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New formulation of the compressible Navier-Stokes
equations and parabolicity of the density

Boris Haspot *

Abstract

In this paper we give a new formulation of the compressible Navier-Stokes by
introducing an suitable effective velocity v = u 4+ V(p) provided that the viscosity
coefficients verify the algebraic relation of [3]. We give in particular a very simple
proof of the entropy discovered in [3], in addition our argument show why the al-
gebraic relation of [3] appears naturally. More precisely the system reads in a very
surprising way as two parabolic equation on the density p and the vorticity curlo,
and as a transport equation on the divergence divv. We show the elicistence of strong

solution with large initial data in finite time when (pg — 1) € B]f 1- A remarkable
feature of this solution is the regularizing effects on the density. We extend this
result to the case of global strong solution with small initial data.

1 Introduction

The motion of a general barotropic compressible fluid is described by the following system:

Op + div(pu) = 0,
O(pu) + div(pu ® u) — div(2u(p)D(u)) — V(A(p)divu) + VP(p) =0, (1.1)
(p;w) ji=0 = (po, uo).

Here u = u(t,x) € RY stands for the velocity field and p = p(t,z) € RY is the density.
As usual, D(u) stands for the strain tensor, with D(u) = § (*Vu + Vu).

The pressure P is a suitable smooth function depending on the density p. We denote
by A and p the two viscosity coefficients of the fluid, which are also assumed to depend on
the density and which verify some parabolic conditions for the momentum equation p > 0
and A+ 2p > 0 (in the physical cases the viscosity coefficients verify A + QW“ > 0 which is
a particular case of the previous assumption). We supplement the problem with initial
condition (pg,ug). Throughout the paper, we assume that the space variable z € R? or
to the periodic box Tflv with period a;, in the i-th direction. We restrict ourselves to the
case N > 2. In the sequel, we shall assume that p and A are regular functions and verify
the following algebraic relation introduced in [3] (see also [18]):

A(p) = 201/ (p) = 20(p). (1.2)
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We define ¢(p) by ¢(p) = 24 ;)(p ) (in the sequel ¢(p) will be well defined since we shall
assume no vacuum on the density). As in [8, 9, 10] setting v = u + V(p) the system
(1.1) becomes (see the appendix for more details):

Op — 2Ap(p) + div(pv) =0,
pOv + pu - Vv — div(pu(p)curlv) + VP(p) = 0, (1.3)
(P u) ji=0 = (po, uo).

In passing we observe that this new formulation of the compressible Navier-Stokes equa-
tion allows us very easily to obtain the entropy discovered in [3]. Indeed multiplying the
momentum equation of (6.83) by v we have using the fact that curlv = curlu:

(p(t,2)|v*(t, ) + (T(p)(t, z) — ))dx + p)|curlul?(t, z)dxdt
/RN / / (1.4)

[ [ VP Velp)ta)dud < / (pol@)lvol*(x) + (o) () de,
0 JRN RN

with p > 0, II(s) = s(f; %dz — @) and p(p) = p¥ with v > 1. (1.4) is exactly the
entropy discovered in [3] (see also [18]).
Assuming now that p > 0 and dividing by p the momentum equation we obtain the

following system:

9p — 28p(p) + div(pv) =0,

1 1.5
Mdivcurlv — §V90(p) ~curlv + VF(p) =0, (1.5)

p

o +u-Vou—

with F'(p) = @. When we apply the curl and the div to the momentum equation, we
obtain since Acurlv = curldiv curlv and div div curlv = 0 (we refer to the appendix for
more details in the computations):

(Oip = 28p(p) + div(pv) =0,
. . it L A(p)
Odive + u - Vdive + Vo :* Vu — 5—2Vp divcurlv
p
1
— R(p,v) — QVch(p) scurlv + AF(p) =0, (1.6)
1

Orcurlv + (u — §V<p(p)) - Veurlv — MAcurlv + R =0,

p
(p, divy, curlv) ;,—o = (po, diveo, curlug).

with:

1
R(p,v) = —5 i0(p)0j(curlv)y;,

(Rli)ij = Z(a uROpv; — 0juOkvi) — Z (03 pO (curluy;) — ajpﬁk(curlvki))
% k
1
~3 Zk: dirp(p)(curlv); — Ojeo(p)(curlv)y).



We can observe that p and curlv have a parabolic behavior whereas divv verifies a trans-
port equation. In the sequel we are interested in proving existence of strong solution for
the system (1.6), let us start by recalling some results in the case of constant viscosity co-
efficients. Existence and uniqueness for (1.1) in the case of smooth data with no vacuum
has been stated in the pioneering works by Nash (see [19]) and Matsumura and Nishida (
see [16, 17]). These results have been extend in the framework of critical strong solution
for the scaling of the equations (see [4, 6, 7, 13, 12, 15] ). In the previous paper the
authors use in a crucial way the parabolicity of the momentum equation on the velocity
u in order to get a gain of two derivatives in suitable Besov space; it allows to control
the Lipschitz norm of u (more precisely to show that Vu belongs to L'(L*)) in order
to estimate the density p via the mass equation which verifies a transport equation. In
particular it implies that in these works the density has no regularizing effects. In the
case of the existence of global strong solution with small initial , it is proven in [4, 13]
that the ]Slensity has only a damping effect. More precisily if pop — 1 belongs to the Besov

space B, then the solution p — 1 belongs in L'(R*, B#,).

Very few articles really take into account the structure of the viscosity coeflicients in the
framework of strong solution (we refer to [3, 18, 10, 9] for the existence of global weak
solution with viscosity coefficients verifying the relation (1.2) or more precisely to the
stability of the global weak solutions, indeed the problem of the existence of global weak
solutions remains open). Let us mention however that in [5] it is proven the existence of
strong solution in critical Besov space, with assumption on the initial data which weaken

N
the results of [4, 6, 7, 13, 12, 15]. Indeed wy is only in Bf;l N Bo_o%l. We would like
also to mention the paper [14] where we obtain the existence of global strong solution
for the shallow water system with large initial data for the initial data in terms of the
scaling of the equation. To do this we consider the notion of quasi-solution (developed

in the framework of global weak solutions in [8, 10, 9]), which allows us in particular to
N N_
deal with initial data (po — 1,uo) large in (By’, N L) x BQ?OOI improving the smallness

assumption of the previous paper. To do this we need to chose the initial velocity irro-
tational, it enables us to obtain global strong solution with large energy initial data in
dimension N = 2.

Now we are going to study the system (1.6) and to show how obtain strong solution with
large initial data in finite time and global strong solution with small initial data. The
interest of this paper is not to weaken the regularity hypothesis on the initial data but
to prove that solution exists for system (1.1) such that the density p has regularizing
effects. It is a priori very surprising since the system (1.1) seems purely hyperbolic for
the density, our result is really due to the specific structure of the viscosity coeflicients
which makes parabolic the system on the density. In other word there is a purely non
linear effect which involves a parabolic behavior on the density. Let us mention that this
choice of viscosity coefficients is crucial in [3, 18] in order to have additional regularity
on the density (roughly speaking Vp is in L°°(L?)) which allows to have enough com-
pactness to deal with the pressure and the viscosity coefficients.Let us observe that in
counterpart we have a loss of regularity on divv compared with divusince it behaves only
as a transport equation (indeed if we consider u, then divu has a parabolic effects).

Let us briefly describe the ideas of the proof, since divv behaves as a transport equation it
is natural to choose an initial data set on divyg which is embedded in L*°. Indeed in order



to estimate divv via the second equation of (1.6) which is a transport equation, we need
to control Vu in L'(L*>) in order to propagate the regularity of divyy along the time.
N

To do this we take divyg in B]f 1, now since we have Au = divecurlv + Vdive — VAp(p)
it is important to control A¢(p) in L'(L>). Using the regularizing effects of the heat
N

equation it is sufficient to take gg in Bgl. Considering the equation on divev and the

N
coupling between ¢ and curlv, it is natural to choose curlyg in Bp’fl.

To simplify the notation, we assume that ¢ = p — 1, hence as long as p does not vanish,
the equations for (¢,v) read:

Orq — 20/ (1 + q)Aq — 1" (1 4 q)|Vg[* + div(qu) + dive = 0,
_12+g
2 (1+q)?

1
— R(p,v) — §VVg0(1 +4q):curlv+ AF(1+¢q) =0, (

Oydive + u - Vdive + Vo ! Vu Vp - diveurlv

1.7)

1
MAcurlv + R =0

1
Opcurlv + (u — §V<,0(1 +q)) - Veurlv —

In the sequel we will deal with the case p(p) = pp® with o > 1 — % in order to verify
the Lamé condition. We can now state our main result:

Nq N
Theorem 1.1 Let N > 2 and 1 < p < +oo. Let vg € LN B, , q € By, and
po > ¢ > 0 then it exists a time T > 0 such that the system (1.7) has a solution (q,v)
with:

N

v € LF (L), divv € CN'T(BZE)?
_ N ~ N
curlv € CT(B;1) N LlT(szjl )
N

5 pP ATl gy t?
qc CT(Bp,l) N LT(Bp,l )1

(v, ;> € L¥(L%).

In addition if p < 2N then the solution is unique.

N_q N
Remark 1 By definition of v it implies that ug is in By +B,,  which is of course not
optimal in terms of the scaling of the equations. In particular in terms of reqularity on the
initial data, this result is not optimal as in [15]. However we exhibit in a very surprising
way some regularizing effects on the density which has a gain of two derivatives. This
phenomena is really non linear and due to the specific choice on the viscosity coefficients.

Remark 2 Let us however explain in which case the previous theorem is optimal in

terms of reqularity on the initial data. When we deal with the particular case vg = 0
N

Ny
which implies that ug = —Vp(po) then in this situation ug is only in By  for any
1 < p < 4o0. It improves of two manners the existing results in [15, 11, 7], the first
N

thing is that we deal with larger space on the initial data since ug and qo are in Bgl and
N

N_q
1 Wwithout any restriction on p. The second point is that we have regularizing effect
on the density what is not the case in [15, 11, 7].



Let us extend now the previous theorem to the case of global strong solution with small
initial data.

