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ANNEALED INVARIANCE PRINCIPLE FOR RANDOM WALKS ON RANDOM
GRAPHS GENERATED BY POINT PROCESSES IN R?

ARNAUD ROUSSELLE?

ABSTRACT. We consider simple random walks on random graphs embedded in R? and generated by point
processes such as Delaunay triangulations, Gabriel graphs and the creek-crossing graphs. Under suitable
assumptions on the point process, we show an annealed invariance principle for these random walks. These
results hold for a large variety of point processes including Poisson point processes, Matérn cluster and
Matérn hardcore processes which have respectively clustering and repulsiveness properties. The proof
relies on the use the process of the environment seen from the particle. It allows to reconstruct the original
process as an additive functional of a Markovian process under the annealed measure.

Key words: Random walk in random environment; Delaunay triangulation; Gabriel graph; point
process; annealed invariance principle; environment seen from the particle; electrical network.
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1. INTRODUCTION AND RESULTS

1.1. Introduction. Random walks in random environments are natural objects for studying flows, molec-
ular diffusions, heat conduction or other problems from statistical mechanics. Many papers concerning
random walks on random perturbations of the lattice Z¢ or random subgraphs of Z¢ were published dur-
ing the last forty years. Particular examples include random walks on supercritical percolation clusters
and the so-called random conductance model (see [Bis11] and references therein). An annealed invariance
principle for such random walks was obtained in [DMEFGWS85I[DMFGWS89] while its quenched counterpart
is proved in [SS04,[BB07,BP0O7,MPQO7,[Mat08]. Few papers were written in the case where the random
environment is generated by a point process in R?. In the last decade, techniques were developed to
study random walks on complete graphs generated by point processes with jump probability which is a
decreasing function of the distance between points possibly modified by the presence of an energy mark
at each point. The main results on this model include an annealed invariance principle [FSBS06,EFMOS],
isoperimetric inequalities [CF09|, recurrence or transience results [CFG09], a quenched invariance princi-
ple and heat kernel estimates [CFP13]. In [Rould], we answer the question of recurrence or transience of
random walks on random graphs constructed according to the geometry of a random (infinite and locally
finite) set of points such that Delaunay triangulations or Gabriel graphs. In the present paper, we are
interested in stating annealed invariance principles for simple random walks on random graphs generated
by point processes. More precisely, given a realization & of a point process in R%, a connected graph
G(§) = (€, Eg(e)), in which each vertex has finite degree, is constructed. While its vertex set is § itself,
its edge set Eg(¢) is obtained using deterministic rules based on the geometry of . For instance, we will
consider Delaunay triangulations, Gabriel graphs or creek-crossing graphs generated by point processes.
Their constructions will be described below. We then consider continuous time random walks on G(¢&)
and investigate their annealed (or averaged) scaling limits.
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2 A. ROUSSELLE

In the sequel, we will write A" (resp. Ap) for the collection of all infinite locally finite subsets of R?
(resp. infinite locally finite subsets of R? containing the origin). We denote by P (resp. Pp) the law
of a stationary, ergodic and simple point process (resp. its Palm version). We recall that Py(Np) = 1
(see [SWOS8|, §3.3]). We denote by & (resp. &) the expectation with respect to P (resp. Pp). We assume
that Po-almost all £° is aperiodic, i.e., with Py probability 1:

&0 # 726°, vz e RY,

where 7, is the translation 7,£° = Zyego Sy—z-

For almost any realization of £°, we define a variable speed random walk (VSRW) on G(£°) as follows.
Let D(R ;&%) be the space of cadlag ¢%-valued functions on Ry endowed with the Skorohod topology,
and Xfo = x¢ (t), t > 0 be the coordinate map from D(R,;£%) to £°. For z € €0, we write P§O for the
probability measure on Qg0 := D(Ry; ¢%) under which the coordinate process (Xfo)tzo is the continuous

0
time Markov process starting from Xg = x with infinitesimal generator given by:

LEf(y) =D L (F(2) — F), y € €, (1)

2€£0

0 0
where cg, » is equal to the indicator function of the event ‘(y, z) € Egcoy’. We denote by Efc the expectation

0 0
with respect to PS . Note that P§ can be seen as a probability measure on Q := D(R,;R%) concentrated
on ng .

The behavior of Xfo under Pﬁo can be described as follows: starting from the point x, the particle
waits for an exponential time of parameter degg(§0)(x) and then chooses, uniformly at random, one of its
neighbors in G(£°) and moves to it. This procedure is then iterated with independent times (of parameter
the degree of the current location in G(£°)). The same arguments as in [FSBS06, Appendix A] show that
these random walks are well-defined (i.e. that no explosion occurs) as soon as & [degg(g())(O)] < 00.

Let P be the so-called annealed semi-direct product measure on Ny x Q:

P[F(, x&)] = / P [F (€%, X&) Py (de?).
No
Note that (Xfo)tzo is no longer Markovian under P. Using technics similar to those from [DMEFGWS89
Section 4] and [FSBS06], we will use the point of view of the particle and Theorem 2.2] to
obtain annealed invariance principles for random walks on specific examples of random geometric graphs
with suitable underlying point processes. Let us describe the precise models.

1.2. Conditions on the point process. In all what follows we assume that P is the distribution of a
simple, stationary, ergodic point process £ satisfying:

E[#(EN]0, 1]d)8] < oo and A}im NPP[#(¢N[-N, N]%) > clNd] = 0 for some ¢; > 0.
—00
We also suppose that the second factorial moment measure of the point process &:
AP (A x Ag) == E[#{(w1,22) 101 €EN Ay, mg € EN A\ {m1}}], A1, Ay € B(RY),

is absolutely continuous, with bounded density, with respect to the 2d-Lebesgue measure. We assume
that the Palm version of P denoted by Py is aperiodic and that P and Py are isotropic and almost surely
in general position (i.e. there are no d + 1 points (resp. d + 2 points) in a (d — 1)-dimensional affine
subspace (resp. in a sphere), see [Zes08]). It is moreover assumed that ¢ (resp. £Y) has a finite range of
dependence k, i.e., for any disjoint Borel sets A, B C R? with d(A, B) := inf{|lz—y|| : = € A,y € B} > Fk,
€N A and £€N B are independent (resp. €Y N A and ¢€° N B are independent).

Finally, the following hypothesis on the void probabilities (V) and (V?’), the deviation probabilities
(D) and the exponential moments of the number of points in a large cube (E) are needed:
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(V) There exists a positive constant ¢y such that for L large enough:
Pl#(0, L] N¢) = 0] < e=2L".
(V?) There exists a positive constant c3 such that for L large enough:
Po [#(50 N CL) = O} < e_c3Ld, VCp, cube of side L.
(D) There exists a positive constant ¢4 such that for L large enough and all m > 0:
P[#([O,L]d N {) > m] < ecaLd—m.

(E) There exists a positive constant c; and a positive function f(p) which goes to 0 with p such that
for L large enough:

& [ep#(soﬂ[—L,L]ﬂ < csel LY

These assumptions are in particular satisfied if £ is:

e a homogeneous Poisson point process (PPP),
e a Matérn cluster process (MCP),
e a Matérn hardcore process I or IT (MHP I/1I).

We refer to Appendix[Blfor an overview on each of these point processes. Note that these processes have
different interaction properties: for PPPs there is no interaction between points, MCPs exhibit clustering
effects whereas points in MHPs repel each other.

1.3. The graph structures. Given a realization & of the point process satisfying previous assumptions,
we write

Vorg(x) == {z € R? ¢ ||z —x|| < [|lz —y], vy € ¢}

for the Voronoi cell of x € &; x is called the nucleus or the seed of the cell. The Voronoi diagram of &
is the collection of the Voronoi cells. It tessellates R? into convex polyhedra. See [Mgl94l[Call0] for an
overview on these tessellations.

The graphs considered in the sequel are:

DT(&): the Delaunay triangulation of . It is the dual graph of its Voronoi tiling. It has & as
vertex set and there is an edge between x and y in DT () if Vorg(x) and Vorg(y) share a (d —1)-
dimensional face. Another useful characterization of DT(&) is the following: a simplex A is a cell
of DT(E) iff its circumscribed sphere has no point of £ in its interior. Note that this triangulation
is well defined since £ is assumed to be in general position.

These graphs are widely used in many fields such as astrophysics [RBENO1], cellular biology
[Pou04], ecology and telecommunications [BB09).

Gn(§), n > 2: the creek-crossing graphs generated by &. These are sub-graphs of DT(§). Each
Gn(€) has € as vertex set and two vertices x,y € £ are connected by an edge in G, (&) iff there do
not exist an integer & < n and vertices up = x,...,ur =y € & such that |Ju; — ujp1]| < [|[x — y/|
for all i € {0,...,k — 1}. Let us recall that G2(&) is also known as the relative neighborhood
graph generated by ¢ and that the intersection of the G, (§) (in the graph sense) is the minimum
spanning forest of & (see [ANSI3[HNGSTH]).

