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ON THE GEOMETRY OF NORMAL HOROSPHERICAL
G-VARIETIES OF COMPLEXITY ONE

KEVIN LANGLOIS AND RONAN TERPEREAU

ABsTRACT. Let G be a connected simply-connected reductive algebraic group.
In this article, we consider the normal algebraic varieties equipped with a
horospherical G-action such that the quotient of a G-stable open subset is
a curve. Let X be such a G-variety. Using the combinatorial description of
Timashev, we describe the class group of X by generators and relations and we
give a representative of the canonical class. Moreover, we obtain a smoothness
criterion for X and a criterion to determine whether the singularities of X are

rational or log-terminal respectively.
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INTRODUCTION

The varieties and the algebraic groups that we consider are defined over an
algebraically closed field k& of characteristic zero. Let G be a connected simply-
connected reductive algebraic group and let B C G be a Borel subgroup. The aim
of this article is to describe certain geometric properties of a family of G-varieties:
the normal horospherical G-varieties of complexity one. Among other results, we
obtain explicit criteria to characterize the singularities of these varieties, we describe
their class group by generators and relations, and we give an explicit representative
of their canonical class.

Recall that the complexity of a G-variety X is the transcendence degree of the
field extension k(X)P over k, where k(X)? denotes the field of B-invariant ra-
tional functions on X; see [LV83| [Vin86]. Since all the Borel subgroups of G are
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conjugated, this notion does not depend on the choice of B. Geometrically, the
complexity is the codimension of a general B-orbit. For instance, the G-varieties
of complexity zero contain an open B-orbit. Those which are normal are called
spherical varieties; see [Kno91l [Pez10, [Hur11l, [Tim11], [PerT4] for more information.

The study of the G-varieties of complexity one is the next step (after the spherical
case) towards the classification of normal G-varieties. Many important examples of

G-varieties of complexity one motivate this study:

e The normal T-varieties of complexity one, where T is a torus; see [KKMST3|
[Tim08] for a combinatorial description, [Lanld] for a generalization over
an arbitrary field, [FZ03] for the case of surfaces, and [AHO6, [AHSOS|
[ATPSV12] for higher complexity.

e The homogeneous spaces G/H of complexity one, where H is a connected
reductive closed subgroup, are described in [Pan92, [AC04].

e The embeddings of SLo/K into normal SLo-varieties, where K is a finite
subgroup, are studied in [Pop73|, [LV8&3] §9], [Mos90|, and [Mos92]. More
generally, see [Tim11], §16.5] for a classification of the embeddings of G/ K
where G is a semisimple group of rank 1 and K C G is a finite subgroup.

e An example from classical geometry: Let T C SL3 be the subgroup of
diagonal matrices. The homogeneous space SL3/T can be identified with
the set of ordered triangles on P2. The embeddings of SL3/T are studied
in [War82] and [Tim11l 16.5].

A combinatorial description of normal G-varieties of complexity one is obtained
in [Tim97]. This description is inspired by the Luna-Vust theory of embeddings of
homogeneous spaces G/H into normal varieties; see [LV83].

A G-action is called horospherical if the isotropy group of any point contains a
maximal unipotent subgroup of G. Therefore a homogeneous space G/H is horo-
spherical if and only if H contains a maximal unipotent subgroup; such an H is
called a horospherical subgroup of G. It follows from the Bruhat decomposition of
G that every horospherical G-homogeneous space is spherical, and thus a general
G-orbit of a horospherical G-variety of complexity one has codimension one. We
will recall in Section [T how the set of horospherical subgroups of GG containing the
unipotent radical of B can be described from the set of simple roots of G.

The G-equivariant birational class of a horospherical G-variety X is determined
by the invariant field k(X)“ and by the isotropy subgroup H of a general point.
Indeed, if r denotes the complexity of the G-variety X, then by [Kno90, Satz 2.2]
there exist an r-dimensional variety C' and a G-equivariant birational map

¢p: X --»7Z:=CxG/H,

where G acts on Z = C' x G/H by translation on G/H. The map ¢ induces field
isomorphisms k(X) ~ Frac (k(C) ®x k(G/H)) and k(C) ~ k(X)%. If r = 1, then

we can assume that C' is a smooth projective curve.

This article is structured as follows:
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In the first part, we set up our framework by explaining the combinatorial de-
scription of normal horospherical G-varieties of complexity one (following Tima-
shev). Let us be more precise. In Section [Tl we describe the horospherical G-
homogeneous spaces. In Section we recall the definition of the scheme of geo-
metric localities Schg(Z) whose normal separated G-stable open subsets of finite
type, also called G-models of Z, are the normal G-varieties G-birational to Z.
We also introduce the notion of a chart, which is a B-stable affine open subset of
Schg(Z), and of a germ, which is a (proper) G-stable closed subvariety of Schg (7).
Then we consider the B-stable divisors on G/H, also called colors (of G/H), and
we introduce the set of G-valuations of k(Z). Finally, we define the colored o-
polyhedral divisors in Section and explain how to obtain any G-model of Z
from a finite collection of such polyhedral divisors.

The results of this paper are stated and proved in the second part. In Section
21 we explain how to obtain any simple G-model of Z as the parabolic induction
of an affine L-variety, where L C G is a Levy subgroup. In particular, we obtain
an effective construction of any simple G-model of Z. From this, we deduce several
criteria to characterize the singularities of simple G-models of Z; see Theorem 2.2 for
a criterion for rationality of singularities and Theorems 2.3l and [Z4] for smoothness
criteria. As mentioned at the end of Section[2.1] our smoothness criteria are explicit
thanks to the works of Pasquier and Batyrev—Moreau. In Section we prove
the existence of the decoloration morphism for normal horospherical G-varieties
of complexity one and give an explicit description of this morphism in terms of
germs; see Proposition 27 for a precise statement. The decoloration morphism
was introduced by Brion for spherical varieties in [Bri91l §3.3| and plays a key-role
in our study of normal horospherical G-varieties of complexity one. Until the end
of this introduction, we let X be such a variety. In Section 3] the heart of this
paper, we parametrize the G-stable prime Weil divisors of X and deduce from this
a description of the class group of X by generators and relations; see Theorem
and Corollary 291 Then we obtain a criterion of factoriality for X; see Corollary
Also, we relate the description of stable Cartier divisors obtained by Timashev
in [Tim00] to our description of stable Weil divisors; see Corollary [ZI3l In Section
2.4l we give an explicit representative of the canonical class of X; see Theorem [2.14]
From this, we deduce criteria for X to be Q-Gorenstein or log-terminal respectively;
see Corollary .15 and Theorem 218 Finally, Proposition 2217 provides an explicit
resolution of singularities of X which factors through the decoloration morphism
defined in Section

Acknowledgements. Both authors are grateful to Michel Brion, Ariyan Javan-
peykar, and Boris Pasquier for their reading and comments. The authors express
their gratitude to the Institute of Mathematical Sciences (ICMAT) of Madrid for
the hospitality it provided during the writing of this paper. While working on this
project, the second-named author benefited from the support of the DFG via the
SFB/TR 45 "Periods, Moduli Spaces and Arithmetic of Algebraic Varieties” and
from the support of the GDR "Théorie de Lie Algébrique et Géométrique”.



4 KEVIN LANGLOIS AND RONAN TERPEREAU

Notation. The base field k is algebraically closed of characteristic zero. An integral
separated scheme of finite type over k is called a variety. If X is a variety, then k[X]
denotes the coordinate ring of X and k(X) denotes the field of rational functions
of X. A point of X is always assumed to be closed. We denote by G a connected
simply-connected reductive algebraic group (i.e., a direct product of a torus and
a connected simply-connected semisimple group), by B C G a Borel subgroup, by
U = R, (B) the unipotent radical of B, and by T' C B a maximal (algebraic) torus.
We denote by G,, the multiplicative group over k. A subgroup of G is always a
closed subgroup. If H is such a subgroup, then

Ng(H)={9e G |gHg ' C H}
is the normalizer of H in G. For an algebraic group K, we denote by
x(K) = {algebraic group homomorphisms ¢ : K — G, }

the character group of K. A variety on which K acts (algebraically) is called a K -
variety. An algebra (over k) on which K acts by algebra automorphisms is called a
K-algebra. If X is a K-variety, then k[X] and k(X)) are K-algebras; in particular,
k[X] and k(X) are linear representations of K.

