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Abstract

Based on a preconditioned version of the randomized block-coordinate forward-backward
algorithm recently proposed in [23], several variants of block-coordinate primal-dual algo-
rithms are designed in order to solve a wide array of monotone inclusion problems. These
methods rely on a sweep of blocks of variables which are activated at each iteration according
to a random rule, and they allow stochastic errors in the evaluation of the involved operators.
Then, this framework is employed to derive block-coordinate primal-dual proximal algorithms
for solving composite convex variational problems. The resulting algorithm implementations
may be useful for reducing computational complexity and memory requirements. Furthermore,
we show that the proposed approach can be used to develop novel asynchronous distributed
primal-dual algorithms in a multi-agent context.
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1 Introduction

There has been recently a growing interest in primal-dual approaches for finding a zero of a sum of
monotone operators or minimizing a sum of proper lower-semicontinuous convex functions (see
[36] and the references therein). When various linear operators are involved in the formulation
of the problem under investigation, solving jointly its primal and dual forms allows the design of
strategies where none of the linear operators needs to be inverted. Avoiding such inversions may
offer a significant advantage in terms of computational complexity when dealing with large-scale
problems (see e.g. [6, 27, 31, 35, 46, 48, 52]).

Various classes of fixed-point primal-dual algorithms have been developed, in particular those
based on the forward-backward iteration [13, 16, 18, 19, 24, 26, 28, 30, 32, 37, 45, 54], on the
forward-backward-forward iteration [6, 9, 12, 17, 22], on the Douglas-Rachford iteration [8, 23],
or those derived from other principles [1, 2, 15, 41]. This work is focused on the first class of
primal-dual algorithms. When searching for a zero of a sum of monotone operators, the most
recent versions of these methods can exploit the properties of each operator either in an implicit
manner, through the use of its resolvent, or in a direct manner when the operator is cocoercive.
When a sum of convex functions is minimized, this brings the ability either to make use of the
proximity operator of each function or to employ its gradient if the function is Lipschitz differen-
tiable. As discussed in [4, 21, 43], the proximity operator of a function is a versatile tool in convex
optimization for tackling possibly nonsmooth problems, but it may be sometimes preferable, in
particular for complexity reasons, to compute the gradient of the function when it enjoys some
smoothness property.

Most of the aforementioned primal-dual methods make it possible to split the original problem
in a sum of simpler terms whose associated operators can be addressed individually, in a parallel
manner, at each iteration of the algorithm. Our objective in this paper is to add more flexibility
to the existing primal-dual methods by allowing only a restricted number of these operators to be
activated at each iteration. In the line of the work in [23], our approach will be grounded on the
use of random sweeping techniques which are applicable to algorithms generating (quasi-)Fejér
monotone sequences. One additional benefit of the proposed randomized approach is that it leads
to algorithms which can be proved to be tolerant of stochastic errors satisfying some summability
condition.

In the following, we will investigate two variants of forward-backward based primal-dual algo-
rithms and we will design block-coordinate versions of both algorithms. These block-coordinate
methods may be interesting for their own sake in order to reduce memory and computational
loads, but it turns out that they are also instrumental in developing distributed strategies. More
precisely, we will be interested in multi-agent problems where the performed updates can be lim-
ited to a neighborhood of a small number of agents in an asynchronous way. We will show that the
proposed random distributed schemes apply not only to convex optimization problems, but also to
general monotone inclusion ones. It is worth noting that, in the variational case, some distributed



primal-dual algorithms have already been proposed implementing subgradient steps [14, 55] (see
also [53] for applications to data networks). As a general feature of (unaveraged) subgradient
methods, their convergence requires the use of step-sizes converging to zero. Making use of prox-
imity operators, which can be viewed as implicit subgradient descent steps, allows less restrictive
step-size choices to be made. For example, convergence of the iterates can be established for
constant step-size values.

The remainder of the paper is organized as follows. In Section 2 we provide some relevant
background on monotone operator theory and convex analysis, and we introduce our notation. In
Section 3, a preconditioned random block-coordinate version of the forward-backward iteration
is presented. Based on this algorithm, in Section 4, we propose novel block-coordinate primal-
dual methods for constructing iteratively a zero of a sum of monotone operators, and we study
their convergence. In Section 5, similar block-coordinate primal-dual algorithms are developed
for solving composite convex optimization problems. Finally, in Section 6, we show how the
proposed random block-coordinate approaches are able to provide distributed iterative solutions
to monotone inclusion and convex variational problems.

