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We consider entanglement negativity for two disjoint intervals in 1+1 dimensional CFT in
the limit of large central charge. As the two intervals get close, the leading behavior of
negativity is given by the logarithm of the conformal block where a set of approximately
null descendants appears in the intermediate channel. We compute this quantity numer-
ically and compare with existing analytic methods which provide perturbative expansion

in powers of the cross-ratio.
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1. Introduction and summary

Entanglement entropy has recently appeared in a variety of contexts ranging from
AdS/CFT [1-2] to entropic derivations of the c-theorems [3-5]. Some reviews of the subject
include [6-9]. An alternative measure of entanglement, called entanglement negativity, has
been introduced in [10] and further discussed in [11] and [12](see also [13-17]). The en-
tanglement negativity appears to be a good entanglement measure for systems in a mixed
state. It was additionally shown that in 141 dimensional conformal field theories (CFTs)
the value of the entanglement negativity for a single interval is proportional to the central
charge of the theory, similarly to entanglement entropy. Hence, entanglement negativity
might be useful for defining a proper measure of degrees of freedom, something that en-
tanglement entropy is having some issues with, especially in four and higher space-time
dimensions [5].

The holographic prescription for computing entanglement entropy [1-2] has given us
a simple and efficient computational technique. A derivation based on the replica trick
was provided in [18]. The key property was the n — 1 limit of the replica index: the
contribution proportional to (n—1) is localized on minimal surfaces in AdS. Entanglement
negativity also involves n — 1, but is supposed to be finite in this limit, thanks to the
non-trivial analytical continuation from even n (to be reviewed below). Hence, it is non
clear at present whether a nice holographic formula for entanglement negativity exists.
(See [19] for a recent discussion.)

In two space-time dimensions conformal symmetry is much more powerful than in
higher dimensions, and one can recover some of the holographic results for entanglement
entropy by going to the limit of large central charge and making some mild assumption
about the spectrum of the operators and the OPE coefficients [20] (see also [21-24] and
for related work [25-29]). One may ask whether a similar approach can be useful in the
computation of entanglement negativity, and if the holographic prescription can be inferred
from it.

In this paper we attempt to answer the first question by computing entanglement
negativity for two disjoint intervals in 1+1 dimensional CFTs in the limit of large central
charge c. Technically we need to compute a four-point function of twist operators in an
arbitrary CF'T. The difference from the entanglement entropy computation arises from the
fact that in the limit of close intervals the two operators that come together are not the

twist and its inverse, but rather two identical twist operators. As a result, the leading
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contribution in this limit does not come from the identity, but from a non-trivial twist
operator. As in [20], we assume that the computation of the conformal block, associated
with this operator is sufficient to give the full result for the negativity (unlike [20], we do
not have a non-trivial holographic check of this assumption).

Generally there exists a number of ways to compute conformal blocks at large ¢ as
an expansion in powers of the cross-ratio. However the conformal block that appears in
the result for negativity is particularly non-trivial: the internal operator has a descendant
which is null in the limit of infinite central charge. This shows up as a divergence in the
next to next to leading term in the expansion. In situations like this one generally expects
a series of divergent terms which can be resumed. This is technically a hard problem,
so instead we reformulate the problem in terms of a auxiliary differential equation with
fixed monodromy, and solve it numerically. Interestingly, we find two solutions; we pick up
the dominant one, while the other is exponentially suppressed in the limit of large central
charge.

The rest of the paper is organized as follows. In the next Section we review the
definition of entanglement negativity and how it can be computed in a 1+1 dimensional
CFT using the replica trick. In Section 3 we describe our result. We discuss it in Section
4. In the Appendix we explore some analytic techniques for computing the conformal bock

as an expansion in powers of the cross-ratio.

2. Negativity in a 141 dimensional CFT: a review

In this Section we briefly review the results of [11] and [12]. We start by recalling the
definition of negativity [10], used as a measure of entanglement between two quantum
subsystems A; and A; whose Hilbert spaces are denoted by H; and Hs below. Denote by
|el(-1)) and |e§-2)) the bases of H1 and H, respectively. The partial transpose of the density
matrix p in Hi U Hs is defined as

1 (2 1) (2 1 (2 D (2
(e e lef) ) = (el ef folef ) &1

(2

Then the entanglement negativity is simply defined as

£ =1Intr|p’|, (2.2)
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where tr|p?2| denotes the sum of the absolute values of the eigenvalues of p?2. The trans-
posed matrix is normalized, tr(p?2) = 1, but it is not necessarily a density matrix, since it
can have negative eigenvalues that are counted by the negativity, hence the name.

As explained in [11], one can compute the value of £ using the replica trick. To see

how, it is useful to express the trace of p’2 in terms of its eigenvalues \;

S ED DIV ED SRS UV (23)

i A >0 A <0

and subsequently consider the trace of integer powers of p’2. It is evident that the depen-

dence of tr(p?2)™ on |)\;| will differ for odd and even integer values of n, i.e.,

Z Al + Z A", n:even

A >0 A <0
tr(p™)" =) A = . (2.4)
2;: Yo=Y ntodd
i >0 A <0

The authors of [11] observed that if one formally sets n = 1 in the upper line of eq. (2.4),
one obtains exactly eq.(2.3). This is not true for the case of odd integer n, where the
lower line of eq.(2.4) simply yields the normalization condition trp’®> = 1. Disregarding
issues with the existence of a unique analytic continuation, entanglement negativity can
thus be obtained by analytically continuing the even sequance of integer numbers n and
then taking the limit n — 1,

£ = lim Intr(p™2)", (2.5)

Ne—1
where, following the conventions of [11] we defined n. = 2m for integer m.
A consistency check for the replica trick method is performed in [11] where £ is evaluated
for the case of a bipartite system H4 x Hp in a pure state |¥) and the result is shown to

agree with [10], i.e., entanglement negativity is equal to the Renyi entropy of order 1/2
1
E=2Inltr(p?)]. (2.6)

The replica trick has been very useful in obtaining results for entanglement entropy
in 2d CFTs, see for example [6] and references therein. The success was due to expressing
integer powers of the trace of the reduced density matrix in terms of correlation functions
of twist operators which are fixed by conformal invariance up to a few independent param-

eters. It turns out [11] that one can similarly express tr[(p?)"] in terms of twist operators
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and thus compute £ in a few simple cases in 1 4 1 dimensional CFTs. However, the situa-
tion for entanglement negativity is slightly more complicated than that for entanglement
entropy, due to the nature of the analytic continuation (from even n to n — 1 in (2.5)).

