N
N

N

HAL

open science

Almost automorphy and various extensions for
stochastic processes
Fazia Bedouhene, Nouredine Challali, Omar Mellah, Paul Raynaud de Fitte,

Mannal Smaali

» To cite this version:

Fazia Bedouhene, Nouredine Challali, Omar Mellah, Paul Raynaud de Fitte, Mannal Smaali. Almost
automorphy and various extensions for stochastic processes. 2014. hal-01081794v2

HAL Id: hal-01081794
https://hal.science/hal-01081794v2

Preprint submitted on 10 Mar 2015 (v2), last revised 19 Apr 2015 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01081794v2
https://hal.archives-ouvertes.fr

Almost automorphy and various extensions for
stochastic processes

Fazia BEDOUHENE! Nouredine CHALLALI! Omar MELLAH }
Paul RAYNAUD DE FITTE § and Mannal SMAALI]

March 10, 2015

Abstract

We compare different modes of pseudo almost automorphy and vari-
ants for stochastic processes: in probability, in quadratic mean, or in
distribution in various senses. We show by a counterexample that square-
mean (pseudo) almost automorphy is a property which is too strong for
stochastic differential equations (SDEs). Finally, we consider two semilin-
ear SDEs, one with almost automorphic coefficients and the second one
with pseudo almost automorphic coefficients, and we prove the existence
and uniqueness of a mild solution which is almost automorphic in distri-
bution in the first case, and pseudo almost automorphic in distribution in
the second case.

Keywords. Weighted pseudo almost automorphic; square-mean almost au-
tomorphic; pseudo almost automorphic in quadratic mean; pseudo almost au-
tomorphic in distribution; Stepanov; Weyl; Besicovitch; Ornstein-Uhlenbeck;
semilinear stochastic differential equation; stochastic evolution equation
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1 Introduction

Almost automorphic functions, introduced by Bochner, are an important gen-
eralization of almost periodic functions. Almost automorphy is a property of
regularity and recurrence of functions, which has been studied in the context of
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differential equations and dynamical systems, and in other contexts. The ques-
tion of studying the concept of almost automorphic stochastic processes arises
naturally in connection with stochastic differential equations.

As can be seen in Tudor’s survey [49], almost periodicity forks into many
different notions when applied to stochastic processes: almost periodicity in
probability, in p-mean, in one-dimensional distributions, in finite dimensional
distributions, in distribution, almost periodicity of moments, etc. These notions
are not all comparable: for example, almost periodicity in distribution does not
imply almost periodicity in probability, and the converse implication is false too
[3]. The situation for almost automorphy is no different.

Furthermore, things become even more complicated if one takes into account
different generalizations of almost automorphy (which have their analogue in
almost periodicity): on the one hand, changing the mode of convergence in the
definition leads to the notions of Stepanov-like, Weyl-like and Besicovitch-like
almost automorphy. On the other hand, for the study of asymptotic properties
of functions, it is natural to consider functions which are the sum of an almost
automorphic function and of a function vanishing in some sense at infinity. In
this way, one gets the notions of asymptotically almost automorphic functions
and of pseudo almost automorphic functions and their weighted variants.

Each of these notions can be interpreted in different manners for stochastic
processes, exactly in the same way as for “plain” almost periodicity and almost
automorphy. It is an objective of this paper to clarify the hierarchy of those
various concepts. We did not try to list all possible variants, one can imagine
many other extensions and combinations, as the reader will probably do. This is
rather a preliminary groundwork, in which we investigate some notions we think
particularly useful. For example, when we describe the different modes of pseudo
almost automorphy in distribution, we concentrate on a stronger notion, which
is not purely “distributional” but seems to be the relevant one for stochastic
differential equations.

As we have in view applications in spaces of probability measures, which
do not have a vector space structure and whose topology can be described
by different non uniformly equivalent metrics, we are especially interested in
the properties of almost automorphy and pseudo almost automorphy which
are purely topological, i.e. which do not depend on a vector structure or on a
particular metric, but only on the topology of the underlying space.

A natural application of these concepts is the study of stochastic differential
equations with almost automorphic or more general coefficients. We provide two
examples of stochastic semilinear evolution equations, with almost automorphic
coefficients for the first one, and with pseudo almost automorphic coefficients
for the second one, whose unique bounded solution is almost automorphic (re-
spectively pseudo almost automorphic) in distribution. It is another objective
of this paper to point out a common error in many papers which claim the exis-
tence of nontrivial solutions which are almost automorphic in quadratic mean.
We show by a counterexample borrowed from [38] that this claim is false, even
for several extensions of almost automorphy.



Historical comments These comments are not intended to provide a full
historical account, only to highlight some steps in the history of almost auto-
morphic stochastic processes and their generalizations.

The study of almost periodic random functions has a relatively long story,
starting from Slutsky [47] in 1938, who focused on conditions for weakly sta-
tionary random processes to have almost periodic trajectories in Besicovitch’s
sense.

The investigation of almost periodicity in probability was initiated later by
the Romanian school [44, 16, 45].

It is only in the late eighties that almost periodicity in distribution was
considered, again by the Romanian school (mainly by Constantin Tudor), in
connection with the study of stochastic diferential equations with almost peri-
odic coefficients [29, 30, 39, 48, 2, 17].

Starting from 2007, many papers appeared, claiming the existence of square-
mean almost periodic solutions to almost periodic semilinear stochastic evolu-
tion equations, using a fixed point method. Despite the counterexamples given
in [37, 38], new papers in this vein continue to be published.

The story of almost automorphy and its generalizations is much shorter.
Almost automorphic functions were invented by Bochner since 1955 [13, 11, 12]
(the terminology stems from the fact that they were first encountered in [13]
in the context of differential geometry on real or complex manifolds). Almost
automorphic stochastic processes and their generalizations seem to have been
investigated only since 2010, starting with [28], which was followed by many
other papers. Most of these papers claim almost automorphy (or one of its
generalizations) in square mean for solutions to stochastic equations. There are
only few papers we are aware of [26, 27, 35] which investigate almost automorphy
in a distributional sense.

Recently, the notion of almost automorphic random functions in probability
has been introduced by Ding, Deng and N’Guérékata [23].

Organization of the paper In Section 2, we present the concept of al-
most automorphy and some of its generalizations: u-pseudo almost automorphy,
Stepanov-like, Weyl-like and Besicovitch-like p-pseudo almost automorphy. Our
setting is that of functions of a real variable with values in a metrizable space.
Metrizability seems a sufficiently general frame to investigate almost automor-
phy in many useful spaces of probability measures, while avoiding complications.
An extension to uniformizable spaces would be useful for applications in locally
convex vector spaces, this could be done using projective limits of metrizable
spaces as in [3]. We show that almost automorphy and a slightly generalized no-
tion of pseudo almost automorphy can be defined in a topological way, without
any reference to a metric nor to a vector structure.

In Section 3, we investigate several notions of almost automorphy and pseudo
almost automorphy for stochastic processes. First, we investigate almost auto-
morphy and its variants in pth mean: the stochastic processes are seen as almost
automorphic (or, more generally, u-pseudo almost automorphic) functions from



R to L, p > 0 (p = 0 corresponds to almost automorphy and its variants in
probability). We show with the simple counterexample of Ornstein-Uhlenbeck
process that even a one-dimensional linear equation with constant coefficients
has no nontrivial solution which is almost automorphic (in any of the variants
considered) in pth mean.

Then we move to almost automorphy in distribution and its variants. There
are at least three kinds of almost automorphy in distribution: in one-dimensional
distributions, in finite dimensional distributions, and in distribution of the whole
process. In the deterministic case, the first two notions are equivalent to almost
automorphy, the third one is equivalent to compact automorphy, a stronger
notion. For p > 0, we introduce also the notion of almost automorphy in p-
distribution, which is obtained by adding to the preceding notions a condition of
p-uniform integrability. For pu-pseudo almost automorphy, the situation becomes
even more complicated, because there are several ways to take into account the
ergodic part. We introduce the notion of processes which are u-pseudo almost
automorphic in p-distribution, which are the sum of a process which is almost
automorphic in p-distribution and a process which is p-ergodic in pth mean. We
use this notion in the next section. We do not address the notions of Stepanov-
like, Weyl-like or Besicovitch-like (pseudo) almost automorphy for stochastic
processes, these notions would probably have to be linked to a particular choice
of a metric on a space of probability measures.

We study the superposition operator (also called Nemytskii operator) be-
tween spaces of processes which are almost periodic (compact almost automor-
phic, and p-pseudo compact almost automorphic) in distribution.

We also carry out a comparison of the main notions of (generalized) almost
automorphy for stochastic processes: in probability, in pth mean, and in p-
distribution.

Finally, in Section 4, we consider two semilinear stochastic evolution equa-
tions in a Hilbert space. The first one has almost automorphic coefficients, and
the second one has p-pseudo almost automorphic coefficients. We show that
each equation has a unique mild solution which is almost automorphic in 2-
distribution in the first case, and p-pseudo almost automorphic in 2-distribution
in the second case.

2  Weighted pseudo almost automorphy in Ba-
nach spaces and in metric spaces

2.1 Notations and definitions

In the sequel, X and Y are metrizable topological spaces. When no confusion
may arise, we denote by 0 a distance on X (respectively on Y) which generates
the topology of X (respectively Y). Most of our results depend only on the
topology of those spaces, not on the choice of particular metrics. When X
and Y are Banach spaces, their norms are indistinctly denoted by ||.||, and 0 is
assumed to result from ||.||.



We denote by C(X,Y) the space of continuous functions from X to Y. When
this space is endowed with the topology of uniform convergence on compact
subsets of X, it is denoted by Cy(X,Y).

For a continuous function f: R — X, we define its translation mapping

(R - C[RX)
f'{t S ft+ )

2.2 Almost periodicity and almost automorphy

Almost periodicity We say that a continuous function f: R — X is almost
periodic if, for any € > 0, there exists {(¢) > 0 such that any interval of length
() contains at least an e-almost period, that is, a number 7 for which

0(f(t+7),f(t)) <e, forallt € R.

We denote by AP(R, X) the space of X-valued almost periodic functions.
By a result of Bochner [12], f : R — X is almost periodic if, and only if, the

set t),te Ry = {f(t+.),t € R} is totally bounded in the space C(R,X
{f() y p

endowed with the norm ||.|| . of uniform convergence.

Another very useful characterization is Bochner’s double sequence criterion
[12]: f is almost periodic if, and only if, it is continuous and, for every pair of
sequences (¢/) and (s],) in R, there are subsequences (t,) of (¢,) and (sy) of

(s},) respectively, with same indexes, such that, for every ¢ € R, the limits

lim lim f(t+t, + sm) and lim f(t + ¢, + spn), (2.1)
n—oo0 Mm—»0o0 n—oo
exist and are equal. This very useful criterion shows that the set AP(R, X)
depends only on the topology of X, i.e. it does not depend on any uniform
structure on X, in particular it does not depend on the choice of any norm (if
X is a vector space) or any distance on X.

Almost automorphy Almost automorphic functions were introduced by Bochner
[12] and studied in depth by Veech [51], see also the monographs [46, 40, 42]

for applications to differential equations. A continuous mapping f : R — X is
said to be almost automorphic if, for every sequence (¢),) in R, there exists a
subsequence (t,,) such that, for every ¢ € R, the limit

g(t) = lim f(t+1,) (2.2)
exists and
Jim g(t —t,) = f(2). (2.3)

The range Ry of f is then relatively compact, because we can extract from every
sequence (f(t,)) in Ry a convergent subsequence.

Clearly, the space of almost automorphic X-valued functions depends only
on the topology of X.



Almost automorphic functions generalize almost periodic functions in the
sense that f is almost periodic if, and only if, the above limits are uniform with
respect to t.

Note that, in (2.2) and (2.3), the limit function ¢ is not necessarily continu-
ous. Let us consider the following property:

(C) For any choice of (t),) and (), the function g of (2.2) and (2.3) is con-
tinuous.

Functions satisfying (C) are called continuous almost automorphic functions in
[51]. They were re-introduced by Fink [25] under the name of compact almost
automorphic functions. This terminology is now generally adopted, so we stick
to it.

