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THE MAXIMIZING SET OF THE ASYMPTOTIC
NORMALIZED LOG-LIKELTHOOD FOR PARTIALLY
OBSERVED MARKOV CHAINS

RANDAL DOUC!, FRANCOIS ROUEFF?, AND TEPMONY SIM?

ABSTRACT. This paper deals with a parametrized family of partially
observed bivariate Markov chains. We establish, under very mild as-
sumptions, that the limit of the normalized log-likelihood is maximized
when the parameter belongs to the equivalence class of the true parame-
ter, which is a key feature for obtaining the consistency of the Maximum
Likelihood Estimators (MLE) in well-specified models. This result is ob-
tained in the general framework of partially dominated models. We ex-
amine two specific cases of interest, namely, Hidden Markov models and
Observation-Driven times series. In contrast with previous approaches,
the identifiability is addressed by relying on the unicity of the invari-
ant distribution of the Markov chain associated to the complete data,
regardless its rate of convergence to the equilibrium.

1. INTRODUCTION

Maximum likelihood estimation is a widespread method for identifying
a parametric model of a time series from a sample of observations. Under
a well-specified model assumption, it is of prime interest to show the con-
sistency of the estimator, that is, its convergence to the true parameter,
say 0., as the sample size goes to infinity. The proof generally involves two
important steps: 1) the maximum likelihood estimator (MLE) converges to
the maximizing set ©, of the asymptotic normalized log-likelihood 2) the
maximizing set indeed reduces to the true parameter. The second step is
usually referred to as solving the identifiability problem but it can actually
be split in two sub-problems: 2.1) show that any parameter in O, yields
the same distribution for the observations as for the true parameter and
2.2) show that for a sufficiently large sample size, the set of such parame-
ters reduces to 6,. Problem 2.2 can be difficult to solve, see [2,18] and the
references therein for recent advances in the case of hidden Markov models
(HMM). Nevertheless Problem 2.1 can be solved independently, and, among
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2 R. DOUC ET AL.

with Step 1 above, it directly yields that the maximum likelihood estima-
tor is consistent in a weakened sense, namely, that the estimated parameter
converges to a set of parameters, all of them corresponding to the same dis-
tribution of the observed sample. This consistency result is referred to as
equivalence-class consistency, as introduced by [24]. In this contribution our
goal is to provide a general approach to solve Problem 2.1 in the general
framework of partially observed Markov models, which include many classes
of models of interest, see e.g. [28] or [16]. The novel aspect of this work is
that the result mainly relies on the unicity of the invariant distribution of
the Markov chain associated to the complete data, regardless its rate of con-
vergence to the equilibrium. We then detail how this approach applies in the
context of two important subclasses of partially observed Markov models,
namely, the class of HMMs and the class of observation-driven time series
models.

In the context of HMMs, the consistency of the MLE is of primary impor-
tance, either as a subject of study (see [11,12,24]) or as a basic assumption
(see [4,22]). The characterization of the maximizing set ©, of the asymp-
totic log-likelihood (and thus the equivalence-class consistency of the MLE)
remains a delicate question for HMMs. As an illustration, we consider the
following example.

Example 1. Set X =R, X = B(R"), Y =R and ) = B(R) and define a
Hidden Markov model on X x Y by the following recursions:

1) X = (X1 + Uy —m)* |
Y =aXy + Vg,

where (m,a) € (0,00) X R and where the sequence {(Ug, Vi), k € N} is i.i.d
and independent from Xj.

The Markov chain {X,, },en was proposed by [30] and further considered
by [21] as an example of polynomially ergodic Markov chain, under specific

assumptions on the Uy’s. Namely, if the Uy’s are centered and IE[eM]k+ |=o0
for any A > 0, it can be shown that the chain {X}} is not geometrically
ergodic (see Lemma 13 below). In such a situation, the exponential separa-
tion of measures condition introduced in [11] seems difficult to check. We
will show, nevertheless, in Proposition 14, that under some mild conditions
the chain {X}} is ergodic and the equivalence-class consistency holds.

Observation-driven time series models were introduced by [7] and later
considered, among others, by [29], [8], [17], [26], [15] and [10]. The cele-
brated GARCH(1,1) model introduced by [5], is an observation-driven model
as well as most of the models derived from this one, see [6] for a list of some
of them. This class of models has the nice feature that the (conditional)
likelihood and its derivatives are easy to compute. The consistency of the
MLE, however, can be cumbersome and is often derived using computations
specific to the studied model. When the observed variable is discrete, gen-
eral consistency results have been obtained only recently in [9] or [10] (see
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also in [20] for the existence of stationary and ergodic solutions to some
observation-driven time series models). However, in these contributions, the
way of proving that the maximizing set ©, reduces to {6, } requires checking
specific conditions in each given examples and seems difficult to assert in a
more general context, for instance when the distribution of the observations
given the hidden variable also depends on an unknown parameter. Let us
describe two such examples. The first one was introduced in [31]. Up to our
knowledge the consistency of the MLE has not been treated for this model.

Example 2. The Negative Binomial Integer-Valued GARCH (NBIN-
GARCH) model defined by

Xpr1 =w+aXy +bYy

(2) ( 1 >
Yot | Xowoss Yor ~ NB (7, ——— ) |
k1| X041, You T+ X
where X}, takes values in X = R, Yy, takes values in Z; and § = (w, a,b,r) €
(0,00)% is an unknown parameter. In (2), N'B(r,p) denotes the negative

binomial distribution with parameters » > 0 and p € (0,1), which has

probability k(,kJ(rr)) p"(1 — p)¥ for all k > 0, where I' stands for the Gamma

function.

The second example, proposed by [19] and [1], is another natural extension
of GARCH processes, where the usual Gaussian conditional distribution of
the observations given the hidden volatility variable is replaced by a mixture
of Gaussian distributions given a hidden vector volatility variable. Up to our
knowledge, the usual consistency proof of the MLE for the GARCH cannot
be directly adapted to this model.

Example 3 (Normal Mixture GARCH Model). The normal mixture
GARCH model (NM(d)-GARCH(1,1)) is defined by

Xjp1 = w+ AX; + YV2b,
(3) Yier1 | Xoks1, Yo ~ G (Xprr;-)

eV /2%y
G (x; dy) = (ZWW) dy, x€(0,00)% yeR,

where d is a positive integer; Xj = [X; .. .Xd,k]T takes values in X = Ri;
~ = [y1...74)7 a d-dimensional vector of mixture coefficients belonging to
the d-dimensional simplex P; = {y € R% : Zg:l v = 1}; w, b are
d-dimensional vector parameters with positive and non-negative entries, re-

spectively, A is a d x d matrix parameter with non-negative entries and
0= (v,w,A,Db).