Gab(§): the Gabriel graph of £. Its vertex set is £ and there is an edge between x,y € ¢ if the ball
of diameter [x,y] contains no point of ¢ in its interior. Note that Gab(¢) is a subgraph of DT(§)
and contains the Euclidean minimum spanning forest of £ and the relative neighborhood graph.
It has for example applications in geography, routing strategies, biology or tumor growth analysis

(see [BBDO2IGS69,MS80]).
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1.4. Main results. The aim of this paper is to prove the following theorem.

Theorem 1. Assume that P and Py satisfy the conditions described in Subsection [I.2
0
Let (X )i>0 be the random walk on DT(£0), Gab(£°) or Gu(€9), n > 2 with generator ().

Then, the rescaled process Xﬁoﬁ = (»SXE,2 Ji>0 converges weakly in Po-probability to a nondegenerate

Brownian motion W 4 with:
1 0 0
2 _ 1 Xﬁ 2
o = t1i>Ioon ;50 [EO [( t 61) ]] > O, (2)

where ey is the first vector of the standard basis of R?.
This is the case if the underlying point process is a PPP, a MCP or a MHP 1/II.

In the companion paper [Roul4b|, we prove a quenched invariance principle in the particular case of the
simple random walk on the Delaunay triangulation generated by suitable point processes (see also [FGG12]
for the 2-dimensional case). The method used in [Roul4b] relies notably on heat-kernel estimates and
demands a precise control of regularity (isoperimetry, volume growth, ...) of the random environment.
The main interest of the present paper is that it does not require such precise estimates. Consequently,
it applies to a wider class of point processes and graphs.

As mentioned above, we closely follow the method of [FSBS06] and we want to apply the results of De
Masi, Ferrari, Goldstein and Wick. A key idea of [DMFGW89|, which also appears in the prior works by
Kozlov [Koz85] and by Kipnis and Varadhan [KV86], is to introduce an auxiliary Markov process: the

environment seen from the particle. Actually, thanks to the aperiodicity of the medium, (Xfo)tzo can be
reconstructed as a functional of the environment process.

We will prove the following preliminary results stated in the general context of the introduction which
imply Theorem [

Proposition 2. Let P be a stationary ergodic simple point process in R%. Assume that Py is aperiodic
and that max~o ||| and degg0)(0) admit polynomial moments of any order under Py.
0
Then, the rescaled process X§0’5 = (€X§,2t)t20 converges weakly in Py-probability to a Brownian motion
WP with covariance matriz D characterized by equation (I8).

Remark 3. (1) If the underlying point process is isotropic, then D = o*14 where o2 is given by (@).
(2) In the applications presented here max;~o ||z[| and degg(coy(0) admit ezponential moments.

Note that the diffusion matrix D of W¥ can be degenerate. We will show that, under additional
assumptions, it is not. To this end, we will need to discretize the space R? and to consider boxes of side
K >1:

K Kqd
B,=BK =Kz + [—5,5] L zezd

We will also define so-called ‘good bozes’ in the same spirit as in [Roul3] which allow us to deduce ‘nice
properties’ of G(€) from ‘nice properties’ of a suitable percolation process on Z.

Proposition 4. Let P and Py satisfy the assumptions of Proposition[d. Assume in addition that 5[#(§ﬂ
[0,1])8] < 0o and that there exists c; > 0 such that:

Jim NPP[#(¢N[-N,N%) < N =0. (3)

If one can associate to a.a. & a subset of the boves {By,, z € 79}, called (&-)good boxes, such that:

(1) in each good box B,, one can choose a reference vertex v, € B, NE,

(2) there exists L such that to each pair of neighboring good boxes By, and B,,, one can associate
a path in G(§), (vgy,-..,Vg,), between the respective reference vertices v, and vy, of these boxes
satisfying:

() (Vgyys---,Vzy) C By U By,,
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(b) the length of (vgy,...,vs,) in the graph distance is bounded by L,
(3) if € is distributed according to P, the process X = {X,, z € Z%} = {1p, i ¢-goods Z € 7%}
stochastically dominates an independent Bernoulli site percolation process on Z¢ with parameter
P Z pgite(Z2)’
then the limiting Brownian motion WP in Proposition @ has a nondegenerate covariance matric.

1.5. Outline of the paper. Sections[2 and [3]are respectively devoted to the proof of Propositions 2l and
M In SectionH we explain how to construct the ‘good boxes’ of Proposition [ in the case of creek-crossing
graphs. The nondegeneracy of the limiting Brownian motion then follows in the other cases by Rayleigh
monotonicity principle. Arguments which allow to deduce exponential moments for degDT(50)(0) and
max, g in pT(¢0) |7/ from the assumptions on the point process are adapted from [Zuy92] (details can be

found in [Roul4bl §11]).

2. PROOF OF PROPOSITION

We show how to use Theorem 2.2] in our framework. This result was used in the context
of random walks in random conductance models (see [DMFGWS85|[DMFGWR89]) and of random walks on
complete graphs generated by point processes with jump rates depending on energy marks (see [FSBS06] ).
It allows us to obtain the convergence of the rescaled process to a Brownian motion in Proposition 2] and
gives an expression for the diffusion matrix of the limiting Brownian motion. The nondegeneracy of this
matrix and the proof of Proposition [ are postponed to Section [Bl For this section, we assume that the
assumptions of Proposition [2] are satisfied.

2.1. The point of view of the particle. Let us denote by (7;),cra the group of translations in R

which acts naturally on Nj as follows: 7,0 = Zyego dy—z. The theory developed in [KV86,[DMFGWS&9!

makes extensive use of the process of the environment seen from the particle (TXEO 50)1520. Whereas the
t

original random walk is defined on the probability space (ng,Pgo), this auxiliary process is defined on
20 := D(R4+;Np) and we write Po for its distribution. A generic element of Z° is denoted by £ = (£0)s>0.
The environment process can be seen from an ‘annealed’ point of view, that is under the distribution
P := [ Po[]Po(d&®). In this setting, this is the continuous time Markov process with initial measure Py
and transition probabilities given by:

P = if gl —
Pt — ¢l =€ =Peled ¢ = { [ILT =71 HE=mb oot ying

Let us explain how the original walk can be reconstructed from the process Q under the assumption
of aperiodicity. For t > 0, let X; : 2° — R be the random variable defined by:

X = Y A, (4)
[0,¢

E
AL #0

where As(g ) = y if there exists y such that &0 = Tyﬁg, and is 0 otherwise. Note that A is well defined
for a.a. realization of the environment process since £° is almost surely aperiodic. The law of (X;(£°))¢>0
under Po is then equal to Péo, the distribution of the original random walk starting at 0. In particular,
the diffusion matrix can be calculated using the following equality:
0 0
S[ES [(XF - a)?]] = E[(X: - a)?].

The family {Xs, = X — Xs}i>s>0 is an antisymmetric additive covariant family of random variables

in the sense of [DMFGWRS9], and X; has cadlag paths. Hence, to apply [DMFGWRS9, Theorem 2.2], we
only need to check that:

(1) the environment process (£));>o is reversible and ergodic w.r.t. P;
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(2) the random variables X[s ), t > s > 0 are in L'(Z°, P);
(3) the mean forward velocity:

1
lim —Eo[X
im 2 ¢ [Xi]

exists as a strong limit in L'(N, Pp);

(4) the martingale M; := X; — fot ©(£Y)ds is square integrable under P.

The rest of this section is devoted to the verification of these hypothesis.

2.2. Underlying discrete-time Markov chains and description of the dynamics. It is convenient
to decompose the dynamics in terms of the jump chain and the jump times as described in this subsection.

Given £° € Ny, let us write ng = (€9 and denote by (X ~n0)n€N a generic element of ﬁgo For z € €9, let
P5 be the distribution on ng of the discrete-time simple nearest neighbor random walk on G(£%). We
denote by Eg the corresponding expectation. On an other probability space (©,Q), let T, 5@, reé® ne

N be independent exponential random variables with mean 1/ deg¢¢0) (), and define on (ﬁgo X0, ﬁﬁo ®Q)
the random variables:

RS = 0; RY = ZT§~§O,n>1

nio (t) := n where R§ <t< Rn+1

These random variables can be thought respectively as the instant of nth jump and the number of jumps
up to time ¢ for the continuous-time random walk. The same arguments as in [FSBS06, Appendix A]
show that almost surely no explosion occurs:

]3§O®Q[liTm Rgo =o0] = 1.