Ny NN

-1,%41
Theorem 1.2 Let N > 2 and 1 < p < max(N,4). Let vy € B2p1 P qo € B2p1
then it exists g > 0 such that if:

looll _y -1, + llvoll gy 150+ < 0, (1.8)

'p
2,p,1 2p1

then it exists a global strong solution (q,v) of the system (1.7) such that:

( ~ N_o9 N E N
dive € C(R*,B;jpl P)le(R+ By, 1),
~ ~ 71 27N+
curly € C(W,B; )mL (]R+ B2p1 ),
~ N N Tt2
g€ C(R*,By,, " )N L'(R*,B fp, ),
1 oo oo
(p,;) € L7 (L™).

Remark 3 We refer to [13] for the definition of the hybrid Besov spaces.

Remark 4 Let us mention that the condition (1.8) is the same than in [18] and has

~N 7ﬂ+ N 7& N 7&
a sense, indeed if vo € Br‘)]m1 P and qp € B22,p,1 P then ug is in B22,p,1 P which
NN
is embedded in ngl . The condition p < max(4,N) is technical and is due to

the paraproduct law when we have Besov space with different behavior in low and high
frequencies.

Remark 5 Let us mention that this theorem is an extension of the result in [13, 14].
Indeed we have the same smallness assumption than in [13, 14], and with additional
N

Noq
regularity on the initial velocity since ug is in B’} in high frequencies. However we
are able to prove in this case a reqularizing effects on the density which behaves as the
solution of parabolic equation.

Remark 6 In the particular case where vg = 0, it means ug = —V(po) then our
theorem improves the results of [13, 4] since we have the same initial data assumption
but we prove in addition a reqularizing effects on the density.

Our paper is structured as follows. In section 2, we give a few notations and briefly
introduce the basic Fourier analysis techniques needed to prove our result. In section 3
and section 4, we prove theorem 1.1 and more particular the existence of such solution
in section 3 and the uniqueness in section 4. In section 5 we are proving the global
well-posedness of theorem 1.1. We postpone in the appendix the proof of the equivalence
between the system (1.1) and the system (6.83).



2 Littlewood-Paley theory and Besov spaces

As usual, the Fourier transform of u with respect to the space variable will be denoted
by F(u) or u. In this section we will state classical definitions and properties concerning
the homogeneous dyadic decomposition with respect to the Fourier variable. We will
recall some classical results and we refer to [1] (Chapter 2) for proofs (and more general
properties).

To build the Littlewood-Paley decomposition, we need to fix a smooth radial function
x supported in (for example) the ball B(0, %), equal to 1 in a neighborhood of B(0, %) and
such that r — x/(r.e,) is nonincreasing over Ry. So that if we define (&) = x(£/2)—x(&),
then ¢ is compactly supported in the annulus {¢ € R, % < g < %} and we have that,

VEeRI\{0}, D e =1 (2.9)

leZ

Then we can define the dyadic blocks (A))iez by A; := ¢(27'D) (that is Aju = p(274€)a(€))
so that, formally, we have

uw=>Y_ Awu (2.10)
l

As (2.9) is satisfied for & # 0, the previous formal equality holds true for tempered
distributions modulo polynomials. A way to avoid working modulo polynomials is to
consider the set S; of tempered distributions u such that

lim |Syul|ze =0,
l—=—o0

where S; stands for the low frequency cut-off defined by S; := x(27'D). If u € S}, (2.10)

is true and we can write that Sju = Z Aqu. We can now define the homogeneous
q<i—1
Besov spaces used in this article:

Definition 1 For s e R and 1 < p,r < oo, we set
1
lullBs, = (Zgrl8||AluH2p> if r<oo and |ulp;. . = Slllp 21| Ayu| .
!

We then define the space By, as the subset of distributions u € S}, such that |lul|ps, is
finite.

Once more, we refer to [1] (chapter 2) for properties of the inhomogeneous and homoge-
neous Besov spaces. Among these properties, let us mention:

e for any p € [1, 00] we have the following chain of continuous embeddings:

By, < LP < B

p,007

d
e if p < oo then B, is an algebra continuously embedded in the set of continuous
functions decaying to 0 at infinity;



e for any smooth homogeneous of degree m function F on R%\ {0} the operator F(D)
defined by F(D)u = F~1 (F()]:(u)()) maps By . in By ™. This implies that the

; s s—1
gradient operator maps B, , in By "

We refer to [1] (lemma 2.1) for the Bernstein lemma (describing how derivatives act on
spectrally localized functions), that entails the following embedding result:

Proposition 1 Foralls e R, 1 <p; <py < oo and 1 <r; <1y < o0, the space B

p1,71
L_L)

is continuously embedded in the space B;%TQ Probzn
Then we have: N

BPy < By, < L.
In this paper, we shall mainly work with functions or distributions depending on both the
time variable ¢ and the space variable x. We shall denote by C(I; X) the set of continuous
functions on I with values in X. For p € [1, 00}, the notation LP([; X) stands for the set
of measurable functions on I with values in X such that ¢ — || f(¢)||x belongs to LP(I).

In the case where I = [0, 7], the space LP(]0,T]; X) (resp. C([0,T]; X)) will also be
denoted by L%.X (resp. CrX). Finally, if I = R" we shall alternately use the notation
LPX.

The Littlewood-Paley decomposition enables us to work with spectrally localized
(hence smooth) functions rather than with rough objects. We naturally obtain bounds for
each dyadic block in spaces of type L{.LP. Going from those type of bounds to estimates
in LpTngr requires to perform a summation in ¢"(Z). When doing so however, we do
not bound the L%B;r norm for the time integration has been performed before the ¢"
summation. This leads to the following notation:

Definition 2 ForT >0,s€ R and 1 < 7,0 < 00, we set

ol s = 121 Aqullig ool iz

One can then define the space E"TB;T as the set of tempered distributions u over (0,7") x
R? such that lim, o Syu = 0 in L7([0, T]; L>°(R%)) and |ull7o ps < oo. The letter T
T=p,r

is omitted for functions defined over R*. The spaces EE‘FB;T may be compared with the

spaces L%B;T through the Minkowski inequality: we have
HUHZ;B;J < HUHL%Bﬁ,r if >0 and HUHZ"TB;J > ||UHL"TB;,T if r<o.

All the properties of continuity for the product and composition which are true in Besov
spaces remain true in the above spaces. The time exponent just behaves according to
Holder’s inequality.

Let us now recall a few nonlinear estimates in Besov spaces. Formally, any product
of two distributions u© and v may be decomposed into

wv = Tyv + Tyu + R(u,v), where (2.11)



T,v ::ZS’l_lqu, Tyu _ZSZ 1wAu and R(u,v) Z Z A Ap.
l 1 Uor=i<1

The above operator T is called “paraproduct” whereas R is called “remainder”. The
decomposition (2.11) has been introduced by Bony in [2].

In this article we will frequently use the following estimates (we refer to [1] section
2.6):.

Proposition 2.1 Under the same assumptions there exists a constant C' > 0 such that
if 1/pr+1/p2=1/p, and 1/r1 +1/ro = 1/r:

I TuvllBy, < Cllullrellvllss,

||TuUHBS‘H < COllull e

pP1:71

lollg, ~ (<0),

1B 0)] vy < Clullggy 0l

p,r

(s1+s2 > 0). (2.12)

Let us now turn to the composition estimates. We refer for example to [1] (Theorem
2.59, corollary 2.63)):

Proposition 2.2 1. Let s > 0, u € By; N L* and F € VVl[oiHOO(Rd) such that

F(0) = 0. Then F(u) € B, and there exists a function of one variable Cy only
depending on s, p, d and F such that

1E(w)llB;, < Colllullzee)lull; ,-

2. Ifuandv6321 and if v —u € By, for s €] — ];,Q]andGeI/Vl[olergoo(Rd) then

G(v) — G(u) belongs to By, and there exists a function of two variables C' only
depending on s, d and G such that

1G(v) = G|y, < C(llullLes, [[v][Le<) (IG'( )l 5% +oll, ) lo —ullBs, -
pl

Let us now recall a result of interpolation which explains the link between the space B;
and the space B, ., (see [1] sections 2.11 and 10.2.4):

Proposition 2.3 There exists a constant C such that for all s e R, e >0 and 1 < p <
00,

1+¢
€

lullzg ey + ”“”5‘%(35,@2))

lllzs e 1og<e i
Fr i) lullzs (53 ..)

=~ <
lullzg ;) = €



2.1 Parabolic equations
Let us end this section by recalling the following estimates for the heat equation:
Proposition 2.4 Let s € R, (p,r) € [1,+00]? and 1 < py < p; < +oo. Assume that
ug € By, and f € L (B, 2+2/p2) Let u be a solution of:
ou—Au = f
{ U/t=0 = Uo,

with Au = —pAu — (X + p)Vdive (where p > 0 and 2+ X > 0). Then there exists
C > 0 depending only on N, u, p1 and py such that:

lall s gty < Cluollzs, + 181 a2z, -

If in addition r is finite then u belongs to C([0,T1, B, ).

Let us now state the following transport-diffusion estimates which are adaptations of
the ones given in [1] section 3, see also [11] for a proof. We consider here the following
system:

(2.13)

O+ u- Vo — ubAv = f,
v(0, ) = vy,

~ X X2
with b =1+ a such that a € LF (B, )ﬂL1 (By1 )
Proposition 2.5 Let 1 < p < 400, T > 0, —% < s < %, v € Byy, f € Lt 7851
~ o2
and u € L%F(Bp’jl ). If v is a solution of (2.13): then setting V(¢ fo ||u(r e +

pl

lla(r)|? %_H)dT, there exists a constant C' > 0 such that for all t € [0,T]:

p,1

t
Iol5gce55 + 1ol g, < OO (luollgy, + [ 175y, 7Y ).