The paper is organized as follows. The main result (Theorem 3) shows
that the argmax of the limiting criterion is reduced to the equivalence class
of the true parameter. It is stated and proved in Section 2. We then focus
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on the kernel involved in the assumptions, and we show that in practice,
it can be obtained as a backward limit. Two important classes of partially
observed Markov models are then considered.

- First, the hidden Markov models described in Section 3, for which
the equivalence-class consistency of the MLE is derived under sim-
plified assumptions. The polynomially ergodic HMM of Example 1
is treated as an application of this result.

- Second, the observation-driven time series models described in Sec-
tion 4. The obtained results apply to the models of Example 2 and
Example 3, where the generating process of the observations may
also depend on the parameter.

The technical proofs are gathered in the Appendix.

2. A GENERAL APPROACH TO IDENTIFIABILITY

2.1. General setting and notation: partially dominated and par-
tially observed Markov models. Let (X, X) and (Y,)) be two Borel
spaces, that is, measurable spaces that are isomorphic to a Borel subset of
[0,1] and let © be a set of parameters. Consider a statistical model deter-
mined by a class of Markov kernels {K% 6 € ©} on (X x Y) x (X @ ).
Throughout the paper, we denote by IP’? the probability (and by Eg the

corresponding expectation) induced on (X x Y)?+ by a Markov chain
{(Xy, Yi) }k>0 with transition kernel K and initial distribution & on X x Y.
In the case where ¢ is a Dirac mass at (z,y) we shall simply write P‘(gx )
For partially observed Markov chains, that is, when only a sample Yllm =
(Y1,...,Y,) € Y" of the second component is observed, it is convenient to

write K? as
(4) K%((z,y);d2'dy) = Q°((z,y); dz") G ((z,y,2"); dy)

where Q% and G are probability kernels on (XxY)x X and on (XxY xX)x Y,
respectively.
We consider the following general setting.

Definition 1. We say that the Markov model {K% 6 € ©} of the form (4)
is partially dominated if there exists a o-finite measure v on Y such that for
all (z,y), (2/,y) e X x Y,

(5) GO ((x,y,2");dy") = (2, y,2"); 9 )v(dy)
where the conditional density function ¢ moreover satisfies
(6) 9" ((x,y,2");y) >0 forall (z,y),(z',y) eXxY.

It follows from (5) that, for all (z,y) e XxY A€ X and B € ),

K ((z,y); Ax B) = B/ie(y, y') (2 A)v(dy')
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where, for all 5,7/ € Y, %(y,/) is a kernel defined on (X, X) by
(7) Ky, o) (z;da’) = Q((w,y); da)g’ ((z, y,2');y) -

Remark 1. Note that, in general, the kernel x?(y,y’) is unnormalized
since ?(y, 1) (x;X) may be different from one. Moreover, we have for all
(z,y,y) €eXXY XY,

®) &y (@ X) = /X Q%((z,y); da)g’ (., ")) > 0,

where the positiveness follows from the fact that Q%((x,%);-) is a probability
on (X, X) and Condition (6).

In well-specified models, it is assumed that the observations Y7.,, are gen-
erated from a process {(Xp, Yi) }x>0, which follows the distribution ]P’g: asso-
ciated to an unknown parameter 6, € © and an unknown initial distribution
& (usually, & is such that, under ]P’g:, {Yi}r>0 is a stationary sequence).
To form a consistent estimate of 6, on the basis of the observations {Y} }r>1
only, i.e., without access to the hidden process { X} }r>0, we define the max-
imum likelihood estimator (MLE) é&n by

9}7” € argmax L¢ ,(0) ,

0O

where L¢ ,(6) is the (conditional) log-likelihood function of the observations
under parameter  with some arbitrary initial distribution £ on X x Y. In this
context, a classical way (see for example [24]) to prove the consistency of a
maximum likelihood type estimator ég,n may be decomposed in the following
steps. The first step is to show that é&,n is, with probability tending to one,
in a neighborhood of the set
(9) 0, = argmax E% |In p? % (V1|Y_o0.0)

[dSS)
This formula involves two quantities that have not yet been defined since
they may require additional assumptions: first, the expectation E?, which
corresponds to the distribution P? of a sequence {Y% }rez in accordance with
the kernel K7, and second, the density p?- (+|-), which shows up when taking
the limit, under P%, of the P?-conditional density of Y; given its m-order
past, as m goes to infinity. In many cases, such quantities appear naturally
because the model is ergodic and the normalized log-likelihood L, (#) can
be approximated by

1 n
- Z In p? % (Vi | Yo ooii—1) -
k=1
We will provide below some general assumptions, Assumptions (A-1) and (K-
1), that yield precise definitions of P and p?? (-|-).
The second step consists in proving that the set ©, in (9) is related to the
true parameter 6, in an exploitable way. Ideally, one could have O, = {0,},
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which would yield the consistency of HA&n for estimating 6. In this work,
our first objective is to provide general assumptions which ensure that O,
is exactly the set of parameters 6 such that PY = P%. Then, if the model
{P?}pco is identifiable, consistency of é&n directly follows. On the other
hand, this result is also of interest in the case where identifiability is not true
(for instance in models involving mixtures) or is difficult to check, since it
guarantees that the estimator converges to the set of parameters compatible
with the true stationary distribution of the observations.

To conclude with our general setting, we state the main assumption on
the model and some subsequent notation and definitions used throughout
the paper.

(A-1) For all § € ©, the transition kernel K admits a unique invariant prob-
ability 9.

We now introduce some important notation used throughout the paper.

Definition 2. Under Assumption (A-1), we denote by ¢ and 7§ the mar-
ginal distributions of 7 on X and Y, respectively and by P? and P? the
probability distributions defined respectively as follows.

a) PY denotes the extension of IP’fre on the whole line (X x Y)Z.
b) P? is the corresponding projection on the component YZ.

Moreover, for all 8,6 € ©, we write § ~ ¢’ if and only if P? = P?, where
P? and P? are the shift-invariant distributions defined above on YZ. This
defines an equivalence relation on the parameter set © and the corresponding
equivalence class of 0 is denoted by [0] :={0'€© : 6 ~ '}

The equivalence relationship ~ was introduced by [24] as an alternative to
the classical identifiability condition. The probability distributions P? and
P? are more formally defined by setting, for all m € Z and B € y®<m+zi>,

(10) B’ (Y’”JFZ* x B) =P’ (xZ X (Y’”*Z* X B)) =P, (xm+Z’i X B) :
or equivalently, using the canonical functions Yy, k& € Z,
(11) P? (Yinst1:00 € B) =P (Vipt1:o0 € B) =P (Yint1:00 € B)

Here and in what follows, we use the same notation Yz both for the canonical
projection defined on YZ and for the original one defined on (X x Y)Z+. We
also use the symbols E? and E? to denote the expectations corresponding to
P? and P?, respectively.