2 Notation

The reader is referred to [5] for background on monotone operator theory and convex analysis,
and to [29] for background on probability in Hilbert spaces. Throughout this work, (2, F, P) is the
underlying probability space. For simplicity, the same notation (- | -) (resp. || - ||) is used for the
inner products (resp. norms) which equip all the Hilbert spaces considered in this paper. Let H be
a separable real Hilbert space with Borel o-algebra . A H-valued random variable is a measurable
map z: (2,F) — (H,B). The smallest o-algebra generated by a family ® of random variables is
denoted by o(®). The expectation is denoted by E(-).

Let G be a real Hilbert space. We denote by B(H, G) the space of bounded linear operators from
H to G, and we set B(H) = B(H,H). Let L € B(H, G), its adjoint is denoted by L*. L € B(H) is a
strongly positive self-adjoint operator if L* = L and there exists « € ]0, +oo[ such that (¥x € H)
(x| Lx) > a||x/|>. Then, L is an isomorphism and its inverse is a strongly positive self-adjoint
operator in B(H). The square root of a strongly positive operator L is denoted by L'/? and its
inverse by L=1/2. Id denotes the identity operator on H.

The power set of H is denoted by 2". Let A: H — 2 be a set-valued operator. If, for every
x € H, Ax is a singleton, then A will be identified with a mapping from H to H. We denote by
zerA = {x € H | 0 € Ax} the set of zeros of A and by A™': H — 2": u — {x € H | u € Ax} the
inverse of A. Operator A is monotone if (V(x,y) € H?) (Yu € Ax) (W € Ay) (x—y|u—v) > 0.
Such an operator is maximally monotone if there exists no other monotone operator whose graph
includes the graph of A. A is 3-strongly monotone for some 3 € |0, +ool if (V(x,y) € H?) (Vu € Ax)
(Vv € Ay) (x—y|u—v) > B|x —y||?>. Let B be a single-valued operator from H to H. B is j3-



cocoercive for some 3 € |0, +oo[ if (V(x,y) € H?) (x —y | Bx — By) > f3||Bx — By||?. Therefore, B is
f3-cocoercive if and only if B=': H — 2M is 3-strongly monotone. B is a-averaged with a €]0, 1] if
(¥(x,y) € H) [Bx—By|[2 < [x—y|? ~ +—°
theorem, an operator A: H — 2" is maximally monotone if and only if its resolvent Jy = (Id +A)~!
is a firmly nonexpansive (i.e. 1-cocoercive) operator from H to H. As a generalization of Moreau’s
decomposition formula, if A: H — 2H is maximally monotone, U is a strongly positive self-adjoint
operator in B(H), and v € |0, 400, then J,ya: H — H is such that

|(Id — B)x — (Id — B)y||>. As a consequence of Minty’s

JWUA = U1/2Jﬂ/U1/2AU1/2U_1/2 =1Id - 'YUJW—lU—lA—l (’7_1U_1-) 2.1
(see [24, Example 3.9]). The parallel sum of A: H — 2Hand C: H — 2H is ADDC = (A1 - C1)~L,

The domain of a function f: H — ]—oo,+00] is domf = {x € H | f(x) < +oo}. A function
with a nonempty domain is said to be proper. The class of proper, convex, lower-semicontinuous
functions from H to |—oo, +o0] is denoted by T'g(H). If f € T'y(H), then the Moreau subdifferential
of f is the maximally monotone operator

of: H—>2H:x»—>{u€H ‘ (Vy € H) (y — x| U>+f(X)<f(Y)}- (2.2)

If f is proper and f-strongly convex for some § € ]0,+oc|, then Of is §-strongly monotone. If
f € To(H) is Gateaux-differentiable at x € H, then 9f(x) = {Vf(x)} where Vf(x) is the gradient of
f atx. f: H — R is 3~ !-Lipschitz differentiable for some 3 € 0, +-oo[ if it is GAteaux-differentiable
on H and (Y(x,y) € H?) B||Vf(x) — Vf(y)|| < ||x — y||. The Baillon-Haddad theorem asserts that
a differentiable convex function f defined on H is f~!-Lipschitz differentiable if and only if its
gradient Vf is S-cocoercive. If A is a nonempty subset of H, the indicator function of A is (Vx € H)
ta(x) = 0if x € A, and +oo otherwise. This function belongs to I'y(H) if and only if A is a nonempty
closed convex set. Its subdifferential d:y is the normal cone to A, denoted by N,. The identity
element of the parallel sum is Nyg. The inf-convolution of two functions f: H — |—o0, +-oc] and
h: H — ]—o0, 400] is defined as f Dh: H — [—00, +00] : x > infyep (f(y) + h(x —y)). The identity
element of the inf-convolution is (. The conjugate of a function f € I'g(H) is f* € I'g(H) such that
(W € H) f*(v) = sup,ey ((x | v) — f(x)). We have then 0f* = (9f)~!. Let U be a strongly positive
self-adjoint operator in B(H). The proximity operator of f € I'y(H) relative to the metric induced
by U is [33, Section XV.4]