Let us consider now the following transport diffusion equation:

Oq+v-Vqg— ulAg=—(1+ q)divo,
kg q—pAg=—(1+q) (2.14)
Q(()) ) = 4o,
N N
Proposition 2.6 Assume that qo € By, v € Ll (B o1 ) for 1 < p < 400 and q €
N
L%O(Bp’:l) satisfies (2.14). Let V (t fo lo(T)]| N+1d7' there exists a constant C de-

pl

pending only on N such that for all t € [0,T]:

[Ud=S$ual_ y <ITd=Swal x + 0= +lal x) (215

T \7p,1 p,

[

pl



Proof: Localizing in frequency, if for j € Z, we have:
OAju+v-VAju—pAAju = R; — Aj((1 + g)divy),
where R; = [v.V,Aj]u. Multiplying the equation by |A;q|P~2Aq, integrating by parts,

using Holder’s inequality and lemma A5 in [6], we obtain with « > 0 depending on p
and p:

1 ; -1 . 1 .
];at”Aj“PZp“‘aQQ]HUjHiP < [1Ajullze (IIRj||Lp+||Aj((1+Q)d1VU)IILp+]3||AjUHLpHdlvaLw))-
Times integration leads to:
oot
1Aju(t)l|ze +0‘223/ [ (7) || LodT
0
t
. 1 .
< |40l + /0 (IR llLe + 1A5((1 + g)divo)|| o + ];||AJUHLPHdIVUHL°°)dT-

Classical commutator estimates (we refer to [1] section 2.10) then imply that there exists
a summable positive sequence ¢; = ¢;j(t) whose sum is 1 such that:

IRjllr < 27| Vol x  lul| .
BfoNL®  BP

=

P,

Thanks to the paraproduct and remainder laws, we have:

_iN .
145 ((1 + g)divol|z» < Ce;(£)2777 (1 4 IIQHB% )HdlvaB% :

p,1 P,

-

We get finally for all ¢ € [0, T7:

j ey [ i ! ,
PH 1800 + a2 [ ugrlsdr < ¥ 18wl +C [ 60+l yViar
0 0

p,1

Summing up on j > m and using the fact that (to see this it suffices to apply Gronwall
inequality to the previous inequality):

lall w <eVOgofl w +eVO -1,
L?O(Bp’l Bp,l

it gives:

N N t t
> 18500l < 325 1Al + [ OV anl y +e ~nar+ [ cViar.
0 B 0

j>m j>m Pl

Straightforward calculations lead to (2.15). W

10



2.2 Transport equations

We begin this section by recalling some estimates in Besov spaces for transport and heat
equations. For more details, the reader is referred to [1].

Proposition 2.7 Let 1 <p; <p < 400, r € [1,400] and s € R be such that:
1 1 N
—Nmin(—, =) <s<1+4 —.
b1 p b1

Suppose that qo € By, F € L'(0,T,B;,) and that ¢ € LF(B5,) N C([0,T);S") solves

the following transport equation:
oq+u-Vg=F
q t=0 = qo-

There exists a constant C' depending only on N, p, p1, v and s such that , we have for
a.ete[0,T]:

t
il g, < €Ol + | NP, 7). (2.16)

with: U(t fo IVu(r)|| ~ dr.

P1
Bl oNL>

3 Existence of solution

3.1 A priori estimates

Let us emphasize that we use the fact that P/(1) > 0 only in the global existence result.
Denoting by G the unique primitive of x — P’(x)/z such that G(1) = 0, recall that
system (1.7) now reads:

((0rq — 21/ (1 + q)Aq — 24" (1 + q)|Vq|? + div(qv) + dive = 0,
1A1+9q)
2 (1 +q)?

— R(p,v) — QVch(l +q) :curlv+ AF(1 +q) =0,

u(l+q)
14+¢q

Odive + u - Vdive + Vo :f Vu 5 V¢ - diveurlv

1
Orcurlv + (u — §V<p(1 +q)) - Veurlv — Acurlv+ Ry =0

(3.17)
with:

1
R(p,v) = —5 i0(p)0j(curlv)y;,

(R1)ij = Z(E) uROpv; — 0juOkvi) — Z (03 pOy (curly;) 8jp8k(curlki))
k

N —

k
— Z Oirp(p)(curlv)y; 8kjg0(p)(curlv)ik).
k

11



In the sequel we are going to consider the case p(p) = pp in order to simplify the calculus.
Let (qr,,vr) be the unique global solution which verifies divv, = 0 and:

dar — 2ulqs = 0,
atcurle — ,uAcur]vL — 07 (3.18)
(qr, CurlUL)/tzo = (qo, curluvp).

Remark 7 In order to deal with the generic case u(p) = up it suffices to study the
nonlinear system where vy, verifies divor, = 0 and:

Buqr, — 24" (1) + S (W' (1 + q) — 1)) Aqr, = 0,
8tCUI‘1’UL — MACUI‘IUL = 07 (319)
(qr, CUTIUL)/t:o = (qo, curluvp).

To do this we can use the proposition 2.5.

Thanks to the classical heat estimates recalled in Proposition 2.4 (we refer for example
N

to [1], lemma 2.4 and chapter 3), as vy € Bgl we have for all time ¢t and C' > 0:

feurlog ||~ +lgrll. ~ < C(f|curlvl]
Ly (B L (BP

~ + gl ~)=CEp.
p,1 szjl BPZ,;l (320)
Furthermore for a small > 0 (that we will precise in the sequel), it exists a time T" such
that for 1 < r < +oo:

leurlor || .y, JFHQLHZl B <,
T p,1 T p,1 (3 21)
_1 .
lewlogl|  wo2 +llazll.  x,2 <CnrEy "
L;;(Bp’?l T) LTT Bp’jl r

We are going now to set:
curlv = curlvy, + curly; dive = dive and ¢ = qr + q.

We have to estimates now in Besov space the unknown (g, divo, curlv), let us start with
rewriting system (3.17) in terms of these unknown:

atq - QMAq = F7
Oydivo + u - Vdive = G,

1
+ R(p,v) + QVVgo(l +q) : curlv — AF(1+ q), (3.22)
. o (149 .
dycurlt + u - Veurlv — (p + Sm(? — p(1)))Acurls = H.
\ q
with:
F = —div((q + 1)v),
1A(1 1
G=-Vv:!Vu+ 2qu -diveurlv + R(p,v) + §VVQO(1 +q) : curlv — AF(1 4+ q),
1 . 1 1
H = 5V¢(l+q)- Veulo + (Id = Sp) (“(1:;) — p)Acurlv + (“(1++qq) — w)Acurlvy, — Ry.
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As we want to estimate on (g, divo,curlv) in Besov spaces, we are going to use the
propositions 2.4, 2.5 applied to ¢ and curlv and the proposition 2.7 applied to divw.
More precisely we have using proposition 2.4 and 2.1:

lal v +lal_ x <C [ [div((g+ Do)(s, )| ds

t( p,1 ) t (Bppl Bppl

t

3.23

< / (lall xallolze + ol o liglloes + [0l v ,0)ds (3.23)

0 szjl szjl sz,)l
C < (Vt|q Ny vllpeereey + Vi||v N q N Ft|v N ).

(il o Ty VRO, e Bl e ol )

It remains to estimate [v||zse(zo) by using the momentum equation, we observe that v
verifies a transport equation with a rest of the form —VF(p) + %div(pcurlv). We get by
using proposition 2.2:

1.
[0l] L= ooy < (llvoll e + H;dIV(M(P)Cuﬂv)IIZI( N+ HVF(,O)HL N ),

71
t\Bp1 t Bp,l)

< (IIvoHLoo + 1+ Clllalcgelllall. x Y(lleurlol] x ., C[1+ [lgllze]
LtOO(Bp 1 P

p,1 t\p,1

50 Cllalizaml) + Clldlmamlal, o ).

p,1 t p,1

+llewlo . w (14 lgl
Li(B)” Li(

p,1

Combining (3.23) and (3.24) we obtain:

e 4l ;
Hq”igwﬁ*?) IIqHE?O(Bgl
gc(\/ilqlL N <||Uo||Loo+(1+C[Hq||Lgo]||qH~ x ) (fleurlo]|_ x.y CLA+ [allze]
LB ) LB LB
+ ||curlv ~ (14 N, C i) + O o N >
| ”zgowfl)( Hq”zgwfﬁ lallzge(zoy])) + Clllall ger )]Ilqllztl(Bglﬂ)

+Voll o x llall
L2(BP L

y ol w )
P L) L)

p,1 p,1
(3.25)
Proceeding similarly and using proposition 2.5, we have:
t
lewls| w4 llewls| x < CeCVO / IH(s)|  ds, (3.26)
L?O(szjl L?O(szjl) 0 Bp’jl

13



with V(¢ fo |lu(T e + |lg()|1? N+1)d7‘. It suffices now to estimate ||H(s)| ~ by
P1 szjl
using proposition 2.1 and 2.2. We have then
IVe(1+q) - Veurlv|| ~ S Clllgllze<]llgll x,,(cwld| no, +[lewlo]] ~.,),
B pzjl B Plrl B pzjl B pzjl
. (1 +q) _ : _
I(Id — Sm)((1 — ) Acurld| x < Clllgllre]ll(Id = Sm)all v [leurld]| ..,
T4 szjl sz,)l szjl
n(l+q
ICSED — pyAcurton]) < Cllall=llal g lleutor] .
B}F, BF, B}
1Bl xS (ldive]] x4 [leurlo] o + Jeurlog || x)?
pl pl p Bpl
+ 1+ Clllgle=lllall xligl av i (lewrtd]] xps+ flewrlos x.)
p,l Bp Bpl Bpl
+ Clllgllz=lllgll x5 ([Jcurlv]] G Fllewlor]l x).
Bpl p,l Bp,l
(3.27)

Finally we have obtained:

|curlo|| .~ +|curly|  ~,, < Ceov2(t)(
L (B, L{(B )

/ Clllall-llal o (leuslol] . + flourluw | _x.)ds

pl pl pl

t
+/0 (C[IIQIILw]II(Id—Sm)QHBgllcuﬂ@II yio + Clllallz=lllall xlleurlog|| x_,)ds

p,1 p,1 p,1 p,1

t
—l—/ (||dive|| ~ + [jeurld| ~ + ||curlvy| ~)%ds
0 BP BP B?P

p,1 P,

t
+/ Clllglze<lllgll x5 (lewlo]] » + feurlop| w)ds
0 B? B? BP

p,1 P,

-

p,1

[

p,1

t
/(HC[Hq\LwHIqII vllgll x ([lewrlo]] ~ ) + flewrlog|| w ., )ds.
0 p1 pl Bpl Bpl

(3.28)

14



We deduce that:

; )
t p,1 t D,1

C[HQHL?"(L“)]HQHZ% pi (chﬂv”Zg I + chrleHzg(Bﬁﬂ )

