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New results about Quasi-Affine Transformations

Marie-Andrée Jacob-Da Col

LSIIT-UMR 7005, Péle API, Bd Sébastien Brant
67412 Ilikirch Cedex France

Abstract

A Quasi-Affine Transformation (QAT) is a transformation on Z™ which corre-
sponds to the composition of an affine transformation and an integer part func-
tion. Some studies of QATs and their applications can be found in [1],[2],[7],[3]
and [4]. The aim of this paper is to complete and improve the results of these
works.

Keywords: Discrete Affine Transformations, Tilings.

1. Introduction.

If we compose an affine transformation from Z" to Q™ with an integer part
function we obtain a Quasi-Affine Transformation (QAT) from Z" to Z™. We
will only consider the integer part function with a positive remainder. We will
denote it | |. If  and y are two integers, || denotes the quotient of the
Euclidean division of x by y. The notations introduced in the definition 1 will
be used in the rest of the paper.

Definition 1. Let A = (a; j)1<i,j<n denote an integer matrix, V = (v;)1<i<n
an integer vector and w a positive integer. We denote ¢ the affine transformation
from Z™ to Q", defined by:

7z — Qm
X — 1Ax+V

The Quasi-Affine Transformation or QAT associated with ¢ is the transfor-
mation of the discrete plane Z™ defined by the composition of g with the greatest
integer part function noted | |. The QAT is then denoted G.

The present paper is structured in two distinct parts.
In the first part (section 2) we study the behaviour under iteration of a
QAT: if g is a contracting linear transformation of R™ then g has a unique fixed
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point and for each X € R™ the sequence ¢™(X) tends toward this fixed point.
We will say that a QAT G is contracting if g is contracting. But such a QAT
has not necessarily a unique fixed point. The behaviour under iteration of 2D
contracting QATSs has been studied in [6], [10] and [9]. We will go on with this
study in Z". We will proof that such a QAT has a unique fixed point if and
only if there are no cycle among the points of norm 1.

In the second part (section 3) we study tilings generated by QATs: a tile
with index Y € Z" is the set of points X € Z" such that Y = G(X). Such a tile
can be empty, contain one or several points. In [1],[2], [3] and [4] the periodicity
properties of these tilings are studied and used to transform discrete nD images
by discrete affine transformations. We proved that there exists a finite number
of distinct tiles and each tile can be obtained by translating one of the distinct
tile by a given vector. In 2D and 3D, explicit formulas have been proposed
to compute a minimal basis of the QAT periodic structure [1, 4]. In the n-
dimensional case, an upper bound on the number of distinct tiles is given in [2]
but this bound is not tight. We will give a better upper bound of the period
and we give an algorithm which determines the period and the corresponding
translation vectors.

2. Behaviour under iteration of a quasi-linear transformation

In this section we consider affine transformations g such that 0 < v; < w.
We note ¢; the linear transformation defined by the same matrix but the vector
V =(0,0,...,0). The associated QAT G corresponds to the composition of gy
with some other integer part function.

We study QATSs associated to contracting transformations considering the
infinite norm defined by:

1
||g||00:amazi:1 ..... n Z lai ;| | - (1)

It is well known that if g; is a contracting linear transformation of R™ then
g1 has the origin as unique fixed point and for each X € R™ the sequence g7 (X)
tends toward this fixed point. We will say that a QAT G is contracting if g is
contracting. But such a QAT has not necessarily a unique fixed point. Consider
the sequence Y,, = G(Yo—1)n>0 = G™(Yo)n>0 with Yy € Z", depending on Y
we can obtain a cycle (Y, =Y, for some p,q € N), fixed point (Y,, = Y,,41 for
some n € N), or leaves (points without antecedant) see figure 1. Figures 2 and 3
illustrate this behaviour in figure 3 the QAT is defined by % < :i _1 > and
V' = (0,0), it has a unique fixed poind and the colour of a point is determined by
the number of iterations necessary to reach the point (0,0). Figure 2 corresponds
4187 —1622
1 _ i
to QAT defined by 4755 1622 4187 and V = (0,0), this QAT has many
cycles, the points of a cycle and those which reach this cycle have the same
colours.
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Figure 1: Example of cycle, fixed point and basin