1

proxy : H — H: x — argmin f(y)—i—§<x—y| U(x —y)). (2.3)
yeH

We have thus prox{ = Jy-15. When U = Id, we retrieve the standard definition of the proximity

operator originally introduced in [39]. If A is a nonempty closed convex subset of H, 1Ty = prox{i

is the projector onto A. In the following, the relative interior of a subset A of H is denoted by ri A.

Let (G;)i<i<m be real Hilbert spaces. G = G; @ --- @ G,, is their Hilbert direct sum, i.e.,
their product space endowed with the scalar product (x,y) — Y., (x; | y;), where a generic
element in G is denoted by x = (x;)1<i<m With x; € G;, for every i € {1,...,m}. In addition,
D,, = {0,1}™ \ {0} denotes the set of nonzero binary strings of length m. We will keep on using
this notation throughout the paper.



3 A preconditioned random block-coordinate forward-backward al-
gorithm

In this section, m is a positive integer, Ki,...,K,, are separable real Hilbert spaces, and K =
Ki @ --- @ K,, is their Hilbert direct sum.

The algorithms in this paper are rooted in the forward-backward iteration [25] (see [3] for
examples of problems which can be solved by this method). A block-coordinate version of the
forward-backward method was recently proposed in [23, Section 5.2]. Stochastic versions of
this algorithm were also presented in [40, 49] in a variational framework. Now, we show how
a preconditioning operator can be included in the block-coordinate forward-backward algorithm
through a metric change.

Proposition 3.1 Let Q: K — 2K be a maximally monotone operator and let R: K — K be a coco-
ercive operator. Assume that Z = zer (Q + R) is nonempty. Let V be a strongly positive self-adjoint
operator in B(K) such that V'/2RV'/? is 9-cocoercive with ¥ € ]0,400. Let (yn)nen be a sequence
in R such that inf,cn v, > 0 and sup,,cyvn < 20, and let (\,)nen be a sequence in 0, 1] such that
infeny A > 0. Let zo, (8p)nen, and (t,)nen be K-valued random variables, and let (&,,)nen be iden-
tically distributed D,,-valued random variables. For every n € N, set J,, vq: z — (T;nZ)1<i<m Where
(Vi e {1,...,m}) T;,,: K— K, iterate

forn=0,1,...
r, = VRz,
fori=1,....m G.1)

L Zint1l = Zim + MEin (Tin(Zn — Tn + Sn) + tin — Zin),

and set (Vn € N) €, = o(e,,) and Z,, = o(zo, . .., zy). In addition, assume that the following hold:

D 3w VEN8n 2 Z0) < 400 and Y, v E([Ea 2| Zon) < +00 P-a.s.

(ii) Foreveryn € N, &€, and %, are independent and (Vi € {1,...,m}) Ple;0 = 1] > 0.

Then (z,)nen converges weakly P-a.s. to a Z-valued random variable.

Proof. We have Z = zer (VQ + VR) # @. Since V is a strongly positive self-adjoint operator, we
can renorm the space K with the norm:

(Vz € K) lzlly-1 = 4/{(z | V'2). (3.2)

Let (- | -),,-1 denote the associated inner product. In this renormed space, VQ is maximally mono-



tone. In addition,

(V(z.2)) € K?) ||VRz—VRZ|]}_, = |V/?*Rz — VV/?RZ/|?
< 19_1<V_1/22 _v-l2y | V!/2Rz — V1/2Rz’>
=9 (z—2 |Rz—RZ)
= 19’1<z -2 |VRz - VRz’>V_17 (3.3)

which shows that VR is ¥-cocoercive in (K, || - ||-1). A forward-backward iteration can thus be
employed to find an element of Z by composing operators J., vq and Id — v, VR. In (K, || - [l\,-1),
the first operator is firmly nonexpansive (hence, 1/2-averaged) and the second one is -, /(2¢)-
averaged [5, Proposition 4.33]. The relaxed randomized algorithm given in [23, Section 4] then
takes the form (3.1). The convergence result follows from [23, Theorem 4.1] by noticing that
Assumption (i) leads to

> \/E(HSan,fl 1Z0) VIV VE(Isnl?[Z) < oo (3.4

neN neN
D VEEalZ 2 120) < VIV VE(I£IP[Z0) < +00 (3.5)
neN neN

and that weak convergences in the sense of (- | -) and (- | -),,-1 are equivalent. [I

Remark 3.2

(i) If R = L*RL where L € B(K,K), R: K — K is 9-cocoercive with ¢ € ]0,4oc[, and K is
a separable real Hilbert space, then V!/2RV'/? is 9-cocoercive for every strongly positive
self-adjoint operator V € B(K) such that J||LVL*|| = 9.