It has been shown by Veech in [51, Lemma 4.1.1] (see also [41, Theorem
2.6] and [43, 36]) that, if f satifies (C), f is uniformly continuous. The proof
of Veech is given in the case when X is the field of complex numbers, but it
extends to any metric space. Furthermore, f satifies (C) if, and only if, the
convergence in (2.2) and (2.3) is uniform on the compact intervals. We denote
by AA.(R,X) the subspace of functions satisfying (C).

We have the inclusions

AP(R,X) C AA(R,X) C AA(R, X).

All these spaces depend only on the topological structure of X and not on its
metric.

Almost automorphic functions depending on a parameter Following
[33], we say that a function f: R x Y — X is almost automorphic with respect
to the first variable, uniformly with respect to the second wvariable in bounded
subsets of Y (respectively in compact subsets of Y) if, for every sequence (],) in
R, there exists a subsequence (¢, ) such that, for every ¢t € R and every y € Y,
the limit

g(t,y) = lim f(t+tn,y)

exists and, for every bounded (respectively compact) subset B of Y, the conver-
gence is uniform with respect to y € B, and if the convergence

Jim g(t = tn,y) = f(t,y)
holds uniformly with respect to y € B. We denote by AAU,(R x Y,X) and
AAU (R x Y, X) respectively the spaces of such functions.

Similarly, one can define the spaces of functions f : R x Y — X which are
compact almost automorphic with respect to the first variable, uniformly with
respect to the second wvariable in bounded (or in compact) subsets of Y. We
denote these spaces by AA U (R x Y,X) and AA.U,(R x Y, X) respectively.

These notions are different from the notion of functions almost automorphic
uniformly in y defined in [9, 7].



Proposition 2.1 Let f € AA. U.(RxY,X). Assume that f is continuous with
respect to the second variable. Then f is continous on R x Y, and, for every
compact subset K of Y, f is uniformly continuous on R x K.

Proof For simplicity, we use the same notation ? for distances on Y and X
which generate the topologies of Y and X respectively.

First step Let us show that f is jointly continuous. Let (¢t,2) € R x Y, and
let (tn,x,) be a sequence in R x Y which converges to (¢,z). Let & > 0. The
set K = {x,; n € N} U{x} is compact, thus there exists N1 € N such that, for
any y € K,

n,m > N1 = 0(f(tn,y), f(tm,y)) < /3.

Now, there exists Ny € N such that
n > Ny = 0(f(tn,, zn), f(tn,,x)) <e/3.
We deduce, for n > (N7 V N3),
D(f(tn, zn)a f(t,:c)) < D(f(tmxn)v f(tvaxn))
+0(f(tny, Tn), ftny, ) +0(f(tny, ), f(E, 7)) <e/3+¢e/3+e/3 =k,

which proves the continuity of f.

Second step Let (t,) be a sequence in R. Let (¢,) be a subsequence of (t},)
such that, for every y € Y, and for every ¢ € R, the limit

g(t,y) = lim f(t+tn,y)
n—oo
exists, uniformly with respect to y in compact subsets of Y, and

lim g(t —tn,y) = f(t,y).

n—oo

By our hypothesis, for each y € Y, the function g(.,y) is continuous. A similar
reasoning to that of the first step shows that g is continuous on R x Y. Indeed,
let (t,2) € Rx Y, and let (sg,xr) be a sequence in R x Y such that (¢t + s, xx)
converges to (t,z). Let € > 0. The set K = {x,; n € N} U{a} is compact, thus
there exists an integer N such that, for every y € K,

n>N= D(g(t,y),f(t+tn,y)) <e/3.
By continuity of f at the point (¢ 4 ty, ), there exists N’ € N such that
k>N = 0(f(t+ s+t ), f(t +tN,:I:)) < /3.
We have thus, for k > N’,

D(Q(t + sk,:ck),g(t,:c)) <0 (g(t + sk, k), f(t+ sk + tN,:ck))



+ D(f(t + Sk + tN,:L'k), f(t + tN,:C))

+a(f(t+tN,w),g(t,w))
<e/3+¢/3+¢e/3=¢.

Third step Let K be a compact subset of Y. Assume that f is not uniformly
continuous on R x K. We can find two sequences (sy, ) and (tn, yn) in R x K
such that (s, —t,)+0(2y,yn) converges to 0 and 3( f(sn, zn), f(tn, yn)) > 26 for
some § > 0 and for all n € N. By compactnes of K, and extracting if necessary
a subsequence, we can assume that (z,,) and (y,) converge to a common limit
x € K. We have thus

1inrgi£f0(f(sn,xn),f(sn,x)) —|—linnigfa(f(tn,yn),f(tn,x))
> T inf 3 (sn, ), f(bns ) ) > 26,

which implies that at least one term in the left hand side is greater than . So,
we can assume, without loss of generality, that

liminfo(f(tn,yn),f(tn,x)) > 4. (2.4)

n—oo

Extracting if necessary a further subsequence, we can assume also that there
exists a function g : R X Y — X such that

lim f(tn,y) = 9(0,y)
n—oo
uniformly with respect to y € K. We have proved in the second step that g is

continuous. But, then, we have

1imsup0(f(tn, Yn)s f(tn,x))

n—oo

<lim sup [D(f(tn, Yn)> 9(0, yn))

+9(9(0.9a). 9(0,2)) +2(9(0,2), f(tn2)) ) =0,

which contradicts (2.4). |

2.3 (Weighted) pseudo almost automorphy

Pseudo almost periodic functions were invented by Zhang [54, 55, 56, 57]. The
generalization of this concept to pseudo almost automorphic functions was in-
vestigated in [33]. To define pseudo almost automorphy, we need another class
of functions. Assume for the moment that X is a Banach space. Let

. 1

—r,r

]Ilf(t)ll dt:O},



where BC(R, X) denotes the space of bounded continuous functions from R to
X. We say that a continuous function f : R — X is pseudo almost automorphic
if it has the form

f=9g+® g¢geAAR,X), e éR,X). (2.5)

The space of X-valued pseudo almost automorphic functions is denoted by
PAA(R, X).

Weighted pseudo almost automorphic functions were introduced by Blot et
al. in [6] and later generalized in [7]. They generalize the weighted pseudo almost
periodic functions introduced by Diagana [18, 19, 20], see also [8]. Let u be a
Borel measure on R such that

p#(R) = 0o and p(I) < oo for every bounded interval I. (2.6)

We define the space E(R, X, p) of p-ergodic X-valued functions by

o -
ER,X, p) = {f € BC(R, X); Jim m/[m] £ du(t) = 0} -

The space PAA(R, X, ) of pu-pseudo almost automorphic functions with values
in X is the space of continuous functions f : R — X of the form

f=9g+®, g¢geAARX), PR X, p). (2.7)

The space PAA(R, X, u) contains the asymptotically almost automorphic func-
tions, that is, the functions of the form
f=9+® geAARX), lm [e{)]=0,
t|—o0

see [7, Corollary 2.16].

Note that, contrarily to (2.5), the decomposition (2.7) is not necessarily
unique [7, Remark 4.4 and Theorem 4.7], even in the case of weighted almost
periodic functions [32, 8]. A sufficient condition of uniqueness of the decompo-

sition is that £(R, X, u) be translation invariant. This is the case in particular
if Condition (H) of [7] is satisfied:

(H) For every 7 € R, there exist f > 0 and a bounded interval I such that
(A +7) < Bu(A) whenever A is a Borel subset of R such that ANT = 0.

The following elementary lemma will prove useful.

Lemma 2.2 Let f € ER,X,u), with pu satisfying (2.6). There exists a se-
quence (tn) in R such that (|t,]) converges to oo and (f(tn)) converges to 0. If
furthermore
i 00, 7])
roe p[=r,7])

one can choose (t,) converging to +o0o.

>0, (2.8)



Proof Observe first that, for every bounded interval I, the function f satisfies

. 1 -
Jim W=n\ D /[M]\I £ du(t) =0

(see [7, Theorem 2.14] for a stronger result). Assume that the first part of the
lemma is false. There exist € > 0 and R > 0 such that, for [t| > R, ||f(t)] > e.
Then we have

. 1
0= o I\ CRR) /[_T,T]\[_R,R] 17O diut®)

pl=rr]\ [-R R])
\

2 Tli_}n(r)logu( —r, 7]\ [-R, R]) =&
a contradiction.

In the case when (2.8) is satisfied, we have

. 1

lim $up /[O,T]\[O,R] LA dua(t)

o u([=r s\ =R, R)) 1

B (P RN O G R R RN B Y ) /[_T,T]\[_R,R] IO dut
e AT 1
Stimsp B TV TR O 40 <0

Then we only need to reproduce the reasoning of the first part of the lemma,
replacing [—r, 7] by [0, 7]. [ |

Pseudo almost automorphic functions depending on a parameter Let
i be a Borel measure on R satisfying (2.6). We say that a continuous function
f: RxY — X is u-ergodic with respect to the first variable, uniformly with
respect to the second variable in bounded subsets of Y (respectively in compact
subsets of Y) if, for every x € Y, f(.,x) is p-ergodic, and the convergence of
1/p([=r,r]) [T IIf(t,2)|| du(t) is uniform with respect to 2 in bounded subsets
of Y (respectively compact subsets of Y). The space of such functions is denoted
by EUL(R x Y, X, i) (respectively EUL(R x Y, X, u)).

Remark 2.3 If for each z € Y, f(.,2) € E(R,X,pu) and f(¢, ) is continuous
with respect to x, uniformly with respect to ¢, then f € EU.(R x Y, X, ).

Indeed, let K be a compact subset of Y, and let ¢ > 0. Let ? be any distance
on Y which generates the topology of Y. There exists > 0 such that, for all
x,y € K satisfying 0 (z,y) < n, we have || f(¢t,z) — f(¢,y)|| < € for every t € R.
Let 1, ..., &, be a finite sequence in K such that K C U™, B(z;,n). We have,
for every r > 0,

up ——— | )] dug)

v p([=r,7]) J-

10



1 T
< max  sup [T / 1£(t %) — £t 2:) | du(t)

st aen(an L) S
1 r
b [ sl dut)

<ot max —— / 1tz dule),

1<i<m p([—r,r])

which shows that f € EU.(R x Y, X, ).

We say that a continuous function f: R x Y — X is u-pseudo almost auto-
morphic with respect to the first variable, uniformly with respect to the second
variable in bounded subsets of Y (respectively in compact subsets of Y) if it has
the form

f=g+®, geAAU,RXY,X), ®cEUyRxY,X,u)
(respectively f =g+ P, g€ AAU(RXxY,X), ®e€U.(RxY,X, pu)).

The space of such functions is denoted by PAAU,(R x Y, X, u) (respectively
PAAUL(R x Y, X, ).

2.4 Stepanov, Weyl and Besicovitch-like pseudo almost
automorphy

Stepanov-like pseudo almost automorphy and variants The notion of
Stepanov-like almost automorphy was proposed by Casarino in [15]. Then
Stepanov-like pseudo almost automorphy was first studied by Diagana [21].
Stepanov-like weighted pseudo almost automorphy seems to have been inves-
tigated first and simultaneously in [53] and [58].

Let p > 0. We say that a locally p-integrable function f : R — X is SP-
almost automorphic, or Stepanov-like almost automorphic if, for every sequence
(t,) in R, there exists a subsequence (t!,) and a locally p-integrable function
g : R — R such that

T (£t +15) — g(0)]s0
and
T lg(t —14) = F(©)]e,

where, for any locally p-integrable function h : R — X

z+1 1/p
Il =sup ([ It ae)
xz€eR x

The space of SP-almost automorphic X-valued functions is denoted by AAg» (R, X).
The Bochner transform! of a function f: R — X is the function
Iy R — X001
Lt o= fE+).

IThe terminology is due to the fact that Bochner was the first to use this transform, for
Stepanov almost periodicity, in [10].

11



We have
AAsr (R, X) = {f; f* € AA(R,L7([0,1],dt, X))} .

We define the Stepanov-like u-ergodic functions in a similar way:
Eov(R,X, ) = {f; f € ER,LP([0,1],dt,X), n) } .

Let u be a Borel measure on R satisfying (2.6). We say that f : R —
X is SP-pseudo almost automorphic, or Stepanov-like weighted pseudo almost
automorphic if f has the form

f=g+® gcAA»(RX), (R X,p).

