4] for the group Gg.

Proof. These properties follows from Lemma and Proposition O

Theorem 4.3.4. There exists a canonical isomorphism
I§ = T"(Sx)

of commutative Lie algebras over Sgz. In other words, if one identifies Sy with
tor/W wvia the isomorphism of Theorem there exists a canonical isomorphism

1% = T (tr /W)
of commutative Lie algebras over toy /W

Proof. As in the proof of Theorem [3.4.2] one can construct a canonical morphism
TJ? — Qs,, of coherent sheaves on Si. To prove that this morphism is an isomor-
phism it suffices to prove that its cone is isomorphic to 0. Since both 3? and Qs
are flat over R, to prove this it suffices to prove that for any geometric point F
of R, the induced morphism F @ 3% — F @ (s, is an isomorphism (see [BR2|
Lemma 1.4.1(1)]). However, by Lemma |4.3.3([3), F ®x J% is the Lie algebra Js of
for the group Gy, hence the desired claim follows from Theorem [3.4.2 O

Remark 4.3.5. If one defines gg:® as in Remark and Jg as in Remark
then one can also obtain analogues over fR of the first and second isomorphisms in

Theorem [3.4.2]
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4.4. Variant for the Grothendieck resolution. In this subsection we consider
the Grothendieck resolution

Egﬁ{ = Gg)r{ XBm bm
It is clear that, for any geometric point F of fR, the base change of g to F is the
variety g studied in for the group Gg. There is a natural projective morphism
m: gm — gm induced by the adjoint action, and we set
gg{ = Sg)f{ X g am.
We will also consider the natural morphism v: gg — to.
Proposition 4.4.1. The scheme Sw is affine, and the natural morphisms
(4.4.1) gfﬂ — S Xt /W tr — tn
are isomorphisms.

Proof. First we claim that g’m is flat over SR. In fact, by Gg-equivariance the
following diagram is Cartesian:

Gn X Sy — On

L

Gm XSm*a>gm.

Since a is smooth (see Proposition [4.2.4)), the upper arrow is also smooth, and we
deduce that G, x Sx is flat over R. Since R is a direct factor in O(G), this
implies that St is also flat over PR. Then, since S is M-flat and projective over

S, the first assertion follows from Proposition 1) and Lemma [2.1.4]

The fact that the second morphism in (4.4.1}) is an isomorphism follows from
Theorem [£.2.3] To prove that the first one is also an isomorphism, consider the
induced morphism

(4.4.2) O(Sn X gy /W tr) — O(gm)

Then both sides are finite modules over O(ts /W) (by [De, Théoreme 2] and [Hal
Theorem II1.5.2], respectively), and are R-flat. Hence, using [BR2, Lemma 1.4.1(1)],
to prove that is an isomorphism it suffices to prove that it becomes an iso-
morphism after applying F ®g (—) for all geometric points F of 2. The latter fact
was proved in Proposition [3.5.4(1). O

We define the universal stabilizer Tm over gs as the fiber product
Im = Em Xﬁmxﬁm (Gm X Em)
We denote by T? the restriction of Tm to gm.

Proposition 4.4.2. The group scheme T? s smooth over gm, and the following
natural commutative diagram is Cartesian:

Q13

L

Sor —— Sz
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Proof. The proof of the first claim is similar to the proof of Proposition [3.5.5/(1]).
To prove the second claim, we observe that the commutative square of the state-
ment induces a canonical morphism of Si-group schemes

(4.4.3) I3 — Sy xsy 1%
Since both group schemes are closed subschemes of Gz Xgpec(at) gm, and since this
morphism is compatible with their inclusion in G Xgpec(s) S, (4.4.3]) must be a
closed embedding. Since the fR-algebra (’)(gm X 5o I%) is of finite type and flat over
R, and since I is also R-flat, by [BR2, Lemma 1.4.1(1)], to prove that (4.4.3) is an
isomorphism it suffices to prove that, for any geometric point F of R, the morphism
Spec(F) Xspecim) 13 — Spec(F) Xspec(ar) (Sn X sy 1)

is an isomorphism, which follows from Proposition [3.5.5/(2)). O

Now we set _ L B o

% = Lie(I¥/Sw), 12 :=Lie(IZ/Sx).

Lemma 4.4.3. There exists a canonical Cartesian diagram

ﬁ? HH?

|

Spt ——> Sox.

Proof. This follows from Lemma [2.2.1{[2]), Proposition and Proposition [£.4.2}
O

Combining Lemma [£.4:3] and Theorem [£.3.4) we deduce the following result.
Theorem 4.4.4. There exists a canonical isomorphism
IF = S x50 T (Sm)

of commutative Lie algebras over Sw. In other words, if one identifies Sor with tx
via the isomorphism of Proposition[£.4.1] there exists a canonical isomorphism

i? l) tm Xtm/W T*(fm/W)

of commutative Lie algebras over to. (]
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