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KAM FOR THE KLEIN GORDON EQUATION ON S

by

Benoit Grébert & Eric Paturel

Abstract. — Recently the KAM theory has been extended to multidimensional PDEs. Nev-
ertheless all these recent results concern PDEs on the torus, essentially because in that case the
corresponding linear PDE is diagonalized in the Fourier basis and the structure of the resonant
sets is quite simple. In the present paper, we consider an important physical example that do
not fit in this context: the Klein Gordon equation on S?. Our abstract KAM theorem also allow
to prove the reducibility of the corresponding linear operator with time quasiperiodic potentials.

Contents

1. Introduction.

If the KAM theorem is now well documented for nonlinear Hamiltonian PDEs in 1-
dimensional context (see [22], 23], 25]) only few results exist for multidimensional PDEs.

Existence of quasi-periodic solutions of space-multidimensional PDE were first proved in
[8] (see also [9]) but with a technique based on the Nash-Moser thorem that does not allow
to analyze the linear stability of the obtained solutions. Some KAM-theorems for small-
amplitude solutions of multidimensional beam equations (see ([B.0]) above) with typical m
were obtained in [16], 17]. Both works treat equations with a constant-coefficient nonlin-
earity g(z,u) = g(u), which is significantly easier than the general case. The first complete
KAM theorem for space-multidimensional PDE was obtained in [15]. Also see [4, [5].
The techniques developed by Eliasson-Kuksin have been improved in [13}, 2] to allow a KAM
result without external parameters. In these two papers the authors prove the existence of
small amplitude quasi-periodic solutions of the beam equation on the d-dimensional torus.
They further investigate the stability of these solutions and give explicit examples where the
solution is linearly unstable and thus exhibits hyperbolic features (a sort of whiskered torus).

2000 Mathematics Subject Classification. — .
Key words and phrases. — KAM theory, Regularizing PDE, Klein Gordon equation.
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All these examples concern PDEs on the torus, essentially because in that case the corre-
sponding linear PDE is diagonalized in the Fourier basis and the structure of the resonant
sets is the same for NLS, NLW or beam equation. In the present paper, adapting the technics
in [15], we consider an important example that do not fit in the Fourier analysis: the Klein
Gordon equation on the sphere S¢ .

Notice that existence of quasi-periodic solutions for NLW and NLS on compact Lie groups
via Nash Moser technics (and without linear stability) has been proved recently in [7} [6].

To understand the new difficulties, let us start with a brief overview of the method devel-
oped in [15]. Consider the nonlinear Schrédinger equation on T

iuy = —Au + nonlinear terms, z € T% ¢ € R.
In Fourier variables it reads[)
i, = |k|?uy, + nonlinear terms, k € 29,

So two Fourier modes indexed by k,j € Z? are (linearly) resonant when |k|?> = |j|2. For
the beam equation on the torus, the resonance relation is the same. The resonant sets
E = {j € Z%| |j|> = |k|*} define a natural clustering of Z¢. All the modes in the block
& have the same energy, and we can expect that the interactions between different blocks
are small, but the interactions inside a block could be of order one. With this idea in mind,
the principal step of the KAM technique, i.e. the resolution of the so called homological
equation, leads to the inversion of an infinite matrix which is block-diagonal with respect
to this clustering. It turns out that these blocks have cardinality growing with |k| making
harder the control of the inverse of this matrix. As a consequence we lose regularity each
time we solve the homological equation. Of course, this is not acceptable for an infinite
induction. The very nice idea in [15] consists in considering a sub-clustering constructed as
the equivalence classes of the equivalence relation on Z¢ generated by the pre-equivalence
relation

|a| = |b]

la — bl <A

Let [a]a denote the equivalence class of a. The crucial fact (proved in [15]) is that the blocks
are finite with a maximal “diameter”

a~b<:>{

(d+1)!
max |a—b < CyA 2
[a]a=[b]a

depending only on A. With such a clustering, we do not lose regularity when we solve
the homological equation. Furthermore, working in a phase space of analytic functions u or
equivalently, exponentially decreasing Fourier coefficients uy, it turns out that the homological
equation is "almost” block diagonal relatively to this clustering. Then we let the parameter
A grow at each step of the KAM iteration.

Unfortunately, this estimate of the diameter of a block [a]a by a constant independent of
la| is a sort of miracle that does not persist in other cases. For instance if we consider the
nonlinear Klein Gordon equation on the sphere S?,

(0? — A + m)u = nonlinear terms, t€R, =€ S?

then the linear part diagonalizes in the harmonic basis ¥;, (see Section 3) and the natural
clustering is given by the resonant sets {(j,¢) € N?> | £ = —j,--- ,j}. We can easily convince
ourself that there is no simple construction of a sub-clustering compatible with the equation,
in such a way that the size of the blocks does no more depend on the energy.

So we have to invent a new way to proceed. First we consider a phase space Y; with polyno-
mial decay on the Fourier coefficient (corresponding to Sobolev regularity for ) instead of

1. The space Z¢ is equipped with standard euclidian norm: |k|? = k% + --- k2.
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exponential decay and we use a different norm on the Hessian matrix that takes into account
the polynomial decrease of the off-diagonal blocks:

min(j, k) + 52 — k2 \
min(j, k)

(1) Ml = sup (k)"
7,keN

where [j] = {(n,m) € N* | n+m = j} is the block of energy j, M[[g] is the interaction matrix
M reduced to the eigenspace of energy j and of energy k, and || - || is the operator norm in
¢2. This norm was suggested by our study of the Birkhoff normal form in [3] and [18].

This technical changes make disappear the loss of regularity in the resolution of the homolog-
ical equation. Nevertheless this is not the end of the story, since this Sobolev structure of the
phase space 757 (see Section [2) is not stable by Poisson bracket and thus is not adapted to
an iterative scheme. So the second ingredient consists in a trick previously used in [20]: we
take advantage of the regularizing effect of the homological equation to obtain a solution in a
slightly more regular space 7°#% and then we verify that {77, 758t} € T58 (see Section
4) which enables an iterative procedure. The last problem is to check that the non linear
term, say P, belongs to the class 7% which imposes a decreasing condition on the operator
norm of the blocks of the Hessian of P. It turns out that this condition is satisfied for the
Klein Gordon equation on spheres (and also on Zoll manifold, see Remark B3). A similar
condition is also satisfied for the quantum harmonic oscillator on R%

iug = —Au+ |z[*u + nonlinear terms, x € RY.

But unfortunately, in order to belong in the class 7°?, the gradient of the nonlinear term
has to be regularizing, a fact that is not true for the quantum harmonic oscillator, and
thus our KAM theorem does not apply in this case. Nevertheless, this last condition is not
required when P is quadratic and thus this method allows to obtain a reducibility result for
the quantum harmonic oscillator with time quasi periodic potential. This is detailed in our
forthcoming paper [19].

In this paper we only consider PDEs with external parameters (similar to a convolution
potential in the case of NLS on the torus). Following we could expect to remove these
external parameters (and to use only internal parameters) but the technical cost would be
very high.

We now state our result for the Klein Gordon equation on the sphere. Denote by A the
Laplace-Beltrami operator on the sphere S%, m > 0 and let Ay = (—A—i—m)l/ 2. The spectrum
of Ag equals {\/j(j +d —1) +m | j > 0}. For each j > 1let E; be the associated eigenspace,
its dimension is d; = O( 49 1). We denote by VU, ; the harmonic function of degree j and order
{ so that we have

Ej = Span{\Ilj,l, = 1, ce ,dj}.
We denote
E={(yl)eNxZ]|j>0and l=1,---,d;}
in such a way that {¥,, a € £} is a basis of L?(S?,C).
We introduce the harmonic multiplier M, defined on the basis (¥, ).ee of L?(S%) by
(1.2) MV, =p,¥, foracé€
where (pq)ace is a bounded sequence of nonnegative real numbers.

Let ¢ be a real analytic function on S¢ x R such that ¢ vanishes at least at order 2 in the
second variable at the origin. We consider the following nonlinear Klein Gordon equation

(1.3) (02 — A4+ m+dM,)u+eg(z,u) =0, teR, zecS

where 0 > 0 and € > 0 are small parameters.
Introducing A = (=A +m + 6M,)"/? and v = —u; = —, ([3) reads

U = —v,
v = ANu+eg(x,u).
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Defining ¢ = %(Alﬂu +iA~20) we get

1. e . _ _ Y+

“p= Ap+ —=AT1/? (x,A 1/2 <—>> .

J =AM NG g NG
Thus, if we endow the space L?(S%,C) with the standard real symplectic structure given by
the two-form —idi A dip then equation (L3)) becomes a Hamiltonian system

- OH
1/1:13—1[}

with the hamiltonian function

H (1, ) = /Sd(mp)&dx + e/gd G <x,A—1/2 <%>) dz.

where G is a primitive of g with respect to the variable u: g = 0,G.
The linear operator A is diagonal in the basis {U,, a € £}:

AV, = A\ Yy, )\a:\/wa(wa—l—d—l)+m+5pa, VYaeé&

where we set
win =37 V(¢ €E.
Let us decompose 1 and v in the basis {¥,, a € £}:
T,Z):Z&‘I’a, ﬁzzna\l’a-
acl ac&

On Pg := *(€,C) x £%(€,C) endowed with the complex symplectic structure —i Y d&s Adns
we consider the Hamiltonian system

éa = Zg,i
Na = Zaga

where the Hamiltonian function H is given by
(§a + 7a) Ya
(1.5) H = )\agana—l—e/ G| x, = — | dx.
e O\

The Klein Gordon equation (L3)]) is then equivalent to the Hamiltonian system ([L4]) restricted
to the real subspace

Pr = {(&n) € 2(E,C) x *(,C) | 11 = &, a € E}.
Definition 1.1. — Let A C & a finite subset of cardinal n. This set is admissible if and
only if
(1.6) A3 (j1,0) # (J2, b2) € A= j1 # Jo

We fix I, € [1,2] for a € A, the initial n actions, and we write the modes A in action-angle

variables: A A
ga =V I, + Taezeay Na = V I, + 7nae_zea-

We define £ = £\ A and, to simplify the presentation, we assume that
pj1 = p; for (j,0) € A; pjp =0 for (j,€) € L.
Set
wje=j for (j,f) €&,
A=+l +d—1)+mfor (j.0) € L,

(@0)j.(p) = \J3(i +d — 1) +m+ bp; for (j.0) € A,
¢ = (€a, na)aeﬁ-
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With this notation H reads (up to a constant)
H(r,0,0) = (wolp),r) + Y Aabata + £ (r,0,¢)

aeLl
where
£0.0 = | G(e.ilr.0,0)(x) da
and
+ a Sa ga + a
(1.8) a(r,0,¢)(x ;4 V2 17/“2 e o (a )+§ﬁwa(@.

Let us set uj(0,z) = 4(0,0;0)(x). Then for any I € [1,2]" and 6y € T"™ the function
(t,x) — u1(0p + tw, x) is a quasi-periodic solution of (L3) with ¢ = 0. Our main theorem
states that for most external parameter p this quasi-periodic solution persists (but is slightly
deformed) when we turn on the nonlinearity:

Theorem 1.2. — Fix n the cardinality of an admissible set A, s > 1 the Sobolev reqularity
and g the nonlinearity. There exists an exponent v(d) > 0 such that, for € sufficiently small
(depending on n, s and g) and satisfying

e < 5v(@) ’
there exists a Borel subset D', positive constants o and C with
D' C[1,2]", meas([1,2]"\ D) < Ce°,
such that for p € D', there is a function u(f,x), analytic in 6 € Ta and smooth in x € S,
satisfying
sup [[u(, ) — u1(0, )| s g2y < elt/12)
[SO]< S
and there is a mapping
WD =R W = wlepy <,
such that for any p € D' the function
u(t, ) = u(d + t'(p), )

is a solution of the Klein Gordon equation (L3). Furthermore this solution is linearly stable.
The positive constant « depends only on n while C also depends on g and s.

Notice that in this work we did not try to optimize the exponents. In particular 11/12
could be replaced by any number strictly less than 1 and the choice of v(d) obtained by
inserting (3] in (6.0) is far from optimal. Actually we could expect that ¢ < § is sufficient
but the technical cost would be very high. This effort is justified when we try to prove a KAM
result without external parameters (see [24] where the authors obtained a condition of the
form € < 4 in the context of the NLS equation; see also [13], [12] for the beam equation and
[10] for the 1d wave equation where the authors obtained a condition of the form e < §1+@
for suitable o > 0 ).

We will deduce Theorem from an abstract KAM result stated in Section 2 and proved
in Section 6. The application to the Klein Gordon equation is detailed in Section 3. Roughly
speaking, our abstract theorem applies to any multidimensional PDE with regularizing non-
linearity and which satisfies the second Melnikov condition (see Hypothesis A3). For instance,
it doesn’t apply to nonlinear Schrodinger on any compact manifold since we have no regu-
larizing effect in that case. On the contrary, it applies to the beam equation on the torus T¢
(see Remark B.4)). Unfortunately it doesn’t apply to the nonlinear wave equation on T? (see
Remark [B.3]), since in that case the second Melnikov condition is not satisfied.