Figure 2: QAT with many cycles



Figure 3: QAT with a unique fixed poind

Definition 2. A consistent (with respect to the continuous affine function)
Quasi-Affine Transformation is a QAT which has the origin as unique fixed point
such that for each discrete point Y the sequence (G™(Y'))n>0 tends toward this
unique fixed point.

The following theorem, proved in [6], states conditions such that a 2D-QAT
is a consistent QAT.

Theorem 1. Let G be a QAT such that V. = (0,0) and ||g]lec < 1, G is a
consistent QAT if and only if one of the three following conditions are satisfied:

(1) <0, a+b<0, ¢>0 and d<0
(2) a<0, b>0, ¢<0 and c¢+d<0
(3) a<0, b<0, ¢<0 and d<o0

Remark 1. The case where ||g|| = 1 is also studied in [6]: The author states
also the conditions such that a QAT of norm 1 is a consistent QAT.

In the following we will only consider QATs such that ||g||cc < 1. The first
results concern the localisation of the cycles.

Lemma 1. Let D = G(X) — g1(X) and s = max(Wlee 1 Wlleey =4y,
ID||oc < s if s <& and ||D||sc < s if s > 3.

PRrROOF. Consider X = (z1,22,...,2,) € Z", Y = (y1,92,...,yn) = G(X) €
MY = (W vh, o yh) = 1(X) € Q" and D = (dy,da,...,d,) =Y =Y. For



alli=1,2,...,n we have

/ Zlgjgn(aiyjzﬂ + v Z1§jgn(ai,jxj>
Yi— Y = -
w w
) a; i) + v; ) Qi T
_ Z1§]§n( i,jT) + Ui o E1§g§n( i.5%5) with 0 < r; < 1
w w

s
= 2 —prwitho<r <1
w

It follows that % —1 < y; —y; < %, but 0 < v; < wso [Z —1] > [y — yj
and [y; —y;] < %. We conclude that G(X) = g1(X) 4+ D with [|D|| < s the

inequality being strict if max(%, 1- %) + max(%) that is to say
Vo <5 O

Corollary 1. The image of a point of norm m has a norm less than or equal
to m.

PROOF. Let denote X a point such that || X||cc = m, we have :

NG(X)loo < 1lg1(X)[loe +[1Plloo < Hlg1llocm + [[Dl]oo

1
S0, ifs>§: G(X)||ow <m+s<m+1
1 1
and, ifs§§: ||G(X)||00§m+s§m+§<m+1.
We conclude that ||G(X)|| < m. O

Theorem 2. Consider a QAT G such that ||g]|cc < 1, and note:

(A4
w

s = max( ). (2)

If X is a point of a cycle then || X || < ﬁ, the inequality being strict if
) -

S > 5-

PROOF. We proved in lemma 1 that G(X) = g1(X) + D1 with ||D1]|ec < s, 80

G*(X) = 91(91(X) + D1) + Do = gi(X) + g1(D1) + Do with || D[ < s, and

recurrently G*(X) = g (X) —|—g]f_1(D1) —|—g]f_2(D2) +...4+g1(Dg—1) + Dy, with

|[Dillc < s fori=1,2,...,k each inequality being strict if s > 1. It follows

that

I

< g7 (XMoo + 1197 (D1)lloo + 197" (D)oo + - - 4 (191 (Dr—1)lloc + [ Dkloo

< lg1ll&[1X oo + g1l HID1lloo + - - + llgalloo | Dr-1lloc + [ Dl

< lgull5lIXlloo + [lgall& s + -+ [lg1lloos + 5



If X belongs to a cycle it exits k € N such that G*(X) = X and so
k
X loo (1 = [lg1]1%) < T=pq=s

1—[lg1lleo
Finaly: || X||e < O

1=[lg1lloe "
Remark 2. A consequence of corollary 1 is that if X belongs to a cycle than
for all & > 0, ||G*(X)]|oo = || X||co-

) a point of Z™, note m = || X || Let
= (0,0,...,0). If X is the image of Y
1,2,...,n, |z <m orxz; = —m.