The simplest non-trivial configuration to consider involves two disjoint intervals,
A = (2’1,22>, Ay = (23,2’4), 2o < 23 . (27)

The authors of [11] showed that in this case we can identify integer powers of the transpose

of the reduced density matrix with the following four-point function of twist operators

tr(ph,)” = (Tn(21)Tn(22) Tn(23) Tn(24)) (2.8)

where T, T, have conformal dimensions (see for example [30]):

th:h7——n:2—C4 (n—l) =h. (2.9)

n

Following eq. (2.5) entanglement negativity can thus be obtained from the analytic con-

tinuation of the logarithm of this four-point function for even n,
€= lim In [(Tn. (21)Tn. (22) T (23) T (24))] (2.10)

Conformal invariance implies that entanglement negativity is a function of the cross-

ratio,

. (22 — 21)(24 — 23) _ (1l (2.11)

(23 —21)(2a — 22) (€1 — (23 — 22)) (L2 + (23 — 22))

where we defined ¢; and /5 to be the length of the intervals A; and As respectively. An
interesting limit involves two intervals that are taken to be very close to each other. In
this adjacent interval limit, x—1 and

&~ —E log(1 — x) (2.12)

Another limit involves taking the two intervals far away from each other, x—0. As ex-
plained in [12], in this limit negativity is non-perturbatively small: all coefficients in front

of powers of x vanish identically.



3. Entanglement negativity in the limit of large central charge

In this section, we will review the general characteristics of four point functions of primary
operators in the limit of large central charge (for a detailed recent review see e.g. [31]). We
will then proceed to study the four-point function through which entanglement negativity
is defined (eq. (2.10)) and compute £ using some mild assumptions about the behavior of
the ope coefficients and the spectrum of operators. The assumptions are exactly the ones
used in [20] and which reproduced the holographic result for the entanglement entropy of
disjoint intervals.

Consider the four point function of primary operators (O;(21)O2(22)O3(23)O4(24)).
Conformal invariance allows us to set z; = 0, 20 = =, 23 = 1, z4 = oo and focus on
(01(0)O02(x)O3(1)O4(c0)). Moreover, it implies that any four point function of primary

operators O; can be decomposed into conformal blocks

(01(0)O5(2)O5(1 Zap (¢, hy, hi, ) F (¢, iy, hi, T) (3.1)

where (h;, h;) denote the conformal dimensions of the operators O; and the summation
is over primary operators O, with conformal dimension (hp,ﬁp). An analytic expression
for F(c, hy, hi, x) is known only for particular values of the parameters. In general, it is
computed in the form of a series expansion in powers of = or (1 —z) depending on whether
(3.1) is a s— or t—channel decomposition into conformal blocks.

However, in the limit of large central charge ¢ > 1 and fixed (7", %), the conformal

blocks acquire a simple exponential from [32-33]
hy h;
hy, hi,x) ~ —= y— . 3.2
Fe i) ~exp| 21 (2, %0 (32

The function f ( hi ) is then determined by the monodromy properties of a second

c? c?

order ordinary differential equation,

Y"(2) + T(2)¢p(2) =0 (3-3)

where

(=) = i (c(z6—hizi)2 - z) (34)

i=1
is related to the semiclassical, i.e., large c, stress energy tensor through the Ward Identity

(T(2)01(21)0a(22) O3(23)Oa(24)) = >iy ((z - ) (01(21)02(22)Os(23) Oa(24)).-
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The constants ¢; in (3.3) are called accessory parameters. Requiring 7'(z) to behave like

2% as z — oo leads to

E 61':0, E Ciz; —
A %

These equations determine three out of the four accessory coefficients so that, after setting

12,
> ez 5 =0, (3.5)
X &

(21, 22,23, 24) = (0,x,1,00), T(2) becomes

) = 6h 6hs 6hs 6(hy + hy + hg — hy) - oz (l — )

To specify co(x) one is then instructed to consider the trace of the monodromy matrix M
of the solutions 91 2(z) of (3.3) around a path enclosing points (0, z) for the s—channel or

(z,1) in the t—channel and require that

trM = —2cos A, hy, = 1-— Aﬁ) (3.7)

c
21
Finally, the semiclassical conformal block f(c, hp, h;, x) is related to co(x) via

af

e co () (3.8)

Assuming now that f(c, hy, hi, z) is known for all operators O,, one can compute the four

point function (3.1) in the semiclassical limit via

(01(0)0(2)0s(1 Zapexp{—— (h— hi. )——f(h Zx)} (3.9)

It was argued in [20] that, under some mild assumptions, in the semiclassical regime
the dominant contribution to (3 9) comes from the conformal block associated to operators
O,, of the lowest dimension 2. In other words, (3.9) can be well approximated by the first
term in the sum.

The analysis above was used in [20] to compute the entanglement entropy of two
disjoint intervals in the limit of large central charge (recall that the entanglement entropy
of two disjoint intervals is related to (7,,(0)T »(x)7Tn(1)T (0))). Ref. [20] showed that the
light operators to consider are the dimension zero operators which correspond to trivial
monodromy according to (3.7). The result obtained precisely matched the one derived

earlier from holography [2].