In Section 4 we study the Hamiltonian flows generated by Hamiltonian functions in 7%. In
Section 5 we detail the resolution of the homological equation. In both Sections 4 and 5 we
use techniques and proofs that were developed in [15] and [13]. The novelty lies in the use
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of different norms (see (LI))) and the use of two different classes of Hamiltonians: 7% and
T8+ which, of course, complicate the technical arguments. For convenience of the reader we
repeat most of the proofs. We point out that, for the resolution of the homological equation
(Section 5), we use a variant of a Lemma due to Delort-Szeftel [11], whose proof is given in
Appendix A.

Acknowledgement: The authors acknowledge the support from the project ANAE (ANR-13-
BS01-0010-03) of the Agence Nationale de la Recherche.

2. Setting and abstract KAM theorem.

Notations. In this section we state a KAM result for a Hamiltonian H = h + f of the
following form

H = (w(p), ) + 3 (G A)C) + F(r,6,;p)
where
— w € R™ is the frequencies vector corresponding to the internal modes in action-angle
variables (r,0) € R} x T".
— ¢ = (Cs)ser are the external modes: £ is an infinite set of indices, (s = (ps,qs) € R?
and R? is endowed with the standard symplectic structure dg A dp.
— A is a linear operator acting on the external modes, typically A is diagonal.
— f is a perturbative Hamiltonian depending on all the modes and is of order £ where ¢
is a small parameter.
— p is an external parameter in D a compact subset of R? with p > n.
We now detail the structures behind these objects and the hypothesis needed for the KAM
result.

Cluster structure on L. Let £ be a set of indices and w : £ — N\ {0} be an ”energy”
function[2] on £. We consider the clustering of £ given by £ = Ugerla] associated to
equivalence relation

b~ a<= w, =wp.
We denote £ = £/ ~. We assume that the cardinal of each energy level is finite and that

there exist Cp > 0 and d* > 0 two constants such that the cardinality of [a] is controlled by
wag:
(2.1) do = djg) = card{b € L | wp = w,} < Cyw”.

Linear space. Let s > 0, we consider the complex weighted ¢5-space

Yo ={¢=(CeC? acL)]l¢]s < oo}

112 = [Galw??

acl
In the spaces Ys acts the linear operator J,

J  {C} = {020}, with o9 = ( (1) _01 >

It provides the spaces Ys, s > 0, with the symplectic structure Jd¢ A d¢. To any C'-smooth
function defined on a domain O C Yj, corresponds the Hamiltonian equation

¢=JVI(©),
where V f is the gradient with respect to the scalar product in Y.

Where

2. We could replace the assumption that w takes integer values by {ws — wsp | a,b € L} accumulates on a
discrete set.

3. We provide C? with the hermitian norm, |(s| = |(pa; qa)| = V/|Pal? + |ga|?-
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Infinite matrices. We denote by M, 3 the set of infinite matrices A : £ x £ — May2(R)
with value in the space of real 2 x 2 matrices that are symmetric

Ab =8 Ya, be L
and satisfy

._ gl 4] (wla,b) + [ws — w|\s/2
|Als, -—aleelz(wawb) HA[G] ( w(a, b) > =

where AE] denotes the restriction of A to the block [a] x [b], w(a,b) = min(w,, wy) and || - ||
denotes the operator norm induced by the Yyp-norm.

A class of regularizing Hamiltonian functions. Let us fix any n € N. On the space
C"xC*"xY,

we define the norm

1(z, 7, O)lls = max([z], |r], [I<]]s)-
For o > 0 we denote

T2 ={z € C":|3z| < o}/27Z".
For o, € (0,1] and s > 0 we set

Oo,p) =Ty x {r € C": |r| < p} x {¢ € Ys 1 [[¢]ls < p}
We will denote points in O*(o, ) as z = (6,7,(). A function defined on a domain O%(c, u),
is called real if it gives real values to real arguments.
Let
D={p} CR

be a compact set of positive Lebesgue measure. This is the set of parameters upon which will
depend our objects. Differentiability of functions on D is understood in the sense of Whitney.
So f € CY(D) if it may be extended to a C'-smooth function f on RP, and |fle1(py is the
infimum of |f lc1 (mry, taken over all C Lextensions f of f.
If (z,7,¢) are C*' functions on D, then we define

12,7, Olls,p = jrr:l%ﬁ(\aida 18571, 193¢ 15)-

Let f: O%oc, ) x D — C be a C'-function, real holomorphic in the first variable z, such
that for all p € D

O*(o,p) > va($,p) €Ysip
and

O%(o, 1) 3 — ng(ﬂ:,p) S

are real holomorphic functions. We denote this set of functions by 75(o, u, D). We notice
that for 3 > 0, both the gradient and the hessian of f € T°%(o, u, D) have a regularizing
effect.

For a function f € 7°%(o, u, D) we define the norm

76
[f];uﬂ?
through ‘ ' ‘
supmax (|9 f (x, p)|, |2V f(, p)llstp, PO VES (2, )]s,

where the supremum is taken over all

j=0,1, x € O%(o,pn), p€D.
In the case 3 = 0 we denote T*(a, u, D) = T*%(o, , D) and

0
o = [f15,0-

Normal form: We introduce the orthogonal projection II defined on the 2 x 2 complex
matrices

II : MQXQ((C) — CI+CJ
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where
1 0 0 —1
I—<01> and J_<1 0).
Definition 2.1. — A matrix A : L X L — Mayo(C) is on normal form and we denote
AeNFif

(i) A is real valued,
(ii) A is symmetric, i.e. A} =AY,
(iii) A satisfies ITA = A,
(ili) A is block diagonal, i.e. Af =0 for all wg # w.

To a real symmetric matrix A = (A%) € M we associate in a unique way a real quadratic
form on Y > (Ca)aeﬁ = (paa Qa)aeﬁ

dQ) =3 3 (G A2,

a,beL

In the complex variables, z, = (§4,74), a € L, where

§a = %(pa + iQQ)a Na = %(pa - iQa)7

we have ) )
9(¢) = 5(& VEa &) + 50, Vi m) + (& VeViyg 1)

The matrices ng and V%q are symmetric and complex conjugate of each other while V¢V, ¢
is Hermitian. If A € M, 5 then

|A|S,B
wowp)? (1 + |we — wy|)®

(2.2) sup 1(Vevma)]| < (

We note that if A is on normal form, then the associated quadratic form g(¢) = (¢, A¢)
reads in complex variables

(2:3) a(¢) = (6, Qn)
where Q : L x L — C is
(i) Hermitian, i.e. Qf = Qb
(ii) Block-diagonal.

In other words, when A is on normal form, the associated quadatic form reads

(€)= 3, A1) + (b, Asa) + 5(p, Ara)

with Q = Ay + iAs Hermitian.
By extension we will say that a Hamiltonian is on normal form if it reads

1
with w(p) € R™ a frequency vector and A(p) on normal form for all p.
2.1. Hypothesis on the spectrum of Aj.— We assume that Ay is a real diagonal matrix

whose diagonal elements A\, > 0, a € £ are C'. Our hypothesis depend on two constants
1> dp > 0 and ¢y > 0 fixed once for all.

Hypothesis A1 — Asymptotics. We assume that there exist v > 1 such that
1

(2.5) cow] <A< —w) forpeDandacl
€o

and

(2.6) [Aa — Xp| > colwg — wp|  for a,b e L.
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Hypothesis A2 — Non resonances. There exists a §y > 0 such that for all C!'-functions
w :'D—)Rn, ’w—wdcl(p) < do,
the following holds for each k € Z™ \ 0: either we have the following properties :

[{(k,w(p))| > do for all p € D,
|(k,w(p)) + Aa| > dow, forall pe Danda € L,
|(k,w(p)) + Aa + Xp| > do(we + wyp) for all p € D anda, b e L,
[{(k,w(p)) + Aa — M| = do(1 + |wg —wp|) forall peD anda, be L,

or there exists a unit vector 3 € R? such that
(Vo 3)((k,w)) = do

for all p € D. The first term of the alternative will be used in order to control the small
divisors for large k, and the second one is featured to control them for small k.

The last assumption above will be used to bound from below divisors |(k,w(p)) + Aa(p) —
Ap(p)| with wg, wy ~ 1. To control the (infinitely many) divisors with max(wg,wy) > 1 we
need another assumption:

Hypothesis A3 — Second Melnikov condition in measure. There exist absolute con-
stants o; > 0, as > 0 and C > 0 such that for all C'-functions

w :'D—)Rn, ’w—WQlcl(D) < do,

the following holds:
for each k > 0 and N > 1 there exists a closed subset D' = D'(wy, k, N) C D satisfying

(2.7) meas(D \ D) < CNO“((SE)O‘2 (a1, 9 > 0)
0

such that for all p € D', all 0 < |k| < N and all a,b € £ we have

(2.8) [(k,w(p)) + Ao — Xp| > K(1 + |wg — wp)).

2.2. The abstract KAM Theorem.— We are now in position to state our abstract KAM
result.

Theorem 2.2. — Assume that
1
(29) hO = <WQ([)),’I“> + §<<’A0<>

with the spectrum of Aqg satisfying Hypothesis A1, A2, A3 and let f € T*5(D,o,pn) with
f >0,s>0. There exists g > 0 (depending on n,d,s,B,0,u, on A, co and sup |V wl|),
a >0 (depending on n, d*, s, 8, a1, as) and v(B,d*) > 0 such that[@] if

[f]?,i,p =¢ < min <50’ 5g(ﬁ,d*))

there is a D' C D with meas(D \ D') < &% such that for all p € D' the following holds: There
are a real analytic symplectic diffeomorphism

O :0%0/2,1/2) = O°(o, 1)
and a vector w = w(p) such that
(o + £) 0 @ = (w(p),7) + (¢ A)C) + F(r,6,G:p)

where 84]5 =9, f = Bgcf =0for(=r=0and A: L x L — Max2(R) is on normal form,
i.e. A is real symmetric and block diagonal: A% =0 for all w, # wy.
Moreover ® satisfies

H(I) - Ist < 511/12 7

4. An explicit choice of v is given in (G.6]) but is surely far from optimality.
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for all (r,0,() € O°(c/2,11/2), and
|A(p) — Aol <,
wip) —wo(p)ler < e
forallpeD'.

This normal form result has dynamical consequences. For p € D', the torus {0} x T" x {0}
is invariant by the flow of (hg + f) o ® and the dynamics of the Hamiltonian vector field of
ho + f on the ®({0} x T™ x {0}) is the same as that of

1
The Hamiltonian vector field on the torus {¢ =r = 0} is

¢=0
0=w
7 =0,

and the flow on the torus is linear: ¢t — 6(t) = 0y + tw.
Moreover, the linearized equation on this torus reads

(= JAC+ JO2 (0,00 + wt, 0) - 7

0= aggf((),ao + wt, 0) “C+ agrf(o’ao + wt, 0) T

7 =0.
Since A is on normal form (and in particular real symmetric and block diagonal) the eigen-
values of the (-linear part are purely imaginary: +i\,, a € L. Therefore the invariant torus
is linearly stable in the classical sense (all the eigenvalues of the linearized system are purely
imaginary). Furthermore if the A, are non-resonant with respect to the frequency vector w (a
property which can be guaranteed restricting the set D’ arbitrarily little) then the linearized

equation is reducible to constant coefficients. Then the (-component (and of course also the
r-component) will have only quasi-periodic (in particular bounded) solutions.

3. Applications to Klein Gordon on S¢

In this section we prove Theorem as a corollary of Theorem We use notations
introduced in the introduction (see in particular (7). Then the Klein Gordon Hamiltonian
H reads (up to a constant)

H(T’ 0, C) = <W0(P), T> + Z Aa€alla + 5f(7"a 0, C)
ael
where

f(r0,0)= | Gz a(r,0,0)(x)) da.

Sd
Lemma 3.1. — Hypothesis A1, A2 and A3 hold true with D = [1,2]" and

) 3
3.1 0o = '
(3.1) 0 <2mlrnax(wa, a€ A))

Proof. — Hypothesis Al is clearly satisfied with ¢g = 1/2 and v = 1. The control of the
cardinality of the clusters (2.1]) is given with d* =d — 1.
On the other hand choosing 3 = 2z = ﬁ we have

(3.2)
0 0
VvV, k > k| > k| forall k#£0
( P 3)(< ?w>) - Qmax((wo)a, a € A)| | - mmax(w(b ac .A)| | or a 7&
while

(3.3) (Vp-3)Aa=0 forallaccZL.
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Then for all k£ # 0 the second part of the alternative in Hypothesis A2 is satisfied choosing
0
2max(w,, a € A)V2+d+m

It remains to verify A3. Without loss of generality we can assume w, < wp.
First denoting

0o < 0y :=

Fo(k,a,b) :={peD||{w, k) + Ao — M| < K},
we have using ([3.2) that
meas F(k,a,b) < C(k,a, b)éﬁ
On the other hand, defining
Gy(k,e) :={peD|[(w k) +el <2v}
we have, using again ([B2) that
meas G, (k,e) < C(SK.