1. PRELIMINARIES

In this first part, we explain the combinatorial description of normal G-varieties
of complexity one as given in [Tim11] §16] and specialized in the horospherical case.
Let C be a smooth projective curve, let G/H be a horospherical G-homogeneous
space, and let Z = C' x G/H; the group G acts on Z by translation on the second
factor. The approach of Timashev consists in giving a classification of all the normal

G-varieties which are G-birational to Z.

1.1. Horospherical homogeneous spaces. In this section we enunciate a com-
binatorial description of the horospherical homogeneous spaces; see [Pas08, §2| for
details.

Let S be the set of simple roots of G with respect to (T, B). There exists a
well-known one-to-one correspondence I — P between the powerset of S and the
set of parabolic subgroups of G containing B; see Theorem 8.4.3]. Let us
assume that the closed subgroup H C G contains the unipotent radical U of B.
Then P = Ng(H) is a parabolic subgroup containing B. Therefore, there exists a
unique subset I C S such that P = P;. The quotient algebraic group K := P/H is
a torus and M = x(K) identifies naturally with a sublattice of x(T).

The next statement ([Pas08, Proposition 2.4|) explains how the pair (M, I) com-
pletely describes the horospherical homogeneous space G/ H.

Proposition 1.1. The map G/H +— (M, I) is a bijection between
o the set of closed subgroups of G containing U; and
o the set of pairs (M, I), where M is a sublattice of x(T') and I is a subset of
S such that for every a € I and every m € M, we have (m,&) =0 (here &

denotes the coroot of o).
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1.2. Models, colors, and valuations. From now on, H is a closed subgroup of
G associated with a pair (M, T) as in Proposition [Tl and P = P; is the parabolic
subgroup Ng(H). Also, we recall that Z = C x G/H.

1.2.1.  We first introduce the scheme of geometric localities as in [Tim11l, §12.2].
All varieties which are birational to Z may be glued together into a scheme over k
that we denote by Sch(Z). More precisely, the schematic points of Sch(Z) are local
rings corresponding to prime ideals of finitely generated subalgebras with quotient
field k(Z) and the spectra of those subalgebras define a base of the Zariski topology
on Sch(Z) (by identifying prime ideals with associated local rings). Furthermore,
the abstract group G acts on the set Sch(Z) via its linear action on k(Z). We
denote by Schg(Z) the maximal normal open subscheme on which the action of G
on Sch(Z) is regular; see [Tim11l Proposition 12.2]. A G-model of Z is a G-stable
dense open subset of Schi(Z) which is separated and Noetherian (or equivalently
separated and of finite type over k).

We now introduce the notions of chart and germ of a G-model X of Z. A chart
(or affine chart or B-chart) of X is an affine dense open subset of X which is
B-stable. A germ (or a G-germ) of X is a non-empty G-stable irreducible closed
subvariety Y C X. By [Sum74, Theorem 1], for every germ Y C X there exists a
chart Xy C X such that XqgNY # (). The G-model X of Z is called simple if it has
a chart intersecting all the germs. By [Tim00, §5, Lemma 2|, every simple G-model

of Z is quasi-projective. Moreover, X is a finite union of simple G-models of Z.

1.2.2.  'We now introduce the notion of color. Let K’ be an algebraic group acting
on a variety X', then a K’-divisor on X' is an irreducible closed subvariety of X’
which is K’-stable and has codimension one. A color of G/H is a B-divisor on

G/H. Let us consider the natural map
m:G/H — G/P.

Then each color (of G/H) is of the form D, = 7= 1(E,), where E, is the Schubert
variety of codimension one corresponding to the root aw € S\ I.

We represent colors as vectors of the lattice N = Homgz(M,Z) as follows: For
the natural action of B on k(G/H), the lattice M = x(P/H) identifies with the
lattice of B-weights of the B-algebra k(G/H). For every (non-zero) B-eigenvector
f € k(G/H) of weight m € M, we put

(m, 0(Da)) = vp, (f),

where vp,_, is the valuation associated with D,,. The value o(D,) does not depend
on the choice of f and coincides with the restriction of the coroot & to the lattice
M; see [Pas08], §2|. Denoting by Fy the set of colors, we obtain a map o : Fg — N.
Let us note that p is not injective in general; for instance, if H = P is a parabolic
subgroup, then N = {0} and thus p is constant.

Let X be a G-model of Z. A B-divisor of X which is not G-stable is called a
color of X. There is a one-to-one correspondence between the set of colors of G/H

and the set of colors of X given as follows: X possesses a G-stable open subset of
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the form C’ x G/H, where C’ C C'is a dense open subset. If D is a color of G/H,
then the closure of C’ x D in X is a color of X and vice-versa. In the following, we

will always denote the colors of X and G/H in the same way.

1.2.3. A G-valuation of k(Z) is a function v : k(Z)* — Q such that:

e v(a+b) > min{u(a),v(b)}, for all a,b € k(Z)* satistying a + b € k(Z)*;
e v is a group homomorphism from (k(Z)*, x) to (Q, +);

the subgroup k* is contained in the kernel of v; and

v(g - a) = v(a) for every g € G and every a € k(Z)*.

By [Tim11l Proposition 19.8|, every G-valuation of k(Z) is proportional to a valu-
ation vp for a G-divisor D on a G-model of Z. Let us denote by Ng = Q ®z N the
Q-vector space associated with N. We follow [Tim11l Definition 16.1] and define
the set & as the disjoint union of sets {z} x &,, where &, = Ng x Q>¢ and z € C,
modulo the equivalence relation ~ defined by

(1) (z,v,0) ~ (2,0, ') ifand only if 2 = 2", v=2", [=1"orv="1", I=1'=0.

Therefore, & is the disjoint union indexed by C' of copies of the upper half-space
Ng x Q> C Ng x Q with boundaries Ng x {0} identified as a common part.

There is a bijection between the set of G-valuations of k(Z) and the set &, which
we now explain. Let Aj; denote the algebra generated by the B-eigenvectors of

k(Z). Since M is a free abelian group, the exact sequence of abelian groups
0— (k(2)B)" = Ay — M —0

splits. Let us fix once and for all a (non-canonical) splitting M — Ay, m — x™.
Then Aj,; admits an M-grading given by

(2) Ay = @ K(C)x™

Let u = [(z,v,1)] € &. We define a valuation w = w,, of Ap; as follows:

w (Z fz'Xmi> = Iznel}l {v(m;) +1-ord,(f:)},

icl
where [ is a finite set, the m; are pairwise distinct elements of M, and each f;
belongs to k(C)*. By [Tim1l, Corollary 19.13, Theorems 20.3, 21.10], for every
u € &, there exists a unique G-valuation of k(Z) such that the restriction to Ay
is w,,. From now on, we will always identify & with the set of G-valuations of k(Z)
and Ng as a part of & via the (well-defined) map v — [(-, v, 0)].

1.3. Colored polyhedral divisors. Let Mg = Q®z M, then the Q-vector spaces
Mg and Ng are dual to each other; we denote the duality by

Mg x Ng — Q, (m,v) — (m,v).

We recall that a strongly convex polyhedral cone in Ng is a cone generated by a

finite number of vectors and which contains no line.
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1.3.1.  We now introduce the notion of colored polyhedral divisor, which is equiv-
alent to the one of colored hypercone introduced in [Timl11l Definition 16.18].

Definition 1.2. (i) Let ¢ C Ng be a strongly convex polyhedral cone. A o-
polyhedron is a subset of Ng obtained as a Minkowski sum @) + o, where ) C Ng
is the convex hull of a non-empty finite subset. Let Cy be a dense open subset of

the curve C, let
D= A.-[4]
z€Co
be a formal sum over the points of Cy, where each A, is a o-polyhedron of Ng and
A, = o for all but a finite number of z € Cy, and let F C Fy be a set of colors of
G/H such that

e 0 does not belong to o(F); and
e o(F)Co.
We call such a pair (D,F) a colored o-polyhedral divisor on Cy. If o and F are

clear from the context, then we write © instead of (D, F) and call © a colored
polyhedral divisor on Cy. We say that © is trivial (on Cp) if A, = o for every
z € Cy. Let

o' ={me Mgy | Yv e o, (m,v) >0}

denote the dual polyhedral cone of 0. To each m € ¢V, we associate a Q-divisor on
Coi

where for every z € Cy we denote by A,(0) the set of vertices of A,.

