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Abstract. The Hurwitz space is the moduli space of pairs (X, f) where X is a com-
pact Riemann surface and f is a meromorphic function on X. We study the Laplace
operator Al#f * of the flat singular Riemannian manifold (X, |df|?). We define a regu-
larized determinant for Al¥1* and study it as a functional on the Hurwitz space. We
prove that this functional is related to a system of PDE which admits explicit integra-
tion. This leads to an explicit expression for the determinant of the Laplace opera-
tor in terms of the basic objects on the underlying Riemann surface (the prime form,
theta-functions, the canonical meromorphic bidifferential) and the divisor of the mero-
morphic differential df. The proof has several parts that can be of independent interest.
As an important intermediate result we prove a decomposition formula of the type of
Burghelea-Friedlander-Kappeler for the determinant of the Laplace operator on flat sur-
faces with conical singularities and Euclidean or conical ends. We introduce and study
the S-matrix, S(A), of a surface with conical singularities as a function of the spectral
parameter A and relate its behavior at A = 0 with the Schiffer projective connection
on the Riemann surface X. We also prove variational formulas for eigenvalues of the
Laplace operator of a compact surface with conical singularities when the latter move.
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1 Introduction

1.1 General part

Studying the determinants of Laplacians on Riemann surfaces is motivated by needs
of quantum field theory (in connection with various partition functions) and geometric
analysis (in particular, in connection with Sarnak program, [34]). The explicit expres-
sions for the determinant of the Laplacian in the metric of constant negative curvature
([7]) and in the Arakelov metric (obtained in [2] in relation to so-called bosonization for-
mulas from the string theory) for compact Riemann surfaces of genus g > 1 are among
the most spectacular results of the subject. According to Sarnak program, these deter-
minants (which are functions on the moduli space of Riemann surfaces) can be used to
study the geometry of the moduli space via methods of Morse theory. In particular, their
behavior at the boundary of moduli space is of great importance and was intensively
studied (see, e. g., [40], [39]).

It seems very interesting to consider the case which is in a certain sense oppo-
site to the case of the metric of constant curvature: instead of distributing the cur-
vature uniformly along the Riemann surface X one can concentrate it at a finite set
{Py1,...,Py} C X. This leads to a flat metric m on X with singularities (e. g. coni-
cal) at P;. Determinants of Laplacians for various classes of singular flat metrics were
introduced and studied at least on the formal level (via path integrals) by physicists
([36],[41], [19], [3]) and certain explicit expressions for them were produced (see, e. g. ,
[36], [A11).

One of the main challenges is to study such determinants from the spectral theory
of self-adjoint operators and perturbation theory point of view. This was done in the
mathematical literature for the determinants of the Laplacians of smooth metrics, in
particular, those two mentioned above (see, e. g., Fay’s book [9] for complete com-
pendium and consistent exposition). The standard definition of the determinant uses
the (-function of the corresponding Laplace operator

IndetA™ = —(m(0), (1.1)
Cam(s) =3 55 (1.2
i 7

where in the latter expression the sum is extended over all non-zero eigenvalues of A™.
This definition makes sense when the metric m have conical singularities provided a
regular self-adjoint extension is considered, for instance the Friedrichs one (see [15] for
the definition of regular) . Indeed, the Laplace operator A™ (with natural domain
consisting of smooth functions on X supported outside the conical points P) is not
essentially self-adjoint. This fact is never mentioned by the physicists and it is not clear
whether this issue has been addressed. Comparing the determinants of the different
self-adjoint extensions of A™ leads to a nice application of Birman-Krein theory and is
done in [I5] (see also the references therein). In what follows we consider the Friedrichs
extension of A™  our results refer to this self-adjoint extension only.

In [24] it was found an explicit expression for the determinant of (the Friedrichs
extension of)) the Laplace operator corresponding to a flat conical metric m with trivial
holonomy. Any metric of this type can be written |w|?, where w is a holomorphic
one-form on X, zeros of w of multiplicity ¢ are the conical points of the metric |w|?
with conical angle 27(¢ + 1). The moduli space of pairs (X,w), where X is a compact



Riemann surface and w is a holomorphic one-form on X, is stratified according to the
multiplicities of w (see [28]). In [24] it was proved that on each stratum of the moduli
space of holomorphic differentials the ratio

detAl«l”
Area(X)det SB

where B is the matrix of b-periods of the Riemann surface X, coincides with the modulus
square of a holomorphic function 7 on the stratum. This holomorphic function 7 (the so-
called Bergman tau-function on the space of holomorphic differentials) admits explicit
expression through theta-functions, prime-forms, and the divisor of the holomorphic
one-form w. In the case g = 1 the holomorphic one-forms have no zeroes, the metric
|w|? is smooth, and the corresponding result coincides with the classical Ray-Singer
formula for the determinant of the Laplacian on an elliptic curve with flat conformal
metric.

In [22] it was found a comparison formula (an analog of classical Polyakov formula)
relating determinants of the Laplacians in two conformally equivalent flat conical met-
rics. This lead to the generalization of the results of [24] to the case of arbitrary flat
conformal metrics with conical singularities.

Together with determinant of the Laplacians in flat conical metrics given by the
modulus square of the holomorphic one form (these metrics have finite volume and the
spectra of the corresponding self-adjoint Laplacians are discrete) in physical literature
appear determinants of the Laplacians corresponding to flat metrics |w|?, where w is
now a meromorphic one form on X. Depending on the order of the poles of w, the
corresponding non compact Riemannian manifold (X, |w|?) of the infinite volume has
cylindrical, Euclidean, or conical ends. The spectrum of the corresponding Laplace oper-
ator is continuous (with possible embedded eigenvalues, say, in case of cylindrical ends)
and the Ray-Singer regularization of the determinant (.1 [[2]) is no longer applicable.
The way to regularize such determinants is, in principle, also well-known (see, e. g.,
[31]): considering the Laplacian A as a perturbation of some properly chosen ”free”
operator A, one introduces a relative determinant det(A,A) in terms of the relative
(-function .

(50, A) = —— / Te(e~80 — e~ 301 gy, (1.3)
I'(s) Jo
where a suitable regularization of the integral is made (being understood in the conven-
tional sense the integral is usually divergent for any value of s).
Following this approach, in [16] we studied the regularized determinants

det(A, A) (Ui

of the Laplacians on the so-called Mandelstam diagrams - the flat surfaces with cylin-
drical ends (more precisely, Riemann surfaces X with the metric |w|?, where w is a
meromorphic one-form on X having only simple poles and such that all the periods of
w are pure imaginary and all the residues of w at the poles are real).

In the present paper we consider determinants of the Laplacian corresponding to flat
metrics with even wilder singularities: the corresponding Riemannian manifolds have
Euclidean (i. e. isometric to a vicinity of the point at infinity of the Euclidean plane)
and/or conical ends (i. e. isometric to a vicinity of the point at infinity of a straight
cone). These metrics are given as the modulus square of the differential of an arbitrary



meromorphic function f on a compact Riemann surface X. The moduli space of pairs
(X, f) is called the Hurwitz space 5. We define and study the regularized determinant
of the Laplace operator corresponding to the metric |df|? as a functional on J. The
main result of this work is an explicit formula for the determinant.

It should be mentioned that such determinants appeared for the first time in [41],
[3] (see also [19]), although no attempt was made to define them rigorously.

1.2 Results and organization of the paper

Let X be a Riemann surface and f be a meromorphic function f : X — P'. The metric
|df|* gives to X a structure of a (non-compact) flat Riemannian manifold with conical
singularities and conical (or Euclidean) ends. The conical singularities are located at the
critical points Py,..., Py of f (or, equivalently, at the zeros of the meromorphic one-
form df), the ends of X are located at the poles of df. The moduli space of (equivalence
classes) of such pairs (X, f) is known as Hurwitz space H and the critical values z,,,
Zm = f(Py), m=1,..., M, locally parametrize H.

Given such a Riemannian manifold (X, |df|?), we introduce the reference manifold
(X 1) as the disjoint union of the complete cones corresponding to the ends of (X, |df|?).
By A and A we denote the Laplace operators on (X, |df|?) and (X m) correspondingly.

The first part of the paper aims at defining the relative zeta-regularized determinant
det¢ (A, A) and proving a version of the Burghelea-Friedlander-Kappeler (BFK in what
follows) gluing formula (see [4]). This new BFK type formula is a generalization of the
Hassell-Zelditch formula for the determinant of the Laplacian in exterior domains [14];
here we rely on ideas from [5] 6, [14].

In order to obtain the gluing formula, we cut X along some hypersurface ». This
decomposes X into a compact part X_ and the umon of comcal/EuChdean ends X .
The latter is isometric to the reference surface X with a compact part X_ removed.
There is some latitude in choosing the initial 3. In order to choose ¥ we first specify
some large R and then in each end of (X, |df|?) we take a circle whose radius depends
on R and on the cone angle of the end, see Definition Bl As expected the gluing formula
then involves the Neumann jump operator N on ¥ and the Dirichlet Laplacian AL on
X_, see Theorem [ below.

Theorem 1. For R large enough we have the BFK gluing formula
dete(A, A) = C'det? N - dete AL,

where N, AP depend on R. The constant C depends on R but not on the moduli
parameters z1, ... 2y as long as the corresponding critical points P, do not approach .

Note that the proof of the gluing formula also holds for a more general class of metric
(see Remark [I).

Let us now sketch some steps leading to this Theorem. First we start from the
BFK gluing formula for det¢(A — A, A — )\) obtained in [5] for negative (regular) values
of the spectral parameter \. In order to obtain a gluing formula for detC(A,A), we
study the behaviour of all ingredients in the gluing formula for det¢(A — A, A - A) as
A — 0— (i.e. at the bottom of the continuous spectrum of A and A) and then pass to
the limit. As usual, this essentially reduces to derivation of asymptotics as A\ — 0— for
the zeta regularized determinant of the Neumann jump operator and for the spectral



shift function of the pair (A,A). In principle both asymptotics were obtained in [6]
for Schrodinger type operators on manifolds with conical ends. Unfortunately those
asymptotics cannot be used for our purposes because the asymptotic for the Neumann
jump operator contains an unspecified constant and the asymptotic for the spectral
shift function is not sufficiently sharp. We demonstrate that at least in our setting (no
potential) the methods of [6] can be improved to specify the constant and to obtain a
sufficiently sharp asymptotic of the spectral shift function as needed for the proof of
our BFK formula. Once these asymptotics are obtained, we follow the lines of [14] in
our study of the behaviour of det¢(A — A, A — A) as A — 0— and also in definition of
det¢ (A, A).

Using this BFK formula, we prove (as it was done in similar situations in [22],
[16]) that the variations of the determinant of the Laplacian with respect to the moduli
parameters z;, remain the same if we replace the metric m = |df|? of infinite volume by a
metric m of finite volume, where m coincides with m outside vicinities of the poles of f
and with some standard nonsingular metric of finite volume inside these vicinities. The
aim of the second part of the paper is thus to study the zeta-regularized determinant of
this new metric m and its variation with respect to moduli parameters.

We show that these variations can be conveniently expressed using the so-called
S-matrix, so we start the second part of the paper by introducing this object and
deriving some of its properties. We think that the S-matrix is an important characteristic
of a compact Riemann surface X equipped with a conformal metric m with conical
singularities. It is introduced in analogy with scattering problems and the general theory
of boundary triples (see [13]). Basically, the S-matrix is a meromorphic matrix function
of the spectral parameter A. It serves as a formal analog of the scattering matrix
on complete non-compact manifolds (say, on manifolds with cylindrical ends) in the
sense that the elements of S are coefficients in asymptotics of certain eigenfunctions
(all growing terms in the asymptotics near conical singularities of m are interpreted as
incoming waves and all decaying terms — as outgoing). Let us also note that there is no
true scattering on the (incomplete) manifold (X, m) (corresponding operators have no
continuous spectrum) and that S(\) is a non-unitary matrix with poles at the eigenvalues
A of the Friedrichs self-adjoint Laplacian on (X, m) [15].