2.2. Main result. Assumption (A-1) is supposed to hold all along this sec-
tion and PY, P? and ~ are given in Definition 2. Our main result is stated
under the following general assumption.



PARTIALLY OBSERVED MARKOV CHAINS 7

(K-1) For all 6 # ¢’ in ©, there exists a probability kernel ¢ on Y%~ x X
such that for all A € X,

/ (I)e’el (ono:0§ dl‘o)’%e <}/O’ Yi> ($0; A) ’ 0’
X =X (Yooei15 A), P’-as.

/ SO0 (V05 o)k (Yo, Y1) (20 X)
X

Note that from Remark 1, the denominator in the left-hand side of the
last displayed equation is strictly positive, which ensures that the ratio is
well defined. Moreover, this denominator can be written as pe’el(YllY_oo;g),
where, for all y € Y and y_o0.0 € Y-,

(12) P (Yly—oe0) = /X % (y_oo0; dao) k% (yo, ) (0; X)

is a conditional density with respect to the measure v, since, for all (x,y) €
XxY, [y, y) (x;X) v(dy') = 1.

Since Y is a Borel space, [23, Theorem 6.3] applies and the conditional
distribution of Y7., given Y_..o defines a probability kernel. Since @e(ylzn €
-) is dominated by v®", this in turns defines a conditional density with
respect to v®" which we denote by p?(-|-), so that, for all B € Y®",

(13) P? (Y1.n € B|Y_00) = / pz(y1:n|yf<>0;o) v(dyy) ... v(dyy), Pl-as.
B
Let us now state the main result.

Theorem 3. Assume that (A-1) holds and define P, P and [0] as in Def-
inition 2. Suppose that Assumption (K-1) holds. For all 6,0’ € ©, define
PP (Vi|Yooe0) by (12) if 0 # 0" and by p*? (V1]Y_o0) = p{(Y1[Y_oc0) as
in (13) otherwise. Then for all 6, € ©, we have

(14) argmax E% |In p?% (Y1|Y_oo0)| = [04] -
[4<C)
Before proving Theorem 3, we first extend the definition of the conditional
density on Y in (12) to a conditional density on Y".

Definition 4. For every positive integer n and 6 # ¢’ € O, define the
function p%’ (-]-) on Y™ x YZ- by

n—1

(15) pr,G’ (yl:n|y—oo:0) = /X (bg’el(y—ooso; de) H /{9<yk7 yk+1> (xk; dxk-‘,—l) .
" k=0

Again, it is easy to check that each pz’al(- |¥—00:0) is indeed a density on
Y™. Assumption (K-1) ensures that, these density functions moreover satisfy
the successive conditional formula, as for conditional densities, provided that
we restrict ourselves to sequences in a set of P?-probability one, as stated
in the following lemma.
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Lemma 5. Suppose that Assumption (K-1) holds and let pi’el(-l-) be as
in Definition 4. Then for all 6,0 € © and n > 2, we have

(16) p%el (len|Y—oo:0) = p?ﬁ (Yn|Y—oo:n—1)pr€1(Y1:n—1|Y—oo:0)7 @el'a's-

The proof of this lemma is postponed to Section A.1 in Appendix A. We
have now all the tools for proving the main result.

Proof of Theorem 3. Within this proof section, we shall drop the subscript
n and respectively write pe’el(yl;n|y,oo;0) and p? (y1:n|y_oo:0) instead of

0,0/ ..
Pr (ylzn|yfoo:0) and pz(ylzn‘yfoo:O) when no amblgulty occurs.
Let us denote

(17) O, := argmax E {lnpe’e*(Yl\Y,oo:o)} :
0cO

For all § € ©, we have by conditioning on Y_,..o and by using (13),
B [0 (Vi[Y- )| = B [np?" (Vi[Y- c0)]

0. [0, [, P O oc)
:EQ* [Ea* [ln p ( 1Y —00:0 v . ”
PO Y o) |

(18) = B [KL () (-[Vooe) [P (- Vo)) ] -

where KL(p||q) denotes the Kullback-Leibler divergence between the densi-
ties p and ¢. The non-negativity of the Kullback-Leibler divergence shows
that 6, belongs to the maximizing set on the left-hand set of (14). This
implies

(19) aregnéaxlﬁg* In p% (Y1|Y_oei0) | 2 [6,] ,
€

where we used the following lemma.
Lemma 6. Assume that (A-1) holds and define E? and [0] as in Definition 2.

Suppose that for all § € O, G(0) is a 0(Y_oc:00)-measurable random variable
such that, for all 0, € O,

sup E% [G(0)] = E% [G(6,)] .
6cO

Then, for all 0, € © and all 0’ € [0,], we have

E% [G(¢)] = supE®* [G(9)] .
0cO

Proof. Take 6, € © and ¢’ € [0,]. Then we have, for all § € ©, E* [G(0)] =
E? [G(0)] and it follows that

E% [G(0)] =EY [G(9')] = supE” [G(8)] = supE* [G(6)] ,
0cO 0cO

which concludes the proof. O
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The proof of the reverse inclusion of (19) is more tricky. Let us take 6 € O,
such that 6 # 6, and show that it implies 6 ~ 6,. By (18), we have

R [KL (p? (- 1V-oe0) ||P1""" ( IY—oo:o))} =0.
Hence we have
pg* (Y1|Y,OO;0) = pG,G* (Y1|Y,oo:0), PG*—&S.

Applying Lemma 5 and using that P is shift-invariant, this relation prop-
agates to all n > 2, so that

(20) pe* (Ylsn|ono:0> = Pe’e* (Yl:n|ono:O) s ]fpe*‘a S
For any measurable function H : Y* — R, we get that
i o |- O (VionY-co0)
B [H(Yi)] = B {B% B (1) PP Yooa) |y
[ ( 1-71)] { |: ( 1~TL) 9*(Y1:n|ono:O) o0
= ]E'e* |:/H 99* yl n|Y oo()) (dyln):| )

where the last equality follows from (13). Using Definition 4 and Tonelli’s
theorem, we get

E% [H(Y1.,)] = E% /H(yl;n)/q)a’g*(yoozo;dffo)/f9<1/(),y1> (xo;dzy) %
n—1

T % W yesn) (@ dapesr) @™ (dyan)
k=1

ZEG*/(1)979*(Y—oo:0;d$0)/H(yl:n)ﬁeﬁfo,yﬂ($0;d$1) X
n—1

LT #° W i) (s daen)) " (dyen)
k=1

= EH* /(139’0* (Y—oo:O;de)E?xo,Yo) [H(Yin)] ’
= ]Ez_eyg* [H(len)} ?

