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Abstract

Given a deterministic matrix M = (m;;), we want to cluster the row ¢ and the column j
before to predict m;;, where the values of the matrix are observed sequentially. The proposed
algorithms are PAC-Bayesian procedures with new sparsity priors. Sparsity regret bounds
are stated without any assumption on the matrix. These results are based on [I3] where
online clustering algorithms are suggested. Eventually, we also state minimax lower bounds
for these problems, using a classical probabilistic reduction scheme. It shows the minimax
optimality of the proposed algorithms in a worst case scenario.

1 Introduction

Bi-clustering or co-clustering is a popular method to analysis data matrices and build recom-
mender systems. In this problem, we mainly observe a random matrix, where rows correspond
to a population and columns to variables (or products). This matrix is usually sparse, i.e.
with many hidden entries (called ratings). The goal is to reconstruct the matrix by clustering
simultaneously the rows and colums of the matrix. This scenario has been applied to many
real-world problems such as text mining (see [19]), gene expression ([6]), social networks (see
[9]) or collaborative filtering (see [17]). In [I§], generalization bounds in terms of KL divergence
are proposed for this problem. Assuming the existence of a probabilistic distribution p(z1,z2,y)
over the triplet of rows, colums and rating, a discriminative predictor ¢(y|z1, z2) is constructed
via a PAC-Bayesian approach. The matrix is supposed to have i.i.d. entries and the number of
clusters is known in advance. In this paper, we want to investigate a more challenging game in
a worst case scenario without the knownledge of the number of clusters.

To tackle this problem, we suggest a high dimensional PAC-Bayesian approach with spar-
sity priors. Sparsity priors have been introduced in Bayesian estimation by several authors
([110,[15],[16]). The principle is very often to employ heavy-tailed distributions, such as multi-
variate Laplace, quasi-Cauchy or Pareto priors. In a PAC-Bayesian framework, [7] introduced
sparsity priors in mirror averaging procedure to promote sparsity oracle inequalities. More re-
cently, sparsity priors have been used in online learning (see [§], [13]). In [I3], we promote
sequential clustering algorithms with sparsity priors in the problem of online clustering of an
individual sequence (z;)]_; € R?T. On each day t, the forecaster must predict the next instance
x; € R? with at most p > 1 possible ”proposals” or ”strategies”. On the morning of day t, he
has access to the inputs x1,...,x;—1 of the previous days. Based on these instances, he must
propose a codebook of p > 1 strategies ¢; = (¢11,...,¢p) € R At the end of the day, he
receives x; and incurs a loss - or distortion - £(¢, x;), where:

E(ét,l‘t) = EIllln ‘étJ‘ — Jl‘t|§,
and | - |2 stands for the Euclidean norm in R?. The goal of the forecaster is to control the
cumulative distortion Zthl 0(€, ), with |€:]p as small as possible, where |¢;|o corresponds to
the number of non-zero strategies at time t, i.e.:

lclo:=card{j =1,...,p:¢; #(0,...,0)" € R}, Ve = (c1,...,cp) € RP. (1.1)



In such a framework, we recommend to reach sparsity regret bounds as in [13] according to:

T

T
> l(ér,x) < inf {Zﬁ(c,xt)+>\|c|o}+r>\(T), (1.2)
t=1

dp
—1 ceR

where | - |o is defined in (L.I)), r\(7) is a residual term and A > 0 is a temperature parameter.
In other words, we control the regret of our sequential procedure to have not reached the
compromise between fitting the data and compress the information (i.e. the infimum which
appears in the right hand side). With a suitable calibration of )\, it gives the following result:

Theorem 1 ([13]) For any deterministic sequence (x;)l_; € R any R > 0, there exists a

sequential algorithm such that:

T

VT Y0 lejl2
;E(ﬁlm,ﬁt)é(ct,xt celB%f(R {Zﬁ c,xt) + |elo/T(3+d) log< f’cfo
+ CVT,

where for anyt =1,...,T, ¢ is a randomized codebook with law p;.

This result proposes a sparsity regret bound with rates v/T log T. If we suppose the existence
of a minimizer c* of the RHS of Theorem 1| such that |c*|g = s for some sparsity index s € N*,
we have, for T large enough:

T T
ZE@(ét,xt Zﬁc x¢) < const. xsflogT
t=1

In this paper, we are mainly interested in (1) an online bi-clustering scenario and (2) minimax
results for both Theorem [T]and the bi-clustering scenario. Let us consider an individual sequence
(xe,y), t =1,...,T where T is the known horizon whereas for any t =1,...,T":

e the input variable z; = (241,...,2¢q9) € X1 X ... x Xy = X,
e the output y, € Y C [0, M]ﬂ

A seminal example is the construction of recommender systems. In this case, d = 2 and x; =
(24,1, ¢ 2) corresponds to a couple customer xmovie whereas y; is the associated rating (such as
{*, %%, *xx} for instance). Note also that our analysis is not limited to the bi-clustering problem
where d = 2 above, since we can consider high dimensional d > 2 tensors as well.

Giving the individual sequence (x¢,v:), t = 1,...,T, we want to construct a sequential
algorithm as follows. At each time ¢, an input z; is observed and we build a prediction ;. Then,
y; is given and we pay (y; — 9¢)2. This particular loss enjoys the useful property to be A-exp-
concave, which means that ¢ — e~ @9 is concave. This property allows to reach fast regret
bounds in the deterministic setting (see for instance [5]). The construction of the prediction is
based on a mixture of expert’s advices constructed thanks to online clustering. More precisely,
the algorithm described in Section [2| gives a prediction of the following form:

Uy = Ea~m9€(%)~ (1.3)
In (|1.3), the function gg is constructed thanks to a set of d-tensor codebook ¢ = (cy,...,¢cq) €
II =1 X ]‘? 7. This d-tensor codebook assigns to each component z; of z € X the nearest center of
c;. The associated d-tensor Voronoi cell is denoted as Vz(x) and corresponds to the product space

Tn the sequel, two cases are considered: ) = [0, M] (online regression) and Y = {1,..., M} (online classifica-
tion).