It turns out that the value, S(0), of the S-matrix can be found explicitly: it depends
only on the conical angle at the conical point, the conformal class of the surface X,
and the choice of the holomorphic local parameter near the conical point (the so-called
distinguished local parameter for the metric m). For instance, when the conical angle is
47, we express the matrix elements of S(0) through the Bergman reproducing kernel for
holomorphic differentials and a certain special projective connection on X (the so-called
Schiffer projective connection).

In the general case we prove that a certain linear combination of the matrix elements
of S(0) (actually, the one that appears later in the variational formulas for the determi-
nant) can be expressed as the derivative (of the order depending on the conical angle)
of the Schiffer projective connection.

We continue by studying the moduli variations of the zeta-regularized determinant of
A™_ We use the Kato-Rellich perturbation theory to compute the variation of individual
eigenvalue branches and then a contour argument similar to the one from [I5] to get
the variational formula for the determinant. This formula involves a combination of the
matrix elements of S(0) and hence the Schiffer projective connection. Writing it into an
invariant form, we obtain the following theorem.



Theorem 2. Let P, be a zero of the meromorphic differential df of multiplicity £, and
let zy, = f(Py) be the corresponding critical value of f. Let the metric m be obtained
from the metric |df|? via smoothing of the conical ends. Then

detf(A™) 1 7{ Sp — S; (1.4
m detSB 127 Jp — df
. . . . f///f/_g(f//)Z . .
where Sp is the Bergman projective connection, Sy = W is the Schwarzian

derivative, and B is the matrixz of b-periods.

In this theorem we can replace detZ(Aﬁl) by det(A, A) since we proved before that
the moduli variations of both functions coincide.

The system of PDE for det A™ that appears in Theorem [ is the governing system
for the Bergman tau-function on the Hurwitz space (introduced and studied in [21], [24],
[26], [25]). The latter system was explicitly integrated in [23] and in §5 we remind this
result (unfortunately, technically involved). This leads to the following explicit formula
for detc(A, A).

Theorem 3. Let (X, f) be an element of the Hurwitz space H(M,N) and let 7(X, f)
be given by expressions (610, (6.9, [6.8). There is the following explicit expression for
the regularized relative determinant of the Laplacian A on the Riemann surface X :

dete (A, A) = C detSB |72, (1.5)

where C' is a constant that depends only on the conmected component of the space
H(M, N) containing the element (X, f).

We finish the paper with two illustrating examples in genus 0, deriving the formulas
for the determinant of the Laplacian on the space of polynomials of degree N and on
the space of rational functions with three simple poles.

Acknowledgements. This work was finished during the stay of the third author
(A. K.) at the Max Planck Institute of Mathematics (Bonn). A. K. thanks the Institute
for hospitality and excellent working conditions. The work of L.H is partly supported
by the ANR program Gerasic-ANR-13-BS01-0007-0. The work of A. K. is supported by
NSERC and ANR program Gerasic-ANR-13-BS01-0007-0.

2 The regularized determinant as a functional on Hurwitz
space and a BFK gluing formula

To a pair (X, f), where X is a compact Riemann surface and f is a meromorphic function
on X (i. e. to an element of the Hurwitz space), there corresponds a Riemannian
manifold (X, |df|?). Our aim is to define a regularized determinant of the corrresponding
Laplacian and to prove a BFK-type gluing formula. Since the metric m = |df|? has
conical singularities and non-compact conical ends, this is not that straightforward and
requires several steps. First, we consider regular values of the spectral parameter A2, i.e.
A2 € C\ [0,00). In that case, the definition of the relative determinant and the BFK-
gluing formula are the same as in [5]. Then we derive estimates for the determinant of the
Dirichlet-to-Neumann operator as A approaches 0; our methods here are closely related
to those of [6]. These estimates allow us to define a zeta-regularized determinant for



A = 0 similarly to [14]. Then we prove the gluing formula for thus defined determinant.
At the end of this section we use the gluing formula to compactify (X, |df|?) in such a
way, that locally, the moduli variations remain the same.

2.1 The flat Laplacian of an element in Hurwitz space

We will be dealing with conical singularities and conical ends. These are defined in the
following way.

Definition 1.

e For any ¢ € N the Euclidean cone of total angle 2¢w is the Riemannian manifold
(C, ley 1 dyl?).

e A point P in a Riemannian manifold will be a conical singularity of angle 24w if
there is a neighbourhood of P that is isometric to the set ({|y| < e}, [ty*~ dy[?)
for some positive €.

o A open set 2 C X of a Riemannian manifold (X, m) such that (2, m) is isometric
to ({ly| > R}, [ty*=Ldy|?) for some positive R will be called a conical end of angle
20m (Euclidean end if £ =1).

Let (X, m) be a Riemannian manifold such that the metric is flat with a finite num-
ber of conical singularities and conical ends. Denote by A the self-adjoint Friedrichs
extension of the (non-negative) symmetric Laplace operator defined on smooth com-
pactly supported functions that vanish near the conical singularities.

Let f be a meromorphic function on a compact Riemann surface X of genus g > 0
or, what is the same, a ramified covering of the Riemann sphere

f:X P (2.1)

Two coverings f1 : X1 — P! and fy : X9 — P! are called equivalent if there exists
a biholomorhic map ¢ : X1 — X such that fi = foog.

The following constructions are standard, we recall them for convenience of the
reader.

The critical points, P,,, m = 1,..., M, of the function f (i. e. those points for
which df (Py,) = 0) are the ramification points of the covering, the points z, = f(Pp)
are called the critical values. The ramification index of the covering at the point P,
equals to £, + 1, where £, is the order of the zero of the one-form df at P,,. Denote by
01, ...,00x the poles of f, and let k1,...,kx be their multiplicities.

Then the covering (2.1I]) has degree N = k; + ... + kg and the following Riemann-
Hurwitz formula holds:

M K
S b= (kj+1)=29-2,
m=1 j=1
where ¢ is the genus of X.
Pick some regular value zy € P! and draw on P! the segments Iy := [z, 00|, I, =
(20, 2m], m = 1,..., M. It may happen that some segment is repeated several times if

different critical points take the same critical value. We may also choose zy such that
all these segments have pairwise disjoint interiors. Denote by L := U%:o I, the union
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of these segments and observe that P!\ L contains only regular values of f. It follows
that X \ f~!(L), the complement of the preimage of L by f in X has N connected
components. By construction f is a biholomorphic map from each of these connected
components onto P!\ L. We denote these connected components by C,,, n =1... N and
call them the sheets of the covering. Each C,, can be seen as a copy of the complex
plane equipped with the cuts provided by L.

On each sheet, the metric |dz|? lifted from the base P! to the covering space coincides
with the metric |df|?. The Riemannian manifold (X, |df|?) is thus obtained by gluing
N copies of a Euclidean plane (C, |dz|?) with a system of non-intersecting cuts, one of
which extends to infinity.

For each critical point P, of ramification index ¢,, + 1, we obtain a (,, 4+ 1)-cycle ;
obtained by looking in which order the sheets are following one another when making a
small loop around P,,. It follows that P, is a conical singularity of angle 27 (¢, + 1).

For each z,,, m # 0, we obtain a permutation in Sy by composing the cycles for each
critical point in f~!(2,,). We thus obtain M’ permutations o,,, m’ = 1... M’, where
M’ is the number of different critical values. The critical value z,, is thus associated
with one cycle in one of the permutations o,,,, m' =1... M.

In the same manner we obtain a permutation og by looking at the preimage of a large
loop that surrounds zg (or equivalently, a small loop around oo in the base P'). This
permutation describes the structure at infinity of the Riemannian manifold (X, |df|?) :
each fixed point of o corresponds to a flat Euclidean end and a cycle of length k to a
conical end of angle 2km. A pole in f of order k corresponds to a conical end of angle
2km (and therefore a Euclidean end for a simple pole).

The flat structure on (X, |df|?) is completely characterized by the positions of the
critical values z,,, m = 1... M, and by the permutations o,,,, m’ = 0... M’. Conversely,
starting from M’ + 1 permutations of Sy, and M’ distinct points wq,...w,, in C, we
construct the sequence zg,...zy by choosing a distinct point zy and, for m > 0, by
repeating w,, as many times as there are disjoint cycles in o,,,. We then glue N sheets
according to the scheme prescribed by the permutations and obtain a (not necessarily
connected) flat surface (X, m) with conical singularities and conical ends.

It turns out that it is always possible to find a meromorphic function f from X to
P! such that (X, m) is isometric to (X, |df|?).

Introduce the Hurwitz space H (N, M) of equivalence classes of coverings f : X — P!
of degree N with M ramification points of (fixed) indices ¢; + 1, ..., {3y + 1 and K
poles of (fixed) multiplicities ki,...,k¢; k1 + ..., kxk = N. The space H(N, M) is a
complex manifold of dimension M (see [11], we notice here that it may have more than
one connected components) and the critical values z1,...,2) can be taken as local
coordinates on H(N, M).

If all the critical points of the maps f are simple, then the corresponding Hurwitz
space is usually denoted by Hy n(k1,...,kk) and is known to be connected (see [32]).

Definition 2. We will refer to the coordinates z1,...,zy as moduli.

From the flat metric point of view, moving z,, can be easily realized by cutting a
small ball around F,,, then move P,, inside this ball. Since the boundary of the ball
does not change we can glue the new ball back into the surface.

For such a Riemannian manifold (X, |df|2) we define a reference manifold (X, rh)
which is obtained in the following way. Take those N sheets with cuts that correspond
to X, and in the gluing scheme of X, keep oy and replace all the permutations o,



m’ > 0 by the identity. It can be easily seen that (X ,m) is the disjoint union of cones,
those cones correspond to the conical ends of X and the tip of each cone is now located
above zg.

The Laplacian A can be considered as a perturbation of the free Laplacian A =AM
acting in L2()°( ). The perturbation is basically reduced to the change of the domain of
the unbounded operator: when we make slits on X and glue them according to a certain
gluing scheme, it induces boundary conditions on the sides of the cuts. The determinant
of A will then be defined in terms of the relative zeta function (L3]) as a regularized
relative determinant det¢ (A, A).

The main goal of this work is to study the relative determinant detC(A,A) as a
functional on the space H(N, M).

2.2 Relative Determinant and BFK gluing formula for negative ener-
gies

Let X be a compact Riemann surface and let f be a nonconstant meromorphic function
on X. Introduce the flat singular metric m = |df|?> on X. As it is explained in the
previous section, the flat singular Riemannian manifold (X, m) has conical points (at
the zeros, Pi,..., Py, of the differential df) and conical ends of angle 27k; at the poles,
001,...,00k, of f, where k; is the order of the corresponding pole. Let A be the
(Friedrichs) Laplacian on (X, m).

Let (X,1h) be the reference unperturbed manifold and let A be the associated
Laplace operator. We recall that (X,1m) = Uszl((C, |k‘jy§j_1dyj|2).

Since (X, m) and (X, 1h) are isometric outside a compact region the methods and
results of [6] apply.

For R > 0 large enough, there is a subset X (R) C X that is isometric to

UK, {yj € C:ly;) > RN} C X. (2.2)

Definition 3. We denote by X the boundary of the region Xy (R). It is the union of
K circles {y € C : |y| = RY*} on X.

