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QUENCHED INVARIANCE PRINCIPLE FOR RANDOM WALKS ON
DELAUNAY TRIANGULATIONS

ARNAUD ROUSSELLE?

ABSTRACT. We consider simple random walks on Delaunay triangulations generated by point
processes in R, Under suitable assumptions on the point processes, we show that the random
walk satisfies an almost sure (or quenched) invariance principle. This invariance principle
holds for point processes which have clustering or repulsiveness properties including Poisson
point processes, Matérn cluster and Matérn hardcore processes. The method relies on the
decomposition of the process into a martingale part and a corrector which is proved to be
negligible at the diffusive scale.

Key words: Random walk in random environment; Delaunay triangulation; point process;
quenched invariance principle; isoperimetric inequalities.
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1. INTRODUCTION

Let us first describe the model. Given an infinite locally finite subset ¢ of R?, the Voronoi
tessellation associated with ¢ is the collection of the Voronoi cells:

Vorg(x) :={z €R? : ||z —x|| < |z —y|,Vy €&}, x €&

The point x is called the nucleus or the seed of the cell. The Delaunay triangulation DT(¢)
of ¢ is the dual graph of its Voronoi tiling. It has £ as vertex set and there is an edge between
x and y in DT(&) if Vorg(x) and Vorg(y) share a (d — 1)-dimensional face. Another useful
characterization of DT(&) is the following: a simplex A is a cell of DT() iff its circumscribed
sphere has no point of £ in its interior. Recall that this is a well defined triangulation when
¢ is in general position. In the sequel, we denote by N (resp. Nj) the set of infinite locally
finite subsets of R? (resp. the set of infinite locally finite subsets of R? containing 0).

Given a realization £ of a suitable point process with law P, we consider the variable speed
nearest-neighbor random walk (X;):>0 on the Delaunay triangulation of £, that is the Markov
process with generator:

Lof(z) =) &, (fly)— flx), z€E (1)
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2 A. ROUSSELLE

where c%y is the indicator function of ‘y ~ x in DT(£)’. We denote by P% the law of the walk
starting from = € £ and by ES the corresponding expectation. We study for almost every
realization of the point process the behavior of the random walk at the diffusive scale and we
prove the following theorem.

Theorem 1. Assume that £ is distributed according to a simple, stationary, isotropic point
process with law P a.s. in general position, satisfying assumptions (V), (SD), (Er) and
(PM) (see Subsection[1.1]).

For P—a.e. &, for allz € &, under P8, the rescaled process (X7)i>0 = (eX.—24)1>0 converges
in law as € tends to 0 to a Brownian motion with covariance matriz oI where o2 = U%/SRW
1s positive and does not depend on &.

Note that the assumptions of Theorem [I| are satisfied by Poisson point processes, Matérn
hardcore processes and Matérn cluster processes. The same result holds for the discrete-time
nearest-neighbor random walk (X,)nen with diffusion coefficient o3 gy related with o2gpw
by the formula:

ovsrw = &0 [degDT(go)(O)] TDTRW
where & denotes the expectation w.r.t. the Palm measure Py associated with the (stationary)
point process with law P.

The main idea for proving such results is to show that the random walk behaves like a
martingale up to a correction which is negligible at the diffusive scale. Actually, well-known
arguments (see e.g. [CFP13] §3.3.1], [BP07, p. 1340-1341] or [BB07, §6.1 and §6.2]) show that
the last claim follows from Theorem [2

Theorem 2. Under the assumptions of Theorem there exists a so-called corrector x :
Ny x R4 — R? such that for:
(1) (&%, 2) := 2 — x(¢°, ) is harmonic at 0 for Py — a.e. £°, i.e.:
0
> ulle(€ @) < o0 and £6(€%,0) = 0 for Py - a.e. &%

zegl

(2) x is a.s. sublinear:

0
mEEOrl’IWlﬁ)iL,n]d HX (5 ’x) H Po—a.s.

0.

n n—o00

The arguments to deduce Theorem [1| from Theorem [2| are rather standard. We have chosen
not to do develop the arguments which can be found in the references cited above and we
only indicate the main lines of the proof in Section Various methods to prove quenched
invariance principle for random walks among random conductances on Z? or related models
were developed during the last ten years (see [SS04,BB07,BP07, MPO07,[BZ08, Mat08| Bis11,
GZ12,2713,BD14]). Theorem 2] is proved by adapting the approach developed in [BP07].
Actually, we first prove the sublinearity of the corrector restricted to a suitable subgraph of
the Delaunay triangulation and extend it by harmonicity. Let us note that this method was
also successfully used in the context of random walks on complete graphs generated by point
processes with jump probability which is a decreasing function of the distance between points
in [CFP13].

Recurrence and transience results for random walks on Delaunay triangulations generated
by point processes were obtained in [Roul3| and an annealed invariance principle was proved
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in [Rould]. In [FGG12|, the existence of an harmonic corrector was recently established
by a different (constructive) method. Nevertheless, the authors of this paper obtained the
sublinearity of the corrector only in dimension 2. In order to extend the quenched invariance
principle in higher dimensions, they suggested to prove full heat-kernel bounds similar to the
one obtained by Barlow in [Bar(04] in the setting of random walks on supercritical percolations
clusters. This approach would require much more sophisticated arguments and a better
control of the regularity of the full graph than the one used in the present paper. It is worth
noting that, as in [Roul3,Rould], the arguments given in the sequel can be used to obtain
quenched invariance principles for random walks on other graphs constructed according to
the geometry of a realization of a point process.

1.1. Conditions on the point process. In this section, we list the assumptions on the
point process needed to obtain the quenched invariance principle.

We assume that £ is distributed according to a simple and stationary point process with
law P. In the sequel, we will denote by £ the expectation with respect to P. We suppose that
P is isotropic and almost surely in general position (see |Zes0§|): there are no d + 1 points
(resp. d + 2 points) in a (d — 1)-dimensional affine subspace (resp. in a sphere). We also
assume that the point process satisfies:

(V) there exists a positive constant ¢; such that for L large enough:
P[#([0,L]9N¢) = 0] < e,

In order to prove the sublinearity of the corrector, we need to restrict the study to a
subgraph of the Delaunay triangulation of £ which has good regularity properties. To this
end, we will define a notion of ‘good boxes’ that in particular allows us to bound the maximal
degree of vertices in an infinite subgraph of the Delaunay triangulation of £. Precise definitions
and assumptions are given below.

1.1.1. Good boxes, good points and the stochastic domination assumption. For s € N*  let us
divide R? into boxes of side K := [3+/d]s:
K K
272
Each box B, is then subdivided into smaller sub-boxes b, i = 1,...,[3v/d]? of side s.

A box B,, z € Z% is called (a-)nice if each sub-box b? of side s in B, satisfies 1 <
#(6Nb?) < as?. A box B, is then said to be (a-)good if B,/ is a-nice for each 2z’ € Z¢ with
|z — z|lo < 1. Writing p$i*(Z?) for the critical probability for site percolation in Z9, the

(&
stochastic domination hypothesis is the following.

Bzzszsz+[— }d, z e 7

(SD) For any pii*®(Z?) < p < 1, if a and sg are well chosen, for any s > so the process
of good boxes X := {X, = 1z s goods % € 7%} dominates an independent site
percolation process Y := {Y, z € Z%} on Z¢ with parameter p.

If (SD) is satisfied, we can find a coupling P of the processes X and Y such that B, is
good when Y, = 1. With a slight abuse of notation, we will omit the superscript and denote
by P the probability measure PX? on N := N x {0, 1}Zd whose marginal distributions are
respectively the law of the point process £ and the law of the independent site percolation
process Y with parameter p being fixed large enough. The precise value of p is not stated
explicitely but we assume that it is large enough to ensure that all the percolation results we

need are satisfied. A generic element of A is denoted by & = (&, (Yz) gezd)-
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Let us denote by Gz (resp. Goo) the largest (|| - [|1-)connected component of Y contained
in [~L, L]*NZ? (resp. the a.s. unique infinite component of Y). We then define G(1) = Gy, (€)

~

(resp. Goo = Goo(&)) as the set of points of £ whose Voronoi cell intersects a K —box with
index in G(r) (resp. G ). The points of G, are called good points. Let us note that Gy and
G are connected in the Delaunay triangulation of &.

We claim that good points have their degrees uniformly bounded. More precisely:

Lemma 3. There exists D = D(d, K, «) such that for every x € £ with Voronoi cell inter-
secting an a-good box:

degpr (g (z) < D.

Remark 4. As it appears in the following proof, D is also an upper bound for the mazimal
number of Voronoi cells which intersect a good box. It will be used to bound these two quantities
throughout the paper.

Proof. Let x € £ be such that its Voronoi cell intersects an a-good box B,. By definition,
each box B, with ||z’ — z||oc < 1 is a-nice. Since any sub-box of side s that belongs to a nice
box contains at least one point of £, the points in nice boxes are whithin a distance at most
V/ds from the nucleus of their Voronoi cell. In particular, z is whithin a distance at most
Vds from B,. Similarly, the nuclei of the Voronoi cells which share a face with Vorg () are in
B, + B(0,3Vds) C B, := Uz’:\|z/—z||oo<1 By Hence, degpy¢)(7) is generously bounded by
#(£NB,) < D :=aBK). O

1.1.2. The ergodicity assumption. As in [CFP13|, we have an ergodicity assumption but we
make more explicit the use of the coupling. We will use it to adapt the method developed
in [BBO7, §4] for proving the sublinearity of the corrector along coordinate directions.

