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This paper is devoted to improvements of functional inequalities based on scalings and written in terms of relative
entropies. When scales are taken into account and second moments fixed accordingly, deficit functionals provide explicit
stability measurements, i.e., bound with explicit constants distances to the manifold of optimal functions. Various results
are obtained for the Gaussian logarithmic Sobolev inequality and its Euclidean counterpart, for the Gaussian generalized
Poincaré inequalities and for the Gagliardo-Nirenberg inequalities. As a consequence, faster convergence rates in diffusion
equations (fast diffusion, Ornstein-Uhlenbeck and porous medium equations) are obtained.
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1 Introduction

Several papers have recently been devoted to improvements of the logarithmic Sobolev inequality. Ledoux et al.
[2014] use the Stein discrepancy. Closer to our approach is Bobkov et al. [2014], Fathi et al. [2014], who exploit
the difference between the inequality of [Stam, 1959, Inequality (2.3)] and the logarithmic Sobolev inequality
to get a correction term in terms of the Fisher information functional. What we do here first is to emphasize
the role of scalings and prefer to rely on Weissler [1978] for a scale invariant form of the logarithmic Sobolev
inequality on the Euclidean space. We also make the choice to get a remainder term that involves the entropy
functional and is very appropriate for stability issues. This allows us to deduce striking results in terms of
rates of convergence for the Ornstein-Uhlenbeck equation. Writing the improvement in terms of the entropy
has several advantages: contraints on the second moment are made clear, improvements can be extended to
all generalized Poincaré inequalities for Gaussian measures, which interpolate between the Poincaré inequality
and the logarithmic Sobolev inequality, and stability results with fully explicit constants can be stated: see for
instance Corollary 3, with an explicit bound of the distance to the manifold of all Gaussian functions given in
terms of the so-called deficit functional. This is, for the logarithmic Sobolev inequality, the exact analogue of
the result of Bianchi and Egnell [1991] for Sobolev’s inequality.

However, putting the emphasis on scalings has other advantages, as the method easily extends to a
nonlinear setting. We are henceforth in a position to get improved entropy — entropy production inequalities
associated with fast diffusion flows based on the scale invariant forms of the associated Gagliardo-Nirenberg
inequalities, which cover a well-known family of inequalities that contain the logarithmic Sobolev inequality,
and Sobolev’s inequality as an endpoint. This is not a complete surprise because such improvements were known
from Dolbeault and Toscani [2013] using detailed properties of the fast diffusion equation. By writing the entropy
— entropy production inequality in terms of the relative entropy functional and a generalized Fisher information,
we deduce from the scaling properties of Gagliardo-Nirenberg inequalities a correction term involving the square
of the relative entropy, and this is much simpler than using the properties of the nonlinear flow. The method
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also works in the porous medium case, which is new, provides clear evidences on the role of the second moment,
and finally explains the fast rates of convergence in relative entropy that can be observed in the initial regime,
away from Barenblatt equilibrium or self-similar states.

The reader interested in further considerations on improvements of the logarithmic Sobolev inequality is
invited to refer to Ledoux et al. [2014] and Bobkov et al. [2014], Fathi et al. [2014] for probabilistic point of view
and a measure of the defect in terms of Wasserstein’s distance, and to Ledoux [2001] for earlier results. Much
more can also be found in Bakry et al. [2014]. Not all Gagliardo-Nirenberg-Sobolev inequalities are covered
by our remarks and we shall refer to Carlen et al. [2014] and references therein for the spectral point of view
and its applications to the Schrodinger operator. The logarithmic Sobolev inequality in scale invariant form
is equivalent to the Gaussian isoperimetric inequality: a study of the corresponding deficit can be found in
Mossel and Neeman [2014]. In the perspective of information theory, we refer to Toscani [2013, 2014a] for a
recent account on a concavity property of entropy powers that involves the isoperimetric inequality. It is not
possible to quote all earlier related contributions but at least let us point two of them: the correction to the
logarithmic Sobolev inequality by an entropy term involving the Wiener transform in [Carlen, 1991, Theorem 6],
and the HWI inequality by Otto and Villani [2000].

Gagliardo-Nirenberg inequalities (see Gagliardo [1958], Nirenberg [1959]) have been related with fast diffu-
sion or porous media equations in the framework of the so-called entropy methods by Del Pino and Dolbeault
[2002]. Also see the papers by Carrillo and Toscani [2000], Otto [2001], Carrillo and Vazquez [2003] for closely
related issues. The message is simple: optimal rates of convergence measured in relative entropy are equiv-
alent to best constant in the inequalities written in entropy — entropy production form. Later improve-
ments have been obtained on asymptotic rates of convergence by Blanchet et al. [2009], Bonforte et al. [2010],
Dolbeault and Toscani [2011], Denzler et al. [2015]. A key observation of Dolbeault and Toscani [2011] is the
fact that optimizing a relative entropy with respect to scales determines the second moment. This observa-
tion was then exploited by Dolbeault and Toscani [2013] to get a first explicit improvement in the framework
of Gagliardo-Nirenberg inequalities. Notice that many papers on improved interpolation inequalities use the
estimate of Bianchi and Egnell [1991] with the major drawback that the value of the constant is not known.
As a consequence the improved inequality, faster convergence rates for the solution to the fast diffusion equa-
tion were obtained and a new phenomenon, a delay, was shown by Dolbeault and Toscani [2015a]. Inspired by
Villani [2000], Savaré and Toscani [2014] studied the p-th Rényi entropy and observed that the corresponding
isoperimetric inequality is a Gagliardo-Nirenberg inequality in scale invariant form. Various consequences for the
solutions to the evolution equations have been drawn in Carrillo and Toscani [2014] and Dolbeault and Toscani
[2015D], which are strongly related with the present paper but can all be summarized in a simple sentence: scales
are important and a better adjustment than the one given by the asymptotic regime gives sharper estimates.
The counterpart in the present paper is that taking into account the scale invariant form of the inequality
automatically improves on the inequality obtained by a simple entropy — entropy production method. Let us
give some explanations.