_ ~ < CV2(t)
\|CurlvH~oo N —I—HCUFIUH~1 Noyo Ce (

+Cllal a0 =Sl fewtel, x..

t p,1 t p,1

+Clllallzge@=lllal | a llowlorll  x.,

t p,1 t(BpZ,jl ) (3 29)
+ (Vi|dive|| . x F+VE|ewld] . x 4 ViE[eurlog|| . )2
L?O(Bzfl) L?O(Bzfl) L?O zfl)
+ Clllallzeooylllall . o (fewrlvl| . x +lewrlog]] . )
‘ ( ) Ltl( p1,71+2) Ltoo(Bpel Ltoo(BpI,)l

N
F—H)
p,1

+(1+ C[HQ”LgO(LOO)]HQHZOO

y lall
< (By) Ly (B

X (lcurlo| . w~,, +|Jcurlog| . ~., ).
B e

We are going now to use the proposition 2.15 with V(t) = fot |lv(T)|| n,,d7r which yields:
B P

p,1
Jeurls|| .~ A+ [feurld]| . ~,, <CeV2(
L (B Ly(BS, )
Cllallzzeenlal, s (lewddoll sy + fewlogl] )
Lt p,1 t p,1 t p,1
cv —
+ Olllalzze (o)) (1T = Sm)aoll v + (VO = 1)1+ [lgo]|_x))llenrlo] .,
Bp,l Bp,l Lt(Bp,l )
+ Clllglgeweolllall . x flewrlog]
B A
+ (Vt|dive| . o~ +Vi|eurld| .~ +Vi|eurlug]| . x )
L (B, L (B, Ly (By1)
+ Clllallcgezooylllall . xop (leurlv]] . v +leurlog] . )
t ICYA L(8,) L (B,)
+ (1 4+ Clllqll oo o) ]lgll ~ gl ~ curlv|| w~, +|lcurlvg| w .
( gl zge (z.o0) ]l IIL?O(B&))II !\L?(B:l+1)(\| I st | | ; p{,lﬂ)
(3.30)
In the same way, using proposition 2.7 we have:
t
ldivel x <O (idivao]l x + [ (G xds). (3.31)
Ltoo (sz,gl) Bpl,jl 0 sz,)l
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with Vi (t fo ||u(s) N+1d8. It remains to estimate ||G(s)|| ~ by using proposition
P

P1 BP,I

2.1 and 2.2, more precisely we have:

IV Vul| v < (ldivel] x +[lewlal| x + [leurlog|l x)(ldiv]| v + [leurdo] x +lg] v .,),
B pz,jl B Ifl B Ifl pz,)l B pljl B ppl P, 1
A1+ q)
|15 vg- diveurlo| x < (1+Cllallzlligll x)lall .
(1+4q)? B B, By
% (llewnlo| x,, +[leurlo]| ~..),
p,1 p,1
[1R(p,v)[| x < 1+ Cllgllzellall x)llall x.i(learld|| ., + |eurlop|| w.,)
BP p P BP BP
p,1 p,1 p,1 p,1 p,1
IAFA+gll ~ < Clllgllzelllgll x s
Bp,l p,1
(3.32)
In particular it implies that:
CVi( !
Hdlvvll y <Ce 1O (|| diveo . /( + Clllqllze=]llqll JIIqH e
Bpl pl 0 pl pl

X (Jeulo] ., + flourlog | x.)ds + / Cllali=llall ..ds

pl pl pl

t
+/ (|[divo]] ~ + ||curly]|
0 BP

P,

2k + [lqll N+2)d3

~ + |lcurlog || ~)(||divo|| ~ + ||curlv]]
P Bp P
p,1 pl

B

p,1 D, B

B

[
[
[

P,

/ Cllall=llal_y o(lowrlo] x + llourloz]_y)ds).

Pl pl p,1

(3.33)
This gives:

P
1 p,l t p,1

- CVi(t
ol < OO (vl g + 0+ Cllalaelal sl xo

t p,l)

'P

X (||curlv + [|curlv N +C 00 (T 00 N
(f[eurlo]| 25 | L!L( pz{glﬂ)) [llallzse ’]”quzgwﬁ”)
+(\/£||dm||~ ~y +Vi|eurls| .~ +\f\|cur1vL|| N )?
Le(B)) L3(B)) FB)

(vl llewdsl o+ fleutorl x gl N,
(B LE(By, Lge(B,, 1B )

+ Clllgllzeeron]llall . curld|| ~ + ||curlyy, ﬂ
lalizollal, oo et + et

p,1 p,1

/\'—‘
CO —
\_/

Let us now state and prove the following lemma:
Lemma 1 Let (q, divo, curlv) satistying (3.22) on [0, T|xRN. Assume that (g, curlv, qr,, curlvg) €
+2
Cl([O,T],Bpp B” ) and dive € C1([0,T], B 1), where qy,, curlv, satisfy:
atQL - 2/,LAUl =0,
Orcurlvy, — pAcurlvy, = 0, (3.35)

(QL, Curle)t:o = (qg, curlvo).
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There exist a positive constants n such that if T' is small enough so that:

2
HqLHle(Bﬁ-m) + HCUHULHZ%(B%-H) < m, (336)

p,1

and m is chosen such that ||go — Smqo| . v < n? then we have, for all t € [0,T] for C > 0

132?1
large enough:
lall.  ~ +lal. ~,, <C,
Lg(BY) [ZNCE

[divol| .~ <C, 3.37
LF(B) ( )

Jowlol|_ A+ lenrld| x,, <C
L (B)) LL(BSy )

Proof: Assume that T is small enough so that we have for some 1 € [0,1] (to be
precised later) thanks to the classical heat estimates recalled in Proposition 2.4:

||Cu1“leHZ1(B%+2 +HQLH~1 N, S,
T\"7p,1

T ,1
’ ) 1 (3.38)
leurlog[| -~ 2 +llgoll. 2 < Onrfleurlvl| v
LTT(Bijl ) LTT(Bij1 ) B;l
fewrlop]| .~ +llacll.  x < C([leurlvof x +lqoll ) = CEp.
=B x5y, By B, (3:39)
We are going now to set:
B(t) = ||curly|| .~ +|curly|. ~.,,
()= llewrtl]_ oy +llewol,
prt) =llgll .~ +llqll. x~
1(t) = || ||L§O(BP{J1 | ||L%(B:1+z), (3.40)
a(t) = ||dive| - ~ .
Lg(By)

and let us define

T* =sup{t € [0,T], pi(t) <m, B(t) <ma, aft) < 2Hdivv0HB% = Fp}.
p,1
We recall now that:

lall .~ <Bi(t)+llarll. «~
e (B)) T8
<p

p,1 (Bp,l)
(1) + Cllgoll .
l?pyl

17



In the sequel we shall define v(t) = p1(t) + Cllqo|| ~. Then for all ¢ € [0, T*[,we have
B p

=

P,

(n < 1) from(3.23), (3.34) and (3.28):

) < O(VEE O + el o )(Iroll= + 1+ Chioh(0)

t Bp,l

 (VEBO) + llwtonl |y 0 )OI+ (0]
22

p,1

HEO + lewlunll,_ s )0+ VO + Vil v )Ch(t)])> (3.41)

t p,1 Ly p,1 )

+ COWEAE + ol 5.0))

LB + o)) + (B + a(t>>>.

In a similar way we have:

CtB(t)+tleurlor | n +ta®+BO+all  n ., O+l o~

Blt) < Ce B S e, ><
OONAW + ezl x JBE) +llewrtug ] x.,)

LZBM ) {(B )

. CH{BW+a(t) +|leurlu | %>
+ChO)(ITd—Sm)mll_x B() + (¢ O -+ ol x))8(0)
pl p,l

CHONB® + lawll._ oy etz w,

tOO( pl) t(BpI,)l )
+ (Via(t) + VEB(H) + Vilewlor |y )

L>=(B,)

CROIE® +lal, e GO + lewlow]_ x )

t p,1 t Bp,l)

HUHCHOIGO +lal oy DO+l 0 JEO + lewlenl, >>.

(Bp7 t p,1 pl )
(3.42)
and similarly:
Cta()+tB(t)+t|lcurlvr | N +B1()+llqcll . N+2 )
Cl((t) S 06 L?O(Bp’l) L (Bpl (”leUO” N
Bp{ol
+ (1 +Chy@O)(#)(Br(t) + llgrll. (BN+1))(ﬁ(t) + ||cur1vLH~2( %H))
p,1 p,1
Clhy®)](Br(t) + llacll. PR ) + (Via(t) + ViB(t )+\/H0urlell (Bg))Q (3.43)
p,1 p,1
+(a(t) + B(t) + fleurlvs || )(51()+HQL||~ 5 )
L (B,0 Ly(B)y )
Chy@1(BL(E) + gzl Xz, )( £+ llowrlog ] a ),
t(Bpl (szjl)
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Now using (3.20) and (3.21) we have then:

But) < o( )+ C/iED) <||UOHL°<> L+ O ()
( )+ OB CLL+1(8)] + (B() + CEo) (1 + (ViBi () + ﬂC\/nEo)Ch(t)])>

OOV + wm) FHB(E) + al)(t) + (B(H) + a(t))).