A further extension has been imagined by Diagana [22]: it consists in adding
a weight in the Stepanov norm ||.||g,. Let p and p as before, and let v be a Borel
measure on the interval [0, 1] such that

0 < v(]0,1]) < +o0. (2.9)
Set

1 1/p
Il =sup ([ It +017 ane)
z€eR 0

Then, by replacing ||.|ls, by [|.[[gz, one defines in the obvious way the space

AAgr (R, X) of SE-almost automorphic X-valued functions, the space s (R, LP(Q, P, R), ;1)
of SP-p-ergodic functions, and the space PAAgr (R, X) of SP-pseudo almost au-
tomorphic functions.

Weyl-like and Besicovitch-like pseudo almost automorphy The con-
cept of Weyl-like pseudo almost automorphy has been recently explored by
Abbas [1]. The definition is similar to that of Stepanov-like pseudo almost
automorphy, replacing ||.||s, by the weaker seminorm ||.||y,, defined by

1 T+ 1/10
— o i p
Ihller = tim_sup (5 [~ o ar)

A further weakening leads to the Besicovitch seminorm, which does not seem
to have been investigated in the context of almost automorphy:

1 T 1/10
Il = timsup (5 [ o ar)
r——4o00 rJ_,

We shall briefly consider this seminorm in Example 3.1.

2.5 Weighted pseudo almost automorphy in topological
spaces

We have seen that, to define the space of almost automorphic functions, as
well as that of almost periodic functions, on a space X, there is no need to
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assume that X is a vector space, nor a metric space, these spaces depend only
on the topological structure of X. We prove in this section that the definition of
PAA(R, X, p) is metric (independent of the vector structure of X but dependent
on the metric), and that it can be made purely topological if one allows for
a slight change of the definition. This leads to two topological concepts of u-
pseudo almost automorphy: in Tudor and Tudor’s sense, and in the wide sense.

In this section, unless otherwise stated, X is only assumed to be a topological
space, not necessarily metrizable.

Remark 2.4 Assume that X is a Banach space. By definition, the space
E(R, X, i) consists of continuous functions f: R — X satisfying

(i) f is bounded,

s 1
()]

[, 1@l =0

Condition (i) is of metric nature. By [7, Theorem 2.14], Condition (ii) implies
Condition (2.10) below, and the converse implication is true if we assume (i) :

For any ¢ > 0, lim pft € [=r oy IF @O > e}
Lo (1))

Thus f satisfies (2.10) if, and only if,

0. (2.10)

r=oo p([=r,7])

I — /H (17 A1) dutt) = 0.

Condition (2.10) can be reformulated as

t — s f(t
For any neighbourhood U of 0, lim “HEErE SO EUR g 4y
r—00 u([=r,7])

The vector structure of X is still involved in (2.11) through the vector 0. But
we use (R, X, ) only in order to ensure that a function is close in a certain
sense to AA(R,X). To that end, as AA(R,X) contains the constant functions,
we can allow a generalization of £(R, X, 1) by replacing 0 in (2.11) by any other
fixed point x¢ of X.2

An elegant metric definition of p-pseudo almost periodic functions has been
proposed by Constantin and Maria Tudor in [50]. If we adapt their definition,
a continuous function f: R — X is u-pseudo almost automorphic in Tudor and
Tudor’s sense if f has relatively compact range and there exists g € AA(R, X)
such that the function ¢ — 3(f(¢),g(¢)) is in E(R, R, ). This definition is more
restrictive than the standard one because the metric condition (i) is replaced by

2Actually, the terminology “ergodic” is misleading but it has the advantage of short-
ness. It would be more appropriate to follow Zhang’s terminology (e.g. [55, 57]), and call
w-ergodic perturbations the elements of £(R, X, u), and call ergodic the functions f such that
1/u([—=r,7]) [, f(t) du(t) converges to some limit, not necessarily 0.

13



the stronger topological condition that f have relatively compact range (note
that a subset A of X is relatively compact if, and only if, it is bounded for every
metric which generates the topology of X, see [24, Problem 4.3.E.(c)]).

Let us say that a continuous function f: R — X is u-pseudo almost auto-
morphic in the wide sense if there exists g € AA(R,X) such that the function
t— 0(f(t),g9(t)) A1lisin ER,R,u). We can get rid of the distance ? in this
definition by using the fact that the closure of the range of any function in
AA(R,X) is compact. On a compact space K, there is one and only one uni-
form structure, a basis of entourages of which consists of all sets of the form
V =uUr, (U; x U;), where Uy, ..., Uy, is a finite open cover of K, see e.g. [14] or
[24]. In this way, we obtain (ii) below, which shows that the space of functions
which are p-pseudo almost automorphic in the wide sense depends only on the
topology of X.

We have thus two possible topological definitions of p-pseudo almost auto-
morphy: in Tudor and Tudor’s sense, and in the wide sense. The former is
stronger than (2.7), while the latter is weaker.

Proposition 2.5 (Topological characterization of u-pseudo almost automorphy
in the wide sense) Let f : R — X be continuous. Let p be a Borel measure on R
satisfying (2.6). If X is a metric space, the following propositions are equivalent.

(i) f is p-pseudo almost automorphic in the wide sense, i.e. there exists a
function g € AA(R,X) such that

lim é/[_m (270 9(0) A1) dutt) = 0.

r=oo p([=r,7])

(ii) There exists a function g € AA(R,X) such that, for any finite open cover
Ui,...,Un of the closure K of {g(t); t € R},

e[l 0.9 €V
r=o0 p([=r,7])
where V.= U, (U; x Uy).

)

Proof

(i) = (ii). Recall that K is compact because g € AA(R,X). Let V =
U™, (U; x U;) be as in (ii). Then V is an open neighborhood in X x X of the
diagonal A = {(z,z); x € K}. Define the distance 05 on X x X by

02 (0.0). (")) = 2(r.a") + 201,
As A is compact, the distance e = 02(A, X x X'\ V) is positive. Let
B. :={(y,z) e X x X; 02((y,z),A) <e}CV.
For each (y, z) € Be, there exists « € K such that 0y ((y, z), (z, x)) < g, thus

0y, 2) <o(y,x) +0(z,2) < e.
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On the other hand, if z € K and 9(y, z) < ¢, we have

02((y,z), (z,z)) =0(y,2) < &,
thus (y, z) € Be. Applying this to (f(¢),g(t)), we get, for every r > 0,
plt € [} (F(1),9(1) VY _ pit € [=rr]; 0(f(2),9(2)) > €}
pu([=r,r]) - pu([=r,r]) '

But (i) means that the function ¢ — d(f(¢),g(t)) A1 is in E(R,R, p), thus, by
[7, Theorem 2.14], the latter term goes to 0 when r goes to oco.

(ii) = (i). Let € > 0. Let Uy,...,Up, be a finite open cover of K such that
Diam(U;) > e,i=1,...,m, and let V = U, (U; x U;). We have
plt € [ r; 0 (F(1),9(t) > e} _ pdt € [=rr)s (1), 9(1) €V}
p([=r,7]) - pl[=r,7])

where the latter term goes to 0 when 7 goes to co. The conclusion follows from
[7, Theorem 2.14]. [ |

3

Remark 2.6 The reasoning of Proposition 2.5 can be applied without change
to give a topological characterization of u-pseudo almost periodic functions in
the wide sense. More generally, AA(R,X) can be replaced in this reasoning by
any class of functions which have relatively compact range.

Theorem 2.7 (Uniqueness of the decompostion of pseudo almost automorphic
functions in the wide sense) Let pu be a Borel measure on R satisfying (2.6)
and Condition (H). Let f : R — X satisfying Condition (ii) of Proposition 2.5.
Then the function g € AA(R,X) given by Condition (ii) is unique and satisfies

{9(t); t € R} C{f(t); t € R},
Proof Let g and K as in Condition (ii). Let ¢ : X — R be a contin-
uous function. Then ¢ o g € AA(R,R). Let Uy,...,U,, be a finite open
cover of the closure ¢(K) of {pog(t);t € R}, and let V = U, (UZ X Uz)
Then U, = ¢~ Y(Th),...,Up = @ Y(U,) form a finite open cover of K. Let
V =ur, (U; x U;). We have
plt € [=r.1ls (po f(t). oo g(t) gV} _pft € [=rr)s (f(1).9() €V}
p([=r,7]) - p([=r, 1)
Thus, by Proposition 2.5, po f is in PAA(R, R, u) and the function o f —¢pog
is in E(R,R, ). By [7, Theorem 4.1], we have
{pog(t); t e R} C{po f(t); t € R},

and, by the uniqueness of the decomposition of vector-valued p-pseudo almost
automorphic functions [7, Theorem 4.7] if ¢’ € AA(R,X) satisfies the same
condition as g, we have po g’ = pog. As ¢ is arbitrary, we deduce g’ = g.
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3 Weighted pseudo almost automorphy for stochas-
tic processes

From now on, X and Y are assumed to Polish spaces, i.e. separable metrizable
topological spaces whose topology is generated by a complete metric.

3.1 Weighted pseudo almost automorphy in pth mean

We assume here that X is a Banach space. Let X = (X;):er be a continuous
stochastic process with values in X, defined on a probability space (9, F,P).
Let p be a Borel measure on R satisfying (2.6).

Let p > 0. We say that X is almost automorphic in pth mean (respec-
tively p-pseudo almost automorphic in pth mean) if the mapping ¢t — X (¢) is
in AA(R,LP(Q, P, X)) (respectively in PAA(R,LP(Q, P, X), u), i.e., if it has the
form X =Y + Z, where Y € AA(R,LP(Q,P,X)) and Z € E(R,LP(Q, P, X), u)).
When p = 2, we say that X is square-mean almost automorphic (respectively
square-mean p-pseudo almost automorphic).

The process X is said to be almost automorphic in probability if the mapping
X : t = L%Q,P,X) is almost automorphic, where L°(Q, P, X) is the space of
measurable mappings from 2 to X, endowed with the topology of convergence
in probability. Recall that the topology of LO(Q,P,X) is induced by e.g. the
distance

%o (U, V) =E([U = V[ A1),
which is complete.

The process X is said to be p-pseudo almost automorphic in probability, and
we write X € PAA(R,L%(Q, P, X), u), if the mapping t — X (¢), R — L°(Q, P, X)
is p-pseudo almost automorphic in the wide sense (or, equivalently, if it is p-

pseudo almost automorphic when LO(Q,P,X) is endowed with 0p,,,), i.e. if it
has the form X =Y + Z where Y € AA(R,L°(Q,P,X)) and Z satisfies

. 1 ~
Tg&m/{_wE (1Z@) A1) dut) = o. (3.1)

We denote by £(R,L°(Q, P, X), 1) the set of stochastic processes Z satisfying
(3.1).

Note that, for p > 0, the previous decompositions of X € PAA(R, L?(Q, P, X), n)
are unique under the condition (H).

Clearly, for 0 < p < g, we have

AA(R,LY(2, P, X)) C AA(R,L?(2, P, X))

and
PAAR, LY, P,X), u) C PAA(R,LP(Q, P, X), u).

Conversely, if the set {||X(¢)||?;t € R} is uniformly integrable, we have the
implications

[X € AA(R, LP(Q,P,X))] - (X e AA(R,L‘](Q,P,X))] :
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[X € PAA(R,LP(Q,P,X),M)] - (X € PAA(R, Lq(Q,P,X),u)] .

A process X is Stepanov-like almost automorphic in pth mean if X is in
AAs» (R, LP(92,P,X)). We define in the same way the processes which are
Stepanov-like p-pseudo almost automorphic in pth mean, Weyl-like (u-pseudo)
almost automorphic in pth mean, Besicovitch-like (u-pseudo) almost automor-
phic in pth mean.

Explicit counterexample to square-mean pseudo almost automorphy
At the time of the submission of this paper, there are at least 24 papers listed in
Mathematical Reviews related to almost automorphy of solutions to stochastic
differential equations, which all have been published in 2010 or later. To our
knowledge, except for [26, 27, 35], all other papers claim the existence of square-
mean pseudo almost automorphic solutions to stochastic differential equations
with coefficients having similar properties.

We show that a very simple counterexample from [37, 38] contradicts these
claims. The other counterexamples given in [37, 38] also contradict these claims.

Example 3.1 (Stationary Ornstein-Uhlenbeck process) Let W = (W (t)):er
be a standard Brownian motion on the real line. Let o, 0 > 0, and let X be the
stationary Ornstein-Uhlenbeck process (see [34]) defined by

X(t) = V2a0 /t e =) (s). (3.2)

Then X is the only L% -bounded solution of the following SDE, which is a par-
ticular case of Equation (3.1) in [4]:

dX (t) = —aX (t) dt + V2a0 dW (2).