We would like to perform a similar analysis to compute the entanglement negativity
for two disjoint intervals. As mentioned in the previous section, we should focus on the

following four point function of twist operators
<7;Le (21)7116 (22>7_‘ne (23)7:% (754)> (3.10)

with conformal dimensions given by eq.(2.9). We shall again assume that the conformal
block with the smalllest conformal dimension provides the leading contribution to the sum
(3.9). So the problem amounts to identifying the operator O, with the smallest dimension.
Let us consider the limiting cases © = 0 and «x = 1. For x — 0 the four point function

of (3.10) leads to
lim (75 (0)T o (2)T 0 (1)T(00)) = (ZOTw ()T (00)) = (Tw(W)Taloc)) ,  (3.11)

x—0

which implies trivial monodromy for the solutions of (3.3) (note that this expression does
not depend on whether n is even or odd). The two-point function in (3.11) is proportional to
(n—1) and thus vanishes in the limit n — 1. Entanglement negativity is non-perturbatively
small for z = 0 as explained in [12].

For x = 1 on the other hand,
lin (7, (0)T 0 (2)T (1) Ta(00)) = (Ta(O T ()Ta(o0) ) | (3.12)

r—1

The conformal dimension of 7_‘31 was found in [11-12] to be

< (n — l) , n :odd
~ 24 n
= (3.13)
<
12

To compute the negativity we are instructed to consider (3.12) for n even, analytically
continue and take the limit n — 1. In this limit the conformal dimension of the 7>

operator is
h= lim h,=—- (3.14)

For the three point function, one can explicitly determine all accessory parameters in (3.5).

Solving (3.5) for the three point function in (3.12) with even n we obtain

6h 2% +(a—2)z+1 _h 2_2
T(Z>—7 22(2_1)2 5 a:E—Qn_%, (315)



and h is defined in (2.9). The differential equation (3.3) can be solved analytically in the

neighborhood of z ~ 1. The solutions read

%<1i\/1—24%)

hi(z) = (z—1) , (3.16)

and the trace of the monodromy matrix is trM—;) = —2cos [m/l + % — n} When

n — 1 the trace of the monodromy matrix reduces to
trM iz 1)lns1 = —2 (3.17)

We could also deduce this monodromy by setting n = 1 in (3.13) evaluated for even n.
This corresponds to A2 = 4 according to (3.7) which gives rise to (3.17).

In summary, to find the negativity in the vicinity of z = 1 we need to solve eq. (3.3)
with
cox(1l — )

T(z) = 2(z—2)(1—2)

(3.18)

and impose the monodromy condition (3.17) which corresponds to an intermediate operator

of conformal dimension h, = h given in (3.14). We also need to ensure

—_

, =1 (3.19)

to recover (3.15) when z = 1. Entanglement negativity is then obtained from (3.1),

o ¢
3 = §02(x) (3.20)

It is relatively easy to recover (2.12) when z—1. In this limit the equation becomes

w2+ 2 =0 (321)

and the choice of the accessory parameter (3.19) gives rise to the solutions 1 (z) ~ (z —
1)72, ¢5(2) ~ (2 —1)2 with the monodromy (3.17). Unfortunately we could not solve the
general problem analytically, but we could do numerical integration. Below we describe

the operational procedure. We start by rewriting the differential equation in the form

R (2) +h*(2) + T(2) =0 (3.22)

8



where ¥(z) = exp( f;o dz'h(z")). To compute the monodromy, we integrate over a circle
z=1+4r9e*™ t € (0,1). We make sure the contour encircles both 1 and z, 79 > (1 — ).
Eq. (3.22) then reads

+h+T =0 (3.23)

2mirgemit
where the dot denotes differentiation wrt t. We consider two independent solutions speci-
fied by the value of h(t = 0):

hi(t =0) =0, ho(t=0)=1 (3.24)
This is translated to the following initial conditions at zg = 1 + rq:

Yi(20) =1,  i(20) =h(t=0)=0 (3.25)

and
Ya(z0) = 1, Ph(z0) = ha(0) =1 (3.26)
On the other hand, we can integrate eq. (3.23) numerically to obtain the values of 1 2 at

t = 1. Simple algebra then leads to the following expression for the monodromy trace:

(1

trM 51y = (1 — agl))ea2 '+ agz)e“éz) (3.27)

where )
o) =hile =1, of) =2miny [ ae (e, i=12 (3.28)

We perform numerical integration. Independence of 7y and limiting behavior (3.19) serve
as simple checks. Another simple check involves comparing the solution of the monodromy
problem with the expansion of the conformal block in terms of the cross-ratio [33]:
iy 12 0 11— by

4(2h, + 1) 2(2hy, + 1)(e(2hy + 1) + 2R, (8h, — 5))

1
F(hp,y):yhp <1+§hpy—|— T

(3.29)
Here y = 1 — z and h,, is the dimension of the intermediate operator, what is called A’ in
[33]. We also set A of [33] to zero. It is now clear that for a generic h, =~ ac the first three

terms in the bracket correspond to exponentiation

2.2
exp (c(alogy + gy +by? .. )) ~ yA (1 + %y + %yz + cby® + .. ) (3.30)
Comparing this with (3.29) implies
3 a
b — el - 3.31
a<16+8(1+8a)) (3:31)

which also agrees with [34-35]. We verified that our numerics reproduces the first three

terms in the logarithm of the conformal block (3.2) for arbitrary generic values of a.
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Fig. 1: C =1—-C, (y)/C2(0) as a function of y. There are two solutions (dots)
approximated by eq. (3.32).