(ii) To a given © on Cj we associate the following M-graded normal k-algebra

(see [AHO6, §3] for details):
AlCo, D= P Anx™,

where
Ay = H® (Co, O, (D(m))) := H® (Co, Oc,, (|D(m))))

and |D(m)| is the Weil divisor (with integer coefficients) on Cj obtained by taking
the integer part of each coefficient of ®(m). The multiplication on A[Cy, D] is

constructed from the maps
Tmoms @ Am X Ay = Ay (f1, f2) = f1+ fo.
Let us note that each map 7y, ./ is well-defined since for all m,m’ € oV
D(m) +D(m') <D(m+m).

(iii) Let w € 0¥ N M such that 4, # {0} and f € A, \ {0}, and let F* be the
set of colors defined by the relation

FY={D e F| oD) cw}.
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The localization of the colored o-polyhedral divisor (D, F) with respect to fx* is
the colored (o N w™)-polyhedral divisor ( ¥, F*) defined by

DY = Y Face(A.,w)-[2],

ZE(C())}U

where

(Co)¥ = Co\Z(f) with Z(f) = Supp(divf +D(w)), and

U/EAZ

Face(A,,w) := {v cA,

(w,v) < min (w,v’)} .

(iv) To ensure that the algebra A[Cy, D] is finitely generated over k and has
Frac A as field of fractions (we recall that Ay; denotes the algebra generated by
the B-eigenvectors of k(Z)), we now introduce the notion of properness for colored
polyhedral divisors following [AHO6, §2|. The colored o-polyhedral divisor (D, F) is
called proper if either Cj is affine or Cy = C'is projective and satisfies the following

conditions:

edeg D=3 A, Co
o If min,cdeg »(m,v) = 0, then r®(m) is a principal divisor for some r € Z~.

In the following, o C Ng always denotes a strongly convex polyhedral cone and
F a set of colors satisfying the conditions of Definition [[2} in particular, (o, F) is
a colored cone of Ng (with respect to G/H); see [Timlll Definition 15.3| for the
definition of colored cones. Let us note that, if ® is a proper colored polyhedral
divisor on Cy, then by [AHS08, Proposition 3.3] we have the relation

A[CO’ g]fxw = A[(Co)ifa 331;]

The next remark makes the link between the description of [TimI1] and the notions
introduced in Definition

Remark 1.3. Let (D,F) be a colored o-polyhedral divisor on a dense open subset
Co C C. Let €(D) be the subset of & defined as the disjoint union U,ec,{z} x
% (D), modulo the equivalence relation ~ defined by (), where € (D), is the cone
generated by o x {0} and A, x {1}. Then the pair (¢(D),F) is called the the
colored hypercone associated with (D, F). This gives a one-to-one correspondence
between the set of colored polyhedral divisors defined on a dense open subset of
C and the set of colored hypercones of &. Moreover, through this correspondence,
the properness of colored polyhedral divisors corresponds to the admissibility of
colored hypercones; see [Tim11], Definition 16.12].

1.3.2. In this subsection, we explain how to construct a simple G-model of Z
(introduced in Subsection [[Z1]) starting from a proper colored polyhedral divisor;
see [Tim11l §13] for details.

Let (©,F) be a proper colored o-polyhedral divisor on a dense open subset
Co C C. Let us denote by €'(D)(1) the set of elements [(z,v,1)] € € (D) such that

(v,1) is the primitive vector of an extremal ray of € (D)., and let Bz be the open
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B-orbit of G/H. Let us consider the subalgebra A C k(Z) defined by:
A= (k(C) @k k[Bzo)N [ Oyt () Ow,
DeF veEEF (D)(1)
where for a discrete G-valuation v of k(Z),
Oy ={f € k(Z2)" | v(f) = 0} U{0}

is the corresponding local ring. By |[TimIIl Theorem 13.8, §16.4], A is a normal
algebra of finite type over k. Moreover, by [Tim11, Corollary 13.9, §16.4|, the B-
variety Xy = Spec A is an open subset of Schg(Z). Also, by [Tim1ll, Theorem
12.6], the subscheme X (D) := G- Xj is a G-model of Z and X is a chart of X (D).
Conversely, for every simple G-model X of Z there exists a colored polyhedral

divisor © such that X = X (D); see [TimI1l Theorem 16.19]. By [Tim97, Theorem
3.1] and with the notation as in Definition [[L2] we have the relation:

X(DF) = G- (Xo) v,
where (Xo)fyw is the distinguished Zariski open subset of fx* € k[Xo].

Lemma 1.4. Let (D, F) be a proper colored o-polyhedral divisor on a dense open
subset Cy C C, and let Xg C X (D) be the corresponding chart. Then the invariant
algebra k[Xo]Y identifies with the algebra A[Cy,D)] introduced in Definition [L2(%i).

Proof. The subalgebra
E[Xo]Y € (k(C) @4 k[Bxo])Y = A

is generated by elements of the form fx™, where f € k(C)* and m € M, satisfying
vp(fx™) > 0and v(fx™) > 0forall D € F and v € C(D)(1). One may check that
these conditions are equivalent to div(f)+®(m) > 0, which proves the lemma. O

1.3.3. Let X be the simple G-model of Z associated with the proper colored o-
polyhedral divisor (D, F) as explained in Subsection By [Tim11, Theorem
16.19 (2)], there is a combinatorial description of the set of germs of X (defined in
Subsection [LZT]). Each germ Y is described by a pair (Cy,F1), called the colored
datum of Y, where C; is an hyperface of € (D) (see [Timl1ll, Definition 16.18] for
the definition of an hyperface of an hypercone) and Fy := {D,, € F | o(D,) € C1 }.
Geometrically, F7 is the subset of colors of F that contain the germ Y.

1.3.4. In this subsection we consider the general description of the non-necessarily
simple G-models of Z.

A finite collection ¥ = {(D? F%)};cs of proper colored polyhedral divisors de-
fined on dense open subsets of C' is a colored divisorial fan if for all i,j € J there
exists | € J such that C(D!) = C(D))NC(D7) and (C(D'), F') is a common hyperface
of (C(D?), F) and (C(D7), F7); see [TimI1l §16.4] for the definition of an hyperface
of a colored hypercone.

Let us denote

L=Jz@)ce
icJ
the support of the colored divisorial fan X.
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The next theorem gives a description of the G-models of Z; see [Tim11, Theorem
16.19 (3)] and [Tim1Il Corollary 12.14].

Theorem 1.5. If ¥ = {(D%, F%)}ics is a colored divisorial fan on C, then the
union X (X) := U;c; X (D7) in the scheme Scha(Z) (defined in Subsection [L2.1)
is a G-model of Z, and every G-model of Z is obtained in this way. Moreover, the
G-model X (X) of Z is a complete variety if and only if |3| = &, where & is the set
of G-valuations (defined in Subsection [L.2.3).

2. MAIN RESULTS

2.1. Parabolic induction and smoothness criteria. In this section we prove
Lemma 2] which allows us to construct explicitly any simple G-model of Z as the
parabolic induction of an affine L-variety, where L. C G is a Levy subgroup. From
this we deduce a criterion (Theorem 2.2) to determine whether the singularities
of a simple G-model of Z are rational. Moreover, we obtain smoothness criteria
(Theorems and 24) for simple G-models of Z.

Throughout this section we fix a proper colored o-polyhedral divisor (D, F) on a
dense open subset Cy C C.

2.1.1. This subsection is inspired by [Tim11] §28]. As before, T' denotes a maximal

torus of G contained in B. We consider the following set of simple roots
I''={a€eS\I|D,eF}uUl

and we denote by Pr the parabolic subgroup P/ containing B. We choose a Levy
subgroup L C Pr containing 7" and a Borel subgroup By, of L containing 7' such
that I’ is the set of simple roots of L (with respect to (T', By,)). We denote by Zy, the
horospherical L-variety C' x L/Hp,, where H;, = LN H. By [Tim11], Corollary 15.6],
the homogeneous space L/H|, is quasi-affine. Moreover, denoting P;, = N (Hp),
the torus Py, /Hj, identifies with K = P/H,and M = x(P/H) = x(Pr/H}) through
this identification. Let JF, be the set of colors of L/Hj, then one may check that
the image of F;, by the map g in the lattice N is the same as the one of F. In
particular, Fy, satisfies the conditions of Definition [[L21 We denote by (D, F1,) the
colored o-polyhedral divisor on Cy (relatively to Z,) defined by the formal sum
Dp =9 =) .0, Az [2], and by X(Dr) C Schr(Zz) the associated L-variety;
see Subsection

The quotient morphism Pr — Pr/R,(Pr) 2 L makes X (91) a Pr-variety. As
the quotient morphism G — G/ Pz is locally trivial (for the Zariski topology), we
can form the twisted product G x7 X (D). The latter is defined as the quotient
(G x X(D1))/Pr, where Pr acts as follows:

p.(g,) := (gp~ ', p.x), wherep € Pr, g€ G, and = € X(Dp).