The process X is Gaussian with mean 0, and we have, for all ¢ € R and
T2>0,
Cov(X(t), X (t+7)) = o?e 7.

Assume that X is square-mean p-pseudo almost automorphic, for some Borel
measure p on R satisfying (2.6) and (2.8). Then we can decompose X as

X=Y+2Z VYecAARL*(QR)), Zc&R,L*(QR),p).

By Lemma 2.2, we can find an increasing sequence (,,) of real numbers which
converges to +oo such that (Z(t,)) converges to 0 in L*(Q,R). Then, we can
extract a sequence (still denoted by (t,,) for simplicity) such that (Y'(¢,)) con-
verges in L? to a random variable Y. Thus (X(f,)) converges in L? to Y.
Necessarily Y is Gaussian with law A0, 2a0?), and Y is G-measurable, where
G =0 (X;,; n>0). Moreover (X (t,),Y) is Gaussian for every n, and we have,
for any integer n,
Cov(X (tn),Y) = lim Cov(X(tn), X (tnsm)) = 0,

m—r o0
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because (X2(t))ier is uniformly integrable. This proves that Y is independent
of X(t,) for every n, thus Y is independent of G. Thus Y is constant, a contra-
diction. Thus (3.2) has no square-mean p-pseudo almost automorphlc solution.

Let us show that X is not Weyl-like nor Besicovitch-like square-mean pseudo
almost automorphic. It is enough to disprove the Besicovitch sense. Assume
that X is Besicovitch-like square-mean pseudo almost automorphic. As before,
using Lemma 2.2, we can find a sequence (,,) converging to 400 and a process
Y such that N

lim HX Y”IB2 =0

n—oo

In particular, (X (¢,)) is Cauchy for ||.||zz, thus, for every e > 0, there exists
N(e) € N, such that, for all n,m € N,

(n > N(€) = || X (tn) = X (tngm)||g. < & (3.3)

But we have

X (tn) = X (tnsm)| |2

1 T
=limsup — E‘X(tn—i—s) —X(tn+m+s)‘2ds
r—+o00 2r —r

1
=limsup — E(X?(tn +8) + X (tnsm + 8) — 2X (tn + 8) X (tnsm + 5))ds

r—4o0 2T J_,

1 T
=lim sup o / (02 +0% — 2026_0‘(t"'+m_t"))ds
r

r—4o0 —r

=207 (1 — e_a(t"““_t"’)) .

For m large, the last term is arbitrarily close to 202, which contradicts (3.3) for
£ < 202

A similar calculation shows that, for any Borel measure p on R satisfying
(2.6) and (2.8), and for any Borel measure v on [0, 1] satisfying (2.9), the process
X is not square-mean S2-u-pseudo almost automorphic.

3.2 Weighted pseudo almost automorphy in distribution

We denote by law (X) the law (or distribution) of a random variable X. For
any topological space X, we denote by M+ (X) the set of Borel probability
measures on X, endowed with the topology of narrow (or weak) convergence,
i.e. the coarsest topology such that the mappings u +— pu(p), MH+ (X) — R are
continuous for all bounded continuous ¢ : X — R.

If 7: X — Y is a Borel measurable mapping and p is a Borel measure on X,
we denote by 74 i1 the Borel measure on Y defined by

7y u(B) = u(r~" (B))

for every Borel set of Y.
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Let BC(X,R) denote the space of bounded continuous functions from X to
R, which we endow with the norm

ol = sup ()|
zeX

For a given distance 0 on X, and for ¢ € BC(X,R) we define

o, =sup{ A0 =50 2 2}

Il = max{llell » [lell,}-

We denote
BL(X,R) = {¢ € BC(X,R); |||, < oo}

The bounded Lipschitz distance 0g,, associated with @ on M+ (X) is defined by

Opu(p,v) = sup /sod(u —v).
peBL(X,R) JX
lellgL<1
This metric generates the narrow (or weak) topology on ML+ (X).
Let p > 0, and let (X,,) be a sequence in LP(Q,P,X). We say that (X,,)
converges in p-distribution (or simply converges in distribution if p = 0) to a
random vector X if

(i) the sequence (law (X)) converges to law (X) for the narrow topology on

MF(X),

(ii) if p > 0, the sequence (|| X, ||”) is uniformly integrable.

Almost automorphy in distribution If X is continuous with values in X,
we denote by X (t) the random variable X (¢t +.) with values in C(R, X).

We say that X is almost automorphic in one-dimensional distributions if the
mapping t — law (X (t)), R — ML T (X) is almost automorphic.

Remark 3.2 One-dimensional distributions of a process reflect poorly its prop-
erties. For example, let X be the Ornstein-Uhlenbeck process of Example 3.1,
and set Y(¢) = X(0), t € R. The processes X and Y have the same one-
dimensional distributions with completely different trajectories and behaviors.
The trajectories of Y are constant, whereas the covariance Cov(X (¢t + 7), X (¢))
converges to 0 when 7 goes to cc.

We say that X is almost automorphic in finite dimensional distributions if,
for every finite sequence t1, ..., t,, € R, the mapping t — law (X (t +¢1),..., X(t + tm)),
R +— MbF (X™) is almost automorphic.

We say that X is almost automorphic in distribution if the mapping t —
law (f((t)), R — MY F (Cr(R, X)) is almost automorphic, where C (R, X) de-
notes the space C(R,X) endowed with the topology of uniform convergence on
compact subsets. The Ornstein-Uhlenbeck process X of Example 3.1 is almost

automorphic in distribution because the mapping t — law (f( (t)) is constant.
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Remark 3.3 If X is a deterministic process R — X, we have the equivalences

X € AA(R,X) X is almost automorphic in one-dimensional distributions

<X is almost automorphic in finite dimensional distributions
and

X € AA (R,X) X is almost automorphic in distribution.

Actually, as Remark 3.3 suggests, the definition of almost automorphy in

distribution implies a stronger property for the mapping t — law (X (t)) We

need first some notations. For simplicity, we set C;, = Cg(R,X). For every
t € R, we define a continuous operator on Cy:

T\ 2 e a(t+ ) =E).

Proposition 3.4 If X is almost automorphic in distribution, the mapping t —

law (X(t)) is in AA(R, MY T (Ck(R, X))). Furthermore, for any sequence (t,)

in R such that, for every t € R, (law (X(t + tn))) converges to a limit g(t) €
MUT(Cy), the function g satisfies, for every t € R, the consistency relation

g(t) = (7¢), 9(0). (3-4)
Proof Let us denote f(t) = law (X(t)) We have, for every t € R,

f(t) =law (1, 0 X) = (72), f(0).

Let (¢,) be a sequence in R such that, for each ¢t € R, the sequence (f(t + ¢,))
converges to some g(t) € M5 T (Cy). Then, for every t € R, (3.4) is satisfied by
continuity of the operator (Tt)u. To prove the continuity of g, let us endow Cy,
with the distance

o(@,y) =327 sup (a(a().y(t) A1), (3.5)

=1 —k<t<k

and let 2, be the associated bounded Lipschitz distance on MY+ (Cy). Let us

show that the convergence of (f(.+1t,)) is uniform for 9, on compact intervals.

Let > 1 be an integer. For every ¢ € [—r, 7], and for all z,y € Cy, we have

V(r(z), (y)) = Z 27F sup (D (z(s+1),y(s+1)) A 1)

1 —k<s<k

SZQ_k sup (O(w(s),y(s)) A 1)

k>1 —k—r<s<k+r

<270(x,y).
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Thus, for any 1-Lipschitz mapping ¢ : Cr — R, the mapping ¢ o 1 is 2"-
Lipschitz. We deduce that, if |||, < 1, we have ||p o 7|, <1+2". We have
thus

QBL(f(t +tn), f(t+ tn+m)) = |\ iupﬂE(gp 0Tt O X(tn) —poTo X(tn+m))
ollpL<

<(1+4+2") sup E (po)z(tn)—gpo)z(tn+m))
llellgr <1

:(1 + 2T)QBL (f(tn)a f(thrm))a

which shows that (f(.+t5)) is uniformly Cauchy on [—r,r]. Thus g is continuous,
and f € AA (R, MY (Ck(R, X))). ]

We denote by

e AAD;(R,X) the set of X-valued processes which are almost automorphic
in one-dimensional distributions,

o AAD#(R,X) the set of X-valued processes which are almost automorphic
in finite dimensional distributions,

e AAD(R,X) the set of X-valued processes which are almost automorphic
in distribution.

(In these notations, we omit the probability space (Q,F,P), as there is no
ambiguity here.) We have the inclusions

AAD(R,X) C AAD¢(R,X) C AAD; (R, X).
The following result is in the line of [3, Theorem 2.3].

Theorem 3.5 Let X be an X-valued stochastic process, and let 0 be a distance
on X which generates the topology of X. Asume that X satisfies the tightness
condition

Y[a,b] C R, Ve >0, ¥n >0, 30 >0, Vr € R,

P{ sup 2(X(r+1t),X(r+s)) >n}<e (3.6)
[t—s|<6
t,s€[a,b]

Then the following properties are equivalent:
(a) X € AAD;(R,X).
(b) X € AADR,X).

Proof Clearly (b)=(a). Assume that X € AAD[(R,X). Let (v,,) be a sequence
in R, and, for t1,t9,...,tk, t € R define (using notations of [49])

piot = law (X (6 + 1), ..., X (tg + 1))
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By a diagonal procedure we can find a subsequence (7y,) of (7)) such that,
for every k > 1, for all ¢1,q2,...,qx € QR (where Q is the set of rational
numbers), and for every t € R,

q1s---s dk q1s--+s dk

lim lim =
nom /j/t+'yn7'ym :u’t

Let ) be the distance on X* defined by

ak((fﬂl, e axk)’ (yla e ayk)) = fgzagxka(‘ruyl)a
and let 0y, the associated bounded Lipschitz distance on M+ (Xk) We have,
for all t1,ta,...,tk,t €R, for all ¢1,q2,...,q: € QR, and for all n,m € N,

q1,--5qk t1,.tk _ qry-nqr bt
OBL (Mt"r’)’n_’)’m"ut'f"Yn_'Ym) - sup / fd('ut"l"Yn_'Ym Mt‘f")’n_')’m)
IfllL<1JXFE

1<i<k Jo

so that, by (3.6), if (q1,...,qx) = (t1,...,tk), then

q1;---,qk 1,0tk
Op1, (NtJr'vn*'ym ) MtJr’ynf'vm) —+0

uniformly with respect to ¢ € R and n, m € N. By a classical result on inversion
of limits, we deduce that, for all £k > 1 and ¢1,...,t,t € R,

t1,..., tr

lim lim = plree
nom :u’t+'yn7'ym = My

Therefore, to show that

lirrln hﬁmn law (X(t +Yn — vm)) = law (X(t)) ,
it is enough to prove that (X (t))ser is tight in Cx (R, X). Since X € AAD (R, X),
the family (X (t))ier = (X (¢)(0))ser is tight, by Prokhorov’s theorem for rela-
tively compact sets of probability measures on Polish spaces. By (3.6) and the
Arzela-Ascoli-type characterization of tight subsets of MbT (X) (see e.g. the
proof of [5, Theorem 7.3] or [52, Theorem 4]), we conclude that (X (t))ier is
tight in Cg (R, X), which proves our claim. [ ]

Remark 3.6 Assume that X is a vector space. The spaces AAD(R, X), AAD (R, X),
and AAD; (R, X) are not vector spaces. Indeed, let X be the Ornstein-Uhlenbeck
process of Example 3.1. For each ¢t € R, let Y (¢) = X (0). The processes X and

Y are stationary in the strong sense, thus they are in AAD(R,X). For each

t € R, the variable Z(t) = X (¢) + Y (¢) is Gaussian centered with variance

Var Z(t) = E (X?(t)) + E (Y?(t)) + 2 Cov(X(t),Y (1))
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=20% + 20% exp (—a|t])

— 202 when [t| — occ.

Thus law (Z(t)) is the Gaussian distribution N(0,202%(1 + exp (—« [t]))), which
converges when [t| — oo to N(0,202). Set m(t) = N(0,202), t € R. For each
t € R, we have

lim law (Z(t 4+ n)) = m(¢t)

n—oo
lim m(t —n) = m(t) # law (Z(t)).
n—oo
Thus Z ¢ AAD; (R, X).
This contradicts [26, Lemma 2.3].