Having checked our numerics we proceed to solve for the case of interest, h, = —¢. Con-
trary to the generic cases discussed above, we find two solutions (Fig.1). They are approx-

imated by

3 1 1

Cy (y) = y(1 —y)ealy) = ~1 (1 - (5 + Z) y+.. ) (3.32)

At large central charge we are instructed to choose the dominant solution, which corre-
sponds to C5 . We then recover negativity by integrating (3.20). For sufficiently small
x there is a phase transition to the other branch, where negativity is simply zero. (For
small x the computation of the four-point function is identical to the one performed for
entanglement entropy, and there is a factor of (n — 1) which vanishes in the n—1 limit.)
We have checked that the two solutions never cross each other within the accuracy of our

numerics.

4. Discussion

We computed a conformal block which at large central charge gives rise to the value of
the negativity for two disjoint intervals. We performed a numerical computation because
we could not determine the accessory parameter analytically by solving the differential
equation (3.3). It would be interesting to compare our result to the analytic expansion
(3.29). However, precisely for h, = ac = h= —c/8 (which corresponds to n =1 in (3.13),
and which is the leading operator that appears in the OPE expansion of 7 and T) we

encounter a complication. In this case the last term in (3.29) gets enhanced by a factor
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of ¢ and becomes O(c?y?). This is related to the fact that our operator has a level two
descendant which is null at leading order in central charge. Hence, the large ¢ limit and
the small z limits do not have to commute in this case.

One may wonder whether an analytic method for solving the Heun equation (3.3) order
by order in y could be applied here (no issue with the order of limits in this case). A priori,
there is no reason to doubt that this can be done. However, as we show in the appendix
one finds the same difficulties as with the standard conformal block expansion. Namely,
a divergent quadratic term. We believe that this hints to some non-analytic behavior of
the conformal block. Indeed as explained above, the complication is traced to the fact
that the intermediate operator has a null descendant at level two at leading order in the
large ¢ expansion. (This is true for all operators which correspond to trM = 42 with the
exception of the identity). In fact, there is an infinite tower of null states of even levels and
and it is natural to expact similar divergences to appear at higher orders in the expansion
in powers of 32; the simplest non-analytic behavior resulting from the resummation could
be +/y2 = £y, which would explain the origin of the +y/4 term in (3.32). (From eq.
(3.30) the coefficient of the linear term is 2, in agreement with [34] and [35]. )

A related question is the validity of the derivation of (3.3) in our case. This derivation
has been recently reviewed in the Appendix D of [31] and we do not find any fundamental
differences when a null descendant is present in the intermediate channel at the leading
order in the central charge expansion. One may wonder whether exponentiation of the
conformal block (3.2) is still valid. It would be nice to address this question.

The method used in this paper does not allow the computation of the constant term in
the value of negativity. In the case of mutual information [20] the holographic result could
be used to predict a phase transition between the nonvanishing branch for x > 1/2 and
zero for x < 1/2. For negativity we also expect a phase transition, but cannot fix the value
of x where it would happen. In any case, it would be interesting to have a holographic

prescription for computing negativity!.

1 The behavior of the OPE coefficients at large central charge plays an important role in

reproducing the holographic entanglement result. Their exponential dependence on the conformal
dimension of the internal operator h, may lead to the difference between the values of entanglement
negativity in holographic theories and our result, which assumes that a certain conformal block
gives a dominant contribution. We thank T. Faulkner and T. Hartman for discussions on this

issue.
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Appendix A. Investigating the asymptotic expansion of the conformal blocks

at large c.

There are two ways one may compute the conformal block at large ¢. One involves first
expanding in x and then taking the large central limit, making use of (3.29). Another way
is to first take the large ¢ limit and then expand in z. The starting point in this case is
the Heun equation (3.3). The latter approach was recently taken by the authors of [34]
and [35] who attacked the problem in two distinct ways. As it turns out, whether one first
takes the infinite central charge limit and then expand in the corss-ratio or vice versa is
immaterial. The two limits appear to be commuting with each other and both methods
yield the same result, i.e., the infinite ¢ limit of (3.29).

As explained in the Discussion section, we cannot directly apply (3.29) to our case.
The intermediate operator we are interested in corresponds to a null state at large ¢ and
the quadratic correction in the cross-ratio x diverges. One might expect that approaching
the problem using the methods of [34] and [35] adapted to our special case, would be
possible to obtain a finite result. Here we see that this is not the case.

The authors of [34] showed that there is a one-to-one correspondence between confro-
mal blocks at large central charge and the Painleve VI equation. To be precise they showed
that the monodromy problem of the Heun equation can be mapped to the connection prob-
lem of the Painleve VI. Unfortunately, this approach cannot be succesfully applied here,

because the Painleve solution for our case is given by a Taylor series expansion. This fact

12



does not allow us to solve the connection problem order by order in z, as done in [34] for
intermediate operators of generic dimension h,.

We will thus use the method outlined in [35]. Let us review here the basic ingredients
of the approach. Suppose that we wish to determine ¢y such that the monodromy of the
solutions of eq (3.3) on a path encircling both (0, z) is given by trM = —2cos[A,7]. We

can expand T(z) for small z as?

T(z) =Ty + Thx + Tox? + O(z?) (A.1)
where 05(0)
To= 22(1—z)
T = 02(;) ini(o) (A.2)
- 2C5(0) + 22C5(0) + 22C%(0)
2= 224(1 — 2) '

Since we are interested in the limit n — 1 we set h; = 0 and for convenience defined Cs(z) =
co(z)z(z — 1) such that Cy(0) = %h, = 1 (1 - AZ). We now consider the differential

equation (3.3) to leading order in z, namely,

C5(0)

V' (2) + 20— 2)

¥(z) =0 (A.3)

which for generic values of C5(0) is solvable by means of simple hypergeometric functions.
The key observation of [35] was that one can compute the monodromy matrix of the
solutions of eq. (A.3) along a special path, depicted in Fig.2, for which T'(2) is not singular.
With this choice of contour, the monodromy matrix is easily determined by considering

the behavior of the solutions at infinity. To leading order in x one finds that
trM () = —2 cos [A,7] (A.4)

which implies that all the corrections in trM(®) should vanish. These corrections can in
principle be computed by solving eq.(A.3) order by order in x. Requiring that the tr(6M)

vanishes at each order then determines Cy(z) as a series expansion in z.