Note that R will be chosen at the very beginning of construction and will then be
fixed. In what follows we omit the reference to R and simply write %, X .
We represent X in the form

X =X_Us X.,

where X_ = X \ (X; UX).

Following [5] we first define the external Dirichlet-to-Neumann operator. We consider
each conical end {y; € C; : |y;| > RY*} of X separately and omit the subscript j for
brevity of notation. We introduce the coordinates (r, ) where r = |y|*¥ € [R, 00) and
¢ =argy € (—m,m]. We have

g=dr’ +kEr*dy®, A=r"?((rd,)* + k7°02).

Separation of variables shows that for A\ € C\ {0} with S\ > 0 the exterior Dirichlet
problem
(A= X)u(A\) =0on X, u(\)=fonx, (2.3)



has a unique solution of the form

0 (1)
, 3 Hy,, (A1) in n|
U(T, ®; )‘) = CnH(l)()\R)e g07 Un = kR7

where f € C®(%), C, = (27)~' [T f(p)e ™¥ dp, and HY is the Hankel function.
This solution is in L?(X4) if SA > 0. If S\ = 0, it is the unique outgoing solution that
satisfies the Sommerfeld radiation condition

VT (9pu(X) — idru(X)) — 0 as r — oo.
The external Dirichlet-to-Neumann operator on ¥ acts by the formula
N+ (A f = =0ru(A) Tr=r - (2.4)

Thus v, (¢) = (Vol £)~1/2¢i¢ are eigenfunctions of N (\) with [¥nll 22y = 1, and

0. HSY (\r) =
HY(AR)

/Ln(A) = :u—n()‘) = - (2'5)
are the corresponding eigenvalues (if S\ > 0, A # 0).

We can also consider ¥ and X as subsets of X. Then in the same manner we have
X =X_uUsgX,.

Let AP be the Friedrichs extensions of the Dirichlet Laplacians in L?(Xy). We
denote by AP := AP @ AP the Friedrichs Laplace operator on L?(X) with Dirichlet
boundary condition on . Similarly, we define A£ and AP,

The spectrum spec(AP) of the positive self-adjoint operator A” is discrete. For any
A\ e C\o(AP) and f € HY(X) there exists a unique solution u(\) € H*?(X_) to the
Dirichlet problem

(A= X)u(A)=0on X_\%, u(\)=fonx, (2.6)

such that
u(\) = f — (AP = X2)7HA =\, (2.7)

where f € H3/2(X_) is a continuation of f and
(AP —X)~L  HY2(X ) — H3?2(X_)

is a holomorphic function of A2 € C\ o(AP); here ||u; H*(X_)|| = ||[(AP)*/?u; L2(X_)|.
The Dirichlet-to-Neumann operator N_(\) on X acts by the formula

N_(A)f = 0ru(N) lr=nr,

where f is the right hand side in (2.6) and u()) is defined by (Z7). The function
A N_()\) € B(HY(®),L3(X)) is holomorphic in C\ o(AP); here and elsewhere
B(X,Y) stands for the space of bounded operators from X to Y.

Finally, we introduce the Neumann jump operator

N(A) = No(A) + N_(V),
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which is a first order elliptic classical pseudodifferential operator on ¥ with the principal
symbol 2[¢|.

For A\? < 0 the operator N()) is formally self-adjoint and nonnegative, it is positive
if A2 < 0, and kerN(0) = {c € C} (see e.g. [6, Sec. 3.3] for details). (Note that in
Theorem @ the operator N(0) is denoted by N.) Let A < 0. The function ((s) =
Tr N(A\)~* is holomorphic in {s € C : ®s > 1} and admits a meromorphic continuation
to C with no pole at zero; we set det; N(\) = e=¢'(0).

It is known (see [5, Theorem 2.2]) that the difference

(A+1)"t—(AP +1)7!

is in the trace class. By the Krein theorem, see e.g. [38, Chapter 8.9] or [5, Theorem
3.3], there exists a spectral shift function £(-; A, AP) € LY(R,, (1 + A2)"2Xd)\) such
that

Tr((A+ 1) — (AP + 1)) = —/ E; A APY1+2H)7220dN. (2.8)
0
Moreover, the following representation is valid

Tr(e ™ — A7) = —¢ / e e(n; A, AP)2Xd), (2.9)
0

which implies that the left hand side in (2.9]) is absolutely bounded uniformly in ¢ > € >
0. The heat trace asymptotic

Tr(e_tA - e_tAD) ~ Z ajtj/2, t — 0+, (2.10)
Jj==-2
can be obtained in a usual way, see e.g. [16l Lemma 4]. Thus for A2 < 0 the relative

zeta function given by

C(s; A — A2, AP — )\2) = —F(ls) / 5 1A%t Tr(e_m - e_tAD) dt
0

is defined for s > 1 and continues meromorphically to the complex plane with no pole
at s = 0 by the usual argument. The relative determinant is defined to be

detc(A - )\27 AD - )\2) _ e_CI(O;A—)@’AD_)\z).
By [5, Theorem 4.2] we have the gluing formula
dete(A — X2 AP — 2%) = det N(V), A <0. (2.11)

(Although only smooth manifolds are considered in [5], it is fairly straightforward to see
that the argument in [5] remains valid for ([2I1]) as far as we consider only Friederichs
extensions and there are no conical points on 3.)

All the constructions above can also be done for (X,1m). Thus similarly to (ZII)

we have ) ) )
dete(A — X2 AP — \%) = detN¢()), A2 <. (2.12)

Observe that since all operators can be seen as acting on L2(X) we have
o—tA _ A <e—tA _ e—tAD) _ <e—tA _ e—tAD> i <e—tAD _ e—tAD)

D A A D D A D
_ <e—tA _ A ) _ <e—m _ A > i <e—m7 _ e‘tAf) 7

11



where for the last line we have used that AP = AP @ AP, AP = AP @ AP since X
and X+ are isometric.

It follows that we can take the trace of both sides and thus define the following
relative zeta function for fs > 1

Clss A= M2 A= )\2) = % /000 1At Tr(e ™2 — e_ti) dt, A <0.
Moreover, we obtain the relation
Clss A = A2 A = A2) =(C(s;A — X2, AP — \2) — ((s;A — N2, AP —\?)
+ (s, AP = X2) — ((s,AP — \?).
All the functions continue meromorphically to the complex plane with no pole at 0.
Passing to the determinant, we obtain

dete(A — X2, AP —)\2%)  det¢(A — A2 A — \2) detC(A —\?)
detc(A — A2, AD —\2) det (AP — \2) '

Thus dividing (Z.I1)) by (2.12]) we obtain
detc (A — X2, A — A2) det (AP — X2 _ dete N(A)
det¢ (AP — \2) dete N(A)

2 <0, (2.13)

where N()\) and AL are moduli independent.
In order to take the limit A> — 0— in ([Z.I3)), we will need the asymptotic behavior
of all the ingredients in the latter equation. We start with dets N(X).

2.3 Asymptotic of det N()\) as [A| = 0+, SA >0

In this section we follow [6], where a similar problem is studied. Our purpose here is to
refine the asymptotic of det: N(A) from [6] as needed for the proof of our gluing formula.

First we need to understand the behavior of the internal and external Dirichlet-to-
Neumann operators. Since the internal Dirichlet Laplacian AL is positive, there is no
problem in letting A go to 0 in the definition of N_(\).

Concerning the external Dirichlet-to-Neumann operator, by separation of variables
in each conical end, we see that in the case A = 0 the exterior Dirichlet problem (2.3])
has a unique solution of the form

u(r, ;0 Z Chn ( ) "eine, (2.14)
where f = > C,e™?. We recall that v, = M and ¥y, (o) = (27?)_%ei"¢. The exter-
nal Dirichlet-to-Neumann N, (0) is obtained by applying —3, to this solution.Clearly,
{In|/(kR?),4,}22_ . is a complete set of the eigenvalues and orthonormal eigenfunc-
tions of the operator Ny (0).

Remark 1. Note that thanks to the special choice of the lower bound on y in (2.2
the eigenvalue po(X) of N () corresponding to the constant eigenfunction vy does not
depend on k. This will be important in our proof of the BFK gluing formula in the case
K >1ifkj # k; for somei,j=1,..., K.

It is convenient to present the argument in the case where K = 1 so that X has only
one conical end. We will explain afterwards how the proof is modified for K > 1.

12



2.3.1 The case K =1

In the series (Z.14)) only the terms with v, > 1 are in L?(X, ). As a result, in a neighbor-
hood of zero, properties of A — N (\) on the eigenspaces of N (0) corresponding to the
eigenvalues |n|/(kR?) > 1/R and |n|/(kR?) < 1/R are essentially different. Consider
the spectral projector P =3 . Py of N4 (0) on the interval [0,1/R]; here

Po= (%)) Po= (%) r2my¥n + (50-n) 12(2)¥—n-
Lemma 1 (see [6l Prop 4.5]). We have
Ne(A)(Id=P) = T(\?) + £L(\?),

where V(z) is an elliptic pseudo-differential operator of order 1 which is a holomorphic
function of z in a neighbourhood of zero and L(z) is an operator with smooth integral
kernel which is a C' function of z in a neighbourhood of zero with 3z > 0.

Recall that the eigenfunctions 1,, of N4 (\) do not depend on A and we have
NyPF= S VP,
0<n<kR

where the p,, have been defined in (2.3]).
The eigenvalues of N4 (0) on [0,1/R] are the limits of p,(A). As |A| — 0+, SA >0,
the formula (2.35]) and properties of the Hankel functions (see [I]) imply that

“O(A):_RllzlA(l_<IH§+%_ig>ﬁ+O<ﬁ)>’ (2.15)

where « is the Euler’s constant, and
tn(N) = |n|/(kR*) + O(X%), 0 < |n| < kR, (2.16)

with some € > 0.
We show the following proposition.

Proposition 1. Assume (X, |df|?) has only one conical end then, for any R large enough

we have, as |A\| — 0+, SA >0,

dete N(A) = —ﬁ detZN(())(l - (lng + % - Zg)ﬁ +O<ﬁ))’

where det¢ N(A) is the zeta regularized determinant of N(A), and deti N(0) is the zeta
reqularized determinant of N(0) with zero eigenvalue excluded.

Proof. Due to the representation L?(X) = ker Py @ ker(P — Fy) @ ker(Id —P) we have

No,o(A) Noi(A) Noz2(X)
NA) = [ Nio(A) Nig(A) Nia(A) |, (2.17)
N2o(A) Nai(A) Nza2(X)

where :NZ'J()\) = iPz:N()\)iP] with Pg = Py, P1 =P — Py, and Py, = 1d —P.
The operator Na 2(0) is invertible and therefore det¢ Na 2(0) # 0. Note that Ny 2(X\) =
PoN_(AN)Po + PoN4 (A) P2, where Ny (A)Po = N4 (A)(Id —P) is the same as in Lemma [I]
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and N_()) is a holomorphic function of A? in a small neighbourhood of zero. This
implies that

detg NQ’Q()\) — detg NQQ(O) = 0(1), |)\| = 0+,3A > 0. (2.18)
Thanks to Lemma [I] we also have

IN22(N) = Na2(0); B(H (%), L2 (%)) = O(»?),

A (2.19)
19AN2,2(A) = O\N2,2(0); B(H (%), L7(%))[| = O(N).