In particular, for a.a. &Y, nio (t) is well defined for all ¢ > 0 and ( )2'520 (t))tZO is a jump process which
T

~¢0 0 0
satisfies the same dynamics (under Pt ® Q) as (Xf )i>0 (under PS ): starting from the point z, the
particle waits for an exponential time of parameter degg(§0)(x), chooses uniformly one of its neighbors in

G(£Y) and moves to it.
It is useful to introduce the probability measure Qg on Ny given by:

degg(£0) (0)
&o [dega(go) (0)}

and P := il Pgo Q0(dg€?). In the same way as in Subsection 23] one can obtain reversibility and ergodicity

Qy(de’) = Po(de”),

of the discrete time process under P. Let E denote the expectation under P.
One can also consider the discrete-time version of the environment process (éo)neN = (7 T e £9)en and
write Pgo for its distribution on the path space 20 .= NE. When €0 is aperiodic the same identification
~ ¢0 ~ ~¢0
as in Subsection 2] is possible. It is easy to see that the processes (degg(SO)(XfL ))nen on (o, PO5 ) and

(degG(gg)(O))neN on (2°, f’so) have the same law. One can also verify that the process (Y, )nen defined by
Yy = 0 and:

n—1
YTL = Z A(£?7£?+1)7
=0

with A( i +1) defined in the same way as in ({l), has distribution P0 on ng If there does not exist
x €& such that £ = 7., we set A(E,¢') :=
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Remark 5. By slight modifications of the arguments given in Subsection[2.3, one can obtain reversibility
and ergodicity of (fn)neN under P = ngo Qo(de%). This can be used to demve an annealed invariance
principle for the discrete-time random walk thanks to [DMFGW89, Theorem 2.1].

2.3. Reversibility and ergodicity.

Reversibility. We want to show that the environment process (£));> is reversible with respect to P and
we follow the arguments of the proof of [FSBS06, Proposition 2]. Using the description of the dynamics
given in Subsection 2-2 one can check that, for any n € N and any & = £€0,&;,...,&, = 50, € No:

0 - 0 . 0 _ . 0
Pfo ’I’L£ (t) - n,£R§O - 517 s 7£R§LO - gn:| = PgO’ |:7'L§ (t) - n,£R§O - gn—la s 7£R§O 50 )

and deduce that:
/
Puol¢) =¢"] =P [0 =¢°], t>0.
Hence, for any positive measurable functions f,¢g and any ¢t > 0, with Neveu’s exchange formula (see
[SWO08, Theorem 3.4.5]), we obtain:

Blr(eoted] = | > S Pt = o)
/ EZ‘Of (72€")g(€%)P 0 [&f = €°]Po(dg)
/ Zofnéo )9(6%)Peo [6) = 7,%] Py (dg”)

=E [f?fetE)g(sS)] :

The reversibility of (£);>0 then follows.

Ergodicity. We follow the proof of [FSBS06, Proposition 2]. Note that it suffices to ascertain that for any
measurable A C Ny satisfying Peo[¢) € A] = 14(¢°) for a.a. £°, we have Py(A) =0 or 1. Given such an
A, there is a subset B C A such that Po[A\ B] = 0 and Ppo[&f € A] = 1 for all ¢ € B. For x € ¢,
¢ € B, one then has Pp[¢f = 7,60 € A] = Peo[¢) = 7,6° > 0 by the positivity of the jump rates.
Thanks to Lemma 1 (iii)], Po(A) = 0 or 1 which completes the proof.

2.4. Integrability of X[, = X — X5, t > s > 0. This is an immediate consequence of:
Lemma 6. Let v € N* and ty > 0. There exists a constant 0 < cg = cg(7y,t9) < 0o such that:
Eo[ES [IXE ] < eV, for allt < to. (5)

To obtain this lemma we redo the calculations of the proof of [FSBS06, Proposition 1] with p = q = 2
using that degg(50)(0) and maxz~o ||z| admit polynomial moments and we make the dependence on ¢
apparent.

2.5. Existence of the mean forward velocity. We want to verify that the mean forward velocity:
1
lim —Ezo[X
i 3 Beol Xl

exists as a strong limit in L'. Actually, we prove the following stronger result which is also useful for the
square integrability of the martingale M; in Subsection

Lemma 7. Let o : Ny — R? defined by:
P = > (6)
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Then,
(7)

0
Proof. Asin Subsection[2.2], we denote by n$ (t) the number of jumps of the environment process starting
at €% up to time ¢. First, we use that X;1 .o , = Xo=0and (a +b)? < 2(a® + b?) to write:

n; ()=
1
2 ) B X] - to(€%)||*Po(de”)
o
1
) " HE50 [thnéo (t):l] — t(p(fo) + Ego [thnio (t)22] H2’Po(d§0)

2
i [ e g, ] - AP
2

v [Beo[Xi1 o0, ] [*Po(de”): (8)

(t)=2

We need to show that the two summands in ([8) go to 0 with ¢t. We first deal with the first term in the
r.h.s. of ().
Note that, with the notations of Subsection 22 for = € £°:
0 ~¢0 ~¢0 0
Peole) = %0 (1) = 1] < Py ® Q[X{ =, Tgy <t
= P[RS = 2] (1 — ™ a0 O
]-xNO

<10 Geg o (0) = Tomot, 9

0
where we used that 1 —e™ < u. Thus, 1,0t — Po [5? = 7,£0, ns (t) = 1] is nonnegative. Thanks to the
Cauchy-Schwarz inequality and the observation above, we have:

1
t_250 [HE§O [Xt]'ngo (t):l] - t(p(é.o) H2]

< 60 (3 (temot ~ Peo [6 = 08" (1) = 1))
xegl
x (32 ol (Lanot = Peo [0 = 7%, € (1) = 1]) )]
zeg0
<pol( X / (1= HEoe @t OO as) (137 o)
Z‘GEZO)O ngo)O

t
< %50 [ Z /0 (degg(§0)(0)s + degg(r,¢0)(0)(t — s))ds deg¢0)(0) < _max H$||) 2}
rcgo)o G

t 3 2
= 5 (8] (degoren (@) max, ol |
G(£0)
+& [ Z degg(r,¢0) (0) deg(eo) (0) < max, HHJH) 2] > .
z ~ 0 G(e0)

G(£Y)
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Recall the definitions of f’go and P from Subsection and let us note that, if f and g are positive
measurable functions defined on Ny, we have:

EoF1€%) Y 9(rat®)] = Eo| deggien) OBe [£(€2)9(€D)] | = o[ degeyen) O] E[F(€7)9(ED)].
z ~ 0
G(e0)

It follows using the Cauchy-Schwarz inequality and the stationarity of the discrete-time environment
process (£O)n€N under P = ngo Qo (de®) that:

S l[Be[Xi1 o wet] — (€|

< L (&0 dezaren©)'] €0 (max, o) ]

G(£0)

+& [degg(g()) (O)] E { degG(g(l)) (0) deg g0y (0) ( max, HxH) 2] >

G(£9)
< (0] (demen(©) &0 (s, ) |

G0

+ 0| desg(en) (0) | B | deig ) (0)) 2}

(SIS

D=
(SIS

)

B (detcien(®) (o)

G(£%)
< 5 (80 (descren )] e[ (o, 11|

G0

60 e 0)] B (e 0) ] 6 deren 0)) (s, o) |

G(£9)
< 85 (demcie®)'] ', )]

G0

+ & (desaen©) 260 (deoqen ©)'] o] mae fol)']

G(gY)

[NIES

N

)

[NIES

wlﬂ-

=

).

Let us move to the second term in the r.h.s. of (8). Applying twice the Hélder inequality, we obtain:

3

&o[Beo [Xi1 0 2] ] < & [Eeo [ X1 PPeo [0S () > 2] ?]

1 1
< & [Beo || Xell")]*€o[Peo [ () > 2)°] . (10)
Note that:
Peo [nd (1) > 2] <P ®Q[T§O<t ¢ ~§O<t§t]
wéﬁo
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and

Peo[né(t) > 2] < P ®Q[T§O<t Tﬁ)?50 < 1]

1

o —deg —deg ( )t
= (1= B0 3 Beo [(1—e @1 ]
xegl

< tEco [degg ) (0)]. (12)

Hence, (1) multiplied (I2) to the square, the Jensen inequality and the stationarity of the discrete-time
environment process under P = S Pgo Qo (dg€%) imply that:

&o [Pgo [ (t) > 2 } < t'& _degG@O)(O)EgO [degg(gg)(o)]g}
< t'& :degc(gO)(O)Egﬂ {( degg(gg)(o))?)”
— 14y [deg(en) (0)] B | (degge (0)]
= &, :( degG(§O)(O))4]. (13)
Finally, with (&), () and (@3), we obtain that for ¢ small:

1 2 1
t_280 [HE§O [thnio (t)22] H :| < cqt1,
which tends to 0 with ¢. O

2.6. Square integrability of the martingale M; = Xt—fot ©(€%)ds. Due to Lemmald, X; € L*(Z°,P),
so it is enough to see that:

t
/ p(€0)ds € L3, P).
0

Using the Cauchy-Schwarz inequality and the stationarity of the environment process under P, one has:

| [ otehas|] <[ [ Fas]
=t [ Bl Jas

= 2E[|| ()]
=12 [||¢||’]
< %€ [ deg¢o)(0)*]

N
[NIES

< oQ.