of each Voronoi cell V¢, (z;) = {y; € &; : argming, =1, p, [y — ¢ji;l2 = argming =1, |Tj —
¢ji;|2}. In what follows (see for instance Theorem , we consider two different functions €
gz(+). The first one consists in computing the mean value of the sequence of past outputs i,
ooy Yp—1 in cell Vz(zy). In this case, gg(-) is written as:

22—211 Yuly, Vi)
card {{z1,...,x—1} N Vz(xy)}’

where in , we can take gg(z1) = M /2 without loss of generality. Indeed, in (and in
also), gz(-) depends on the past observations (x1,y1), ..., (zi—1,y:—1) and then on time ¢.
We omit this dependence for simplicity. Note that when ) = {0,..., M}, we can also use the
majority vote for gz(-), where the majority vote at time ¢ is taken in the Voronoi cell Vz(z;) as
follows:

gEe () = (14)

g% () = argrlglaiccard{u =1,...,t—1:y, =k and z, € Vz(z;)}. (1.5)
€
Equipped with these base forecasters, we want to promote in (1.3]) a sparse representation.

Here, the sparsity is associated with the set of d-tensor codebooks. Given some vector of integers

m = (my,...,m,) € N?, we restrict the study to the Euclidean space by considering X; = R
d

for any j = 1,...,p. Then, X = RZ5=1"4Pi and & = (c1,...,¢q) € H;l:l R™iPi. As in [13],

we wish that y; ~ ggr(2¢), where ¢ = (c},...,c}) is such that cf has a small {y-norm for

any j = 1,...,d where \c}*]o is defined in ([1.1)). Consequently, we are looking for d distincts

group-sparsity codebooks ¢y, ..., cy. For this purpose, we will use in our algorithm a product of

d group-sparsity priors introduced in [13] in online clustering. This prior is defined in Lemma
below.

In a classical statistical learning context, [I8] considers a random generator P with unknown
probability distribution on the set X x ) and suggest the following discriminative predictors:

h(y’$1>"'7xd): Z h(y|zlaazd)H;l:1h(ZJ|xj)

i1erid
In this stochastic setting, the hidden variables (iy,...,44) represent the clustering of the input
X = (Xy,...,Xy). Using a PAC-Bayesian analysis and bounds as in [I4], generalization errors

in terms of Kullback divergence are proposed. The randomized strategy is based on a density
estimation of the law P.

In this paper, the framework is essentially different since we propose to use PAC-Bayesian
tools inspired from [I3] to get sparsity regret bounds of the following form:

T T
> Uy in) < o {Z(yt — ge(x))? + penO(E)} : (1.6)
t=1

d m;p,
el RV

where peny(€) is a penalty function which is proportional to the sum of the ¢p-norm of the
codebooks ¢y, ...,cg. The infimum in the RHS of could be seen as a compromise between
fitting the data and a sparse representation, where the sparsity is related with the number of
clusters in the product space X.

As an example, we can consider recommender systems where we want to predict the value
of the rating of a new (customerxmovie) couple. In this case, representation gg in or
with a sparse € in terms of {g-norm ([1.1]) means that we can propose a simple representation of
ratings with a block matrix with a few number of blocks. In this case, it is well-motivated to
perform online clustering before predicting the rating.

The rest of the paper is organized as follows. In Section [2| we give sparsity regret bounds
for the problem of bi-clustering, reached by a sequential procedure with sparsity priors. Section
explores minimax optimality in online clustering and online bi-clustering. Section [4] concludes
the paper whereas Section are dedicated to the proofs of the main results.



2 General algorithm and sparsity regret bound

Before to describe the algorithm, let us introduce some notations. We denote by C := H?ZlRmipi
the space of d-tensor codebooks, whereas a decision function at time ¢ is denoted as gz(-) (see
or (1.5)). We introduce a prior m € P(C), where P(C) is the set of probability measure
on C, and a temperature parameter A > 0. We can now describe the general algorithm and its
associated PAC-Bayesian inequality.

2.1 The algorithm of bi-clustering

The principle of the algorithm is to predict y; according to a mixture of decision functions gg,
where the mixture is updated by giving the best prediction of gy at each iteration. At the
beginning of the game, p; := 7. We observe z1 and predict according to 7 := Es ge(z1),
where gg(x1) is defined above. Then, learning proceeds as the following sequence of trials
t=1,...,T—1:

e Get y; and compute:

e—>\ Zizl(yu—ga(wu))z

Wi

Pr+1(d€) = dr(€), (2.1)

where Wy := E e Srm1(Wu—9e(zu))? i the normalizing constant.
o Get 441 and predict giy1 := Egvp,, 9e(Ter1)-
Then, we have constructed a sequence of prediction (@t)t:17,__7T which satisfies the following

PAC-Bayesian bound.

Proposition 1 For any deterministic sequence (z, yt)thl, for any p € N, any \ < 1/2M? and
any prior m € P(C), the previous algorithm satisfies:

T T K(p.)
> (ye—9)° < inf {EENp (9 — ga(4))? + i’} ; (2.2)

=1 PEP(0) =1

where K(p, ) denotes the Kullback-Leibler divergence between p and the prior m and gg(-) sat-

isfies or .

The bound of Proposition (1] gives a control of the cumulative loss of the sequential procedure
described above for any choice of prior m. It allows us in the sequel to choose a particular
sparsity prior in order to state a sparsity regret bound of the form ({1.6)).

2.2 Sparsity regret bounds

The main motivation to introduce our prior is to promote sparsity in the following sense. In
d

9z(+), we want a codebook € € R25=1"%Pi where & = (c1,...,¢q) is such that |cj|o is small for

any j =1,...,d, where:

’C]’|0 = card{ij =1,.. S Pj Gy = (O, . ,0) S Rm]}

To deal with this issue, we propose a product of d group-sparsity priors introduced as follows:

d N P |Cj,ij|% B -
msa@ =[] [ {ar 1+ =% de, (2.3)

j=lij=1



for some constant a; > 0. This prior consists of a product of d products of p; multivariate
Student’s distribution v/277;,,(3), where 7 > 0 is a scaling parameter and 7Ty, (3) is the m;-
multivariate Student with three degrees of freedom. It can be viewed as a generalization of the
group-sparsity prior defined in [I3] where d = 1. Consequently, we use the same multivariate
Student’s distribution presented in [12], defined as the ratio between a gaussian vector and the
square root of an independent x? distribution with 3 degrees of freedom.