0,0,

where %%+ is a probability on X x Y defined by

700 (A x B) = B [0 (V-3 A) 15 (V)] |
for all (A, B) € X x Y. Consequently, for all B € Y*%%
(21) PP (Y%= x B) =P9,,, (X* x B).

If we had 7% = 7% then we could conclude that the two shift-invariant dis-
tributions P% and P? are the same and thus 6 ~ 6,. Therefore, to complete
the proof, it only remains to show that 7% = 7%% or by (A-1), equivalently,
that 7%% is an invariant distribution for K.
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Let us now prove this latter fact. Using that P% is shift-invariant and
then conditioning on Y_ .0, we have, for any (A, B) € X x ),

WW%Axm:E&@MmeMAHMm),
_ 10« 0,0, . 0«
=K /@ (Y—oo:07 Y1, A)HB(yl)p (ylly—oo:(]) V(dyl) 5
= k% /(I)Gﬂ*(yoo:Ovyl;A)ILB(yl)peﬂ*(yﬂYoo:[)) v(dy1) ,

where, in the last equality, we used again (20). Then, using (K-1), we get
%%+ (A x B)
= E* /@0’0*(Yoo:o;dﬂf0)’f9<yo,y1> (zo;dz1) La(z1)Lp(y1)v(dyr) ,

= % /‘1’9’9*(1/_00:0;dxo)Ke((ﬂmeO)?A x B,

Thus, 7?0+ is an invariant distribution for K?, which concludes the proof.
O

2.3. Construction of the kernel %Y as a backward limit. Again, all
along this section, Assumption (A-1) is supposed to hold and the symbols
P? and PY refer to the probabilities introduced in Definition 2. In addition
to Assumption (A-1), Theorem 3 fundamentally relies on Assumption (K-1).
These assumptions ensure the existence of the probability kernel ®%¢" that
yields the definition of pf’el(-]-). We now explain how the kernel " may
arise as a limit under P?" of explicit kernels derived from K. It will generally
apply to observation-driven models, treated in Section 4, but also in the more
classical case of hidden Markov models, as explained in Section 3. A natural
approach is to define the kernel %" as the weak limit of the following ones.

Definition 7. Let n be a positive integer. For all § € © and = € X, we
define the probability kernel @g’n on Y"1 x X by: for all yo., € Y"1 and
AeXx,

n—1

/ H & (ks Y1) (T dagg)
X

n—1x A k=0

n—1
/ T 5% e viesr) (s daves)
" k=0

(I)ft,n(yO:n; A) = with xg = z.

We shall drop the subscript n when no ambiguity occurs.
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It is worth noting that q)ﬁm (Yo.; ) is the conditional distribution of X,
given Y7., under IP’?I Yo)' To build the desired %Y we shall take, for a well-
chosen z, the limit of @gvn(yom; ) as n — oo for a sequence yp., corre-

sponding to a path under PY. The precise statement is provided in Assump-
tion (K'-1) below, which requires the following definition. For all §# € © and
all nonnegative measurable functions f defined on X, we denote

Fp={o o &y @ h). W) ev?} .
We can now state the assumption as follows.

(K'-1) For all 6 # @' € ©, there exist z € X, a probability kernel ®%¢ on
YZ- x X and a countable class F of X — R, measurable functions
such that for all f € F,

B {yf e FPULSY  Tim @ (Voo; ) = % (Vocgos f)) < oo} = 1.

The next lemma shows that, provided that F is rich enough, Assump-
tion (K'-1) can be used to obtain Assumption (K-1). In what follows we say
that a class of X — R functions is separating if, for any two probability
measures g1 and pg on (X, X), the equality of 1 (f) and pa(f) over f in the
class implies the equality of the two measures.

Lemma 8. Suppose that Assumption (K'-1) holds and that F is a separat-

ing class of functions containing 1x. Then the kernel %Y satisfies Assump-
tion (K-1).

Proof. Let z € X be given in Assumption (K'-1). From Definition 7, we may
write, for all f € F, setting z_,,, = «z,

~1
[ ) TT #000 Vi) (a3 i)

——
‘I)Z,m (Yoo f) = ) = )
[ TL 00 Vi) (ans o)
k=—m

and, similarly,

0
[ TT w0 Yiwn) (onsdons)

k=—m
(22) (I)fc,erl(Y—m:l; f) = 0
/ IT (Y, Yiga) (an; dagga)
k=—m

Dividing both numerator and denominator of (22) by

-1
/ H K (Vie, Yier1) (e dagy)

k=—m



12 R. DOUC ET AL.

which is strictly positive by Remark 1, then (22) can be rewritten as

Fld (Y—m:0§’€0<}/07Y1> (7f))
P . o T,m
(23) (I)I7m+1(Y_m:1’ f) - q)g,m (Y—m:0§ K'0<YO’ }/1> (,; ]lX)) .

Letting m — oo and applying Assumption (K'-1), then P?-a.s.,

B (Voo (Y0, Y1) (5 )
00 (Voo 170, Y1) (5 1x))

[ 807 i) 050,33 o )

(Y _sos f)

/‘?9’9' (Y-ooi0: d) £” (Yo, Y1) (wo; Ix)

Since F is a separating class, the proof is concluded.

3. APPLICATION TO HIDDEN MARKOV MODELS

3.1. Definitions and assumptions. Hidden Markov models belong to a
subclass of partially observed Markov models defined as follows.

Definition 9. Consider a partially observed and partially dominated
Markov model given as in Definition 1 with Markov kernels {K?, § € ©}.
We will say that it is a hidden Markov model if the kernel K¢ satisfies

(24) K°((z,y); da'dy’) = Q°(w; da") G’ (a'; dy) -
Moreover, in this context, we always assume that (X, d) is a complete sepa-

rable metric space and X denotes the associated Borel o-field.