Eo[ (max )]

2.7. Infinitesimal square displacement as a L2-limit. By following precisely the same proof as in
Lemma [ with higher order moments estimates, one obtains:

Lemma 8. For £° € Ny, let ¢ be the d x d symmetric matriz characterized by:

(a-¥(&)a) = Z (a-z)%, acRY (14)

x~0
Then, (a-(-)a) € L*(No, Po) and:

L%(No,Po)
—
t—0
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Since its assumptions were verified in this section, Theorem 2.2 of [DMEFGWS89| implies Proposition
It gives moreover the following characterization of the diffusion matrix D of the limiting Brownian
motion:

o
(@ Do) =&(a-va)] -2 [ (p-a.cp a)p, ackl (16)
0
where L is the generator of the environment process and ¢, ¢ are defined in (@) and (I4]) respectively.

3. PROOF OF PROPOSITION [} THE DIFFUSION COEFFICIENT IS NONDEGENERATE
From now on, we assume that the hypotheses of Proposition Ml are satisfied.

3.1. Variational formula. In order to show that the diffusion matrix of the limiting Brownian motion
in Proposition 2] is nondegenerate, it is useful to obtain a variational characterization of this matrix. The
use of variational formulas to approximate diffusion coefficients is rather classical. It appears in particular
in papers based on the works of Kozlov [Koz85] or De Masi, Ferrari, Goldstein and Wick [DMFGWS9].
In principle, it allows to derive the nondegeneracy of the diffusion coefficient and to obtain numerical
estimates for it. See and references therein.

Lemma 9. The diffusion matriz of the limiting Brownian motion in Proposition[d is given by:

(a-Da) = inf /NZC“ a- 1)+ Vo f(€9)*Po(de?), aeR (17)

feL>(No,Po)

where V. is the discrete gradient Vo f(€°) := f(7.£%) — f(&Y).

Proof. Minor changes to the proof of [FSBS06l Proposition 3] show that the generator £ of the environ-
ment process is non-positive and self-adjoint with core L (N, Py). Moreover, for any f € L (Ny, Po),

one has:
LAE) =3 (7€) — F(9),

zeg0

where cg?x equals the indicator function of the event ‘(0,z) € Ed(£°)’. We refer for example to [RS75)
Chapter X] for basic tools to prove this.

Hence, following the same strategy as in [FSBS06] and invoking for example equations (45) and (46)
of this paper, one obtains:

| eracto amdi= s (2e-afm— (h(-ODm,). (18)
0 feL>(No,Po)
On the other hand, Neveu’s exchange formula gives:

/ch F(€9)2Po(de®) = /ch o] (7:€°)#Po(d°)

0 zegod 0 zego

- / S (0P Po(de?)

0 zego
thus,

(=L frpy = / FE) S € (FE°) — F(ra)) Polde?)
650

_ / D e (F(r€)? + F(E0) = 2/ (ma) F(6)) Po(d€”)

0 2egd

- / S (Vo (€9))2Po(de”). (19)

0 20
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In the same way, Neveu’s exchange formula gives:

/ ST (@ @) (E)Po(de?) = / S (@ 2)f (1 Po(de?)

0 zeced 0 zegd

which implies that:

-0 f)p / S (- ) FE0YPo(de?)
wéﬁo

= [ 3 Ela )V f(E)Po(dE0). (20)

N() 650
Finally, with equations (I6]), (I8)-(20), and the definition of ¢, one has:

(@-Da)=&afa-va)] -2 _ sup  (2e-a.f)p = (f(~O)f)n)

feL>(No,Po

= i (&l va)] ~4lp-a. fim +2AF (L) f)m,)

fEL>(No,Po)

inf /j\/o Co ;p 3:)2 +2(a - gj)vmf(£0) + (fo(go))2}7)0(d£0)

fELOO (No,Po)

which gives the required result. O
For sake of simplicity, we assume from now on that the underlying point process is isotropic. Never-
theless, the arguments below can be easily adapted to the anisotropic case.

3.2. Cut-off on the transition rates and lower bound for the diffusion matrix. In the sequel,
we will consider the (largest) subgraph of G(¢°) in which each edge has length at most r. > 0. For 7. > 0

fixed, we set:
0 0
/C\g‘,y = l(x,y) is an edge of G(£9) and |ly—z||<rc < Cg,y‘ (21)

We denote by G,..(£°) the sub-graph of G(£°) induced by the conductances /Cfcoy
Thanks to the variational formula (I7)), we immediately obtain that:

(@-Da) = B /N 2% (0 2) + Vo f(€9) Po(de?). (22)

As above, one can show that the operator L defined by:
=Y & () — £(€9),  feDL),

zeg0

has core LOO(/\/O,PO) is self-adjoint and is the generator of a Markov process on D(R;;Np). We write
Pgo (resp. P) for the probability measure on D(R;Np) associated with this Markov process with initial
distribution g0 (resp. Pp). The same arguments as in Subsection 3.1l show that the r.h.s. of [22) is
actually equal to:

~

(a- Da) := & [(a-a)] — 2/00@5 -a, etfcﬁ -a)p,dt, (23)
0
where

P60 ==Y &z and (a- P(€%)a) = > &la- ).

zego zego
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3.3. Periodic approximants and electrical networks. The aim of this subsection is to bound from
below D by using diffusion coefficients of random walks in appropriate periodic electrical networks. The
method is very similar to the one in and relies on the theory of electrical networks
(see [SWOS|ILP14]) and homogenization (see [JKO94L[Owh03]). Actually, we will define suitable random
resistor networA}(s with diffusion coefficient which can be expressed as an effective conductance and which
is lower than D. In the sequel, the medium will be periodized along the first coordinate direction and we
will assume that N > r..

3.3.1. Periodized medium. For ¢ € N a locally finite subset of R and N > 7., we will construct two finite
networks from G(&). To this end, let us define the following subsets of R%:

Con = [N, N, Cay :=] - N,N[%, 95 = ¢nCa,
Fﬁ = {a:: (x1,...,2q) eZ%: x1 = £N, [l | <N,j:2,...,d},
@5 = Q?V ul'y UI‘]J\F,, By = {:17 S 8’2]\/ :x1 €] — N, —N—I—rc]},
B = {zeCoy:m e[N—r.N[}, B :=905nBE.
A finite (unoriented) graph 6%; = (ﬁf\;,@%) is then constructed; it has an edge between x and y if:
o 2,y € Q%, {z,y} is an edge of G(¢) and ||z — y|| < re,

oxEBf\}_andyEF;\,,
ez e By andy e T,

Another graph Q5§V = (mfv, QE?V) is obtained from 6%; by identifying vertices:
x_ =(=N,zo,...,xq) and x4 = (N, z2,...,2q).
We denote by p the projection map from ﬁ?\/ onto %fv. Note that Pl is nothing but the identity.
N

The graph QS?V will represent the periodized medium in which any vertex in I'y = p(I'y)(= p(F;{,)) is
connected to any vertex in B, = Bf\’,_ U Bjs\}Jr.
We consider now a continuous-time random walk on Q]?V with infinitesimal generator given by:

Lif(@):= Y §@y)(fy) — f(@), VoeTy, (24)
ye%?v
where
1 ) if {x,y} € & with z,y € Q%
C?V(xvy) = 2N if {z,y} € €§V with zory € Ty . (25)
0 if {z,y} ¢ (’E§V

One checks that the generator £§V is self-adjoint in Lz(%gv,mfv) where m?v is the uniform distribution

on Q]?V. In general Qﬁ?v is not connected and m?v is not ergodic. In this case, ergodic probability measures
are uniform distributions on the connected components of (’5§V and one can apply the results of De Masi,
Ferrari, Goldstein and Wick in each connected component. We denote by P?V (resp. P§V7m, T € %fv)
the distribution on the path space 05, = D(Ry; ‘Bg\,) of the random walk with generator £§V and initial
distribution m?v (resp. d;). In order to apply one more time [DMFGWS89|, Theorem 2.2], let us introduce
di the antisymmetric function on m?v such that:

Y1 — T1 if:L",yGQ?V
di(z,y) = y1+ N ify EQ?V, y1<Oandx €'y . (26)
y1— N ifyeﬂ?v,y1>0andxeFN
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Moreover, for t > 0, w = (ws)s>0 € va, we define the random variable:

X\ w = Y di(ws,ws). (27)
e[i,t]

The last quantity is the sum of the increments of the projections along the first coordinate of the positions
taken by the particle up to time ¢. It is then possible to apply [DMFGWRS89L Theorem 2.2] to the time-

covariant antisymmetric family {X](\;[ = X](\;)t X](\})f }t>s>0 and obtain in particular:

Lemma 10. For N e N, N > r. and £ € N:

lim LES S = DY = mi (%) —2/0 (s e es) e dt, (28)

t—oo t
where gp?v and wN are the scalar functions defined by:

P(@) =D Kz y)di(z,y) and v} () = Y Slzy)di(z,9) (29)

yE‘B?\, yE‘B?\,

3.3.2. Relationship between D and the diffusion constants of periodized media. We compare D (and there-
fore D) with suitable averages of the diffusion coefficients of the periodized media.