It is important to stress that in , we don’t need to threshold the prior at a given
radius R > 0 such as in [I3]. This is due to the presence of the square loss with bounded
outputs y € Y C [0, M]. A straightforward application of Lemma 1 in [I3] to the bi-clustering
framework gives the following lemma:

Lemma 1 Let p € N¢, 7 > 0. Consider the prior wgq defined in [2:3)). Let €= (cy,...,¢cq)) €

d
R2j=1"Ps | Then, if we denote by po 4 the translated version of mgq with mean €, we have:

d
¢4, 12
K(poamsa) < 3 3+mjzlog<1+%

7j=1 i;=1

d S el
7:=1 ij]

< (34 m;j)|ejlolog <1+ : )}

]Z_;{ S V6rlcjlo

The first result is a direct consequence of Proposition [I] and the introduction of the sparsity

prior (2.3).

Theorem 2 For any deterministic sequence (x4, y:)i,, consider prior 7TSd deﬁned m with

T = §{/2dMp T}~ for some 6 > 0, A\ = 1/2M? and functions gz(-) satisfy (1.4) or
Then if T is great enough, we have:

T T d
Z < inf Z(yt — ge(x))* + CZ(3 +m;j)|cjlologT » ,

C
—1 <t =1 j=1

where C' > 0 is a constant independent of T .

This result gives a sparsity regret bound where the penalty term is proportional to the sum of

the £yp-norm of the set of codebooks € = (c1,...,cq). The algorithm performs as well as the best
compromise between fitting the data and complexity. It is important to highlight that the RHS
does not depend on the sequence (p1,...,pq). Then, as in [13], we can consider large values of

pj and perform model selection clustering to learn the number of clusters.

Unfortunately, this result is essentially asymptotic since it holds for large values of T'. This
is due to the control of the deviation of the random variable gz (x¢) to gg(x¢) forany ¢t =1,...,T
where ¢’ ~ pg 4 with pg 4 defined in Lemma This problem is specific to the context of bi-
clustering where the application € — ggz(z) defined in or is not continuous.

This algorithm in not adaptive since it depends on unknown quantities such as time horizon
T. Adaptive choice of 7 > 0 could be performed as in [13]. We can also stress that as in [§],
we can avoid the boundedness assumption ) C [0, M]. In this case, the choice of A > 0 in the
algorithm will depend on the sequence and an adaptive choice could be investigated. We omit
these considerations for concision here.

Proof. Let € € Rzﬂ 1™MiPi - Let p = poq defined in Lemmal Applymg Proposition (1| with
p and A < 1/2M? leads to:

D e =90 < Baropy Y (yr — g (w1))” + W- (2.4)



To control the first term in the RHS of (2.4), we use the following decomposition:

T T T

Z(yt 9*’(%))2:Z(Z/t—ga(%’t))Q‘i‘Z(QE(ﬂ?) 9z (%1)) +QZ (v — 9e(1)) (9e(21) — g (21)).

t=1 t=1 t=1

At this stage, it is important to note that for any x € X', we have by construction of gg:

9&(2t) — gar(21)] < Mlaxue{xly-~~;$t}:f6(1'u)§éf6/(xu)7 (2.5)

where fz : [[R™ — [[{1,...,p;} is the nearest neighbor quantizer associated with the d-
tensor codebook €. Then, integrating the previous inequality, we have to control, for any v €
{z1,...,2+}, the probability P(fz(v) # fe(v)). This is done thanks to Lemma in Section [6]
for a particular choice of § > 0. We lead to:

S S K(po,7s)
0, 71S

S 0 < 301 - gelan)? + 0TS

t=1 t=1

ijQ d ijz logT
+ 24MZ lejlo(lejlo — D)5 T(T +1) 12M) " lejlo(lejlo — =g +1
j=1 j=1
The choice of 7,6 > 0 in Theorem [2| concludes the proof. |

Theorem [2| holds for a family {gz, € € C} satisfying (1.4) or (1.5). An inspection of the
proof shows that a sufficient condition for the family {gg, € € C} is (2.5). Then, next corollary
extends the previous regret bound to a richer class of base forecasters defined as:

{g%, €eC, ke {1,...,N}},

where for any value of k =1,..., N, holds for gg. Functions gl_g includes the previous cases
and (|1.5) but any other labelizer gz constructed thanks to the set of past observations in
the cell associated with € could be considered (such as the median for instance). Interestingly,
equipped with such a family of N labelizers, we can add to the learning process the choice of
k=1,..., N by considering the following prior in the algorithm described above:

3+m]~

COATEEEN U I
WSde H H ( ]TJQZ dc x N Zékdk (2.6)
k=1

j=1li;=1

It leads to a sparsity regret bound with an extra log IV term due to the number of base labelizers:

Corollary 1 For any deterministic sequence (w¢,y)l_,, consider algorithm of Section @ using

prior Tsan defined in [2.3) with = §{\/2dMp T}~ for some § >0, A = 1/2M? . Then:

T d

T
2 < ey ) 2o~ gé@))* +C ) (34 my)lejlologT o + 21 og N.
=1 — e

This result improves Corollary 2] since the infimum is the RHS could involves different indexes
k. The prize to pay is an extra M?log N term due to the introduction of the parameter k in the
algorithm. For instance, consider the case Y = [0, M]. If N = 2 in Corollary [1] and the family
{gf:i, ¢ € C, k € {1,2}}, is made of forecasters and a median estimator, the algorithm
performs as well as the best strategy between the mean and the median.



3 Minimax regret

In this contribution, we debate several sparsity regret bounds in online (bi-)clustering. These
bounds are stated in the worst case scenario and have shown different behaviour with respect
to time horizon 7. In online clustering, sparsity regret bounds have a residual term of order
VT log T (see Theorem whereas in bi-clustering, we exhibit better rates in log 7". These results
are not surprising since many online learning problems give rise to similar bounds, depending
on the properties of the loss functions. However, in the setting of online clustering, it is natural
to ask if better algorithms exist, i.e. if lower regret could be proved for this problem.