(ii) At iteration n € N, s,, and ¢,, can be viewed as error terms when applying R and J., vq,
respectively. The ability to consider summable stochastic errors offers more freedom than
the assumption of summable deterministic errors which is often adopted in the literature.
Note however that relative error models are considered in [38, 50, 51].

(iii) Let n € N*. In view of (3.1), &, and %, are independent if ¢, is independent of

(Z07 (En’7 Sn/s tn’)OSn’<n) .

4 Block-coordinate primal-dual algorithms for composite monotone
inclusion problems

In the rest of this section, p and ¢ are positive integers, (H;)i<;<p, and (Gy)1<r<, are separable real
Hilbert spaces. In addition, H=H; @ ---®H, and G = G; @ --- ® G, denote the Hilbert direct
sums of (H;)1<;j<p and (Gg)1<k<q> respectively. We will also consider the product space K = H® G.

5



4.1 Problem

The following problem involving monotone operators which has drawn much attention in the last
years (see e.g. [8, 11, 17, 22, 44, 47]) will play a prominent role throughout this work.

Problem 4.1 For every j € {1,...,p}, let A;: H; — 2" be maximally monotone, let C;: H; —
H; be cocoercive and, for every k € {1,...,q}, let By: G, — 26t be maximally monotone, let
Dy : G, — 26+ be maximally and strongly monotone, and let Ly,; € B(H;, Gy). It is assumed that

(Vke{lv"-7Q}) Lk:{je{lv"-7p}|Lk,j7é0}7é®7 (41)
(Vie{l,....p}) Li={ke{l,....q}|L; #0} #2, (4.2)

and that the set F of solutions to the problem:
find x; € Hy,...,x, € H, such that

q p
(v € {1, op}) 0 € Ajx;+ Cyxj + 3 L (BrOIDg) ( 2 L’“’j’xj’> “
k=1 J'=1

is nonempty. We also consider the set F* of solutions to the dual problem:
find v; € Gy,...,v4 € G, such that

p q
(VEe{l,....,q}) 0e=> Li;(Aj" ch1)< -3 Lz,,jvk) + B 'vi, + Dyt (4.4)

j=1 k=1

Our objective is to find a pair (z,v) of random variables such that Z is F-valued and v is F*-valued.

The previous problem can be recast as a search for a zero of the sum of two maximally monotone
operators in the product space K as indicated below [26, 54].

Proposition 4.2 Let us define A: H — 2": x — XU_|Ajxj, B: G = 2%: v = X}_ Bpvi, C: H =
H: x— (Cij)lgjgp, D:G— PARRY — Xzleka, andL: H— G: x— (Z?:l Lkvjxj)lgkgq' Let us
now introduce the operators

Q: K — 2K
(x,v) > (Ax+ L*v) x (—Lx + B~ lv) (4.5)
and
R: K — K
(x,v) = (Cx,D7'v). (4.6)



Then, the following hold:

(i) Q is maximally monotone and R is cocoercive.
(i) Z = zer (Q + R) is nonempty.
(iii) A pair (z,v) of random variables is a solution to Problem 4.1 if and only if (z,v) is Z-valued.
The above properties suggest employing the block-coordinate forward-backward algorithm de-
veloped in Section 3 to solve numerically Problem 4.1. According to the choice of the involved

preconditioning operator, several algorithms can be devised. Subsequently, L € B(H, G) is defined
as in Proposition 4.2.

4.2 First algorithm subclass

We state two preliminary results which will be useful in the derivation of the algorithms proposed
in this section.

Lemma 4.3 Let W € B(H) and U € B(G) be two strongly positive self-adjoint operators such that
|UY2LW/2|| < 1.

(i) The operator defined by
" K— K
(X, V) (Wflx —L*v, —Lx + Uflv) 4.7)
is a strongly positive self-adjoint operator in B(K). Its inverse given by

V: K— K
(x,v) = (W™ —L*UL) 'x + WL*(U™! — LWL*) "1y, (U™ — LWL*) "1 (LWx + v))
(4.8)

is also a strongly positive self-adjoint operator in B(K).