Almost automorphy in p-distribution A useful variant of almost auto-
morphy in distribution takes into account integrability of order p. Let p > 0.
We say that a continuous X-valued stochastic process is almost automorph in
p-distribution if

(i) X € AAD(R,X),
(i) if p > 0, the family (|| X (¢)||”)ter is uniformly integrable.

These conditions imply that the mapping t — X (t), R — L?(Q, P,X), is con-
tinuous.

We denote by AADP(R,X) the set of X-valued processes which are almost
automorphic in p-distribution, in particular we have AAD’(R, X) = AAD(R, X).
Similarly, for p > 0, one defines the sets AADI} (R,X) and AADY (R, X) of pro-
cesses which are respectively almost automorphic in one-dimensional p-distribu-
tions and almost automorphic in finite dimensional p-distributions.

Weighted pseudo almost automorphy in distribution and variants As
usual, we assume that p is a Borel measure on R satisfying (2.6).

Tudor and Tudor proposed in [50] a very natural and elegant notion of pseudo
almost periodicity in (one-dimensional) distribution that can easily be extended
to weighted p-pseudo almost automorphy: X is p-pseudo almost periodic in
one-dimensional distributions in Tudor and Tudor’s sense if it satisfies

1 e mapping ¢ — law is continuous with relatively compact range

TT;) Th ing ¢t — law (X (1)) i ti ith relativel g
in M5 T (X), and there exists an almost automorphic function m : R —
MBT (X) such that

lim — / "o (law (X(8) m(E)du(t) = 0. (3.7)

e (e

Similar definitions are easy to write for u-pseudo almost automorphy in finite
distributions or in distribution.
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Recall that 05, is bounded. If we remove the condition of relatively compact
range (as in Proposition 2.5), we get three distributional notions of p-pseudo
almost automorphy in the wide sense: in one-dimensional distributions, in finite
dimensional distributions, and in distribution.

We propose three stronger notions of p-pseudo almost automorphy in a dis-
tributional sense, that seem to be particularly useful for stochastic equations.

Assume that X is a vector space. Let p > 0. We say that X is u-pseudo
almost automorphic in p-distribution if X can be written

X =Y+ Z, where Y € AAD?(R,X) and Z € £(R,LP(Q, P, X), u).

The set of X-valued processes which are p-pseudo almost automorphic in p-
distribution is denoted by PAAD? (R, X). Similar definitions hold for the spaces
PAAD! (R, X, 1) and PAAD’} (R, X, 1) of processes which are p-pseudo almost
automorphic in one-dimensional p-distributions and in finite dimensional p-
distributions respectively.

Remark 3.7 The definitions we propose for pu-pseudo almost automorphy in
distribution, or in finite dimensional distributions, or in one-dimensional distri-
butions, are in a way stronger and less natural than those in the wide distribu-
tional sense, because they involve (at least, apparently) not only the distribution
of the process, but the probability space (2, F, P). For example, a random pro-
cess X is in PAADY(R, X, u) if, and only if, there exists a process Y defined on
the same probability space such that m(.) := law (Y(.)) is in AA(R, M+ (X))
and satisfies (3.7). Note also that, in our definition, the ergodic part is ergodic
in pth mean. Our definitions are thus intermediate between p-pseudo almost
automorphy in a purely distributional sense and p-pseudo almost automorphy
in pth mean.

However, our definitions seem to be convenient for calculations, and Theorem
4.4 shows that, for some stochastic differential equations with p-pseudo almost
automorphic coefficients, the process Y appears naturally: it is the solution of
the corresponding SDE where the coefficients are the almost automorphic parts
of the coefficients of the original SDE.

Almost automorphy in distribution and some of its variants enjoy some sta-
bility properties, as shows the following superposition lemma. Similar results
could be proved by the same method for one-dimensional or for finite dimen-
sional distributions.

Theorem 3.8 (Superposition lemma) Let X be a continuous X-valued stochas-
tic process, and let f: R x X — Y be a continuous mapping.

1. If X is almost periodic in distribution and f is almost periodic with re-
spect to the first variable, uniformly with respect to the second variable in
compact subsets of X, then f(.,X(.)) is almost periodic in distribution.

2. If X is almost automorphic in distribution and f is compact almost au-
tomorphic with respect to the first variable, uniformly with respect to the
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second variable in compact subsets of X, then f(.,X(.)) is almost auto-
morphic in distribution.

3. Let i be a Borel measure on R satisfying (2.6), and let p > 0. Assume
that f is p-pseudo compact almost automorphic with respect to the first
variable, uniformly with respect to the second variable in compact subsets

of X, i.e.
f=g+h, withge AAU.RxX)Y) and h € EU(R x X, Y, ).

Assume that g is continuous with respect to the second variable. Assume
furthermore that f is uniformly continuous in the second variable in com-
pact subsets of X, uniformly with respect to the first variable, that is,

for every e > 0, and for every compact subset K of X,
there exists n > 0 such that, for all x,y € K,

lz —yll <n=sup|ft,z) = f(t,y)| <e. (3.8)
teR

If p > 0, assume also that f and g satisfy the growth condition
1 (& 2)] + llg(t, 2)]| < C(1 + [l]]) (3.9)

for all (t,x) € R x X and for some constant C, and that f is Lipschitz
with respect to the second variable, uniformly with respect to the first one.
If X is p-pseudo almost automorphic in p-distribution, then f(., X (.)) is
p-pseudo almost automorphic in p-distribution.

Proof We only prove the second and third items, the first one can be proved
in the same way as 2, using, for example, Bochner’s double sequence criterion.

2. For each t € R, for each z € Cg(R,X), and for each s € R, let us denote

[t x)(s) = f(s +t,2(s)).
By continuity of f on R x X f(t, .) maps Cg(R,X) to Ci(R,Y).

Let K be a compact subset of Ci(R,X). By the Arzela-Ascoli Theorem
(see e.g. [24, Theorems 8.2.10 and 8.2.11]), this means that K is closed in
Ci(R,X) and equicontinuous, and that, for every compact interval I of R, the
set {z(t); z € K, t € I} has compact closure in X. Let ¢ € R, and let (¢,) be a
sequence in R converging to ¢t. Let I be a compact interval of R, and let K be
the closure of {z(s); x € K, s € I'}. We have, for any y € K, and for any s € R,

lim f(tn + 5,y) = f(t+ 5,9)

where the convergence is uniform with respect to y € K and s € I, because f is
compact almost automorphic uniformly with respect to the second variable in
compact subsets of X. In particular we have, uniformly with respect to x €
and s € I,

lin f(ta, 2)(s) = i f(ta + 5, 2(5)) = f(t+5,2(5)) = F(t,2)(s),
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which proves that the mapping f (,z) : R = Cg(R,X), is continuous, uniformly
with respect to x in compact subsets of Cg(R, X).

Let us check that f : R x Cr(R,X) — Ci(R,X) is compact almost auto-
morphic with respect to the first variable, uniformly with respect to the second
variable in compact subsets of Ci(R,X). Let (¢,) be a sequence in R. There
exists a subsequence (t,) such that, for every ¢ € R and every y € X,

limlim f(t + t, — tm,y) = f(t,y),

where the convergence is uniform with respect to y in compact subsets of X and
t in compact intervals of R. For each ¢t € R, and for each s € R, we have

117?1117}lnf(t +tn =t @)(s) =lmlim f(s + ¢ + tn — tm, 2(s))
=f(s+t,2(s)) = f(t,2)(s),

and these convergences are uniform with respect to ¢ and s in compact intervals,
and with respect to x € K, which proves our claim.

Let ¢ : Ci(R,Y) — R be bounded Lipschitz, with ||¢||,, < 1, where |.||,,
is taken relatively to a distance d which generates the topology of Ck(R Y), for
example the distance defined by (3.5). Let (t),) be a sequence in R. Let (t,) be
a subsequence such that, for every ¢t € R and every y € X,

hmhmf(t + tn - tmvy) = f(ta y)v
lim lim law (X(t +tn — tm)) = law (f((t)) .

Let € > 0. We can find a compact subset K. of Ci(R,X) such that, for every
teR,

P{X(t)EICE}Zle.

Let ¢ € R be fixed, and, for all n,m, let Q. ,, ., be the measurable subset of {2
on which X (¢t +t, — t,,,) € K.. We have

‘E (00 7+t =t X(t 4t — 1)) = 00 (. X (1)) ’
§‘E(gpof(t+tn7tm,)~((t+tn m)) — gaof(tX(tthnftm))]‘
+‘E(gaof(t,X(t+tn m)) — o f(t, X(t) ]’

<E (., 2(F(E+ ta =t X(+ b = 1)), f(6 X+ 10— 1)) ) )

+E ( ]lggmm‘gaof(tthn by X(E by — 1)) — 0 f(t, X+ by ftm)))‘]

+|E (0 Ft X+t — tw) = 0o fit, £(1))) |
=Apm + Bnm + Crom.-

26



We have

Apm <E [ 1o, . sup g(f(tthn—tm,:c),f(t,z))] < sup g(f(thtnftm,x),f(t,z))

zel. zek.

thus by the almost automorphy property of f, we have lim, lim,, A, ,, =
0. Furthermore, B, , < 2P(Qg,n7m) < 2e because |[|¢|l,, < 1. Finally,
lim,, lim,, Cy, » = 0 by boundedness and continuity of f(t,.) : Cr(R,X) —
Cr(R,X) and the convergence in distribution of X (t 4 t,, — t,,) to X (t) for each
t € R. As ¢ and ¢ are arbitrary, we have proved that

lin lim law (f(t by — b, X (t 4+t — tm))) = law (f(t,f((t))) ,

thus the mapping ¢ — law ( f (t, X (t))) is almost automorphic in distribution.

3. We use ideas of the proof of [7, Theorem 5.7]. Let (Y, Z) be a decompo-
sition of X, namely,

X =Y +2,Y e AADP(R,X), Z € E(R,LP(Q, P, X), ).
The function f(., X(.)) can be decomposed as

f,X (@) =gt Y @)+ f(t X (@) = F{&Y )+ h(t, Y (D).

Let G(t) = g(t,Y(t)) and H(t) = f(t, X (t)) — f(t,Y(¢)) + h(t,Y(t)). By using
2. and (3.9), we see that t — G(t) is in AADP(R,Y). Furthermore, by (3.9),
the continuity of f and the p-pseudo almost automorphy in p-distribution of
X, we have, using Vitali’s theorem, that f(., X(.)) is a continuous L”(Q2, P, Y)-
valued function. Indeed, if ¢, — ¢, then the sequence (|| X (¢,)[|”) is uniformly
integrable, by continuity of the mapping t — X (t), R — LP(Q,P,X), and this
entails that (f(¢,, X (tn))) is uniformly integrable. To show that f(., X (.)) is in
PAADP(R,Y), it is enough to prove that H € E(R,LP(Q, P, Y), ).

Clearly H is in C(R,L?(Q,P,Y)), and bounded in L?(2, P, X) (when p > 0),
by (3.9). AsY isin AAD(R, X), the family (Y (t))ier = (Y (t+.))¢er is uniformly
tight in Cy (R, X). For each € > 0, there exists a compact subset K. of Cy(R,X)
such that, for every t € R,

P{f/(t) elcg} >1—e.

By the Arzela-Ascoli Theorem (see e.g. [24, Theorems 8.2.10 and 8.2.11]), this
implies that, for every € > 0, and for every compact interval I of R, there exists
a compact subset K. ; such that, for every t € R;

P{(Vsel)Y(t+s)e K.} >1—¢.