*

Further |(w, k) 4+ ¢| <1 can occur only if |e| < C|k| and thus

Gu = U Gl/(k’ 6)
0<|k|<N
ecZ

has a Lebesgue measure less than CN "‘Hi.
Now we remark that

d—1 O
i+ Vil <

where C!/ , only depends on m and d, from which we deduce

Ao — Ao — (wg —wp)| < ——=.

a
C/
Therefore for p € D\ G, and w, > 2 24 we have for all 0 < |k] < N
w, k) +Xa — Xp| > 1.

2C
v

2C"
Finally w, < —2% and [(w,k) + A — Ap| < 1 leads to wy, <
restrict p to

+ CN and thus, if we

D' =D\ |G, U U Fe(ka.0))]

0<|k|<N
2C0 4
Wa,wp<— = +CN

we get
{w, k) + Ag — Np| > min(k,v), 0< k| <N, a,be L.
Further

2
2C!
measD\DlgCN"Héi—i—( m.d —i—CN) N";.

* 14 *
Then choosing v = k'/3 and &y = 82, this measure is controlled by

n+2/ K \1/3
CNT(S)

and we have
(w, k) + Ao — Np| > K, forpeD, 0<|k|] <N anda,beL.
Now we remark that for |\, — \y| > 2|{w, k)|,

1 1
|<wak> + Ao — >\b| > §|>\a - >\b| > 1(1 + |wa _wb|) > ’f(l + |wa _wb|)
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if we assume k < %.
On the other hand, when |\, — \y| < 2|(w, k)| < CN,

[{w, k) + Aa = Aol = A(1 + |wa — wy|)

where & = 155. Thus we get
[w, k) + Ao — M| > R(1 + |wg —wp|), for pe D, 0<|k| <N and a,be L
with
meas (D \ D') < CN"+3(5 )1/3
0
U
Lemma 3.2. — Assume that (z,u) — g(x,u) is real analytic on S* xR and s > 1 then there

exist o > 0, p > 0 such that the maping

O (o) X D3 (1,0,Gip) = £1.0.Gip) = [ Gl r,0) ()

where G is defined in (L), belongs to T>'/2(a, u, D) for any s of the form 2N—% with N € N
and N > d.

Proof. — First we notice that f does not depend on the parameter p. Due to the analyticity
of g and the fact that[®)] s > d/2, there exist positive o and p such that f: O(o,u) x D — C
is a C''-function, analytic in the first variables (r, 6, (), whose gradient in ¢ analytically maps
Y, to Y_;. Further we have

or _or 1 )
0&q - Ona 2)\1/2 /Sd G(x,u(gc))\lla(x) dx.

Since = — G(z,4(x)) € H*(S?), we deduce that V. f € Y, s+1/2-
It remains to verify that ng(r, 0,¢;p) € Mg 1.
We have

0% f B 0% f B 0% f B 1
08a&s  Onamy  Oamp 2)\2/2)\;/2 sd

We note that for s > d/2 and (r,0,¢) € O%(o, i),  + 4(x) is bounded on S%.
It remains to prove that the infinite matrix M defined by

1
)\}1/2)\})/2 Sd

(3.4) G(z,0(z))V, ¥y du.

M} =

a

G(z,0)V, ¥y dx

belongs to M 19, i.e.

< 00

(w(a, b) + |w2 — wi| >S/2+1/4
w(a, b)
where we recall that w(a,b) = min(w,,wp). The case w, = wy is straightforward, since

A ~ Wq, x > 4(z) is bounded on S¢, and ®,, ®, are normalized in L?(S%).
If wy # wy, first we notice that

sup w1/2 1/2 HM
a,bel

1
—_ sup ‘ G(x, 1), Py dx|,
AN BaeBy, 0a=1 ! st ‘

<1>bEE[b [|Pp =1

HM[b}H S (M, v)| =

where Ej, (resp. Epy) is the eigenspace of —A associated to the cluster [a] (vesp. [b]). Then
we follow arguments developed in [2, Proposition 2]. The basic idea lies in the following
commutator lemma: Let A be a linear operator which maps H*(S?) into itself and define the
sequence of operators

AN = [—A,AN_l], AO = A

5. s> d/2 is needed to insure that Y; is an algebra.
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where A denotes the Laplace Beltrami operator on S¢, then with [2 Lemma 7], we have for
any a,b € £ with w, # wp, and any N > 0
[{AD,, Dp)| <

< —5—anlf
jwg — wi Y

AN®q, Pp)l.

Let A be the operator given by the multiplication by the function
O(x) = G(z,u(r,0,¢)(x)).
We note that ® € H*+t1/2 for (r,0,¢) € O%(o, t). Then, by an induction argument,
> CanD”
0<lal<N

where

Con= ), Vapn(@)D'®
0<[B|<2N—|a

and V, g n are C* functions (cf. [2, Lemma 8]). Therefore one gets

1
|/ B, P, Pdx| < 7|N |ANDql| 2
Sd

|w
gy S DD

0<\a|<N 0<|8|<2N—|a

1
Scm< S0 gl
a

bl "0<|a|<N/20<|B|<2N—|af

Y I Il

N/2<|a|<N 0<|B|<2N—|a

1
< Cﬁ [®alln [1®]]2n

where we used
Vg >d/2  |[fgllrz < Cllfllwllglize-
On the other hand since —A®, = w,(w, +d — 1)P,

(3.5) 1@ally < Cuwp
Therefore choosing N = 3(s + 3)
W, )s/2+1/4

O, P, dd <C<7
R e

wg — Wy

5/241/4
< 9s/2+1/4 Wq, _
=2 C(w(a,b)—i—\wﬁ—w%])

Clearly the same estimate remains true when interchanging a and b. O
So Main Theorem applies (for any choice of vector I € [1,2]*) and Theorem [ is proved.

Remark 3.3. — Theorem still holds true when we consider the Klein Gordon equation
on a Zoll manifold. This technical extension follows from results and computations in [11]
and [3]. We prefer to focus on the sphere in order to simplify the presentation.

Remark 3.4. — We can also consider the Beam equation on the torus T¢ with convolution
potential in a Sobolev-like phase space:
(3.6) uy + A%+ mu+V xu+e9,G(z,u) =0, x €T

Here m is the mass, G is a real analytic function on T¢ x R vanishing at least of order 3 at the
origin. The convolution potential V : T¢ — R is supposed to be analytic with real positive
Fourier coefficients V'(a), a € 74, The same equation, but in an analytic phase space, were
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considered in [13], [12]. Actually following [13] and the proof of Lemma 3.2} in order to apply
our abstract KAM theorem, it remains to control the | - [, ; p-norm of the infinite matrix[©]

1

Mb=——
)\,11/2)\{1)/2 Td

a

O2G(z,u)¥, Uy dz

restricted to the block defined by [a] = {b € Z? | |a| = |b|}. This is achieved in the same way
as in Lemma

Remark 3.5. — Notice that our theorem does not apply to the nonlinear wave equation:
(3.7) wy + Au+mu+V xu+e9,G(x,u) =0, zeT?

since in that case the second Melnikov condition is not satisfied.

4. Poisson brackets and Hamiltonian flows.

It turns out that the space 75(o, u, D) is not stable by Poisson brackets. Therefore, in
this section, we first define a new space 7%+ (o, u, D) C T5(o, u, D) and then we prove a
structural stability which is essentially contained in the claim

{T°"* (0,1, D) , T*(0, 11, D)} € T**(0, , D).
We will also study the hamiltonian flows generated by hamiltonian functions in 75+ (a, i, D).

In this section, all constants C' will depend only on s, # and n.

4.1. New Hamiltonian space. — We introduce 757 (a, i1, D) defined by
TP (0,1 D) = {f € T**(0.10. D) | ¥VEf € ML, j =01}
where
My = {M € My | [M], 54 < o0}
and
w(a, b) + |wz — wp]
w(a,b)

) %(wawb)ﬁ HM[[b]

al

M]3 = sup (14 fuwa — wn])
a,bel

We endow 75°% (o, i, D) with the norm
0 =120 » + sup <M2|0£V§f |sﬂ+)-

Lemma 4.1. — Let 0 < 8 <1 and s > d/2 there exists a constant C = C(S,s) > 0 such
that

(i) Let Ae Msp and B € .M;L,B then AB and BA belong to M g and
|AB|s, |[BAls,s < C|Als,8Bls,5+-
(ii) Let A,B € MIB then AB and BA belong to M:B and
|AB|s g+, |[BAls g1 < ClAlsp1[Bls,g+-
(iii) Let A € M:B then A € L(Ys,Ys43) and
[ACls+5 < ClALs 5+ IC]ls-
(iv) Let X € Yy and Y € Yy and denote A= X @Y then A and 'A belong to L(Ys) and
1Az IIFAll ey < CIX Y s
v) Let X € YyigandY € Yy, 5 then A=X QY € Mg g and
+8 +8 B
1Al < ClIXs5Y ls45-

6. Here Ay = \/]a]* + m and ¥, (z) = '*", a € Z.
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Proof. — (i) Let a,b € L
Jamia] < X[l

\A!5+!B\6 (a,b) 3 1
<
= (wawp)P <w(a, b) + |w2 — w§|) CGZ;: w§5(1 + |wg — wel|)

|Als+|Bls < w(a, b) )5
(wawy)? \w(a,b) + [w? — wf]
where we used that by Lemma [A.T]
w(a,b) - w(a, c) w(e, b)
w(a,b) + |wi —wi| ~ wla,c) + |wi — wEwlc,b) + [w? — wj
and that by Lemma [A.2] Zce 7 m < C where C only depends on /.

(ii) Similarly let a,b € £ and assume without loss of generality that w, < wy

<C

ol < 5 I8
ce
[Als+|B (ab) i I
S ooy e + o) Z (Ut g — wel) (1 + ey — we])
2|Als+|Bls+

w(a, b) >§

"~ (wawp)? (1 + [wa — wy|) <w(a, b) + |wf — w|

< Z 28 1 + Z 2 1 >

We (1+|wa_wc|) We (1+|wb_wc|)

cel cel
we< 3 (watwy) we> 5 (watwy)
<0 |Alg+|Bls+ ( w(a, b) )5
T (wawp)P (1 + [wg — wy|) \w(a, b) + w2 — w}|

(iii) Let ¢ € Y, we have
IACI2 5 < D w222 (S A Iy )

acl bel
wg [lwyCpy w(a,b) 4\ 2
SELFS ( =)’
’“aze:ﬁ g w1+ Jwa — wy) \w(a,0) + [wf — wi|
§225+1’A‘ 5+Z( Z ||wa[b]H
acl  bel (1+‘w — wp)
waS2wb)
[wiCpllw(a,b)2 2
* Z s+5(1+|w —w|)>
bel b
W > 2wy

s [|wy ¢yl 2
22+1|A|2 +Z Z 51 )

acl bel +[wa — wy)
< ClAZ g, |ICII1?

where we used that the convolution between the (P sequence, p < 2, ||wlf*ﬁ (|l and the ¢4

sequence, ¢ = % > 1, m is a £ sequence in a whose norm is bounded by C||¢||s.
(iv) Let u € Yy, we have

[Aulls = [V, [ Xls < 1 X[ [Y sl s-
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(v) Let a,b e L

= [ X 1Yl < (waws) =21 X s8] s

1
e X lessllY s

_ w(a,b)
< (wawy) ﬁ((w(a, b) + |w2 —w

< (wawb)iﬁ(l + |w2
a

s/2
5) " 1Ko gl s
2D
O

4.2. Jets of functions.— For any function h € T*(o, i, D) we define its jet b7 = h'(z, p)
as the following Taylor polynomial of A at » =0 and ¢ = O:

K =hg + (hy, ) + (he, ) + %(hch,O

=h(0,0,p) + (V,h(0,0,p),1) + (Veh(6,0,0),) + 3 (V2ch(0,0, )¢,

Functions of the form A’ will be called jet-functions.
Directly from the definition of the norm [A] ’ﬁ p» we get that

lho(8,p)| < [1]5 s |he(0,0)] < ™ 2[R]5 D,
e (8, p)ls+p < p l[h]iﬁﬂ) |hee(0,p)]s,8 < N72[h]2’,ﬁ,pv

for any 6 € T? and any p € D. Moreover, the first derivative with respect to p will satisfy
the same estimates.
We also notice that by Cauchy estimates we have that for z € O(o, 1)

su Veh()|ls
(4.3) 192 vy, ) < PyeO(Zui ”M,C Wl

Thus h¢e is a linear continuous operator from Y; to Y, 3 and

) B )

(4.1)

(4.2)

Proposition 4.2. — For any h € T*? (o, u, D) we have kT € T5%(o, u, D),

WT150 o < CIhISh 5.

and, for any 0 < u' < p,
N\ 3
9 //L 9
[h — KT)% ﬁ/ p<C <M> [h]jﬁp,
where C is an absolute constant.