In order to refine (2.1I8)), we estimate the absolute value of 0 Indets Nao(X). Since
O\Nz2(A) and Ny () are pseudodifferential operators of order —1, the operator

N5 (00N (N)
is in the trace class, and hence
Ox Indete Na2(A) = Tr{ N5 3(A)aN22(N)}, (2.20)
see [4, [10]. The first estimate in (2.19) and the Neumann series for Ny 3(\) give

Ny 5(A) = (Id+L(A)) N3 3(0),  [[L(A); B(HY ()] = O(N?);
Nop(A) = No5(0)(Id+R(N),  [[R(A); B(L*(E))]| = O(N).

As a consequence of (Z20), (Z2I), and ([Z.I9) we get

|0x In dete Noo(A)| = | Tr{ N5 3 (A)0Na2(M) }|
< [[No,2(A)(Id +L(A)) N3 5(0) (Id +R(A)) OaNo,2 (M) 1
< [ Na2(A); BH (), L2(E) 1A +L(A); BH (£))[[[N23(0) 1
X | 1d =R(A); B(L*(2)) [[loxN2,2(A); B(H' (X), L ()| = O(1),

(2.21)

where ||-||1 is the trace norm. This together with (ZI8]) implies |0y det¢ Nao(A)| = O(1).
Now, as a refinement of (2.1I8]), we obtain

detc NQQ()\) - detg :N272(0) = O()\)
This together with (2.I7) implies
NO,O()\) NO,I(A) N072()\)N272()\)_1 Id 0 0
detCN()\) = detp, :NL()()\) :Nl,l()‘) Ni 2()\)N272()\)_1 detc 0 Id 0
Noo(A) Na1(\) 0 0 Nos(\)

N070()\) NO,I()\) NO’Q()\)NZQ()\)_:[
= detp, NLO(}\) :Nl,l()‘) N172()\)N272()\)_1 (detc NQQ(O)) (1 + O()\)),
A)

Nao(A) Naa( Id
(2.22)
see [27] for the first equality. On the next step we rely on the estimate
| detpy(Id +A) — detp (Id+B)| < ||A — B|| ellAl+IBl+1 (2.23)
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see [35], f-la (3.7), and references therein], for

No,o() 0 0
Id4+A = 0 Npi(0) Ni2(0)Ng3(0) |,
0 Naz,1(0) Id

Nio(A) Npi(A) Npa(A)Nga(A)~t

Since N_(0) is a selfadjoint operator in L?(X) and ker N_(0) = {c € C}, we have
N_(0)Py = PPN_(0) = 0. Then thanks to

( NQ@()\) No’l()\) N072()\)N272()\)_1 )
Id+B = )
A)

PN = N(0) Py = b5 (150 — 5(0)) + B(N-() = N_(0)) Py, i, € [0,1/],
where ¢;; is the Kronecker delta function, and
P;(N(A) — N(0) (ld —P) = P;(N_(X) ~N_(0)) (14 —P), j € [0,1/R].

together with (2.I6) and (22I), we obtain ||A — B|; = O(\°) with some ¢ > 0.
From (2.:22)) and (2:23) we get

No,o(N) 0 0
detg N()\) = detp, ( 0 Nl,l(o) N172(0)N272(0)_1 ) detg N272(0)(1 + O()\E))
0 Na2,1(0) Id

)

(2.24)
It remains to note that

No,o(A) = (o(A) + Po(N_(A) = N_(0)) Py = (o(A) + O(A*)) Py,

x _ N11(0) Np2(0)Ng2(0)7?
detc N(O) = detFr ( :N271(0) Id detg NZQ(O).

This together with (224]) and (ZI5]) completes the proof. O

Corollary 1. The spectral shift function & in [2.9]) satisfies
X AAP) = (I X))+ 0((InA)72), A—=0+. (2.25)

Proof. By [, Theorem 3.5] we have £()\) = 7~ Argdet N(v/AZ +40) as A2 — 0+, where
Argz € (—m, 7], and £()\) = 0 if A2 < 0. Calculation of the argument in the asymptotic
obtained in Propositon [l gives (2.25]). O

2.3.2 The case K >1

Let us outline the changes in Proposition [Il and Corollary [ needed in the case K >
1. Now we have N, (\) = GaszlNSz)(/\), where each Ngf)()\) is defined on the circle
{y € C; : ly| = RY*} as in (Z4). The first eigenvalue of Ngz)(/\) is po(A) and the
corresponding eigenspace consists of constant functions on the circle. As a consequence,
in the estimate (2.24)) the eigenvectors in Ny with eigenvalue po(A) contribute at the
order O(15) instead of O(A) and this is not good enough for our purpose.
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We thus introduce Pg the orthogonal projection onto the eigenspace of N4 () corre-
sponding to po(A) (note that Pg does not depend on A, and that rank Py = K'). Observe
that we have ker N(0) C ker(Id —Pg). We repeat the argument of Proposition [Il where
Pp is now the orthogonal projection onto ker N(0) = {c € C}, P; = (Id —Py)P where P
is the spectral projection of N1 (0) on the interval [0,1/R], and P = (Id —P). Clearly,
Ny (\)Po = 10(A\)Po and N (A)(Id ~Pg) = (Id —Po)N4 (A).

The same argument as in the case K =1 leads to

_ 1 :Nl,l(o) + ,UQ()\)PO(Id —iPo) NLQ(O)NQQ (O)_l
dete N(A) = X detpy < No.1 (0) Id
R 7wy m\ 1 1
meﬂ@ﬁ—@5+7‘ﬁha+qamﬁ)

(Note that in the case K = 1 we have Py = Pg and the term p(\)Po(Id —Pp) does not
appear.) This together with (2I5) and ([2.23) gives

_ 1 Nl,l(o) — ﬁPo(Id —iPQ) N172(0)N272(0)_1
det¢ N(A) = D) detp, ( Ny (0) 1d
R 7my m\ 1 1
X detg :N272(0)<1 — (111 5 + 7 - 15) m + O<W>)

Here the Fredholm determinant is a holomorphic function of the parameter 7 := ﬁ,
we have

detZN(o)(l—(C+ln§+%—ig>i+0< L )) (2.26)

1
dete N(A) = T RN
with some constant C' = C(R).

We observe that C' must be real since det; N(A) is positive for A € C, Arg A = /2 (as
N(A) is a positive self-adjoint operator for those values of A). Thus C' does not influence
the calculation of the argument in the asymptotic of dete N(\) and Corollary [l remains
valid for K > 1. We will use Corollary [l to define a relative determinant of (A, A) at
A=0.

2.4 The relative determinant and the gluing formula at A =0

In this section we prove the following Theorem.

Theorem 4. The gluing formula
detc(A, A) = C'det N - dete AP

is valid, where N, AP depend on R. The constant C' depends on R but not on the moduli
parameters z1,...2zp-

Observe that this theorem first requires a definition for the left-hand side of the
equality. Once this is done, we will let A go to zero in (213)) and study the limit of both
sides.

As before the case K =1 is simpler than the general one. We will present the proof
for this case first. The case K > 1 is more technically involved but the arguments we
need can be adapted from [14].
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2.4.1 The case K =1

In this case, the definition of det¢(A, A) is rather straightforward, since, for K = 1, a
conventional regularization (see, e.g., [16] and references therein) for the relative zeta
function makes sense. Indeed, the first integral in the representation

C(s; A A) = </01 +/1°O> 12(_31) Te(e ™ — e714) dt (2.27)

defines an analytic in s > 1 function that has a meromorphic continuation to C with
no pole at zero by the usual argument based on short time heat trace asymptotic

Tr(e_tA — e_tA) ~ Z ait!’?, t—0+. (2.28)
Jj=—2

For the second integral we need the long time heat trace behaviour given by the
following lemma.

Lemma 2. Assume that K = 1. Then
Tlr(e_tA - e_tA) =O((In )72) as t — +o0.

Proof. Since Af_) = Af and the operators AL, AP are Dirichlet Laplacians on compact
manifolds, we have

Tr(e_tA B e—t&)
= Tr(e_tA — e_tAQ@AE) — Tr(e_tA — e_tAJBEBAE) + Tr e_tAJB —Tr e_tﬁg (2.29)
_ —t/ e (€(0s A, AD) — €0 A, AP))2AdN + O(e ), £ too,
0

where § > 0 is the smallest eigenvalue in the spectra of AP and AD. (In (229) we also

used ([Z9) for A and A.) As a consequence of Corollary [ (which is also valid for £ in
the case K = 1) we have

£ AAP) — (N AAP) =0((InN)72), A —=0+.
This together with (2:29]) implies the assertion; see e.g. [I7, Theorem 1.7] for details. [

As a consequence, the second integral in (2.27]) defines a holomorphic in Rs < 0
function that has a continuous in s < 0 derivative. Thus ((s; A, A) is a meromorphic

J

function in Rs < 0 and ¢'(s; A, A) tends to a certain limit ¢’(0; A, A) as s — 0—. The
relative zeta regularized determinant is defined to be

dete(A, A) = ¢ (0:04) (2.30)

We now prove the gluing formula in the case K = 1. First observe that by Proposi-
tion [I] (applied also to N(\)) we have

dete N(A) | det¢ N(0)
dete N(A)  det? N(0)

as A2 = 0—, K = 1. (2.31)
The limit A — 0 is then addressed by the
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Proposition 2. In the case K =1 we have
dete (A — A2 A = 2%) = dete (A, A) as A2 — 0—,
where the determinant det¢ (A, A) has been defined in (Z30).

Proof. Let us write the relative zeta function in the form

5 3 ) 1 o] ts—let)\z _eA _eA
Cls; A =N A= )\%) = + Tr(e —e )dt.
0 1 ['(s)

Thanks to (2.10) the first integral converges for s > 1 uniformly in A < 0 and has a
meromorphic continuation to C with no pole at zero (by the usual argument based on the
short time heat trace asymptotic (2.28))). Due to Lemma [2] the second integral defines
a holomorphic in #s < 0 and continuous in A2 < 0 and Rs < 0 function. Moreover, as
1/T'(s) has a first order zero at s = 0, Lemma [2] also implies that the first derivative
with respect to s of the second integral is also continuous in A2 <0 and Rs < 0. Thus
we obtain

CO0:A =X A =X = C(0;A,A), N —0-—.
where ¢/(0; A, A) is defined using (Z27). O
Proof of Theorem[]] in the case K = 1. We pass to the limit as A> — 0— in (ZI3)). Since
AP is positive, we have det (AP —\%) — det; AP as A2 — 0—, and the same is true for
AP Thanks to (Z31I) and Proposition 2] we obtain
dete(A, A) dete AP _ detZN(0)
dete AP det? N(0)

9

which proves Theorem [ where N(0) is denoted by N and the constant

C = (det¢ AP det N(0))

is moduli independent. O

2.4.2 The case K >1

In the case K > 1 we have N()\) = @leﬁf(j)()\), where N@ () is the Neumann jump
operator on the circle {y € C; : |y| = RY*i} located on the infinite cone (Cj,|dy*|?).
We have
K K
det¢ N(A) = J] dete NO(A),  detZ N(0) = ] det; N9(0).
J=1 J=1

We apply Proposition [Il to each det Jo\f(j)()\), j=1,...,K and get

dete N(A) = (—R1In A) ™ det; N(O)(l - (1n§ + %’Y - zg) % +0< ! )) (2.32)

as |A| = 0+, SA > 0. o )
Thanks to the relation £(A; A, AP) = 771 Argdet N(v/A2 +140) as A2 — 0+, calcu-
lation of the argument in (2.32]) leads to

£ AVAP) = KA+ 0((InN)72), X — 04,
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where £(-; A, AP) € LY(Ry, (1 4+ A2)"2d)2) is the spectral shift function satisfying
Tr((A+1)7 = (AP +1)71) = - /OOO O A APY (14 22)72dN?,
cf. Corollary [l This together with Corollary [ gives
EONAAPY — e A AP = (K = 1)(In X2~  +0((InA)72), A—0+. (2.33)
Besides, Proposition [Il together with (2:32]) implies that