(3.44)
It gives in particular since ¢t < T* and () < m + CEp:

But) < c( (m + C/nEo) (||vorLoo (14 Cln + CEol(m + CEo))
X (ﬁ(m + C\/nE)C[L +m1 + CEy] + (n2 + CEp) (1 + (Vtm + VtC\/nEo)Clm + CEO]))

+ Cny + CEVt(n + C\/nEo)> +t(n2 + 2Fp) (m + CEp) + t(n2 + 2Fo)> :

(3.45)
Next we must choose t small enough in function of 1, 71 and 7y such that:

Cﬁ(l!vo\m + (14 C[m + CEo)(m + CEy))

X (\/5(772 + C\/nEo)C[L +m1 + CEy] + (n2 + CEp) (1 + (Vim + VtC\/nEo)Clm + CEO])>

1
+ C[m + CE]vt 771+C\/77E0> o

C* BV <|yvo||Loo (14 Cli + CEo) (1 + CEo))
X (\/5(772 + C\/nE)C[1 +m1 + CEy) + (n2 + CEp) (1 + (Vitm + VtC\/nEo)Clm + CEo]))

1
+ C[m + CEo]vVt(m + Cv/nEy) )S 6"

1
t 2F)) < —
(2 + 2F)) < 6’

1
t(?]g + 2F0)(1 + CE(]) < Enl.
(3.46)
With the assumption (3.46) we show that:

Ai(t) < im, (3.47)
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for any t verifying (3.46). In a similar way we have for ¢ < T™ using (3.42):

B(t) < O eCtn2+tC Eo+2m +tFo+n+Cv/Eon) (

Clm + CEo)(m + Cv/Eon)(nz2 + C\/Eon)

+Clm + CE) ([ (Id = Sm)qoll s + (eCHRHOFCE) —1)(1 4 lgo]| x))mo
By By (3.48)
+ Clm + CEo](m + CEo)n

+ (VtFy + Vinz + VICEy)? + Clm + CEo(m1 + 1) (n2 + CEy)

(Lt O+ CEol(m + CEo))m - C/Bor) (s + CxﬁEoU))

It gives in particular:

B(t) S 772Cec(tn2+tCEO+2771+tF0+77+C\/EOU)(

C[m + CEp|(m + C+/ Eon)
+ Clm + CE)([(Id — Sm)qoll x + (eCHRHHOTCED) _1)(1 4 [|go|| )
P BP

p,1 p,1

B
+ tny + 2VH(VtFy + VICEy) + Cln + CEp)(m + 1)

+ (L + C[m + CEo)(m + CEo))(m + C\/Eon)> (3.49)

+ O Ctn2+tC Eo+2m +tFo+n+Cv/ Eon) <

Clm + CEol(m + Cv/ Eon)C+/ Eon + Clm + CEol(m + CEo)n
+t(Fo + CEy)® + Clm + CEol(m + n)CEy

+ (1 + 0[771 + CE()] (771 + CE()))(?h + Cy/ E()??)C@).
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We have now to choose ¢, n; and 1 small enough and m large enough such that:

CeC(tT]z +tC Eo+2m1 +tFo+n+C+/Egn) (

Clm + CEol(m + C/ Eon)
+ Clm + CEo] (I (Id — Sm)qol|

|z

i (eCt(n2+Fo+CE0) —1)(1+ gl x~ ))
BP

p,1 p,1

~—

B
+ tn + 2VE(VEEy + VICEy) + Cln + CEol(n1 + 1
<

1
+ (1 + Clm + CEo](m + CEy))(m + Cv/ E(m)) 1 (3.50)
+ CeC’(tanrtCEoJrin+tF0+77+C\/E077) <
Clm + CEol(m + Cv/ Eon)C+/ Eon + Clm + CEo|(m + CEo)n
+ t(Fy + CEo)* + Clm + CEol(m + n)CEy
+ (L Cln + CEolm + CEo))m -+ OV Ean)C/Bun ) < 2.
In a similar way we have using (3.43) :
a(t) < eCHFtinHOEo+m ) <Hdivv0H N
< .-
p,1
+ (1 + Cm + CEyl(m + CEy))(m + Cv/ Eon)(n2 + Cv/ Eon) (3.51)

+ Clm + CEl(m + C\/%) + (\/TFFO + \/EWQ + ﬁCEO)Q

+ (Fo +n2 + CEo)(m +n) 4+ Cny + CEol(m1 + n)(n2 + CEO)) :

It suffices now to choose 7, 11, 172 and the time ¢ small enough such that:

oC (tFo+tn2+tCEo+ni+n) 4

J— 37
oC(EFo+tna+1C Eg-+m +1) ((1 + C[m + CEo)(m + CEy))(m + Cv/Eon)(n2 + C/Eon)
+ Clm + CEol(m + Cv/Eon) + (VtFy + Ving + ViCEy)?

L.
+ (Fo +m2 + CEo)(m + n) + Clm + CEo] (m + ) (12 + CEo)) < glldiveol] -
p,1

(3.52)
Choosing T', n, m1 and 72 as in conditions (3.38), (3.46), (3.50) and (3.52) allows to ensure
that T* > T > 0. An it concludes the proof of the lemma.

3.2 Existence

We use a standard scheme for proving the existence of the solutions:
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1. We smooth out the data and get a sequence of smooth solutions (¢", u™),en of an
approximated system of (1.7), on a bounded interval [0, 7"] which may depend on
n.

2. We exhibit a positive lower bound T for 1", and prove uniform estimates on
(g", divo"™, curlv™) (we refer to the next subsection for the definitions ) in the space

N

) x (CrB2) NN BT, (353)

~ N ~ N9 - N

Er = (Cr(BS)NLY(B), ) x Cr(B),

3. We use compactness to prove that the sequence (¢", dive™, curlv™) converges, up to
extraction, to a solution of (1.1).

Step 1: Approximation

N N

It suffices to regularize the initial data by choosing (g, u{) belonging to Bgl X B]ff
N
with vy in L* N B, . We know that it exists 7}, such that we have a strong solution

in Ep (see [11]). Us{ng the lemma 1 we prove that 7},, > T" since we control the Lipschitz
norm Vu™ in L1(L*) (see [11]).

Step 2: compactness and convergence

This part is also classical and we refer for example to [7] (chapter 10) for details: using
the previous result and the Ascoli theorem, we can extract a subsequence that weakly
converges towards some couple (q,v), which is proved to be a solution of the original
system and to satisfy the energy estimates. This concludes the existence part of the
theorem.

4 Uniqueness

We are going now to prove the uniqueness in the following space:
~oo N ~1 N9 ~ N ~ N ~ N9
Fr= (LF(B,)NLp(Byy ) x LT(B,)y) x (LF(B,,) N Ly(B)y ).
Theorem 4.3 Let N > 2 and assume that (g;,v;) (i € {1,2}) are two solutions of (1.7)

with the same initial data on the same interval [0,T] and both belonging to the space
Fr then (q1,u1) = (g2, uz2) on [0,T].

Proof: for i € {1,2}, let us recall that (g;,v;) satisfy the system:

NGi — 21" (1 4+ q1)Agi +vi - V§; = F

(1+q)

Oycurlv; + u; - Veurly; — (,u + Sm('ul o ,u(l)))Acurh‘;i = H;.
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with:

F; = —(gq; + Vdivy; — v - Var, + 24" (1 + ¢)| Vi,

1)1 i . 1
Gi = —Vv; ' Vu,; + fingqi -diveurlv; + R(p;, v;) + =VVp(1 + ¢;) : curly; — AF(1 + ¢;),
2 (1+q) 2
1 . 1 i B 1 i :
H; = §Vg0(1 +¢;) - Veurly; + (Id — Sm)(’u(l:qf) — p)Acurly; + (W — p)Acurloy, — RS,
and
1 A(p")

(Ri)i’j = Z(ai’uzakv;’ - 5]‘“2814:”?/) 5 ()2 (Z(@i/piak(curlvi)kj - jpiﬁk(curlvi)ki/)
k k

— Z (8i/kg0(pi)(curlvi)kj - 8kjcp(pi)(curlvi)i/k).
k
Let us recall that (qr,divur, curlvy) is defined as in the previous section. If we denote
by dq¢ = ¢1 — g2 and dv = v1 — v, then (dq, 0v) satisfy the following system:

0;06q — 21/ (1 + q1)Adq + vy - Vég = 6F,
O¢divév + ug - Vdivov = G,

(4.55)
. 1+ qr) -
Orcurldv + vy - Veurldv — (u + Sm(ﬁ — u(l)))Acurlév =0H.
1
with:
OF =0F) + 0F» + §F3,
0G = 0G1 + G + 6G3 + 0Gy,
O0H =6H, +0Hy +0H3 + 6H, + 6H5.
and:

0F1 = —2Aq2(p' (1 4+ q2) — p'(1 +q1)) — dv - Vo,

0Fy = —(1 4 ¢1)div év — dgdivuy — dv - Vqr,

§F =2(1"(1+q1) — p"(1+ @)V |* + 20" (1 4 q2) Vg - V(g1 + g2),
0G1 = —6u - Vdivoy — Vv it Vuy — Vg :f Véu,

80Gy =1 Al+q) (V(Sq - diveurlvy + Vo - divcurldv)

2 (1+q1)? 1 N
+%((1(+—;f)12) - (1(+—;;1)22))ng - diveurlwe,

6G3 = —30;0(p1)0;(curldvy;) — 30i(¢(p1) — @(p2))0;((curlva);j)
—A[F(1+q) — F(1+ )],

0G4 = %VV(@(l +q1) —o(1 +q2)) : curlvy + VVp(1 + ¢2) : curldv,

dH, = —du - Veurlvy — Sm(”(lljcfll) — “gﬁﬁ”)Acurh’)g,

0Hy = %(ch(l +q1) - Veurldv + V(p(1 + q1) — (1 + g2)) - VCUF1U2)7

§Hz = (Id — Sp) (MEE1) _ ) Acurldo + (Id — S,y,) (ML) _ (#LER)Y A eyl

a ) (%‘FQI) 14+q1 1+q2
_ (p(d1+q1)  p(l+ge
0Hy = (57, rq, )Acurlug

§H5 = R! — R?.
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We have in particular after tedious calculus:

(Rl = RY)ij = > _(0iug0kdv; — 0jup0k0;) + (9i0udpv? — O;0updvy)

K

_ ;)‘(p/%l) Ek: (93 10k (curldv); + 9;0p0y(curlvg)k;)

_ ;()‘(pp%l) _ )‘(p?)) Zk:(aipgak(cuﬂvQ)kj — 0jp20k((curlva) ;)

n ;A(pl Zk: Bip(pr)curldvg; + Oy (p(p1) — p(p2))(curlvg)y,)
_ ;(A(pp%l) _ )‘(p’;)) Zk:(aikgo(pg)(curlvz)kj — Okjp(pe)(curlva)k; )

We wish to prove (as for (NSC')) the uniqueness in the following space:
~ N_q ~ Nq ~ N _q ~ N_q ~ Noq
Er = (LF¥(B)y )N Lp(B,y ) x L¥(Byy ) x (LF¥(Byy )N Lp(B)y ).