See [Jan&7, §1.5] for more details on twisted products.
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2.1.2.  The next result is an adaptation of [PV72] §3] and [Pau&1l §5] to the case
of complexity one.

Lemma 2.1. With the notation of Subsection[Z11), the L-variety X (D) is affine
and X (D) is G-isomorphic to the twisted product G x¥7 X (D). Moreover, the
L-algebra k[ X (D )] identifies with the L-subalgebra

ACo. D] = @ H (Co,Oc,(D(m)) @4 Vm) C k(C) @x KL/ Hy,
meoVNM
where ®(m) is the Q-divisor on Cy as in Definition [LZ2 and V(m) is the simple
L-submodule of k[L/Hp] of highest weight m with respect to (T, Br).

Proof. The G-isomorphism between G x'7 X (D) and X (D) is a straightforward
consequence of [Tim11l Propositions 14.4, 20.13]. As Fr is the set of colors of
L/Hyp, the Bp-variety X (D) is the chart corresponding to D (see the remark
before [Tim11l, Corollary 13.10]), and thus X (D) is affine.

As X (Dy) is horospherical, we have the following L-algebra decomposition (see

[Tim11l, Proposition 7.6]):
KX@n)]~ @ kX @)W @ Vim),

meoVNM

where k[ X (D L)]ﬁ,f‘ =) denotes the vector space generated by the By-eigenvectors of
weight m on which L acts trivially. The vector space k[X (D L)]Sf =) identifies with

the space of global sections of [D(m)|. This proves the lemma. O

Example. Let us assume that Cy = C' is projective. Let G = SLo and let H be the
unipotent radical of the subgroup of upper triangular matrices. Then M = N =7
and the set of colors Fy of G/H is a singleton. Let o = Q¢ and let ® be a proper
o-polyhedral divisor on C' such that the Weil Q-divisor ©(1) on C is integral and
very ample. Then by Lemma 2] the G-variety X (D, Fy) is affine and k[ X (D, Fo)]
identifies with

P H(C,0c(dD(1))) @1 V(d)

d>0
as a G-algebra, where V(d) is the irreducible representation of G of dimension
d + 1 obtained by linearizing the line bundle Opi(d). Then the line bundle .2 :=
Oc(®(1)) ® Op1(1) on C x P! is very ample, and the G-variety X (D,Fy) can
be realized as the affine cone over the G-equivariant embedding of C' x P! in the

projectivization of the space of global sections of .Z.

2.1.3. The next results are criteria to characterize the singularities of a simple
G-model X (D) of Z; see [LS13| Proposition 5.5] for the case of normal T-varieties
and [Tim00, §6, Theorem 7] for a criterion for rationality of singularities in the
general setting of normal G-varieties of complexity one.

We recall that a normal variety X has rational singularities if there exists a
resolution of singularities ¢ : ¥ — X such that the higher direct images of ¢.
applied to Oy vanish. This notion does not depend on the choice of the resolution

of singularities.
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Theorem 2.2. Let (D,F) be a proper colored o-polyhedral divisor on Cy. The
simple G-model X (D) of Z has rational singularities if and only if one of the

following assertions holds.

(i) The curve Cy is affine.
(ii) The curve Cy is the projective line P* and deg |D(m)| > —1 for every m €
oV N M, where D(m) is the Q-divisor on Cy as in Definition L2

Proof. In this proof, we identify X (®) with the parabolic induction of X (D) using
Lemma 2711 Let us denote by BZy the open B-orbit of G/Pr and let

q: X(®)=Gx" X(®,) = G/Pr

be the (G-equivariant) projection. Then ¢~'(BZg) ~ BZp x X(Dp) is a chart
of X (D) intersecting all the germs of X (D). As BT, is an affine space, X (D)
has rational singularities if and only if X (®p)//Ur ~ Spec A[Cy, D] has rational
singularities; see [Tim11l Theorem D5 (3)]. We conclude by [LS13, Proposition
5.5]. 0

We recall that there is a correspondence between the colored cones of a horo-
spherical homogeneous space and its simple equivariant embeddings; see [Kno91l
Theorem 3.1] for details.

The next theorem gives a smoothness criterion for X (D) when (D, F) is a proper
colored polyhedral divisor on an affine curve Cp; see |[Bri91, §4.2] for the spherical
case, [LS13] §5] for the case of normal T-varieties of complexity one, and [Mos90, §3|
for the case of embeddings of SLs and PSLs. Our proof is inspired by a description
of toroidal embeddings given in [KKMS73, §1I].

Theorem 2.3. With the same notation as before, and assuming that Cy is affine,

the following statements are equivalent:

(i) The G-variety X (D) is smooth.

(i) For every z € Cy, the simple embeddings of the G, x G-homogeneous space
G x G/H associated with the colored cones (€(D).,F) are smooth; see Re-
mark L3 for the definition of €(D)..

Proof. Let us fix z € Cy. As Cp is smooth, by [EGATV] IV,17.11.4], there exist
open subsets U, C Cp and V, C A! containing z and 0 respectively, and there exists
an étale morphism 7, : U, — V; such that 7.(2) = 0. Let ®7 := 3" ;1 A -[z] with
Aj = A, and A, = ¢ for all  # 0 be a polyhedral divisor on A'. Let D ;. and
@’LWZ denote the polyhedral divisor obtained by restricting ©, and ®’ on U, and
V, respectively. One may check that the morphism 7, induces an étale morphism
of algebras ¢ : A[V., D7, ] = A[U.,Dpp.]. By Lemma 2T} the morphism ¢. in
turn induces an étale morphism 0. : X (Drjy.) = X (D, )-

Let us denote by I'z, the colored cone (¢(Dr)., Fr) and by Xr, the corresponding
embedding of G,, x L/Hy; then Xp, is L-isomorphic to X(®’). Let v, be the
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morphism which makes the diagram

Yz
X@®py,) — Xr,

,szl lm

X(D,,) > X (D)

commute, where the bottom arrow is an open embedding. In particular, v, is an
étale morphism.

Let us prove (i) = (i). Denote by I' the colored cone (¢'(9D).,F), and let Xr
be the corresponding embedding of G,, x G/H. Then we have a G’-isomorphism
Xr = @' xPF Xr, (see [TimI1, Theorem 28.2|), where G' = G,,, x G and Py C G
is the parabolic subgroup constructed as in Subsection ZT.Tl By assumption, Xr
is smooth and thus so is Xp,. This implies that X(Dzy, ) is also smooth. Since
Co is affine, (X(Dr|y.))zec, is an open covering of X (D). Therefore X (D) is
smooth and thus, by parabolic induction, so is X (D).

Let us prove (i) = (i7). If X (D) is smooth, then so is X (D) by parabolic induction.
Hence, by the diagram above, there exists an open subset V' C Al containing 0 such
that X (D7) is smooth. Denoting L’ = G, x L and identifying X (D7,;,) with
an open subset of Xr,, we have L' - X(D7,;,) = Xp,. This implies that Xr, is
smooth, and thus so is Xp. O

We say that two proper colored polyhedral divisors © and D’ on Cy are equiv-
alent if A[Cy,D] and A[Cp,D'] (introduced in Definition (ii)) are isomorphic
as M-graded algebras; see [AHOG, Section 8] and [Lanl4] Proposition 4.5] for a
combinatorial description of the equivalence between two such polyhedral divisors.

The next theorem gives a smoothness criterion for X (®) when (D, F) is a proper

colored polyhedral divisor on a projective curve Cy = C.

Theorem 2.4. With the same notation as before, and assuming that Cy is projec-
tive (i.e., Co = C), the following statements are equivalent:
(i) The G-variety X (D) is smooth.
(ii) The curve C is Pt the polyhedral divisor ® is equivalent to a proper colored
polyhedral divisor ) cp1 A, -[z] with A, = o except when z = 0 or oo, and the
simple embedding of the G,, x G-homogeneous space G, x G/H associated

with the colored cones (C,F) is smooth, where C is the cone generated by
(0 x{0}) U (Ao x {1}) U (Aso x {~1}).