<ln % > R det NQ) | pr-19eEN(O)

——as A2 = 0—, K > 1. (2.34)
det¢ N(N) det N(0)

Recall that for A2 < 0 the relative zeta function is defined as the meromorphic
continuation of

00 ts_l et)\2

Clss A= M2 A = )\2) = / Tr(e_tA - e_té) dt (2.35)

0 I'(s)

from Rs > 1.
We have

Tr(e_tA _e—tA) _ Tr(e_tA _e—tAQeBAf) —Tr(e_tA _e—tég@ﬁf) Ty A2 e—tﬁf"

(Now the short time asymptotic (2.28]) is a consequence of (2Z.I0]) and similar short time
asymptotics for Tlr(e_tA — e_tAD), Tre_mg, and Tre_mg.) Let

N(A)= > dimker(A” — A%,

j:A?gAQ

where )\3 are the eigenvalues of A, be the counting function of AP. Similarly, let N (N
be the counting function of AP. Then

Tr(e A2 — tAD) — 4 / S (N(A) - ]\OT(A))2>\ X
0

and
ENATA) =€ A AP) —¢(A; AJAP) - N(A) + N())

is the spectral shift function for the pair (A, A) such that

Te(etd — oty _ _t/ e e A, A2 dA.
0

Since the operators AP and AP are positive, from (2.33)) it follows the asymptotic
ENAA) = —(K—1)(In X)L+ 0((InA)72), A—0+. (2.36)

Introduce a cutoff function y € C*°(R) such that x(u) =1 for p < 1/2 and x(u) =0
for p > 3/4. Following the scheme in [14] we write

Tr(e ™ — e_tA) = e (t) + ea(t),
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where -
) = —t [ e 06 A, A2
0

es(t) = _t/ooo e~ (1 — X ()€ (s A, A)2p dps

cf. 29). Note that ez is exponentially decreasing as t — +oo. Thanks to the short
time asymptotic (Z:28) and smoothness of e; at ¢ = 0, we see that ey(¢) has a short
time asymptotic of the same form. Therefore for A2 < 0 the holomorphic in s > 1 zeta
function
) 00 ts—let)\2
Go(5:0%) = /0 e d

continues as a meromorphic function to C with no pole at zero and ¢5(0, A\?) — ¢5(0,0)
as A2 — 0— by the usual argument.

We are now in position to define the regularized determinant det¢(A, A) We start
from C(s; A, A) = (1(5;0) + ¢a(s;0), where (;(s;0) is defined by

oo ps—1 00 .
(1(5:0) = /0 %emdt:s /0 (i) (e A, A2udp. (2.37)

From this expression and (2.33)) one can easily see that (;(s;0) is a holomorphic function
in s < 0, and we already know that (3(s;0)is a meromorphic function of s € C with
no pole at 0.

The asymptotic behaviour of {(s;0) near s = 0 is given by the following proposition.

Proposition 3. Set

74 =Ch(0;0) + (K — 1) lim </°° Xd 1)
4

5504 wln g 5
=2 [ (€ A A) = (K = 1)n i) ) dac+ (K = 103+ n2).
When s — 0— we have
C(s; A A) = ((0:0) + s(K — 1) In(—s) + sZ) + o(.s).

This proposition gives way to the following definition of the regularized relative
determinant of A in case K > 1.

Definition 4. )
dete (A, A) :=e %

Proof. Since (2(s;0) is a meromorphic function of s with no pole at zero, as s — 0— we
have

(538, A) = (1(530) + C2(0;0) + s¢5(0;0) + O(s?).

It remains to study the behaviour of

Gu(s30) =5 [ (=) )€ s A, A
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as s — 0—. We represent the last integral as a sum of two integrals. Due to (2.36)) the
first integral

8/000(—#2)‘5‘1x(u)(£(u;A,ﬁ) + (K — 1)(Inp®) ") 2udp

converges uniformly in s < 0 and thus gives the contribution
—s /Ooo 20~ X (1) (€ A, A) + (K = 1)(Inp®) ™) da
into the expansion of ((s; A, A) For the second integral we have
s(1 - K) /Ooo(—uz)‘s‘lx(u)(ln p2) " 2 dp =

s(1 - K) <—1H(—S)+’y+ln2— lim (/;OM +1n1n%> +0(1)> :

5—0+ wlinp
see [14] p.13]. O

The proof of the gluing formula will also require that we understand the limit when
A goes to 0. At this stage we have

Clss A = A2 A = 22) = (i (s5 %) + Galss A2),

where only properties of the zeta function

0 s—let)\2 o8] o
Gl = [T EESatar=s [T02 - e A Bz (239)

remain unknown. Notice that the last integrand is compactly supported and therefore
the integral converges uniformly near s = 0 for fixed A2 < 0 due to (Z36). We get

G0 = [0 = ) I Gu)€ls A, A2 (2:39)

Proposition 4. As \> — 0— we have

CO;A =22 A =22 =1 (In 1_K+(K—1) lim /OOX(”)d”Jrlnln1
’ ’ A =0+ \Js plnp )

“2 [0 (608 8, 8) (K = 1) 2)) dp+ G0:0) + o).
0

Proof. We only need to study the behaviour of ¢’(0; A\?) in (Z39) as A2 — 0—. Thanks
to (236)) the integral

708 = ) (00 8,8 - = 1)) 2p

converges uniformly in A? < 0 and thus tends to
—/0 20 x (1) (é(u;A,ﬁ) + (K — 1)(1nu2)‘1> dp
as A> — 0—. It remains to note that

00 3 _ ) . & dp 1
2 -1 Inu2)"19 :111_1 / x(w) Inln = 1):
/0 (A" =) " x(@) (0 7)™ 2pdpp = Inln 5 — lim T TR +o(1);

as A2 — 0—; see [14, p. 12 and appendix]. O
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Note that by definition of det¢(A, A) = e~ % we have

1-K
CO;A=XA-X)=In (m%) —(=Z)— (K = 1)(y +In2)) +o(1), A* —0—,

see Prop. @l

Proof of Theorem []] in the general case. From Propositions M and Bl we immediately get
A . .
<ln X) dete (A — A5 A = N%) = 07RO getz (AL A), A2 0—.  (2.40)

We pass in ([ZI3) to the limit as A> — 0—. Taking into account (234 and 2.40) we

obtain i i
det¢ (A, A) dete AP _ (Re”““)K_l det; N(0)
dete AD det? N(0)

This proves Theorem [l where N = N(0) and the constant

n2\K-1 A PN
C = (Re™2) 77 /(dete AP det? N(0))
is moduli independent. O

Remark 1. The proof of the gluing formula holds verbatim for a more general class
of metrics under the following two assumptions. First, the structure at infinity should
be given by a finite union of conical/Euclidean ends. Second, we have to assume that
nothing bad happens with the Laplace operator AP of the compact part. In particular, it
should have a well-defined zeta-function that extends to the complex plane with no pole
at 0. This works for instance if the metric is smooth in the compact part or, if it is flat
with conical singularities and the Friedrichs extension is chosen.

2.5 Closing the Euclidean (conical) ends with the help of gluing for-
mulas

Let R be a sufficiently large positive number such that all the critical values of the
meromorphic function f lie in the ball {|z| < R}.

In the holomorphic local parameter n; = y~ Y% in a vicinity U; (ly;| > R) of the
j-th conical end of the angle 27k; (k; > 1) of the Riemannian manifold (X, |df|?) (i. e.
a pole of f of order k;) the metric m = |df|? takes the form

|dn; 2
m=k?_"91
J |77j|2k)j+2

Let x; be a smooth function on C such that x;(n) = x;(|n]), [x;(n)] <1, x;(n) =0

if [n| > (R+1)"Yk, x;(n) = 1if || < (R+2)~"/*. Introduce the metric t on X such
that

. Jm for |z| <R
[+ (In; P92 = 1)x(ny)lm in Uj.

Since the (Friedrichs extension of) the Laplace operator A™ has discrete spectrum
and the corresponding operator (-function is regular at s = 0 (see e. g. [20]and references
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therein), one can define the determinant det*A™ via usual Ray-Singer zeta regulariza-
tion. Moreover, for this determinant the usual BFK gluing formula ([4], Theorem B*)
holds (under the condition that the contour cutting the surface X does not pass through
the conical singularities of the metric m). Applying this standard BFK gluing formula,
we get

In detZAﬁ‘ =InCp + Indet, AP +1n det;N + In detA™ (2.41)

ext

where A, is the operator of the Dirichlet problem for A™ in the union U;U;. Using
conformal invariance we see that N is the same as in Theorem 1 and Cj is a moduli
independent constant (Cp = SrealXm)

ependent constan 0 = Tength(®)
Now equation (Z41]) and Theorem 1 imply the following proposition.

Proposition 1. The relative zeta reqularized determinant detC(A,A) and the zeta-
reqularized determinant detZAﬁfl has the same variations with respect to moduli i. e.
one has

0., Indetc(A, A) = 0, Indet;A™ (2.42)

fork=1,..., M.

Thus, the relative determinant of the Laplacian on a noncompact surface (X, m)
with conical points and conical/Euclidean ends can be studied via consideration of the
zeta-regularized determinant of Laplacian on a compact surface (X, m) with conical
points. The latter surface is flat everywhere except the conical singularities (whose
positions vary when one changes the moduli z1,...,2)) and smooth ends of nonzero
curvature which remain unchanged.

In the next two sections we study some spectral properties of compact surfaces with
conical points. The final goal is to derive the variational formulas for In detZAﬁ‘.

3 S-matrix

In this section we introduce the so-called S-matrix and relate its behavior at A = 0
with the Schiffer projective connection. The definition of the S-matrix originates in the
general theory of boundary triplets (see [I3] sect. 13) and, more specifically, the general
theory of self-adjoint extensions of elliptic operators in singular settings (see [33]). Here
we will follow closely [15]. However, we should point out that some normalization
constants in the latter reference are erroneous and that the normalization we use here
is slightly different.
It is convenient to introduce the S-matric in the following general setting.

3.1 General Setting and normalizations

Let (X,m) be a compact singular 2d Riemannian manifold (possibly with boundary).
Let P be an interior point of X such that in a neighborhood V of it X is isometric to a
neighborhood of the tip of the Euclidean cone of angle 2¢7.

We set X := X\{P} and X, := X\ B(p,e). We also denote by =, the circle of radius
r centered at P.

We will occasionnally use several different ways of parametrizing V.

e Polar coordinates (r,0) € (0, rmax) X R/207Z,
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e Local complex coordinate z. The 1-form dz is well-defined on V\{P} and extends
to V' as a holomorphic one form a with a zero of order £ — 1 at P. Note that it
may not have a global holomorphic extension to X.

e Distinguished complex parameter y such that o = ¢y*~'dy near P.

We now want to consider the Laplace operator that is associated with m. We as-
sume that the set of singularities of m consists of a finite number of conical points (in
particular, it may consist of a single point P). Let A be the Friedrichs extension of the
Laplace operator on X with domain consisting of smooth functions that vanish near the
singularities.

Remark 2. Actually the choice of extension (that is the prescription of a certain asymp-
totics at singular points to functions from the domain of the self-adjoint extension)
should be made at each singularity (see [15]). Here we really care only about the choice
of extension at P, where we are choosing the Friedrichs extension (all the functions from
the domain of this extension are bounded near P). At other singularities one can chose
any other extension, not necessarily the Friedrichs one.