Proof. — We start with the second statement. Consider first the hessian Vgc(h —hT)(x) for
x = (0,r,) € O(o,1). Let us denote m = p//p. Then for z € D1 ={z € C:|z| < 1} we
have (0, (z/m)*r, (z/m)¢) € O%(o, 1). Consider the function

D1 x O%o, 1) = Mg,

(z,z) — Vggh(ﬁ, (z/m)?r, (z/m)¢) = ho(z) + hy(z)z +

S7ﬁ
o,u,D*

|hj(z)]sp < ,u_Q[h]oﬂD for j =1,2,... and z € O%(o, 1'). Since Vgc(h— RT)(z) = hy(z)m +
ho(z)m? + --- | then V c(h— rT) is holomorphic inz € O%o, ), and

It is holomorphic and its norm is bounded by u~2[h] So, by the Cauchy estimate,

— S, — S, m
Vec(h =) (@)lss < i 2Bl plm +m® ) < p (W pr——
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So Vgc(h — hT) satisfies the required estimate with C' = 2, if p/ < /2.
Same argument applies to bound the norms of apvgc(h —hT), h— kT and V(b — RT) if
p' < p/2, and to prove the analyticity of these mappings.

Now we turn to the first statement and write A7 as h — (h — h”). This implies that h',
V¢hT and V2 hT are analytic on O%(o, $1) and that
T1s,8 5,8
[h ] 72%@ S Cl [h]a,u,D .
Since h” is a quadratic polynomial, then the mappings h’, VChT and V2 hT are as well

analytic on O°(o, p), and the norm [hT] 5B

0D satisfies the same estimate, modulo another
constant factor, for any 0 < p/ < p.
Finally, the estimate for [h — '] ’5 v p When p /2 < p' < p, with a suitable constant C,

follows from the estimate for [RT]’ ﬁ p since [h — hT] < [T]%5 o T [1] OﬂfD : O

4.3. Poisson brackets and flows. — The Poisson brackets of functions is defined by

Lemma 4.3. — Lets > 1. Let f € T5%F (0,4, D) and g € T5%(o, p, D) be two jet functions
then for any 0 < o' < o we have {f,g} € T*P (o', n, D) and

{F o1, wp <Clo—d)” 1M_2[f]21ﬁ?;7[9]?,ﬁ,p-

Proof. — Let denote by hj, hg, hs the three terms on the right hand side of ([LX). Since
V. f(0,r,.¢,p) = fr(0,p) and V,g(0,r,(, p) = g-(6, p) are independent of r and ¢, the control
of hy and hy is straightforward by Cauchy estimates and (Z.2]).

We focus on the third term in formula: hs = (JV¢f,V¢g). As, from @), we have V¢ f =
fc + fee¢ and similarly for Vg, we obtain

ha = (J fe, 9¢) — (G, feedg¢) + (geed fe, O) + {g¢ed feeC, €)-
Using (A.2)), @A) and ||C[|s < p, we get
s (x, )| < Cu?[f120 plal p

for any z € O(o, ) and p € D.
Since

Vchs = —fecT9¢ + 9ccd fo + 9¢c T FecC — Feed 9¢¢6s
then, using (£4]) and Lemma 1] we get that for z € O%(o, u) and p € D

IVeha(e.lses < Cn 11155 plaliim -
Finally, as V2?h3 = gced fee = feeJgee, then, using again Lemma E.I] we get that for z €
O%(o, ) and p € D
V2hs (2, ) < Cu (120510150 5
O

4.4. Hamiltonian flows. — To any C'-function f on a domain O%(o, 1) x D we associate
the Hamilton equations

7? == v@f(raeac; p)7
(4.6) 0= —Vif(r,0,¢p),

(= JV¢f(r,0,¢p).
and denote by <I>t = &', t € R, the corresponding flow map (if it exists). Now let f = f7 be
a jet-function

(4.7 £ = 10(0:0) + F2(6:9) -+ Uel659),€) + 54cc(8: )G, )
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Then Hamilton equations (Z6) take the form[(7)]

7;: — —Vef(ﬁ@’ C)7
(4.8) 0= f(0),
C= J(fe(0)+ fec(0)C).

Denote by Vy = (Vfr , V]? , VfC ) the corresponding vector field. It is analytic on any domain
O%(o —2n,pu — 2v) =: Ogy 2y, where 0 < 2 < 0, 0 < 2v < p. The flow maps <I>§c of Vy on
Oay,2, are analytic as long as they exist. We will study them as long as they map Oy, 2, to
(O

Assume that

(19) o < 570

Then for x = (r,0,() € Oy, 2, by the Cauchy estimate[®) and ([#4]) we have
Vilen < 20 fl5up < V7
Vilen < ()7 o <
IVElls < (™" + 0720 [l < v

Noting that the distance from Ogy 2, to 00, in the r-direction is 2vu — 3v2 > 12, in the
f-direction is n and in the (-direction is v, we see that the flow maps

(4.10) <I>§c: O%(c —2n,u—2v) - O°(c —n,u—v), 0<t<1,

are well defined and analytic.

For x € Oy, denote @?(m) = (r(t),0(t),((t)). Since V]? is independent from r and (,
then 0(t) = K(0;t), where K is analytic in both arguments. As VfC = Jfe + Jfee¢, where
the non autonomous linear operator Jf¢:(6(t)) is bounded in the space Y, and both the
operator and the curve Jf¢(6(t)) analytically depend on 6 (through 6(t) = K(6;t)), then
C(t)=T(0,t) + U(0;t)¢, where U(0;t) is a bounded linear operator, both U and T analytic
in 6. Similar since V¢ is a quadratic polynomial in ( and an affine function of r, then
r(t) = L(0,;t) + S(0;t)r, where S is an n X n matrix and L is a quadratic polynomial in ,
both analytic in 6.

The vector field V; is real for real arguments, and so behaves its flow map. Since the vector
field is hamiltonian, then the flow maps are symplectic (e.g., see [23]). We have proven

Lemma 4.4. — Let0<2n<o0,0<2v < pand f = f1 € T*(o, u, D) satisfy @3). Then
for 0 <t <1 the flow maps ‘1>’} of equation (L)) define analytic mappings [@AI0) and define
symplectomorphisms from O%(o — 2n, u — 2v) to O*(o —n,u — v). They have the form

r L(6,¢;t) + S(0;t)r
(4.11) <I>§c 6] = | K(@6;t) ,
¢ T(0;t) + U(6; )¢

where L(6,(;t) is quadratic in ¢, while U(0;t) and S(6;t) are bounded linear operators in
corresponding spaces.

Our next result specifies the flow maps <I>’} and their representation (4I1I)) when f €
T*B* (0, 1, D):

Lemma 4.5. — Let 0<2n <0 <1,0<2v<pu<1and f = fT e T (o, ,D) satisfy

1
B+
(4.12) [Flop < 5%

7. Here and below we often suppress the argument p.
8. Notice that the distance from O°(o — 21, u — 2v) to dO*(o, u) in the r-direction is dvy — 40 > 407,
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Then:

1) Mapping L is analytic in (0,() € T°72" x O . (Ys). Mappings K, T and operators S and U
analytically depend on 0 € T°~2"; their norms and operator-norms satisfy

15005 )|l cm omys 1TV (03 8) = Tl v v, )

(4.13)
1U(0:8) = Il c(va,v,op): (U(0:8) = I|s gy <2,

while for any component L7 of L and any (0,7,¢) € O%(o — 2n, u — 2v) we have
VLI (0. 0) s < O~ i 1150
VELI(0, ¢ t)]sp4 < O ' 2150
2) The flow maps <I>§c analytically extend to mappings
C* X TR o, x Yy 2 2% = (r,0°,¢") = a(t) € C" x T} x Y,
x(t) = (r(t),0(t), (1)), which satisfy
r(t) = 0] < 47 (14 YO+ 720+ w212 A1 s
(4.15) 6() = 6° < n2[f130

1C(8) = COllsss < (21 s + 1Y) (11507

Moreover, the p-derivative of the mapping x° + x(t) satisfies the same estimates as the

increments x(t) — x°.

(4.14)

Proof. — Consider the equation for ((¢) in (LS):

(4.16) C(t) = a(t) + Bt)S(1),  ¢(0) = ¢° € O (Ys),
where a(t) = Jf¢(0(t)) is an analytic curve [0,1] — Y, and B(t) = J fec(6(t)) is an analytic
curve [0,1] — M. Both analytically depend on #°. By the hypotheses and using (&3

_ - 11
(4.17) Na(®)lls < ' 1f15m I1Blleays < w2115 0 < 3V <5
On the other hand by Lemma ATl (iii), B € £(Ys, Ys45) and
(4.18) IBlleev v, < 1201500,

By re-writing (@I6) in the integral form ((¢) = ¢° + f (t') + B(')¢(t"))dt’ and iterating
this relation, we get that

(4.19) C(t) = a™(t) + (I + B=())¢°,
where
a2t = [ a(t)dh + ! t“ Ja(t)dty - - dty dt,
/ 1)dty kZ»// / k)t - 2 dty
and
1 o B(t;)dty, - - - dta dt
0=3 / | H e dty diy.

Due to (£12), (£I7) and m, for each k and for 0 <t <...t1 <1 we have that

Lot s
1Bt Bt vy < () 0 50

By this relation and (£I7) we get that a® and B> are well defined for ¢ € [0, 1] and satisfy
1Bl < 072010

(4.20)
16 (#)l|s45 < n=2 (A0 1) < u A0,
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Again, the curves a® and B> analytically depend on 6°. Inserting ([E20) in (EI9) we get
that ¢ = ((t) satisfies the third estimate of (AIH]).
On the other hand for all ¢ € [0,1], B € M;LB and

B)ls.r < 1110
Therefore using Lemma [£.T] we get
(4.21) B=(t)]apr < 1700
Since in (I1) U(#;t) = I + B*>(t), then the estimates on U in ([@I3]) follow from (£.20) and
E2T).

Now consider equation for r(t):
7(t) = —a(t) — A(t)r(t), r(0) = r0 e (’)(M_zy)z((C")
where A(t) = Vg f(0(t)) and

(4.22) a(t) = Vafo(0(t) + (Vo fc(0(t)),¢(1)) + 1<V9f¢¢(9(t))<(t), ¢())-

The curve of matrices A(t) and the curve of vectors a(t) analytically depend on §° € T?_ o

Besides, a(t) analytically depends on ¢° € Y, while A is ¢(®-independent.
By the Cauchy estimate and ([&I2]), for any 6(t) € Tf_, we have

1 9 s 1
A |zeneny <0 2[5 up < 5

) < 207 15 o+ 1 I s + 12 lIC02)

where for the second estimate we used that ||¢(t) — ¢°ls < 1+ [|¢Y|s-
Since Vega(t) = Vafc(0(t)) + Vofec(0())¢(t) and Ve, = 'U(0;t)V¢, then using EI3) and

Lemma (1] we obtain
(4.24) IVeoa(®lsrs < 4n~ ' u A2 + 1M IC).
Since Vgoa(t) = tUVg(t)a(t)U ="'UVgfec(0(t))U, then due to (ZI3) and Lemma [.T]

(4.23)

(4.25) Vaoa()ls oy <40 n (1200

We proceed as for the (-equation to derive

(4.26) r(t) = —a™(t) + (1 — A (),

where

(4.27) o) = [ at)dt + T A e i,
/ 1)dty kz>2/ / / k)dly - 2 dty

and

t1 th—1
(4.28) SNOEDY / / / ti)dty, - - - dtg dty.
E>1

Using (£23]) we get that

7 (L I + 12D [£15 -

Since in (@I S(0;1) = I — A°(t), then the first estimate in ([@I3]) follows. Since A*°(¢) in
(@26)) is ¢’-independent, then L(f,(;t) = —a™(¢). This is a quadratic in (Y expression, and
the estimates ([ALI4) follow from ([L.24)—-(@.25) and in view of the estimate for A>° above.
Finally using the estimates for A and o> we get from (£20) that r» = r(t) satisfies ([@I5)1,
O

as ([AI5))2 directly comes from (A8]) and (4.2]).
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Next we study how the flow maps <I>’} transform functions from 7°%(a, u, D).

Lemma 4.6. — Let0<2n <o <1,0<2v < pu<1. Assume that f = fT € T+ (o, u,D)
satisfies [E12). Let h € TP (o, u, D) and denote for 0 <t <1

he(; p) = M@ (; p); p).
Then hy € TSP (0 — 21, u — 2v,D) and

K qs,
[ht]a 2n,u—2v,D < C;[h]a,ﬁ,D

where C is an absolute constant.