(Er) For each (K,p) such that (SD) holds and each e, P = PX+ is ergodic with respect
to the transformation:

T =rke. (& (Yz)aeza) — (Tke€, (Yate)seza)-

Note that 7 is invertible and P is invariant with respect to 7 due to the stationarity of the
point process.

1.1.3. Polynomial moments. We also make the following assumption:

(PM) the number of points in a unit cube admits a polynomial moment of order 2 under
P and degpre0y(0) and max, o in pr(e0) |7/ admit respectively a moment of order 2
and 4 under the Palm distribution Py associated with the point process.

1.1.4. The case of point processes with a finite range of dependence. We verify that, when
the point process has a finite range of dependence, assumption (Er) is always satisfied, and
assumptions (SD) and (PM) are implied by assumptions (V), (D), (V’) and (EM) which
are described below.

Let us check that (Er) is satisfied if the point process has a finite range of dependence. Let
A be a measurable set such that 7.4 = A. Fix ¢ > 0 and B with P(AAB) < ¢ which depends
only on ¢ restricted to a compact subset of R and on finitely many y,s. It is thus possible
to find n such that B and 7B are independent. Then, P[B N 7"B] = P[B]? by invariance of
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P w.r.t. 7. Hence,
|PIA] — PA]?| < |P[A] — PIBNT"B]| + |PIBNT"B] — PLAP|
< PIAA(BNT"B)] + |P[B)* — P[A]?|
< P[(AAB) U (AAT"B)] + (P[B] + PLA])|P[B] — P[A]|
< PlAAB] + PJAAT"B] + 2¢
< P AAT"B] + 3¢
= P[AAB] + 3e < 4e

Since ¢ is arbitrary, this implies that P[A] is 0 or 1.

Since deciding if a box is good depends only on the behavior of the point process £ in a
neighborhood of the box, the process of good boxes X is a Bernoulli process on Z¢ with a
finite range of dependence when the point process has itself a finite range of dependence. In
this case, if P[X, = 1] is as close to 1 as we wish for s and « large enough, |[LSS97, Theorem
0.0] ensures that (SD) holds. One can easily bound P[X, = 1] from below when the point
process satisfies (V) and

(D) there exist positive constants cg, cg such that for L large enough:
Pl#([0, L9 N¢) > euL?] < e,

In Lemma we prove that degpp(eoy(0) and max,.o in pr(eo) [|z]| admit exponential mo-
ments when the point process has a finite range of dependence and satisfies:

(V?) there exists a positive constant ¢4 such that for L large enough:
Po [# (60 NCL) = 0] < 6_04Ld, VC'p, cube of side L,

and

(EM) there exist a positive constant ¢ and a positive function f(p) which goes to 0 with p
such that for L large enough:

& [ep#@m[%,md)] < csel O

Let us finally note that these assumptions are in particular satisfied by homogeneous Pois-
son point processes, Matérn cluster processes and type I or II Matérn hardcore processes.
Indeed, these point processes have finite range of dependence and it is quite classical to check
assumptions (V), (D), (V’) and (EM) for these processes (see [Rould, Appendix]).

1.2. Outline of the paper. As announced at the beginning of the introduction, the crux
is to prove Theorem [2] and we follow the approach of [BP07]. The main steps of the proof
are stated explicitly in Theorem 2.4 of that paper. We prove the existence of the corrector in
Section [2| Next, we verify that the corrector grows at most polynomially in Section [3| and at
most linearly in each coordinate direction in Section [4. The sublinearity on average is treated
in Section 5] while diffusive bounds for a related random walk are proved in Sections [7] and
In Section [9) we prove the a.s. sublinearity of the corrector in the set of ‘good points’. The
proofs of Theorems [1| and [2] are finally completed in Section
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2. CONSTRUCTION OF THE CORRECTOR AND HARMONIC DEFORMATION

Let us define the measure p on Ny x R? by:

/ud,u = 50{ Z cg?wU(é*O’fv)},

zeg0

where cg(; = Lo~y in DT(c0)- This measure has total mass & [degprc0y(0)] which is finite
thanks to assumption (PM). We denote by (-, -),, the scalar product in L?(p).

2.1. Weyl decomposition of L2(;). Asin [MP07], [BB07] or [CFP13], we work with the or-
thogonal decomposition of L?(1) in the subspaces of square integrable potential and solenoidal
fields. This decomposition is quite standard (see e.g. [LP14, Chap. 9]) and generally called
Weyl decomposition. Let us denote by (7;),cre the group of translations in R? which acts
naturally on Aj as follows: 7,69 = > yeeo Oy—z-

Definition 5. For 1 : Ny — R, the gradient field Vi : Ny x R — R is defined for x € £°
by:
V(€0 a) == (1€°) — P(€°)
and by 0 if x & £°.
Note that gradients of measurable bounded functions on N are elements of L?(u) thanks
to assumption (PM).

Definition 6. The space L%ot(u) of potential fields is defined as the closure of the subspace

of gradients of measurable bounded functions on Ny. Its orthogonal complement is the set of
solenoidal (or divergence-free) fields and is denoted by L? (u).

sol

Let us recall some additional definitions:

Definition 7. A function u: Ny x R — R is called:
(1) antisymmetric if
u(€0, z) = —u(,€°, —1x), Vel € N, Vv € €,
(2) shift-covariant if
u(€®,z) = u(@y) +u(ng’ v —y), V" €Ny, Yo,y €
(3) curl-free if it satisfies the following co-cycle relation: for any € € Ny, any n € N¥,

and any collection of points g, . .., T, € £ with xo = x,, one has
n—1
Zu(Tzi§0,$i+1 — ;) =0. (2)
=1

A function of L?(p) is called antisymmetric (resp. shift-covariant, curl-free) if it is antisym-
metric (resp. shift-covariant, curl-free) for Pp-a.a. €Y. In each case, it admits a representative
wich satisfies the corresponding property everywhere. By taking x = y = 0 in the definition,
one can see that any shift-covariant function v must satisfy u(¢°,0) = 0 for any ¢° € NG.
Next proposition lists simple but useful links between definitions above:

Proposition 8. Let u € L*(u).

(1) Ifu e L%Ot(u), then it is curl-free.
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(2) If u is curl-free, then it is also antisymmetric and shift-covariant.

Proof.

(1) Gradients fields are clearly curl-free. The general case is obtained by a standard
approximation argument.

(2) The case n = 2, xg = x9 = 0 and 27 = x in gives the antisymmetry of u. By
with n = 3, zg = z3 =0, x1 = y and x9 = x, one has:

u(£07 y) + u(Ty§07 T — y) + ’U,(ngo, —iL') =0.
The shift-covariance of u then follows from its antisymmetry.

O
We can now define the divergence of an integrable field and derive an integration by parts
formula.

Definition 9. The divergence of u € L'(u) is defined by:
divu(£0) == Zcox ¢ x), 0 e No.
zegl

Triangle inequality clearly implies that divergences of L' (1) functions are in L*(Py). More-
over, if u € L'(u) is a positive function, we have the equality:

[ull L uy = I divull L py)- (3)

We derive the following integration by parts formula:

Lemma 10. Let ¢ be a bounded measurable function on Ny and let u € L*(u) be an anti-
symmetric field. It holds that:

(u, V) = 289 div ul. (4)
Proof. Observe that:

50 _ 7':::50
CO T CO —x*

Due to the antisymmetry of u, one has:

<u,vw>uzso[2c§f;u<s, )1/1(%501 solzcox (")

zegl zeg0

=—50[Z 5 (e, - )¢(Tx£°)] ~ &l divul.

z€g0

By Neveu exchange formula (see [SWO08, Theorem 3.4.5] in the special case where X =Y),
one has for any integrable function f on Ny x R%:

/ng 2)Po(de?) = /Zf )Po(de?).

0 xegod 0 zcgd

The conclusion is then obtained by applying the identity above with:
0
F(E0,w) 1= &, —2)p(€”).

This lemma implies the immediate following corollary.
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Corollary 11. An antisymmetric field u € L*(u) is solenoidal if and only if divu(€%) = 0
for Py-a.e. £°.

2.2. Construction of the corrector. In [FGG12|, the authors relied on an Harness-type
process to obtain the existence harmonic deformations of Delaunay triangulations which corre-
sponds to the existence of the corrector. Here, we recall how the decomposition of L?(u1) allows
us to derive the existence of the corrector by following the construction of [MP07,CFP13].

Fori=1,...,d, & € Ny and = € R?, set u;(£°, ) := x; the i*® coordinate of 2. Note that
u; is clearly antisymmetric in the sense of Definition [7| and that u; € L?(u). Actually, by the
Cauchy-Schwarz inequality and assumption (PM), one obtains:

/ |Uz"2d/~0 =& [ Z Cg?x|$i’2] <& [( max ) HJ?H)2 degDT(go)(O)]

~0 i 0
recd x~0 in DT(&

(NI

1
412 2
a0 @l 07 <

Consider now the orthogonal decomposition of the form u; = x; + ¢; with x; € L%ot(#)
and ¢; € L2 (). Since x; € L2, (p), it is antisymmetric and ¢; also (as a difference of
antisymmetric functions). Hence, it follows from Corollary (11| that ¢; is harmonic at 0.