In the context of prediction with expert advices, many authors have investigated the minimax
value of the game. Given a sequence (yt)thl, and associated experts advices p; := (pg1,.-.,Pt.N),
[4] have focused on the absolute loss and proved a minimax value of order O(y/T log N). In [10],
a unified treatment of the problem is suggested with a general class of loss functions. In this
context of prediction with a finite - and static - set of experts, the minimax regret is given by:

T T

Vr(N):=inf sup sup {Zﬁ(g}t,yt) — min Zﬁ(pt,k,yt)} ,
@) (py..pr) () (1= =L N

where £ is a loss function. Asymptotic behaviours for Vp(NN) when T" — oo have been stated

from log N to /Tlog N depending on particular assumptions over the loss function, such as

differentiability. Many examples are provided in [10], including the square loss, the logarithmic

loss or the absolute loss.

Very often, the proofs of the lower bounds in the deterministic setting use probabilistic
arguments. Surprisingly, by considering stochastic i.i.d. generating processes for the sequence
of outcomes, we can achieve tight bounds that match - at least asymptoticallyﬂ - to the upper
bounds. The starting point is the following inequality:

T T
Vr(N) = %;15 EpnxrEqr {Zg(gtan) - k_linNzg(pt,k,yt)} ;
t=1 T =1
where p;j are ii.d. from P and Yi,...,Y7 are i.i.d. from (). The rest of the proof consists in
finding particular measures P and () in order to maximize the lower bound. In this section,
we want to state the same kind of result in the context of online clustering. Using simple
probabilistic tools, we prove minimax results in the context of online clustering and online
bi-clustering.

3.1 Minimax regret in online clustering

In this paragraph, we want to investigate the optimality of Theorem For this purpose, we
introduce in the sequel the following assumption:

Sparsity assumption H(s): Let R > 0 and T € N*. Then, there exists a sparsity index
s € N* such that |c} glo = s, where:

Cr p = arg min {Zle e, xy) + |c|0ﬁlogT} ,
’ ceB(R)T

where B(R)T = H]TZIB(R) and B(R) is the Euclidean ball of R,

This sparsity assumption is related with the structure of the individual sequence x¢,t =1,...,T.

It means that the sequence could be well-approximated by s codepoints since the infimum is

reached for a sparse codebook c}’ r- In what follows, we also introduce the set:

ws k= {(2¢)i—; such that H(s) holds} C R

2More recently, [1] has given non-asymptotic lower bounds in both statistical and online learning by using the
same probabilistic reduction scheme.



With this notation, we have shown essentially in [I3] the existence of an algorithm such that:

sup {Z€ Ct, Tt)

(z¢)€ws, R CEB

1nf Zﬁ (c,x¢) } < const. x sVTlogT.

Then, for any s € N*, R > 0 we could investigate a lower bound according to:

T
inf  sup {ZE (€, ) inf {(c, xt)} > const. X S\/TlogT.
=1

(€t) (w¢)€ws. r ceB(R)é

Following the guiding thread presented above, we can move to a simple probabilistic setting as
follows:

T T
inf sup {Zﬂ(ét,xt) _ceiBrg%)s {(c, xt)} > infE,r {Zﬁ ¢, Xt) — ,/N IIllIl Z€ ck,Xt)}
t=1

() (w)€ws r - (€)

where X;, t = 1,...,T are i.i.d. with law pu and ¢, £k = 1,...,N are i.i.d. with law v.
Unfortunately, in the inequality above, the infimum is taken over any (ét);le, that is with no
restriction with respect to the £g-norm. Then, the RHS could be arbitrarely small and the lower
bound does not match with the upper bound of Theorem [I] To impose a sparsity assumption
for the sequence (€;), we need to introduced a penalized loss. Next theorem provides minimax
results for an augmented value Vp(s) defined as:

T T
logT
Vr(s) :=inf sup g <€é,:v + c >— inf lic,x . 3.1
e <Ct><xt>ew{t_1 (o) #1600 ) = ity 2 1) &

In , we add a penalization term for each ¢;, in terms of £y-norm. As a result, to capture
the asymptotic behaviour of Vp(s), we also need to state an upper bound with a penalized loss
as in . This is done in the following theorem that combines an upper and lower bound for
the minimax regret.

Theorem 3 Let s € N*, R > 0 such that:

d
3 ( RVT
< |=| — . .
5= 2(14logT> (3:2)

Then:
sVTlog T(1 + or(1)) < Vr(s) < sVT(log T)%. (3.3)

The proof of the first inequality is based on the probabilistic method described above, where we
replace the supremum over the individual sequence in Vp(s) by an expectation (see Section
for details).

To prove the second inequality, we can use Proposition 1 in [I3] to the penalized loss function
lo(c,x) = {(c,z) + alc|p with a = log T/VT to get:

T

~ ) >\ ~
Zga(ct’xt) < inf { CN'DZK C xt ()\ ) + = 9 p17 PT) CNpZ C Zl;'t (Ct,$t)]2} .

dp
=1 pEP(R

A choice of a = logT/VT, A = 1/\/T, a sparsity prior with scale parameter 7 = 1/4/T and
= /T allows to get the desired upper bound.



3.2 Minimax regret in online bi-clustering

In the context of Section [2, we want to prove the minimax optimality of Theorem [2. For this
purpose, we introduce a modified sparsity assumption related to the bi-clustering problem:

Sparsity assumption #H'(s): There exists a sparsity index s € N* such that |c§|o = s where:
. T o
¢ i=arginf {31, (4 — gs(a1))? +|elolog T}

This sparsity assumption is related with the individual sequence (z,y:),t = 1,...,T. Loosely
speaking, it means the sequence is made of a small number of clusters of inputs with same labels.
In what follows, we also introduce:

wl, = {(x¢,y¢){—; such that #'(s) holds} C RIT.