In particular, the family (Y (¢)):er is tight, i.e., denoting K. = K. fo}, we have,
for every t € R,
P{Y() e K.} >1—e.
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Let Q¢ be the measurable subset of Q on which Y (¢) € K. The function g is
uniformly continuous on R x K. by Proposition 2.1. We deduce by (3.8) that
there exists n(e) > 0 such that, for all y1,ys € K,

g1 — vl < n(e) = ju]g(l\h(t,m) — h(t,y2)]]) <e.
€

We can find a finite sequence (y;)1<i<m in K. such that

K. c | By n(e)).

i=1

We have, for every t € R,
E(IA(t, Y (£) A1)

< E<11<1%1<nm( lo,, [|R(t, Y (1) — h(t, ys)|| A 1)> + lrgnigggn A (t, u:)]|

+B(da:, At Y (1)] A1)
<o+ max. [Pt ya)ll A1 +P (92,)

< ; .
< max [t yi)l + 2

Since for all ¢ € {1,...,m}, the function ¢ — h(t, y;) satisfies
1

tin s [ bt du(t) =

r—oo M([_T’ T]) [=mr,r]
we deduce that, for every € > 0,

1
lim sup 7/ E([Jh(t, Y ()| A L)du(t) < 2e.
([_Ta T]) [=r,r] ( )

r—oo M

This shows that ¢t — h(t, Y (t)) is in E(R,LY(Q, P, Y), u).

For p > 0, let 6 > 0. From the uniform integrability of (||h(t,Y(1f))Hp)t€]R
(thanks to (3.9) and the uniform integrability of (||Y (¢)||”)tcr), we can choose
e small enough such that, for any measurable A C Q such that P(A) < e,

supE (14 ||R(t, Y (1)||") < 4.
teR

Note also that, for p < 1, the mapping U — (E HUHp)l/p, L? — R, does not sat-
isfy the triangular inequality. However, the mapping (U, Us) — E||U; — Usl|P
is a distance on LP. We deduce that, for all Uy, Us, Us € LP,

(ENUL +Us + Ul)” < 84771 ((©IT7)7 + (B 021777 + (E]|Us 7)) -

To cover simultaneously the cases p < 1 and p > 1, we set k = max(1, 31/p=1),
Using the same method as in the case when p = 0, we get
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(EllRt, Y ()|")1/?

1/p
<(Bmin to., JH(EYO) = heal?) )+ max At

1/p
e (1o, Y @)
S“(lgﬁﬁ 17, yo)ll + € + 5)-

We conclude, using the ergodicity of h(t,y;) for all ¢ € {1,...,m}, that t —
h(t,Y(t)) is in E(R,LP(Q,P,Y), u).
Secondly, we show that F(.) := f(., X(.))—f(.,Y(.))isin E(R,L°(Q, P, Y), ).
Let
o X - CR)Y)
x = f(,x).

Let us endow C(R,Y) with the distance 0o (p,%) = sup;cp |[¢(t) — ©(t)]|.
By the uniform continuity assumption, ® is continuous. By [7, Lemma 5.6], for
each € > 0, there exists > 0 such that, for all z,y € X

[mEKE and 9(z,y) Sn] :Ow(@(x),tb(y)) <e. (3.10)
For each t € R, let Q. be the subset of Q on which Y(¢) € K.. Since Z(t) =
X(t) — Y(t), we obtain, the following inequalities, with the help of (3.10) and
Chebyshev’s inequality:

pt € [—rrl; E(|F@®) A1) > 3}
(=, ])
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S {t e -r,rl; E(da., Iz sm (IF@)[ A1) > €}

p(l=r,7])
L edtelnr B(lo., Byzoisp IFGI A D) > e}
p(l=r,7])
p{t € [=r1) B(lac (IF ()] A1) > =}
Jr
p([=r,r])
_pfte=rrl B(lo,, Iyzen (IFOI A D) >}
p(l=r,7])
p{t € =l B(ta (IF@)] A 1)) > =}
Jr
p([=r,r])
cpfte =rr PHIZO)) > 0} > e}
- p([=r,7])
pit € [-r 7] P(2L,) > ¢}
p(l=r,7])
p{tel=rrl JE(IZ@)) > <}
- p([=r,7])

Since Z is in £(R,L°(Q, P, X), 1), we have, for the above ¢,

e A€l BUZON) > en}
r—o0 p([=r;7])

0,
which implies, using [7, Theorem 2.14] (see Remark 2.4),

1
timsup——— [ B(I7(.X(0) = £(6.YO)| A)dutt) =0,
PSP D) S )
Therefore t — f(t, X (t)) — f(t,Y(t)) is in ER,LO(Q,P,Y), u).

Assume now that p > 0. If f is Lipschitz with respect to the second vari-
able, uniformly with respect to the first one, then |F(t)|| < K || Z(¢)|| for some
constant K, thus, trivially, F € E(R,L”(Q, P, Y), ).

|

3.3 Pseudo-almost automorphy in p-mean vs in p-distri-
bution

Let X = (X;)ter be a continuous stochastic process with values in X, defined
on a probability space (2, F,P). Let u be a Borel measure on R satisfying (2.6).
Clearly, we have for all p > 0,

(X € AA(R,LP(Q,P,X))] = (X € AAD"(R, X)] .
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Using Theorem 3.5, we can get more: if X satisfies (3.6), we deduce, for every
p=0,

(X e AA(R,LP(Q,P,X))] - [X e AADP(R,X)] ,
(X € PAA(R, LP(Q,P,X),M)] N [X € PAADP(R, X, u)] .

The converse implications are false. Indeed, Example 3.1 shows that a pro-
cess which is almost automorphic in distribution is not necessarily almost auto-
morphic in probability or in p-mean, see also [3, Counterexample 2.16]3.

The same counterexample also shows that a process which is p-pseudo almost

automorphic in p-distribution is not necessarily u-pseudo almost automorphic
in probability or in p-mean.

4 Pseudo almost automorphic solutions to stochas-
tic differential equations

In the sequel, if X and Y are metric spaces, we denote CUB(X,Y) the space of
bounded uniformly continuous functions from X to Y.

We are given two separable Hilbert spaces H; and Hs, and we consider the
semilinear stochastic differential equation,

dX, = AX(t)dt + f(t, X (1)) dt + g(t, X (1)) dW (1), t € R (4.1)

where A : Dom(A) C Hy — Hj is a densely defined closed (possibly unbounded)
linear operator, and f : RxHy — Hs, and g : RxHsy — L(H;, Hs) are continuous
functions. In this section, we assume that:

(i) W(t) is an Hy-valued Wiener process with nuclear covariance operator @
(we denote by tr @ the trace of @), defined on a stochastic basis (2, F, (F%)ter, P).

(ii) A :Dom(A) — Hy is the infinitesimal generator of a Cy-semigroup (S(t))i>0
such that there exists a constant § > 0 with

S|y < et > 0.

(iii) There exists a constant K such that the mappings f : R x Hy — Hy and
qg: R x HQ — L(Hl,Hg) satisfy

I1F (s )l + gt @) Lo ) < KL [|2]e,)-

3Let us here point out an infortunate error in [38]: it is mistakenly said at the end of Section
1 of [38] that almost periodicity in square mean implies almost periodicity in distribution, and
that the converse is true under a tightness condition. The first claim is true under the tightness
condition (3.6), whereas Example 3.1, which is also Example 2.1 of [38], disproves the second
claim.
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(iv) The functions f and g are Lipschitz, more precisely there exists a constant
K such that

Hf(t,l') - f(tay)”Hz + ||g(t,1'> - g(tay)”L(Hth) S K”:L' - y”Hz
forall t € R and z,y € Hs.

(v) f € PAAUR(R x Hy, Hy, i) and g € PAAU,(R x Hy, L(Hy, Hs), 1) for some
given Borel measure p on R which satisfies (2.6) and Condition (H).

By [7, Theorem 3.5], Condition (H) implies that £(R,X, u) and PAA(R, X, )
are translation invariant.

In order to study the weighted pseudo almost automorphy property of solu-
tions of SDEs, we need a result on almost automorphy.

Theorem 4.1 (Almost automorphic solution of an equation with al-
most automorphic coefficients) Let the assumptions (i) - (iv) be fulfilled,
and assume furthermore the following condition, which is stronger than (v) :

(1)7) f S AAU[,(R X HQ,HQ) and g < AAU[,(R X HQ,L(Hl,Hg)).

K? /1
Assume further that 0 = 5 (2_(5 + tr Q) < 1. Then there exists a unique

mild solution X to (4.1) in the space CUB(R, L2(P,H2)) of bounded uniformly
continuous mappings from R to L2(P,H2). Furthermore, X has a.e. continuous
trajectories, and X (t) satisfies, for each t € R:

X(t) = /_ S(t—s)f(s,X(s))ds—i—/_ S(t—s)g(s, X (s))dW(s). (4.2)

4K?

If furthermore 6’ := 5

1
(5 + tr Q) < 1, then X is almost automorphic in

2-distribution.

The proof of this theorem is very similar to that of [31, Theorem 3.1], which
is the analogous result for SDEs with almost periodic coefficients. Only the
almost automorphy part needs to be adapted. Such an adaptation is provided
in [35], for SDEs driven by Lévy processes, but only for one-dimensional almost
automorphy. We give the proof of this part for the convenience of the reader.

Let us first recall the following result, which is given in a more general form
in [17]:

Proposition 4.2 ([17, Proposition 3.1-(c)]) Let 7 € R. Let ({n)o<n<oco be
a sequence of square integrable Hy-valued random wvariables. Let (fn)o<n<oo
and (gn)o<n<oo be sequences of mappings from R x Hy to Ha and L(H;,Hs)
respectively, satisfying (ili) and (iv) (replacing f and g by fr, and g, respectively,
and the constant K being independent of n). For each n, let X, denote the
solution to
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Xo(t) = S(t — 1)
t t
+ / S(t— s)fn(s,Xn(s))ds + / S(t— 8)gn (s, Xn(s))dW(s).
Assume that, for every (t,z) € R x Ha,

1i_>m fu(t,x) = foolt, x), li_>m In(t, ) = goo(t, ),
ILm O (law (&, W), law ({00, W)) = 0,

(the last equality takes place in MY+ (Hy x C(R,Hy))). Then we have in C([r, T]; Ha),
for any T > 1,
lim 05 (law (X)), law (X)) = 0.

n—roo

We need also a variant of Gronwall’s lemma.

Lemma 4.3 (/31, Lemma 3.3]) Let g : R — R be a continuous function such
that, for every t € R,

t

t
0<g(t) <alt)+p / e =) g(s)ds+- -+ By / e (=) g(s) ds, (4.3)

— 00 —0o0

for some locally integrable function o : R — R, and for some constants 31, ..., Bn >
0, and some constants d1,...,d0, > 8, where 5 := E?:l Bi. We assume that the
integrals in the right hand side of (4.3) are convergent. Let 6 = mini<;<y 0;.

Then, for every v €]0,6 — ] such that ffm e’ a(s)ds converges, we have, for
every t € R,

t
g(t) < alt)+ 6/ e V=)0 (s) ds.
In particular, if « is constant, we have

]
§—p"

Proof of Theorem 4.1 The proof of the existence and uniqueness of a mild
solution to (4.1) in CUB(R,L*(P,H,)) is the same as that of Theorem 3.1 in
[31] or Theorem 3.3.1 in [37].

For the almost automorphy part, let (7)) be a sequence in R. Since f
and g are almost automorphic, there exists a subsequence () and functions
F:RxHy;— Hyand §: R x Hy — L(Hy, Hy) such that

g(t) <a

~ ~

Jim f(t 4+, 2) = f(t,2),  lim f(t—n,2) = f(t2) (4.4)
Jim g(t 4y, 2) = g(t,2),  lim Gt =, 7) = g(t, ). (4.5)

These limits are taken uniformly with respect to x in bounded subsets of Hs.
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For each fixed integer n, we consider

t

;nm:/’swﬂvw+%xamw+/ S(t = 5)g(s 4 7y Xn(s)) W (5)

— 00 — 00

the mild solution to
dX,(t) = AX, (t)dt + f(t + Yn, Xn(t)) dt + g(t + Vo, X (t)) dW (t)

and

the mild solution to
dX(t) = A()X (t)dt + f(t, X (1)) dt + G(t, X () dW ().

Make the change of variable o + ,, = s, the process

t+vn
X@+%»:/ S(t+7m — 8)f(s, X (s)) ds

— 00

t+vn
+ [ St +vn — 8)g(s, X(s)) dW(s)

satisfies
t
X@+%J:/ S(t = 5)f (s 4y X (s + 1n))ds

+[7ﬂﬂww@+mX@+%WMM$

where W, (s) = W(s 4+ 7,) — W(ys) is a Brownian motion with the same dis-
tribution as W (s). Thus the process X (. + ,) has the same distribution as
X

Let us show that X,,(¢) converges in quadratic mean to X (t) for each fixed
t € R. We have

E| X (t) — X (1)
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<+ Iy + I3 + 14.