2 Here for simplicity we discuss the of small z. The case of small y = 1 — z can be treated in

an identical manner.
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This nice technique was developed in [35] where Ca(x)

(

L was determined up to quadratic order in x. The expres-
1

x
. J sions obtained there are in complete agreement with [34].
/ As remarked earlier however, one cannot directly apply
. the formulas in [34-35] when A, = 2. One reason this ca-
se is special can be traced to (A.3).

Fig.2. The contour.

To be specific, when C5(0) = —% the differential equation

3

P'(z) - 12(1-2)

¥(z) =0, (A.5)
can be placed in the standard hypergeometric form
2(1—2)u"(z) +[ce— (a+ b+ 1)2]u/(2) —abu(z) =0 (A.6)

with u(z) = 2% (1—2)'=¢+e+5/2y(2) and (a, b, c) = (2, 1,3). However, when c is an integer,
only one of the two independent solutions around z = 1 is given by a standard hyperge-
ometric function. For the other solution a much more compicated series representation

exists. Here for simplicity we will use the following set of independent solutions
3 35
P1(z) = 17 (1—-2)2F <§, 5,2, 1- z)

3im? 3 31
— SR (2 2
o (2) 16 229 1(2,2,372)

Njw

(A7)

where the second solution is the standard solution around z = 0. Their wronskian is

Wby, ) = atsh — Yigr =~ (A3)

It is sometimes convenient to express the solutions in terms of the complete elliptic integrals

of the first and second kind, 1i.e.,
E[z] = /5 \/1— zsin? ¢
0
= [T
0 V1—zsin?¢

14
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in the following way

1 1
P1(z) = —z ((z—=2)E[1 — 2]+ 2K][1 — 2]) | (A.10)

Wo(2) = —imz "2 ((z — 2)E[2] — 2(z — K[2])

The analytic continuation of 1;(z) for z > 1 above and below the axis can be simply

written as
viE(z) = zz%eﬂ”(z —1)2F (g, 2,2, 1-— z) = —g1(2) (A.11)
For the other solution we write
i (2) = —imz"% ((z = 2)E[—eT72] — 2(z — 1) K[—eT72)) (A.12)

To compute the monodromy matrix to leading order in z we need the asymptotic
behavior of the solutions at infinity. To find the behavior for large |z| >> 1 it is convenient
to use the known asymptotic expansions of the elliptic integrals and substitute z by z —

—ze* ™ The result is

3 3
VE(z) = 2 Py —(3-4In2)+O(z '1nz)
T Am 4 (A.13)
3 3 3im? '
VE(z) = Frz + IFZW Inz+ :i:zw(?) —4In2) + % +0(z ' Inz)
djzt
Denoting by T+ = L ) the matrix of the two independent solutions, we can express
2
the asymptotic behavior of the solution continued slightly above the real axis as
_1 3 _3(3 _
T;:B_‘_TO:( = 392)(z+41nz 13 4ln2)) (A.14)
—T il 1
and that of the solution continued below the real axis as
_1 3 _3(3 _
T;O:B_T():( - 392) <z+4lnz HE 41112)) (A.15)
s i 1

We can now start from the solution defined at z = co — i€, eq.(A.15) and take a full turn
around infinity to go back to z = oo — 7€, but having now encircled both the origin and x
as can be seen in figure 1. The turn around infinity yields

35 3 —3(3 —
_f;g) <z+4lnz 4§3 41n2)lnz) (A.16)
i

N 3=

T;O:E—T():(_
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where the change in the constant terms is due to the change in the logarithm. We now

observe that
T+ = (B+(§—>—1) T- (A.17)

which allows us to compute the monodromy matrix to leading order in x,
~ -1 -2
MO = <B+(B—)—1) - ( . _frf) (A.18)

and confirm that trM () = —2.
Consider now the monodromy matrix M of the solutions of eq. (3.3) and its expansion

in powers of x
M =M®O 4+ 26 MY 4+ 226M3 + O(2?) (A.19)

Since the desired trace trM = trM () = —2 is achieved at leading order, it must be that
tro M) = trdM(® = ... = 0. The correction to the monodromy matrix at each order can

be evaluated from the asymptotic behavior of the “corrected” solutions at infinity, i.e.,
TE4+zo Y+ 4 2207@+ .o =

N N N A.20
= (M(O) + 26 MY + 226M@) 1 .. ) (T;O + 26T + 2267 @— 4. ) (4.20)

Once M is expressed in terms of C*(0), solving §M ) = 0 computes C*(0).
In what follows we focus on the first and second order correction to the monodromy

matrix. We start by considering equation (3.3) to first order in z,
V(2) + To(2)9(2) + 2 T1(2)9(2) = 0, (A.21)

where Ty, T} are given in (A.2). The solutions of (A.21) are of the form v¥;(z) + xd;(z)
where 1); are the solutions of the zeroth order in x differential equation " + Ty = 0 and

01; are the solutions of the inhomogeneous differential equation
Y + Toydp = =T (A.22)

which can be expressed as follows

5ii(z) = 1) / 4o ()T (i) — 22 / A (T ). (A23)

w12 1 w12 1

Focusing on the asymptotic behavior of the solutions of (A.21) at infinity, we find that
STE = AFYE, 6T =A7TL, (A.24)