Proof. — Let us write the flow map ®°, 7 as

2% = (r,6° ¢%) > a(t) = (r(1), 0(1), (1))

By Lemma 5, hy(2?) is analytic in 2° € O(c — 2n, u — 2v). Clearly |hy(z°,-)| < [h ]U’ﬁp for
¥ € O(o — 25,4 — 2v) and p € D. So it remains to estimate the gradient and hessian of
h(zY).

1) Estimating the gradient. Since 0(t) does not depend on (Y, we have

Ohy <= Oh(x(t)) Org(t) ) 9 (1)
a_@‘kzl o e Z o) e =T

i) Since z(t) € O(c —n, . — v), we get by the Cauchy estimate that

Oh(z()| o 1 s
ory | < 32 Mon:

As Vi ory(t) was estimated in (£I4), then using ({IZ) we get
ISt ]ls4p < c:/—?[h](;,‘ip 0 A p < O R 5
ii) Noting that Xo(r,6,¢) = 'U(6;t)Vh, we get using [@I3):

S2llsrp < 4~ R0 .

Estimating similarl Qa—hct we see that for z € O(o — 2n, u — 2v)

10,V cohelsrs < Cp B2 o

2) Estimating the hessian. Since 0(t) does not depend on ¢° and since ((t) is affine in ¢°,
then

9%hy (2) = O?h(x(t)) OC(t) OC(t) N O?h(z(t)) Or(t) Or(t)

I aco¢  a¢Y ag orr  a¢Y a¢
(4.29) O?h(x(t)) Or(t) OC(t)  Oh(x(t)) 0?r(t)
T Tor¢ o o T ar  acoag

= A1+ A+ Az + Ay

i) We have |9%h/9¢,0¢|5 < Cu*Q[h](sf’ﬁD. Using this estimate jointly with (£I3]) and
Lemma [Tl we see that

Al < Cu72[RS0 .

ii) Since for 2° € O%(o — 25, — 2v) by ([@EI4) we have
1 B+
IVerillses < O w1300

and since by Cauchy estimate |d?h| < CV*4[h]2’ﬁ p» we get using Lemma E.I)(v) and ([.12)

Aslg < CvmR20 o 2 (A0 ) < Cu 2[R
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iii) For any j we have by the Cauchy estimate that || %VChHerB < Cu*3[h]375 . Therefore

o,u,D
by (@.I3)

< CV*B’[h]j’fL’D .

0%h  OCy
H Z OrjdCy OCY
Since

IV eorsllsrs < Ot u A0 p < Cv2ut

by (£I4]), then using Lemma [£.1] (v) we find that
[Aals < Cv A -

iv) As [0h/r(z(t))] < v2[R]%? _ and

o,u,D
o < Cnp AR,
C 8({, oD

by ([@I4]), then

Aulp < Cu?[R30 4.

The p-gradient of the hessian leads to estimates similar to the above. So the lemma is
proven.

O
We summarize the results of this section into a proposition.

Proposition 4.7. — Let 0 < o' <o <1,0 <y < pu <1.There exists an absolute constant
C > 1 such that

() if f = f7 € T%(0, 4, D) and
1
(4.30) o < 5n—1)—d),
then for all 0 <t <1, the Hamiltonian flow map <I>’} is a C'-map
O (o', 1) x D — O°(o, p);

real holomorphic and symplectic for any fized p € D. Moreover,

1 1
H‘F}(m, ) —zllsp < C(U — + E) [f]ci:ﬁ,D

for any x € O%(o’, 1').
i) if f = {7 € T*"*(0, 1, D) and

(431) 15 < 3 (u— )0 — o),

then for all 0 < t < 1 and all h € T*P(o,u, D), the function hy(z;p) = h(q)’}(x,p);p)
belongs to TP (o', 1, D) and

hEP, < C .
I:t:IU“D (M M)[]M’D

Proof. — Take 0/ = 0 — 2s and p/ = u — 2v and apply Lemmas L5 and O
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5. Homological equation

Let us first recall the KAM strategy. Let hg be the normal form Hamiltonian given by

1
hO(Ta C’ p) = <W0(p), T> + §<<a A0<>
satisfying Hypotheses A1-A3. Let f be a perturbation and

F7 = for+ )+ e O+ 50ec Q)

be its jet (see [@I))). If f7 were zero, then {¢ =7 = 0} would be an invariant n-dimensional
torus for the Hamiltonian hg + f. In general we only know that f is small, say f = O(e),
and thus f7 = O(e). In order to decrease the error term we search for a hamiltonian jet
S = ST = O(e) such that its time-one flow map ®g = @4 transforms the Hamiltonian hg + f
to

(ho+ f)o®s=h+f¥,
where h is a new normal form, e-close to hg, and the new perturbation f* is such that its
jet is much smaller than f7. More precisely,

h=hoth  h=clp) +{x(p)) + 516 Bl)) = O()
and (fH)" = 0(2).
As a consequence of the Hamiltonian structure we have (at least formally) that
(ho + f) o @5 = ho + {ho, S} + [T+ O(e?).
So to achieve the goal above we should solve the homological equation:
(5.1) {ho, S} =h — fT + O(?).

Repeating iteratively the same procedure with h instead of hg etc., we will be forced to solve
the homological equation, not only for the normal form Hamiltonian (2Z9), but for more
general normal form Hamiltonians (Z4]) with w close to wy and A close to Ag .

In this section we will consider a homological equation (5.I) with f in 7%%(o, u, D) and
we will build a solution S in T5%% (o, u, D). In this section, constants C' may take different
values, but will only depend on s, 5, n, d*, 7, ¢o, a1 and as given in Hypothesis A1, A2 and
A3.

5.1. Four components of the homological equation. — Let h be a normal form Hamil-
tonian (2.4)),
1
h(?”, Ca p) = <w(p)’ 7n> + §<<, A(p)g> )
and let us write a jet-function S as
1
5(0,1,¢) = 59(0) + (S(0),m) + {Sc(0), ) + 5{S¢¢(0)C, )
Therefore the Poisson bracket of h and S equals
{h. S} = (Vg w)Sp+ (Vg - w)Sr, 1) + (Vo - w) 5S¢, ()
1
+5{(Vo - w)Sc¢, €) = (ATS¢, €) + {Se¢ JAG, Q).

Accordingly the homological equation (B.1I) with hg replaced by h decomposes into four linear
equations. The first two are

(5.2) (VoSp,w) = — fo+c+ O(e?),
(5.3) (VoSr,w) == fr+ x + O(ED).
In these equations, we are forced to choose

c(p) =[fo(-,p)I and  x(p) =[1-(,0)]
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where [ f]] denotes averaging of a function f in # € T", to get that the space mean-value of
the r.h.s. vanishes. The other two equations are

(5.4) <VGSC’W> - AJSC == fC + 0(62)’
(5.5) (VoSce,w) — AJSee + SecJA =— fee + B+ 0(62) ,
where the operator B will be chosen later. The most delicate, involving the small divisors

(see ([2.8])), is the last equation.

5.2. The first two equations. — We begin with equations (5.2]) and (5.3]) which are both
of the form

(5.6) (Vop(0, p),w(p)) = (0, p)
with [[1/] = 0. Here w : D — R™ is C! and verifies
|w - w0|c1(D) < (S(].
Expanding ¢ and 1 in Fourier series,
= @R, p= 3 Pk,
kezm\ {0} kezn\{0}
we solve eq. ([B.0) by choosing
i .

p(k) = — k), keZ"\{0}; p(0) = 0.

Gl = ~i). ke {0k 40)
Using Assumption A2 we have, for each k # 0, either that

[(w(p), k)| =60 Vp

or that
(Vp-3)((k,w(p))) =00 Vp

for a suitable choice of a unit vector 3. The second case implies that

[{w(p) k)| = &,

where r < dy, for all p outside some open set Fj, = Fj,(w) of Lebesgue measure < ¢, k.
Let

Dy =D\ |J F
0<|kI<N

Then the closed set Dy satisfies
meas(D \ Dp) < N"; ,
0

and [(w(p), k)| > k for all p € Dy. Hence, for p € Dy and all 0 < |k| < N we have
R L
B0 < 2.
Setting ¢(0, p) = > o<jkj<n @k, p)et*? we get that
(5.7) (Vop(0,p),w(p)) = (0, p) + R(0, p).

Hence ¢ is an approximate solution of eq. (G.6) with the error term R(6, p) = — 325> v O (k, p)et?.
We obtain by a classical argument that for (6, p) € T? x D1, 0< ¢’ <o, and j =0,1

sup [4(0, p)l;

r(0 = 0" |56)<0

C ef%(ofa/)N

(0, p)| <
(5.8)

3R, p)| < sup [094(0, p),

(J - 0—/)11 |S0|<o
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where C only depends on n. If ¢ is a real function, then so are ¢ and R.
Differentiating in p the definition of ¢(k) gives[O)

03 (k) = xuen (k) ( —
From this we derive that

L Op(k) + e (0, WD(R))

(w. k) (w, k)2

Clwo(p)lcr + 1)N( sup [¥(8,p)| + sup [9,%(8,p)|),

’%2(0- - U/)n |S0|<o |S0| <o

where we estimated the derivative of w by |wo(p)|c1 + do < |wo(p)|cr + 1.

Applying this construction to (5.2]) and (53] we get
Proposition 5.1. — Let w : D — R™ be C' and verifying lw —wolerpy < do. Let f €
T*(o, 1, D) and let 6o > k > 0, N > 1. Then there exists a closed set Dy = Dy(w,k, N) C D,
satisfying

meas(D \ D) < CN"(?,
0

and
1 ere exrist rea -Junclions o9 an 6 Omn X 1 — L, analtytic in U, suc a
i) th st real C* tions Sp and R T x Dy — C lytic in 6, such that

<V95'9(9,p),w(,0)> = _fG(Hap) +[[f9(ap)]]+ R@(a’p)
and for all (8,p) € T2 x Dy, 0’ <o, and j =0,1

CN .
(O- _ O./)n [f]07M7D17
1 /
Cefi(ofo )N .
(0 _ U/)n [f]o,uﬂh :

(ii) there ewist real C* vector-functions S, and R, on T? x Dy, analytic in 0, such that

<V€Sr(97p)7w(p)> - _fr(eap) +[[f7"('§p)]]+ Rr(eap)a
and for all (0,p) € T, x D1, 0’ <o, and j =0,1

18355(0, )] <

109 Ry (6, p)| <

s

. C
05510, P < 5 ma Moy

Ce—%(a—a’)N

0] R,.(0, p)| < W[ﬂfw,pl :
The constant C' only depends on |wolct (p)-
5.3. The third equation. — To begin with, we recall a result proved in the appendix of
[15].
Lemma 5.2. — Let A(t) be a real diagonal N x N-matriz with diagonal components a;
which are C' on I =] —1,1], satisfying for all j =1,...,N and all t € I
a’(t) > do.

Let B(t) be a Hermitian N x N-matriz of class C* on I such that[10]
1B'(®)]| < do/2,
forallt € I. Then
(AW + B < =
outside a set of t € I of Lebesque measure < CNedy ', where C' is a numerical constant.
Concerning the third component (5.4]) of the homological equation we have

9. Here and below xq(k) stands for the characteristic function of a set Q C Z".
10. Here || - || means the operator-norm of a matrix associated to the euclidean norm on C».
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Proposition 5.3. — Let w: D — R" be C! and verifying |w — wole1(py < do- Let D 3 p
A(p) € NFN Mg be Ct and verifying

. 1
(5.9) 165 (A(p) = Ao)alll < 50

orj=0,1,a€ L and peD. Let f € T*(o, 1, D), 0 < k < min(%2, L) and N > 1.
p H 259

Then there exists a closed set Dy = Da(w, A, k, N) C D, satisfying
meas(D \ D) < CNeng
0

and there exist real C'-functions S¢ and Re from T™ x Dy to Yy, analytic in 0, such that

(5.10) (VoSc(6, p),w(p)) ~A(p) TSc(6, p) = —fc(6, ) + Re 6. p)
and for all (0,p) € T2 x Dy, 0’ <o, and j =0,1

; CN R

R O ey e S
) Cefﬁ(a o )N s
#IORe6, e <= i

The exponent exp only depends on d*,n,~y while the constant C' also depends on |w0|Cl(D).
Proof. — It is more convenient to deal with the hamiltonian operator JA than with operator
AJ. Therefore we multiply eq. (5.I0) by J and obtain for JS; the equation

Let us re-write (511)) in the complex variables *(&, 7). For a € £

oo ee(z)n(8) k(L)

The symplectic operator U, transforms the quadratic form (A,/2)(Cqa,Ca) t0 iXa€ane. There-
fore, if we denote by U the direct product of the operators diag (U, a € £) then it transforms
(1/2)(¢, AoC) to > ,cr iXaala- So it transforms the hamiltonian matrix JAg to the diagonal
hamiltonian matrix

. ) -1 0
dlag{z)\a< 0 1>,a€£}.