Now, using (ii), (iv) and the Cauchy-Schwartz inequality, we obtain

2
I, =4E

/s 7o+ X)) = £ +m, X(5))) ds

<4E</ 1St — )G -+ s X (5)) — (5 + 1 X(s>>|ds>

<4E(/_OO D s+ 0 X)) = 5+ 0 K (5D

< 4(/_t e 0(t=5) ds) (/_t e OB (s + Y, Xn(5)) = f(5+ Tn, ( M ds)
<85 R - R

Then we have

12:413/_ S(t— $)[f(s+vn, X(s)) — f(s, X (s))]ds

<am( [ s 40 Ko - f(s,X<s>>||ds)2
cam( [ o) ([ e s K6~ Flo RN )
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t 2

<a [ e ds) sl Ko) - Fls K
4 =~ ~

< 53 SWE|f (s + 7, X(5)) = f(s, X ()%,

which converges to 0 as n — 0o because sup,cp E|| X (1)|2

~

that (X (¢)): is tight relatively to bounded sets.
Applying It6’s isometry, we get

< oo which implies

Iy = 4EH/; St — s)(g(s F 9, Xn(8)) — g(s ﬂn,)?(s))) AW (s) i

t

< 4trQE/ 1St = )17 l9(s + s X)) = g5 + 7, X (5))]*ds

— 00

t
<16Q [ I Blgls 4 70, Xa(5)) = gl + 70, KD s
t
<ar?uq [ e HCIBIX () - ()P

and
2

I = 4EH/; S(t — s) (g(s v, X (5)) — 9(s, )?(s))) AW (s)

< 4trQE(/ 1St = )17 llg(s + 7n, X (5)) = §(s, )A((S))IQdS)

— 00

t
< 4trQ( / e25<”>ds) sup Ellg(s + 1, X (s)) — 55, X ()]

— 0o seR

2tr@ -~ A
< =5 swEllg(s +m, X(5)) —9(s, X ()]*.
sE

For the same reason as for I, the right hand term goes to 0 as n — oco.
We thus have

% 2 AK? [ —§(t—s) % 2
Bl Xn() - XO san+— [ e E|[ X, (s) — X(s)[" ds

— 00

t
+4K2trQ/ e 2= B X, (s) — X ()] ds

for a sequence (ay,) such that lim,_,oc @, = 0. Furthermore, § := “5(2 +

4K?trQ < §. We conclude by Lemma, 4.3 that

lim E||X,(t) — X(t)||> =0,
n—oo

hence X, (t) converges in distribution to X (¢). But, since the distribution of
X, (t) is the same as that of X (t 4 ~,), we deduce that X (¢ + 7,,) converges in
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distribution to X (t). By analogy and using (4.4), (4.5) we can easily prove that
X (t — ) converges in distribution to X (t).

Note that the sequence (|| X, (t)]|?) is uniformly integrable, thus (|| X (t + vn)||*)
is uniformly integrable too. As (v},) is arbitrary, this implies that the family
(IX (£)|I*)+er is uniformly integrable, because, if not, there would exist a se-
quence (v,) and ¢ € R such that no subsequence of (|| X (t +~,)||?) is uniformly
integrable.

We have thus proved that X has almost automorphic one-dimensional 2-
distributions. To prove that X is almost automorphic in 2-distribution, we apply
Proposition 4.2: for fixed 7 € R, let &, = X(7 + V), fu(t,x) = f(t + Y, ),
gn(t, ) = g(t + vn, z). By the foregoing, (&,) converges in distribution to some
variable Y (7). We deduce that (§,) is tight, and thus (§,, W) is tight also.
We can thus choose a subsequence (still noted (7,) for simplicity) such that
(&n, W) converges in distribution to (Y (7), W). Then, by Proposition 4.2, for
every T > 7, X (.4 7,) converges in distribution on C([r, T]; Hz) to the (unique
in distribution) solution to

) ZS(t—T)Y(T)Jr/ S(t—s)f (s, Y (s)) ds+/ S(t - s)g(s, Y (s)) AV (s).

Note that Y does not depend on the chosen interval [, T], thus the convergence
takes place on C(R; Hy). Similarly, Y;, := Y (. —~,) converges in distribution on
C(R;Hy) to X. Thus X is almost automorphic in 2-distribution. ]

We are now ready to prove our main result.

Theorem 4.4 (Weighted pseudo almost automorphic solution of an
equation with weighted pseudo almost automorphic coefficients) Let
the assumptions (i) - (v) be fulfilled. Let (f1,91) and (f2,g2) be respectively the
decompositions of f and g, namely,

f=h+1rl, g9=g+g,
fl S AAU[,(RXHQ,HQ), f2 GEUb(RxHQ,HQ,‘U),
g1 € AAU[,(R X HQ,L(Hl,Hg)), gs € gUb(R X HQ,L(Hl,Hg),/L).

Assume that fi and g1 satisfy the same growth and Lipschitz conditions (iii) -
(v) as f and g respectively, with same coefficient K. Assume furthermore that

2
0 = % (%ﬁLtrQ) < 1.

Then there exists a unique mild solution X to (4.1) in the space CUB (R, LQ(P, HQ))

of bounded uniformly continuous mappings from R to L? (P,Hy), X has a.e. con-
tinuous trajectories, and X satisfies (4.2) for every t € R. Furthermore, X
is p-pseudo almost automorphic in 2-distribution. More precisely, let Y €
CUB (R, L2(P, Hg)) be the unique almost automorphic in distribution mild solu-
tion to

dY (t) = AY (t)dt + f1(t,Y (t)) dt + g1 (£, Y () dW (1), t € R. (4.6)
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Then X has the decomposition
X=Y+2 Zec&RL*PH),pu).
The following technical lemma will be used several times.

Lemma 4.5 Let h € E(R,R, ). Then the function
t 1/2
t— (/ e 20t=5)p2(4) ds)

Proof by Condition (H) and [7, Theorem 3.9], we have, for every u € R,

is also in ER,R, p).

Jim é/ Ib(t — )| du(t) = 0.
[_TvT]

r=-too p([—r,7])

We deduce, by Lebesgue’s dominated convergence theorem,

<o L)
N (L, ] e i) -

_ W (/O+ 20 /[_N] b2 (t — u) dp(t) du)1/2

T osu f[,m] |h(t —w)|du(t) 1/2
< (e e TS )

— 0 when r — +o0.

Proof of Theorem 4.4 The existence and the properties of Y are guaranteed

by Theorem 4.1.

As in Theorem 4.1, the existence and uniqueness of the mild solution X to

(4.1) are proved as in [31, Theorem 3.1}, using the classical method of the fixed
point theorem for the contractive operator L on CUB (]R, L(P, Hg)) defined by

LX(t):[ S(t—s)f(s,X(s))ds—i—[ S(t — $)g(s, X ())dWV (s).

The solution X defined by (4.2) is thus the limit in CUB(R,L*(P,H,)) of

a sequence (X,,) with arbitrary Xy and, for every n, X, 1 = L(X,). To prove
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that X is p-pseudo almost automorphic in 2-distribution we choose a special
sequence. Set

XO = Y; X’n+1 = L(Xn)7 Z’n = Xn - Y7 n € N.

Let us prove that each Z,, is in S(R, L*(P,H,), u). We use some arguments of
the proof of [7, Theorem 5.7]. We have, for every n € N and every t € R,

Zny1(t) = LXp(t) = Y(t)

_ / ; S(t — )(f(s, Xu(s)) — (s, Y (s))) ds
N / ; S(t - 5)(g(5, Xn(5)) — g(5, Y (5))) W (s)
+ /_; S(t—s)(f(5,Y(s)) = f(s,Y (s))) ds
N / ; St —5)(g(5, Y (5)) — g1(5, Y (5))) AW (s)
_ / ; S(t — )(F(s, Xu(s)) = (5, Y (s))) ds

b [ 8t 9 gl X))~ gl Y(5)) W)
+/_ S(t—s)fg(s,Y(s))ds+/_ St —s)ga(s,Y(s)) dW(s).
Assume that Z,, € £(R,L*(P,Hy), 1). By the Lipschitz condition (iv),

1/2 1/2

(Bt Xu(0) = £ (1Y (0)])
thus the mapping

< K(E[Z.(t)]7)

1/2

Foter (BN Xa(®) = £(6Y(0)7)
is in £(R, R, it). The same conclusion holds for

gt (Bllglt, Xa(t) — g(t, Y (£)[*) .

We get, using Lemma 4.5,

1 2

w(l=rr) /[] (E H/m S(t = 5)(F(s: Xa(s) = f(5, Y (s)) ds )1/2du(t)

< m /[_m] ( /_ ; e PUmIP(s) d8>1/2 dp(t)

— 0 when r — +o00,
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and

g (B st tats xuon - atsvimaws| ) ancy

< Q) /H (/ ; g ) s it

— 0 when r — +o0.

To prove that Z,, 41 is in S(R, L*(P,H,), u), there only remains to show that
the process fjoo S(t—s)fa(s,Y(s))ds+ fjoo S(t—8)ga2(s,Y(s)) dW (s) belongs
to 5(R, L*(P,H,), /L). As Y is almost automorphic in distribution, the family

(Y(t)) = (Y(t + .))ter is uniformly tight in Cg(R,Hsy). In particular, for each
e > 0 there exists a compact subset K. of Cy(R,Hs) such that, for every ¢t € R,

P{f/(t) elcg} >1-e.

By the Arzela-Ascoli Theorem (e.g. [24, Theorems 8.2.10 and 8.2.11]), this im-
plies that, for every € > 0, and for every compact interval I of R, there exists a
compact subset K. ; of Hy such that, for every ¢ € R,

P{(Vsel)Y(t+s)e K.} >1—c¢.

In particular, the family (Y (¢)):er is tight, i.e., denoting K. = K, (o}, we have,
for every t € R,
P{Y(t)e K.} >1—e.

By the uniform continuity property of fo and go on K., there exists n(e) > 0
such that, for all z,y € K,

IW*yHSM@:>g£mﬂmﬁ@w%*ﬁ@wmwm@w)*m@wm)Sa

We can find a finite sequence yi, . ..,y such that

K. c | By n(e)).

i=1

By [31, Remark 3.6]), the condition #" < 1 ensures that Y is bounded in
LP(P,Hy) for some p > 2 (the same result holds for X, but we do not need
it). Note that fo = f — f; and go = g — g1 satisfy a condition similar to
(iii), which implies that f2(.,Y(.)) and g2(., Y (.)) are bounded in L? (P, Hs) and
L? (P, L(Hy, Hy)) respectively. Let

M, = supwax(E (YOI B llga .Y ()IF)*"
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Let ¢ = p/(p — 2). Let t € R, and let Q. be the measurable subset of Q on
which Y (t) € K.. We have

(e ||f2<t,Y<t>>||2>1/2

1<i<

1/2
< min <E( o, [ f2(t,Y(2)) — f(tvy””Q)) o, Il
1/2
+ (B, It YOOI

2/p
<e x|l + (P (20) " (Bl YOI

se+ 12‘8571 I f2(t, yi)ll + El/qmp-

A similar result holds for E ||g2(¢, Y (¢))||*. Let us denote

E(e) = e+ et/Im,,
fe(t) = max | fo(s, yi)ll,

1<i<m

ge(t) = max |lg2(s, 1)l -

Thanks to the ergodicity of fo and g2, the functions f. and g. are in £(R, R, ).
We have

[ sl ) aw)

— 00

) "
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< /H (( / ; 2B fy(s, Y ()] ds> -

(@) ( / ; 209 B g (s, Y ()] ds) UQ)du(t)

Sm /[m] (/; P07 (fu(s) + €(e)) dS) 1/Qd/L(lﬁ)

s [ ([ e o+ e ) "ty

‘LL([fT,T

+ W”m /H ( | ; e~20(=) g2(5) ds) "

In the right hand side of the last inequality, the last term is arbitrarily small and
both other terms converge to 0 when 7 goes to +o0, thanks to Lemma 4.5. We
have thus proved that Z,,4; is in E(R, LQ(P,HQ), ,u). We deduce by induction
that the sequence (Z,) lies in &(R,L*(P,Hy), p).