Lemma 2. Consider X = (x1,22,...,2n
g a QAT such that ||g]lcc < 1 and V
such that ||Y||c = m then , for all i =

PROOF. Let note X = (x1,29,...,2,) = G(Y) this point. We have

To= ) aigy
j=1,.

)

= Z a;jy;j + Z @i,jYj

j=1....n j=1....n
ai,jyj >0 aijyj <0
< > las 5951
j=1...,n
a;,jy; >0
< > |a; ;lm
j=1...,n
Qi jyYj > 0
< m
As m = || X||oo, we conclude that |z;| < m or z; = —m. O
Corollary 2. If we consider the round up function that is to say V = (v1,va,...,0p)

with v; = % and a QAT G such that ||g]|oc < 3, the only points that can belong

to a cycle are the points with norm equal to 1.

If we consider the interger part function with positive remainder that is to says
V =(0,0,...,0) and a QAT G such that ||g||sc < %, the only points that can
belong to a cycle are the points X = (x1,22,...,2Ty) such that x; =0 or —1.

PRrROOF. The first assertion is a direct consequence of theorem 2. The second
assertion is a consequence of lemma 2 and theorem 2. 0

In [6] we used these properties to determine, in 2D, the conditions such that
a QAT with norm less than % is aconsistent QAT. We established that this
conditions were the same for all QAT with norm less than 1. We will now prove

that it holds in dimension n.



Theorem 3. Let G be a QAT such that ||g||leo < 1, if G has a cycle than it has
a cycle among the points of norm 1.

In order to prove the theorem we need the following lemma.

Lemma 3. Let consider a couple of points X = (x1,22,...,2,) and P =
(p1,D2s - - - s Pn) such that || X || = m and

pi =1 if &, =m
pi=—1 it z; =-m
pi=0or1 if o, =m—1

p;=0o0r —1 ifx;, =1—m
pi=0,—1lorl if |z <m—1

Let us denote Y = (y1,y2,...,4yn) = G(X) and Q = (q1,q2,...,qn) = G(P).
If |Y]loo = m then ||Q|lc = 1 and the couple of points Y and Q wverify the
conditions of X and P.

PrOOF. As P is of norm 1, the lemma 1 induce that ¢; = 0,1 or —1.

Consider X' = (24, ), ...,2},) such that o} = z; — p;, it is easy to see that
|}] < m and so

—(m—-1w < Z a; 7y < (m—1)w.

1<k<n
Moreover, we have for all j =1,2,...,n:
!
G= D P tUi= Y aprse = Y ajh
1<k<n 1<k<n 1<k<n
As Y is of norm m, it exists 1 < j < n such that y; = —m or y; = m and so

o if y; = —mu

—mw < Z a; kTr +v; < (—m+ 1)w.
1<k<n

So ¢; < (—m + 1)w + (m — 1)w which induce that ¢; = —1.
o if y; =m:

mw < Z a; xTr +v; < (m+ 1w.
1<k<n

So ¢; > mw — (m — 1)w and so ¢; = 1.

Assume that it exists k such that y; = m — 1 then

(m—1w < Z aj kT + v < mw.
1<k<n

So g > (m — 1w — (m — 1)w: gy is positive and so g = 0 or 1.