With this notation, we have shown in Theorem [2| the existence of a sequential algorithm (g)t)thl
such that for any s € N*, for T" great enough:

T
sup {Z(yt — )’ 1nfz (Yt — ge(t)) } < const. x slogT.
¢

(ze,ye)€wl | 1=1
Then, for any s € N*, we will investigate the order of the minimax value:

T T
Vi(s) = inf  sup {Z(Qt —y)? — ilcle(yt - 96(%&))2} :
t t=1

(9t) (zt,yt)EW, 1

Following the guiding thread presented above, in this case we can move to a simple probabilistic
setting as follows:

T
Vi(s) > inf E,r {Z( -Y) - N mln {Z — g, (X4 }}

t=1

where (X3, Y;),t =1,...,T are i.i.d. with law pg and €, k=1,..., N are i.i.d. with law v. This
inequality is at the origin of the following theorem.

Theorem 4 Suppose Y = {0,1} and s =2 for simplicity. Then, for T large enough:
Vip(s) > Colog T,

where Cy > 0 is an absolute constant.

4 Conclusion

This paper studies the online bi-clustering scenario where we observe a deterministic matrix
sequentially. The goal is to predict the entries of the matrix by clustering the columns and
rows, thanks to additional feature variables. We prove sparsity regret bounds by using PAC-
Bayesian sequential algorithms with sparsity priors. These results are inspired from [I3] where
the problem of online clustering is investigated. For completeness, we also propose lower bounds
for both online clustering and bi-clustering. In this problem, simple probabilistic tools allow us
to show the optimality of our algorithms.



5 Proofs

5.1 Proof of Theorem [3

First, we introduce the event Qs p = {(X1,..., X7 : |c}7R|0 = s}. Then, we have:

T
Vr(s) 2 me {Ze ¢, X¢) + l(j/g»T‘Ct\o E,~v fflinNZe(Cz‘th)} I(Q4R),
Tt

where vV € P(R%M) is the law of an i.i.d. sample (Cy,...,Cy) of candidates codebooks such
that for any k, |Cxlo = s and |Ci|2 < R v-a.s. whereas pu? € P(RT) is the law of the i.i.d.
sample (X71,..., X7). Now, we have to choose the two measures (v, ) in order to maximize the

RHS.
First of all, since (X1,..., Xr) are i.i.d. and by definition of {25 g, we can write:

logT
inf E,r {Zect,xt (\)}C’TT|ét|0}I(QS’R)Zir}fIEM®T{ZZ +\FlogT|c|0} ()

T
T {ZE(C},XQ + SﬁIOgT} I (QS,R)

9T
(I

S ke, X»} (1 - 1(99)) + VT log TB(O1r)

ST
I

: {Zac*T, X»} ~ TA’P(QC) + VT log TB(Q 1)
t=1

> TE,((c;,, X) — T sup 0%, X)|oP(Q ) + sVT log TP(Qy ),
Ccr,

where A > 0 is related with the choice of p (see Lemma 4] in Section @ Then, by choosing A?
according to Lemma [5], we arrive at:

logT
inf E,r {Zect,xt ‘iﬁ%mo} (Q,r) = TEL(ch, X) — TerA? + sVTlog T(1 — er),

where ep > 0 appears in Lemmaﬂ Moreover, with Lemma/[7], we have for some constant ay > 0:

2
E,rE,~ min Zz Ci, X3) < aN\/long +TE,E,¢(C, X). (5.1)

i=1,....N

The choice of v in Lemmal?] leads to E,,¢(c},, X) = E,E,£(C, X) and by choosing N large enough,
one has eventually for a constant a’ > 0:

T log T+/Tog N
Vi(s) > sVTlogT [ 1—ep |1 — —— o DS VIRT ) (5.2)
s® (1 —er) s® (1 —er)

where @}1(-) is defined in Lemma Furthermore, the choice of ep = 1/T gathering with a
simple normal approximation of the binomial distribution B(T,1/2), for T large enough, leads
to:

T T
Pt (1 —er) < +\4F\/210gT§T.

Then, we have in (5.2):
1 1 log T'v/log N
Vi(s) > sVTlog T (1 - [1 . W]) |
s

S

which gives the desired result. |
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5.2 Proof of Theorem [4]

We restrict ourselve the d = 1 for simplicity. By written ), = {(X1,Y1,..., X7, Y7) : |[ch|o = s},
where c¥. is defined in H'(s), we have:

T T
Vi(s) > infE {Z@t = Y1)? —E,~ min ;(Yt ~ g, (Xt>)2} 1(9%),

Yt =1 3oty

where v is the law of an i.i.d. sample (Cy,...,Cy) of candidates d-tensor codebooks such that
for any k, |Ci|o = s v-a.s. whereas p is the law of the i.i.d. sample (X1,Y7),..., (X7, Yr). Now,
we have to choose the two measures (v, ) in order to maximize the RHS.

First of all, since (X3, Y;) are i.i.d.:

T
inf E 7 {Z@t - Yf} I(Q)>T <myinEy(Y —y)? = P(|cX|o > s)) :

Yt —

A good choice of y1, v will ensure P(|c}o > s) < ¢(logT)/T in Lemma [10] below. To control the
second term, we use a martingale version of the central limit theorem (see Lemma @ to get, for
some contsant ,Iphay > 0:

T T
]EMTEVN k—minNZ(}/t — 9gg, (Xt))2 < aN\/TsT\/logN + ]EHT]EVN ZE [(Y}/ — gé’(Xt))2|]:t*1] s
1 t=1

et AR t—

where s2. = Zthl Var(Y; — gg, (X;))? and Fioy = o({(Xu,Yu),u = 1,...,t — 1}). Then, we
obtain:

T
Vi(s) 2 TminBy (Y = y)* = BBy 3 B [(Yi = g6(X0))|Fia] + awsr/log N — log T.
t=1

Now, the choice of y, v in Lemma [§ gives:

T T

E, B~ ) E[(Y; — ge(X1))?| Fen] = TminEy (Y — Y)?+ D E(e — ge,(X1))?,
t=1 t=1

where € > 0 is such that Y; is a Bernoulli variable with parameter ¢ > 0. The precise value of €
will be chosen in the sequel. We hence get:

T

Vi(s) > — ZE(E — ge(X1)? + ansry/log N — log T.

t=1

Last step is to compute the order of sp and Zz;l E(e — gg(X¢))?. This is done is Lemma [8 and
a choice of € = log T?/T leads to:

T
Vip(s) > —Zat + ansry/log N —logT > logT,
t=1

where:

e 1
atwg—i—zandsT:

11



6 Appendix

6.1 Auxiliary lemmas for Theorem

The proof of Theorem [2] is based on the control of the following probability:

Lemma 2 For any ¢ €C, let & ~ Po,a where pg 4 is defined in Lemma . Then for any v € X,
for any 6,e > 0, we have:

2
o
Py (fa(v) # f2(v)) < 242 leslo(leslo — 1) 5,
7j=1
provided that the following condition holds:
Vi=1sd; Yoe;, (€) > € and |v; — 6V (¢j)| > €, (6.1)

where:

Yuj,e;i,(€) = \/d(vj, [ej;- ¢, 1)% + (d(es;, OV (e5) + €)' - \/d(Uj’ [eji;- ) + (d(es; OV (e5) — o)
Proof: Notice that, for any v € &
Pe({fe(v) # fe(v)}) =P ((33' e{L....d}, 3i545) € {1, lejlo}? : mi(fe(v) = iy # @) = mi(fe (v)))

B Eo / ap " (¢)d(cl ).

. .ol C
3=1 (i, /) B(vj,|v; Cj,iz.l)

where po(dc’) = TT5_ Hfj_l f)“ (dc}; ) and E s the expectation with respect to péﬂj whereas
MR

B(vj,|v; — . ,|) is the Euclidean ball in R™ with center v; and radius |v; — ¢, ., |. Then, we get
J5%5 J5%5

for any €, > O:

Pﬂ'({fa(v) # fe(v)}) <
Z Z Ey / dpgij (C;z)d(czz ) \c —c; /|<65/2 + ]P)c’ (’ - > 66)
(RO R g 2

jl
Jj=1 (ZJ:Z 35

Last step is to control the first term is the previous decomposition. Using simple geometry, we
can notice that for any €,6 > 0, if |[v; — 9V (c;)|2 > €, the following assertion holds:

Py, ¢, (€)/e > 6 = B(cji,,€0/2) € B(vj,d(vj, B(c Cji, 1,€0/2))),

5
E. It (A / P s i
> (=, | 1651, ey yrcarao+ P (1T 3] > 27)

Nvi—c! O
1 (i) (vj,|v; CM;D

where Ve, (€) is defined in the lemma. We then obtain, provided that v, ¢, i () > € and
lvj =6V (cj)| > e

i) , €
Po({fel0) # Fe D) < 3 ) ( Lo e W) + BTy 3 > 2T>>

J=1( z],z
)
= 22 leslo(lejlo = LB( T, (8)] > 3)

12m;72
CJ|O |Cj|0 )ﬁa

||M&

where we use in last line a simple Markov’s inequality to |Tm, (3)[?/d; ~ F(m;, 3).
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Lemma 3 For any é € C, for T great enough, for any x1,...,1: € X, let us consider ¢ =

1/\/logT and:

0= min min dcsiy, V(<)) .
Vel 72 \/d (vj, [cj, ij» Cj,i )%+ (d(cjvij’av(cj))Q

Then, (6.1)) holds for any v € {x1,...,x¢}.

Proof of the lemma : First notice that we can suppose the set of codebooks € is such that
(z4)L, NU;0V (c;) = 0. Indeed, if this condition does not hold, we can slightly modify & to have
the desired property without changing the value of gg(z;), for any t = 1,...,7. Moreover, for
T great enough, for any v € X

wvj»cj,ij (€) _ ¢late) —dla—¢)

2¢ ' 2¢ ’

where ¢(u) = Vb2 +u?, a = d(cji;,0V(c;j) and b = d(vy, [cﬂj,cj’,-;]). Then, if € := ¢(T) — 0,
for any €’ > 0, 3Tp(€¢’) € N such that for any T' > Tp(€'):
d C'i,,av Cj
¢/(G)= (]7] ( ]) - *—f—ﬁ :>¢”U],C]z ( /€>(5
Vs ez, ¢ 1) + (d(cyiy, OV (c5))

(=9

[\)

Hence, since d(c;;;,0V (c;)) > 0, we can choose

5 < d(cji;,0V (cj))
< min min 5
ve{® 1,y } J=1,2 \/d vj, c] i j,z'ﬂ)2+ (d(chj,OV(cj))

provided that T large enough to have

d(ci;.,0V(c;
€ < min  min (e, J (cs)

ve{r T 2
efzi,me} 7=1.2 \/d Vj, 6]1]76_]2 ])2+ (d(cj:lj’av<cj))

Then, by choosing € = 1/+y/log T, (6.1)) holds for any v € {z1,...,z:}.

6.2 Auxiliary lemmas for Theorem
6.2.1 Online clustering

The proof of Theorem [3]is based on the following intermediate lemmas.

Lemma 4 Let s € N* is divisible by 3. Let i € P(RY) a distribution concentrated on 2m = 4s/3
points Sy, = {2,z +w, i = 1,...,m} such that w = (24,0,...,0) € R with A > 0. Suppose
for any @ # j, d(z;,zj) > AA, for some A > 0. Define pn as the uniform distribution over S,,.
Then, if A > /241, we have:

arg Iél[égléE e, X)={c 1,5 Cpt = My,

where k = ( /2> and c - is such that for m/2 values of i € {1,...,m}, c* . has codepoints at

both z; and z;+w and for the remaining m/2 values of i, c ; has a single codepomt at zj+w/2.

Proof : The proof of this claim can be found in the Appendix of [2].
Next lemma controls the probability that |ck|o > s with a proper choice of A? in the
definition of pu.

13



Lemma 5 Let s € N* and assume s is divisible by 3. Let u defined in Lemmal[fl Then, if we
choose:

A2 < \/TlogT
B (I);l(l—ET)’

where ®1(+) is the generalized inverse of ®r : x — P(B(T,1/2) < x), we have:
P(|O}'|0 > 8) < er,

where (X1,...,X7) are i.i.d. with law p and:

ccRd

T
¢y = arg min {Z@(c, Xe) + ﬁlogT!c!o} :
t=1

Proof of the Lemma : We consider the case s = 3 for simplicity. In this case, by construction of
i, we have |S,| = 4 and then |c}|p < 4 p—almost surely. We hence have the following assertion:

T
> U(ch, Xe) = £(ch, Xi) < VTlog T = [chlo < 3,
t=1

where ¢} 1= arg minj¢|,—, Zthl {(c, Xy) for any k € N*. To end up the proof we have to show
the following intermediate lemma;:

Lemma 6 Let ¢ defined above for some k € N*. Then, if A > 7 in Lemma |4}, almost surely,
for m/2 values of i € {1,...,m}, ¢ has codepoints at both z; and z; +w, and for the remaining
m/2 wvalues of i, ¢ has a single codepoint at z; + w/2.