Now, the sequence (X,,) converges to X in CUB(R,L*(P,Hs)), thus (Z,)
converges to Z := X —Y in CUB (R, L*(P, Hg)). Let € > 0, and let n such that

1/2
sup(B (| Z(t) — Zu(8)]?) " < e.
teR

We have
D BV 00
“pu([=rr]) Jimen
_ 2\1/2
t e L Bz P
_ 2\1/2
() /[_m} (ENZn @) du().
As ¢ is arbitrary, this proves that Z € 5(R, LQ(P, H,), H)~ .

Remark 4.6 We did not use in the proof of Theorem 4.4 the hypothesis that
fo € EUL(R x Hy,Hy, ) and go € EUL(R x Hy, L(H;, Hy), ). Actually, we
needed only to assume that, for each z € Hy, fao(.,2) € E(R,Ha, p) and ga(., z) €
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E(R, L(H;,Hs,), ). By Remark 2.3 and the Lipschitz condition, this is equiva-
lent to assume that fo € EU(R xHy, Hy, p) and go € EUL(R xHy, L(H;, Hy), u).

Theorem 4.7 (Weighted pseudo almost periodic solution of an equa-
tion with weighted pseudo almost periodic coefficients) Assume the
same hypothesis as in Theorem 4.4, and that f1 and g1 are almost periodic with
respect to the first variable, uniformly with respect to the second wvariable in
bounded sets. Then (with obvious definitions) the process Y of Theorem 4.4 is
almost periodic in 2-distribution, thus the process X is p-pseudo almost periodic
in 2-distribution.

Proof The proof is exactly the same as that of Theorem 4.4, replacing Theorem
4.1 by [31, Theorem 3.1]. [ |

Acknowledgements We thank an anonymous referee for pointing out an
error in a previous version.

References

[1] Syed Abbas. A note on Weyl pseudo almost automorphic functions and
their properties. Math. Sci. (Springer), 6:Art. 29, 5, 2012.

[2] Ludwig Arnold and Constantin Tudor. Stationary and almost periodic solu-
tions of almost periodic affine stochastic differential equations. Stochastics
Stochastics Rep., 64(3-4):177-193, 1998.

[3] Fazia Bedouhene, Omar Mellah, and Paul Raynaud de Fitte. Bochner-
almost periodicity for stochastic processes. Stoch. Anal. Appl., 30(2):322—
342, 2012.

[4] Paul H. Bezandry and Toka Diagana. Existence of almost periodic solutions
to some stochastic differential equations. Appl. Anal., 86(7):819-827, 2007.

[5] Patrick Billingsley. Convergence of probability measures. Wiley Series in
Probability and Statistics: Probability and Statistics. John Wiley & Sons
Inc., New York, second edition, 1999. A Wiley-Interscience Publication.

[6] J. Blot, G. M. Mophou, G. M. N’Guérékata, and D. Pennequin. Weighted
pseudo almost automorphic functions and applications to abstract differ-
ential equations. Nonlinear Anal., 71(3-4):903-909, 2009.

[7] Joél Blot, Philippe Cieutat, and Khalil Ezzinbi. Measure theory and pseudo
almost automorphic functions: new developments and applications. Non-
linear Anal., 75(4):2426-2447, 2012.

[8] Joél Blot, Philippe Cieutat, and Khalil Ezzinbi. New approach for weighted
pseudo-almost periodic functions under the light of measure theory, basic
results and applications. Appl. Anal., 92(3):493-526, 2013.

43



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Joél Blot, Philippe Cieutat, Gaston M. N’Guérékata, and Denis Pennequin.
Superposition operators between various almost periodic function spaces
and applications. Commaun. Math. Anal., 6(1):42-70, 2009.

S. Bochner. Abstrakte Fastperiodische Funktionen. Acta Math., 61(1):149—
184, 1933.

S. Bochner. Uniform convergence of monotone sequences of functions. Proc.
Nat. Acad. Sci. U.S.A., 47:582-585, 1961.

S. Bochner. A new approach to almost periodicity. Proc. Nat. Acad. Sci.
U.S.A., 48:2039-2043, 1962.

Salomon Bochner. Curvature and Betti numbers in real and complex vector

bundles. Univ. e Politec. Torino. Rend. Sem. Mat., 15:225-253, 1955-56.

N. Bourbaki. Eléments de mathématique. Topologie générale. Chapitres 1
d 4. Hermann, Paris, 1971.

Valentina Casarino. Almost automorphic groups and semigroups. Rend.
Accad. Naz. Sci. XL Mem. Mat. Appl. (5), 24:219-235, 2000.

Gh. Cenusga and I. Sacuiu. Some properties of random functions almost
periodic in probability. Rev. Roumaine Math. Pures Appl., 25(9):1317-
1325, 1980.

G. Da Prato and C. Tudor. Periodic and almost periodic solutions for
semilinear stochastic equations. Stochastic Anal. Appl., 13(1):13-33, 1995.

Toka Diagana. Weighted pseudo almost periodic functions and applications.
C. R. Math. Acad. Sci. Paris, 343(10):643-646, 2006.

Toka Diagana. Pseudo almost periodic functions in Banach spaces. Nova
Science Publishers, Inc., New York, 2007.

Toka Diagana. Weighted pseudo-almost periodic solutions to some differ-
ential equations. Nonlinear Anal., 68(8):2250-2260, 2008.

Toka Diagana. Existence of pseudo-almost automorphic solutions to some
abstract differential equations with SP-pseudo-almost automorphic coeffi-
cients. Nonlinear Anal., 70(11):3781-3790, 2009.

Toka Diagana. Evolution equations in generalized Stepanov-like pseudo
almost automorphic spaces. Electron. J. Differential Equations, pages No.
49, 19, 2012.

Hui-Sheng Ding, Chao Deng, and Gaston M. N'Guérékata. Almost auto-
morphic random functions in probability. Abstr. Appl. Anal., pages Art.
ID 243748, 6, 2014.

44



[24] Ryszard Engelking. General topology, volume 6 of Sigma Series in Pure
Mathematics. Heldermann Verlag, Berlin, second edition, 1989. Translated
from the Polish by the author.

[25] A. M. Fink. Almost automorphic and almost periodic solutions which
minimize functionals. Téhoku Math. J. (2), 20:323-332, 1968.

[26] Miaomiao Fu. Almost automorphic solutions for nonautonomous stochastic
differential equations. J. Math. Anal. Appl., 393(1):231-238, 2012.

[27] Miaomiao Fu and Feng Chen. Almost automorphic solutions for some
stochastic differential equations. Nonlinear Anal., 80:66-75, 2013.

[28] Miaomiao Fu and Zhenxin Liu. Square-mean almost automorphic solu-
tions for some stochastic differential equations. Proc. Amer. Math. Soc.,
138(10):3689-3701, 2010.

[29] A. Halanay. Periodic and almost periodic solutions to affine stochastic sys-
tems. In Proceedings of the Eleventh International Conference on Nonlinear
Oscillations (Budapest, 1987), pages 94-101, Budapest, 1987. Jdnos Bolyai
Math. Soc.

[30] A. Halanay, C. Tudor, and T. Morozan. Tracking almost periodic signals
under white noise perturbations. Stochastics, 21(4):287-301, 1987.

[31] Mikhail Kamenski, Omar Mellah, and Paul Raynaud de Fitte. Weak Aver-
aging of Semilinear Stochastic Differential Equations with Almost Periodic
Coefficients. To appear in J. Math. Anal. Appl., 2015.

[32] Jin Liang, Ti-Jun Xiao, and Jun Zhang. Decomposition of weighted pseudo-
almost periodic functions. Nonlinear Anal., 73(10):3456-3461, 2010.

[33] Jin Liang, Jun Zhang, and Ti-Jun Xiao. Composition of pseudo almost
automorphic and asymptotically almost automorphic functions. J. Math.
Anal. Appl., 340(2):1493-1499, 2008.

[34] Georg Lindgren. Lectures on stationary stochastic processes. Tech-
nical report, Lund University, Lund, Sweden, 2006. A course for
PHD students in Mathematical Statistics and other fields available at
http://www.maths.lth.se/matstat/staff/georg /Publications/lecture2006.pdf.

[35] Zhenxin Liu and Kai Sun. Almost automorphic solutions for stochastic
differential equations driven by Lévy noise. J. Funct. Anal., 266(3):1115—
1149, 2014.

[36] Carlos Lizama and Gaston M. N’Guérékata. Bounded mild solutions for
semilinear integro differential equations in Banach spaces. Integral Equa-
tions Operator Theory, 68(2):207—-227, 2010.

45



37]

[38]

(48]

[49]

Omar Mellah. FEtude des solutions presque périodiques des €équations
différentielles stochastiques. PhD thesis, University Mouloud Mammeri,
Tizi Ouzou, Algeria, and University of Rouen, France, 2012.

Omar Mellah and Paul Raynaud de Fitte. Counterexamples to mean square
almost periodicity of the solutions of some SDEs with almost periodic co-
efficients. Electron. J. Differential Equations, pages No. 91, 7, 2013.

T. Morozan and C. Tudor. Almost periodic solutions of affine It6 equations.
Stochastic Anal. Appl., 7(4):451-474, 1989.

Gaston M. N’Guerekata. Almost automorphic and almost periodic functions
in abstract spaces. Kluwer Academic/Plenum Publishers, New York, 2001.

Gaston M. N’guérékata. Comments on almost automorphic and almost
periodic functions in Banach spaces. Far Fast J. Math. Sci. (FJMS),
17(3):337-344, 2005.

Gaston M. N'Guérékata. Topics in almost automorphy. Springer-Verlag,
New York, 2005.

Gaston M. N’Guérékata and Alexander Pankov. Stepanov-like almost au-
tomorphic functions and monotone evolution equations. Nonlinear Anal.,

68(9):2658-2667, 2008.

Octav Onicescu and Vasile 1. Istratescu. Approximation theorems for ran-
dom functions. Rend. Mat. (6), 8:65-81, 1975. Collection of articles dedi-
cated to Mauro Picone on the occasion of his ninetieth birthday.

A. M. Precupanu. On the almost periodic functions in probability. Rend.
Mat. (7), 2(3):613-626, 1982.

Wenxian Shen and Yingfei Yi. Almost automorphic and almost periodic dy-
namics in skew-product semiflows. Mem. Amer. Math. Soc., 136(647):x+93,
1998.

E. Slutsky. Sur les fonctions aléatoires presque périodiques et sur la
décomposition des fonctions aléatoires stationnaires en composantes. Ac-
tual. sci. industr. 738, 33-55. (Confér. internat. Sci. math. Univ. Genéve.
Théorie des probabilités. V: Les fonctions aléatoires.) (1938)., 1938.

C. Tudor. Almost periodic solutions of affine stochastic evolution equations.
Stochastics Stochastics Rep., 38(4):251-266, 1992.

C. Tudor. Almost periodic stochastic processes. In Qualitative problems for
differential equations and control theory, pages 289-300. World Sci. Publ.,
River Edge, NJ, 1995.

C. A. Tudor and M. Tudor. Pseudo almost periodic solutions of some
stochastic differential equations. Math. Rep. (Bucur.), 1(51)(2):305-314,
1999.

46



[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

W. A. Veech. Almost automorphic functions on groups. Amer. J. Math.,
87:719-751, 1965.

Ward Whitt. Weak convergence of probability measures on the function
space C[0, o). Ann. Math. Statist., 41:939-944, 1970.

Zhinan Xia and Meng Fan. Weighted Stepanov-like pseudo almost auto-
morphy and applications. Nonlinear Anal., 75(4):2378-2397, 2012.

Chuan Yi Zhang. Integration of vector-valued pseudo-almost periodic func-
tions. Proc. Amer. Math. Soc., 121(1):167-174, 1994.

Chuan Yi Zhang. Pseudo-almost-periodic solutions of some differential
equations. J. Math. Anal. Appl., 181(1):62-76, 1994.

Chuan Yi Zhang. Pseudo almost periodic solutions of some differential
equations. II. J. Math. Anal. Appl., 192(2):543-561, 1995.

Chuanyi Zhang. Almost periodic type functions and ergodicity. Science
Press Beijing, Beijing; Kluwer Academic Publishers, Dordrecht, 2003.

Rui Zhang, Yong-Kui Chang, and G. M. N’Guérékata. New composition
theorems of Stepanov-like weighted pseudo almost automorphic functions
and applications to nonautonomous evolution equations. Nonlinear Anal.
Real World Appl., 13(6):2866—2879, 2012.

47