Assume that it exists & such that y, = 1 — m then

(1-—mw < Z a; k Tk + v < (2—mw.
1<k<n

So g < (2—m)w+ (m — Lw: g =0 or —1. O

PrOOF OF THEOREM ?7. Consider X a point of a cycle and a point P defined
as in lemma 3 and consider the sequences X; = G*(X) and P; = G*(P). For
each 7 € N the points X; and P; verify the condition of lemma 3. The sequence
P; is then an infinite sequence of points of norm 1. But it exits a finite number
of points of norm 1 so there is a cycle among these points.

O

Remark 3. If V = (0,0, ...,0), the lemma 2 states that a point X = (z1,z2,...,2n)
of norm 1 can belong to a cycle only if x; # 1. Theorem 3 implies that such a
QAT has a cycle if and only it has a cycle among the points X = (z1,22,...,2y)
such that z; = 0 or —1.

In this section we studied the behaviour under iteration of QATs. In [6]
theorem 2 was proved for 2D QATSs, we extend this result in nD. Moreover,
we conjectured that a 2D-QAT is consistent if and only if there are no cycle
among the points of norm 1. In this section we proved this conjecture even for
nD-QATs.

3. Periodicity of the tiles

In order to obtain efficient computation for discrete image transformation by
a discrete affine transformation we can use some properties of QAT. In [7] the 2D
case has been treated, in [4] the properties were extended in 3D. More precisely,
we have seen in these papers that periodicity properties of tilings associated
to QATSs improve considerably computation for discrete image transformation
by a discrete affine transformation. This periodicity has been studyed in the
n-dimensional case in [2] and [3], but the study was not complete, now we go
on with this study.

3.1. Definitions and results of [2], [3] and [4]

We remember here the definitions and results of [2], [3] and [4] that will be
used in next section.

The affine transformation g extends to R™ and for each point Y of R”, it
exists a unique point X of R™ such that Y = g(X). This is not the same for a
QAT. Indeed, each point of Z™ can have either none, one or several antecedents.
The set of antecedents of X € Z™ is then called tile with index X. In other
words, a tile of a QAT is the set of antecedents of a point by this QAT.



Definition 3. We define a p-tile (p € N) related to the point Y € Z™ and
denote P, 5 the set of points X of Z" such that G?(X) =Y where G? denotes
the iterative application of G.

In the sequel we will always consider the QAT G defined by A,w and V. To
simplify the notations, the tile Py will denote the tile related to the point Y of
the QAT G.

Definition 4. o Let X € Z" with coordinates x; for j = 1,2,...,n. We
define the remainder modulo G of X to be Rx = (R, Ro, ..., R,) where
R; =aj121 + aj202 + ... + ajnx, modulo w for j =1,2,...,n .
We will also note AX = wY + R (we then have X € Py ).

o Let Py ={X1,Xo,.... X,,,} (withY € Z™ and X; € Z™ for i = 1,2,...,m)
be a non empty tile. We then refer to the remainder modulo G of Py,
noted Ry, the set Ry = {RXI,RXZ, ...,Rxm}.

e Two tiles Py and Py are said to be identical modulo G' when their re-
mainders modulo G are the same. We then denote Py = Py-.

Definition 5. Two tiles Py and Py are geometrically identical when Py is
an image of Py by the translation of an integer vector.

Proposition 1. e Two non-empty tiles Py and Py are identical modulo G
if and only if there exist two points X and X' respectively in Py and Py,
such that:

AX = AX +w(Y —Y).

e Two tiles identical modulo G are geometrically identical. The reciprocal is
false.

-1 3
point of Z? is represented by a unit square whose bottom-left corner corresponds
to the represented point). For each point in a tile we provide its corresponding
remainder. Tiles P31y and Pg) are identical modulo G, therefore they are
also geometrically identical. It should also be noted that tiles P gy and Py 1)
are geometrically identical but they are not identical modulo G.