At a formal level, the strategy of our paper goes as follows. Let us consider a generalized entropy functional &,
which is assumed to be nonnegative, and a generalized Fisher information functional Z. We further assume that
they are related by a functional inequality of the form

IT—-XE>0.

We denote by A the optimal proportionality constant. If the inequality is not in scale invariant form, we will
prove in various cases that there exists a convex function ¢, leaving from ¢(0) = 0 with ¢'(0) = A such that
T > ¢(€). Hence we have found an improved functional inequality in the sense that

IT-AEZ (&) =AE =1(E)

where ¢(€) is nonnegative and can be used to measure the distance to the optimal functions. This is a stability
result. The left hand side, which is called the deficit functional in the literature, is now controlled from below
by a nonlinear function of the entropy functional. A precise distance can be obtained by the Pinsker-Csiszar-
Kullback inequality, which is no more than a Taylor expansion at order two, and some generalizations.The
key observation is that the optimization under scaling (in the Euclidean space) amounts to adjust the second
moment (in the Euclidean space but also in spaces with finite measure, like the Gaussian measure, after some
changes of variables).

At this point it is worth to emphasize the difference in our approach compared to the one of Bobkov et al.
[2014] for the logarithmic Sobolev inequality. What the authors do is that they write the improved inequality
as p~1(Z) > € and deduce that

IT-AE>T - Ao YD)
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where the right hand side is again nonnegative because ¢! is concave and A (p~!)’(0) = 1. This is of course

a stronger form of the inequality, as it controls the distance to the manifold of optimal functions in a stronger
norm, for instance. However, it is to a large extend useless for the applications that are presented in this paper,
as the estimate in terms of the entropy is what matters, for instance, for application in evolution equations.
We shall apply our strategy to the logarithmic Sobolev inequality in Section 2, to the generalized Poincaré
inequalities for Gaussian measures in Section 3 and to some Gagliardo-Nirenberg inequalities in Section 4.
Each of these inequalities can be established by the entropy — entropy production method. By considering the
Ornstein-Uhlenbeck equation in the first two cases, and the fast diffusion / porous medium equation in the third

case, it turns out that % = —7 and
d
o (Z-XE)=R>0.

Hence, if lim;—, o (Z — AE) = 0, this shows with no additional assumption that fooo Rlv(t, )] dt is a measure of
the distance to the optimal functions. Improved functional inequalities follow by ODE techniques if one is able
to relate R with £ and Z. This is the method which has been implemented for instance in Arnold and Dolbeault
[2005], Dolbeault et al. [2008], Dolbeault and Toscani [2013] and it is well adapted when the diffusion equation
can be seen as the gradient flow of £ with respect to a distance. Typical distances are the Wasserstein
distance for the logarithmic Sobolev inequality or the Gagliardo-Nirenberg inequalities, and ad hoc distances
in case of the generalized Poincaré inequalities. See Jordan et al. [1998], Otto [2001], Dolbeault et al. [2009,
2012] for more details on gradient flow issues. Improvements can also be obtained when % differs from —Z:
we refer to Demange [2008], Dolbeault et al. [2014] for interpolation inequalities on compact manifolds, or
to Dolbeault and Jankowiak [2014] for improvements of Sobolev’s inequality based on the Hardy-Littlewood-
Sobolev functional. This makes the link with the famous improvement obtained by Bianchi and Egnell [1991],
and also Cianchi et al. [2009], but so far no entropy — entropy production method has been able to provide
an improvement in such a critical case. For completeness, let us mention that other methods can be used
to obtain improved inequalities, which are based on variational methods like in Bianchi and Egnell [1991], on
symmetrization techniques like in Cianchi et al. [2009] or on spectral methods connected with heat flows like in
Arnold et al. [2007]. Here we shall simply rely on convexity estimates and the interplay of entropy — entropy
production inequalities with their scale invariant counterparts.

A very interesting feature of improved functional inequalities in the framework of the entropy — entropy
production method is that the entropy decays faster than expected by considering only the asymptotic regime. In
that sense, the improved inequality capture an initial rate of convergence which is faster than the asymptotic one.
This has already been observed for fast diffusion equations in Dolbeault and Toscani [2013] with a phenomenon
of delay that has been studied in Dolbeault and Toscani [2015a] and by Carrillo and Toscani [2014], by resorting
to the concept of Rényi entropy. A remarkable fact is that the inequality is improved by choosing a scale (in
practice by imposing a constraint on the second moment) without requesting anything on the first moment, again
something that clearly distinguishes the improvements obtained here from what can be guessed by looking at
the asymptotic problem as t — co. Details and statements on these consequences for diffusion equations have
been collected in Section 5.