Proof of the intermediate lemma: For any codebook ¢ = {ci,...,cx}, we consider V; = V(z;) U
V(z; +w) and denote by m; the number of points in ¢ N V;. Then we consider the following
codebook ¢’. For any ¢ =1,...,m:

e if m; > 2, z;,2; +w are codepoints of ¢/,
e if m; =1U0, z; + w/2 is a codepoints of c’.

Note that ¢’ could have more than k codepoints but suppose for a moment that ¢’ has excactly
k codepoints. We want to show that for T" large enough, we have a.s.:

T T
1T U, Xe) < 1T l(e, Xy). (6.2)
t=1 t=1

Deote 7;(c) = |z — c(2)|3ur(zi) + |zi + w — (2 + w)[3ur (2 + w), where pur = 1/T Zle ox,
is the empirical measure and c(z) is the codepoint in € associated with z. Then we have
ST z) = T S™ ri(c). We will show that for any i = 1,...,m, rc') < ri(c). If m; > 2,
we have clearly 7;(c¢’) = 0 < r;(c). If m; =1 and ¢(z;) = ¢(z; + w), then r;(c’) < r;(c) since ¢’
has a codepoint at z; + w/2. If m; = 1 and c(2) ¢ V; for 2’ € {z;, z; + w}, we have:

2
ri(e) 2 pr(z)|zi — e(z) > pur (=) (AQA - A) ,

by construction of measure y in Lemma [l Then, since in this case r;(c’) = pur(2, 2 + w)A2,
we have r;(c") < r;(c) if:

2
pr(ziy zi + W) A% < pp(z) <AQA - A> . (6.3)

14



Then, for any € > 0, for any T' > T, if A > 2(3 +¢), holds true.

Now if m; = 0, ¢(z;) and ¢(z; + w) are not in V;. Then r;(c) > ur(zi, 2 + w) (AA/2 — A)?
and since r;(c’) = pur(z;, zi + w)A2, we have r;(c’) < r;(c) for A > 4. Then, we have for
instance for A > 7 by choosing € = 1/2 above.

Now suppose |c’|g > k’. Then we can choose k' — k couples (z;, 2; + w) which are codepoints
of ¢’ and replace them by z; + w/2. Then if we denote by cj this quantizer, we have clearly
Icilo = k and:

k' —k
1/TZ€C Xy) <1/TZ£C Xt) +ZMT zz,zl—l—w)A

Moreover, there is at least k' — k indices where m; = 0, then we have also:

a o AN )P
1/TZ€(C’7Xt) < 1/TZ£(C,Xt Z wr(zi, 2 + w) ([2 — A] — A2> .
t=1 t=1

Then, gathering with the previous inequality, we arrive at:

k' —k 2
AA
1/T§ (c*, Xy) <1/TE EcXt+§ ur zl,zl—l—w)<[2—A} - ) g wr (2l Zi4w)A

To control the RHS, note that for any € > 0, there exists T, such that for T" > T, we have
pr(zi, zi +w) < 1/m+ € and pp(z, 2 +w) > 1/m — €. Then, for T large enough, we have the
result since A > 7.

Using this intermediate lemma, we hence have:

T T
D l(ek Xy) = 0(ch, Xe) =Y U(ch, Xy) < APcard{t =1,...,T: X; € {25, 2 + w}},
t=1

where ¢ = 1 or ¢ = 2. Noting that the random variable card{t = 1,...,T : X; € {z,2; + w}}
has a Binomial distribution B(T,1/2), We arrive at:

P(ch|o > 3) <P (B(T, 1/2) > \/TAk;gT> .

The choice of A in Lemma [5| concludes the proof.
Eventually, the following lemma controls the expectation of the minimum of the cumulative
loss in our probabilistic setting.

Lemma 7 Let i € P(RY) defined in Lemma |f, v € P(R) the uniform law over M, =
{citss CZ i} is defined in Lemma . Then, for any € > 0, there exists T, € N* such that for
any T > Tk:

\/TAQ
E,rE,~ min Ze (Ci, X1) < (e — ay)\/log N +TE,E(C, X),

i=1,...,N

where im0 any = V2.
Moreover, if:

3 (R—2A\"
< |= .
5—{2< AA >J (6.4)
then |Cyla < R almost surely, when Cy, is the uniform law over M,,.
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Proof of the lemma: Let us fix a sequence c¢; € {c}*u, 0272},2' =1,..., N and consider the random
variable:

e, Xi) — S0 Eul(es, Xy)
\/Z;‘FZI Var,{(c;, X¢)

For a fixed sequence (c;), for any ¢t # t/, the random variables ¢(c;, X;) and ¢(c;, Xy/) are
independent with bounded moment of order 2. Then, with the central limit theorem, we have

&=

that for any ¢ = 1,..., N, each & 1 converges in law to a standard normal distribution when
T — oco. Then, applying dominated convergence theorem leads to:
lim E,gnE er min &7 = —ayy/logN, (6.5)
T—oo i=1,....N

since we know that Emin;— . n (; = —an+/log N when (; are i.i.d. standard normal distribu-
tion. Now, note that we want a same kind of result for Zthl ¢(c;, X¢) instead of the normalized
random variables &; 7. By definition of ua ., and ¢;, i = 1,..., N, we have coarselly that:

Vi, Vt, Var,l(c;, X;) = 1/2 (A2 — A2/2)* +1/2 (0 — A?/2)* = A%/4.

Then, &7 = 2(X L, U(ci, Xi) — S B l(ci, X1))/(VTA?) and with (6.5)), we have the desired
result.