Proof. Let us prove (i) = (ii). Suppose that X = X (D) is smooth. Then by
Lemma [ZJ] we can assume that X is affine and identify k[X] with A[Cy, D] =
D.ncovans H (Co, Ocy (D(m))) @i V(m). Moreover, we can assume that oV is
strongly convex; otherwise, there is a non-trivial torus D and a G-variety X’ such
that X =2 D x X’ and then we replace X by X’. By Luna’s slice theorem (see
[Lun73, §1I, Corollaire 2|), there is a G-isomorphism X = G x V, where F C G
is a reductive closed subgroup and V' is a F-module. It follows from the proof of

Luna’s slice theorem that F' is in fact the stabilizer of a point of X and thus F is
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a horospherical subgroup. Since F' is reductive and contains a maximal unipotent
subgroup of G, it contains the semisimple part of G, and thus G/F is a torus. Now
the surjective map G x¥ V' — G/F induces an inclusion k[G/F] C k[G x¥' V] =
k[X]. Since oV is strongly convex and @ is proper, we have k[G/F| = k and so
G = F. Therefore we obtain that X is G-isomorphic to the G-module V. Let
us identify X with V and let us denote by v : G — GL(X) the corresponding
homomorphism. If 7" C B is a maximal torus, then there exists a maximal torus
T C GL(X) containing v(7") and normalizing v(U), where U is the unipotent
radical of B. Therefore X//U is a toric variety for the action of T. It follows from
[AHOE, §11] that Cp = P! and D is equivalent to a polyhedral divisor supported by
0 and co. Hence, X = Spec A[Cy, D] identifies with the horospherical embedding
associated with the colored cone (C, F) (to do this, we need to change the splitting
m +— X" so that the isomorphism at the level of U-invariant algebras extends to
the corresponding G-algebras).

The converse implication (i7) = (i) is easy and is left to the reader. o

The smoothness criteria of Theorems and 2.4l can be made explicit by ap-

plying the smoothness criterion in the horospherical embedding case given by the

following theorem; see [Pas06, §1[| and [BMT3] §5|.

Theorem 2.5. Let X be a G-equivariant embedding of the horospherical homoge-
neous space G/H associated with a colored cone (C,F). Then X is smooth if and

only if the following conditions are satisfied.

(i) The elements of F have pairwise distinct images through the map o defined
in Subsection [LZ2
(i) The cone C is generated by a subset of a basis of N containing o(F).
(111) We have the equality

Wil- T aa = Wior|,
aclr
where I is the subset of simple roots of G defined in Subsection L1, Ir =
{a € S\I| D, € F}, Wy is the subgroup of the Weyl group W = Ng(T)/T
generated by the simple reflexions s, (o € I), aq = <Z,86<I>+\<I>z B, d>, Ot s
the set of positive roots with respect to (T, B), and ®; is the set of roots that

are sums of elements of I.

2.2. Decoloration morphism. In this section, we prove the existence of the de-
coloration morphism for the normal horospherical G-varieties of complexity one; see
[Bri9il §3.3| for the spherical case. This will be used several times in a crucial way
to prove our statements in the following, and also to construct an explicit resolution
of singularities of X () in Proposition 217

Definition 2.6. Let ¥ = {(D?, F%)};cs be a colored divisorial fan, then the decol-
oration of ¥ is the colored divisorial fan

Edec = {(giy (Z))}ZGI
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A G-model of Z such that there exists a colored fan ¥’ satisfying X = X (¥’) and
EI

lee = X' s called quasi-toroidal. As a consequence of the description of the germs

of a G-model of Z, this notion does not depend on the choice of ¥’. Likewise, if
(Co, Fo) is the colored datum of some germ Y’ C X (X), then we say that the germ
Y’ C X(Zgec) corresponding to the colored datum (Co, 0) is the decoloration of Y.

Let X = {(®",F")}ics be a colored divisorial fan, then the collection of k-
schemes Y (D%) = Spec A[Cg, D7, equipped with their K-action, glue together to
give a normal K-variety of complexity one that we denote by Y (X); see [AHS0S|
Theorem 5.3, Remark 7.4 (ii)].

Before stating the next result, let us introduce some notation. Let Y C X be a
germ of a G-model of Z; we say that Y is a geometric realization of Ox y in the
variety X. The support of Y, denoted by Supp(Y'), is the set of G-valuations v of
k(Z) such that O, dominates the local ring Ox y.

Proposition 2.7. Let ¥ = {(D%, F*)}ies be a colored divisorial fan, and let X§ and
Xi.. be the charts corresponding to (D%, F*) and (D%, 0) respectively. The inclusions
k[ X§) C k[XY,.] induce a projective birational G-morphism

Tdec - X(Zdec) — X(Z)

Moreover, for every germ Y C X, the subset ﬂ';elc(Y) is the germ obtained by
decoloring the colored datum of Y. Also, there exists a G-isomorphism between
X (Zgee) and the twisted product G/ H xXY (X), where Y (X) is the K -variety defined
above and K = P/H acts on G/H as follows: for every g € G, for every pH € K,
we have pH - gH = gp~'H.

Proof. Let us fix an index i € J. The inclusion k[X¢] C k[X},.] induces a birational

B-morphism ¢ : X} . — X¢. By [TimIll Proposition 12.12], for ¢ to extend to a

dec
G-morphism
Taee : X (D',0) = X (D, FY),

it suffices to show that if Y C X (D% 0) is a germ, then there exists a (necessar-
ily unique) germ Y’ C X (D%, F%) such that the local ring Ox (i )y dominates
Ox (i, ri),y'- Let us consider the colored datum (Ci, D) of the germ Y C X (D%, (),
and denote

o =1{D e F | o(D) € Ci}.

Then (C§, F¢) is the colored datum of a germ Y’ € X (D%, F*). By [Timlll Propo-
sition 14.1 (2)] or [Kno93l §3.8], the support of a germ associated to a color datum
(C', F") depends only on C’, and thus Supp(Y) = Supp(Y”). This implies the equal-
ity Ox(oi,0),y = Ox(oi,Fi),y; see the proof of [TimIl, Proposition 14.1(1)]. In
particular, Ox (i g),y dominates Ox (9 7i)y+ and thus ¢ extends to a G-morphism.
Let now Y’ C X (D% F') be an arbitrary germ. Since the induced map (7f,,). is
the identity on & (see the remark before [TimI1, Theorem 12.13]), the subset
(mh..) 1Y) is irreducible and coincides with the decoloration of Y.

The properness of 7', follows from [TimITl Theorem 12.13]. Since the varieties
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X(D,0) and X (D, F') are quasi-projective, the morphism 7’ is projective. The
existence and the properties of the morphism

Tdec - X(Edec> — X(E)

are obtained by gluing.

For the last claim, it suffices to show that X (D, () is G-isomorphic to G/H x XY (D).
Let us note that the latter identifies with G x¥ Y(D). We conclude by [TimIT}
Propositions 14.4, 20.13]. O

Example. We consider the natural action of G = SLz on A? = A%\ {(0,0,0)}.
Let H be the isotropy subgroup of the point (1,0,0) for this action. Then H is a
horospherical subgroup of G and A? = G/H. Also, the torus K = Ng(H)/H = G,
acts diagonally on A? and the fibration G/H = A2 — G/P = P? is simply the
quotient morphism for the G,,-action.

Let us consider the colored o-polyhedral divisor on A! = Spec k[t] defined by F = ()
and ® = [£, +00[-[0], where Ng = Q, 0 = Q>¢. The k-algebra

A[AY, D) = P K[t Lamixm
m>0
is generated by the homogencous elements t,x!, and +x?. Therefore, Y (D) =
Spec A[A', D] can be identified with the affine surface V(rz — y?) C A® equipped
with the G,,-action defined by A - (z,y, z) = (, A"y, \722) with A € G,,.
Denoting by (21, 22, 3) a system of coordinates of A3, the twisted action of G,, on
the product G/H x Y (D) is given by

A (21,20, 23,2, Y, 2) = ()\_1901,)\_1,7:2, A lag, Ay, )\_2,2).