Lemma 11. It holds that:

dim E[m§y(65)] = &[v] (30)
and ¢ N
Jim E[(efy, e N ply) e ] = (BB, (31)

where @1 (resp. 12171) is the first coordinate element of @ (resp. the first diagonal element of {p\) defined
in Subsection [T 2.
In particular,

D>D> (lim SupS[Di,])Id. (32)

N—o0

Proof. We first derive 32) from @0) and (3I). By the isotropy of Py, D is a multiple of the identity
matrix. Hence, using ([23)) and Fatou’s lemma:

D>D= <50 [121,1] — 2/ (@17€t2@1>790dt>1d

< lim S[mN(sz)] —2/ hm 5[(cpN, §ch§\,>m§v]dt>1d

N—oo

> <limsup€[m§v(w§v)] - 2liminf/0 5[(@%,et5§vg@§v>m§v]dt>1d

N—oo N—o0
= <lim sup & [D§V] ) I,
N—o00

We now prove [B0). Recall the definition of Eﬁoy from (ZI)) and note that Eﬁoy =0 if x € Con_2o,, and
y & Con. Thus, for z € Qn_,:

71’1,1(%5) = (61 '¢(Tsc£)el) = Z 1{07y} is an edge of G(r8), ||y||§rcy%
YETE

= > (n-m) =)

ye‘lif\,
3
{x,y} S GN
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This allows us to write:

€ (€Y _ 1 > 3

me%ﬁ \QN re

and to conclude by taking the P-expectations in this identity and by using Lemma ) and Lemma

with h?v = w%. Before moving to the proof of (3Il), let us note that the same method shows that for
I1<p<4

Jim £ [mS (joiy )] = € [|Z117] < reo[#(€° N B2(0,7)"] < co. (33)
In order to prove [BI)), let us fix 0 < o < 1, set M := N — | N“| and define the exit times:
Thi=inf{t >0: w; & Coyon}, w= (w0 € Q5 = D(Ry;TS). (34)
Since (ew;\f@%)( ) = Eg [@N(wt)], we can write:
¢
€ [<‘P§V7 e N ‘P§V>m§v] =& [AiN + Ag,N + Ag,N]v (35)
where
Af m§v< ot 5 (@B [ (w1)] )
¢
N

AgN =m <]-:E€C2M('lDN(x):E5 [ Tﬁgtcip?\f(wt)])y
&
N

i
W
4

|
3
4
/N
[
8
m
G
=
RS
="
B
=
4
8
oy
)
Y
RS
€
N

Then (31 will be established once we show:
i £ 1=0i= ; £ L~
J\}I—Igog[Ai’N} =0,4=1,2 and ]\}1_131005[,437]\,] (P1,€”01)p, (36)

For the first limit in (36]), we use the Cauchy-Schwarz inequality and the stationarity of the process w

under m?v to write:

€45 \]] < & [mS) (L, o (@) ES L (|95 @n)]])]

1

< &[mS (T Conn)| € [mS (P (o >2E§v,m[so§v<wt>2])}é

#FN+#(5002N\C'2M)_% €/ €, i
_ #FN—i-#(fﬂCzN) [mN(‘PN(x) )]

HTN + #(ENCan \ Cont) |2 o7 ¢, ¢ 3
#UN + #(EN Can) '

The first factor of the r.h.s. goes to 0 thanks to the dominated convergence theorem while the second
remains bounded thanks to ([B3]). Let us turn our attention to the second limit in ([B@]). Applying twice
the Cauchy-Schwarz inequality and using stationarity, one has:

€145 41| < & |mSy (Loecan [k @B [Lys [ @]

NI

< & [m§ (B [oh w0)')) ]

=&

1 1
)]2€[mf (Locoun By [17e <, (w)?])]

< £m§ (e (@)’
< E[mfy (o (2)%)]
= &£[m§ (o (@)

¥

N[
M
3

=
=
=
B
5’
=
S
&
=
tn
=
g
8
m
S
N
w
2
8
=,
IN
S

[my (¢
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Once again, thanks to ([B3)), the first two terms are uniformly bounded. The last factor goes to 0 by
Lemma [I7]
To deal with the last limit in ([33]), we need to introduce the following exit times:
TN,m = inf{t >0: x+ Xt(f_o) Q CQN_QTC}, T e 50 M CQM, g = (5?)1&20 € EO, (37)

with X;(¢") as defined in (@).
Note that, if NV is large enough (i.e. [N%| > r.), one has for z € Cop;:
(@) = B1(18) and By, [17 05 (@i)] = B[l :81(8)].
Hence,

& [Ag,N] =& [m§v<1wecw G110 Erye [17y 5101 (5?)])] :

In the same spirit as what we did to obtain limy_, S[Ag ~N] =0, we get using (BI):

lim & {mN (11'6021\/[ o1 (Txf)ETzs [1TN,z§t¢7\1 (f?)])] =0,

N—o00
so that
Jim (45 ] = lim &[my (Leec, 81 (OB [B1(ED)])]
Finally, Lemma [I5] (Iﬁl) apphed to the L2 (No, Po) function
RE%) = 51(€)Een [21(6))] = 21(€%) (431 ) (€°),
gives ~
]\}1_13)05[143]\;} = Jim € |:m§\[<1x€CQMQB1 (26 Er¢[H1 (5?)])] = (P1,€"“31)p,

0

3.3.3. Relationship between D?V and the effective conductance of suitable resistor networks. We want to es-

tablish a link between the diffusion constant D?V and the effective conductance of an appropriate electrical

network. To this end, recall definitions of Subsection B3] and equip edges of 6%, with conductances:

& (@) == S 0(@),p), {z,y} € Ey,

where c?v is given by (28 and p is the projection map from ﬁf\; onto %?V. Then, the effective conductivity

Efv of this electrical network is defined as the total amount of current flowing from I'y to F} when a
unit potential difference is imposed between these two sets. From Dirichlet’s principle (see [LP14, §2.4]
for example), we know that:

- 2 7 — —
1nf{ Z Z c?v(a;,y)(v(x,y)g) :g: Uy — R, gy =0, gpt = 1} (38)
:(:EWN y: {:c,y}EQS?V
where V(, ,yg := g(y) — g(x).
The same method as the one used in Subsection [3.] shows that the diffusion coefficient Df\, (defined in
Lemma [T0)) satisfies the variational formula:

D?V ! inf { Z Z 5 (m,y)(d1($,y)+v(x7y)f)2} (39)

- € 236
#m FeL Uy xe‘lﬁ\,y {z, y}e@é

1 ) ) ,
pr-a S &) (T + ) }
N . N

T =&
f“jfl({z.}) =Cy,Vz €l'N Z‘EWN y: {xvy}eel\f

where 71 is the projection along the first coordinate.
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We claim that:

1 . - 2
D?V =— inf . Z Z e N (@) (Ve (m+ 1) ¢ (40)
#U5 fe LQ(m -
'\Fj’\,ufj(, 2 ch‘lTN y:{zylety
To see this, let us fix the values of such a function f on Q5 N say f‘ 0 = h‘ . We will verify that the

function minimizing ([39) subject to this condition is actually constant on Iy U F+. Note that, when the
values of f on Q?V are fixed, we know the value of:

2
Z Z 1{%9}6@?\7 (v(xvy) (7T1 + f)) ;

renl, yenl,

and we are led to find C,, x € I'y minimizing;:

Z{ ST (A N+hy)-C)+ Y (yl—N—kh(y)—Cx)z}.

zel'y yEBi}* yeBl‘E\}Jr

The summand depends on z only through C, and we must choose C, as the (unique) minimizer of
this quantity for each z € I'y. Thus the infimum in (39)) is achieved for functions which are constant on
ryu I‘j\}. Since f appears in the variational formula in a gradient form, one can assume that f is equal
to N on I'yy UT} and (@D) is proved.