To show that |C|2 < R, we need to place m pairs of points (z;, z; + 2A) in B(R) such that
|zi — 2z —jl2 > A. It is well-known (see [2]) that m points could be packed in B(R —2A) as long

as:
_(R-2A d
m < aA .

Then, condition ([6.4) gives the result since 2s = 3m.

6.2.2 Online bi-clustering
The proof of Theorem [ is based on the following lemmas.

Lemma 8 Let i € P(R? x {0,1}) such that for a generic couple (X,Y) ~ pu, Y is a Bernoulli
with parameter e > 0, X € {a,b,c,d} such that Y|X = x is a Bernoulli with parameter p, where
(Pas Pbs DesPa) = (1—€/4,1—3€/4,€/2,€/2). Moreover, let v € P(C) such that v = 1/2(0g, +0z,),
where Vg (a) = Vg (c), Vg (b) = Vg (b) whereas Vg, (a) = Vg, (b), Vg, (c) = Vg, (d). Then, if
e := or(1l), we have:

T

EZ(E — g2(X))? = (log T + Te)(1 + op(1)) and sy = \/logT + Te(1 + op(1)).

t=1

Proof. By construction, denoting z,, = P(X,,), for u € {a,b, ¢, d}, we have z, = x, = ¢/(2(1—¢))
and z. = x4 = (2 — 3¢)/(2(1 — €)). Then, one obtains for any t =1,...,T":

Ty + T - -
eV YY),

E(e — gé(Xt))2 = E(xy)g—l Z
(u,v)EA
where A = {(a,b), (a,c), (b,d), (c,d)}, Y is the empirical mean at time ¢ — 1 when X, = w.
Moreover, if @y, = Ty + Ty, €yp = P(Y = 1|X € {u,v}) and Y] is the empirical mean when
Xk € {u,v} for k =1,...,t — 1, by simple algebra, for a given (u,v) € A:

Ty + T - — T, +x _ _

%E(M)i,l(e S A A R “EyiiE [+ (V;2))? — 2eY, M X1, ..., Xya ]

Ty + Ty 9 Euv(l_euv) 2
Eyi-1E : : — €€y 0| X1, .., X1 ]| = :
X B =T, =1 Xy € o) e T 2ol X Ximr = 0w )
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Now, we use the asymptotic expansion of inverse moment of a binomial distribution stated in
[20] as follows. If Y is a Bernoulli with parameter (n,p), we have:

EY1:1<1+1P+(1P)(2P)+_”)

np np n2p?
1

Then, applying the previous expansion for Y = Y, and summing over (u,v) € A, if € = or(1),
we obtain:

T T

1
D E(e—ge(Xe)? ~ ) e+ ~ el +1logT. (6.6)
t=1 t=1 ¢

By denoting F;—1 = o(X1,...,X¢—1,Y1,...,Yi—1), the computation of sp is decomposed as
follows:

T
7= By vy B [(Vi = 06(X0)? = E[(Y: — g6(X0))*| Fra]]”

&~
Il
—

I
M=

(B[ - 2 — (Y — 1Fi1])” + E (e - ge(X0))? ~ E [(e — g(X0))Fi1]]”

H
Il
—_

HAE(Y; — €)% (e — ge(X0))?) -
Then, with and simple algebra, one gets the result.
Lemma 9 Let & = (Y; — ga(Xt))? for any t. Then, we have:
1 T
" ; (& — E(&|Fi1)) — N(0,1).

The proof is based on a martingale version of central limit theorem due to [3]. We hence have
to check the Lindenberg condition for martingale:

T
1 .
Vo >0, =z E E[(& - E(ft\ft_l))21|§t‘>5s,[].7-}_1] — 0 in proba. as T' — oo.
T t=1

By using Lemma [8, the boundness of & and a simple Markov inequality, we have:
E [(& — E(&|F-1)) 1,050 Fio1] < P(I&] > S| Fi-1)

< Var (Y — €)?|Fi—1) + Var (€ — ge(X1))?[Fi—1) + (1 — )E ((€ — ge(X¢))?|Fi1)
- 52,62

< U 1)

Then, summing over ¢, provided that ¢ ~ (logT)?/T, we have for any ¢’ > 0 with Lemma

—0asT — oo.

T
P (512 D E[(& — E(&lFi-1))" g, 5557 [ Fioa] > &

) < (T +logT +¢)
T =1 -

1025

Lemma 10 Let (X4,Y;), t=1,...,T i.i.d. with law p defined in Lemma @ Then, we have:

logT
P(|chlo >2) < C Oi .

17



In the sequel, we introduce ¢} = arg min‘c‘ozk(thzl(Yt — 9e(X1))? + |c|olog T for k = 2 and
k = 3. Then by construction of the i.i.d. sequence (Xy,Y;), t =1,...,T in Lemma |8, we have:

T
Y Vi —geg (X)) =Y (M -YE)2+ D (v -V

t=1 tESayb teSec.q

where S, and S, g denotes each t = 1,...,T such that X; € {a, b} (and respectively X; € {c,d})
whereas Yf_l{ and th_‘;ll are defined in the proof of Lemma |8 Moreover, we have:

T
Y Vi—ge (X)) = Y (=Y + Y (G -Yi) P+ Y (Yi-Y)%

t=1 tESC,d teS, teSy

where S, and Sj, denotes each ¢t = 1,...,T such that X; € {a} (and respectively X; € {b})
whereas Y, is defined in Lemma |8 Furthermore, a necessary condition to have |c}[o = 3 is:

T T

D (Vi = gey (X0))2 =D (Yi — ges (X1))? > log T.

t=1 t=1

Then, with the previous computations, gathering with a Markov inequality:

P(lefl =3) <P | > > (2% — V2] - V2)(VE - V) 2 logT
z€{a,b} tESy

<P Z Z]‘Yt t1)>10gT

z€{a,b} tESy

<P Z ZlYt t1)>10gT

z€{a,b} tESy

E [Zoetas Lies, imt (77 = T2

<
. logT
i ~ ot

g E X reton 2ies, =1 (Y = Yta—l)} log T

- logT T’
where last line comes from the choice of € ~ (log T')?/T'. A same argument shows that P(|c%.|o) =
4 is small, and then since by construction |c}.|o < 4 a.s., the proof is completed. [
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