The corrector field is the vector-valued function on Ay x R? defined by x = (x1, ..., Xd)-
It admits a shift-covariant representative and its norm ||x|| is in L?(x). We denote by ¢ =
(¢1,--,p4) the harmonic function (£, ) — x — x(£°, z). From the harmonicity of ¢(¢£°, )

at 0 for Pp-a.a. £ and [CFP13, Lemma B.2], one deduces that, for P-a.a. &, for any z € &:
S lemby—n)l <o and Y6 p(mby—z)=0. (5)

yes yee
Let us define

MS = o(mx,6, X — Xo) = D p(7x,6, Xig1 — Xi).
i=1
It follows from 1| that (ME),LGN is a martingale under PS.

3. POLYNOMIAL GROWTH

Let us define:
Rn = Ru(€) = Jmax [x (s y — )] (6)
Vorg (z) N [-n,n]? # 0
Vorg (y) N [-n,n]? # 0

Proposition 12. For every > d+ 1, one has:

& P—a.s.
nB  n—ooo

0.

Proof. For n fixed, let us cover [—2n, 2n]d with disjoint boxes of side logn and denote by
A, the event ‘each of these boxes contains at least one point of &’. Note that, thanks to
assumption (V), P[A¢] = O(n~2). Let d+ 1 < B’ < 3. Since

PRy = 0] < P[Rula, = n’] + PA7),
we only need to show that > P[R,1l4, > nﬁ/] < 00. The result then follows using the
Borel-Cantelli lemma.
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Let x,y € & with Vorg(x) N [-n,n]¢ # 0 and Vorg(y) N [-n,n]? # 0 be such that R,, =
lIx(7x€,y — x)||. Consider the simple Delaunay-path (zo,...,zn) from g = x to z,, =y
obtained by connecting the nuclei of successive Voronoi cells which intersect the line segment
[x,y]. Observe that, on A,, any point of [~2n,2n]? is within a distance at most v/dlogn
from the nucleus of its Voronoi cell. In particular, (zo,...,Z,) is contained in [—2n, 2n]?.

Recall that the corrector x is shift-covariant. Hence, for ¢ = 0,...,m — 1, one has:

X(T, & Tigr — 33) = X(7x€, Tip1 — %) — X(7x€, 75 — X),
and using that x (7%, 0) = 0:
~1

X(Tvay_x) = X(Tzi§,$i+1 — ;).
1

3

We deduce that on A,:

m—1

R < 3 (e wigs — i)

=1
Yo D dylx(mty )

z€€N[—2n,2n]? Yy

- Y div]xlm):

z€€N[—2n,2n)d

IN

Together with Markov inequality and Campbell formula, the inequality above leads to:

S[RnlAn]
nb’

<n? /N S divll(m€)P(de)

r€EN[—2n,2n]?

PRply, >n”] <

< Cnd_BIH div HX” HLI(PO)

Since 8 > d + 1 and div ||x|| € L?(Po), this completes the proof. O

~

4. SUBLINEARITY ALONG COORDINATE DIRECTIONS IN G (§)

In this section, we adapt the arguments of [CFP13, §7.2] which consist in an adaptation of
the ‘lattice method’ developed in [BB07, BP07].

Given a unit vector e in the direction of one of the coordinate axes of R¢ and E eN , let
us define:

~ ~ ~ ~

no(€) =n(€) =0  and  nia(€) = nf(€) = min{j > ns(€) : je € Goo .
Recall the definition of 7 from assumption (Er) and consider the shift 7. induced on
N* = {2 e N :0c€ Goo} from 7, that is 7 : E — 7”1@2. Thanks to assumption
(Er) and the fact that P[0 € G| > 0, standard arguments (see e.g. [CFP13, Lemma 7.3]
or [BB07, Theorem 3.2]) lead to:

Lemma 13. The probability measure P [-|0 € G| is stationary and ergodic w.r.t. T.

Next, for 5 € N*, we write w; for the point of £ whose Voronoi cell contains the center of

the box Bni O Ke:
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Lemma 14. It holds that:
E [Ix(Tweé, w1 — wo)|| |0 € Gos] < o0 and € [X(Twpe, w1 — wo)|0 € Goo] = 0.

Proof. For £ € N'*, let d(g) >ny ({) denote the chemical distance between 0 and nl(g)e in the
infinite cluster Goo. On the event {d(£) = j}, there exists a path zg = 0,21, .. . ,Zj = ni(&e
in Goo. For ¢ = 0,...,5 — 1, thanks to the definition of the good boxes and assumption
(SD), the nuclei of the Voronoi cells intersecting the line segment [Kz;, Kz;;] are within
a distance at most v/ds from this line segment. By connecting the successive nuclei of the
Voronoi cells intersecting the broken line [Kzg, Kz1, ..., Kz;], we obtain a simple path wg =
20,21, . .., Tm = wi between wy and wy in Goo(€) Which is contained in [— K (j + . K(+35)¢
and has length m < (5 + 1)D. Thanks to the shift-covariance of x, as in the proof of
Proposition one obtains:

m—1
X (Two& w1 = wo) || < D X (7,6 wig1 — 22)l|
i=1
< Y 3 Ix(mty — o).
T €Gn(8): YT

lzllo < K+ %)
Together with the Cauchy-Schwarz inequality, this leads to:

E[IX(Tuwo€, w1 — wo) |0 € Goo

- z;g [T w1 = w0) [ 1,5,]0 € G|
=

5231 > Y Ix(raéy = o)1y be@

T € goc(E) : yD’F x
lolloe < K(G+4) PTE

SZ{é’[ > > Ix(mty =)0 € Gue

T € goo(f) : yDT’T‘
el < KG+ 1) PTE®

T € gw(E) :
lzlleo < K+ 5)

< - 3 div 27'33
Ece PG IR

lzlloo < K(5+ %)

2
x & [( Z degpr(e) (m))

T € goo(g) :
lzlloo < K(j+ %)

1
2

ol
—

D=

»MCAJ

Z7>[d _3\06«;]1} (7)
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It follows from Campbell formula and formula that

£ S divIPme) | < el diviXIPl L, = g,
2€€||2) 0o <K (j+3)

Since points of Goo (5) have degrees bounded by D (see Lemma [3) and #(£ N[0, 1]¢) admits a
moment of order 2, one has:

2
1 174y 2
(% wmmgto) | oeln(en -4 g) o+ 3)))] <o
lelle £ G 4 1)
Thanks to |BB07, Lemma 4.4], we know that ’P[d = j|0 € G| has an exponential

decay. Hence, collecting bounds, we obtain that the sum in the r.h.s. of (7)) is finite.
Since x € Lpot( ), it is the L2 limit of gradients of bounded measurable functions (g, )nen
defined on Nj. Let us define x,, := Vg,. By the same arguments as above, one obtains that:

E[IIX(Tuo €, w1 = wo) = Xn(Twe&, w1 — wo) |0 € Goo] < ellx = XnllZ2(y) — 0.

Note that, for all i, w; is a deterministic function of & and that w1 (£) = wo (7€) +n1 (€) Ke.
The conclusion follows since, due to the stationarity of P[-|0 € G| with respect to 7, applied
to the function (gn o 7y, _)) (), € [xtn (Twp &, w1 — wo)‘O € G| = 0. O

Combining Lemmas |13|and one obtains the sublinearity along the direction e in G (E ).
Proposition 15. For P[-|0 € Gu| — a.a. &:

X(Tw0§7 Wk — wO)

li =0
el k ’
and
lim max X(Tzo‘fa Wg — wO) —0.
k—o0 To €& k

Vorg (x0) N BE # 0

Proof. Thanks to the shift-covariance of the corrector, one has:

k—
X(Two &, Wi — w 1
(i kk 0) =% Z( (Two&s wjt1 — wo) — X(Twe&, wj — wp))
7=0
1 k—1
= % (ijé.”u)j_;'_l —w]) (8)
§=0

Observe that wj(f) = wO(T*g) +n; (ﬁ)Ke, wj+1(§) = w (rd §) +nq( ﬂE)Ke and recall that, by
Lemma P[]0 € Goo] is ergodic with respect to 7. Thanks to Birkhoff’s theorem, the last
expression in (8) converges to E[x(Tw,§, w1 — wp)|0 € Goo] which is 0 by Lemma

The second part of the lemma then follows from equality :

X(Two&s wi — 20) = X(Twoé, wk — wo) + X (Two&, wo — o)

which is due to the shift-covariance of the corrector. O
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5. SUBLINEARITY ON AVERAGE IN Goo(€)

We derive the sublinearity on average of the corrector in Qoo(g) from Lemma Our
approach is close in spirit to |[CFP13, §7.3].

Proposition 16. For every eg > 0, for P[-|0 € G| — a.a. EeN:

. 1
Jm o omax o o ) Lpmgtaeslizeor = O (9)
Vorg (z0) N BE # 0 rEL:

Jz € Goo N AL
Vorg(z) N BE #0

where Ap, := 74N [—-L, L)%

Let us describe roughly the method which is an alternative to the one of [BBO7, §5.2] and
relies on multiscale arguments. The first idea is to extend the directional sublinearity result
of Proposition |15 dimension by dimension. For v € {1,...,d}, we denote by A} the set:

Z::{z:(zl,...,zd)EZd: for 1 <i<uw,lz;| <L, andforv—i—lgigd,zi:O}.