Then we make in (BII) the substitution JS; = US, JR; = UR and —J f; = UF,, where
S =*(8¢,8M), etc. In this notation eq. (5.I0) decouples into two equations
(VS w) —i tQS* = F& + RS,
(VoS w) +iQS" = F" + R".
Here @ : £ x £ — C is the scalar valued matrix associated to A via the formula (2.3), i.e.
Q = diag{\,, a € L} + B,

where B is Hermitian and block diagonal.
Written in the Fourier variables, eq. (B.13]) becomes

i((k,w) — 'Q) 88(k) = FE(k) + RS(k), keZ",
i((k,w) + Q) S"(k) = E"(k) + R"(k), ke Z".

The two equations in (5.I4]) are similar, so let us consider (for example) the second one, and
let us decompose it into its “components” over the blocks [al:

(5.15) i((kw(p)) + Q) 1a)) Sty (k) = Fiay(k, p) + Ry (k)
where the matrix @, is the restriction of @ to [a] x [a] and the vector F[a](k:,p) is the

restriction of F' (k,p) to [a] — here we have suppressed the upper index 7. Denoting by
L(k, [a], p) the Hermitian operator in the left hand side of equation (5.I5]), we want to estimate

(5.13)

(5.14)



KAM FOR THE KLEIN GORDON EQUATION ON §¢. 27

the operator norm of L(k,[a],p)"!, i.e. we look for a lower bound of the modulus of the
eigenvalues of L(k,[a], p).
Let a(p) denote an eigenvalue of the matrix Q(q)(p), a € L. It follows from (5.9) that

o

&
=<
5 =

’O‘(p) - )\a‘ < 50
for some appropriate a € [a], which implies that

ap)| > G > 2w,
by (23]). Hence,

- —1
IZ(0, [a], p) 7!l < (kwa) ™ Vp, Va.
Assume that 0 < |k| < N. Since [(k,w(p))| < CN it follows from (23] that
¢
(k. w(p)) +alp)| 2w >k w,

4CN)

co

(5.16) 1L(k. ). p) ™ < (s wa) ™" V.

1
whenever w, > ( 7. Hence for these a’s we get

Now let w, < (4CON )% By Hypothesis A2 we have either
[{(k,w(p)) + Aa| = dowa  Vp,Va
or we have a unit vector 3 such that
(Vo 3)((k,w(p)) +Xa) = 60 Vp, Va.

The first case clearly implies (B.16]), so let us consider the second case. By (&.9) it follows
that

(%, -3)Hig )] < 2

The Hermitian matrix ((k,w(p)) + Q(p)[q) is of dimension w? (see (ZI)) therefore, by
Lemma [52] we conclude that (BI6) holds for all p outside a suitable set F, ) of measure
Swd syt . Let

Dy=D\ |J Fur

[k|<N
<(4S—ON)%
Then we get
Ny &2 i
< ni-_" v
meas(D \ D) < CN (CO> 5
and (B.I6]) holds for all p € Dy, all |k| < N and all [a].
Equation (5.I5]) is now solved by
(517) S[a](k’p) :X|k\§N(k)L(kj’ [a]’p)ilp[a](k’p)’ ac E’
and
(518) ]A%[a](k7 p) = X\k|>N(k)F[a](k7 p)a a€Ll.
Using (5.16)), we have for p € Dy
15701 (6, p)I| < sup || g (6, p)l,

K wa(a - OJ) |S0|<o

1 /
Ce 300N
<o

[1R1q) (6, p)l| <
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for 0 € T?, , see (E.8).
Since [|S[12 = Y e was|Sal®> = X, cp wa¥llS|q)[|? these estimates imply that

sup [0, )]s,
(0 =)™ |50/<0 °

<
1500, 9) 11 <=

Ce*%(ofo/)N

I1R(6, p)lls < sup [[E(6, p)|ls,

(U - Jl)n |S0|<o

for any o/ < 0. The estimates of the derivatives with respect to p are obtained by differenti-
ating (.15 to obtain

L(kv [a]7 p)[apg[a}(k)] = _[aPL(k7 [a]7 p)]g[a} (k) + [8pF[a](k7 P)] + [8PR[Q}(k)]

which is an equation of the same type as (GI5) for Bpg[a](k:) and Bpf%[a](k:) where
—[0,L(k, [a],p)]g[a](k:) + [Bpﬁ[a}(k,p)] := DBiq)(k,p) plays the role of F[a}(k,p). We solve
this equation as in (B.I7)-(EI8]) and we note that

Xis> N (B)Biay (k. p) = X|p>n () [0pFla (K, p)]

and thus
Ce™ % (o0—0’)N

IR0, p)||s < ————— sup [[F(0,p)|s-
(0 =) |50/<o
On the other hand
| Biaj (ks p)[|s < — sup || F(0,p)[ls + sup [|0,F(0,p)lls
K( J) |S0|<o |S0|<o

and therefore we get

CNp'
10,5(0, p)[ls+1 < m[ﬂgﬂp-

The functions F' and R are complex, and the constructed solution S¢ may also be complex.
Instead of proving that it is real, we replace S¢, 8 € T", by its real part and then analytically
extend it to T7, using the relation RS (6, p) := 3(S¢(0, p) + S¢ (0, p)). Thus we obtain a real
solution which obeys the same estimates. O

5.4. The last equation. — Concerning the fourth component of the homological equation,
(E5), we have the following result

Proposition 5.4. — Let w: D — R" be C! and verifying |w — wole1(py < do- Let D 3 p
A(p) e NFN Mg g be Ct and verifying

(5.19) 33(A() - 40)],, < 2

for 5 =0,1and p €D. Let f € T*P(o,u,D), 0 < k < %0 and N > 1.
Then there exists a subset D3 = Ds(h,k, N) C D, satisfying

N\ ex xp’
meas(D \ Ds3) < C(—)e p<£>e P ’
Co 50
and there exist real C1-functions B : Dy — Ms g NNF, Sec(5p) : D3 — M;LB and Ree(-p) -
T, x D3 — M, g, analytic in 0, such that

(5.20) (VoScc(0, p),w(p)) = Alp)JScc (0, p) + Scc (0, p)JAlp) = —fec (0, p) + Blp) + Rec (6, p)
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and for all (6, p) € T x D3, 0’ <o, and j =0,1

o n e~3(0=0 )N 5
(5.21) w0 Rec(0:0)l 15 < €~ Wl
N1+d* /[y 58
(522) 1% ‘8]5<< 9 s P ‘ Bt = C K‘,2+d*/25(0' _ 0-/)11 [f]o',;,c,D’
(5.23) 1 133B()|, , < C I3 p:

The two exponents exp and exp’ are positive numbers depending on n, v, d*, aq, as, 3. The
constant C' also depends on |wo|c1(p)

Proof. — As in the previous section, and using the same notation, we re-write (5.20) in
complex variables. So we introduce S =US; U, R="UR:U and F = U fU.
By construction, Sg € Moyo for all a,b € L. Let us denote

o= (5 e
¢ (S5 (s
and then

S = ((S2)F)aper, S =((S2)Mapec, ™ =((Sa)™apec-
We use similar notations for R, B and F.
In this notation (5.20]) decouples into three equations[11)]

(VoS w) +iQS% + iS¢ tQ = B — F& + RS
(Vo S™ ) —i tQsSm — iS™MQ = B™M — M 4 RM.
<v055n7w> +iQSE" —iSENQ = B — FE 4 RE

where we recall that @ is the scalar valued matrix associated to A via the formula (Z3]).
The first and the second equations are of the same type, so we focus on the resolution of the
second and the third equations. Written in Fourier variables, they read

(5.24) i((k,w) —'Q)S™ (k) — iS™(k)Q = &,0B™ — F"™(k) + R"™(k), ke Z",
(5.25) i((k,w) + Q)S" (k) — iS(k)Q = 60 BS" — F&(k) + RS(k), ke Z",
where 0y ; denotes the Kronecker symbol.

Equation ([5:24). We chose B™ = 0 and decompose the equation into “components” on
each product block [a] x [b]:

(5.26) L8 (k) = iF)(k, p)—i R} (k)

where we have suppressed the upper index nn and the operator L := L(k,[a], [b], p) is the
linear Hermitian operator, acting in the space of complex [a] X [b]-matrices defined by

LM = ((k,w(p)) = "Qla(p)) M — MQpj(p)-

The matrix (), can be diagonalized in an orthonormal basis:

' Py Q1o Pla) = Dpa-

~ [b ~ [b
Therefore denoting S M = tP[a]S[[a% b)) F’LL]} = tP[a]F[[ab]]P[b] and R’M = tP[a}REj}P[b] the
homological equation (5.26]) reads
,[0] b ., 10] Al
(5.27) ((k,w) + Di)) S (k) — S’M( )Dyyy = iF") (k) —i R/ g (k).
This equation can be solved term by term:
(5.28) Rjok) = Fry(k), e lal, Leb], k] > N

11. Actually (5:20) decomposes into four scalar equations but the fourth one is the transpose of the third
one.
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and
. i .

(5.29) S50 = G e By ®s J€lal L€ <N

where a;(p) and B;(p) denote eigenvalues of Q,(p) and Qp)(p), respectively. First notice
that by (5.28) one has

—L(o—0"N
RO)]op = R (O)]p < S sup [F(0)]as
(0 —d) |S6| <o

To estimate S we want to use Lemma [A3] below. As Q) = diag{\s : a € [a]} 4+ By, with
B Hermitian, using hypothesis (5.19]) we get that

1) 0 1 0
(5:30)  [(5(0) +Be(p) — (ha+ M)| < (zo + f) ) = M

Moreover, in order to apply Lemma [A.3] we have to estimate |c;(p) — Ao| and [Gi(r) — A,
this is done thanks to assumption (G.19) :
1 do
05 = al < Q1 () = ATl £ —51A(p) — Aol < —5
w 4w
[a] [a]
and the corresponding estimate holds for |5;(r) — A\y|.
It follows as in the proof of Proposition B3] using Lemma [5.2] relation (2.35]), Assumption
A2 and (B5I9)), that there exists a subset Dy = Dy(h, k, N) C D, satisfying

meas(D \ D) < C<E)exp£

Co 50,
such that
[(k,w(p)) —a;(p) = Be(p)| = k(1 + |wa + wy|),
holds for all p € Dy, all |k| < N, all j € [a], £ € [b] and all [a],[b] € £. Thus for p € Dy we
obtain by Lemma [A3 that S'(k) € 'M:,B for all |k| < N and

|8 (k)]s 51 < ORI /GO NEICD F (k) .
Therefore we obtain a solution S satisfying for any |36| < o’

C N/ (2v)

15(0)]s,5+ ST @) (5 — o7 |

sup |F(0)]s,5.

S0 <o

The estimates for the derivatives with respect to p are obtained by differentiating (5.20])
which leads to (here we drop all the indices to simply the formula)

L(D,S{gj(k. p)) = ~(9,L)8(g) (k. p) + 0, (k. p) — i, Rig (k. p)

which is an equation of the same type as (0.26]) for BPS'[[Z%(k:,p) and @R%(lﬂ,p) where

iﬁ[%}(k, p) is replaced by B[[Z%(k, p) = —(@L)Sg(lﬂ, p)+ iapF[b](k:, p). This equation is solved
by defining

[[Z%(k p) =x|kj<n (k) L(k, [a], [b], p)*lB[[ﬂ(h o),
8/)36%(]45’ P) = — ZX\k|>N(k)B[[Z%(ka p) = X|k‘>N(kz)8pF[Lb]] (k, ,0) .
Since
1(0,L)S(k, p)|s.5 < C(N(|0,wol + o) + 260)|S(k, p)|s.5 < CN|S(k, p)|s.z,

we obtain
B(k, p)|s,p < CN&™ 1T /W NS B(E) 5
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and thus following the same strategy as in the resolution of (5.26]) we get

CN+d /v s

o—o)n

Ce*ﬁ(ofo )N o

1210, R(0)]5, §me,p-

Equation ([5.25]). It remains to consider (5.25]) which decomposes into the “components”
over the product blocks [a] x [b] (we have suppressed the upper index £n):

o) (s w(p)) SEA(R) + Quay(p) Sio) (k) — S (k) Qpy ()
. = —Z5koBH +iF[[}}(k‘ p)—zRH(k‘)

First we solve this case when k£ = 0 and w, = wp, by defining

S0y =0, R(0)=0and B = F1(0).

Then we impose B[[ % = 0 for w, # wy in such a way B € M, s NN F and satisfies

Bls,5 < |F(0)]s -

The estimates of the derivatives with respect to p are obtained by differentiating the expres-
sions for B.