In figure 4 we show some tiles of the QAT defined by A’ = & ( 51 ) (a

Definition 6 (Periodicity notations). For all 0 < i < n, We define the set
A; as follows:

A; = {a € N*/3(Bj)o<j<i € Z',Y (Yo, - - -, Yn—1) € Z",

Furthermore, let us consider a; = min(A4;). We define {f!}o<j<i € Z' and
U, € Z™ such that

n T, ) )
V(yOa ce ,yn,l) €L s Pyosoyitaisyn1 = TUiPy0+56,---7y¢71+ﬂf,1,yun-,yn—l :
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Figure 4: Example of tiles and remainders

Theorem 4 (Periodicity). The set of QAT tiles is n—periodic, in other words
VO<i<n, A # 1]

Let us suppose that quantities «;, ﬂ; and U; are given. The following theorem
allows us to obtain Py as the translation of a canonical tile Pyo.

Theorem 5. Y(yo,...,Yn—1) € Z", we have Py,

n—1 - Ly¢+2§;1+1 wﬂ{J

W = U, d v i >0 ! =z ;
Z% i an n=>v20 0 _ {yi+zj;¢1+1 ’YJﬂZJ
=0 Yi [e73

Let AU =T denote the Hermite Normal Form (with det(U) = +1 and T upper
triangular), this form always exists for nonsingular integer square matrix and
T is an upper triangular matrix such that ¢;; > 0 (see [5, 12]). In the two
following propositions we denote G the QAT defined by %A and G’ the QAT
defined by %T.

We then have G(X) =Y if and only if X = UX’" and G'(X’) =Y. It follows
that the tiles of G’ are in bijection with the tiles of G.

Proposition 2. Let Py and Py, be two tiles of G and assign Py, and Py, to
the two corresponding tiles of G'. Py and Py, are identical modulo G if and
only if Py and Py, are identical modulo G'. More precisely, the tiles of G and
G’ related to the same point have the same remainder.

Proposition 3. Let us denote § as the determinant of T'. The number of dis-
tinct tiles modulo G’ is at least equal to and at

)
ged(w,ty,1) ged(w,t2,2)... ged(w,tn n)

s
most equal 10 cqris—.

10



3.2. Periodicity of the tiles

In [2] we proved the proposition 3 which gives and upper and a lower bound
for the number of distinct tiles.

In this section we give a better upper bound of the number of distinct tiles,
more precisely we give an upper bound for each «; defined in definition 6. We
also give an algorithm which allows to determine the translation vectors U;
defined in definition 6 and essential for a practical use of theorem 5.

The results of proposition 2 states that to study the periodicity of the tiles
of a G it is sufficient to study the periodicity of the tiles of a G’. Therefore, in
following proposition and lemma, we will only consider upper triangular matrix
T. Moreover, it is trivial that the number of distinct tiles and the periodicity
does not depend on the value of V' (see proposition 1 to be convinced), therefore
we will assume in the following proposition and lemma that V = (0,0,...,0).
In order to simplify the notations, we will denote O the point (0,0, ...,0) of Z™.

Lemma 4. Two tiles Py and Py are identical modulo G' if and only if Py _y-
and Po are identical modulo G'.

PROOF. Let us prove that (Py = Py/) = (Py_y' = Pp) :
Py = Py/
= 3X € Py, X' € Py such that TX = TX' + w(Y — Y")
= T(X-X')=wlY —Y)
= X-X'¢c Py_yrand Rx_x =0
= Py_yv,.=Po
Reciprocally, let us prove that (Py_y: = Po) = (Py = Py/) :
Py{/ =Py =317 € Py_y/ such that TZ = w(Y — Y/).

Let X € Py and X' = X — Z, we have :
TX' =TX ~TZ=wY + Rx —w(Y —Y') =wY’ + Rx
This implies that X’ € Py, and Ry = Rx : Py = Py-.

O
Proposition 4. Let us denote § as the determinant of T and fori=1,2,...,n,
;= gcd(w,tl,ffi;i,...,ti,i)' Fori=1,2,...,n, the period «; (defined in definition

6) is at most equal to t;l It follows that the number of distinct tiles modulo G

is at most equal to t) yth o... 1, .