2 Stability results for the logarithmic Sobolev inequality

Let du = pda be the normalized Gaussian measure, with p(z) = (27)%2¢~1#1°/2 on the Euclidean space R4
with d > 1. The Gaussian logarithmic Sobolev inequality reads

1
/ Vul du> | / u]? log [uf? du 1)
Rd Rd

for any function u € H'(R? du) such that [p, |u[*dp =1. This inequality is equivalent to the Euclidean
logarithmic Sobolev inequality in scale invariant form

d 2
= log [ — *da ) > 21 >d 2
G iox (2 [ Ivurtac) > [ ogu?as @)

that can be found in [Weissler, 1978, Theorem 2] in the framework of scalings, but is also the one that can be
found in [Stam, 1959, Inequality (2.3)] or in [Carlen, 1991, Inequality (26)]. See Bobkov et al. [2014], Fathi et al.
[2014] and Toscani [2014b] for more comments. The equivalence of (1) and (2) is well known but involves some
scalings and we will give a short proof below for completeness. Next, let us consider the function

olt) = § {exp <%> 1%} VieR. (3)
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Our first result is an improvement of (1), based on the comparison of (1) with (2), which combines ideas of
Bakry and Ledoux [2006] and Fathi et al. [2014]. It goes as follows.

Proposition 1. With ¢ defined by (3), we have

1
[ v an=3 [ 10g|U|2duZ<P< [ log|u|2du)
Rd Rd R

Vu € H'(R? du) such that / lul*dp =1 and / lz)? [ul?du =d. (4)
R4 R4

O

Inequality (4) is an improvement of (1) because ¢(t) > % for any ¢t € R and, by the Pinsker-Csiszar-
Kullback inequality,

2
1
/d juf? log ful? dju > 5 </ ‘ uf? — 1 ‘ du> Vu € LARY dp)  such that  [|uflpse g = 1.
R R

See Pinsker [1964], Csiszar [1967], Kullback [1968] for a proof of this inequality.

Proof. To emphasize the role of scalings, let us give a proof of Proposition 1, which follows the strategy
of [Bakry and Ledoux, 2006, Proposition 2, p. 694].

As a preliminary step, we recover the scale invariant, Euclidean, version of the logarithmic Sobolev
inequality from (1). Let v := u \/ii. We observe that [p, |[v|* dz = 1 and [, |z[* |v|* dz = d. With one integration
by parts, we get that

1 d
/Rd |Vo|? dz > 5 /Rd |v|? log |[v]? dx + 1 log(2 7 e?) (5)

which is the standard Fuclidean logarithmic Sobolev inequality established in Gross [1975] (also see Federbush
[1969] for an earlier related result). This inequality is not invariant under scaling. By considering w such that
v(x) = A2 w(\x), we get that

d 1 d
)\2/ |Vw|? de — = log A > = / |w|? log |w|? dz 4+ = log(2 7 e?).
o 2 2 Jga 4

holds for any v € H' (R, du) such that [|v||p2gae) = 1. An optimization on the scaling parameter shows that
4N? [pa |Vw|? dz = d and establishes the scale invariant form of the logarithmic Sobolev inequality,

d 2
— log —/ |Vw|? dz ) > / lw|? log |w|*dz Vw e H'(R?, dz) such that [jw|i2@sy =1, (6)
2 wde Rd Rd

which is equivalent to (2). This inequality can also be written as

1 2
/ |Vw|?dz > = wde exp —/ |w|? log |w|*dz ) .
R4 2 d R4

If we redefine u such that w = u /i and assume that [[w||i2re) =1, [a [#]* wdz = d, we have shown that

d 2
vz § e (5 [ o oglupau) -1 7

Inequality (4) follows by substracting & [5. [u|? log|u|? du from both sides of the inequality, which is more or
less the idea that has been exploited by Fathi et al. [2014]. u

Consider a nonnegative function f € Li(R?):= {g € LY(RY) : Jga 12]? g da < oo} and, assuming that
Jga [ dz >0, define

1 f o |z|? fdx
My = de, O == F——"— 8
/ /Rd fde, 05:=5 M; ()
Let us define the Gaussian function
My e d

We shall denote by L1(R?) the space of integrable functions on R? with finite second moment.
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Lemma 2. Assume that f is a nontrivial, nonnegative function in f € L(R?) such that Vy/f € L2(R%). With
Or, 1y and ¢ defined by (3) and (8), we have

%f/R 'VJ{|2dx Rdflogfd:cglog(%reQ@f) Adfdz22w[4dflog<£> dz] . (9)
O

Proof. Let v be such that A% f(Ax) = |u(z)|? u(x) with A2 = 6, u(z) = (2m)~%/2 e~121*/2 and apply Proposi-
tion 1. -

The Gaussian function p¢ is the minimizer of the relative entropy

elflul = [ [f log <i> (- m} da
Rd 2
w.r.t. all Gaussian functions in

M= {pl@) = |

M |2
W:e_%,M>O,9>O},
™

that is, we have the identity

/Rd f log (;%) du = e[f|us] = min{e[f|u] : p e M}

Also notice that j is the minimizer of the relative Fisher information w.r.t. all Gaussian functions of mass Mj:

) M _l=i2
/Rd|V\/f/uf|2dx:m1n{/w|V\/f/,u|2dx : ,u(ac)zme 56 ,9>0}.

Recall that by the Pinsker-Csiszar-Kullback inequality, the r.h.s. in (9) provides an explicit stability result
in L! (R, dz) that can be written as

1
e[flus] > m Ilf— ,uinl(Rd) Vfe L}‘_(]Rd’dz).

Combined with the observation that ¢ is nondecreasing and (t) > % for any t € R, we have shown the following
global stability result.