Due to the term du-Vdivos in the right-hand side of the second equation in system (4.55),

N
we loose one derivative when estimating divév: one only gets bounds in Ei’? (B]f 1_1). Now,
the right hand side of the first and the third equations contains a term of type dv - Vo
and du - Veurloy so that the loss of one derivative for divdv entails a loss of one derivative
for §¢q and curléw. Therefore, getting bounds in Ep for (d¢, divdv, curldv) is the best that
one can hope.

Let us begin with dq. As g1 and g2 have the same initial data, using the proposition
2.5 leads to:

Il s, 0l v < e / PG (4.56)
LE(BYy ) L}(B)
with V(¢ fo lor (7))l e + I (T +q) — /(1) ~,,)dr. Using propositions 2.1 and
P
Pl p,1

2.2, we have for p < N:

1Ag (1 (1 + ¢2) — M'(1+Q1))IIB%_1NHQ2HBN+2||5(1|| v COllgillzee; llgallpe=],

p,1 p,1 P1
ov- V@l xS lovl xllel
pl Bpl pl
1+ g)divovl] xS A+ llarll x)ldivovl] .,
pl pl p1

||5qdivv2|| vy S0gll o fldives]|
pl Bpl Bpl
||5v-VQLH vy S ool wllgell v,

pl pl Bpl
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||(u”(1+41)—u”(1+qz))!VQ1l2|| xo1 S logll x- JI%IIZNH llarllzee, llgzllzee],

pl p,1 p,1
111+ 2)Vog- Vg + @)l x o S10all x (larll xon + el xi)
Bpl pl pl Bpl
x (14 Cllaallz=llleall ).

pl

Collecting all the previous inequalities, we have:

t
C
Ioall e+ 0l e 5o | U8aOI gl s+ vl

too(Bp,l Bp,l ) 0 pl pl p,l

¥ +2lawl y))dr

p,1 pl

+HQ1HZ%+1) (HdIV<5UH N 1+H0url5vH y )1+l .- + gl

p,1 pl pl p, B

[

+ OV /I|5q|| ~ ([l N+1+qull NH)(HC(quIILquQH w )dr
pl Bpl pl pl

(4.57)
Let us deal now with the second equation of the system (4.55) and using the proposition
2.7 we have

Hdlv5v|| ﬂ71 Wil / |0G (T .- 1d7’ (4.58)
L (Byy
with Vi (¢ fo |lu1 (7)|| x.,dr. Next using proposition 2.1and 2.2 we have:
B P
p,1

H(Su-VdiVTJQH NS < ||dul| ~ ||divos| N,

pl Bpl pl
IVév ! vU1|| y oy Slovll wffwll ws
pl pl pl
Vg Véu|| - Sloull xflvall oy,
pl Bpl pl
M1+ q1 )
H(l(Jrq))V&I diveurloy|| xS [10g]l xlidivewdo]| xllaill s Clllarlize<],
pl p,1 p,1 p,1
Vs - divcurlde NS < ||curldv|| Ny llg2|| Ny
pl pl pl
AMI+q) A1 +qo) )
( - Was - diveurlvg|| ~_, S |0g|l ~_llge|l ~
H I+a)  (1+q¢) BY | ‘Bp1 ! BF

><|]curlvg|| N [||CI1HL°°,||C]2||L°°L
BP

p,1
10isp(p1)0j(curlévij)| .y S llaall w4, Clllgrlzeclllcurlév]| w,
BP BP BP

p,1 p,1 p,1

10i(p(p1) = #(p2))dj((curlvg)ig) | ~ ) SI0q] ~ Clllgrllzee, [lgzllzoe]llcurlog|| .,
Bpl BP1 Bp1
IAF(L+aq) - F(1+ @)l xS0l i Cliarllee, llgaflz=],
p,1 pl
IVV(e +a) = (1 +a2)) s cwlon|_x, S0 xpiClllgrlizee, llaallpe]lewdon]
Bpl Pl Bp,l

IVVe(l+ ) : curlov]] xS Clllgalleellaall avizllewrlov -

p,1 Bpl pl

25



Collecting all the inequalities, we have:

t
[divév]| . ~_, 560V1(t)/ [6v]l x flua (Tl w,dr,
LBy ) 0 BF, BP

t ( p,1 p,1

t
C’[/1(t)/ -
+e ou divo + ||v
0 H HBPJI}II(H 2” 11\7’ H QHBJI‘)]-H)

p,1 p,1

t
CVi(t)
0 gl el llourtia] e

p,1 p,1 p,1
t
+ O sqll o (leurtor| o llasll oy Clllasllz] + lewlo|| x,)dr (459
0 B p;jl B szl B zfl B pz,)l

t
peae /0 0] 5.2 (Cllaallz: lazllze] + Cllaall gzl lewtonl]_y )ar

p,1 p,1

t
+60V1(”/ leurlév]] ~ (lg2ll ~y +llgill .y, Clllgllze])dr
0 Bp P BP

p,1 p,1 p,1
t
+eMO [ leurlsv|| x , Clllgallze]llgall v .,d7
0 BP? BP?
p,1 p,1

We proceed similarly for the third equation of system (4.55) and we apply the proposition
2.5:

t
|curléw|| . x_, < eCV2<t>/ |6H|| ~_,dr. (4.60)
L?O(Bp?l ) 0 sz,Jl
with Va(t) = fg(||u1(7')|| Nyt ||”(11_~_—’_q'?) —u(1)|? ~ ,,)d7. We have using proposition 2.1
prl Bpl,)l
and (2.2):
0w - Veurlvg|| ~ , S ||0u|| ~||curlvs| »~,
BP P P
p,1 p,1 p,1
pd+aq) pd+q) _ _

S - Acurl < |0 1 C o o
I (T~ P ) Aty 5 Nl slewtaly Ol ool
V(14 a1) - Veurlsol] y_, S larll s Cllarllze]leurlov]] .

Bp,l Bp,l p,1
V(1 + 1) — (1 + q2)) - Veurlog|| ~ ., S [10gl] v Clllar]lzee, llgallee]llcurlog]| x4,
Bzfl szy)l Bpljl
oL+ aq1) :
I(1d — Sm)(qu - M)ACUFMUHB%_l S Cllarlle=llitd = Sm)g)ll x llewrlov]] x,

p,1 p,1 p,1
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pl+q)  p(l+q)

Id— S - Acurlp 5 C o, ]| curla
I( m) ( Tt ( T ) CmfvzHBPN1 1 < ol i [llavl[zoe, [la2| oo ][ curloy|| $4e
p(l+q)  p(l+q)
I1( Ta 1io )AcurleHBN1 L S lléql| %flc[quHLw,quHLw]chrleH 3
D, By, P,
IRt — B3| f_INH5v|| ylluall wpy +l0ull wflug] xo,
pl pl p,1 p,1 p,1
+ (14 llall NCHI(Jllle])(cherH yllall xo +110gl v fleurlva] x.,)
pl Bpl Bpl Bpl Bp,l
+10gll v fleurlvg| . flgoll xy, (1+HQ1H v Clllq][z=])
Bp,l Bp,l Bp,l pl
X (||curldv| ~_ N+ [6q|| x.,|lcurlva]] ~ Clllg1|| Lo, 2]z
(leurtool ol o+ 19l cllowtea] e Cllaaoo, =)
+II5QH y gl e Clllgz| Loe]||curluva ||
Pl pl p,1

Combining all the previous inequalities we have:

t1 pz,)l pl pl
Vil / 60l s (leurleall_x oo + Cllanlz=, gzl feurloal
B, e
+ Clllq1][ o= H(I2||Loo]||curle|| N+ ||curlvg]| %HH(J?H X
Bpl Bp,l 1
+ gzl Noyo Clllg2l zoe]llcurlve|| ~ )dr
Bpl Bp1

+ el /Ilcurlf%\l yllgll ~o Clllgifle]dr

pl pl

OVl /||5QH Cllarllze, llgallpe]lleurtval] av.

p,1

(@ all x C[IICJlIILw])chﬂvzllB%H)dT

pl p,1

+ el /Ilcurl5vll x 1 Clllgllze<]l(Id — S m)a)ll

P1 p,1

ﬂdT
P

t
CVa(t)
ve ‘/(H&ﬂBgHuﬂBg+y+H&MBgHUﬂ\g+JdT

p,1 p,1 p,1

0 p,1
S ||CU1‘15’UH s (ol x Cllallz=Dlall x..

pl p,1
+eC120 /||5q|! N+1(1+Ilq1H NC[IIqlllLoo])chrlvzll v Clllai][p, llg2]| L]dr
Pl pl p1

(4.61)
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From (4.57) we have:

t
CV(t
6l xs 80l < OOl [ (el diven]
Ltoo(Bpl ) t p,1 Lt ( p,1 0 Bpl p,l
+llal )+ (ldivovll x_s + llowlovl] » )+ @il » +l@ll v +2larll x)dr
BPZ"1 pl pl B, B, By
CV(t
+Ce ”5(1H e Uaall | xan +leell | xia JE+Cllaalle)llaall  x)-
By LB ) L2(B)y ) (B

p,l)
(4.62)
It implies by Young inequality and C' large enough (in particular C' depends on the
quantity Ce®Oflqr]| ., + loall , a0 )1+ Clllaallz=)lieall | x ) that:
LB ) LX(B), ) L>(B)

p,1 p,1 p,1

t
n., <CeVWD|5q N / @l x.,+ dives|
Lt (B;Dzjl 1) Ltl(Bp+l) || ||~Oo B 1) 0 (|| || +2 || || .

p,1 ( p,1

1oall_ x, + gl

Pl p,l
gl sy + (lal? sy + llall? )1+ Cllaallzge 2 Meall o Jdr
B, B, B, Ly (Bya)
t
+ eV / (||d1V<5v|| N+ HCHTMUH DA +lall v +lel ~ 2||61L|| n )dr
0 pl p,l Bp,l Bp,l pl
(4.63)
By choosing t such that:
eV / (ol o+ vl + .
0 B Foa & (4.64)
. .
2 2
+ (llqull Yo + IIQ2IIB%+1)(1 + C(H‘D||L§°(L°°))||Q2”L?O(Bgl))dT <5
D, p,1 p,

we have for C large enough:

logll, x + l10all

t Bpl t(Bp

CeCV ) /(||d1V5U|| N 1—|—chrl(5v|| N )T+l
0

pl

v+l v + 2|l ~)dr
BP BP P

pl P,

-

p,1 p,1

(4.65)
We proceed similarly with the inequality (4.61) which gives for C' > 0 large enough:

chrlészw(BN 3 + chrlévH B%H) < CeCValt / ||5UH ¥ chrle NdT
t p,1

p,1 pl
+CeM Oeurlivll_xy (14 il [IIQ1|\L°°<L°°>D”Q1“~ AN
L p,1 Lge Pl (Bpl :
+ 0O ewldo] x il | s Clllaullo)
L3BF)  L¥(BF )

