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Abstract

We show how to recover equilibrated face tractions for the hybrid high-order method for linear elasticity
recently introduced in [I], and prove that these tractions are optimally convergent.

Résumé

Tractions équilibrées pour la méthode hybride d’ordre élevé. Nous montrons comment obtenir des
tractions de face équilibrées pour la méthode hybride d’ordre élevé pour I’élasticité linéaire rrécemment
introduite dans [I] et prouvons que ces tractions convergent de maniére optimale.

1. Introduction

In this work, we devise a reformulation the Hybrid High-Order method for linear elasticity introduced
in [I] that identifies its local equilibrium (or conservation) properties and, at the same time, shows how
balanced (or conservative) face tractions can be constructed by element-by-element post-processing. This is
an important complement to the original analysis, as local equilibrium is an essential property in practice.

Our focus is on the linear elasticity problem described hereafter. Let Q < R? d € {2,3}, denote a
bounded connected polygonal or polyhedral domain. For X < , we denote by (-,-)x and |-|x respectively
the standard inner product and norm of L?(X), and a similar notation is used for L?(X)? and L?(X )44,
For a given external load f € L%(Q)?, we consider the following problem: Find w € H{(2)¢ such that

2M(VSU, VS’U)Q + )\(Vu, V'U)Q = (f, ’U)Q. (1)

with p > 0 and A > 0 real numbers representing the scalar Lamé coefficients and Vg denoting the symmetric
gradient operator. More general boundary conditions can be considered. The material is organized as
follows: in Section [2] we outline the original formulation of the HHO method; in Section [3] we derive the
local equilibrium formulation based on a new local displacement reconstruction.

2. The Hybrid High-Order method

We consider admissible mesh sequences in the sense of [2| Sect. 1.4]. Each mesh 7, in the sequence
is a finite collection {T'} of nonempty, disjoint, open, polytopic elements such that Q = UTe T and
h = maxper;, hy (with hp the diameter of T'), and there is a matching simplicial submesh of 7p, Wlth locally
equivalent mesh size and which is shape-regular in the usual sense. For all T' € Ty, the faces of T" are collected
in the set Fr. Additionally, interfaces are collected in the set F} and boundary faces in F?. The diameter
of a face F' € F}, is denoted by hp. For the sake of brevity, we abbreviate a < b the inequality a < Cb for
positive real numbers a and b and a generic constant C' which can depend on the mesh regularity, on u, d,
and the polynomial degree, but is independent of h and A\. We also introduce the notation a ~ b for the
uniform equivalence a < b < a.
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Let a polynomial degree k > 1 be fixed. The local and global spaces of degrees of freedom (DOFs) are

%ewwwbw%mﬁvmm u%{x%W%{xMw%.m

FeFr TeTh FeFy

A generic collection of DOFs from Qﬁ is denoted by v, = ((VT)TETh, (VF)FG}-h), and, for a given T € Tp,
vp = (vo,(VP)pery) € UL indicates its restriction to U%. For all T € Ty, we define a high-order local
displacement reconstruction operator pk. : Q? — ]P’SH(T)d by solving the following (well-posed) pure
traction problem: For a given v € Q’%, phvy is such that

(Vspl%!T, VS’U))T = (VSVT, VS’LU)T + Z (VF — V7, V’LU nTF)F V'w € P§+1(T)d7 (3)
FE]:T

and the rigid-body motion components of p&v;. are prescribed so that §, p§v, = §, vy and §, Vi (phvy) =
> FeFr SF %(nTF®vF — vp®nrr) where Vi is the skew-symmetric gradient operator. Additionally, we
define the divergence reconstruction D% : Q? — PK(T) such that, for a given v € Q’%,