Assume that we have a ‘good’ (sublinear) control of x(74,&, z — x¢) for zp whose Voronoi cell
intersects B{ and x whose Voronoi cell intersects B for some z € AY N Gy. Then, using
Proposition one obtains a sublinear control on x (7,2’ — x) for x whose Voronoi cell
intersects B, and 2’ whose Voronoi cell intersects B for any z’ € AY™ N Go, which differs
from z only on the (v + 1)-th coordinate. By the shift-covariance, this gives a control on
X(Tzo&, &' — xg). As noticed in [BB07], we can not deduce directly Proposition [16| from this
argument because Go, covers only a fraction of order p = P[0 € G| of the v-dimensional
section A7. The idea is then to work at a larger scale, say mK, m > 1. The interest of using
the mK scale is that the process of good mK-boxes stochastically dominates a percolation
process with parameter as close to one as we wish for m large enough (recall assumption
(SD)). We follow this strategy at the mK scale and we show in Lemmas |18 and |19| that
it is possible to obtain a good control of the corrector for points in a large fraction of the
mK-boxes. Finally, we go back to the K scale by finding a K-box contained in a suitable
mK-box from which we can extend the control on the corrector.

In the rest of the section we add the superscripts K and mK to indicate the considered
scale.

Let us denote by ey, ..., eq the vectors of the standard basis of R%. In order to control the
behavior of the corrector at the scale mK, for fixed C, m, e, let us define the mesurable sets:

Agme = {Ze N:Vie{l,...,d}, for e = +e;, VN € N*,
if j€{1,...,N}isst. je € G then:
Jz € € with Vorg(z) N B;ZK # 0 s.t. Voo € € s.t. Vorg(wo) N BYE #0
It — o) < 0+ e,
and

Acm = {Ee N : Va2 € ¢ with Vorg(z) N BY # 0, Vorg(z') N By*™™ # () one has:

(et o’ ~ )] < ¢ .



QUENCHED INVARIANCE PRINCIPLE FOR RANDOM WALKS ON DELAUNAY TRIANGULATIONS 13

For v € {1,...,d}, n € N* and {AE /i\/', let us also define:
Fg»;nyf = {Z € ATVL N ngoK : TszgE AC’,m N AC’,m,a},

and
d

ngmﬁ = m {Z € A;i : 7z ¢ FS;;”’E},
v=1
where z(") = (z1,...,2,,0,...,0).
We now prove three intermediary lemmas.

Lemma 17. For each 6, > 0, there are C and m such that for P — a.a. 5, there exists
ng = no(&,C,m,e,0) < oo such that:

#I7 "
Proof. Note that, thanks to the union bound, it suffices to show that for any v € {1,...,d}:
#Le 0
#AY T d

for n > ng. Let &' :=¢/d.
Thanks to assumption (SD), one has for m large enough:
5/

Pl0 €G] > -5 (11)
Given ¢, ¢ and m such that the inequality above holds, using Proposition 15| at the scale mK,
we can find C' large enough such that:
5/
PlAcm N Acme|0 € GRE] > 1 - 5 (12)

Due to the ergodicity assumption (Er), and , one has:
#I‘g::;n:e B 1

lim lim

n—oo  #AV " noo #AY

Z 1TTVLKzg€ (AC,anAC,m,Sm{OeGgéK})
zeAY,

ZZTDLACWnr7¢4CJn£r7{O E(Ggy(}]
= P[Acm 1 Acmel0 € 2NTP[0 € G2A]

5 o
> 1_7)(1_7) 1-4.
= ( 5 5) > 0
This implies the result. O

Lemma 18. Given C,m,c > 0 and 56 /\A/', if v € & is such that Vorg(z) N BIE £ () for some
ac I‘TCL’m’E, then there exists z* € & with Vorg(z') N BZ}II)( # () satisfying:

HX(Tzf,Hfl - a;)H < (d—1)(C +en). (13)

Proof. Since a € TS™°, a = ald ¢ FS’QL’E and ald-b ¢ Fg’gﬁ C G™E. In particular,

TmKal € Acm.e and we can write al4™!) = a(@ 4 jey, || < n. This implies that there exists
241 € ¢ with Vorg(x?~1) N BZ}fil) # () satisfying;:

Hx(Txé,xd_l —z)|| < C +en.
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Let us write 2% := 2. One can construct in the same way and by induction z¢, 291, ... z
such that Vorg(z'=1) N BME | = () and satisfying:

ali—1)
HX Txig,xi’l—xi)H < C +en, 1=2,...,d.

The shift-covariance of the corrector leads to:

d d
X(Tx§7x1 —x) = Z {X(ngaxi_l —z)— X(Tzfawi - x)} = ZX(Txlfami_l - xz)
=2 1=2
Hence,

d
HX(Tzfyl’l —z)|| < Z HX(Txif,mi_l — a:’)“ < (d—1)(C +en).
=2
g

Lemma 19. Let C,m,e > 0, EAE J\Af, z,y € & with Vorg(z)NBIE #£ () and Vorg (y) N B £ ()
for some a,b € chg. Then,

[x(6,y — )| < 2d(C +en).

Proof. Let z!,y' € ¢ with Vorg(z!) N BmK # 0 and Vorg(y') N BmK # () given by Lemma
Thanks to the shift-covariance and the antlsymmetry of the Corrector one has:

(b, y — 2) = x(€, 2" — 2) + (1€, " — 2') + x (1€ 9 — y)
= x(r€, 2" —2) + (T &yt — ') — (7€, 9" — y).
Together with Lemma [I8] this leads to:
[x(m2&,y — 2)|| < 2(d—1)(C +en) + ||x(r2& y' — 2. (14)

Since a(l) € Fi’fl’a and b(1) € GTX, there exists a point § € ¢ with Vorg(g) N Bl #0
satisfying:

|‘X(T$1§,yj—x1)H < C + 2en. (15)
Moreover, 7, Kbu)g € Ac,m which implies that:
Ix(m5€.9" = 9)|| < C. (16)

Bounds — and the shift-covariance of the corrector finally give that:
[x(72€.y — 2)|| <2(d = 1)(C +en) + ||[x(71&,5 — )| + ||[x (7€, 5" = §)|| < 2d(C + en).

O
Proof of Proposition [I6, We must show that for each dg,e0 > 0, for P[-|0 € Go] — a.a.

f e N, for any zo € & with Vorg(zo) N B{* # 0

1
> L (rog&a—z0) 2202 < 00
#AL vl
Jdz € G{; NAL
Vorg(z) N BE #£0

for every L large enough. Let us define p := P[0 € GE] and fix § < min (p/2,d/(2D)) and
e < eg0/(4d). We then choose C' and m large enough such that the conclusion of Lemma
holds. Without loss of generality we restrict our attention to the case L = mn, n € N. We
will work at both scales K and mK.
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By ergodicity
#{j € A}J :

jer € GE}

2L +1
in particular, for L large enough

4{jeAl: jeeGE) >

L—00

2L+ 1)p

5 (17)

On the other hand, denoting by #(!) the projection along the first coordinate axis, one has

7r<1>(1‘5’mf) c TS™¢ and

(1) c #I\C,m,E
reme)) > -2 > (1-6)2n+1
#(W ( n )) = (2n—|—1)d_1 > ( §)(2n +1)
by Lemma It follows that
# {j e AL L‘;J e1 € rg’muf} >(1-0)2n+1)m > (1 —0)(2L +1). (18)

Due to the choice of §, (1—6)(2L+1) + (2L +1)p/2 > (2L +1) = #A} which implies that

{jGA}/: jelerfo}ﬂ{jeA}J; \J';J elerg,m,e}#ﬂ

Fix j in the intersection above, thanks to the sublinearity in the direction e; at scale K
(see Proposition , there exists z € ¢ with Vorg(z) N BE  +# () satisfying:

}lX(Tz()f»x - :L‘O)H <C+ el,

Jel

Vo € € with Vorg(zo) N BE # 0.

Together with Lemma |19 applied with a = L%jel and the shift-covariance of the corrector,
this allows us to conclude that for any y € £ whose Voronoi cell intersects an mK-box with
index b in T'$"™°, for any z( € ¢ with Vorg(xo) N BE # (:

HX(T$O€7y - xO)H < HX(Txofvx

= 20)|| + |[x(72¢,y — )]

<C+eLl+2d(C+en) < (2d+1)(C+el).

Thanks to the choice of e, the last quantity is smaller than €9 L when L is large enough. For
any xg € § with Vorg(zo) N B # (), one has for L large enough:

1

v
# L T €E&:
Jz € GE nAL

Vore (z) N BE # 0

where we used that:
mA#A,

< L D
Un(roea-alzeol < g, 2 2.
acAp\IS™  ze€GK :
B C B

- meD# (A, \ T5™F)
N #AL

#(00™)

<2D§ < &y

#AL
and Lemma [IT7

n—oo
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o~

6. RANDOM WALKS ON G (€)

~

In order to derive the strong sublinearity of the corrector in Go(§) from its sublinearity on
average, we need to obtain heat-kernel estimates and bounds on the expected distance between
positions of the walker at time t and 0 (see equations and ) Such estimates cannot
be obtained directly for the random walk on the (full) Delaunay triangulation generated by &
in which the degree is not bounded. Nevertheless, since gOO(Z) has good regularity properties,
these bounds will be established in Sections [7] and [§| for restricted random walks described
below. R

For £ € N, let us consider the Markov chain (?n)neN = (}Aﬁf)neN on goo(g) induced from
the original (discrete time) random walk (X, )pen on DT(E). In other words, (Y, )nen is the
time-homogeneous Markov chain on goo(g) with jump probabilities given by:

]

o~

— PS[Xr, =), @y€Guld), (19)

where T7 := inf{j > 1: X; € G(§)}. Note that the holes (i.e. the (DT(&)-)connected
components of & \ Goo(€)) are a.s. finite. Hence, T} is a.s. finite and (Y}, )nen is well defined.