Now, let us note that the functions g : ﬁ?\/ — R satisfying Iy, = 0 and grt, = 1 can be expressed as:

g= m+ ),

an |

where f is a function on ﬁif such that f|1“* urt = N
N N
Hence,

lnf{ Z Z EEN(Z',y) (V(@y)g)z © 9 ﬁ?\f — R, g|r& =0, g‘pﬁ = 1}

r€TYy v {z.y}€Cy
Thanks to Dirichlet’s principle (38]), we have just proved:

Lemma 12.
SN2
Ds = mzfv. (41)
N

Lower bounds on E?V are obtained in Subsection B3.4]

3.4. Lower bound on E?V. In order to obtain lower bounds on E?V for large N, we use the discretization
of the space and the ‘good bores’ introduced in Proposition @l These ‘good boxes’ will allow us to
link nice properties of the random graphs we consider with nice properties of independent Bernoulli
processes on Z%. The rest of the proof then relies on techniques from percolation theory which also
appear in Section 6]. This method is actually quite classical and is partially described in the
2-dimensional case in [Kes82, Chapter 11].
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3.4.1. Percolation estimates and LR-crossings. Let us consider an independent Bernoulli site percolation
process Y = {Y,, z € Z%} on Z¢ with parameter p > pfit®(Z?). We will use fine estimates about the
number of left-right crossings (LR-crossings) of Ronon—1) = [N, N] x [-N + 1, N — 1]971. Let us
recall that a LR-crossing with length k — 1 of Ryno(v_1) for a realization of {Y,, z € 7%} is a sequence
of distinct points (z1,...,2x) in Rynanv—1) N Z% such that |z; —z;11| = 1for 1 <i<k—1,Y, =1 for
1 <i <k, zgl) = —N, z,(gl) =N, —-N < zgl) < N for 1 < i < k, and zgl) = zgl) for any [ > 3 and for
1 <i < j < k. Two crossings are said to be disjoint if all the involved z;’s are distinct. Note that, by
definition, LR-crossings are contained into 2-dimensional slices. The techniques of [Gri89), Sections 2.6
and 11.3] can be used, in the context of site percolation, to derive:

Proposition 13. If p > p.(2), there exist positive constants a = a(p), b = b(p), and ¢ = ¢(p) such that
for all N € N*:

]P’[Y has less than bNY™' disjoint LR-crossings in R2N’2(N_1)] < ce N, (42)

Thanks to the domination assumption (B in Proposition [ there exists a coupling of the process of
the good boxes X and the supercritical independent Benoulli procces Y on Z% such that almost surely
Y, < X, for all z € Z?. In other words, any good box corresponds almost surely to an open site in the
percolation process Y.

From now on, we fix r. := v/d + 3K. Consider a LR-crossing 7**"° = (z1,...,2;) of Royon—1). One

—¢ _
can associate to 4P a LR-crossing y®k~ of Qﬁ% n from a point of I'}. \, to a point of F}F( ~- To construct
this LR~crossing, we first link Kz; to the reference vertex v,, of Bg,. Since v, € By,, ||Kz1 — vg,|| < 7¢
and (K z1,v,,) is an edge of @%N. Next, for i = 2,...,k — 2, we go from v,, to v, , using the path
given in () of the definition of the good boxes in Proposition @ These edges are edges of G, (and thus
_ €

of Q5§{N) thanks to the choice of 7.. Finally, we link v, _, to Kz € F;}N. We assume that 7®KN is
self-avoiding; if not, we remove loops. Since the boxes By, ,..., B, are good, it is easy to see that:

(a) L(’ygiﬂ\f ) < L x L(7P®°) where L(-) denotes the graph length of a path,

=&
(b) /7®KN C Uze-prrco (BZ m C2KN)7

in particular,
=€

=€
(c) if AP and 45 are two disjoint LR-crossings of Ron o(y—1) for X, then ’y? KN and 726 KN are

disjoint LR-crossings of 6%.
3.4.2. Lower bound for Eﬁ( N for N-good configurations. We say that a configuration { € N is N-good

if the corresponding realization of the percolation process Y has at least bN%! disjoint LR-crossings
of Rono(n—1)- From now on, we assume that ¢ is an N-good configuration and we write Cy (&) for a

collection of at least bN~1 such disjoint crossings. By the arguments given at the end of Subsection
_ =€
B4 there are at least bN9! LR-crossings of Coxn in the graph (’5§V. We write as before y®k~ for

the LR-crossing in 6%, associated with the LR-crossing 7P“* of Ry onv_1) for Y. Since the paths are
assumed to be self-avoiding and the yP"*°’s in Cx(§) are disjoints, it holds that:

=€
STy <L Y L) < LEN 1)
.ypcrcoecN(é') ,chrcoecN(é')
With Jensen’s inequality, one can deduce:
2
Z 1 > # (CN (5))
=€ = =€
et LOBRY) T T penocy o) LOERN)
with cg = Cg(d, K)

d—1)2
T AN

>
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We are now ready to bound from below Eﬁ( n- To this end, let us introduce another electrical network

é%N with vertex set @ = Q§ *N Y {f‘I_{N, VKN} where f‘I_{N, f‘};N are two extra points. Its edge set
QE§ %y consists in the collectlon of edges of 5 iy with both endpoints in Q ¥y and extra edges between
F;E( n and each point of Bf(’ ~- We assign a conductance 1 to each of these edges and we define the effective
conductance Hé{ N of & % n as the total amount of current flowing from I xn to It 7 n When a unit difference

of potential is imposed. This new network can be seen as obtained from &}y by merging together vertices
in ' 5 and F}F( y Tespectively. Since the same difference of potential was imposed between I'. \, and F;r( N

in the definition of ESK N> it is not difficult to see that /%% N= Eg{ N-

¢ -
The disjoint LR-crossing y®&~ of 6%  exhibited above can be used to bound /%% y from below. They
correspond to disjoint (except at their endpoints) paths from I'y, to F;r{ y in the new network. By

Rayleigh monotonicity principle, one can obtain a lower bound on /%% ~N by remoxir;g each edge which does

not appear in these crossings. Thanks to the series law each of these crossings Y2k~ has ‘total’ resistance
=€

L(y®k~). Finally, due to parallels law and (@3), one has:

, _ 1 _
KZ%N:I{%NZ Z T ZCg(KN)d 2‘ (44)
yperco eCy (€) L(’}/ KN)

3.5. Conclusion by collecting bounds. Due to (32)), it remains to show that:
lim supE[va] > 0.

N—o0

But, with Lemma [I2] and (44)), we obtain:

(KN)'

N2
li E[D%] > 8K21i El— 7 | >y lim ]~ . ,
111 sup [ N] - 111 sup [ (Q]g )I{KN] =~ Cg 11m [#(Q]%N) ¢ is N—gOOd]

N—o0 N—oco N—o0

where we used that:
7) “Kng is N-bad] > 0.

Observe that thanks to (42]):

(BN, ¢ (KN) -
#(W%N) ¢ is N-bad #(ENCarn) + #(Toxn) ¢ 8 N-bad
< cjoN9P[¢ is N-bad] < ey Ne ™ —— 0.

N—oo

Thus, we obtain that:

KN)4
hmsupé'[Ds} > ¢ hm E % >0
N—oo #(;‘UKN)

thanks to Lemma [T5] (B]). Hence, the diffusion coefficient of the limiting Brownian motion in Proposition
is nondegenerate and Proposition [ is proved.

4. GOOD BOXES AND PATHS CONSTRUCTIONS FOR APPLICATIONS OF PROPOSITION [4]

Due to the sub-graph relation G,(§) C Gab(§) € DT(E), it is enough to construct good boxes and
paths for the creek-crossing graphs G,, n > 2 to obtain Theorem [[l Note that the constructions can
be easily made by hand in the case of Delaunay triangulations as in the Chapter 2 of [Roulda]. These
constructions are described in the following subsection.

We will use [HNGST5] Lemma 8] to verify assumptions of Proposition @l
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Lemma 14 (Lemma 8 in [HNGSI15]). Fiz n > 2. Assume that £ is distributed according to a simple,
stationary, isotropic and m—dependent point process satisfying (V) and (D). Assume in addition that its
second factorial moment measure is absolutely continuous with respect to 2d— Lebesque measure and its
density p(-,-) is bounded from above by some positive constant.

There exist then 0 < ¢12,c13 < 00 such that:

P[AGn,m,L] >1-— C12 €xXp ( _ LCIB)’

where Ag, 1 is the event ‘any two vertices of G, w,v € = + [— are connected by a Gy-path

contained in z + [~ L, L]%".
In the sequel, we assume that the underlying point process satisfies the hypothesis of Lemma, [I4]

4.0.1. Definition of the good bozes. For K > 1 to be determined later, consider a partition of R? into
boxes of side K:

B,= BN .= Kz + [— gg]d z €78
We say that a box B, is nice if:
-i- #(Byy NE) < 204 K7,
-ii- when By, is (regularly) cut into a? := (4[v/d] +5)¢ sub-boxes b?! of side s := K/ay, each of these
sub-boxes contains at least one point of .
For B,, and B,, two neighboring boxes, we write b;"**, i =1,..., a4 + 1, for the sub-boxes of side s
intersecting the line segment [Kz;, Kzs]. We denote by cfl’ZQ the center of the small box bizl’Z2 and by

v;""”? the nucleus of the Voronoi cell of ¢,
We finally say that the box B,, is good for G, if it is nice and:

-iii- for any zy € Z% with ||z1 — za|jeo = 1 and any i € {1,...,2[V/d] + 3}, Ag, 7172 (14/a)s holds.