By definition we set H?(X) to be the domain of A and by H'(X) to be its form
domain. We denote by Ag the restriction of A to functions in H?(X) that vanish near
p and by A its formal adjoint. By choice, the self-adjoint extension A corresponds to
the Friedrichs extension of Ag. We will also denote by Hg (X) := dom Ag. Near P, we
have

—1
Aj = —40.0: = —4 (Py0) 9,0

Introduce a cut-off function p such that p has support in r < rya and equals 1 near
r = 0. Define the functions F°, F¢ and F via

FO2) = coln(22)p(2) = coln(r?)p(2),

k
Fl(z) = ez "p(z), v= 7 0<k</t
EMz) = c,27"p(2), 1/:%, 0<k<{,
where ) )
C=——=, € =—— (3.1)

wir U ouir

Remark 3. The indices a and h correspond to “antiholomorphic” and “holomorphic”
behavior of the corresponding functions F at 0. In all the formulas below the index v
runs through the set {k/l}y=1 . 4—1, where 2wl is the conical angle at P.

Separating variables near P, it can be shown that any function in dom(Af) admits
the following expression (cf. [20], [30])

u = coA°(u) + coA® ™ (u) FO(2)

+ o AP (w) 27V 4 e AYT (u)zT
EV: (u) (u) (3.2)

+ ZC,,AI}/L(U)ZV + e, AL(w)Z7" + uyg,
14
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where the A are linear functionals on dom(A}) that vanish on HZ and wug is in H.
Moreover, one has

Ag(u) = A(@).
For u,v € dom(A*) we define
G(u,v) := (A%u,v) — (u, A*v).

The Green formula implies

G(u,v) = lim g/ 0,uv dz 4+ udzv dz, (3.3)
Ve

e—0 1

2c2 dz
where the circle v, is positively oriented. Since ¢y and ¢, satisfy %% / — =1 and
i z
Ve

2vc? dz
— =1, the asymptotics [B.2]) and (B1]) imply that
z

voJye

S(u,v) = A% (w)A%(v) — A%(u) A= (v)
+ ZAfj"(u)A (v) — A%u) AL (v)

+ ZAh YAL ™ (v) — A%~ (w) AR (v).

The domain of the Friedrichs extension of A is characterized by requiring that all
the coefficients with the superscript “—” vanish; it follows from (B that the linear
functionals A% are continuous over H2 (X) and supported at P. It can be proved that
any linear functional A that is continuous on H?(X) and supported at P can be written
as a linear combination of the linear functionals Ag, A% and A?. Finally, we notice that
one has the following representation for the space Ha(X):

H3(X)={ue H*(X): Al(u) =0, Yo, =a,h ;A%u)=0}.

3.2 Definition of the S-matrix

We follow [15], paying special attention to conjugations and normalizing constants.

In the following the symbols f and b are to be substituted by 0, h or a. When the
superscript is 0 the subscript v is 0, when it is a or h, v = % where j ranges from 1 to
{—1.

We define

FEGA) = (A5 = NEE gh(s ) == (A =0T ),

(3.4)
GL( N =Fl + gh(5)), Sh =7 (95(-; A)) :

Observe that by definition the g-functions belong to H?, which makes the latter defi-
nition consistent when seeing Aﬁ as a linear functional over H?. Since Aﬁ also makes
sense as a linear functional over ker(A* — ), we may also write

A (GACPI
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Remark 4. The functions F, f, g depend on the initial choice of p but the linear
functionals A and the functions G are cut-off independent.

The S-matrix is defined by blocks :

00 Oh Oa
S SOI/ SOI/

S = Sﬁé) Sﬁ%‘ She | . (3.5)
Se0 Seh gaa

Remark 5. If there are several conical points on the surface, then there are several ways
to define the S-matrixz depending on how many points we want to take into account. The
S-matriz defined in [15] takes into account all the conical points whereas the one defined
here deals only with the conical point P (even if there are other conical points on the
surface). Thus the S-matriz that is constructed here is only a part of the one from [15].

Applying Green’s formula, we get
M) = §(u.FH) = [ (&= N+ F —u- fi(5 s

(3.6)
:/(A—)\)u-FﬁJru-(A—)\)gﬁ(-;)\)dS:/(A—)\)u-G,ﬁ,dS

for any test function u € H2(X) (here dS is the area element on X). We have used
here that FOah = FOMe ¢ dom(AZ), u and ¢ are in H2(X), and that A is real (ie.
commutes with complex conjugation) and self-adjoint.

Applying (8.6 to the g-functions gives the following alternative expressions for the
S-matrix entries (we omit the dependence on \):

st = /Gg (A—N) g dS = — /Gﬁfﬁ ds. (3.7)

Remark 6. The S-matriz allows the description of the elements of ker(A§ — A) in the
following way. For any element u € dom(A}), denote by LT the column of its coefficients
A?,’i that describe the singular behaviour of u near P. We have

(AL~ Nu=0e LT = S\)L.

This gives a (pure) formal analogy with a typical scattering situation. In our setting,
any solution to the equation (Af — N)u = 0 plays the role of scattered field, L* is the
“incoming” and “outgoing” parts and the S-matriz is the “scattering” matriz.

4 Basic properties of the S-matrix

4.0.1 Analyticity and complex conjugation

From the analyticity of the resolvent we see that the S-matrix depends analytically on
A. Besides, the expression

80 = / G (< N 2 A) dS
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and the fact that

PPN = SAGN), GER(5A) = GRe (5 ),
lead to the following identities :

SEE(N) = S%(X), Seh(\) = Sha(N). (4.1)

4.0.2 Behavior for A\ going to —oco

For r > 0 consider the equation

1 v?
—u"(r) — ;u'(r) + ﬁu(r) = Au(r).

Since v # 0, any solution to this equation has the following asymptotic behaviour near
Zero :
u(r) = a_r™" 4+ ayr” +o(r").

and the vector space of solutions that belongs to L?(rdr) is one-dimensional. We set
k,(r;\) to be the unique solution to this equation which is in L?(rdr) and that is
normalized in such a way that

E'(r,0) — k,(r; \) exp(—ivh) = O(r"),
EZ(r,0) — k,(r; \) exp(ivf) = O(r")
(i.e. we adjust the coefficient of 7~ in k% so that it coincides with the coefficient of F,E)
By inserting a cut-off p, we define
KJ(r,0:X) == k(15 A) exp(—ivf) p(r),
K2 (r,0; \) := ky,(r; \) exp(iv) p(r)

as functions on X. We compute R,ﬁ,( A = (A=) KB, where f§ = a, h.
Lemma 1. For § = a,h we have
GL(-30) = K= [A=NT" R},

Proof. By construction it is straightforward that both sides of the equation are in
ker(A§— ) and by choice of normalization, both share the same singular behaviour. O

We define by &, () the coefficient of r” in the asymptotic expansion of k,( - ; \).

Corollary 1. As R\ goes to —oo we have

SN = O(A™®),  5%(A) = O(]A>),

SM(A) = diag(r, (V) + O(IA[7),

§"(\) = diag(r,(A)) + O(IA7>).
Proof. The asymptotic expansion of Bessel functions implies that | R’ |2 = O(|A|~%).
Therefore A, ([A — ! R,b/) = O(|]A|7®°). Thus all entries of the S-matrix are given
by Aﬁ(Kﬁ) up to O(|A|7°°). The first term is seen to be 0 except for the diagonal terms
in S or S for which it is s, (). O

Remark 7. A different proof is given in [15] using the heat kernel.
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4.0.3 Differentiation with respect to A

We denote by a dot the differentiation with respect to A. Differentiating the defining
equation for g,ﬁ,, we find that
a=(Aa-N""a

Thus, we get
88, = A% (31) = / GLG, ds. (4.2)
From this relation we deduce the following proposition.

Proposition 5. For any A\, S%(\) and S"™(\) are symmetric matrices and
tgah(x) = Sha(A). (4.3)

Proof. The expression for Sﬁb,, yields that S% and S are symmetric matrices. Since
both tend to symmetric matrices (actually 0) as A goes to —oo, the first part of the
claim follows. In the same way we obtain

Sar — She = 0.

Since S% and *S" tend to the same diagonal matrix as A goes to —oo, the second part
of the claim also follows. O

Combining the identities (1]) and ([3) we conclude that S is hermitian for \ real;
actually it is an analytic family of hermitian matrices, meaning that S (\) = (S“h()\)) "

4.0.4 Behavior for )\ going to 0

The matrix S(\) is well defined a priori only for A in the resolvent set of A. However
it is always possible to define the function fB( -3 A = 0). Whenever § # 0 the latter

function is in the range of A. We can thus find solutions gﬁ(-; 0) to the equation

Ag; = _f:('v 0)

The latter solutions are defined only up to the addition of a constant. It follows that the
definition of Sﬂb,, (0) makes sense for f # 0, b # 0 and the following Proposition holds.

Proposition 2. For ff # 0 and b # 0 the matriz-valued function X — S ()\) extends
holomorphically to a neighbourhood of 0. Moreover Sﬁb(O) depends only on the conformal
class of m.

Proof. For X close to 0 we have
1
gB - X/ fu('? )‘) ds + gzﬁj’L('v )‘)7
X

where [ X g,ﬁ,’l =0. Since A — [ X fB()\; 0) = 0 is holomorphic and vanish at 0, we obtain
that A — G} can be holomorphically continued to a neighbourhood of 0. The first
statement follows. The second statement follows by remarking that G}, is a function in
dom(Ay) such that AE‘)G?, = 0 and the singular behaviour near P is prescribed. Both
conditions are conformally invariant so that if we change the metric in its conformal
class, we may only change G by adding a constant. This will not affect the coefficients
in the S-matrix we are considering here. O
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4.1 S(0) and the Schiffer projective connection

Chose a marking for the Riemann surface X, i. e. the canonical basis a1, b1,...,a4,by
of Hi(X,Z). Let {v1,...,v,} be the basis of holomorphic differentials on X normalized

via
/ v = 52']' .
a;

Then the matrix of b-periods of the marked Riemann surface X is defined via

B=||/vj||.
b;

Let W (-, -) be the canonical meromorphic bidifferential on X x X, with properties
W(P,Q)=W(Q,P),
/ W(-,P)=0,

/b_ W(.,P) = 2riv;(P).

The bidifferential W has the only double pole along the diagonal P = (). In any
holomorphic local parameter z(P) one has the asymptotics

and

1
(z(P) —2(Q))?

W(a(P),2(Q)) = ( T H(sc(P),x(@))) de(P)dx(Q),  (4.4)

H(z(P),2(Q)) = éS(:U(P)) +0(x(P) - 2(Q)),

as @@ — P, where Sp(+) is the Bergman projective connection.
Consider the Schiffer bidifferential

S(P,Q) =W(P,Q) — > _(SB);'vi(P)v;(Q).
i,J

The Schiffer projective connection, Sg.p, is defined via the asymptotic expansion

( 1
(z(P) — z(Q))

One has the equality

S(2(P), 2(Q)) = 3 + §Ssana(P) + O(a(P) ~ o(Q) ) ds(Pie(Q)

Ssen(z) = Sp(z) — 67 > _(SB);;'vi(2)v; () . (4.5)

In contrast to the canonical meromorphic differential and the Bergman projective
connection, the Schiffer bidifferential and the Schiffer projective connection are indepen-
dent of the marking of the Riemann surface X.

Introduce also the so-called Bergman kernel (which is in fact the Bergman reproduc-
ing kernel for holomorphic differentials on X) as
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Proposition 6. Let X be a Riemann surface and let m be a conformal metric on X,
suppose that m has a conical singularity of angle 2¢w at p. Let also x be the distinguished
local parameter for m near p. Then there is the following relation between the entries
of the holomorphic-holomorphic part, S"(0), of the S-matriz :

£—1 -
VD g 0= g <i>é s50(0

L 600 —2)! \dw (46)

z=0

Remark 8. The same would hold true for a conical singularity of angle 8 with 2m(¢ —
1) < B < 2nl.