Then, when k # 0 or w, # wy, with the same definition of S’, F" as in (5.27)) we obtain

5, 10] b 1] . 5 1]
(5.32) ((k, @) + D)) S o) (k) = 8'|o) (k) Dypy = i gy () =i g ().
This equation can be solved term by term:
(5.33) R'jo(k) = F'y(k), j € la], £€b], [k >N
and
(5.34) S50k = ' Fik), jelal, L), |k <N

{k,w(p)) —aj(p) = Be(p)
where a;(p) and B;(p) denote eigenvalues of Q,(p) and Qp)(p), respectively. First notice
that by (B.33) one has

|R(9)|s,ﬁ = |R,(9)|575 <

To solve (5.34]) we face the small divisors
(5.35) (k,w(p)) + aj(p) = Belp), j € la], L]b].
To estimate them, we have to distinguish between the case k = 0 and k # 0.

The case k = 0. In that case we know that w, # wp and we use (5.19) and (2.6) to get

o o
4w 4w 2/3 -

1 /
06_5(0_0 )N
————— sup |[F(0)lss-
(0 =) |s6/<o ’

|j(p) = Be(p)| = colwa — wp| — R(1 + [wa = wpl).

This last estimate allows us to use Lemma [A.3] to Conclude that
N C ~
1SO)ls+ < 7 [F(0)]5-

The case k # 0. If k # 0 we face the small divisors (5.35]) with non-trivial (k,w). Using
Hypothesis A3, there is a set D) = D(w, 21, N),

meas(D \ D)) < CN™ (51)%
0
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such that for all p € D) and 0 < |k| < N
[(k,w(p)) — Aa+ Ab| = 2n(1 + Jwa — wpl).
By (G.19)) this implies

(b)) = i)+ Bl = 201+ o = s = 1 = 2
a b
= (1 + we — wp)
if 5o\
wy 2> Wq = <£>2B-
Let now w, < (5—%)% We note that |(k,w(p)) — Ag + Ap| < 1 implies that
uf < (G2 + ClK| < (32)% + V.

As in Section 5.3, we obtain that
(5.36) [(k,w(p)) + @j(p) = Be(p)| = k(1 + [wa — wy|) Vi € [a], VE € [b]

d

@ wil” (14w —wp|)Kdy . This can be done considering

holds outside a set F[,) ), of measure w
equation (5.34)) as the multiplication of a vector of size d,d called F]’l(kz) by a real diagonal
(hence hermitian) square di, dpp) x d|q)dpp) matrix, and using Hypothesis A2, Condition (5.19)
and Lemma

If F'is the union of Fig ), for k] < N, [a],[b] € £ such that w, < (g—%)ﬁ and w) <

5
(‘25_%)@ + N respectively, we have

(50 d*+1 60 0 (d*+2)/6 K
F)<C(=) 2 ((=—)* + N —N"
meas(F) < C(gh) 4 ()% + )0
< o )/s 20 2E K
- n 9o
Now we choose 7 so that
Myag _ Q03288 K R
=L e = ()T,
Then, as 8 <1, n <k and § > 1, we have
meas(F) < CNn+d*+2(5£)72d*i§i%ﬂa2 _
0
Let D3 = Dy ND), \ F, we have
2Bag

meas(D \ Ds3) < CNel“P((Si) 20" +3+2fay
0

and by construction for all p € D3, 0 < |k| < N, a,b € L and j € [a], ¢ € [b] we have
[(k,w(p)) — aj(p) + Be(p)l = w1+ |wa — wpl).
Hence using Lemma [A3] once again we obtain from (5.32) that (k) € ./\/l:ﬂ and
|5 (k)|s,54 < Ok~ RONT2E (k) .
Therefore we obtain a solution S satisfying for any |36| < o’
d* /2
SO < s O

" 150|<o

The estimates of the derivatives with respect to p are obtained by differentiating (5.31)) and
proceeding as at the end of the resolution of equation (5.24)).
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In this way we have constructed a solution Se¢¢, R¢¢, B of the fourth component of the
homological equation which satisfies all required estimates. To guarantee that it is real, as
at the end of Section we replace S¢¢, Re¢, B by their real parts and extend it analytically

to T?, (e.g, replace S¢c(6,p) by %(SCC(H,p) + 5'«(9, p))). O
5.5. Summing up. — Let

1
h=w(p) -+ 5(C AP0
where p — w(p) and p — A(p) are C* on D and A is on normal form.

Proposition 5.5. — Assume
. 5 .
(5.37) 93(A(p) = Ao)lsp < 7 105w —wo)| < o

forj=0,1and peD. Let f € T*F(o,1,D), 0 < k < %“ and N > 1. Then there exists a
subset D' = D'(h,k,N) C D, satisfying

meas(D \ D) < CN®P (;)exp ,
0

and there exist real jet-functions S € T+ (o', 11, D) , R € T*5 (o', 1, D) and a normal form

b =170 1+ IVe (0 0)] 7 4 5 (G B0,
such that
{(h,S}Y+ fT=h+R.

Furthermore, for all0 <o’ < o

(5.38) 93B(p)sss < C /120 e §=0,1and pe D’
Nl—l—d*/ﬂ/
8,8+ s,
(5.39) [S]ff’vuvD’ < Cﬁ2+d*/2ﬁ(0' —o')n [f]a,u,D’
—2(0—0’)N
S, € 2 S,
(5.40) R < O o Wl

The two exponents exp and exp’ are positive numbers depending on cy, n, d*, aq, as, vy, 3.
The constant C" also depends on |wo|c1(p)-

Proof. — We define S by

5(6,7,C) = 50(0) + (5:(6),7) + {5¢(0), ©) + 3 (5cc(0)G, O

where Sy, S, S¢ and S¢¢ are constructed in Propositions [5.1] and B4l Hamiltonians R
and B are also constructed in these 3 propositions. Then all the statements in Proposition
are satisfied and in particular we notice that

V<S = SC + SCCC
belongs to Y, 3 as a consequence of Propositions (£.3] b4 and Lemma ET] (iii). O

6. Proof of the KAM Theorem.

The Theorem is proved by an iterative KAM procedure. We first describe the general
step of this KAM procedure.
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6.1. The KAM step. — Let h be a normal form Hamiltonian
1
h=wer+ 5 (G AW

with A on normal form, A— Ay € Mg and satisfying (537). Let f € 7°?(o, 1, D) be a (small)
Hamiltonian perturbation. Let S = ST € 75/ (o’, 1, D) be the solution of the homological
equation

(6.1) (h,S}+ fT =h+R.
defined in Proposition Then defining

ht = h+h,
we get

with
1 ~
(6.2) Fr=R+(f = fMod+ [ {10+ R)+efT, 5} o0 b,
0
The following Lemma gives an estimation of the new perturbation:

1. Assume

Lemma 6.1. — Letk >0, N > 1,0 <0 <o <1and 0 < 24 <
ST belongs to

<
that D' C D, that f € T*P(o,u, D), that R satisfies (5.40) and that S

T+ (0", 1, D) with ¢ = ("g"/ and satisfies

7

1
(6.3) (S50 o < ggh’(e = ).

Then the function f+ given by formula B32) belongs to TP (o', i/, D) and

—L(o—0')N N\ 3 N1+ /v
+ 875 € 2 /’[/ 576 87[—3
(6.4) [f ]o’,u’,D/ =M ( (o0 — o) + (ﬁ) + ,{2+d*/25’u2(0 — o/)ntl [f]fwa [f]a,u,l?

where M is a constant depending on n, d*, ay, as, ¢, v and 3.

Proof. — Let us denote the three terms in the r.h.s. of 62) by f;7, fo and f;". In view of
(540]), we have that [ffr]j’,i/p, is controlled by the first term in r.h.s. of (6.4]).

By Proposition 2] we get

N\ 3
- e <0 (%) Mo

By hypothesis S = ST belongs to T55%(¢/, un, D') and satisfies (63]) which implies [S]z’//ﬁjp, <
L(u—p')?(0"—0") since 2p’ < pi. Therefore by Lemmal6land since 24/ < 2(pu—p'), [f;]j’,i,p,
is controlled by the second term in r.h.s. of (6.4]).

It remains to control [fgr]j’,i/,p/. To begin with, g, := (1 — t)(h+ R) + tf7 is a jet function
in 78(o’, u, D). Furthermore, defining for j = 1,2,

o—o

3

Uj:U'—i—j

and using (£.40) we get (for IV large enough)
5,8 n e~ (o= IN/G 5,8 5,8
9elgy oy <C {143 (o —a)" lopnn < Clflenp:

On the other hand S € T5A% (g9, u, D') is also a jet function and satisfies

14-d*
S22 ONTD e
UQ?}'L?/D, - K:Z-f—d*/Qﬁ(O— _ O-I)n Jylufyp
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Then using Lemma we have

N1+ /v

876 57ﬁ 2

[{gt’ S}]017H7D/ = C,‘€2+d*/25/£2(J _ 0/)n+1 ([f]o,uﬂ?) :

We conclude the proof by Proposition O
6.2. Choice of parameters. — To prove the main theorem we construct the transforma-

tion ® as the composition of infinitely many transformations S as in Theorem 5.5 i.e. for all
k > 1 we construct iteratively Sk, hk, fr following the general scheme (G.I)—([6.2]) as follows :

(h+f)0¢§10---o¢§k:hk+fk.

At each step fi, € T8 (ok, g, Dy) with [f’f]zﬁukﬂ?k <eg, hp = (W, 7‘)—!—%((, Ag() is on normal
form, the Fourier series are truncated at order Ny and the small divisors are controlled by
Kk. In this section we specify the choice of all the parameters for k£ > 1.

First we fix

1
Ko = €282+ /26)
We define ey = ¢, 09 = o, ug = p and for j > 1 we choose

9
Oj—1—0j :C*O'oj 5
Nj =2(0j —0j11)" Ine; ",

1
24(2+d* /28)

Iij :z’:“]

1

(&5 )
Hi =\ @m)iess)
where M is the absolute constant defined in (64) and (C,)~ ' =23 i>1 %27 and

ot

(6.5) gj = (gj—1)*.

Observe that with this choice, (p;) satisfies 2541 < p;. Then the only unfixed parameter

is € = g, that will be fixed next section. Nevertheless, £ will be small enough to ensure the

property K; < %0 that is necessary to apply Proposition This is guaranteed if

(6.6) 824(2+;z*/2,3) < 550

6.3. Iterative lemma. — Let set Dy = D, hg = (wo(p),r) + %<C,A0C> and fo = f in such
a way [fo]j’ﬁ < ep. For k> 0 let us denote

0,10,Do
Or = O%(op, pig)-

Lemma 6.2. — For ¢ sufficiently small depending on g, oo, n,s, B and |w0|01(p) we have
the following:

For all k > 1 there exist Dy, C Dy_1, Sk € T+ (on, s Dr), hi = (Wi, ) + %(C,ARQ on
normal form and fi € TP (o, px, Dy) such that

(i) The mapping
(6.7) (I)k(-,p) :@,15‘1‘: O > Oy, pE€Dy, k=1,2,---

is an analytic symplectomorphism linking the hamiltonian at step k — 1 and the hamil-
tonian at the step k, i.e.

(hio—1 + fr—1) 0 P = hy + [
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(ii) we have the estimates
meas(Di_1 \ Dy) < &4,
[ — Ty 1]%,% p, < Cep1,
[fk]o”lfuk7pk S gk’
|Pk(x, p) — x||s < e4/5, ak/ 1 forx e Oy, peDy.

The exponents « is a positive number depending on n, d*, oy, as, v, 8. The constant C also
depends on |wo|c1(p)-

Proof. — At step 1, ho = {wo(p),r)+3(¢, Ao¢) and thus hypothesis (537) is trivially satisfied
and we can apply Proposition to construct Sy, Rg, By and D; such that for p € Dy

{ho, S0} + f§ = ho + Ro.
Then we see that, using (2.39) and defining o4/, = 20491 we have

60N&+d*/w 1 .
) - 16 0

[Sl]s,ﬁJr

o1/2:40,D1 = 2+4d* /23 (JO —0o1)
Ko (

00 — 01/2

for e = gg small enough in view of our choice of parameters. Therefore both Proposition [£7]
and Lemma [6.2] apply and thus for any p € Dy, ®1(-,p) = @}91 : 01 — Qg is an analytic
symplectomorphism such that

(ho + fo) o ®1 = h1 + f1

with hq, f1, D1 and @y satisfying the estimates (ii)g—1 . In particular we have

14-d* *
11 () — 2|5 < S ]s,5+ < CN, +d* /v C(Ingg)'*? /“1623/24 - l 1/12
: = gop2 U Horzme DL = ngy o 24d*/26 0= —aya sy 5 oo 50
0 0 Moko o e

for g9 small enough.

Now assume that we have completed the iteration up to step j. We want to perform the
step j + 1. We first note that by construction (see Proposition [5.5))

Aj=Ay+Bo+---+Bj_,
and by (B.38])
|Ajlg<eg+---+ej_1 <2< iég
for g9 small enough. Similarly
wj = wo +[Vrfo(,0;p) [+ - +[Vrfj-1(-0;p)]

and thus |9/ (w; — wp)| < dp for £ small enough.
Therefore (5.37)) is satisfied at rank j and we can apply Proposition in order to construct
Sjy1, Bj, Rj and Dj.