Corollary 3. Assume that f is a nontrivial, nonnegative function in f € Li(R?) such that V/f € L2(R%).
With 6, s and ¢ defined by (3) and (8), we have

2
e_f/ mdx_/ f]ogfdx—élog(2ﬂ€29f) fdx
2 Rd f R4 2 Rd

17 = sl

> 2 min o(elf|u]) = 2¢(elflusl) = —5 M?

O

3 An improved version of the generalized Poincaré inequalities for Gaussian measures

We consider the inequalities introduced by W. Beckner in [Beckner, 1989, theorem 1]. If pu(x) = (27)~4/? e~lel*/2)
then for any p € [1,2) we have

ull? 2 (e, gy = 1llEe (e, gy < 2 =PI IVUllPe g gy Ve € HHRY, dp). (10)

These inequalities interpolate between the Poincaré inequality (p =1 case) and the logarithmic Sobolev
inequality, which is achieved by dividing both sides of the inequality by (2 — p) and passing to the limit as
p — 2. Some improvements were obtained already obtained in Arnold and Dolbeault [2005], Arnold et al. [2007],
Bartier and Dolbeault [2006]. What we gain here is that the improvement takes place also in the limit case as
p — 2 and is consistent with the results of Proposition 1.

Let us define d
2p
ep(@) 1= 7 [(1—2)770 — 1} Vael0,1].
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Corollary 4. Assume that u € H'(R? dyu) is such that [, |ul®|z]*dy = dHuHm(Rd 4y With the above
notation, for any p € [1,2) we have

Vul?du > 2 H“Hi?(Rd,dm_H“HiP(Rdﬁd#) 11
[ IV di = il - - "
, dp)

O

By homogeneity we can assume that [|u[|;2(rd ) = 1. The reader is invited to check that

: 2 d 2E[y] . |ul? |ul?
E_}mQ Op (1 — lullfr(re d#)) =1 (ed - 1) where E[u] := L 3 log 3 du .

@ [l za, g £ g, gy
The proof of Corollary 4 is a straightforward consequence of (7) and of the following estimate.

Lemma 5. For any p € [1,2) and any function v € LP? N L2(R%, du), we have

[[ullf-
T < exp (252 Eful)
||U||Lp(Rd dp)

and, as a consequence, for any u € L? N L?(R%, du) such that llullr2(re, 4y = 1, we obtain

2—-p
A / Jul? log [ul? dy. (12)
p R4
O

Proof. The proof relies on an idea that can be found in Latala and Oleszkiewicz [2000] and goes as follows.
Let us consider the function
k(s) := s log </ ut du) .
Rd

Derivatives are such that

1, 2 1 fRd ut logu dp

SK(s)=log| | widp)— - F——p,

2 Rd

$ Jgautdp
2
log u|? dy — </ 1oguu§ du) ,
Rd

s 2 "
— ws dp k ut du us
4 Rli Rd

hence proving that k is convex by the Cauchy-Schwarz inequality. As a consequence we get that

k(s) — k(1)

/
<
M) = s—1

Vs>1.

Applied with s = 2/p, this proves that

Ju?
- lu|? log | ——5——— | du <
/Rd H“HLz(Rd du) 2

p 9 ||U||ip(Rd7 dp)
— llliae, g Tog { 1",

IellEe e, a
from which we deduce the second inequality in (12) after observing that —logz > 1 — a. n
The result of Corollary 4 deserves a comment. As x — 0, ¢p(z) ~ § ﬁ, so that we do not recover the
optimal constant in (10) in the asymptotic regime corresponding to |[u||r»(ra )/ l|ullr2(re, 4y — 1, that is when
u approaches a constant, because of the factor §. On the other hand, (11) is a strict improvement compared
to (10) as soon as ||u||Lp(Rd du)/HuHLQ(Rd ) < . (p) where z.(p) is the unique solution to ¢,(z) = 3% in (0,1).

Let @, be the function defined by

Op(@) = gp(z) i € 0,2.(p), Pplw)=5— i zclzlp)1]. (13)
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Collecting these estimates of (10) and (11), we can write that

u
/ 'Wduz||u||iz<Rd,qu>p<” 2z — el dm)
Rd

el e, a0

for any function v € H'(R?, dp) such that [o, [ul? |z> dp = d HuHiQ(Rd’ dy)+ This is an improvement with respect
o (10) because ¢y (z) = 7%,

The right hand side in (11) controls the distance to the constants. Indeed, using for instance Holder’s
estimates, it is easy to check that

with a strict inequality if x < z,(p).

HUHi%R{ dp) — ||U||ip(Rd, dp) = ||U||iz(Rd, dp) — ||U||il(Rd, dp) = /Rd lu—7|*dp

with w = fRd |u| dpe. Sharper estimates based for instance on variants of the Pinsker-Csiszar-Kullback inequality
can be found in Céceres et al. [2002], Bartier et al. [2007].

4 Stability results for some Gagliardo-Nirenberg inequalities

4.1 A first case: ¢ > 1

We study the case of Gagliardo-Nirenberg inequalities
IVl 2@y 1wl gay 2 Can lwliizaea) (14)

with ¥ = 7 #@2) The value of the optimal constant has been established in Del Pino and Dolbeault [2002]

(also see Gunson [1991] for an earlier but partial contribution).
Let us start with some elementary observations on convexity. Consider two positive constants a and b. Let

us define
b a¢ (b7 a+b
g_a+b’ H_(g) +(5) CoalCpeT
Next let us take three positive numbers, A, B, and C such that A¢ B'=¢ > C and consider the function
hA) =A"A+A"B—-krC.