&

T

= Pg[i;k_i_l = y|?;€ =z

Moreover, for any z € G (&), applying the optional stopping theorem to the martingale
(X — 2 — x(72€, X, — 2))nen starting from z, it appears that, (?n —z = x(7:¢, Y, — 2))nen
is a martingale.

We also consider a continuous-time version of the random walk defined above (}Aﬁ)tzo =
(?N(t))tzg where N (t) is the intensity 1 Poisson process on the half-line R*. It has infinitesimal
generator:

Cf@) = Y &,(0 - 1@), 2.y €Gx(d). (20)
Y€Goo (£)
It is not difficult to see that (?t —z— x(1€, }A/t — z))e>0 is also a martingale.
We denote by Pg the (quenched) law of this walk starting from . Note that this Wa:\lk has

speed ‘at most 1’. Observe also that the measure degpy(g) is reversible w.r.t. both (Y)nen

and (}/}t)tzo. Actually, standard computations show that the detailed balance condition:

degDT({)(x)/ég,y = degpr(e) (y)Ef,,z, T,y € Goo(§),
is satisfied.

~

7. HEAT-KERNEL ESTIMATES FOR (Yf)t>0

The aim of this section is to prove the following heat-kernel bound.

Proposition 20. For a.a. fAG N:

sup max suptngf [lf}t = x} < 00 (21)
n21z€Goo (§)N[—n,n]? t2n

where (?t)tzo is the continuous-time random walk on Guo(€) with generator (@)

The proof of this bound relies on isoperimetric inequalities and the technics developed
in [MPO5]; it is completed in Subsection Precise definitions are given in Subsection
Isoperimetric inequalities for random walks confined in large boxes are established in
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Subsection Additional technical results are isolated from the proof of Proposition [20] and
given in Subsection [7.3]

7.1. Precise definitions. We will state isoperimetric inequalities for random walks confined
in large boxes. We need to introduce additional notations and random walks confined in
boxes of side L. N

Recall the definitions of Gy and G(r)(§) from the introduction and denote by @( 1) the

complementary in Z? of the unique unbounded (I'—)connected component of Z% \ G(ry and
by G(1)(§) the set of points of § whose Voronoi cell intersects a K-box with index in G(z,).
In other words, Gz, is the union of Gz, with the (discrete) holes contained in [—L, L]*
and G(r,)(€) is the union of G(1)(§) with the holes (for the DT(€) structure) contained in

[—(L+ K, (L+ %)K]d. Then, we write (Yff)) N for the random walk in the restriction
ne

of DT(¢) to ?(L)(E). Denoting by T the time of n'" visit to g(L)(E) for this walk, we

consider the induced discrete-time random walk (?TSL)) N (759) § o8 G(r)(§). We also
ne "/ ne
consider its continuous-time counterpart (?t(L)) o = (?]E[Ig» . where N(+) is an intensity
t> >
1 Poisson process on the half-line RT. The random walk (?t(L)) . can be thought of as
>

the continuous-time random walk on Gz, (E) with speed at most 1 and which ‘jumps holes’
of G(1 (€). Let us denote by d/eTgL E() the degree in the restriction of DT(€) to Gy, (€) and

—_

write d/e\gL g(A) =D A d/e\gL g(:v), Acg (E) Classical computations show that deg, 2()
is reversible for both (Y(L)) N and (ﬁ(L))DO. The conductance of the set A C G(r, ({A)
ne >

n

~

et (F9) s given by
w.T ( £ )0 is given by

— S6(L) [<=(L)
(L) 2oaeA 2yeg,, @\A 908 £(2) Px [XTY —y}

L) _ 7%
=750 = - : (22)
deng(A)
where Fﬁ’(m stands for the law of (Y,P) N The associated isoperimetric profile is:
ne
~ . — — A 1
D1y (u) := inf {jff) : deg; #(A) < udeg; ¢ (Q(L) (5))} , u € }O, 2] . (23)

The advantage of (2(”)»0 is that this walk coincides with <ﬁ>t>o as long as they do

not leave (the interior of) G1y(§). Nevertheless, we are not able to obtain directly a bound
on the isoperimetric profile {5( r)- In a similar way as in [BBHKOS8|, we compare it with the

~

isoperimetric profile of the constant speed random walk on Gz, (é’\ ), that is the walk <§~/;(L)> 0
t>
with generator:

1 ~1 in
v m s DT(©) ifx#y

(x,y) := degLﬁg(x) , (24)
-1 ifr=y

RN
G
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where (TE%L E() denotes the degree in the restriction of DT({) to Gy (£). The measure

(Teng 5() is clearly reversible w.r.t. (i(L)) o The associated conductance of the set
) t_

AC Gy (E) is given by:

~L) ~£.(L) o erA Zyeg(L)(A)\A 1m~y in DT(¢)
=" .= 2 , (25)
deng(A)
and the corresponding isoperimetric profile is:
= — 7). 535 oo A 1
@ry(u) = inf {IA : degL’g(A) < udeg; = <Q(L) ({))} , u € }O, 2] : (26)

7.2. Isoperimetric inequality. The goal of this section is to obtain a lower bound on the
isoperimetric profile ¢(yy; it is stated in Corollary

7.2.1. Comparison between p(ry and §(ry. First, note that for = € G, (E)

deg  g(@) _ deg; g(@)

D > degprpe (z) > degLE(x) > degL’g(m) >1> D > D (27)
and that for z,y € G(p) (é\)
—&(L E(L L 1ieyin DT
PR [ — ) > P9 [ |1,y g = SO0 oy
deg, ¢()
Hence, for A C G(p, (E), we have:
Z Z deng( )P SA(L) |:XT* = y] Z Z 1z~y in DT(&)*
2€AYEG 1) (H)\A 2€Ayeg 1 (E)\A
With deg #(4) < Ddeg #(A), this implies that:
F(L)
A1) o 14
Iy’ > 2
Using and , one deduces:
Lemma 21. Foru € ]0, %] :
~ $(r)(Du)
By () =~ (30)

7.2.2. Lower bounds for ¢r). Our aim is to show the following bound on the isoperimetric

profile ¢ (1) associated with (}th(L)> "
t>

Proposition 22. There exists ¢ = ¢(d, K, a) > 0 such that P — a.s. for L large enough:

~ ( )> . 1 1 E}O 1}
U cmin , , U , = 1.
P(L) = wl/dr, log(L)% )

As in [CF07], we use as much as possible an isoperimetric inequality for the percolation
cluster G(z,.
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Proposition 23 (see |CF07|, eq. (2.5)). There exists k > 0 such that almost surely for L
large enough, for A C Gy with 0 < #(A) < 2#(@@ ):

1 1
> Kk min , ,
#(A) {#(A)é log(L) 7T }
where 0A = {z € Gy \ A : = ~y for some y € A} is the (vertex external) boundary of the
set A in G(r,).

This result can be proved by adapting the arguments given in [BBHKO08, Appendix] to
the context of supercritical site percolation (see also the proof of [BMO03| Lemma 2.6] for
p > pe(27)).

We adapt the proof of |[CF07, Theorem 1.1] to the present setting. It is worth noting
that the arguments of |[CF07] can be used to derive isoperimetric bounds for the Delaunay
triangulation confined in cubic boxes at least when the underlying point process is a PPP. This
does not lead to sharp enough heat-kernel bounds for the random walk on the full Delaunay
triangulation due to the unboundedness of the degree.

Proof of Proposition For A C Gy, (E), we define:
L(A) :={z € Gy : Jz € As.t. Vorg(z) N B, #0}.
Let us observe that, thanks to the definition of the good boxes, for any A C G(p, (E)
#L( )

< deg gy #(A) < #Amaxdegpy() () < D?*#L(A). (31)
€A

In the first inequality, we used that, for x € Gz, (é\), Vorg () does not intersect more than 24
good boxes since the diameter of the cell is less than K.

From now on we assume that a;-g/L7g(A) < %dAe_g/L,g(g(L) ({A)) We are going to discuss
separately the cases when #(IL(A)) is large or small with respect to #(G(z)). Roughly, if

#(IL(A)) is large then #(IL(G(r,) (E) \ A)) is not too small and z(f) is easily bounded from
below by some constant. When #(IL(A)) is small, a bound is obtained using the isoperimetric
inequality for G(z) given in Proposition

The case #(L(A)) > (1 — ﬁ)#«@’@))' Using the general bound and inequality
degL’g(A) < %degL,g(g(L) (€)), one obtains:

A deg, (G(1)(€)\A) _ deg; (G1)() _ #G
#L(G(1)(§) \ 4) = —== D2 > LED;M 22721(32.