In (24), Q? and G? are transition kernels on X x X and X x ) respectively.
Since the model is partially dominated we denote by ¢ the corresponding
Radon-Nikodym derivative of GY(x;-) with respect to the dominating mea-
sure v: for all (z,y) € X x Y,

dG* (z; )
dv

Then, the unnormalized kernel x%(y, 1) defined in (7) does not depend on
y and we write in this case

(25)  R{y,y) (w;da’) = K7(Y) (23 da’) = Q" (x;da’)g" (a';y/) .
For any integer n > 1, # € © and any sequence yg.,—1 € Y", consider the

unnormalized kernel L6<y0:n_1> on X x X defined for all zg € X and A € X,
by

(y) = ¢’ (z1y) .

n—1
26 Llgonn)ooid) = [+ [ [Hg%xk;yk)cz"(ask;dxm) La(an)
k=0
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so that the MLE ég,n, associated to the observations Yp.,,_1 with an arbitrary
initial distribution £ on X is defined by
é&n € argmafoe(Yom_l)]lx .
6co

We now follow the approach taken by [14] in misspecified models and show
that in the context of well-specified models, the maximizing set of the as-
ymptotic normalized log-likelihood can be identified by relying neither on
the exponential separation of measures, nor on the rates of convergence to
the equilibrium, but only on the uniqueness of the invariant probability. We
note the following fact which can be used to check (A-1).

Remark 2. In the HMM context, 7¥ is an invariant distribution of K if and
only if 7 is an invariant distribution of Q? and 7%(dzdy) = 7 (dx)G?(z; dy).

We illustrate the application of the main result (Theorem 3) in the con-
text of Hidden Markov Models by considering the assumptions of [14] in
the particular case of blocks of size 1 (r = 1). Of course, general assump-
tions with arbitrary sizes of blocks could also be used but this complicates
significantly the expressions and may confine the attention of the reader to
unnecessary technicalities. To keep the discussion simple, we only consider
blocks of size 1, which already covers many cases of interest.

Before listing the main assumptions, we recall the definition of a local
Doeblin set (in the particular case where r = 1) as introduced in [14, Defi-
nition 1.

Definition 10. A set C is local Doeblin with respect to the family of ker-
nels {Q?, 6 € O} if there exist positive constants € eg and a family of

probability measures {\%,}pco such that for any 6 € © , A% (C) =1 and, for
any A€ X, and x € C,

ecAB(A) < Q7 (1, ANC) < efNL(A) .
Consider now the following set of assumptions.

(D-1) There exists a o-finite measure z on (X, X') that dominates Q?(x; ) for

all (z,6) € X x ©. Moreover, denoting ¢’ (z;2) = %}f”(:ﬂ’), we have

P (z;2') >0, forall (z,2/,0) e XxXxO.
(D-2) For all y €Y, we have sup supgg(x;y) < 00.
0€O weX 3
(D-3) (a) For all 6, € ©, there exists a set K € Y with P (Y; € K) > 2/3
such that for all n > 0, there exists a local Doeblin set C' € X" with
respect to {Q?, 6 € ©} satisfying : for all € © and all y € K,
(27) sup g’ (z;y) < nsup ¢’ (w;y) < oo
zeCe zeX
(b) For all 6, € ©, there exists a set D € X satisfying

inf inf Q%(z: D) >0 d E% |In~ inf inf ¢’(2; Y, )
R @ (D) >0 and B il ol o7 (s Yo) | < o
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(D-4) For all 8, € ©, E% |In* supsup ¢ (z; Y5)| < 0.
0€O zeX
(D-5) There exists p € N such that for any x € X and n > p, the function

0 — L (Yy.,)(; X) is continuous on © P%*-a.s.

Remark 3. Under (D-1), for all # € ©, the Markov kernel Q% is u-
irreducible, so that, using Remark 2, (A-1) reduces to the existence of a
stationary distribution for Q?.

Remark 4. Assumptions (D-3), (D-4) and (D-5) and (6) in Definition 1
correspond to (Al), (A2) and (A3) in [14], where the blocks are of size
r=1.

Remark 5. (D-4) implies (D-2) up to a modification of ¢?(x;y) on
I/negligible set of y € Y for all x € X. Indeed (D-4) implies that
supg sup, ¢ (z;Yp) < oo, P?-as., and it can be shown that under (D-1),
79 = 70 (X x -) is equivalent to v for all § € ©.

In these models, the kernel (I)Z,n introduced in Definition 7 writes
n—1

/ H Q° (wp; dwpr1)g” (Ths1; i)

0 X"IXA g

(I)x,n (yl:n; A) =

with zg =« .

n—1
/ HQe(Ik;d$k+1)90($k+1;yk+1)
" k=0

The distribution ®f , (Yon; ) is usually referred to as the filter distribution.
Proposition 11 (below) can be derived from [14, Proposition 1]. For blocks
of size 1, the initial distributions in [14] are constrained to belong to the set
MP(D) of all probability distributions ¢ defined on (X, X) such that

(28) E% |1 [ inf / £(da)g? (x;Y0)Q%(w;: D) | <

where D € X is the set appearing in (D-3). It turns out that under (D-3)-(b),
all probability distributions £ satisfy (28), so the constraint on the initial
distribution vanishes in our case.

Proposition 11. Assume (D-3) and (D-4). Then the following assertions
hold.

(i) For any 0,0, € O, there exists a kernel ®%% on YZ- x X such that
for any x € X,

B% { for all bounded f, Tim @, (Vomos f) = 97 (Vo3 f) } =1

(i) For any 0,0, € © and any probability measure &,
lim n ' In €LY (Yo_1)1x = £(0,0,), P%-a.s

n—o0
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where
(29) 00,6,) = E% [m / V0 (Y0 dao)w? (Y1) (205 X)

3.2. Equivalence-class consistency. We can now state the main result
on the consistency of the MLE for hidden Markov models.

Theorem 12. Assume that (A-1) holds and define P?, P? and the equiva-
lence class [0] as in Definition 2. Moreover, suppose that (0, A) is a compact
metric space and that all the assumptions (D-1)-(D-5) hold. Then, for any
probability measure &,

. A ~6*

nh_)rglo A(ben,[04]) =0, P*-a.s.
Proof. According to [14, Theorem 2], 6 — £(0,0,) defined by (29) is up-
per semi-continuous (so that ©, = argmaxycg ¢(6,0,) is non-empty) and
moreover

lim A(@A&n,@*) =0, P’-as.

n—o0

The proof then follows from Theorem 3, provided that £(6,0,) can be
expressed as in the statement of Theorem 3 and that (K-1) is satisfied.
First note that, for 6 # 6, the quantity in the In of (29) corresponds to
PP (Y1|Y_o0) with pP+ defined as in (12).