1
The function h reaches its minimum at A = A\, := (g—ﬁ) “* and it is straightforward to check that

h(1) = inf h(X) = h(\) = & (AB'¢-0).

This computation determines the choice of k. Using the assumption A¢ B1=¢ > C, we get the estimate
A+B—kC>C<B""¢+B—rC =¢(B, — B)

where

and
o(s) == Ct [(B* _g)i-t _Bi’%] _s. (15)

Indeed, ¢ = aier leads to the identity
1
KC =B, +CtB, *.

Note that ¢ is a nonnegative strictly convex function such that ¢(0) = 0 and ¢”(s) > ¢”(0) = 15; c<B, ¢
for any s € (0, By).
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We apply these preliminary computations with

d -1
a=-(d-2), b=dLl—=
q 2q
1 2 2 +1 2q
A:Z(q -1) |Vw| de, B=2p§ |w|q dx , ﬁ— 1—d
C= (i((f—l))cﬁl ¢ (Cen HwHL?q(Rd)) , a=Q+1—C(q—1)
for any g € (1, 3%5). With K := (1 (¢ — 1))¢ 817 &, the functional
1 2g
Jw] ===~ (¢* - 1)/ |Vw|? dz + ﬂ/ lw|?T de — K Cay </ |w|?? d:c>
4 Rd Rd Rd
is nonnegative and achieves its minimum at w,(z) = (1 + |z|? ) . Hence we have that

Jw] > Jw,] =0
and this inequality is equivalent to (14), after an optimization under scaling. Notice that ¥ = 2{/a.

Theorem 6. With the above notations and ¢ given by (15), we have

Sl > [ﬂ ( [ [ qupr d)} (16)

for any w € LI (R?) such that [p, |Vw|?dz < oo and [p, [w[*? [z dz = [y, wi? |z|? da. O

Proof. The reader is invited to check that, with the above notations,
B,—B=p </ |w, |7 da f/ |7 dz) .
R R?

As a last remark in this section, let us observe that the logarithmic Sobolev inequality appears as a limit
case of the entropy — entropy production inequality, and that (2) is also obtained by taking the limit as ¢ — 1
in Gagliardo-Nirenberg inequalities in (14): see Del Pino and Dolbeault [2002] for details. Also, when d > 2, the
convexity of ¢ is lost as ¢ — #’ which corresponds to Sobolev’s inequality. This shows the consistancy of our
method.

4.2 A second case: g < 1

Now we study the case of Gagliardo-Nirenberg inequalities

IV elZa oy ol = Con s ay (17)

1
g <1, 0= 1+q m and we denote by |lwl|jzqray the quantity ([p.|w[*?dx)?® for any

€ (0,1), even for ¢ < 1/2 (in that case, it is only a semi-norm).
Our elementary estimates have to be adapted. Consider two positive constants a and b, with a > b. Let us

define )
b b\"7 b\ a—b
= K = — — | - =
= a a b=n gl+n

Next let us take three positive numbers, A, B, and C such that A=7 B'*" < C and consider the function

with ¢ =

h(A) =XA-XNB+kC.

bB)ﬁ

The function h reaches its minimum at A = A, := (a—A and it is straightforward to check that

h(A) > h(\.) = K (C — A7 B1F7)
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Using the assumption A= B*7 < C| we get the estimate

A—B+kC>C "B"7 —B+kC=¢B-B,)

n
B, :C<L>
1+n

p(s)=C% [(B.+ )45~ BI7] s (18)

where

and

is a nonnegative strictly convex function such that ¢(0) = 0 and ¢”(s) > ¢”(0) > 0 for any s > 0.
We apply these preliminary computations with

d 1-
a=°-(d-2), b=d—1
q 2q

1 2
A:_(qul)/ |Vw|2dz, B:ﬂ/ |w|q+1d:c, B = q +d

4 Rd Rd l—q
C = (i (q2 o 1))—77 ﬁl—i-’r] (CGN)—(Q+1)(1+77) lengq(Rd) , a=q+ 1+ n (q — 1)

for any ¢ € (0,1). With K := (3 (¢ — 1))~ 8" &, the functional
1 B 3
Jw] =~ (¢* - 1)/ Vwl|? dz —ﬂ/ Jw] T dz + K (Can)~@FDOF </ |24 dz)
4 Rd R Rd

1
is nonnegative and achieves its minimum at w, (z) = (1 — |z[*){". Hence we have that

Jw] > Jw,] =0
and this inequality is equivalent to (17), after an optimization under scaling. Notice that ¢ = @Jjﬁ.

Theorem 7. With the above notations and ¢ given by (18), we have

Jw] > ¢ [ﬂ </ |w|T da — / Jw, |91 dz)] Vw € LI (RY)  such that / |Vwl|? de < oc. (19)
R4 R R4
O

Proof. The proof is similar to the proof of Theorem 6 except that the roles of [o, |w, |7 do and [, |w.|*? dx
are exchanged. [ |

5 Some consequences for diffusion equations

5.1 Linear case: the Ornstein-Uhlenbeck equation

Let us consider the Ornstein-Uhlenbeck equation (or backward Kolmogorov equation)

of
S =Af e VS (20)

with initial datum fo € L1 (R?, (1 + |z|?) dpu and define the entropy as
Elf] r=/ flog fdpu.
Rd
Using (1), a standard computation shows that a solution f = (t,-) to (20) satisfies
d
Gl == [ (VIR < 2611,
Rd

thus proving that
S[f(t, )] < S[fo] e 2t Vit >0. (21)