By Proposition 7, the G-variety X := X (D, () identifies with the quotient G/ H x &
Y (D). Hence, X is the hypersurface 2y — 22 = 0 in the complement of

{[0:0:0:2:y:z2]|[x:y:z2] €eP(0,—1,-2)}

in the weighted projective space X' :=P(—1,—1,-1,0,—1,—2). Let B C G be the
Borel subgroup of upper triangular matrices. To determine a chart of X, it suffices
to determine the inverse image of the open B-orbit in P? = G/P through the
projection ¢ : X = G/H x¥ Y(®) — G/P. The open orbit Bz, C P? is precisely
P2\ {z3 = 0} ~ A2, Thus the variety ¢~ (BZo) is the hypersurface zy — 22 = 0 in
X'\ {z3 = 0} which is isomorphic to A% x V(zy — 22).

2.3. Parametrization of the stable prime divisors. In this section, we start by
describing in Theorem 2.8 the germs of codimension one of a normal horospherical
G-variety of complexity one X. From this, we deduce a description of the class
group of X by generators and relations; see Corollary Next, we obtain a
factoriality criterion for X; see Corollary Finally, in Subsection 2234 we
relate the description of stable Cartier divisors obtained by Timashev in [Tim00]

to our description of stable Weil divisors.
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2.3.1. To state our results we need first to introduce the set of vertices and the
set of extremal rays of a colored polyhedral divisor. Let (D, F) be an element of a
colored divisorial fan ¥ with ® = __ A, -[z]. The set of vertices of D, denoted
by Vert(®), consists in pairs (z,v) where z € Cp and v € A,(0) is a vertex of A,.
If ¥ = {(D%, F')}ic, then we put

Vert(%) := | J Vert(9) € C x Ng.
icJ
The set of extremal rays of ©, denoted by Ray(D) or Ray(®D,F), consists in ex-
tremal rays p C o such that p N o(F) = 0, and satisfying p N deg ® = () when
Cy = C. To simplify the notation, we denote by the same letter an extremal ray of
a polyhedral cone of Ng and its primitive vector with respect to the lattice N. We
also denote
Ray(%) := | Ray(®’) C N,
ieJ

where we recall that Ng naturally identifies with a subset of &’; see Subsection 2.3
Finally, we denote by Cs the union of open subsets (J;. ; C§ C C, where Cj is the
curve on which D! € ¥ is defined.

2.3.2. In the next theorem we parametrize the set of G-divisors of a G-model X (¥)
of Z by the set Vert(X) ][] Ray(X). This description is a natural generalization of
the case of normal T-varieties specialized to the case of T-actions of complexity
one; see [FZ03l Theorem 4.22| and [PSTI] Proposition 3.13].

Theorem 2.8. Let Div(X) denote the set of G-divisors of X(X). With the notation

above, the map
Vert(3) [ [ Ray(2) — Div(S), (z,v) = Doy, pr= D,

which to the vertex (z,v) associates the germ D .,y of X(X) defined by the colored
datum ([(z, Q>0 (v, 1))],0) resp. to the ray p associates the germ D, of X (X) defined
by the colored datum (p,0) = ([(-, p,0)],0), is a bijection.

Proof. Without loss of generality, we can suppose that X (X) = X (D) is given
by a proper colored o-polyhedral divisor (D, F) on a dense open subset Cy C C,
where ® =37 A, - [z]. By [TimlI, Theorem 16.19 (2)], the maximal germs of
X (D) have color data of the form (p, 1) and ([(z, Q>0(v,1))],0) where p C o is an
extremal ray, F1 = {Dy € F | 0(Dq) € p}, z € Cp, and v € A,(0). We are going to
examine in each case the maximal germs corresponding to G-divisors. We proceed
in three steps.

Step 1: We consider the case where X (D) is quasi-toroidal, i.e., F = (. Then,
by Proposition 277, X (D) identifies with G/H x¥ Y (D) as a G-variety. By [Jan87T,
1.5.21(1)], there is a natural bijection between the set of K-divisors on Y (D) and
the set of G-divisors on G/H x¥ Y (D). By [PS11l Proposition 3.13], the set of
K-divisors on Y () is parametrized by the set Vert(®D) ][ Ray(D):

(Z,’U) = }/(z,'u)a p= Yp-
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The G-valuation vp, with D, = G/H x K'Y, resp. vp, ,, With D(..) = G/H x K
Y(..v), is represented by [(-, p,0)] € & resp. by [(z, u(v)(v,1))] € &, where p(v) :=
inf{d € Z~¢ | dv € N}. This parametrization of the G-divisors on X (D) by the set
Vert(®) [ [ Ray(®) is the one requested.

Step 2: We now consider an arbitrary simple G-model X (D, F) of Z, and let

Tdee : X (D,0) = X (D, F)

be the decoloration morphism. By Proposition 27 any G-divisor on X (®,F) is
the image of a (unique) G-divisor on X (®,(). Let us consider the G-divisor Dj,
on X (®,0) corresponding to the color datum ([(+,p,0)],?), where p belongs to
Ray(®,0). Then D, = mge.(D),) is the germ of X (D, F) corresponding to the color
datum ([(+, p, 0)], F1). In this second step, we want to prove that D], is contracted
by Tgee if and only if F; # (. Let p* = pt NoY C oV denote the dual face
of p. By properness of © (see [AHO6, §2|) there exists a homogeneous element
fx™ € A[Cy, D] of degree m belonging to the relative interior of p* such that

{z€Cy | A, #0} C Z(f) = Supp(divf + D(m)) C Co.

The localization D" of ® with respect to fx"" is the colored p-polyhedral divisor
trivial on the curve (Co)’}' = Co\Z(f) with set of colors F;. We denote by X' the
simple embedding of G/H associated with the colored cone (p, F1). By computing
in an appropriate chart, one checks that the product (Co)'}' x X' identifies with
X (D}, F1) as a G-variety. We denote by Gz the (unique) closed orbit of X'.
Then Dy := (Cp)}' x Gz is a maximal germ (for the inclusion) of X (D7, F1) and
corresponds thus to the colored datum (p, F1); see [TimIll Theorem 16.19]. The
germ Dy is a geometric realization of Ox (o 7) p, in the open subset X (D7, F1) C
X(®,F), that is, D, is the closure of D in X (D, F). Therefore, D, is a divisor
on X (®,F) if and only if Gz is a divisor on X" if and only if F; = 0); see [Kno91l
Lemma 2.4] for the last equivalence.

Step 3: It remains to study the germs of the form D) C X (D, F). Let us fix

\

a vertex (z,v) € Vert(D), and let us write 0¥ as a union

oV = U o, where o)) = {m c€a’
weA;(0)

. ’
(m,w) = v’énAl?(O)<m’U >} .
The cones o,, are pairwise distinct, generate a quasi-fan of ¥ (see [AHO6 §1]|) and
are all of full dimension in Mg. Let m € 0/ N M be a lattice vector in the relative
interior of 0. By properness of ®, and up to a change of m by a strictly positive
integer multiple, we can choose a homogeneous element fx™ € A[Cy, D] of degree
m such that (Co)F' = Co\Z(f) contains z. Then D is of the form

Z Q- [Z/]’
Z’G(CU)}'L

where Q. C Ng is a polytope for every 2" € (Cp)}" and Q. = {v}. The set of colors
of D" is empty. By Step 1 applied to the open subset X( i 0) Cc X(D,F), the
germ D{, € X (D', 0) corresponding to the colored datum ([(z,Q>0(v,1))],0) is



ON THE GEOMETRY OF HOROSPHERICAL VARIETIES OF COMPLEXITY ONE 19

of codimension one. Thus D, . is of codimension one as the closure of DEZ ) in
X (®,F). This proves the existence of the parametrization of the G-divisors. [

Corollary 2.9. The class group C1(X (X)) is isomorphic to the abelian group
ccs)o P  zZbe.nwo P zD,o P ZDa,
(z,v)€Vert(X) pERay(X) acS\I
where D, C X(X) is the color associated with o € S\ I, modulo the relations:

[2] = Z w(v) Dy and

(z,v)€eVert(X)

> p@)mv)Dey + Y. (mp)Dy+ > (m,e(Da))Da =0,

(z,v)€Vert(X) pERay(3) aeS\I
where m € M, z € Cx, and p(v) = inf{d € Z~o | dv € N}.

Proof. By [Tim11, Proposition 17.1], every divisor X () is linearly equivalent to a
B-stable divisor. Hence, by Theorem 2.8 we have a surjective homomorphism 75

from the free abelian group
(3) Is:= P zb.ne P zbD,e P 2D
(z,v)EVert(%) pERay(X) aeS\I
onto CI(X(X)). The kernel of 75, is formed by principal divisors associated with
the B-eigenvectors of k(X (X)), i.e., by elements of the form div(fx™) :

Z UD(Z,U) (fxm) ’ D(Z,’U) + Z UDp(me) : DP+ Z ’UDQ (me) : Da

(z,v)€EVert(X) pERay(X) aeS\I
= Y p@(mov)+ord.)Dey+ D (mp)Dp+ Y (m,0(Da))Da,
(z,v)EVert(%) pERay(X) aeS\I

where f € k(C)* and m € M. Let us now consider the surjective homomorphism

from

acs)e @ ZDewe @ zD,o P ZD.