Remark 9. Observe that using the indices p,v = % the left-hand-side of (A6l can be

written as
ST VS,

pt+r=1

Proof. Introduce the following one forms €2 and ¥ on X:

1 AN TW( ,z omi s
w-—r () o )x_ﬁmg(m)aé{dvff O} )

o () E

where 1
oD 0) = d N\ vp(a)
B ' dx dx

All the periods of the differentials €2, and Y, are pure imaginary, therefore, one can
correctly define the function f; on X via

fk<Q>=%{/§ﬂk}—m{/szk}

where Py is an arbitrary base point not coinciding with P. Clearly, f; is harmonic in
X\ {P} and

_ ) ,Z (SB {%vﬁk 1)(0)}%('),

z=0 '

1 © . .
fr(x) = 7t const + Z(cjx] +d;z’) (4.7)
j=1
in a vicinity of P. One gets

_ l—1 qk—1
= l'(k_l)'a:c 8y H(Z’,y)

and
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This implies that

-1 -2
k(= k) chn 1 1 02—k ok
7 5i(0) _E§:mw—2—kﬂ@ 3ﬂﬂ%yﬁzFo
k=1 k=0
m d\ 7' -t Ya(@)vs(@)
B .
=) <daz> C%;( Jab (@2 lamo
Since
1 - 1 n n
§5B(@) = H(w,z) = Ezjo 2+ ) Hzy)| o,
we have
1 (n) _ " n! D an—p
6SB (O) _;p!(n_p)!axay H(0,0),
which implies the proposition. U

Remark 10. From (4.7) with k = 1 it follows that for conical angles 2w < < 4w we

have
<5hh(0) s’w(o>> B (—%Ssch(O) B(0,0) )
Sah(o) Saa(o) B B(070) - %SSch(O) ’

where the Schiffer projective connection and the Bergman kernel are calculated in the
distinguished local parameter at P.

5 Variational formulas with respect to moduli

In this section we derive the variational formulas for In detA™. This derivation goes as
follows. First, using Kato-Rellich theory (see [18]), we prove variational formulas for the
individual eigenvalues of the operator A™. Using these formulas and the contour integral
representation of the zeta-function of A™, we express the variations of the value ¢ ’Aﬁ] (0)
with respect to the critical value zp through a combination of the matrix elements of
the S-matrix at the conical point Py (the zero of the meromorphic differential df) of
the metric m. The latter combination is the one appearing in Proposition [l and can be
expressed through the Schiffer projective connection.

5.1 Variational formula for eigenvalues of A™

Remark 11. In this section we will use w for the moduli parameter and on the surface
we will use the complex parameter z and (x,y) for the associated local cartesian coordi-
nates (so that z = x +iy). We warn the reader that in the rest of the paper we use z;
as the moduli parameters and x as a local complex parameter on X.

5.1.1 Moving conical points

Let m be a metric as constructed in section Let P be one of its conical points. We
wish to define a metric m,, corresponding to the shift of P by w € C. The following
makes this construction precise.
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Let C be the complex plane with pointed origin. We set X, to be the ¢-fold covering
of C with one ramification point at w so that X,, can be identified with the Euclidean
cone of total angle 2¢7.

Fix a cutoff function p and define a map ¢,, from C to itself by

Pu(2) =z + p(lz))w.

For w small enough, this defines a family of smooth selfdiffeomorphisms of C. The cone
X, can be obtained by gluing together ¢ copies of the plane after cutting along a fixed
half-line d that emanates from the origin. The cone X,, can then be obtained by gluing
¢ copies of C after cutting it along ¢, (d).

The function ¢,, thus defines a family of smooth diffeomorphisms from X, onto X,
Let the metric g,, on Xy be the pull-back of the Euclidean metric on X by ¢w.

We write w = a + ib and use the local cartesian coordinates x + iy = z near P. For
the metric g, = A(x, y; w)dz? +2B(z, y; w)dzdy + C(z, y; w)dy? we obtain the following
expressions :

4By _ (L) ()
< B C > ='DéyDdy, Doy = < bTxpll(;) - bTylpll(r) > (5.1)

It follows by direct verification that the coefficients of g,, are polynomials in a, b. Observe
that g,, coincide with gy outside a ball centered at P so that g,, can be smoothly extended
by any Riemannian metric that coincides with the Euclidean one in an annulus centered
at p. This allows us to define a metric m,, on our given setting X = X that corresponds
to some X, that is obtained by fixing the exterior of a small ball centered at P € X
and, in an even smaller ball, by shifting the conical point by w.

We denote by J, the jacobian determinant of the metric m, on X, by ¢, the
Dirichlet energy quadratic form associated with m,,, and by n,, the Riemannian L?(X)
scalar product on (X, m,,).

We thus have the following expressions (for a real u that is supported near P)

_1
qu(u) = / [C(0pu)? — 2BOudyv + A(Oyu)?] Jou  dady,
roo (5.2)
Ny (u) = /uzJBd:Edy.

Observe that ¢, (u) and n,(u) do not depend on w for u supported away of P.
In order to apply spectral perturbation theory, we will need the first order variations
of qu(u) and ny,(u). We prove the relevant lemma below.

Lemma 2. For any A € C and any u € H'(X) we have

/ =/
[~ O + ADuyn] g (1) = 2 / (0.2 2P ") oy + / 2220 o
- 2% , (5.3)

— /
—0zq + Aogn], _o(u) = 2 dsu)? 2 (r) drdy + A u? M dxdy.
w=0
Xo T 2 Xo T

Proof. Denote by



so that we have )
quw(u) = / NuGVu - Jy 2 dxdy.
Xo

Differentiating at w = 0, we obtain
1
Owuw(u) = / 'Y - <8wG - —8wJ]I> - VudS.
Xo 2

A straightforward computation yields

(-
(

1
0.G — §8aJ]I =

< 8
KR,
s |
S
N———

X
RS
[
X
ﬂ|§ﬂ|§
N———

1 Y
G — §8bJ]I =

From this we find

The other terms proceed in the same way. O

5.1.2 Variational formulas for eigenvalues of m

In this section, we compute variational formulas for the eigenvalues of m,,. In order to
do so we use the Kato-Rellich analytic perturbation theory [I8]. It should be noticed
that the family of metrics g,, is smooth in w but not analytic, see (5.1]). We thus fix w
and introduce q; = qu, and n; = ny,, which are analytic in t. In this way we may only
consider directional derivatives.

The eigenvalue equation that gives the spectrum of ¢; relatively to n; is

qt(ug, v) = Mg (ug, v). (5.4)

This problem is analytic in ¢ so that the eigenvalues are organized into real-analytic
branches, see [I8, Chapter VIL.6.5] for details.
The first-order variation for the eigenbranch (A, u;) is given by the following Feynman-

Hellmann formula D d J
_aq, N \an
pril (u) A (u) (5.5)

which is obtained by differentiating eq. (5.4]) with v fixed and then evaluating at v = w;.
Proposition 3. Let r be small enough, then for A € spec(A™) we have

O = g / (D.u)dz — %uzdz

e \ (5.6)
Oz = __,/ (Ozu)?dz — Zuzdz.
Yr

7
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Let (A, uz) be an eigenbranch of q; relatively to ny, then N = A is given by

dt|t 0
N = wOy\ + WOz,

where in the expression of Oy and O, u = ug is the eigenvector of the eigenbranch
(/\t,ut) att=0.

Remark 12. We remind the reader of one subtlety of perturbation theory (see [18], [29]).
In case of a multiple eigenvalue \g, for any family q; there are several eigenbranches
emanating from Ao, and the initial corresponding eigenvectors may actually depend of
the chosen family. In particular the expressions Ou,A and O\ also depend on the initial
w that defines q; := quy- In other terms, for any direction w it is possible to organize the
spectrum into eigenvalues branches but it may not be possible to organize the eigenvalues
as functions that are differentiable with respect to w varying in the ball.

Proof. We start with the one form
2 A g
wy = p(z) - ((azu) dz — Vi dE) .

Since (A, u) is an eigenpair of the Laplace operator we compute

/ )\ =/
dw, = — [Q(GZU)Q—F— L

2 —
o 1 2ru}dz/\dz.

We now use Stokes formula to obtain

/wu:—/dwu

r X
_ [ [ g 2P -
_/X[%(azu) + 5w | dendz

1 zp' 2, A Zp ,
—5/)([7(8,220 +tou (—2idzdy).

On the other hand, in (5.5]) we use the formulas provided by Lemma [2] to obtain :

/ = A/
O\ = — 2/ (0,u)? M dxdy — i/ u2 2P (r) dxdy. (5.7)
Xo T 2 Xo T

Comparing the two yields the first formula in (5.6]). The second one follows either from
the same computation or by complex conjugation. O

Since wy, is closed in B(p, 7o) \ {p} we may let tend r to 0 in the preceding formulas.
We thus obtained a formula for 0,A that is expressed only through the asymptotic
expansion of u near p.

Recall that by definition of the linear functionals AE, we have in the local coordinate
z the following expansion near p

u(z) == coA%(u —i—Zc,,Ah u)z” + ¢, A(u)z” + wo.

with ug € HE. By letting r go to zero we obtain the following lemma.
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Lemma 3. Let A = [a,,] be the matriz defined by

auy = 4mpc, -ve, if p+v=1,
ayy =0 otherwise.

We have the alternative expressions
Z Ah a“,,Ah (u), Og\= Aﬁ(u)aWAZ(u). (5.8)
ptrv=1 pt+r=1

Proof. We prove the formula for 9, A, the proof is the same for dzA. First observe that
since u is bounded we have

lim u?dz = 0.
r—0
Yr

Now, if ug is smooth and compactly supported away of p, using Stokes’ formula, we have
that for any v € H?

/ 0,v0,updz = 1 Avdug + 0,vAugdz A dz.
Tr 4 B

By continuity, this equality persists for ug € HZ. It follows that for any u € H? and any
ug € HZ we have

lim O, u0,updz = 0.

r—0 "

It follows that

r—0

OwA = lim/ (8. (u — ug))? dz.
Yr
By definition we have

u—ug = coA%(u) + Z ey N () 2" + e, A% (u)Z"

so that the claim follows by a direct computation. O
Using the definition of A" and the fact that u is an eigenfunction, we obtain
Corollary 2. For any A € C\[0,00) the series Yy cqpec(am) OwAn(An—A)"2 is absolutely
convergent and
o\ a8
e =Tr [ A——(N\) | .
Z (A= )2 r( 6)\()>
An Espec(Am)

Proof. To prove the absolute convergence it suffices to show that for any v we have

>

AnEspec(A™)

2
< 0.

Aﬁ(un)
A — A

Since

Al () = / (A~ NunGl = (A — A)(Gu),
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the claim follows by remarking that the eigenfunctions u, form an orthonormal basis.
By Plancherel formula, we then obtain

Z (/\ _/\ Zauy/th NGh (x5 N\)dS.