It follows that L(A) and L(G(z, (E) \ A) have a large intersection in this case:
#(L(4) NL(G(1)(6) \ 4)) > #L(A) — #(Gz) \ L(G1)(6) \ 4))
= #L(4) = #(Gr)) + #(L(G1)(6) \ 4)

1 1
> (1~ greape ) #(6w) ~ #Cw) + g #Ca)

1
= 9d+2 )2 #(G(L))

(32)
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This allows us to bound from below the numerator in j‘(AL) as follows. If z € L(A)NL(G 1) (E)\

~

A), one can choose z € A and y € G1)(§) \ A whose respective Voronoi cells intersect B,.
Hence, connecting the nuclei of the Voronoi cells which intersect the line segment [z,y], it
is easy to find an edge between a point of A and a point of Gy (E) \ A which is included
in B, = UZ’:HZ’—ZIIOOSI B, thanks to the definition of good boxes. Since a specific edge is

associated to at most 3¢ boxes by this procedure, it follows using that:

- #(L(A) NL(G(1)(€) \ A)) . #Gw)
Z Z Lovy in DT() 2 3d = 4.6dD2°
€A yeG 1y (E)\A

Since dﬁe_g/;L g(A) < D?*#(LL(A)) < D*#(Gyz)), we obtain that:

L) 1
L 2 gapr

The case #(L(A)) < (1 — W)#(G(L))- Let us show that, in this case, the numerator in

j,(qL) can be bounded from below in terms of #JL(A) or #0(G( \ L(A)). If B, and By

are two neighboring good boxes such that z € L(A) and 2’ € Gz \ L(A), there exists an
edge between a point of A and a point of G(r, (5) \ A contained in B, U B,. To see this,

o~

let us fix a point z € A whose Voronoi cell intersects B, and a point y € G1y(§) \ A whose
Voronoi cell intersects B,,. It then suffices to connect the consecutive nuclei of the Voronoi
cells which intersect the line segment [x,y] to find an edge between a point of A and a point

of Gr, (fA )\ A. This edge is contained in B, U B, thanks to the definition of good boxes. It
follows that there exists d = 6(d) such that:

Z Z Loy in DT(¢) = 6 max {#OL(A), #9(Gr) \ L(A))}.

z€A y€Gr)(H\A
Since deg, #(A) < D2#L(A) < D?(24+2D? — 1)#(G(z) \ .(4)), we deduce that:

7 S ) #O0A
= (2d+2D2 — 1)D2 #A ’

for A =L(A) and A = Gz \ L(4).
Choosing

Ao ] LA if #L(A) < 3#Gr,
Gy \L(A) otherwise ’

Proposition 23] then implies that almost surely for L large:

~(L) KO . 1 1
I’ > min ,
EECEEEE {#m)é log(L) 77

) min 1 1
202D2 —1)D? | 4 (L(A))# log(L)7T |

=1
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Using that #IL(A) < 2%deg, E(A), we obtain that:

5 1 1
T(L) > r min ¢ — , .
A4 = 2(2d4+2D2 — 1) D2 degL’g(A)é log(L) 71

Since aETgL 9w €) < D*#G (1) < D*(2L +1)%, the conclusion of Proposition [22| follows.
D k)
Combining Lemma [2I] and Proposition 22] we obtain:

Corollary 24. There exists ¢ = c¢(d, K, ) > 0 such that P — a.s. for L large enough:

5 () > emi 1 1 o
@(ry(u) > cmin , , U } ,—}.
) wl/ar, log(L)d%l 2D
7.3. Other technical results.

7.3.1. Volume growth for d/GEL 3 (Q(L) (E)) We briefly check that there exist constants ¢ and
C such that a.s. for L large enough:

cL® < d/eTng(g(L) (E)) <cL (33)
The upper bound is very simple since it suffices to write:

d/e\ng (Q(L)(g)) < D# (Q(L)(g)) <D max #{z € {: Vorg(s) N By # 0} # (Gw))

ASIEIS )
< D*# ([—L, en Zd) < Cre.

Since any box with index in Gz, contains at least a point of Gr, (E) which has degree at
least 1:

deg, ¢ (9)@) = # (90)(@) = # (Gwy)
The lower bound follows by using that a.s. for L large enough:
# (G)) > L,

which is a consequence of the ergodic theorem.

7.3.2. Size of the holes and connectivity of QOO(E) in large boxes. In order to compare (S}t)tzo
with (fft(L))tzo, we need to control the size of the holes (i.e. DT({)-connected components of

~

€\ Go(§)) and to establish connectivity properties of G () in large boxes. More precisely,
for C,v > 1 and t > 0, let define the events:

d
Ay = Ay o = {any hole contained in [—K (Lt” + ;) VK <Lt7J + ;)]

has diameter smaller than C logt},

and

By = Biyc = {goo(g) NQt = g([tﬂ)(é\) N Qt}
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Q= [—t<32010gt+1> ,t<32010gt—|—1>

Lemma 25. Assuming that K is large enough, for each v > 1, there exists C' < oo such that
almost surely for t large enough A; and By are realized.

where:
d

We prove that:

Proof. First, observe that any DT({)-connected component A of &\ goo(g) is contained in
the union of K-boxes with indices in some discrete hole A (i.e. a connected component of
Z%\ Gu). Hence, in order to show that A; holds almost surely, it suffices to verify that a.s.
any discrete hole contained in [—[#7], [£7]]* N Z? has diameter at most C'logt, for C suitably
chosen. Denote by A, the (possibly empty) hole at z € Z% for an independent percolation
process of parameter p. Recall that assumption (SD) ensures that the process of ‘good boxes’
dominates such a process with p as close to 1 as we wish whenever K is fixed large enough.
Assuming that p is large enough, a standard Peierls argument shows that there exists cg > 0
such that:

P [diam Ag > n] < e ™.
Thus,
P|dz e [_n; n]d N Zd s.t. diamA, > Clogn < (271 4 1)de*CGClogn‘

Our first claim then follows by the Borel-Cantelli lemma if C' is well chosen.

As above, in order to show that B; is a.s. realized for t large enough, we only need to check
the corresponding claim for the percolation process, that is: almost surely for ¢ large enough,
Goo NQr =Gpr)) N Qs

Let us justify that, almost surely for ¢ large enough, G(|4)) coincides with the largest
connected component of Go, N [—|t7], [£7]]%. Thanks to [CF07, Lemma B.1] and the Borel-
Cantelli lemma, we know that there exists L a.s. finite such that, for L > Ly, the maximal
open cluster Gz in [—L,L]* N Z% is the only open cluster in this box with diameter larger
than L/10 and crosses this box in every coordinate direction (see also [CF07, Remark 7]).
In particular, Gz has diameter 2L > (L + 1)/10 and is thus included in Gz4y). So, for
L'> L > Ly, Gy is contained in G(z). Hence, it is included in an open cluster with infinite
diameter which is G4.

It remains to verify that any two vertices z and z’ of G, N Q; are connected by an open
path whithin [—|¢7], [£7]]%. Call B, this event and write dg_(-,-) for the graph distance in
Goo. Assume that Bj fails for some large ¢t and fix z,2’ € Go, N Q¢ which are not connected
in [—|t7], [¢7]]%. Considering a shortest path from z to z’ one can find z” in Goo N Q3 \ Qo
such that dg_(2',2") > [t7] — t(3C'log(t)/2 + 1). Hence, for any «, for ¢ large enough:

PIBYT< Y. > Ple2 €Cu, de (7,2") 2 k|2 7]
z'€Qt 2" €Q3¢\Q2t

From [AP96|, we know that P [z',z" € G, dg_(Z,2") > k||z" — Z||] decreases exponen-
tially with ||z” — 2’| which implies that P [(18})¢] decreases exponentially with ¢. One finally
concludes thanks to the Borel-Cantelli lemma. 0
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7.4. Proof of Proposition For ¢t > 0, let us denote by N( ) the number of jumps of
(Y;)5>0 up to time ¢ and by C¢ the event: ‘N( ) < 3t/2’. Since (Ys)s>0 has speed at most 1,

N(-) is dominated by a Poisson process of intensity 1 on R and P§ [Cs] < crexp(—cst) for
some c7, cg > 0. This implies that, almost surely for ¢ large enough, C; is realized and we only
need to obtain the heat-kernel bound on this event.

Recall the definitions of A; and B; from the previous subsection. On A; N B; N C, starting
from a point of goo(f) N[t 4%, (}A/S)Szo does at most 3/2t jumps of length at most C'logt
up to time ¢. In particular, it has visited only points of G4 ) (é\) N @; and does not depend

on &\ Gy (€ ) up to time ¢. Hence, we can find a coupling of (YS)Szg and (?S(LM))

that these two coincide up to time t. Thus, for ¢ large enough, we can write:

s>0 such

Pﬁ[ﬁ:y} :Pg[{ﬁ:y}ﬂAtﬁBtﬂCt}
= p&(l7) [{f/t(tm) _ y} N AN B, mct}

= PR [700D = )

x

It then remains to bound PS5 ("") [?t( )

= y} . To this end, we will rely on the isoperimetric

inequality stated in Corollary and apply the strategy developed by Morris and Peres
in [MPO05].

Theorem 26 (see [MPO05, Theorem 13]). Let (Xi)i>0 be an irreducible continuous-time
Markov chain on a finite state space X with reversible probability measure m and isoperi-
metric profile

For alle >0 and all z,y € X, if

4/e
¢ / 8du i (34)
4min(n(z),m(y)) WP (w)

then
P [Xi =yl <m(y)(1+e).

Here the reversible probability measure is given by:
Ry () = degyy £()/deg ) (G1e)) (€))-

Choosing ¢ of the form ¢ = q;tdﬁ*é) (co will be chosen large enough), the conclusion of
Theorem [26] reads:

d/E%Lt'yJ 7E(y)
deg| ;| &G (€))

Pg(m” [fft(ttﬂ) —y| < (1 i Cgtd('y—%)) .
Using Lemmal and , one deduces that P§ (7)) [ v — y} < clot_g for t large enough.