(z,v)EVert(X) pERay(X) a€eS\I
onto I's;/ Ker 7y, defined by

Z a - [z]+ ZaiDi — Z a Z () [Dezwy] | + Zai[Di],

2€Cx 2€Cx (z,v)€Vert(X)

where the D; represent the B-divisors on X (X). Then one may check that the
kernel of this homomorphism is exactly given by the relations stated above. O

Example. Returning to the example of the SLg-variety
X(@) = {:L'Z - y2 = 0} N (P(flv 717 717 05 71, 72) \ ]P)(Ov 717 72))

considered in Section 2.2] we can apply Corollary 2.9 to determine the class group
of X(®). We obtain that CI(X (D)) is the abelian group ZD g 1) ® ZD, & ZDa,
where p = Q> and D,, is the unique color of X (D), modulo the following relations:
® 2Dg 1) = 0; and
e mD,+2mD, =0 for every m € Z.
It follows that Cl(X (D)) X Z @ Z/27.
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2.3.3. Let Y(X) be the K-variety defined at the beginning of Subsection We
denote by p — Y,, (2,v) — Y{. ,) the parametrization of the K-divisors on Y'(¥)
given by Theorem 2.8 We recall that a normal variety is called factorial if its class

group is trivial. The next corollary gives a criterion of factoriality for the G-variety
X (D).

Corollary 2.10. Let (D,F) be a proper colored o-polyhedral divisor on a dense
open subset Co C C. Then X (D) is factorial if and only if the two following
conditions are satisfied.
(i) The equality C1(Y (D)) = ZYPCY Z[Y,] holds, where Y denotes the union of
the K-divisors Y, with p satisfying o(F) N p # 0.
(i1) For every a € S\ I, there exists mq € M and fo € k(C)* such that

<ma79(Da)> =1,
and for all B € S\ (IU{a}), (z,v) € Vert(D), and p € Ray(D,F):

(Ma,0(Dg)) = p(v)((ma,v) +ord;(fa)) = (ma, p) = 0.
Proof. The decoloration morphism induces an isomorphism of varieties
X (D, F)\Yo = X (D, 0)\mg,. (Vo).

where Yj is the G-stable closed subset

reX(®,F)| Gz C U D,
aeS\I

As the codimension of Yy in X (D, F) is at least two, if Y’ C X (D, () is the union
of irreducible components of codimension one of ﬂ';elc(Yo), then we have a group
isomorphism

CI(X (D, F)) ~ClL(X(D,0)\Y").
By Proposition 7] we can identify X (D,0) with G/H x¥ V(D) and Y’ with
G/H x¥Y. Let us consider the chart Xq = ¢~ '(BZ), where BZ, is the open
B-orbit of G/P and

q¢:G/HxXYy®) =G x"Y®) - G/P

is the projection. The complement of the union of colors (J, g\ ; Do in X (D, M\Y”
is exactly
Xo\(XoNY’) ~ Bxy x (Y(D)\Y).
As Bz is an affine space, by reiterating several times [Har77, Proposition I1.6.6],
we obtain
Cl(Xo\Y') =~ ClL(Y(D)\Y).
To sum up, we have an exact sequence:
P zD. - CLX(D,0)\Y') = CLY (D)\Y) =0,
aES\I

where the first arrow is induced by the surjective homomorphism from the group I'
defined by (B onto C1(X (®)). Therefore C1(X (D)) = 0if and only if C1 (Y(D)\Y) =
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0 and the first arrow above is zero. By Corollary 2.9 this corresponds exactly to
the conditions (7) and (4éi). This proves the Corollary. O

Remark 2.11. In general, the factoriality of Y (D) does not imply the one of G x”
Y (D). For instance, we can consider G = SLg, H the unipotent subgroup of
upper triangular matrices, C = P!, and (D, () the colored Qso-polyhedral divisor
trivial on A C P'. The SLy-variety X (D) identifies with A! x Bly(A?), where
Blp(A?) is the bowing-up of A% at the origin. We have CI(X (D)) ~ Z whereas
ClY (D)) = CI(A?) = 0.

2.3.4. As a by-product of Theorem 2.8, we can refine the description of B-stable
Cartier divisors of [Tim00] to our setting. Let us start with a definition.

Definition 2.12. Let ¥ = {(D%, F%)}ics be a colored divisorial fan on C, and
let ® = D' € X be a colored polyhedral divisor on Cy with set of colors F = F°.
Recall that we denote by €(D) the hypercone associated with ©. An integral linear

function on ® is a map
0:¢(®)—Q
satisfying the following properties:
(i) For every z € Cj, there exists m, € M and v, € Z such that 0(z,u,l) =
u(my) + lvy,, for every (u,l) € €(D).,.
If Cy = C, then 0 must satisfy the extra condition:
(ii) We have m := m, = m,, for every z,z’ € C, and there exists f € k(C)*
such that
divf =3 7:-[2]
zeC

Let us denote by Fs the union of all the sets ¢, where the (D%, F*) run over X.
A colored integral piecewise linear function on ¥ is a pair (6, (ry)), where 0 is a

function

0:|% (: U %(@0) - Q

icJ
such that the restriction 0|4 (9i)n«(0s) is integral linear for every 4, j € J, and where
(ra) is a sequence of integers with « running over the set of roots o € S\ I such
that D, & Fx.

The pair (0, (r,)) is called principal if 0 satisfies (i) and 7o, = (m, 0(D,)).
We denote respectively by PL(X) and Prin(X) the abelian groups (for the natural
additive law) of colored integral piecewise linear functions of ¥ and of principal
colored integral piecewise linear functions of ¥. If ¥ has a single element ©, then
we will denote PL(D) and Prin(®) instead of PL(X) and Prin(X) respectively.

As a direct consequence of [Kno94|, [Tim00, §4|, [TimI1, §17], and Theorem
28 we obtain the next result. See [Bri89, §3.1| for the spherical case and [PS11]

Corollary 3.19] for the case of normal T-varieties.
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Corollary 2.13. With the notation above, if (0,(r,)) € PL(X), then

Do= > 0(zp@)(©1) Dewy+ > 6(.p0)-D,

(z,v)EVert(%) pERay (%)
S D0 Dt S D,
D.eFs D.¢&Fs

is a B-stable Cartier divisor on X (X). More precisely, the map 0 — Dy is an
isomorphism between the group PL(X) and the group of B-stable Cartier divisors

on X(X), and there is a short exact sequence:
0 — Prin(X) — PL() — Pic(X()) — 0,
where Pic(X (X)) is the Picard group of X (X).

2.4. Canonical class and log-terminal singularities. In this section, we give
an explicit representative of the canonical class for X a normal horospherical G-
variety of complexity one; see Theorem 214l From this, we deduce a criterion for X
to be Q-Gorenstein; see Corollary[ZT5 Then we construct an explicit resolution of
singularities of X; see Proposition 217 Finally, we obtain a criterion to determine

whether the singularities of X are log-terminal; see Theorem 218

2.4.1.  The next result gives an explicit canonical divisor for any normal horospher-
ical G-variety of complexity one; see [Mos90, §5| for the case of the embeddings of
SLs, [Bri93] for the case of the spherical varieties, and [FZ03, Corollary 4.25|, [PS11],
Theorem 3.21] for the case of normal T-varieties.

Theorem 2.14. Let ¥ be a colored divisorial fan on C'. Then with the notation of

Subsection [2.31] every canonical divisor on X = X (X) is linearly equivalent to
Z D, + Z (1(v)b + p(v) — 1) Dy — Z aaDa,
pERay (%) (z,v)€Vert(X) aeS\I

where Ko =3 _cc
T is the set of positive roots with respect to (T, B), and ®; is the set of roots that

bs - [z] is a canonical divisor on C, aa = (3 gepr\a, B, 0) = 2

are sums of elements of I.