16



where A% is the following matrix

+ iz _Ail L
AT = , A =— dz;(2) Ty (2)V(2) . A.25
(A AN) au—o [Ten@newe. @
Substituting (A.24) into (A.20) leads to
SMW = <6Y;g - M<0>517Og) = AT M©® — MOAT (A.26)
while using (A.18) and taking the trace yields
2 _
tro M) = - (Af — A%) =0 (A.27)

With the help of eq. (A.51) we can express (A.27) as follows

U5y (fo) = Ug(fo)|; =0 (A.28)

where

z—1
. A2
- (A.29)

fo(0) = 3G - )+ (1-5630))

and Uj; is defined in (A.52). Using the asymptotic expressions for the solutions YT at

z =1 and z = oo given in Appendix A.3, the divergent terms cancel each other and we

obtain
C4(0) = 3 (A.30)
which matches the standard result for the conformal block at large ¢ for A, = —%.

For the quadratic correction to the accessory parameter, we need to consider second

order corrections to the differential eq. (A.5), namely,
P (2) + To(2)9(2) + 2T1(2)(2) + 2°To(2)9(2) = 0 (A.31)
with Tp, 11, T> given in (A.2). The solutions of (A.31) are
U2 (2) = dulz) + 200V (2) + 22097 (2) (A.32)
with 5%(1) as in (A.23) and 51&1.(2) equal to
0 = 2 (([Cwarar [Cvarion®) - 2 ([Cnmvs [Comon?).
W12 1 1 W12 1 1
(A.33)
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To find the asymptotic behavior of the solutions at infinity note that

SYRE — AFYE YD = AT (A.34)
where
7 —ZF +  _ot

Ai:Zi—f—@i, Z:t:< 12 11), @:I::( 2 %I:l) A.35
2 5 2 o3, -of) )

and . . 1
Z;=— | Ty, 0f = — / S Tyt (A.36)

w12 J1 w19

Using eqs. (A.34), (A.36) together with the relations A, = A}, (which is due to (A.11))
and A, = A5, (which ensures that §M (1) = 0), results in

oM = S [(Af = Ap)(Ag + 77 AL)+

2
1”2 (A.37)
+3 (0~ 67) — (OF, — 63) + (6 + Zn) — (0%, + 25

With the help of Appendix A we can express the different terms appearing in (A.37) as

follows

wia(Af, — AR) (A% + 7°AL) = (U (fo) — Uz () (Usz(fo) + 7°Usz(fo))|;
w12(07; — 03,) = Si5(fo, 90) — 551 (fo, 90)|;

9 ~ 1 >
wia (O3 + Za3) = Sya(fos 90) + 16 (sz(f4,g4) — S55(f1,91) — 5;2) - Oé’(O)QUQjE(fz)
1
(A.38)
where U;;(f), Sij(f,9),Si; are defined in (A.52), (A.61) and (A.73) whereas
1 1 1z—1 4 8
f0—§(2’—1)7 90—1(2—1)—5 S fr=grtdooo
4 1 16 81 41 41
— -z B R A.39
D R e (439
fofpti 2 5 W 18 1 2
1T3T3 73 T T9r 9.2 928
Finally, using the asymptotic expressions for the solutions @Dii as well as for pli, qijE at z =1

and z = oo given in Appendix A.3 we find that all divergent terms cancel out except for the
ones coming from the first order terms, i.e., (AT, — AL) (A, +72AL,) (see (A.82)). Hence
the divergence at quadratic order persists, hinting at the non-analyticity of the accessory

parameter Cs(z).
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A.1. Analytic computation of integrals with hypergeometric functions.

The following integrals are necessary for computing the first and second order corrections

to the accessory parameter Cs ()

: () (2)
+ _ 7 J _
I (%) —/1 dz—zm o1 m=2,3,4, (A.40)
and
TIPS NC) I 3 1 3.1
01;5(2) = /1 ovi Ty = 822(z—1) 3 23(z—1)° (A.41)

A method for computing such integrals was developed in [35]. Here we will use and expand
this method as is necessary to treat the special case A, = 2. We should mention here that
such integrals are in general divergent. We will see that in most divergences cancel when
evaluating the corrections to the accessory parameter.

Consider a coordinate transformation from the z—variable to some new variable v

which also depends on some arbitrary parameter a such that
z2=2(v,a) =v+ f(v)a+ gv)a® + O(>a®). (A.42)

The zeroth order differential equation 1" (z) 4+ T5(2)¥(z) = 0 under this change of variable

becomes
t(v,a) + R(v,a)t(v,a) =0, (A.43)

where the dots denote differentiation with respect to v and

R(v,a) = (g—) Ty(x(v.)) + & (= 0},
(A.44)

[N

ti(v,a) = (%)_ Yi(z(v,a)).

Here {z,v} is the Schwartzian of the transformation defined as follows

(2,0} = z _ g (5)2 | (A 45)

z

From the definition and properties of the transformation (A.42) and (A.44) it follows that

R(v,a) = To(v) + aRy(v) + a®*Ry(v) + O(v?) (A.46)

19



with

~(6=9v)f(v) +2v(v = 1) (3f'(v) +v*(v = 1) f"(v))
R (v) = 4v3(v —1)?
Rﬂm::m—9mmm+awgiiy%g?+v%v—wywwx+

(A.47)
N 3(3 — 8v + 6v2) f(v)? — 6v(2 — 5v + 3v2) f'(v) f(v) N
qvt(v —1)3
N v (v —=1)% (3f'(v)* = 3v*(v = 1) f"(v)* = 2(v = DV f'(v) f"(v))
4qvt(v —1)3

Note also that lim,_, t(v,a) = ¥ (v).
Let us now differentiate (A.43) with respect to a and take the limit a — 0 to obtain

bi + Tods + Rip; = 0, (A.48)
where we set ot )
_ 0Oti(v,a

oi(v) = 5 . , (A.49)

and used t;(v,a = 0) = 9;(v). Multiplying (A.48) with ¢, and integrating by parts leads

to?