It remains to check the validity of (34) with & = ¢ot47~ 3) for t large enough when ¢qg is well
chosen.
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Assuming that ¢ satisfies 449G < ¢9/(2D), one obtains with Corollary [24| and inequality

that:

451tz

/ 8du
Amin(R v (2), 7, () YD1 ]) (1)
PR IC )
<3 / ALQ
e11 uP (1) (w)
42 1
(log[ 7)) @=T/[17)4 4 deg 27
< c19 (logt)dml/ < +t27/ &2 wildu
c1 /17 u (log| 7 ))@=T /|7 ]

d (4 i 2d
< c19 (2 <09> t + c13(logt)a-1 (loglogt + 014)> .
If ¢g has been fixed large enough, the last expression is smaller than ¢ for every t large
enough.
To summarize, we have just proved that for a.a. &, there exist c15 = c15(§) and T = T(E)
such that for any t > T, for any = € Gao(€) N [—t, )¢ and any y € Goo(€):

Pg [Y} _ y} 15
t2
This implies the required result.

8. EXPECTED DISTANCE BOUND FOR (Y})1>0

It is known that bounds on the expected distance between the position of the walk at time ¢
and its starting point can be derived from the heat-kernel estimate as soon as the volume
grows regularly (see for example [Bas02,Bar04,[BP07]). In this section, we use this strategy
to prove the following proposition.

Proposition 27. For a.a. fAG N:

2 |7 - <]
sup max sup ———= < o0. (35)
n>1 2€Goo (E)N[—n,n]d t>n \/z

Proof. Proposition shows that the assumption of [BP07, Proposition 6.2] is satisfied in
the present setting. Hence, there exist constants cig and ci7 such that for a.a. &£, for every
x € Goo(€), for t large enough:

ES [8 (fﬁxﬂ

<cg+c su 5% efsa(x’y) ) 36
NG > €16 T C17 p Z (36)

O<s<t™2 YE€Go (£)

where a(a:, y) = Hg ® (z,y) denotes the ‘natural’ distance between z and y for (}Aft)t>0 (i.e.
the minimal number of jumps that the random walk needs to do in order to go from x to y).
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At this point, we need to compare d with the Euclidean distance and to check that the
r.h.s. of is uniformly bounded. Let us denote by d = H{GOO the chemical distance in G
in which we add an edge between every two points on the boundary of a (shared) discrete
hole. For # € Goo(€), we choose z(z) € Goo such that Vorg(z) intersects By(,) to be the
minimal one in the lexicographic order. It is not difficult to see that the definitions of G

and Qoo(g ) imply that there are constants cig and c19 such that:
aisd (z(2), 2(y)) < d(z,y) < c1o(d(2(x),2(y)) + 1), Vo, y € Goo(&). (37)

By the same arguments as in the proof of [BP07, Lemma 3.1], one obtains that:
P |z,7 € G, a’(z,z’) < cyllz — Z/H] < e~enllz=2'Il,

for suitable constants cog and co1.

Using the estimate above and the Borel-Cantelli lemma, one deduces that there exists a
constant C' such that, for n > N = N(g), for all z € Go N [—n/K,n/K]?, for all 2’ € G4
with ||z’ — z|| > C'logn:

d(2,2) > exl7’ — 7. (38)
Then, , and 1} imply that for every x € goo(E) N [-n,n]¢, for t > n > N:
[ —| A
i < 99 + 93  sup s? Z e—sdl@y) L (39)
t 0<s<t™2 YEGoo (€)

Finally, observe that once 1/s > t3 > nz > C'logn for any x € goo(E) N [—n, n]d:

3 e—sd@y) < 3 3 e—sd@y)

z'€Goo y €&
Y€Go (f) Vorg (y)yNB, #0

<D Z 6—01858’(z(m),z’)

2/ €Goo
con|sty Y el
z' € Gy :
lz" —z(2)| > 1/s
< o577
The conclusion then follows thanks to (39)). 0

~

9. ALMOST SURE SUBLINEARITY IN G (§)
The aim of this section is to prove the ‘strong’ sublinearity of the corrector in QOO(E).

Proposition 28. For P[0 € Go]—a.a. &

lim 2 — 0, (40)
n—oo N
where N
R, = R () = max max X (T2, — o) -
o €& 2€G o0 (§)N[—n,n]?

Vorg (z0) N B # 0
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Following an idea attributed to Yuval Peres in [BP07] and [CFP13|, it suffices to show the
recursive bound:

Lemma 29. For P[-|0 € Go]—a.e. g, for each £,6 > 0, there ewists ng = no(g, £,0) < 00
such that:
R, < en+ 0R3,, vn > ng. (41)

For the reader’s convenience, we recall how Proposition [28|can be deduced from the previous
lemma and Proposition (see also [BPO7, Proof of Theorem 2.4, p. 1337]). Assume that
the conclusion of Proposition [28|is false and choose 0 < cp7 < limsup,, . Rn/n, € 1= ca7/2
and 6 := 1/3°+! with 3 such that:

. Ry

For infinitely many n’s, R,, > co7n which implies by Lemma [29] that:

R, —en S (ca7 —€)n
) - 0
when n > ng. One then obtains by induction that Jgx,, > c273%%n which contradicts .

We now turn our attention to the proof of Lemma 29
Proof of Lemma We adapt the arguments given in [BPO7, §5]. Let us define:

> 30corn

%Bn Z

Ci = 01(5) = sup max supt%Pg [fft = x}
n>1 2€G00 (E)N[—n,n]d t>n

and

B |
~ X
Cy = Cy(&) :=sup max sup
n2>1 2€Goo (§)N[—n,n]? t>n \/i
Recall that these two quantities are a.s. finite thanks to Propositions 20 and 27]
For large n, we choose yo = yo(n) with Vore(yo) N By # 0 and y = y(n) € [-n,n
that R, = ||x(74,&, ¥ — vo)|| and we define the stopping time:

|

14 such
Sh ::inf{tZO: Hﬁ—yH ZZn}.

For n is large enough, holes have sizes of logarithmic order (see Lemma and thus
IYirs, — vl < 3n for all . Due to the harmonicity of ¢, the optional stopping theorem gives:

E§ [fft/\sn —Yy—X (Ty€7 ﬁ/\sn - y)} = E§ [‘P (Ty@?t/\sn - y)] =0.
By the shift-covariance of the corrector, one has:
X (T90€, ¥ — ¥0) = X (Tyoé,Ymsn - yo) - X (Ty£7 Yins, — y) ;
thus

X (o€, y — yo) = ES [x (Tyoé, Yins, — yo) — Yins, + y} :
It follows that:
R = I (T, = 90)ll < B [ |x (7uns Fins = w0) = Fins, + ]| - (43)
Let us fix € > 0 and define:
O = {a: € Goo(€) N [=3n,3n)? : 3o s.t. Vorg(zg) N By # 0 and || x (72,&, ¢ — x0)|| > gn} .
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Note that, by Proposition #0,, = o(n?). Restricting our attention to t = t(n) > 4n
(whose value will be specified at the end), we will decompose the expectation above as:

Eg[ ‘X (Tyofyﬁ/\sn - yo) - 17::/\5” + ?JH] = E1 + Ey,
with

E, = Ef: [ ‘X (Tyofyi;t/\sn - yo) — Yirs, + yH 1Sn<t] ;
and

By = E§ [HX (Tyo§7i}z€/\5n - yo) — Yins, + yH 1Sn2t] :
We first deal with the term FE;. Since t > 4n, Markov inequality shows that:

ny[

Observe that {’ Yar — yH <3n/2,S, < t} C {H}/}gt - }A/STLH >n/2,5, < t}. On {S, < t},
since s := 2t — Sy, € [t,2t], one has:

265 ||V =] _ 2vmice,
3n - 3n

-~ 3
’YQt —yH > 2”} <

BN 1 24/2tC
P,SUY;—Z zn]g 2,
2 n
with z = ?sn, this implies by the strong Markov property that:
M~ 3 2V 2tC
P |7 = o] < s <o) < 22
n

Recall that H?t/\gn — zH < 3n for n large enough. It follows that:

Eg[

’X (Tyo&ﬁ/\sn - yo) - f/t/\sn + y” 1S7L<t:|
< (Rgn +3n) PSSy < 1]
1o 3 Mo 3
< o (5 [ 2 3] A [l s <)

- 8v/2tCh
- 3n

(R, +3n) . (44)

Thanks to the definitions of Cy and O,, and to the fact that ¢ > n, one has:

E§ { ’X (Tyo&?msn - yo) ~Yins, + y” 15@4
< B [ ‘?t - yH 1Snzt} + B [ X (Tyoé,f/t - yo) H 1Sn2t]

§C2\/%+E§A[

(o) 1550
+ E§ [ ‘x (Tyof,Yt - Z/o) H 1Snzt,?t60n]

I ST~ IS ST~
< CoVi+ S+ BBl [T € On] = O Snt M 3 PE[Vi=2].  (45)
2€0,
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But, using that degpr ) is reversible w.r.t (}A/S) . and bounded by D on goo(f ), we obtain

by the Markov property and the Cauchy-Schwarz inequality that:
2

~r 2 ~F 1 o~
Pi[Ti=z] = > PE[Vy =] PE[V, =]
€Goo (€)
E M~ 12 g ~ 2
<| X A=« > B Ve =]
PN 1 de T) £l
<[ > pivi=x dgm@E;Pﬁ[Yg—y]
A i e
e gpT(e)\Y
degpr(e)(2) 1 AP
x xegzz)degDT x)z[% x}x[% Z]
~ D202
< DR [Vi=y| PE[Vi=2] < 7. (46)
Combining bounds —@, we get:
8v2tC: DC1#0,
R, < \F 2 (Ran +3n) + OVt + §n+ 17?59{371
t2
8v2tCy = DC1#0O, 8v2tC
<f2 Lt >m3n+<f2 >n+02f
3n t2 2