Let F be a countable separating class of nonnegative bounded functions
containing Ix, see [27, Theorem 6.6, Chapter 6] for the existence of such a
class. By Lemma 8, we check (K-1) by showing that (K'-1) is satisfied. Con-
dition (D-2) and (25) imply that for all bounded function f, .7-'? is a class
of bounded functions, and this in turn implies (K'-1) by applying Proposi-
tion 11-(i) to all . Thus, (K-1) is satisfied and, for 6 # 6,, £(0,6,) can be
expressed as in the statement of Theorem 3. To complete the proof, it only
remains to consider the case § = 6, and show that ¢(6,,60,) can be written
as

(30) e(e*a 0*) = Ee* [lnpf (Yl’Y—oo:O) ,

where p?*(-|-) is the conditional density defined as in (13). According to
[3, Theorem 1], we have

(31) E* [lnpl*(Y1|Y,oo;0)} = lim n o7 L0 (Yo,_1)1x, PP-as.

n—oo

On the other hand, applying Proposition 11-(ii) yields
(32) 0(6,,6,) = lim n~tIn L% (Yo, 1)1x, P%-as.
n—oo

Observe that using (D-1), the probability measure €L (yy) admits a density
with respect to p given by

deL? (yo

(33) i >(l‘1) :/f(dl’o)ge*(xo;yo)qe*(ﬂfo;l‘l)-
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We further get that, for all yg.,—1 € Y7,

O
ELO* (yo.p1)Ix = /W(m) X <5x1L9*(y1:n—1>]lx> p(dey) ,

and that, under P, the density of X1, Yy.,—1 with respect to u ® v®" is
given by

drf L%
1d'u<y0>(x1) X (5I1L9*<y1:n—1>1X) .

Note that we similarly have, for all yo € Y ans x; € X,

drf* L0
1dﬂ<y0>($1) = /W?*(dfﬂo)ge*(xo;yo) qe* (zo: 1) -

The four previous displays give that, for all yg.,—1 € Y",

EL% (youn—1)Tx

p%n(wla yO:n—1> =

(34)

_ [ J&(dzo)g”™ (x0; yo)a” (wo; 21)

J i (dzo) g% (w05 40) g (w05 1)

Dividing by the density of Yp.,_1 with respect to v®" under P%*, we get
EL% (Youn—1)1x

7L (Yo 1) 1x

where R(x1,yo) is the ratio between the densities (33) and (34). Since the

denominator also is the density of X1, Y, with respect to u® v®" under P%
we have

p%n(xlv yO:n—l) ,u(da:l) .

=E% [R(X1,Y)) | Yon—1] PP-as.,

E*[R(X1,Y0)] =1,
By Lévy’s zero-one law, we thus get that
€L (Youn—1) Ix
n=00 7l L0 (Yo-1) Ix

and since by (D-1) R(x1,yo) only takes positive values, this limit is positive.
This implies that

= E% [R(X1,Y0) | Yoe| PP-as.,

ELG* <Y23:n71>]lx

lim n~!ln 0 =0 P-as.

n—00 771*L *<}/O:n—1>ILX
Combining with (31) and (32), we finally obtain (30), which concludes the
proof. O

3.3. A polynomially ergodic example. As an application of Theo-
rem 12, we consider the HMM model described in Example 1. In addition
to the assumptions introduced in Example 1, we assume that Uy and Vj are
independent and centered and they both admit densities with respect to the
Lebesgue measure A over R, denoted by r and h, respectively, and

(E-1) the density r satisfies:
(a) r is continuous and positive over R,
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(b) there exists o > 2 such that r(u)|u|**! is bounded away from oo
as |u| — oo and from 0 as u — oo,
(E-2) the density h satisfies:
(a) h is continuous and positive over R, and lim|,_,o h(v) =0,
(b) there exist 5 € [1,a«—1) (where « is defined in (E-1)) and b,¢ > 0
such that E(|Vp|?) < oo and h(v) > be=<dvl” for all v € R.

For example, a symmetric Pareto distribution with a parameter strictly
larger than 2 satisfies (E-1) and provided that o > 3, (E-2) holds with a cen-
tered Gaussian distribution. The model is parameterized by 6 = (m,a) €
© := [m,m] X [a,a] where 0 < m < ™ and a < @. In this model, the
Markov transition Q% of {X,,}nen has a transition density ¢’ with respect
to the dominating measure p(dz) = A(dz) + dp(dx), which can be written
as follows: for all (z,2) € R2,

(35) ¢(z;2)) =r(a' —z+m)1{z’ >0} + </

—00

m—x

r(u) du> 1{z' =0} .
Moreover, (1) implies

(36) 9’ (x3y) = h(y — az) .
Following [21], we have:

Lemma 13. Assume (E-1) and (E-2). For all § € ©, the Markov kernel Q°
is not geometrically ergodic. Moreover, Q? is polynomially ergodic and its
(unique) stationary distribution ﬂ'?, which is defined on X = R, satisfies:
[7¥(dx)aP < oo for all B € [1,a —1).

Proof. The proof of this Lemma is postponed to Section A.2 in Appendix A.
O

Proposition 14. Consider the HMM of Ezample 1 under Assumptions (E-
1)-(E-2). Then (A-1) holds and we define P?, PV and the equivalence class
[0] as in Definition 2. Moreover, for any probability measure &, the MLE 9}7”
is equivalence-class consistent, that is, for any 0, € O,
. A =0,

T}L)IIOIO A(Og . [04]) =0, P*-a.s.
Proof. To apply Theorem 12, we need to check (A-1) and (D-1)-(D-5).
First note that Assumption (A-1) directly follows from Remark 2 and
Lemma 13, Assumption (D-1) from the positiveness of r and Assumption
(D-2) from the boundedness of the density h. Now, using (E-1)-(a), it can
be easily checked that all compact sets are local Doeblin sets and this in
turn implies, via lim|g|_,oo h(z) = 0 that Assumption (D-3)-(a) is satisfied.
We now check (D-3)-(b). By (E-1)-(a), we have for all compact sets D,
inf {r(z/ — 2 +m) : (z,2',m) € D* x [m,m|} > 0, which by (35), implies
that

inf inf Q’(x; D) > 0.
D) >
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To obtain (D-3)-(b), it thus remains to show
E% |In~ inf inf ¢%(z;Yp)| < o0
[ i 30| < o0
By (E-2)-(b), there exist positive constants b, ¢ such that h(v) > be—clvl”.
Plugging this into (36) yields

E% |In~ inf inf ¢%(x;Y)| < E% ||In(b Yol +a h
i jut inf o0 ¥0)] < B% || @) + o(1¥ + asup o)

= E* [| In(b)| + c(|aXo + Vo| + @ sup |x|)5] < oo,
zeD
where the finiteness follows from (E-2)-(b) and Lemma 13. Finally, (D-3) is
satisfied. (D-4) is checked by writing

R [ln+ supsup ¢’ (x; YO)} <InTsuph(z) < oo.
0€O zeX z€R
To obtain (D-5), we show by induction on n that for all n > 1, yg.,—1 € R™
and z¢ € Ry, the function # — L9 (yg.,_1)(x0; X) is continuous on ©. The
case n = 1 is obvious since L%(yo)(z0; X) = ¢%(w0;90) = h(yo — axg). We
next assume the induction hypothesis with n and note that