(Dyvy, @)1 = (Vvr,q)r + Y. (Ve —vr,q nrp)p Vg e PE(T). (4)
FeFr
We introduce the local bilinear form ar : Q’fp X Qi} — R such that
ar (W, vy) = 2u {(Vspiwr, Vipiyy)r + s7(Wp,ve)} + A(Dfwy, Divy)r, (5)
where the stabilizing bilinear form sp : U, x U§ — R is such that
sT(Wr,Vr) Z h G PTWT WF)77T§7(P]7€“!T —VF))F, (6)
FeFr

and the second displacement reconstruction P4 : U5 — PXT1(T) is such that, for all v, € U%, Phv; =
vr + (phvy — 7hphk). Let I% © HY(T)? — UL be the reduction map such that, for all T € 75, and all
ve H(T), Ihtw = (7hv, (7hv)Fery). The potential reconstruction p4 and the bilinear form sy are

conceived so that they satisfy the following two key properties:
(i) Stability. For all v, € Uk,

||Vspl:€F!T||?F + s7(vp, vp) ~ ||VsVTH2L2 (T)dxd + jr(vp,vr), (7)
with bilinear form jr : Q; X Q% — R such that jr(wp,vp) = ZFG}-T hp Ywr —wp, vy —vp)p.
(ii) Approzimation. For all v e HF2(T)?,
1
(1940 — PE50) 13 + 51 (Lo, L)} < W6 ol oy ®)

We observe that, unlike sr, the bilinear form jr only satisfies jo(Iyv, Itwv) < h¥| v grr+1(rya. The discrete
problem reads: Find u,, € Q’Z,O = {u, e Uf |up =0 VF e FP} such that

an(uy,v,) = Y, ar(wp,vp). = Y (fvr)r Vv, € Up . 9)

TeTh TeTh

The following convergence result was proved in [1]:
Theorem 1 (Energy error estimate). Let w € H}(Q)? and u,, € QZ,O denote the unique solutions to
and (9), respectively, and assume w € H**2(0)? and V-u € H*™1(Q). Then, letting ), € Qﬁ’o be such that
Uy = I for all T € Ty, the following holds (with Ivrl2p = ar(vp,vy) for all vy € uk):

Z luz

TeTh

< R2ED ()| gier e + N Vou] s (g))” - (10)

Moreover, assuming elliptic reguilarity, > .. Hu—plj‘%gTHZL?(T)d < W2ED) ([l sz gy + )\HV'UHHkJrl(Q))Q.
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3. Local equilibrium formulation

The difficulty in devising an equivalent local equilibrium formulation for problem @ comes from the
stabilization term sp, which introduces a non-trivial coupling of interface DOFs inside each element. In
this section, we introduce post-processed discrete displacement and stress reconstructions that allow us to
circumvent this difficulty. For a given element T € T}, define the following bilinear form on Q’%:

ar(wp,vp) = 2u {(Vsphwy, Vipivr)r + jr(wp,vp)} + A(Dfwy, Divy)r, (11)

where the only difference with respect to the bilinear form a7 defined by is that we have stabilized using
Jjr. Denoting by |-z r the local seminorm induced by @r on Q?, one can prove that for all v, € Q?,

lvrlar = |vr|amr- (12)
We next define the isomorphism c¥ : U5 — U% such that
ar(cpwy, vp) = ar(Wp,vr) + (2p)jr(Wp,vr)  Vup € Ug, (13)

and rigid-body motion components prescribed as above. We also introduce the stress reconstruction S? :
Uk — PE(T)?*4 such that
Sh = (2uVsph + A4D}) o ¢ (14)

Lemma 2 (Equilibrium formulation). The bilinear form ar defined by is such that, for all wp, vy € Q;,

ar(wy,vp) = (S7wy, Vevr)r + Y (T7r(Wp), Ve — V1) F, (15)
FE]'-T

with interface traction Trp : Ql} — P’;fl(F)d such that

Trr(Wr) = Siwrngee + bt [((wr)r —wr) — (hwr)r —wr)]. (16)