4.0.2. Construction of paths. For each good box B,,, we choose the nucleus of the Voronoi cell of Kz; as
reference vertex and denote it by v,,. Thanks to -ii- in the definition of good boxes, one can check that
Uy, € By,.

Consider two neighboring good boxes B,, and B,,. We want to verify that there exists a G,(§)-
path between v,, and v,, so that condition (2] of Proposition @ holds. To this end, let us consider the
collection v = vy, ..., v = g, of the nuclei of the Voronoi cells of the centers of the sub-boxes
b7 1 < i < ag+ 1. We claim that, for i = 1,..., ag, there is a G,(£)-path v/"** between v;"** and

1
v;t7? included in By, U By,. Condition -ii- in the definition of nice boxes implies that v;"*** and v} 7™

belong to ci* + [—(1++/d)s, (1++/d)s]?. The existence of v71"*? then follows from -éii- in the definition
of good boxes and the fact that ¢'** + [~ (1 ++/d)s, (1++/d)s|¢ C B,, U B,,. Finally, we obtain the path
between v,, and v,, needed in Proposition @] by concatenating the 7;’s and removing any loop. This path
has length at most 4c4 K% since it is simple and contained in the union of two good boxes.

4.0.3. Domination. Since the underlying point process £ is supposed m-dependent, the process of good
boxes has a finite range of dependence k. Clearly, the fact that a box By, is nice or not depends only on
the behavior of £ in this box. Moreover, due to the definition of the edge set of Gy (), the fact that two
vertices u,v € £ are connected by an edge in Gy, (§) only depends on B(u, n|u—v|[)NE. Hence, in order to
decide if ‘AGn,cfl'zz,(H\/ﬁ)s holds or not, we only need to know B(cf'"**, (2n+ DVd(1+ \/E)s) N¢. Thanks

7
to [LSS97, Theorem 0.0], we know that there exists p* = p*(d, k) < 1 such that if P[B, is good] > p*,
then the process of the good boxes X = {X,,z € Zd} dominates an independent site percolation process
on Z% with parameter greater than p$i*®(Z?). We will chose s and thus K such that P[Bz is good] > p*.
Using (V) and (D), one can show that, for s large enough:

*

1—p
5

P[BZ is not nice] <
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Moreover, using stationarity and isotropy of ¢ and Lemma [I4}

P[3z' ~z,3i €{1,... 2[Vd] +3) st A , does not hold]

Gn,c®? (14/d)
2[vVd]+3

SZ Z P[(AGn,cfl’Z2,(1+\/E)s)C]

= 2d(2[Vd] + 3)P[(Ag, . 15vas)’]
= 2d(2[Vd] + 3)crz exp (— (1 + Vd)™35)

<1_p,
- 2

for s large enough. This completes the proof.

APPENDIX A. TECHNICAL RESULTS FOR THE PROOF OF LEMMA [11]

In this appendix we collect preliminary results used in the proof of Lemma [I1] and the assumptions of
Proposition M are supposed to hold.
Stationary point processes and their Palm versions. We first recall useful facts concerning stationary point
processes and their Palm versions.

Lemma 15. (1) Forp >, if A is the disjoint union of k unit cubes:
E[#(N AY] < WE[#(ENCLY).

(2) Let 1 < p < 8. Let (Ay)nen be a convex averaging sequence of bounded Borel sets in R?, that
is a sequence of convex sets satisfying A, C Ap+1 and r(A,) — oo where r(A) = sup{r :
A contains a ball of radius r}. The following ergodic result holds:

#(5 N An) a.s., LP

> 1.
AVol(4,,)

(3) Let 1 <p<8. For any C € R:

)\VOI(CQN) P
#(£N Coy) + CN-1

(4) For any h € L*(No, Po):
5[ /A h(ng)g(d:n)] — AVOl(A)E[R], VA € B(RY).

(5) For any h € L*(Ny, Po):
lim €[m% (h(7:€))] = Eolh).

N—o0

(6) Fiz 0 < a <1 and define M = M(N,a) :== N — |[N®|. For any h € L*(Ny, Po):

. 1 _
]\}1—H>1005 [#(5 NCaon) + #(T'n) /CQM h(Txi)é(dx)] - &oll
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Proof. Since the point process is stationary, [1 is immediate. Point [J is a consequence of
Proposition 12.2.11] and of the ergodicity of P. Observe that:

£ AVol(Capn) . p
#(£NCay) + CNe1
< </\_N>p’P |:#(§ N C?N) < ClNd]
< (& -
p
AVol(Con)
e #(NCon) + CNTET 1 1#(sncm>>clzvd] :

Thanks to assumption (3] in Proposition [l the first summand vanishes in the limit. Using point [2, one
has:

AVol(Cay) 8

#(5 N C’gN) + CNd-1
Since |fn| is bounded, the second summand goes to 0 by the dominated convergence theorem and point

[3. is proved. Point [f is a special case of Campbell formula (see for example [SWO08, Theorem 3.3.3]).
Thanks to point [}, in order to derive point [ it suffices to show that:

fn(e) = ~1

1 —2% 40
#(ENCan)Zzer N4 7 :

1 1
T ; / h(7:£)&(dx) | = 0.
N—oc [<#(§ NCan) + #(T'n) AVOI(CQN_2T6)> Con o (T2£)E( )]
Using four times the Cauchy-Schwarz inequality, and points [ and [, one has:

2
1 1
5 [(#(§ N CzN) + #(PN) a )\VOI(C2N—2T’C)> /02N2rc h(Txf)g(dx)]

AVol(Con—2r.)  \2#(EN Con—2r.)
=€ [<#(§ NCan) +#(TN) 1> AVol(Can—2r,) ]

1 1 2
. )\VOl(CQN—ZrC)g [#(§ N Can-2r.) (/021\’2% h(Txf)f(dx)) ]

<€ [<#( AVol(Con—2r.) 1>2 #(EN C2N—2rc)]

§NCan) +#(I'n) AVol(Con—2r,)
1 2
X )\Vol(cw_%)g[/cmm h(72€) f(dx)]

- AVol(Con—2r.)  \2#(EN Con—ar.) 2
N [<#<s NCan) + #(Tn) Y AVol(Con—2r) ] b

1 [ AVol(Con—2r.) 1]® #(ENCan_,)? : 2

S/\g _<#(§ NCon) + #(T'n) 1) ¢ Vol(Caon—2;,)? ] & [h ]
1./ AVol(Con_or,) 42 Nie o

5X5_<#<smcm>+#<rm ~1) | ehencuTal)

This completes the proof since h € L%(Ny, Po), € [#(5 N 01)2] < oo and by point

)\VOl(CQN_QTC) 4
£ [(#(§ M C2N) + #(PN) N 1) ] N—o0 0.
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The proof of point [@. is very similar to the previous one. U
The mean boundary contributions are negligible.

Lemma 16. Let hfv : %fv — R be a function verifying:
5 #(ENBy(wro) ifw e Q
h < B , 45
|y (@) < ca ¢ #(By) ifz €Ty (45)
#(T'n)
for some c14 < 00 independent of N.
Then the mean boundary contributions vanish in the limit:
1
lim & RS (2)|P| =0, 1<p<4. 46
N—oo [#(£HC2N) +#Ty EZE | N( )| ] ( )
xEWN\D]\LTC
In particular, this is the case for hS, = cpfv or wi, defined in (29).
Proof. Note that with ([43):
#(By)" e
X Il Cﬁ{#mﬁ + 2 #EnBE) )
reV\QY_,, zeQf\Q%_,,
But, on the one hand:
1 9p L
¢ #rx  #(BY)"] #T% GO
#(ENCon) +#0N8 #(Tn)" |~ | (#(ENCon) +#Tn)* | [ #(@TN)7
1
2 >
< 6155[ #lx 2] ; (47)
(#(ENCon) + #TN)

where ¢35 is a constant which does not depend on N thanks to the point () of Lemma[I5l On the other
hand, using the Cauchy-Schwarz inequality and Lemma [I5] ({):

1 B \P
& [#(5 NCon) + #n Z #(EN Bofa, 7o) ]

zeQ\9% .

#(£NCon \ Can—2r,) ] :

(#(¢N Con) + #Tw)°
214
£ [# = cle\ e <m@%ﬁw #(En m») ]
L e ey
< <V°1 (féf;\( 5225)—er) ) %g [# (;m Vg;s(;f;mv] & #(€N Ba(0,7)) ] o

Hence, (g is proved since the r.h.s. of [7)) and the r.h.s of [ @8] go to 0 thanks to Lemma [Tl (B]).
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Let us check that cpfv defined in (2J) satisfies @R). If z € Q5 then:

5@ < D Liayyemoe la—yl<r. vt — 1]
yens,
1
e Y (Lepe |+ N +1, e fa1 = NJ)

yel'n
S(#(& N B2($7Tc)) - 1)7'0 +7re= #(f N BQ(J),T‘C))T‘C.
If x € 'y, then:

o5 ()| <

1 1 (B
< 2w > \y1+N|+#— > \yl—N\gw.