LY (yo:n) (203 X) = % (z0; 90) /u(dﬂﬁl)qe(wo;xl)L€<y1:n>(I1;X) :

The continuity of 6 + g¢?(xo;y0) follows from (36) and the continuity of
h. Similarly, the continuity of 8 ~ ¢%(xo;x1) follows from (35) and the
continuity of 7. Moreover, 8 — L% (y1.,,) (1; X) is continuous by the induction
assumption. The continuity of 6 + [ pu(dz1)q?(zo; 1)L (y1.0) (21;X) then
follows from the Lebesgue convergence theorem provided that we show

(37) /H(dﬂﬁl) sup {qe(xo;951)L0<y1:n>($1;x)} <oo.
€

Note that by the expression of ¢%(zo;x1) given in (35) and the tail assump-

tion (E-1)-(b), we obtain that, for all zg € X,

/,u(d:xl) sup ¢’ (zo; 1) < 00 .
fco

Combining with L%(y1.,)(21;X) < (sup,er h(2))" yields (37). Finally, (D-5)

holds and Theorem 12 may be applied under (E-1) and (E-2). O

4. APPLICATION TO OBSERVATION-DRIVEN MODELS

Observation-driven models are a subclass of partially dominated and par-
tially observed Markov models.

We split our study of the observation-driven model into several parts.
Specific definitions and notation are introduced in Section 4.1. Then we
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provide sufficient conditions that allow to apply our general result Theorem 3
, that is, ©, = [#,]. This is done in Section 4.2.

4.1. Definitions and notation. Observation-driven models are formally
defined as follows.

Definition 15. Consider a partially observed and partially dominated
Markov model given as in Definition 1 with Markov kernels {K?, 6§ € ©}.
We say that it is an observation-driven model if the kernel K9 satisfies

(38) K’ ((x,y); d2'dy’) = §y9(0)(da’) G*(a";dy) ,

where ¢, denotes the Dirac mass at point a, GY is a probability kernel on
Xx Y and {(z,y) — 1/13(56) , 6 € O} is a family of measurable functions from
(XxY,X®Y) to (X, X). Moreover, in this context, we always assume that
(X,d) is a complete separable metric space and X denotes the associated
Borel o-field.

Note that a Markov chain {(X%, Y%); k € N} with probability kernel given
by (38) can be equivalently defined by the following recursions

Xpr1 =¥, (Xi)

(39) P
Yit1| X041, Yo ~ G7 (Xpg13 ) -

The most celebrated example is the GARCH(1,1) process, where G?(x;-)
is a centered (say Gaussian) distribution with variance x and 1,/12 (x) is an
affine function of  and y2.

As a special case of Definition 1, for all z € X, G%z;-) is domi-
nated by some o-finite measure v on (Y,)) and we denote by ¢°(z;-) its
Radon-Nikodym derivative, ¢%(z;y) = %(y) A dominated parametric
observation-driven model is thus defined by the collection {(g?, %) : 6 € ©}.

Moreover, (6) may be rewritten in this case: for all (z,y) € X x Y and for
all 0 € O,

9’ (z;9) > 0.
Under (A-1), we assume that the model is well-specified, i.e., the observa-
tion sample (Y7,...,Y}) is distributed according to P% for some unknown

parameter 0,. The inference of 0, is based on the conditional likelihood of
(Y1,...,Y,) given X; = z for an arbitrary € X. The corresponding density
function with respect to v®" is, under parameter 6,

(40) yim = [ o° <¢9<ylzk—1>($);yk) ;
k=1

where, for any vector y1., = (Y1, - - -, yp) € YP, 9% (y1,) is the X — X function
defined as the successive composition of 1/131, 1/132, ..., and wzp,

(41) W lyrp) =vf ol o-onf
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with the convention ¥’ (y.;)(z) = x for s > t. Then, the corresponding

(conditional) Maximum Likelihood Estimator (MLE) 6, ,, of the parameter
0, is defined by

(42) éx,n € argmax Lg?n<Y1:n> ,
0O

where

(43) L?:,n@l:n) :=n""In <H g’ (¢9<y1:k71>(95)§ yk)) .
k=1

We will provide simple conditions for the consistency of éxn in the sense

that, with probability tending to one, for a well chosen z, éxn belong to a
neighborhood of the equivalence class [0,] of 0, as given by Definition 2.

4.2. Identifiability. Let us consider the following assumptions.

(C-1) Forall @ # 6, € O, there exist z € X and a measurable function %%+ (.)
defined on Y%~ such that

(44) lim (Yoo (2) = 999 (Y_ o), PP*-as.
m—0o0
(C-2) Forall @ € © and y € Y, the function 2 — ¢%(z;y) is continuous on X.
(C-3) For all € © and y €Y, the function z — wZ(x) is continuous on X.

In observation-driven models, the kernel x? defined in (7) reads
K (y, o) (25da’) = g% (' y) Byp (e (da')
(45) =4’ (wz(w);y’) Oyg (2 (da’) |
and the probability kernel <1>§m in Definition 7 reads: for all x € X and
Yo € Y'H,
(46) O (Yo *) = 0oy 1)(a) »

(the Dirac point mass at 1/%(yo.,—1)(z)). Using these expressions, we get the
following result which is a special case of Theorem 3.

Theorem 16. Assume that (A-1) holds in the observation-driven model
setting and define P?, P and [0] as in Definition 2. Suppose that A~ssump—
tions (C-1), (C-2) and (C-3) hold and define p*+(-|) by setting, for P%-a.e.
Y—oc0:0 € YZ?;

gG (7/)979* <yfoo:0>; yl) Zf 0 7£ 0*’

a7y pP i) =
O {p?(yl | Y—o00:0) as defined by (13)  otherwise.
Then, for all 0, € ©, we have

(48) argmax K% {lnpe’e*(Yl\Y_oo:O)} = [0,] .
0cO
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Proof. We apply Theorem 3. It is thus sufficent to show that (C-1), (C-2)
and (C-3) implies (K-1) with

(49) OV (Y 00:0; ) = Oyoingy . 1y forall y o € YA

and that for § # 6,, the conditional density p??* defined by (12) satisfies

(50) p?0+ (YY_—ocr0) = g° (¢9’9*<Y—oo;0>; y) PP -as.

By Lemma 8, it is sufficient to prove that Assumption (K'-1) holds for the
kernel %%+ defined above. Denote by C(X) the set of continuous functions on
X, and by Cp(X) the set of bounded functions in C(X). By [27, Theorem 6.6,
Chapter 6], there is a countable and separating subclass F of non-negative
functions in Cp(X) such that 1x € F. Now, let us take 6,0, € © and f € F.
Then, by (C-2), (C-3) and (45), we have

Fi= {fE = &y, y) (5 1), () € Y2} cCX) .