+ e O fourlov] pin CllalzzamlITd = Sall_

t p,1 Ltoo(Bp,l)
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+ V2 H5Q|| - (1+||Q1||~ ~ Clllgiflre])|lcurlvall -~ Cllgillpse(zocys lg2llnse (zoc)]
) (BP Loo( P

pl t p,1 t p,1
CVa( — _
+ CeM2 H5Q||~ g_l)(llcuﬂv2ll~1( %+2)+C[qu||L§°(L°°)>HQ2||L§°(L°°)]chrh@HEl(B%ﬂ)
Lge p,1 t\Dp1 t By
+ Clllg1ll peo(reoys l@2 || poo ooyl ||curlop || . ~., + ||curlvg|| .~ @l o~
(gl zge zoeys g2l ge (roo)]ll | 1aE | ||L$(B;1+1)|| ||L$ ¥
+ @l v Cllelieme)llcarlos|| .~ )
FICY A t (B
CVa(
+ CeCVa H5Q||~ %)(O[HQIHL;"’(LO‘J)?HQZHLf"(LOO)]||Cur1U2HE2(B%+1)
p,1 t p,1
+ (1 + [l ﬂC[HQI||L°°(L°°)])chrlv2||~ Ny)
?OBijl ¢ L%(Bp;,)1+1)

t
C
1 Ce V2(t)/0 (H(SUH N Hu1|| Ny + H(SUHB% ||U2|| %+1)d7‘

p,1 p,1 p,1 p,1

(4.66)
Choosing t small enough and m large enough such that:

Cet [(1+H611H~ - ClllgllzgezooyDllaall - v pp + ] (BM+I)C[Hq1HLf°(L°°)]

BP»1 t D, 1 ) pZ:l
1
Clllatlizepoo)ll(Id = Sm)arll. ~ x ]< 74
Lt (Bp{)l)
(4.67)
then by Young inequality, interpolation and C' large enough we have:
|curlov|| . ~_, +|curldv|_  ~,, <
(B Ly(B} )

CVa(
C< o H5QI| BN+1)(1+||611||~ Bp)CH|Q1||L°°])”CUI"1UZ||ZOO(B%)C[H91HL§°(L°°)7”‘ZQHLQ’O(L"O)]

p,1 p,1 t p,1
C — _
+ el H5QH~ vy (lewrltall wpy + Clllanllnge(zee), la2llzpe (oo llleurloa]l - x o,
Bpl t p,1 Lt(Bp,l )

+ou|q1||L;>o<Loo>,|rq2uL;>o<Loo>1||cur1vL||zl g Hllowloll s ool s

p,1 Ly Bp,l thI,)1 )
+||Q2||~ v Cll@lleeo)]llcurlvg]| . x )
P ' Lx(B))
CVa(t
£ POsg e (Cllarlig o lelip sl
p,1 t\Pp,1

0 +lall v Cllallzgewe)lcurlval| v, ))
Ltoo(szjl) Lt (Bppl )

t
+CeCV2(t)/0 (|6v]| %HWHB%H‘FH(SU” %HUQH %H)dT)‘

p,1 p,1 p,1 p,1

(4.68)
We recall now by definition of v (since v = u + V(p)) and proposition 2.2 that for C
large enough:

[|6v]| o < (Hd1V5v|| N _, + |lcurlév|] e s

P B Foa (4.69)
[[0ull e (Hd1v5vH y_y + [|curldo]] f_1+CH|q1IILoo a2l zo=][|d4]| N+1)
p»l pl pl pl
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putting this inequality in (4.68) we have:

HCUTMU”~00 N, +||Cur16v]|~1 N <

t p,1 t p,1

C< et \|5(J||~ yo (Tl x ClilgleDlleurtosll x Clilgllzgeze), gl e )]
HBP ) > (Br L®(BP,)

p,1 p,1 t p,1

+ el ||5q\|~ N
(B,

, (||0111“1772H~1 ~ o+ ClllalLge(zoey, g2l g Looy]llcurlva|| - x
p,1 ) Lt p,1 L (

t p],Jl )

+ Cllarllm oy ool llentog | s, ool el ey

t\p,1 t\Zp,1 ) t pl,ol )
+||q2||~ 8 Clllgallzge pooyllleurlvg|| . x )
pl ) L?O p,1
CVa(t
+e oqll .~ (Clllarllree(nooy, a2l Lo (nooy]l|curlve|| .
ol Cllanlzz oy el llewtal oy

lal_ oy CllalzasDlowal x.0)

t p,1 t p’jl )
¢
€0 [ (aivaol] 4 lewrtdol y )l o+l o)
0 pl p,l Bpl p,1
+||5qH N+1||u2H N+1)dT)
pl pl
(4.70)
Assuming t small enough such that:
1
Ce P O(urll - wyy A luzll . xi ) < o (4.71)
HEEA HEXAS R
we have for C' large enough:
|curlov|| . ~_, +|curldv|_  ~,, <
?onle Ltl ppl
CV;
Cle 2(t)||5(1\|~1 s (Wt llall & ClllgleDlleurtsll - x Clllgnllzge ), gl )]
t pl t (Bp,l) t (Bp,l)
CVa(t = =
+e 5q~ N, (|leurloe|| .~ + Clllq1llrec(reoy, l|a2|lree(rooy]|lcurlos||  ~
ol o (lewtal, s+ Cllalzz o laslizaslewtal,
+C[Hq1HLt°°(L°°)>HqQHLf"(LOO)]chrle||~1 N2 —i—”CUl“lUQ||~2 N+1 Hq2”~ N1
L( p,1 Lt( p,l p,1 )

+||Q2||~1 8o Clllg2l e ooy lleurlval|_ v )

t p,1 t p,1
CVa(t
te ||5qH~ %)( [HQ1||L§°(L°°)7|"DHL§°(L°°)]chrlv2|’Z%(Bﬁ+1)
1+ ||lg1 ~ C|lg1l|poo(roo curlvg|| .~
+(1+ H Fonl) a1l zse (zooy D)l Ing(B;1+1))

t
+6€V2(t)/ ([[divév|| v, (Juall xyy +Nuell x.0) + 16l v [luell x,,)dr).
0 B 1:1 B pz,)l B pzjl B pljl B pl,)l

(4.72)
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Using (4.65) and plugging in (4.72) we have for C' > 0 large enough:

HCUTMU”~00 N, +||Curl(5v]|~l N <

t p,1 t p,1

t
CeCVQ(”BCV(t)/(Ildiv5v|! y A leuwrldo]l v o)A+ (@l x + @l x +2lqcll v )dr
0 B? B? BP BP? BP

p,1 p,1 P,

-
=

P, p,1

x [(1 Hlal oy Ollasl<Dlemtoll_x Cllalz, lals)

t p,1 t p,1

+ (Jleurlva|| = ~., + Clllgillne ooy, @2l noo (o] ||curlta|| . ~
(fowizsl, s+ Clla o Nl llevnal,

+ Clllgillge(zoeys g2l Lge ooy lllcurlop||_ - xp, + leurlog| - vy flgall . vy,
Ly (Byy L{ (B, ) By )

+ g2l . ~ ., Clllg2]| pee(roo)]||curlvs]| N
el o Cllaslizzallenttal,_ )

+ Clla s el wlleme] .,
t p,1

HOtlal oy CllalzegDlemtal )+l oy

t Bp,l Ly Bp,l p,1

t

CVQ(t)/ .
+e divév|| ~ , (||lu N, +||u N dr).
0 (H ”Bp{)l 1(” 1||BPI:1+1 H 2” p131+1)) )

(4.73)
In the same way than previously, choosing ¢t small enough such that:

t
CGCVQ(t)ecv(t)/(lJr!@lH ~ + @l v +2|qLl| ~)dr
0 BP p BP

B

p,1 p,1 p,1
X [(1+ laall .~ ClligilzeDlleurlvall . x ClllgrllLge(zoe), g2l go(zo)]
L?O(Bp,l) too p,1
(et e+ Cllall o el ol g
t p,1 t p,1

+Cllal ey Nl llewto ], s o+ llowleal v el

t\=p,1 t\Fp,1 t\Pp1
+ g2l v, Clllge]lpee(r0)]||curlvs]| N
ol e Cllli ol x )
+ (Clllaallpge (£, 1g2l| Lgo (oo lleurlva || L v,
L¥(BS )
1
+ (14 [|q1]| ~ Cll|lqil|pee(n=y])||curlve|| .~ + ||ue2|| _ N < —,
(1+] ||L?O(Bp{,1) a1l zse(zooy])l \lL?(B:1+1)) | ||L?O s 16
(4.74)
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we have for C' > 0 large enough:

|lcurlév]| .~ —i—chrl&;H N, <
too Bpl (Bppl )

V0V / fdivéol y (14l x + Il x +2lal
p,1

pl p, p,l
Hlluall xyy +lluall xy,)dr
Bpl pl

x [(1+HQ1H~ - [quHLW])chﬂWHEtM(Bﬁ)C[H%HL?O(L‘”)’HQQHL?O(L"Q)]

#lewiml, v + Cllanl gy hellasllomeal, ..
P, P,

+Cllal ey Nl leowto |, s o+ lowleal v el

t\"p,1 t\Zp,1 ) t pz,)1 )
tllaall, aee Cllgalzge@s)]lewrlvs| )
(Bpl ) t ( pl)
+ (Cllalzzay Nl lllowtenl s
p,1
+ N oo (1,001])||curlv N + {|u N
0ol CllalaewmDlesol )+l
(4.75)
We plug now in (4.59) (4.75) and (4.62), it yields:
ldivav] o, < CeME / (190 llunll s+ 10l (Mlivoal] s + ezl ,.))dr
(Bpl ) 0 pl pl pl p,l Bp,l