It is well known that M = fRd f(t,-) dp does not depend on ¢ > 0. Since the second moment evolves according

to
d
S fuakai=2 [ pa-jePyan,
dt R4 Rd
if we assume that [, fo|z|* du = d M, then we get also that [, f(t,-) |z[* du = d M for any t > 0.
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Theorem 8. Let d > 1 and consider a nonnegative solution to (20) with initial datum fy such that E[fo] is
finite and fR'i folz?dp=d fR'i fodp. Then we have

Elf(t )] < fg log [1 - (1 - e*%ﬂfol) e*ﬂ Vi>0. (22)

Proof. The proof relies on the estimate

Geln=—a [ 1vVita= § leo (Sem) 1) .

according to (7). [
Let us conclude this section on the Ornstein-Uhlenbeck equation with some remarks.

(i) The estimate (22) is better than (21): if we let 2 = e~2* and a = e~ 4 £1/0], then

— g log {1 — <1 — e_%g[f"]) e_Qt] <Elfole™®

for any ¢ > 0 is equivalent to prove that h(z) =1 —a® — (1 — a) z is nonnegative for any a > 0 and any
€ (0,1). This is indeed the case because h(0) = h(1) = 0 and h”(z) = — a® (logz)? < 0.

The improvement degenerates as £[fy] — 0. Indeed, we may observe that, for a given ¢ > 0,
d _2¢ —2t —2t
filog{17<lfe d“)e ]wé‘oe as & — 04.

(ii) Similar results can be obtained using the generalized Poincaré inequalities for Gaussian measures of
Section 3. With ¢ = 2/p, we get that

d 94— M1 4/ fa— M1
a Y dy = — = V22 du <o EA )
dt Jra q—1 : q Rdl JU dp < ra q—1 .

with W, (¢) := max {2, 227—pp gpp(%Tp t)} = 227—pp CIDP(Q%’” t) with ®, as in (13), and thus get an improvement
of the standard estimate

a_ N a_ ppa
/ fid,u< foidu672t vt>0
rRe q—1 rRe q—1

if [, 2 B dp < g2 (p).

iii) None of the above improvements requires that [, fxdu = 0. If this condition is added at ¢t =0, it is
R
preserved by the flow corresponding to (20) and spectral methods allows to prove that

froar [ =

1 < 1 dpe ™ V>0
RrRd 4 Re 4

where A is the best constant in the inequality

1
|\U|\i2(Rd, dp) ~ HuHiP(Rd, ) S ”quiZ(Rd, dp)

for any u € HY(RY,du) such that fR'i (1,2, |x|* — d)dp = (0,0,0). According to [Arnold et al., 2007,
Theorem 24], we know that A\ > m

operator —A + z - V. Standard results on the harmonic oscillator allow us to prove that A\; = i, where the
eigenspaces associated with ¢ =0, ¢ =1 and ¢ = 2 are generated respectively by the constants, x; with
i=1,2,.dand |z]? —

where (\;);>0 are the eigenvalues of the Ornstein-Uhlenbeck
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5.2 Nonlinear case: the fast diffusion equation

The inequality J[w] > 0 in Section 4.1 is also known as the entropy — entropy-production inequality for the fast
diffusion equation, as was shown in Del Pino and Dolbeault [2002]. Also see Arnold et al. [2004] for a review on
these methods. Here are some details. Let us consider the free energy

1
Flv] :i= —— (Up—%p—p%p_l(v—%)) dx
p—1 Rd
where the Barenblatt profile 985 is defined by
1
B(z) = (1+[z[*)"" Vae RY .

and has mass

vl
=
-

-

bS]

\
[JisH
~——

M, = Bde =72 ———%.
Rd T 1)

Next we can define the generalized Fisher information by

Z[v] :

= P U’va_l —2$|2dx
17p Rd

and consider the deficit functional
JWw] =TI —4F[v].
We may also define the temperature as
1 Zud
Ofv] = = 7fRd ol v de .
d fRd vdx

It turns out that J[v] = J[w] if vP~% = w and ¢ = 2p171. Notice that ¢ € (1, 7%5) is equivalent to p € (p1, 1) with

p1:= L. Recall that 8= (]27—‘11 —d= ﬁ —d. If ©v] = ©[B], we observe that Flv] := p_il Ja (WP —BP) dx
because [, BP~! (v —B)dx = 0. Theorem 6 can be rephrased in terms of v as follows.

Corollary 9. Let p € (p1,1). Assume that v is a nonnegative function in L!(R?) is such that v? and v |z|? are
both in L'(R?), and Vv is in L2(R?%). With the above notations and ¢ defined by (15) we have

TW] > e(B(1—p) Fl]) if /de:M* and O[v] = O[B].

Rd

Since ¢"(s) > ¢’(0) for any admissible s > 0, we have in particular that
I} > s (Fle])”

under the assumptions of Corollary 9, with x =1 8% (1 —p)?¢”(0). Hence Corollary 9 allows to recover
[Dolbeault and Toscani, 2013, Theorem 8] with a much simpler proof.

In a second step, we can get rid of the constraints on the mass and on the second moment. Let us define
O, := O[B].