By (46), (C-1) and (49), we obtain (K'-1) with = being chosen as in (C-1).
To conclude, we need to show (50). Note that (49) together with (45) and
the usual definition (12) of p?% yields

P (ly—oo0) = o (vl (V7% (9o 1)) 39) -

By Assumption (C-3) and the definition of 4%+ (-) in (C-1), we get (50). O

4.3. Examples. In the context of observation-driven time series, easy-to-
check conditions are derived in [13] in order to establish the convergence
of the MLE éxn defined by (42) to the maximizing set of the asymptotic
normalized log-likelihood. It turns out that the conditions of [13, Theorem 3]
also imply the conditions of Theorem 16. More precisely the assumptions
(B-2) and (B-3) of [13, Theorem 3] are stronger than (C-2) and (C-3) used in
Theorem 16 above, and it is shown that the assumptions of [13, Theorem 3]
imply (C-1) (see the proof of Lemma 10 in Appendix A of [13]). Moreover
the conditions of Theorem 3 are shown to be satisfied in the context of
Examples 2 and 3 (see [13, Theorem 6 and Theorem 7]), provided that ©
in (42) is a compact metric space such that

(1) in the case of Example 2, all § = (w, a,b,r) € © satisfy rb+a < 1;
(2) in the case of Example 3, all = (v,w, A,b) € O are such that the
spectral radius of A + b~ is strictly less than 1.

Under these assumptions, we conclude that the MLE is equivalence-class
consistent for both examples, which up to our best knowledge, had not been
proven so far.
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APPENDIX A. POSTPONED PROOFS

A.1l. Proof of Lemma 5. First observe that, by induction on n, hav-
ing (16) for all n > 2 is equivalent to having, for all n > 2,

pg’a* (len‘Y—oo:O)
- paﬂ* (Yn‘Y—oo:n—l)paﬂ* (Yn—l ‘Y—oo:n—Q) o 'p9,9* (}/1 ’Y—OOIO)7 I@e*_a's”

which, using that P is shift-invariant, is in turn equivalent to having that,
for all n > 2,

(51) pg’e* (len‘Y—oo:O) = pa’a* (YQ:n‘Y—oozl)pe’g* (Y1|Y—oo:0)7 H}Q*_a‘s'

Thus to conclude the proof, we only need to show that (51) holds for all
n > 2. By Definition 4, we have, for all n > 2, and all y_o., € YZ-,

pe,e*(y21n|y—oo:1)p979*(yl‘y—oo:O)
n—1
Z/‘1’9’9*(11—00:1;dxl)Pe’g*(yﬂy—oo;o) T 5% e viesr) (s dazesn)
k=1

Now, using (K-1), we get that, for all n > 2,

pG,G* (Y2¢n|Y*OO:1)p0’0* (}/1 |ono:0)

n—1
= /(199’9* (Y—oo:0§ dmo) H K9<Yk, Yk+1> (:L’k; d$k+1) IP’B*—a.s.
k=0
We conclude (51) by observing that by Definition 4, the second line of the
last display is p?* (Yi.n|Y_00:0)-

A.2. Proof of Lemma 13. Let § € [1,aa—1). By (E-1)-(b) and 1+ 5 < a,
we obtain E [(Uf)'™] < co. Combining with E(Uy — m) = —m < 0, we
may apply [21, Proposition 5.1] so that the Markov kernel QY is polynomially
ergodic and thus admits a unique stationary distribution Wf, which is defined
on X = R4. Moreover, [21, Proposition 5.1] also shows that there exists a
finite interval C' = [0, zo] and constants 0 < p, o’ < 0o such that

Q'V <V — oW + ¢,

where V(z) = (1 4+ 2)'*# and W(z) = (1 + x)?. Applying [25, Theorem
14.0.1] yields [ 79(dz)2”? < 7fW < oco. It remains to show that @Y is not
geometrically ergodic for all 8 € ©.

This will be done by contradiction. Assume first that Q? is geometrically
ergodic for some 6 € O and note that the singleton {0} is an accessible atom.
Then, there exists p > 1 such that >_3° , p¥|(Q?)*(0, {0}) — 7{({0})| < oo s0
that the atom {0} is geometrically ergodic as defined in [25, Section 15.1.3].
Applying [25, Theorem 15.1.5], there exists £ > 1 such that Ey[k™] < oo
where 79 = inf{n > 1 : X, = 0} is the first return time to {0}.
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Recall that {U, },en denotes the i.i.d sequence, linked to {X,, },en by (1)
and note that Eg[x™] = E[x7(©)] where we have set for all u € R,

7(u) :zinf{nZl : Z(Uk—m)<u} :

k=1
Denote

7(u) :zinf{nZl : Z(UkJrl—m) <u} )

k=1
To arrive at the contradiction, it is finally sufficient to show that for all

k> 1, E[x70] = co. Actually, we will show that there exists a constant
~v > 0 such that
(52) lim inf £ UE[ETCUH™] > 0

This will indeed imply E[x7()] = co by writing
E[x™0] > E[x"O1{U; > m}] = B[O 1{U; > m)]
(53) =E [/ /-iH%(_“er)r(u)du] = /{/ E[x™C4 ™ (w)du

where the last equality follows from 7 £ %, Provided that (52) holds, the
r.h.s. of (53) is infinite since r(u) > u=*"! as u — oo by (E-1)-(b).
We now turn to the proof of (52). By the Markov inequality,
(54) kTUR[ETCUM] > P(r(—u + m) > qu)
Now, let M, = >"}_, U; for n > 1 and note that for all nonnegative u,
{< inf Mk> — yum > —u+m} C { inf (My —km) > —u+m}
1<k<~yu 1<k<yu
(55) ={r(—u+m) > yu}.

Moreover, since {Uy, } nen+ is i.i.d. and centered, the Doob maximal inequality
yields: for all g > 0,

P|{ inf Mp<-—-p)<P| sup |Mg|>
(,nt ¥ < —5) < <lgk§u‘ d 5)
ElMpl] _ yuE(T]
B B
Now, pick v > 0 sufficiently small such that vE [|U1]] /(1 —ym) < 1. This

being set, note that 8 = (1 —ym)u — m is positive for u sufficiently large so
that combining (56) with (55) and (54) gives
yulE [[Uh]] VE[[U]]

lim inf s~ "“E["%F™] > 1 — limsup =1-—>0.
U— 00 u—soo (L —rym)u —m 1—~ym

(56)

This shows (52) and the proof is completed.
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