VOO / (divovl y_,+llewndv] x )0+ Nl x +lal y +2lol y)dr

pl pl p,1 :D,l p,1
el o fewtell s
pl t p,1

+(Hdiv0uﬂleZQ( vl %)CH"J‘|L2’°(L°°)]+”CUTIWHZQ( v )

t Bp,l Ltoo(Bp,l t Bp,l
+ (Clllarll pge(zoe)s llazll ge poe)] + Clllanll g (1), ||qzlng<>(Loo>]llcur1v1IIZOO(Bgfl )
t p,1

1 0N LY LV / Jadel s (141l + 10 + 2Nl x

pl p,1 p, pl

lhurl s+l g )dr

p,1 p,1

A+ |all. «~ C'[||ql||Lo<>])HCuﬂU2|| ~ Clllgillpse(zoeys lla2ll oo (o))
L (BP)) &(Br)

t p,1 t p,1

+ (||curlvs|| . w~ + Clllq1]| oo Loy, @2 || poo (nooy]||curlve|| . ~
(ol o+l el o llewtil, s
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+Cllal ey Mool amllewton |, s o+ llowleal v el s

t p,1 Lt Bp,l t Bp,l
+ 2l xi Clllere)lllcurloa]| . x )
nBp ) ' LxB)

+ (Clllarllge ey lla2ll e o) llenrlva||_ oo
t p,1

Ol Cllalr s Dlewdl )+l s |

p,1 t\=p,1 p,1

el xn Hlal g)cnrqugom)])+cn|q2HLg0(Loomrq2\F(Bz,gﬁj

t Bp,l t BPJ t\"p,1

(4.76)
Plugging once more the inequalities (4.69), (4.75), (4.65) in (4.76), and using the Gronwall
inequality we conclude that:

|divév]| .~ , =0 foranyt e [0,T],
LE (B )

p,1

with T verifying (4.64), (4.67), (4.71) and (4.74). We deduce using (4.65) (4.75) that:

learlov]_  ~ ;= [og]|
Le(BP L

p,1

y =0 foranyte [0, T].
)

(B 2 (Bya

It implies that ¢; = ¢2 and v = vy on [0, T].

To end the proof when 7T is not small, let us introduce (as in [7], section 10.2.4) the set:

7 def {te 0, T)/(n(t),ur(t") = (q2(t), u2(t")), Vt' € [0,¢]}.

This is a nonempty closed subset of [0,7]. Using the same method as above allows to
prove it is also open and then I = [0, 7.

5 Global well-posedness, Proof of the theorem 1.2
In this section we are interested in proving the global well-posedness of (1.1) when we
assume smallness on the initial data. The proof follows the same lines than in the sections

~ Nq
3 and 4. The main difficulty consists in getting v and u in L'(R*, B, ) or at least to

prove that Vu and Vv belong in L'(RT, L>) (indeed we need to take into account the

behavior in low frequencies). This is necessary since divv verifies a transport equation,

and if we want to propagate the regularity on divv, it implies a control on the Lipschitz
N

norm of u. In the previous section we have only an estimate of divv in E%O(Bp? 1) which is

not sufficient for large time, indeed we are interested in getting an L' estimate in time.
It is necessary to exhibit a damped effect on dive. In addition in the previous section

~ N9 ~ N
curlv was only in LlT(Bp”1 )N L>®(B,,), for the same reason we need to control curlv in

~ N
L' (RT, B 1)- It requires then additional assumption in low frequencies on curlyy. More

N
. .. 52 . . .
precisely we must assume that curlvg is in By?; ~ in low frequencies (indeed we have to
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work with p = 2 since in low frequencies the system has a hyperbolic behavior) in order

to ensure a control of curlv in 51(32%71). All these considerations explain the choice on
the initial data.

In particular we observe that the conditions on the initial data of theorem 1.2 are the
same than in [13], it implies that we have the existence of global strong solution and
in addition we have the regularity that we wish on (g, divv,curlv) in low frequencies.
The only thing which remains to do is to prove the regularity assumptions on ¢, divv
and curlv in high frequencies. To do this we have just to estimates in Besov spaces the
following linear system associated to (1.7) in high frequencies:

0q — 2uAq + dive = F,
Odive + u - Vdive + Ag = G, (5.77)
Orcurlv — pAcurly = H,

Let us study this system and let us give the following proposition which is inspired from
[4, 13] .

Proposition 5.8 Let (q,v) a solution of the system (5.77) on [0,T[ and 1 < p <
max(4,N), V(t) = fot IVu(T)l| _y .1 x,,dr. We have then the following estimate for
B P

2,p,1
any T > 0:
qv~ NN _ NNy H(geurlv,dive)|| 0 NN NN N
1(g; v)| Ay Sk 2 (g, ,divo))| P ARE AL O SN

CV(t
< VO, w)l_y
By 1 x By

T
+/0 e*CV(T)H(F,G,H)(T”L%A,% N N ~gp72,%d7)7

where C' depends only on N.

Proof: The third equation from (5.77) is just a heat equation, it suffices then to apply
the proposition 2.4. Let us deal with the two first equation, applying the gradient to the
first equation we have:

0Vq —2uAVq + Vdive = VF, (5.78)
O divy + u - Vdive + divVg = G. '
Setting ¢’ = divv and v/ = Vg, we have to study the system:
0i¢' +u-Vq +dive = G,
SR (5.79)
ouw —2uAu’ +Vq = VF.
This system has been studied in [4, 13] and it is proven that for any 7" > 0:
HQ'H~ _yoay +d I oy + I/ N [ (B
B2p1 2,p,1 2,p,1 1 2,p,1
< 0" D (llgpll _y vy +llupll _y1n, +||GH~ NN +||VF||~ NN ).
B2p1 B2p1 BQpl ) BQpl )
(5.80)
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In other words it gives:

divv o~ ~ +||divy| _ NN+q~ NN +g||l. NN
Jaivol] i Jaivoll,, vy ol oy + il gy

< "M (||diveo]| _y_, » +|!fJoH gﬁJrHG!L yoan JrHVFH~ N N )

2p1 2p1p (B 2,p,1 ) (B2p1
(5.81)

In a similar way we have:
divv N_,N_, +|divv NN_, +|q N _~N_, +|lq N | N
vl o -agon FIVOl, s g ol ri g,

< ceVtl (Ildlvvollﬁ_zﬂ_l+||qo||~f_1m_1+||G||~ N 5N +||VF|| N o N ).
2pl 2pl 2 1 ) ( 2,p1 )

(5.82)
Collecting (5.80), (5.82) and the estimates on curlv via the heat equation, we have the
desired result. W

The rest of the proof consists in searching a solution of the form (g, divv, curlv) and
using the proposmon 5.8 on (g, divv, curlv) and to bound the remainder term (F,G, H)

LY N NN
in L'(RT 322p 17X B22p,1 P B 2y 7). We should to treat the remainder terms as in
section 3. For the uniqueness the method follows the same approach as in section 4.

1

6 Appendix

Here we just start by explaining how we pass from the system (1.5) to the system (1.6),
we are going by giving some details on the computations. Indeed we apply the operators
div and curl to the momentum equation of (6.83), we have in particular:

div(u - Vo) = u - Vdive + Vv ! Vau,
curl(u - Vu)i; = u - V(curlv);; + Z(@iukakvj — 0jur0kv;),

k
curl('u(p) diveurlv);; = (pp) Acurlv;; + 0;( Z Ok (curly;) — ((p)) Z Ok (curly;)
k
1 A(p
= 'u(pp)A rlv Vi + 2ﬂ())(2(8ipak(curlkj) — ajpak(curlki)),
k

(curl(Vp(p) - curlv))i; = V(p) - (curlv)y; + Z (Dirp(p)(curlv)s; — di0(p) (curlv) ).
i
These calculus allow to obtain the system (1.6). Let us explain now why the system (1.1)
is equivalent to the system (6.83) when we introduce the effective velocity v = u+Vp(p).

Proposition 6.9 We can formally rewrite the system (1.1) when p and A wverify the
condition (1.2) as follows with v =u+ Ve(p) (¢ (p) = W):
Oep — 2Ap(p) + div(pv) = 0,
PO + pu - Vu — div(u(p)curlv) + VP(p) = 0, (6.83)
(p, 1) j—0 = (po, uo)-
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Proof: As observed in [8], we are interested in rewriting the system (1.1) in terms of the
following unknown v = u + V f(p) where f is a regular function. We have then by using
the mass equation:

XV f(p)+ V([ (ppdivu+u-Vf(p) =0,

and we have:

POV f(p) + pV (f'(p)pdivu) + pu - VV f(p) + pV f(p) - Vu = 0.

By summing the previous equality with the momentum equation, we get by setting
v=u+Vf(p):
pov + pu - Vu — u(p)Au — p(p)Vdive — 2V u(p) - Du — A(p)Vdivu
— VA(p) divu + pV (' (p)pdivu) + pV £(p) -* Vu + VP(p) = 0.

Next using the fact that Au = diveurlu + Vdivu with ((curlu)ij = Oju; — 8jui), we have:

PO + pu - Vo — p(p)diveurlu — 2u(p)Vdivu — 2V u(p) - Du — A(p)Vdivu
— VA(p) divu + p2f'(p)Vdivu + pV (f'(p)p) divu + pV f(p) -t Vu+ VP(p) = 0.

It gives in particular:

pOrv + pu - Vo — p(p)diveurlu — (2u(p) + Mp) — p* f(p)) Vdivu + (pV f (p) = Vu(p)) - Vu
= (VA(p) = pV(f'(p)p))divu — Viu(p) - Vu + VP(p) = 0.

In order to introduce a term in Vu(p) - curlu the only possible choice on f corresponds
to set pf’(p) = 21/ (p), we have then:

PO + pu - Vo — p(p)diveurlu — (2u(p) + Mp) — 2o’ (p))Vdivu — Vu(p) - curlu
— (XN(p) — 201" (p))divu Vp + VP(p) = 0.
In order to "kill” the term in divu it is the natural to assume the algebraic relation
introduce in [3]:
20(p) + Ap) = 201 (p),
then:
N(p) = 2p1'(p),

and we deduce that using the fact that curlu = curlv we have the following system with
the unknowns (p, v):

9p — 2Ap(p) + div(pv) = 0,
pOv + pu - Vo — div(p(p)curlv) + VP(p) = 0.
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