Then we construct f;j4q as in ([@.2), i.e.

1
fivr =R+ (fi — []) o ®g, | +/0 {0 =) (hy + Rj) + tf], Sj1} o @, dt.

To control f;;1 we may apply Lemma [B.1] since, defining 04,/5 = 0"2&,
1+d* /v
e;N; 1
8.8+ 17 220
[SJ+1](,J.+1/2M,DHI <C S d /20 < 8,%(0] Tjt1)-

ko (05 — 0j41)"
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Therefore we can apply Lemma and, using the preceding choice of parameters, we may
bound all the terms of the r.h.s. of (64]). Let us start with the second term:

3
» 1
(6.8) M (%) € = HEj41-
J

The third term may be computed as
(6.9)

9(i +1)2 In(e~" W/, )2\ 7L 21/ i }
M( (j +1)"In(e; )) <(j +1) > j = CO(j+1)2nt3+2d /7(2M)2j/354/5(sj)1/245j+1

Cio9 Cliog 3
and there exists £, > 0 such that for 0 < & < &; we have for any j > 1

5

>
* . j 1
C(j + 1)2n+3+2d /'y(QM)Qj/?)(é,)%-i—i.(Z)J < Z )

The first term gives
2

e4 : 1 2n )
(6.10) MC JUO (G + 1)2n _ M%(E)%_(%)J

and there exists €2 > 0 such that for 0 < e < &, we have for any j > 1
(j+1)* 1

C.op 4
Take ¢9 < & =min(&1,&2) > 0 and we conclude that

Ej+1,

M (@)1 <

7/3

(6.11) [fj+1]2j+lvﬂj+h'Dj+l S €t
On the other hand by Proposition the domain D;; satisfies

-\ exp’
meas(D; \ Djy1) < CN;XP<E) <ef

9o

for some o > 0 and for g = € small enough. The estimate concerning hy1 — hj follows from
(5.38) and (G6.IT) for the infinite dimensional part, from (G.II]) for the control of [ fj+1(-,0; p)]]

and a straightforward Cauchy estimate for the control of the mean value [V, fj+1(-,0;p)]
Concerning the flow, we have for j > 1,

1+d* /v
C 5.5+ CNj
[®j11(z) —zlls < U',Uz[ j+1]0j+1/27“j7Dj+1 < n+1, 92 2+d*/25€j
I i M5

< C'(ln ej)l—i-d*/v(QM)Zj/3jn+2+d*/764/56;/24 < 64/5%6}/4

)

for € small enough.

6.4. Transition to the limit and proof of Theorem — Let
D = ﬂkzo’Dk.
In view of the iterative lemma, this is a Borel set satisfying
meas(D \ D) < 2e“.
Let us set
Qr=0%/lull), Zs=T0r xC" xY;
where ¢ > 2, and recall that || - ||s denotes the natural norm on C" x C" x Y. It defines
the distance on Z;. We used the notations introduced in Lemma By Proposition

assertion 2 and since oy > o/2, for each p € D' and k > 2, the map ®;, extends to Q2 and
satisfies on ()9 the same estimate as on Oy:
k2
(6.12)  ®p: Qo — Zy, B —1d]|s < Cpup(op1 — op) tep < C—(zM)%/%;/%‘*/?
*00
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Now for 0 < j < N let us denote <I>§V =®;10---0®y. Due to ([67), it maps On to O;.
Again using Proposition 5] this map extends analytically to a map ®%, : Q2 — Z5, and by
©12), for M > N, ||<I>3V - <I>g\/[||s < 06%464/5, ie. (<I>§V)N is a Cauchy sequence. Thus when
N — oo the maps ¥, converge to a limiting mapping ®%, : Q2 — Z,. Furthermore we have
j 1/4 /4 .
(6.13) @, —Id|, < Ce?? Zak/ < 084/5€j/ , V5 > 1.
k>j

By the Cauchy estimate the linearized map satisfies
(6.14) ID®L(x) — 1| 2y, vy < OV, Vo e Qs, Vi> 1.

By construction, the map <I>9V transforms the original hamiltonian

Ho = {w,7) + 5{C, Aoc) + f

into
Hy = () + 3G AN@)O) + I
Here
wy =w+[Vefol,0:0) ]+ - +[Vifn-1(-0;p)]
and

An=Ag+Bo+---+ By_1
where By, is built from <vg(fk(" 0)) as in the proof of Proposition 5.4
Clearly, wy — «’ and Ay — A where the vector W' = w'(p) and the operator A = A(p)
satisfy the assertions of Theorem
Let us denote ® = ®Y_, consider the limiting hamiltonian H' = Hp o ® and write it as

1
H' = () + LG A)O) +
The function f is analytic in the domain Q. Since H' = Hy o ®*_, we have
VH'(z) = DO (z) - VH(® (2)).

As [fk?]jjﬁﬂk,pk < e, we deduce

V. Hy(®K,(6,0,0) = wi + O(e,") 0 € T8,
Since the map ®* satisfies (6.14]), then
V.H'(0,0,0) =’ +O(e;/")  forall k> 1and 0 € T%.
Hence, V,.H'(6,0,0) = w’ and thus
V,f'(6,0,0)=0 for§eTe.
Similar arguments lead to
V¢, f'(6,0,0) =0 and V¢, V. f'(6,0,0) =0 for 6 € T%.

Now consider V¢, V¢, H'(z). To study this matrix let us write it in the form (Z29), with
h = Hj, and x(1) = ® (2). Repeating the arguments used in the proof of Proposition 8] we
get that

VeV, H'(8,0,0) = (A)ay + O(e/*)  for all k > 1 and 6 € T%.
Therefore V¢, Ve, H'(0,0,0) = Agy i.e.
/ _ n
VCGVbe (0,0,0) =0 forfe T%.
This concludes the proof of Theorem
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Appendix A

Some calculus
Lemma A.1. — Let j,k,0 € N\ {0} then
min(j, k) min(k, £) - min(j, £)

Al .
WD SR P R ) R 2] w0 + [
Proof. — Without lost of generality we can assume j < /.
If k < j then |k% — £2| > |j2 — 2| and thus
minGi,0) __ j
e G Ry R RV e B TR 2]
k min(k, £)

> =
T k+ k2= min(k,0) + |k? — 2

which leads to (A.T]). The case ¢ < k is similar.
In the case j < k < £ we have

min(7j, k) min(k, £) - J
min(j, k) + |j* — k[ min(k, £) + [k* = 2] = j + |5 = B[ + [k? — 2]
J _ min(j, £)

< = :
T8 min ) + 152 — 2]

Lemma A.2. — Let j € N then

1
— < C
ﬁ s -~
DD ey
for a constant C' depending only on g > 0.

Proof. — We note that

1
Y G = axb(j)
3 — a*
2+ k=)
Whereak:%fork:Z1,ak:0f0rk:§0andbk:%‘k|,k‘EZ. We have that b € /P for

any 1 < p < 400 and that a € 7 for any % < q < 400. Thus by Young inequality a xb € £,

for r such that % + % =1+ % In particular choosing g = % and p = ﬁ we conclude that

axb € ly. O
The following Lemma is a variant of Proposition 2.2.4 in [11].

Lemma A.3. — Let A € Mg and let B(k) defined by

(A.2) B = 5oy +ij — Al el e

where € = 1, (q)aer i a sequence of real numbers satisfying

. C,u €0
(A.3) |tta — Ag| < min (w_g’ Z) , forallael
for a given C,, > 0 and 6 > 0, and such that for all a,b € L and all |k| < N
(A1) (ke (p)) + cpia — ol > {1+ s — ).
Then B € ./\/l:ﬁ and there exists a constant C > 0 depending only on C,, A and § such that
d*
AlsgN2
B g < CABNT 0 b < .

d*
I{1+§
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Proof. — We first remark that the claimed property only concerns the operator norms of the
blocks B[[ﬁ, which can be computed separately. Let k1 and ko be positive integers that will

be fixed later. We define the following decomposition in M, g, according to the weights w,
and wy, :

Mg =Th 5k, k2) & Y2 (k1 k) & Y2 gk, ko),

where

T;B(kl,k:g {M € M; 3, M [b}] =0 if max(wg,wy) < ky min(wa,wb)} ,

Tgﬁ(kl,kig ={M e MS,B,M[[;] =0 if max(we,wp) > ki min(w,,wy) or max(we, wp) < ka},

T‘:f,ﬁ(kl,k:g) = {M € Ms,ﬁ,M[[j:}] =0 if max(wg,wy) > k1 min(wg, wp) or max(wg, wy) > kz},
and we prove the desired estimates according to this decomposition. Since we estimate the
operator norm of B[[fj, we need to rewrite the definition (A.2)) in a operator way : denoting by
Dy, the diagonal (square) matrix with entries p;, for j € [a] and Dfa} the diagonal (square)
matrix with entries (k,w(p)) + epj, for j € [a], equation (A.2) reads

_ g

(A.5) (B — Bl

0
11 Bia) Dy =i4

[a] ©

Step 1 : suppose A € M gN T;,B(kl,kg). The only nonzero blocks AFZL]} correspond to
weights w, and w;, such that

max(wq, wp) > k1 min(wg, wy)

take for instance w, > kywp. Then |w, — wp| > we (1 — —) w, > ki and
1
(A6) (hslp)) +epal > co (1 = ) = n¥ ) > P
for
(A.7) k1 > (4nNey ' max(wi(p))) Y =1,

that proves that Dfa] is invertible and gives an upper bound for the operator norm of its
inverse. Then (AD) is equivalent to

(o] 1 —1pb] e L

Next consider the operator %é}x[b] acting on matrices of size [a] x [b] such that

B ]
(A.9) %a}x[b}( H> = Dj, " BjDy.
‘We have
4w
(A.10) 1L (BE) < = WBH<—WH

hence, in operator norm, ”"iﬂ[(lz}x[b] | < &ifk; > 8. Then the operator Id — .,?@]X[b} is invertible
and

b - b
wwrgum L) liD], A
[b]
< -
—wﬂ Il
- 4k 1

k1 — 11+ |wg — wp| | [a]H
We have obtained that, for k; > max(C1,8), B € ./\/ljﬁ and
(A.11) |Bls,+ < 8|Als,8
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Step 2 : suppose A € M N Tgﬁ(kl,kg). The only nonzero blocks AFZL]} correspond to
weights w, and w;, such that

max(wq, wp) < ky min(wg, wp) and max(wg, wy) > ko .

Notice that these two conditions imply that
ko

min(wg, wp) > —
ki

We define the square matrix D[a] = Aal[q), where 1, is the identity matrix. Then

~ C
(A.12) | Dyg) — Dyq|| < w—’;
and equation ([A.2)) may be rewritten as
[b] > By gl p _ L0l
(A.13) Loy (Bl) — (D = Dia)Bg) + B Dy — Diy) = Ay
where we denote by .,Sf[a}x[b] the operator acting on matrices of size [a] x [b] such that
(A.14) L (Bl)) = ((ksw(p)) +eXa = ) Bl
This dilation is invertible and ([A.4]) then gives, in operator norm,
2 -t 1
. < .
(A 15) H (“ﬁa]x[b}) || = Ii(l + ’wa — wb’)
This allows to write (A.I3]) as
] 2 \7! 1] (4l
(A.16) By, — (f[a]x[bﬁ Ha)x o] B[a]) (‘Z[a}x[b]> <A[a}) :
where Ji/[a}x[b] <B[[ZD = 6(D[a} - D[a])B[[fj - B[[Z%(DH - D[b]) We have, thanks to (IH), in
operator norm,
1 ki\s
. < .
(A.17) H%a]x | <Cu (wg+wb> C (k2)
Then for
(A.18) by > (22 )1/8,
the operator Id — (.,?ﬁ]x[ ) Y Hq)xp) 1 invertible and from (AT6) we get
b - -1 L
18U = (1a- @%ilx[ D ) (L) (40
< 20 (L) (A1,

Hence in this case

(A.19) |Bls,gt < \A!s,ﬂ

Step 3 : suppose A € M3 N T‘zﬁ(k‘l,kzg). The only nonzero blocks AE;]} correspond to
weights w, and w;, such that

max(we, wp) < ki min(wg, wp) and max(wg, wp) < ko,

hence there are only finitely many such blocks. In this case, for any j € [a] and [ € [b] we
have
(k,w(p)) +enj— — AL Jwa —w|)

L
(A.20) Bl =
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A majoration of the coefficients gives a poor majoration of the operator norm of a matrix,
but it is sufficient here since the number of nonzero blocks (and their size, see (2])) is finite :

b Cy max(wa, wp))* /2

(A21) 18Y) < ((Comax(wn ) 7 iy

K(1 4 |wg — wp))
hence B € MIB and

(Cbk2)d*/2

(A.22) |Bls,p+ < ———|Als5-
Collecting (A1), (AJ9) and (A22) and taking into account (A7), (AIR) leads to the
result. O
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