Proof. Let us consider the union
Y’ =Y, USing(X) C X,

where Y) is the biggest G-stable closed subset contained in the union of all the colors
of X and Sing(X) is the singular locus. Then X (X') = X\Y’ is smooth, quasi-
toroidal and the set Vert(X) ][ Ray(X) identifies with the set Vert(X') [[ Ray(X').
Therefore, by Proposition 27, we can assume without loss of generality that X =
G xT Y () is smooth and quasi-toroidal. Adapting the argument of the proof of
[ST99, Proposition 4.2 ¢)| to our setting, we obtain an isomorphism of O x-modules

Ox(Kx)~Ox(D)®q" Og/p(Ka/p),

where Kq/p is a canonical divisor on G/ P given by

KG/P = - Z ao Do
aeS\I
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and the divisor D is defined by

D= > ceoPent D, oD,

(z,v)€Vert(X) pERay(32)
such that
KEvm= D, oYent D, 6V
(2,0)EVert(E) pERay (E)
is a canonical divisor on Y (X) (see the beginning of Subsection for the nota-
tion). We conclude by [PS11l, Theorem 3.21]. O

2.4.2. A normal G-variety X is called Q-Gorenstein if one (and thus any) canonical
divisor Kx is Q-Cartier. The next corollary gives a combinatorial criterion for a
normal horospherical G-variety of complexity one to be Q-Gorenstein; see [Bri93]
Proposition 4.1] for the spherical case and [LST3, Proposition 4.4| for the case of

normal T-varieties.

Corollary 2.15. With the notation of Subsections [2.31] and [2.3]), the variety
X (X) is Q-Gorenstein if there exists d € Z~q and 6 € PL(X) such that the following
conditions are all satisfied.
(i) For every p € Ray(X), we have (-, p,0) = —d.
(ii) There exists a canonical divisor Ko =), b -[2] on C such that, for every
(z,v) € Vert(X), we have 0(z, pu(v)v, 1) = d(pu(v)b, + p(v) —1).
(iii) For every Do, € Fx, we have (-, 0(Dy,),0) = —dag,.

Proof. Tt is a straightforward consequence of Corollary 213 and Theorem 2214 [

2.4.3. The remainder of this paper is dedicated to the study of log-terminal sin-
gularities of a simple G-model of Z.

Let X be a Q-Gorenstein variety, let ¢ : X’ — X be a resolution of singularities,
and let d € Z~¢ such that dKx is Cartier. Then the pull-back ¢*(dKx) is well-
defined. The discrepancy of ¢ is the Q-divisor

KX/ — d)*(Kx) = KX/ — éd)*(de>

The discrepancy of ¢ does not depend either on the choice of the canonical divisors
Kx,Kx' nor on the integer d € Z~,. We say that X has (purely) log-terminal
singularities if each coefficient of Kx: — ¢*(Kx) is strictly bigger than —1. The
property of having log-terminal singularities does not depend on the choice of the
resolution of singularities ¢. More generally, if D is a Q-divisor on X such that
Kx + D is Q-Cartier, then we say that the pair (X, D) is (purely) log-terminal if
each coefficient of Kx — ¢*(Kx + D) is strictly bigger than —1.

The next lemma will be useful to prove Theorem I8 see [Kol97, §3] for more
details about log-terminal singularities and for a proof of the statement.

Lemma 2.16. Let ¢ : X' — X be a proper birational morphism between normal
varieties. Let D be a Q-divisor on X such that Kx + D is Q-Cartier, and let D’
be the Q-divisor on X' defined by

KX/+D/:¢*(KX+D).
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Then (X, D) is log-terminal if and only if (X', D") is log-terminal and the coeffi-
cients of the prime divisors of —D’ (corresponding to exceptional divisors of ¢) are

strictly bigger than —1.

2.4.4. In this subsection, we give an explicit method to construct a resolution of
singularities of the G-model X (D) of Z.

Let (©,F) be a proper colored o-polyhedral divisor on a dense open subset
Cy C C. With the notation of Definition [[.2] we denote

Y (D) = Speco,, ( b oc@(m))xm) :

meoV NM

Then the natural morphism Y (D) — Y (D) induces a partial desingularization
GxPY(®) =G xPY(®)=X(D,0);

see [AHO6, Theorem 3.1 (ii)| and [LS13, §2]. The G-variety G x* Y (D) identifies
with X (X¢or), where Yo, is the colored divisorial fan Yior = {(D|c,,0)}ies; the
sequence (C;);c forming a covering of Cj by affine open subsets. Moreover, if we
consider a divisorial fan ¥ that refines Y., and such that for all colored polyhedral
divisor ® € ¥ and z € C with C(D), # 0, the polyhedral cone C(D), is regular (i.e.,
a cone generated by a subset of a basis of the lattice N x Z), then X () — X (Zior)
is a resolution of singularities. The next result is a straightforward consequence of

this discussion.

Proposition 2.17. The morphism
d: X(B) = X(Ztor) = X(D,0) = X(D,F)

obtained by composing the decoloration morphism of Section[Z2 with the morphisms
defined above is a resolution of singularities of X(®,F). Moreover, with the no-
tation of Subsection [Z.31], the exceptional divisors of ¢ correspond to the subsets
Ray(X)\Ray (D) and Vert(X)\Vert(D).

2.4.5. The next statement gives a characterization of the normal horospherical G-
varieties of complexity one having log-terminal singularities. See [Bri93, Theorem
4.1] for the spherical case and [LS13, Theorem 4.7] for the case of normal T-varieties.

Theorem 2.18. Let (D,F) be a proper colored o-polyhedral divisor on a dense
open subset Cy C C. We suppose that X (D) is Q-Gorenstein. Then X (D) has

log-terminal singularities if and only if one of the following assertions holds.
(i) The curve Cy is affine.
(it) The curve Cy is the projective line P! and Y _ (1 - #—12) < 2, where for
every z € Cy we denote pi, = max{u(v) | v € A,(0)} and p(v) := inf{d €
Z~o | dv € N}.

Proof. It Cy is affine, then by the proof of Theorem 23] we obtain that X (D)
is covered by étale open subsets of horospherical embeddings. Hence, by [Bri93]
Theorem 4.1, X (D) has log terminal singularities. Therefore, we can assume that

Coy = C is projective. Let us consider a canonical divisor Kx as in Theorem 2.14]
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let d € Zso be such that dKx is a Cartier divisor, and let § € PL(®) such that
dKx = Dy. By Corollary 213, we know that the restriction of dKx on the open
subset
X1=X®\ |J Da
Do&Fs
is a principal divisor. Moreover, since every color D,, satisfying D, ¢ Fx does not
contain a G-orbit of X (D), the open subset 1 ~!(X;) intersects each exceptional
divisor of the partial desingularization 1 : X (3io,) — X (D) given by Proposition
2TI7 Therefore we can replace X by X; and suppose that dKx is principal. It
follows that *(dK x) is the principal divisor of a homogeneous element fx™ € Ay
of degree m considered as a rational function of X (3, ). Hence, we have the
equality
~D' = Kxz,,) ~ V' Kxoy= Y (1= (m,p))D,.
pERay (D)

By Lemma 216 X (®©) has log-terminal singularities if and only if —D’ has its
coefficients strictly bigger than —1 and (X (X0, ), D’) has log-terminal singularities.
Thus, by the same argument as in [LS13] §4| (see the sketch of proof before [LS13]
Theorem 4.7]), we know that X (®) has log-terminal singularities if and only if
(m, p) <0, for every p ¢ Ray(D).

Let p C o be an extremal ray such that p € Ray(®), then p N o(F) # 0 or
pNdeg ® # (. Let us suppose that p N o(F) # 0. Then there exists D, € F and
A € Q=g such that p = Ao(D,,). Hence

(m, p) = Xm, 0(Dq)) = —Adag < 0.

Let us now suppose that pNdeg ® # (). Then p = Mv for a vertex v € deg ©
and for some A € Qs¢. Let (v,.).cc be a sequence of elements of A,(0) such that
V=) ccVz As the coefficients of Kx and é div fx™ at the prime divisor D, ,_)
corresponding to any (z,v.) € Vert(®D) are the same, we have equalities
1
p(vz)bz + p(vz) — 1= EN(UZ)(<vaZ> +ord. f),

where Ko = ).~
have deg (div f) = 0. Hence, summing over C' on both sides gives the equality

deg Ko+ Yy <1 ! > = $<m,v>.

= w(v:)

b, - [z] is a canonical divisor on C. Since C is projective, we

As deg © C o, we conclude that X (D) has log-terminal singularities if and only if
the condition (i¢) is satisfied.
O
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