AnEspec(A™)
We now remark that using (4.2))

a}\Shh

hi(,.. hi(..
| Gt NG wds = 2

and A is a symmetric matrix. O

Remark 13. For Z)\nespec(Aﬁ]) (A — X) ™2 we also have a similar formula involving

Sae,

5.2 Variational formula for ¢'(0; A™)
We prove the following proposition.

Proposition 4. Let my, be the family of metrics defined above, S™ be the holomorphic-
holomorphic part of the corresponding S-matrix and A be the matriz defined in Lemma
[3. We have

OuC'(05 A™) = Tx (48™(0) = > VEVISEL(0). (5.9)

pt+r=1

Proof. We start from the following integral representation of the zeta-function of the
operator A™ — X through the trace of the second power of the resolvent:

SC(s+ 1AM — )) = = /F (== ATk (A% — 2)72) d2, (5.10)

where T") is a contour connecting —oo + ie with —oo — ie and following the cut (—oo, A)
at the (sufficiently small) distance € > 0. Using Corollary 2] differentiation under the
integral sign is legitimate and we obtain
- 1 —20pA
o) LA™ —)\) = — —A)7° T de. 5.11
$0u((s + 1, ) 5 -/FA(Z ) Z Op — 2)3 z (5.11)

™ -
AnEspec(Am)

Using again Corollary 2 it is legitimate to make an integration by parts under the
integral sign to get

. -5 O
» LA™ —)\) = — — At T d. 12
An Espec(AM
We can now divide by s, use Corollary [2] once again, and replace s+ 1 by s to finally

obtain .
OuC(s,A™ —)\) = — [ (z—=A)"*Tr (A@ZShh(z)> dz. (5.13)

21 Ty

Using the behaviour of S™ at infinity we can make an integration by parts again

and obtain

Dul(s, A —3) = — A (z— ATy <AShh(z)) dz. (5.14)
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Differentiating with respect to s and setting s = 0 gives

/ m_ gy _ 1 -1 hh
0uC(0,8™ = 3) = — FA(z AT (As (z)) dz.
The claim follows by applying Cauchy’s theorem. O

Now, using Proposition [}, the preceding Proposition and Proposition [6]l we arrive at
the following corollary.

Corollary 3. Let Py, be a zero of the meromorphic differential df of multiplicity £, and
1

let zy, = f(Py,) be the corresponding critical value of f. Let also xp, = (z — zpy) TmT1 be
the distinguished local parameter in a vicinity of P,,. Then

. 1 d !
0, Indet (A, A) = 6 T D=1 <dxm> Ssen(Tm) o’ (5.15)

6 Integration of the equations for In Det and explicit ex-
pressions for the 7-function

Let, as before, B be the matrix of b-periods of the Torelli marked Riemann surface X
and let {vq }a=1,...,g be the basis of the normalized holomorphic differentials on X. Using
the Rauch formulas (see, e. g., [23], [24], [21]),

Va3
0z, Bap = jé i

one immediately gets the relation

1 L[ SarSBavans
o | SB = —Tr . B)(SB == ’ 4
0., Indet % [(8 «B)(SB) ] 2 }ém df (6.1

where the contour integrals are taken over a small contour on X encircling the point P,
(in the positive direction).

Now, using the relation (4.5)), the equations (6.1]) and (5.15]) together with elementary
properties of the Schwarzian derivative (see, e. g. [37]), we arrive at the following version
of Corollary Bl rewritten in the invariant form.

Theorem 5. Let P, be a zero of the meromorphic differential df of multiplicity £, and

1
let zy, = f(Py,) be the corresponding critical value of f. Let also xy, = (2 — 2, ) TmT1 be
the distinguished local parameter in a vicinity of P,,. Then

detc(A, A) 1 Sp — Sy
9 _ 6.2
o T et OB 12ri }'{m a (6.2)
. o . _ P =RU)? '
where Sp is the Bergman projective connection and Sy = s the Schwarzian

derivative.

Remark 14. Notice that the difference Sp—Sy is a quadratic differential and, therefore,
the integrand in (6.2) is a meromorphic one form.
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It should be noted that the right hand side of (6.2]) depends holomorphically on
moduli z1,..., 2y and, therefore, one has

dets (A, A
Oopen I dce(tSIBS =0,
This implies the relation
det: (A, A) = C detSB 7|2, (6.3)
where 7 is a holomorphic function of moduli z1,..., 2y (actually, 7 is a holomorphic

section of some holomorphic line bundle over the Hurwitz space, see [26] for further
information; here we restrict ourselves to local considerations: the reader may assume
for simplicity that all happens in a small vicinity of the covering f : X — CP! in the
Hurwitz space H(M, N)) subject to the system of PDE

1 Sp— Sy
0., InT=— 19ms 7{7” 7 (6.4)

and C is a moduli independent constant.

System of PDE (6.4]) first appeared in the context of the theory of isomonodromic
deformations and Frobenius manifolds in [21I] and [23], where, in particular, it was
explicitly integrated. We remind these results in the next subsection.

6.1 Explicit expressions for 7

In this section we recall explicit formulas for the holomorphic solution, 7, of the system
(64]) derived in [23], [21] (see also [25] and [24] for alternative and more straightforward
proofs). The result should be formulated separately for low genera g = 0,1 and for
higher genus g > 1. We start with the higher genus situation.

Let ¢ > 1. Take a nonsingular odd theta characteristic 6 and consider the corre-
sponding theta function [6](t; B), where t = (t1,...,t,) € CY9. Put

g

06[6

w5 = Z (%[Z] (0;B) w; .
i=1

All zeroes of the holomorphic 1-differential ws have even multiplicities, and /ws is a
well-defined holomorphic spinor on X. Following Fay [9], consider the prime form

0[6] ([Yv1,..., [P vy B)
Vws(@)/ws(y)
To make the integrals uniquely defined, we fix 2g simple closed loops in the homology

classes a;, b; that cut X into a connected domain, and pick the integration paths that
do not intersect the cuts. The sign of the square root is chosen so that

C(y) = ¢(=)
VdC(z)v/dC(y)

as y — x, where ( is a local parameter such that d¢ = ws.

E(‘Tvy) =

(6.5)

(1+0((¢(y) — ¢(2))

E(l’,y) =
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We introduce local coordinates on X that we call distinguished with respect to f.
Consider the divisor (df) = Y . dkpk, pr € X, dy € Z,dy, # 0, of the meromorphic
differential df. We take z = f(x) as a local coordinate on X — J, py and

(f(z) — f(pk))dk“ if dy > 0,

Ty = (66)
f(SC)dk*1 if dj <0,
near pr € X. In terms of these coordinates we have E(z,y) = %, and we
define
Blep) = lim B(a(e), =)y ()
y Pk = e y 2\Y dz Y),
. da;k da;l
) = lim F —— —(y) .
(k> 1) Zén’g’f (2(2), 2(y)) i@ () @ (v)

Let A® be the Abel map with the basepoint x, and let K* = (K7, ... ,K;) be the vector
of Riemann constants

K? ==+ =By Z/ ( / > dy (6.7)

JFi

(as above, we assume that the integration paths do not intersect the cuts on X). Then
we have A*((df)) + 2K* = QZ + Z' for some Z,Z' € Z9 . One has the following
expression for the holomorphic solution to (6.4])(see [23], here we follow the presentation
of this result in [26]):

g 2/3
X. f)= << - 1%({)%) H(t;B)‘t:I@) 1< E(pkvpl)(jildkdl
7'( 7f) - 66*1W\/—7(BZ—|—4K(,Z> W(C)2/3 Hk E(C’pk)?rl(g—l)dk .

(6.8)

Here 0(t;B) = 0[0](¢;B) is the Riemann theta function, ¢t = (¢1,...,t,) € CY, and
W is the Wronskian of the normalized holomorphic differentials v1,...,v4 on X; the
expression in (6.8)) is independent of { € X.

Let g = 1. Then the function 7(X, f) is given (see [2I]) by the equation
. <, hgkj+1)/12
1 lm /12

m=1Jm

T(X, f) = [6.'(0[B)]

; (6.9)

where v(P) is the normalized Abelian differential on the elliptic Torelli marked curve
X; 0(P) = f(@m)dzy, near Py, where z,, = (z — zp,)Y/ém 1) is the distinguished local
parameter near the zero, P, of the differential df; fn, = fm(0); v(P) = h;({;)d(; as
P — o0, (= 21/ where k; is the multiplicity of the pole co; of f, hy = hy(0); 61
is the Jacobi theta-function.

Let g = 0 and let U : X — P! be a biholomorphic map such that U(co;) = oo and
U(P) = (f(P))Y* +o(1) as P — co1. Then (see [25])

k +1)/12
HJ =2 dCJ|<]_ /

M dU
|

Summarizing ([6.3)) and (G.I0GIG.8]), we get the main result of the present paper.

T(X7f) =

e (6.10)

Z‘m:O)
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Theorem 6. Let (X, f) be an element of the Hurwitz space H(M,N) and let 7(X, f)
be given by expressions (GI1QI6-G, [6:8). There is the following explicit expression for the
reqularized relative determinant of the Laplacian A on the Riemann surface X :

dete (A, A) = C detSB ||, (6.11)

where C' is a constant dependent only on the connected component of the space H(M, N)
containing the element (X, f).

6.2 Examples in genus 0

We finish the paper with two simple and especially instructive examples of the calculation
of the determinant of the Laplacian A in genus zero.

Example 1. Let p be a polynomial with N — 1 simple critical points w1, ..., wn_1
and let the corresponding critical values be 21, ..., zy_1 (or, what is the same, a ramified
covering with N — 1 simple branch points and one branch point of multiplicity N over
the point at infinity of the base. In other words p is an element of the Hurwitz space
Ho.n([1]) of meromorphic functions of degree N on the Riemann sphere P! with a
single pole of multiplicity N.

Let also w be the holomorphic coordinate on the cover P! (more precisely, on P!\
{oo}) and z be the holomorphic coordinate on the base P!. One can assume that the
leading coefficient of the polynomial p(w) is equal to one.

Introduce the distinguished local parameter z; = \/z — 2 at P;. Then for z # 0

one has
dw 1 W — W 22
dzxy 2 (w) P (w) — p'(wg) w — wg

Passing to the limit xp — 0, one gets

’ [wl(mk) wk=0} - P”(tvk)

Thus,

L

_T12 N—-1 24 )
} = { 11 p”(wk)} =R, p")2, (6.12)
k=1

N-1
/
T= w
[T v, ,
k=1
where R (f, g) is the resultant of polynomials f and g (since the T-function is defined up
to multiplicative constant, the power of 2 is omitted) and

detc (A7, A) = CIR (0, ") 12 .

Example 2.

Let r is a rational function with three simple poles (which can be assumed to coincide
with 00,0, 1,
c

r(w):aw—a— +d;

w—1
i. e., r is an element of the Hurwitz space Hp 3(1,1, 1) of meromorphic functions on P!
of degree three with three simple poles.
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Introducing the local parameter ¢ = % in vicinities of the poles w = 0 and w =1 of
the cover, one gets for  # 0

’LU/(C) = _r’(w) T2(w)
and, say, for w =1
w'(0) = _5311 ﬁ?j(w) = —c.

Analogously, w'(0) = —b at the pole w = 0. For the local parameter w = w/a (for which
w(P) = 2(P) 4+ o(1) as P tends to the pole w = oo of the cover) one has @' (0) = —b/a
at the pole w = 0 and @'(0) = —c/a at the pole w = 1. On the other hand writing
r'(w) = 5, where f and ¢ are two polynomials and introducing the local parameter

xp = /2 — zi, near the critical point wy of r (k = 1,2,3,4), one gets similarly to (6.12))

W (ax) = a” ' (),

- 1 R(f,9)
¢ Hw ol =11 TRUS)

Calculating the resultants, one gets

™ = @33 M(a, b, ¢)
where
M(a,b,c) = a’ + b3 + ¢ + 3a®b + 3a%c + 3b%a + 3b%c + 3ca + 3¢*b — 21abe

and
detc (A7 A) = Clabe|'* 19 (a, b, )| /12
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