If we write that

M
= AFedgmiy (A ith A =
u(z) o 2o (A z/yo) wi i

*

for some o € R to be determined later and choose o > 0 such that

 \-(1+20) Jga u|2|? da
' fRd B |z|2dr’

o =olu]

then we can define the corresponding Barenblatt profile by

B o(x) = Ated =5 ) (A z/\o) Vae R?,
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and the relative entropy and the relative Fisher information respectively by

1 _
Furolu] i = —— (up — B, I pBY; (17 (u— %M,g)) dx
p—1Jra ’ ’

and, with p. := %,

Inolu] == T fpog(p_pc)/Rdu|Vup_l —V%ﬂifd:c.

ltad

The Barenblatt profile By (z) takes the form (Cps + |x]?)Y/ P~ for some positive constant Cpy = \7=1  if
and only if

L—p

a=———.
2—d(1-p)

With this choice, the functionals Fas [u] and Zas »[u] have the same scaling properties, so that we get

2p—d(1—p

Tntolt] = Tarolu] — 4 Farolu] = A 372055 o3 1-0) 7[y]

By expressing the values of A\ and o in terms of M and O[u], we have that

2(2—p)—d(1—

(d-p)
M M* 2—d(i—p)
/\:M* and Jo[u]<M> %1:]7
d2 (1-p)2—2d (p2—4p+3)+4p d
2d (p”- 5 (1-p)
p—d(1—p) M st ’
A0 o8 (12P) — h(M, Ou]) with h(M,©) = <M ) (@g)

We can now rephrase Corollary 9 for a general function u as follows.

Corollary 10. Let p € (py,1). Assume that u is a nonnegative function in L!(R?) is such that u? and u |z|? are
both in L*(R4), and Vu is in L?(R%). With the same notations as in Corollary 9 and ¢ defined by (15) we have

Tlulare = h(M,O[u]) ¢ (/3 1-p) th,a[u]

W) with o =ou].

The choice o = o[u] is remarkable because
Frofulu] = inf Furolul,

so that Bs [, is the best matching Barenblatt profile, among all Barenblatt profiles with mass M and
characteristic scale o > 0, when measured in relative entropy. See Dolbeault and Toscani [2011, 2013] for more
details.

One of the interests of the statement of Corollary 10 is that the free energy Fas o[u[u] is an explicit distance
to the manifold of the optimal functions for the Gagliardo-Nirenberg inequalities. We have indeed the following
Csiszar-Kullback inequality.

Theorem 11. [Dolbeault and Toscani, 2013, Theorem 4] Let d > 1, p € (d/(d + 2),1) and assume that u is a
non-negative function in L' (R?) such that u” and x ~ |z|* u are both integrable on R?. If ||ully1(re) = M, then

pofult-p

‘F olu Z -~ rr a0 5
Ml ][U] 8 fRd %119\4,1 dx

2
1
(CMHU — Bus,ofu L ey + o] /Rd |f? [u — %IVLG[u]|d$> :

O
The fast diffusion equation written in self-similar variables is
du 4 (r—pe) o1
E-FV{’U-(O'ZPPC VP —290)}:0 (23)
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and it is equivalent to the fast diffusion equation % = AvP up to a rescaling: see for instance

Del Pino and Dolbeault [2002], Blanchet et al. [2009] when o is taken constant and Dolbeault and Toscani [2011,
2013, 2015b] when o = o[u(t, )] depends on ¢. By using Corollary 10, we get that

d
S Mol [U( )] = = Iasofu, ) [u(t, )]
while a direct computation shows that

d 2(1-p)?

g0l = = e 7 olu(t N Furopugult, )] < 0.

Altogether this establishes a faster convergence rate of the solutions towards the Barenblatt profiles than one
would get using the entropy — entropy production inequality Jys »[[u] > 0, and even a better rate that the one
found in Dolbeault and Toscani [2013, 2015b] because ¢”(s) > ¢ (0). Details are out of the scope of this paper
and a simplified method will appear in Dolbeault and Toscani [2015b].

5.3 Nonlinear case: the porous medium equation

Now we turn our attention to the inequality J[w] >0 in Section 4.2 which was also studied in
Del Pino and Dolbeault [2002]. With p > 1, we may consider the free energy

1
Flv) i= —— (v" — B + plaf* (v—B)) dx
p—1 Rd

for any nonnegative function v such that fRd vdr = fRd B dz, where the Barenblatt profile B is now defined by

1
p—

B(z) = (1- |x|2)Jr T VzeR?.

and has mass

)
(e +4)

Next we can define the generalized Fisher information by

v S U|va_1—2x|2dx
p—1 Jga

and consider the deficit functional

As before, we may also define the temperature as

o o L Jeclal v
v d fRdvdz '

It turns out that J[v] = J[w] if v?~% = w and ¢ = 2p171. Notice that ¢ € (0,1) is equivalent to p € (1, 00). Recall
that = quq +d= ﬁ +d. If ©[v] = O[B], we observe that Flv] := p—il Jga (WP —BP) dz. Theorem 7 can be

rephrased in terms of v as follows.

Corollary 12. Let p € (1, +00). Assume that v is a nonnegative function in L*(R?) is such that v? and v |z|?
are both in L'(R?), and Vv is in L?(R%). With the above notations and ¢ defined by (18) we have

T > e(B(p—1)F]) if /de:M* and O[v] = O[B].

Rd
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Since ¢’ (s) > ¢”(0) for any admissible s > 0, we have in particular that
Il = 5 (Flo))*

under the assumptions of Corollary 12, with k = 1 5% (1 — p)2 ¢”(0). The result of Corollary 12 is new.