The conclusion then follows by choosing t = cogn? for some cog = czg(g, g,0d) small enough
and using that #0,, = o(n). O

10. PROOF OF MAIN RESULTS

10.1. Proof of Theorem [2] We first show that Proposition 28] and the control of the diam-
eter of the holes imply that for P [-|0 € G l-a.a. &:
1
lim — max max  ||x(7z,&, x — x0)|| = 0. (47)
n—oon xo € & z€€N[—n,n]d
Vorg (zo) N BE #0
Recall that, almost surely for n large enough, holes intersecting [~n,n]? have diameters
smaller than C'logn (see Lemma . Let H C € be a hole intersecting [~n,n]? and denote
by OextH C Goo(&) its external boundary, that is the set of the points of & \ H which are
neighbors of a point of  in DT(£). We can assume that e is contained in [—2n, 2n]%.
Let us define S := inf{k > 0 : X} ¢ H}. Thanks to the harmonicity of ¢ and the optional
stopping theorem, for x € H, one has:
E$ [Xs — 2 — X(12€, X5 — 2)] = 0,

But the shift-covariance of the corrector implies that for any z( € &:

X(T$§7XS - ZC) = X(Tl'oé.vXS - .’BO) - X(Txogax - xO)v
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and thus
X(Txoéax - JIO) = Eg [XS — T — X(TxogaXS - IEO)] .
It follows that:

max max  ||x(7ze&, x — xo)|
zo € € x€&N[—n,n]?
Vorg(zo) N Bé( #0
< max max (b — o)) + Clogn,
To €& : 2€Goo (€)N[—2n,2n]d

Vorg (z0) N BE # 0

Together with Proposition [28] this implies that holds for P |0 € Gool-a.a. &.
We now prove that actually holds for P-a.a. £. Note that this is the step where we
eliminate the coupling. Observe that:

max max ||X(Tx07—K61£7$ - 1‘0)”
To € Tke & ¢ mETKelgm[_nvn}d
VOI‘TKeli(ZO) al Bg{ #0
= max max T, r — T
nax. xegm[_n_K,n—K]X[—n,n]d71 ||X( 33055 0)”
Vorg (xo) N Bfel #0
< max max T, xr—x
- x1 €& z€EN[—2n,2n]? HX( mlg’ 1)H
Vorg (z1) N B£< £0
+ max max X (72,& zo — 1)
To €& T €&
Vorg(zo) N BE, #0  Vorg(z1) N By #0
Hence, the event:
. 1
A=< lim — max max ||x(7z &,z — x0)|| =0
n—oo M 0 € & z€€N[—n,n]?

Vorg (z0) N B #0

is shift invariant w.r.t. 7 = 7¢1. Thanks to the ergodicity assumption (Er), it is a 0-1 event
and we already know that P[A] > P[0 € G] > 0. Thus, holds P-a.s..

In particular, holds P[-|¢ N By # 0]-a.s.. The conclusion then follows by using e.g.
[CFP13, Lemma 7.14] wich state that a P[-|¢ N By # ()]-almost sure event is also Py-almost
sure.

10.2. From Theorem [2| to Theorem Thanks to [CFP13, Lemma B.2], Theorem |[1|is a
direct consequence of the following one which is a rewritting of Theorem [1| under Py.

0
Theorem 30. Under the assumptions of Theorem for Po—a.e. €9, under P , the rescaled
process (X{)i>0 = (eX.—2¢)t>0 converges in law as € tends to 0 to a Brownian motion with
covariance matriz o>I where o2 is positive and does not depend on &.

As mentioned in the introduction, the arguments to deduce this result from Theorem
are now quite standard and we only sketch the main lines of the proof. The reader is refered
to |[CFP13, §3.3], |[BP07, p. 1340-1341] or [BBO7, §6.1 and §6.2] for more details.

Recall that, for Pp-a.e. &2, ¢(£9,-) is harmonic. Hence, (M, )nen = (¢(£%, Xpn))nen is

a martingale under Pgo. By the same arguments as in [BB07, pp. 108-109], one can show
that (M, - e;)nen satisfies the assumptions of the Lindeberg-Feller theorem for martingales
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(see [Dur96, Theorem (7.3), p. 414]). It follows with the Cramér-Wold device (see [Dur96,
Theorem (9.5), p. 170]) that t — eM|.—2; converges weakly to a Brownian motion with
explicit covariance matrix proportional to the identity due to the isotropy of the point process.
The diffusion coefficient does not depend on the particular realization £° of the point process
and is positive. If it were zero, it would hold that x = x (£, ) for Pp-a.e. £, for all z € €0,
which contradicts the sublinearity of the corrector. The sublinearity of the corrector also
implies that maxy<, | Xx — Mk = maxg<n |[|x(€°, Xi)|| = o(v/n) in Pgo—probability. The
‘discrete time version’ of Theorem B0 then follows. One concludes in the continuous-time
case by arguing as in [CFP13, p. 666] and by showing that:
N(t

where N () denotes the number of jumps of (X;)s>0 up to time ¢. This also proves the relation
between 0¥ qpw and odrpw- One finally deduces Theorem [1| using [CFP13, Lemma B.2].

11. BOUNDS FOR MOMENTS OF degpr(c0y(0) AND maxy~o ||z||

The method developed in [Zuy92, §2] can be used to derive exponential moments for
degpr(c0y(0) and max, g in pr(eo) [[z]| when the point process has a finite range of depen-
dence. More precisely, we show the following lemma.

Lemma 31. Assume that Py is isotropic and satisfies (V?), then there exists p1 > 0 such
that:

pmax, - o |||
50 [6 DT }

< 00, Vp < p1, (48)
Assume moreover that Py has a finite range of dependence m and satisfies (EM), then
there exists pa > 0 such that:

&o [epdegDT@O)(O)] < oo, Yp< pa (49)

Proof. We use the method of [Zuy92, §2]. Let us recall some definitions, notations, and
facts from this article. The fundamental region of a point z € £° is the union of the balls
centered at the vertices of its Voronoi polygon and having the nucleus x on their boundaries.
Let I'? be the union of 2d open balls of radii 1 centered in points +e;. Let <I>(1), el @gd be the
intersection of exactly d such balls.

Let us fix 8 > 1 and consider the sequence of sets I'", @, ..., @7, obtained by the ho-
mothetic transformation of center 0 and coefficient 8" from I'0, ®9 ..., ‘Ing. The important
point is that simple geometric arguments show that:

Fact 32. If each d-faced lens @}, i =1,... .24 contains a point of €, then the fundamental
region of the particle at 0 is fully included in T™. In particular, any neighbor of 0 in DT(£Y)
is i I'™.

Let Ag be the event ﬂ?il{#(go N®Y) # 0} and

24 2d
An = [{#E N @) # 03\ [[{#E n P! # 0}
=1 =1
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FO

FIGURE 1. T° and the lens <I>?.

Note that the A, are disjoint and PO[UZO:O An] = 1. Thanks to Fact one has:
oo
& P 5.0 IIxH} _ 250 [eﬂmaXz];TonlllAn}
n=0
o0
<3Py A,]
n=0

00 2d
< 3RSl naph) =0y
n=1

=1
< e 120N " 2B P |40 Nt = 0], (50)
1

n=1

where we used the isotropy of the point process in the last inequality.
Now, there exists a constant cog > 0 such that @?71 contains a cube C,_1 of side ca9" L.
Hence, with (V?) and (50, we obtain:

N [epmaxzDNTonn] < a1 2 i 205" Py [#(€° 1 Co 1) = 0

n=ng

oo
< 30 + 24 Z e(2pB—ca1)Bn e,

n=ng

The last series converges if p is small enough and is proved.
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In the same way, thanks to Fact one can write:

& [ep degDT(§o>(0)}

o0
S e,

MS

< & [er# €] 4 [ep# (€°NT™) 1 , }

< o[ er#Er)] fjfj P [ {#(€" NT™) = k} N A,
_ PP

<& ep#(iomro)

F2Y0 S Py (€ NI = by 0 (0 187 —0)]

n=1 k=0
<& [ep#w’mr‘))}

+213° 5 et [{#(go AT\ @) =k} N {#(E N a1 = o}} .

n=1 k=0

Now, there exists a constant czs > 0 such that, if n is large enough <I>7f_1 contains a
cube C,_1 of side 328" satisfying d(Cy,_1, "™\ @’ffl) > m. Thanks to the m-dependence
assumption on the point process and to (EM), it follows that:

& [ep degpyp(e0) (0)}

ey + 2 Y NP [HE AT\ OFY) = K o [#(¢° N Cua) = O]

n=ng k=0

< eg3+ 2 i Eo N2 | Py (€0 1 C) = 0].

n=ng

Finally, with (V?) and (EM), we obtain:

00
50 [epdegDT(go)(O)} < C34 + 2dC5 Z e(Qdf(ﬂ),Bd—Cas)ﬁ("fl)d‘

n=ni

This concludes the proof since f(p) goes to 0 with p by assumption. O
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