Proof. Let Wy := cfw;.. We have, using the definitions of & and of the bilinear form ar,

ar (W, Vp) = ar (Wp, V) — (2p) 7 (W, V)
=2u {(VsP?@Ta Vi) + jr(Wy — wp,vr) )+ (D, D)7
= (Shwy, Vovr)r + . (Shwenrp,ve —vr)p + (2p)jr(Wy — wo, Vi),

FE]:T

where we have concluded observing that, using with w = p’%ﬂT and with ¢ = DéﬁﬂT, and
recalling the definition of S&. (2uV phw,, Viphvy)r + N(DEWy, Divy)r = (Shwy, Vvr)r +
ZFE]_-T(SI%HT-TLTF,VF —vr)r. To obtain , it suffices to use the definition of jr. O

Lemma 3 (Equilibrated interface tractions). Let u,, € Qi,o denote the unique solution to (9). Then, for all
Fe J’:,iZ such that F < 0Ty n 0Ty, the following holds:

Tr,r(Ur ) + 71, r(up,) = 0. (17)

Proof. Take as an ansatz collection of DOFs in (@) v, = ((vr)re7,, (VF)rer,) € Uf o such that vp is
arbitrary in P%_ (F)9, whereas v = 0 for all F’ € F,\{F} and v = 0 for all T € T;,. Then, using
with wy = ugp in (9), it is inferred that as(uy,v),) = (T, p(Up,) + 71,7 (up,), vp)F = 0, which proves the
desired result since 77, p(ug, ) + Trp(up,) € Ph_ (F)%. O

To conclude, we show that the locally post-processed solution yields a new collection of DOFs that
is an equally good approximation of the exact solution as is the discrete solution u;. Consequently, the
equilibrated face numerical tractions defined in optimally converge to the exact tractions.
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Figure 1: Convergence results in the energy-norm (left) and L2-norm (right) for the solution to (@) (solid lines) and its
post-processing based on g? (dashed lines). The right panel shows that the post-processing has no sizable effect on element
unknowns.

Proposition 4 (Convergence for cku;). Using the notation of Theorem the following holds:

~ 2
kg = Gr2 7 < RPED (] e ya + A Vo] ) (18)
TeTh

Proof. Let T € Tp. Recalling , we have
E’T(QITC“QT —Up,vy) = ar(up,vp) + (20) 7 (Ug, vp) — A7 (Ug, V)
= ar(up — Up,vy) + (2p)s7(Up, vr) + (20)jr(up — Up, vr).
Hence, using the Cauchy—Schwarz inequality followed by the stability property and the norm equiva-
lence for v,
~ k ~ ~ 12 ~ A . ~ ~ 1/2
ldr(cpur — Up, vp)| < {H!T —Up|r + 2u)sT(Up, ur) + (2u)jr(up — Up, up — !T)} |
~ ~ A 1/2
< {H!T - !T||(21,T + (QH)ST(!Ta!T)} [vr|

Using followed by the latter inequality, we infer that

\vrlar

3,7

ar (EIYC“!T — Uy, Vr)

aT

~ ~ A~ A~ A 12
HEIYC“!T —Urfar < HEIZC“ET —Uzlar = sup < {HET - ETHZ,T + (QM)ST(!Ta!T)} .

v, €Uk \{0} (7

The estimate then follows squaring the above inequality, summing over T' € 7}, and using and ,
respectively, to bound the terms in the right-hand side. O

To assess the estimate , we have numerically solved the pure displacement problem with exact
solution w = (sin(ra1)sin(wxs) + /231, cos(may) cos(mwa) + Y2xs) for p = A =1 on a h-refined sequence of
triangular meshes. The corresponding convergence results are presented in Figure [l In the left panel, we
compare the quantities on the left-hand side of estimates and . Although the order of convergence
is the same, the original solution u, displays better accuracy in the energy-norm. This is essentially due to
face unknowns, as confirmed in the right panel, where the square roots of the quantities > ;7. |ur — tr[7

and Xt |ckur — 7|2 (both of which are discrete L2-norms of the error) are plotted.
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