™) 2. #(w)

Hence, gp?v satisfies (45]) with ¢14 = r.. The same computations show that ¢§V satisfies (@3] with c14 = r2.

O
Control of exit times. Let us give a sketch of proof of the following result which is a slight rewriting

of Lemma 5].
Lemma 17. Let Tf, and Ty z be as in (34) and (37), 0 < a <1 and M := N — [N®|. Then,

A}i_l)noog [mif(ll‘e(?zMP%f,x [Tlsf < t])] =0, (50)
Jim €[ m, (Lrecuy, Prog [T < 4])] = 0. (51)

Proof. Recall the notations from Subsections and B3Il We first note that the expectations in (B0)
and (BI) coincide. Actually, for each N € N*, each locally finite set £ € R? and each x € £, one can define

a probability measure p on va x ZY such that:
— 0
uAx 2% =PY (4), VAeBQY),

wQy x B) =P ¢(B), VBeBE"),

and such that, u-a.s., TS = Tne and wy = = + Xt(g_o), 0<t< ’7']\5,. The existence of such a coupling
implies that P?V@[TA&, <t] = f’ng[TN@ < t] and we only need to prove (B0).

To this end, let us part Con—2,, \ Cops into unit cubes Q; = Qn, @ € I = In. For n € N*, we set
Ly={l:=~=0,....01n) eI I # i, j #k}. Forwe Q?V such that Tﬁ(g) < 00, let us define:

k=k(w) =#{iel:30<t<T5w),weqQi},

and i := (i1,...4) € I} the list of such indices sorted in the chronological order of first visits. For
j=1,...,k, we denote by x; the first site of Q); visited by w and by t; the time spent at z; during the
first visit.

Now let {Tf, i €1I,& € N} be a family of independent exponential random variables with respective

parameters #(§ N Qi), where

Qi={y e R : dist(y, Qi) < e},
Remark that given §, k and z = (z1,...,2), t; (1 < j < k) are independent exponential variables with
respective parameters no larger than #(5 N Qi). Thus, n, y being fixed:

P?V,x[T]\gfét‘k:nyizg]SP[Tlﬁ‘i""-l-leiSt]. (52)
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Since k > kpin := | N®]| — ¢, one has using (52)):

g [mg\/ (11‘602M P?V,x [TJS < t] )}

#1
= Z Z g [mg\/(ll‘eCzM Z P?\f,x [7-]\5[ <t k=nz= Q])]
n=|N*]—rclel} yelly_, QiU
#1
< Y Y emi(leecn Pk = ni=1) xP[If +- 4+ 15 <)) (59)

n=|N%|—r.lel}
It remains to bound the r.h.s of (B3]). To this end, for x > 0 and [ € I}, let us define the event:
. . ~ ~ n
A=A 0) = {€ €N #{j: 15 <, #(NQy) > vE[#EN Q] > 2},
Due to the Markov inequality and the stationarity of P, one has:
2 ‘ ‘ ~ ~
PA) < ZE[#{j: 1<) < n, #(6NQy) > k[#(N Q)] }]
<2P[#(EN Q) > RE[#(EN Q]| — 0.
Note that if £ ¢ A, at least [n/2] of the exponential random variables T, 51, . ,Tli have parameters
smaller than xE[#(€ N Q1)]. It follows that on A°:
¢ 3 eelendnr o= (RE[F#EN QU]
P[I—}l_i_..._‘_zﬂlngt]gp(n,ﬁ) =e [ (5 1)] Z T! B

r=1%]

Finally, we deduce by collecting bounds that:

€ [mif(lxecszf\f@ [7-]\5[ < t] )]
41

<Elmfy(loecs D D PRulb=mni=1)(Ta+Lap(N] —re,n)]
n=|N%|—r.lel}

< 2P [#(6N Q1) > RE[#(EN Q]| + p(LN] = 7o, ).
This gives the result by letting NV and then x go to the infinity. O

APPENDIX B. EXAMPLES OF POINT PROCESSES

In this appendix, we check the assumptions on £ of Subsection [2 for PPP, MCP and MHP. We omit
to check the hypothesis on £ because those are very similar to the one in [Roul3l §6].

B.1. Poisson point processes. It is well known that the Palm version £° of an homogeneous Poisson
point processes ¢ is equal in distribution to £ U{0}. Isotropy, ergodicity, aperiodicity and the finite range
of dependence condition are clear. It is also known that stationary Poisson point processes are almost
surely in general position. Using ¢ = ¢ U {0}, standard computations give (V)-(E).

B.2. Matérn cluster processes. Matérn cluster processes (MCPs) are particular cases of Neyman-Scott
Poisson processes (see [CSKMI3| p. 171]). Cluster processes are used as models for spatial phenomena,
e.g. galaxy locations in space [KPBST99| or epicenters of micro-earthquake locations [VI70].

MCPs are constructed as follows. One first chooses a PPP Y of intensity A called the parent process.
For any y € Y, a centered daughter process &, is then chosen such that, given Y, {{,},ey are mutually
independent PPP with intensity p in B(0, R). Then, £ := Uyey(lﬁ‘gy) is a MCP with parameters A, u, R.
It is clear that such processes are stationary. Since its parent process has a finite range of dependence
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and daughter processes have bounded supports, any MCP has a finite range of dependence. MCPs can
be seen as Cox processes (see p. 166]). Their (diffusive) random intensity measures py have
densities Zer 1p(y,r)(7) w.r.t. Lebesgue measure. In particular, (d — 1) dimensional hyperplanes and
spheres are py —null sets and MCPs are almost surely in general position.

Let us denote by C the common law of the clusters {¢,}, and by Cy its Palm distribution:

oy Bl e 1a6o = 2)
o4) = Ec [#(&0)] 7

for all measurable A.
From [CSKM13, §5.3, p.171], we know that:

POZP*CO.

In particular (V?) follows from (V) which is proved in [Roul3l, §6.2]. This also allows us to write for L
large enough:
& [ep#@w—md)] < B, [er*€0)] € {ep#(fﬂ[—%,%]d)] ,

and to deduce (E) by similar computations as in [Roul3l §6.2].

B.3. Matérn hardcore processes. In 1960, Matérn introduced several hardcore models for point pro-
cesses. These processes are dependent thinnings of PPPs and spread more regularly in space than PPPs.
Such models are useful when competition for resources exists (e.g. tree or city locations, see [Mat86] and
references therein).

Given a realization £ of an initial PPP of intensity A and R > 0, let us define by:

&o={z €& llz—y|>RVy e\ {z}}.
Then, & is distributed according to a Matérn I hardcore process (MHP I). Wedenote by thy the deter-
ministic thinning function so that thy(§) = &;.

Since the underlying PPP is a.s. in general position, so is &. It is also stationary, isotropic and has a
finite range of dependence.

Since a realization & of a MHP 1 is obtained by applying the deterministic thinning function thr to a
realisation & of a PPP, it is possible to characterize its Palm measure Py. Let us denote by f? (resp. ¢9)
the realization of the point process chosen according to the Palm measure of a MHP I (resp. the initial
PPP). We will verify that:

Law (&) = Law (th(£°)[0 € thi(¢?)) .

We write A\ := APIH[0 € thy(¢°)] for the intensity of & where Pi™ denotes the Palm measure of the
underlying PPP. Since the void probabilities characterize the point process (see [SWO08, Theorem 2.1.3)),
it suffices to write:

1
Po[#(ANE&) =0] = mg[ Z 1#((sc+A)051)=0]
e BN
1
= 3 VlB) [IEZB% Li((a+ Ayit©)=0Lretns(o)
A .
- /B P [#((x + A) N thy(€ U {2})) = 0, z € thy(€ U {2})]da

5“1 [#(A Nthi(¢Y)) =0,0¢€ thl(fo)]
Pé)ni [O € thl(fo)]
= Po [#(ANthi(€")) = 0[0 € thy(¢")]

where we used the definition of the Palm measure and Slivnyak-Mecke formula. Hypotheses (V)-(E) are
then checked in the same way as in [Roul3l §6.3].
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Given a realization £ of an initial PPP of intensity A, independent marks {77 },c¢ uniformly distributed
in [0,1] and R > 0, let us define:
&= {x €l T, <Ty,Vye £ﬂB(:E,R)}.
Then, & is distributed according to a Matérn II hardcore process (MHP II). One can show as above that:
Law (5?1) = Law (th11(£0)|0 € thH(go)) ,

where &} (resp. ¢Y) is distributed according to the Palm measure of a MHP II (resp. the initial PPP)
and thyy is the corresponding thinning operator.
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