[ it = w200 - 0] (A.50)
Further using (A.42) and (A.44) to evaluate ¢; yields
[ it = U0 (A51)
where we defined
Uig () = F(2) (040 — st — 3 F1(2) (i + ) + 3 /Dty (A52)

To confirm that U;;(f) is symmetric under the exchange 1; — 1}, recall that ¥;¢7 = 1;'¢);
for two solutions 1); ; with constant wronskian (A.8).

Computing integrals of the type (A.40) is now a straightforward exercise; one simply
needs to choose Ry (v), or rather f(v), appropriately and employ (A.51). Thus the original
problem has been mapped to the problem of finding a particular solution to the inhomo-

geneous differential equation which determines f(v) for a specific choice of the function
Ri(v), i.e., (A.46).

3 We assume that 2 2 =

9 9 98
da 9Ov |q=0 ov Oda|g=0
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Finding a suitable f(v) for the integrals in (A.40) with m = 2,3 is relatively easy.
The choices f(v) = —3v+4 — & and f(v) = 5(1 — 1) respectively yield

1 4 8
Rl:m’ f(v)zfz(v>=—§v+4—%

: _4, 1L
Blo—1) flw)=fs(v) = 3(1- ).

(A.53)
Ry =

Wl

It is also possible to directly compute the necessary linear combination of integrals appear-
ing in A;; (defined in (A.25)) by choosing f(v) = fo(v) = %(v —-1)+ %%‘1 such
that Ry(v) = T1(v).

The case m = 4 in (A.40) is special because a simple solution for f(v) cannot be easily
found. We will describe a slightly different technique for evaluating I, in the following
subsection. We conclude here by explaining how to compute integrals like the one in
(A.41).

The starting point is again eq.(A.43) which we now differentiate twice with respect to
a to obtain

Yi +Toxi +2R1¢; + 2Rov; = 0. (A.54)

In writing (A.54) we used the following definitions

_ 0*t(v,a) _ 0t(v,a) B
x(v) = a2 ; P(v) = S ;o Hwa)],—g = P(v). (A.55)

a=0 a=0
Let us note here that ¢ satisfies a differential equation similar to the one §v satisfies. In
fact, when Ry = T, (A.48) coincides with (A.22) and as a result ¢; can be identified with
d1;. Tt is now clear how (A.54) can help us compute (A.41). We first choose f(v) in such
a way that Ry =T} and ¢ = 5¢§1)~ As previously mentioned, this can be achieved by

4C%5(0 3—8CL(0)v—1 1
fw) = o) = 1) 2ZEROVL e R = 50,
(A.56)
We then multiply (A.54) with ¢; and integrate by parts to obtain
z 1 . z
[ w0, = 5 (= el - [ ke (A57
1 1

As long as we can evaluate flz Y Rotp;, we can also evaluate (A.57). Note however that R
can take any form we like since (A.47), as a linear differential equation for g(v), admits a

solution for any inhomogeneous term, at least in principle. Here we choose

9() = go(v) = ;o - 1) = 5 (4.58)



which results in
9 1 3 1

=60l 1) 8% 1)
With the choice (A.58) the integral on the right hand side of (A.57) is of the type of (A.40)
with m = 3,4, which we know how to evaluate. Finally, combining (A.59) together with
(A.56) and (A.57) while taking into account (A.42) and (A.44) leads to

Ry (A.59)

3

: 9
/1 5¢§1)T1¢j = Sij(fO:go) ~ 16 43ig) T gIS(ij) (A.60)

where S;;(f, g) is defined as

z

() = 50 |12 = o)+ vila = 11+ ol

1

=5 (UG I ) UG 1 A ek )+ P

(A.61)
A.2. Computing the integral 1.
Consider the following integral
© o 9i(v)(v)
I = dy —————= A.62
3(¢7¢) /1 v 1)3(1] _ 1) ’ ( 6 )

where 1; is a solution of (A.5)and ¢; satisfies the inhomogeneous differential equation
¢} +Togi + Vi = 0. (A.63)

with V] = %

We explained how to evaluate integrals of this form at the beginning of Appendix A.
We start from the original differential equation (A.5) and perform a change variable as in
(A.42), choosing f(v) such that Ry in (A.46) coincides with V3. We then pick g(v) such
that the integral flz i Ry is expressed in terms of the known integrals I», Is and/or the

sought for integral I;. In practice we find that a convenient choice is

4 1 16 81 41 41
f(v):§(1—;)zf4(fu), g(v) = 9 93 "922 3% = ga(v) (A.64)
and leads to - o :
/1 ﬁ = 5ij(f1.94) = 314 (A.65)
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where S;;(f, g) is defined in (A.61).
Consider now an alternative, slightly more involved method to evaluate the same
integral, (A.62). We start from (A.5) but instead of performing a change of variable, we

induce a change in Ty parametrized by a, i.e.,

" 3
(1 = A.
u’ + 2 ) (1+asg)u =0, (A.66)

with s an arbitrary number. The two independent solutions of (A.66) can be expressed

in terms of hypergeometric functions as follows

3 1+y/4+3asg 14+ /44 3asyg 3+ +/4+ 3asy
Ul(&,z>:Z(z_1)Z 2 2F1 2 ) 2 7271_2

3 1+y/4+3as —1+v4+3 14++v4+3
usg(a, z) = 1—6i7r2,z . oFy [ + 5 i aSO, + 2+ aso,l + V4 + 3asg, 2