In a second step, we can get rid of the constraints on the mass and on the second moment. Let us define

If we write that

M
= AFadgmiy (2@ ith A=
u(x) o 2v (A /o) wi i

*

for some o € R to be determined later and choose o > 0 such that

\—(1+20) Jpa |z]? dz
fRd B |z[2de’

o=olu]:=

then we can define the corresponding Barenblatt profile by
Brro(r) = AT 672 B (X 2/\/0) VaeR?,
and the relative entropy and the relative Fisher information respectively by

1
Fumolu] i= — (up — B, + po— 0P |2 (u — %Mﬁ)) dx
p—1 Jpa ’
and

dr .

2
Ium,olu] = fl o (p_p“‘)/ U ‘ VP~ — 240 % (P—pe)
p Rd

where p. = 92, The Barenblatt profile B,;,1(z) takes the form (Cas — |x|2)i/(p_1) for some positive constant
Cy = )\lptald if and only if

_ p—1

o 24d(p—-1)°

With this choice, the functionals Fys »[u] and Zps - [u] have the same scaling properties, so that we get

2ptd(p—1) g4

Intolt] = Tarolu] — 4 Farolu] = A2Fa0-1 g2 3=P) 7[y]

By expressing the values of A\ and o in terms of M and O[u], we have that

2(2-p)—d(1—p)
M M, S 2=d(0-p) @
)\:M* and Uza[u]:(M) @LQ:],
2 (1-p)2— p2—dp P
2p—d(1-p) 4 (1—p) . M a2 )2 [227'1(1((17;;4)] +3)+4 £ (1-p)
A2=d0-» g2 WP = h(M,Ofu]) with h(M,0):= i o,

We can now rephrase Corollary 12 for a general function u as follows.

Corollary 13. Let p € (1,+00). Assume that u is a nonnegative function in L!(R?) is such that u? and u |z|?
are both in L'(R%), and Vu is in L2(R?). With the same notations as in Corollary 12 and ¢ defined by (18) we
have

J)ar,e > h(M,O[u]) ¢ <ﬂ (p—1) h]:M,a[U]

W) with o = ofu].
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For the same reason as in the fast diffusion case, the choice o = o[u] is remarkable because
]:M,a'[u] [u] = ;I;% ]:M,U[u] 5

so that Bs (. is the best matching Barenblatt profile, among all Barenblatt profiles with mass M and
characteristic scale o > 0, when measured in relative entropy.

One of the interests of the statement of Corollary 13 is that the free energy Fps[y[u] is an explicit
distance to the manifold of the optimal functions for the Gagliardo-Nirenberg inequalities. Variants of the
Pinsker-Csiszér-Kullback inequality can be found in Carrillo and Toscani [2000], Del Pino and Dolbeault [2002]
and allow to control ||u — B rs ;[ |11 (rey under additional assumptions. Here we shall give a simpler result which
goes as follows.

Theorem 14. Let d > 1, p € (1,00) and assume that u is a non-negative function in L!(R?) such that u? and
x + |x|?u are both integrable on R?. With previous notations, we have that

p .
‘F]\/I,o'[u] [U] > m mln{lvp - 1} ||u - %M,U[U]Hip(ﬂgd) .

Proof. Let us consider the function
X)) =tF —=1—p(t—1)—cplt —1/°
with ¢, := min{1, p — 1}. The reader is invited to check that for some ¢, € (0,1), x”(¢t) < 0 for any ¢ € (0,t,),

x"(t) > 0 for any t € (t,,1) U (1,400). Since x(0) = x(1) = 0 and x’(0) = 0, we get that x(t) > 0 for any ¢ > 0.
As above, let us define v by the rescaling (24) and consider

1 v 1
Flv] = — X(—)%pd:ch— uP —p(1—|z|*)u) dr.
P=1Jjg<i” \B p- m>1( )
It is straightforward to check that
c 1
Flv] = —2 / v—B" do + —— u? dx > ¢, |lv — B,
b= |z|§1| | PR . Al I (ra)

and we conclude using the identities

Furofuu] = (M, Ou]) Flo]  and  |lu =By oI} »gay = h(M, Ou]) [lv — BT, gay -

|
The porous medium equation written in self-similar variables is
Ou 4 (-po) -1
EzV{U-(U?’)pC VP +2$)}:0 (25)
and it is equivalent to the porous medium equation % = AvP up to a rescaling: as in Dolbeault and Toscani

[2011, 2013, 2015b] we may choose o = o[u(t, )] to depend on t. By using Corollary 13, we get that

d
E}—M,a[u(t,»)] [u(t,-)] = — I, olut,)] [u(t, -)]
while a direct computation shows that

d N 2(p—1)2

g0t = = e g ol N P opugylult, )] < 0.

Altogether this establishes a faster convergence rate of the solutions towards the Barenblatt profiles than one
would get using the entropy — entropy production inequality Jas ,[4[u] > 0. This is new. More details based on
a simpler method will appear in Dolbeault and Toscani [2015b].



16 Dolbeault, J., and Toscani, G.

As a concluding remark, which is valid for the porous medium case, for the fast diffusion case, and also
for the linear case of the Ornstein-Uhlenbeck equation, we may observe that two moments are involved while
the center of mass fRd xudz is not supposed to be equal to 0. In that sense our measurement of the distance
to the manifold of optimal functions by the deficit functional is an explicit but still a rough estimate, which
is definitely not optimal at least in the perturbation regime, that is, close to the optimal functions, which is
precisely the regime that was considered in Bianchi and Egnell [1991].
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