PROOF. In order to determine the periodicity of the tiles we have to determine
a; = min(A4;) where

A; = {a € N*/3(B))o<j<i € Z',Y(yo, . - -, Yn—1) € Z",

A consequence of lemma 4 is that

A = {a € N*/3(B;)o<j<i € Z', Paypy....0:1.00...0 = Po}

11



w = tik
ged(w,ty kyto, ks otek)’ Bk T ged(w,ty kyto ke nti,k
sider the points Xy = (z1,22,...,2,) such that zy = wy and z; = 0 for i # k.
Let Y, = G'(Xk) = (y1,¥2,---,yn) and Rx = (r1,72,...,7) be the remainder
modulo G’ of X}. By construction of X, we have y; = Lt"%] and thus:

poo= [l = B fori<k
Yi =0 for ¢ > k (since t; , = 0 for i > k)
which implies that X} belongs to P;,

Let us denote wy, =

) and con-

oty et 000,07
Moreover, r; = t; ywi modulo w = ¢, ,w modulo w = 0, this proves that X
is a point of P/, ,, , and whose remainder equals (0,0,...,0). For all
1,2k Ve koY

k=1,2,...,n, the tile P}, et 0.0 equivPp modulo G so that for each k

the period «y, is at most equal to ¢ ;. O

Remark 4. The above proposition does not gives the minimal period, but the
result has another impact. Indeed in [4] we used the periodicity to improve the
transformation of a 3D images by a linear transformations. In order to use these
periodicity we need to determine the periods oy and the translation vectors Uy
such that P(’ﬂf,557...7%71,070,_”0) = Tu, P(0,0,....0,a1,0,0...,0) (see proposition 5). In

the following we will give an algorithm which determines the optimal period
and the corresponding tranlation vectors.

In [2] we give an algorithm that determines the points of a tile, this algorithm
explores each point of this tile in a precise and predictable way. Indeed, let
denote by X and X’ the first points of Py and Py~ determined by this algorithm.
Then Py = Py, if and only if X and X’ have the same remainder. We used this
algorithm to give another algorithm that determines the number of distinct tiles,
a set of point S’ such that {Pz/Z € S’} contains exactely once each distinct
tiles and the remainder of the first point of each tile. We will now use these
results to determine the periods aj and the translation vectors Uy.

We know that ay, <t} ;, let us denote Y} = (y1,92,...,yn) with yp =m € N
and y; = 0 for ¢ # kso
ar = min{m € Z/3Y" € §', P, = Py,, Y, # Y'}. Assume that we know oy,
let us denote Y, = (y1,¥2,.-.,Yn) with yp = ai and y; = 0 for i # k, we can
determine the first point of Py, , we note X}, this point and Ry, its remainder.
Than it exists Y’ € S” such that Pj, = Py,, if X' is the first point of Pj. than
X — X' corresponds to the translation vector. Therefore we obtain the following
algorithm.

12



Input: the matrix T, the coeflicients ¢ 1, S’ list on index of distinct tiles,
first points of these tiles, and correponding remainders
Output: a4 the periods and Uy the translation vector
for k=1 to n do
fort=1ton do
yi <0
end
Yk < 1
found < False;
while y;, <t , And Not found do
Y (ylayQa---vyn);
determine X the first point of Py, and R its remainder;
determine Y’ the point of S’ such that Py = Py and X’ the first
point of Py;
if Y/ #Y then
found < True;

Qg < Yk;
U,=X-X'
end
end
end

Algorithm 1: Algorithm that determines the periods and the translation vectors

4. Conclusion

In this paper we completed and improved some theoretical results abouts
QATs. We give a better upper bound for the periodicity of tilings generated by
QATSs, but this bound is not optimal. As a future work it would be interest-
ing to find the optimal bound, to use these properties for the computation of
transformation of discrete nD images by discrete linear transformations and of
course compare this methods with other existing methods.
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