(A.67)
The basis of the solutions is selected so that it reduces to (A.7) when so = 0. Taylor
expansion around the point a = 0 yields u(a, 2) = (2) + ap(z) + a®q(z) + O(a?), where
the functions p(z), q(z), - -+ can be computed explicitly.
Next we change variables from z to v according to (A.42) with the same parameter
a appearing in (A.66). We are interested in producing an additional relation between the
integrals Iy and I3(¢, 1), we thus choose the pair (f, g) such that Ry in (A.46) is identical
to V1 and R, is proportional to ﬁ—n It is straightforward to verify that the following
set of functions (f4, g4) satisfy the above requirements, i.e.,

f(v) = sov + 1(4 —9s0) + §<_2 + 380)1 = ﬁ(v),

()

3
16 4 4 4 1 4 8 1
g(v) = (5 + 350 ~ 438) - <§ + 350 = 333) - + <§ — 3% + 388) 02 (A.68)
8 8 IO
- (g - 530 + 23(2)) 3 = ga(v).

Following the approach of Appendix A we differentiate (A.66) twice with respect to a and

evaluate at a = 0, which yields

Xi + Toxi +2R1¢; + 2R21p; =0, (A.69)
with
d%t; ot; 1 7—9s3
i = i = o , Ri=————, Ro=_—1—1"_. A.70
X = 9a2 S ¢ da |,_, P —1) 27 3ut(v — 1) ( )




Once more, R; being equal to V; implies that ¢; in (A.69) is a solution of (A.63). Mupti-

z

plying with v; and integrating leads to
© iy 1 ( : ) 1 2
—_— == iXi —ViXi)| — =(7T—9s5) 144 = .
/1 U?’(”U—l) 2 ¢JX ¢JX 1 3( SO) 4,ij
1. : ) 1 . i i .
= ij (2%‘ —pif2+ 2pif2) - §¢j (2%‘ +pfe —pifa+ 2pz‘f2) + (AT

1
+ Sij(f2,92) — 5(7 — 955) 14,5

I, is then readily computed using the linearly independent equations (A.71) and (A.65),

I ~ Sij(f1,94) — Sij (fa,Ga) — Sij
0

(A.72)

where we defined

Sij = @Dj (2%‘ - pifZ + 215¢f2> — %@D] (2(_72 +]5f2 —pifg + 2p1f2) (A,73)

1
2
Thus far, we kept sg arbitrary. In the actual computation, we chose sqg = %

We have finally shown how to compute all the integrals necessary for the evalua-
tion of the quadratic corrections to the accessory parameter C';. The rest is a matter of

bookkeeping.

A.3. List of asymptotic expressions.

1 . Asymptotics of the solutions

+ “ 3 3 9 Inz 3 1
Moo —— = | — (3—4In2 — 1—24In2) = +---
v r T gy B A g G n2) -+
3 9
lﬁ(z) ! —Z(Z—l)+§(z—1)2+...
(A.74)
V5 (2) Mzmoo T2+ HF%T Inz+ %ﬁ (3—4In2) + giﬁ
97 In z 3 9i72\ 1
i3—27+<$a(1—241n2)—3—2);

. . 2
WE g m—ngﬁln[z—u(z—l)Jr (%(—5+121n2)$3%) (z—1)+---

(A.75)
2 . Asymptotics of pi (2).
Py “amoo P2iZ + Pz + Py + -

N T N (A.76)
Py ~ze1 Poy+ Ppy(z —1)Infz — 1] 4 Pys(z — 1) +- -
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where

i s
—+ (5 _
Ph = %5-(5— 12In2) -
3 3im?
+
=5 (-1 -8In2) — =0~ ATT
P = F35 (-1 -8In2) = =5 (A.77)
3 .2
pE = =50 (=5 - 8In2(~1+2In2)) + S
32 <
and
P = 2-(=5+12n2)
"
P$:—£(1+41n2) (AT8)
3 2 .
P = =75 (—1 - 4In2) - (5 (<254 07”4 24(1 - 61n2) In2)

3 . Asymptotics of ¢i(z).

G oo G2+ G2+ gay + - -

(A.79)
Gy a1 Qp + Qa(z—1)In[z — 1]+ Qp(z — 1) + -
where
=t —— (=714 127 + 156In2 — 1441n? 2) 134 241n2)
=T —5 (= — — — (= n
1=+ 1152 384
+ ™ 2 2 3i7T2
=+ (47% —3(=1+8In2+641n°2)) — (1 + 8In2
g = j:% (63 —481n2(3 — 2In2 + 4102 2) + 47(—3 + 41n 2) — 84((3)) +
in? 2
+2—56(7r —3(7—12In2+ 81n°2))
and
+ i 2
@21 = ~{153 (=71 +37% 4+ 12(13 — 12In2) In 2)
inzz5%(3+7r2—121n2(1+41n2))
2
+ T 2 2
Q3 = +x53 (7 —=3(-1+4In2+161n°2)) —

_ T
4608

(283 — 1728In® 2 4 672(2 + 4210 2) + 96 In 2(—7 + 31n2) — 756((3))
(A.81)

where ((3) represents the Riemann (-function.
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4 . Additional Relations

w12(O15 — Oqy) = w12(@;r2 - @;—1) =0

_ 3im3 _ ,
Szz(fo,go)—sgrz(fo,go) =TT Up(f2) — U;g(fg) = 4473

- 10i7° PN ~ . 17im3  (A.82)
Sao(f1,91)— S35 (f1, ga) = 3 S32(f1,94) — S35(fa:Ga) = 5

- 3 9 2
52—2—3;2:% (—7+121n2+3—7;) .

Finally, we see that divergent terms remain in the following expression
wiz(Af = AL)(Ag +7°AL) =

2 (A.83)
= (%(11 —12In2) — 2 fim lnz) x % ((11 —12In2) +3 Jim In (= - 1)) .

Z—r00
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