(i) Let C: H — H, D: G — 2%, and R: K — K be the operators defined in Proposition 4.2.
If WY2CW/2 is p-cocoercive with i € 0, +oo| and UY2D~TUY? is v-cocoercive with v €
10, +00l, then, for every a € |0, 400, VY/2RVY/2 is ¥,,-cocoercive, where

Do = (1—[UY2LW2)12) min {p(1+al|UY2LW2 )71 p(1+a 7t U2LW2)) 7L (4.9)



Proof. (i) The operators W~! and U~! being linear bounded and self-adjoint, V' is linear bounded
and self-adjoint. In addition, for every (x,v) € K,

<X ‘ (Wf1 _ L*UL)X> = <W71/2X ‘ (Id _ W1/2L*ULwl/2)Wfl/2x>
= (x| W*1x> _ <W—1/2X | W1/2L*ULW1/2W’1/2x>

(
(1 — WL ULWY2|)) (x | W 1x)
(

P
> (1— [JUY2LW2)2) (w2 (4.10)
and

(v|(U™' —LWL*V) > (1 — [U/2LWL U2 |) (v | U V)

Z
> (1— JU2ZLW 2 2) U v (4.11)
We can deduce that

((x,v) | V'(x,v)) = (x — WLV | W l(x — WL*v)) + (v | (U™ — LWL*)v)
> (1= U2LW 2P U] )2 (4.12)

and similarly;,
(%) [ V(x,v)) > (1= [JUMZLWY2)2) W~ x|, (4.13)
The latter two inequalities yield
(6 v) | V' (x,v)) = (1 = [JUY2LW2)2) mind W]~ U~ masc{]|x]|, [|v]|*}
> %(1 — UM2LW ) min (W UL+ ). (4.14)

This shows that V' is a strongly positive operator. It is thus an isomorphism and its inverse is a
strongly positive self-adjoint operator in B(K).

Furthermore, (4.10) (resp. (4.11)) shows that W~ — L*UL (resp. U~! — LWL*) is an isomor-
phism since it is a strongly positive self-adjoint operator in B(H) (resp. B(G)). The expression of
the inverse of V' can be checked by direct calculations.

(ii) Let a € |0, +00[. Showing that V/2RVY/2 is 9 ,-cocoercive is tantamount to establishing that
(V(2,2) € K?) <z — 7 | VV2RV/27 — v1/2Rv1/2z’> > 9,||VI/2RVY2z — VI/2RV1/2Z/|2
& (V(z,2) €eK?) (z—2 |Rz—RZ) > ¥,||Rz — RZ|y. (4.15)
Let z = (x,v) € Kand 2/ = (x/,v') € K. We have

Rz — RZ||{ = (Cx — Cx' | (W™ — L*UL)}(Cx — CxX
\)
+(Dv-D|(U!-LWL*) (D 'v-DV))
+2(Cx — Cx' | WL*(U™! — LWL*) (D~ !'v — D™ !V)). (4.16)



On the other hand,
(Cx — CxX' | (W™ —L*uL)"1(Cx — Cx'))
- <w1/2(cx —Cx) | (Id — WY2L"ULWY/2)~Tw/2(Cx — Cx')>
<I(1d — WL ULWY2) 1 Cx - Xy
= (1—U2LW!2|2) T Cx — Xy (4.17)

(D"'v—-D V| (U —LwWL) (D 'v-DV))
< (1 — | u2LwW2 )~ D~ 'v — DV, (4.18)
(Cx — CxX' | WL*(U™! —LWL*) (D 'v — D™ V)))
< W2 (Cx — CX)[[[WY2L U2 (1d — u2LwLrut ) L[ u2 (D v = D))
< JUPLWI2)|(1 — UPLW2?) T ICx — €X' lw DT = DTy
< %HUWLWWH(I — [UPLW 22 " Haf|Cx — CX [y + o DTl = DT WVI). (4.19)
Altogether, (4.16)-(4.19) and the cocoercivity assumptions on W'/2CW'/2 and U'/2D~'U"/? lead
to the inequalities
IRz — RZ[[§ < (1 — [UM2LW2|12) (1 + U2 LW )]|Cx — CX'[[iy
+ (1 +a MU LW 2D~ v — D[}
< (1 - [JU2LW2 ) 7 (7 (1 + o u2LW2))(x — X' | Cx — €X)
+v i1+ a71HU1/2LW1/2H)<v —v | D lv—D"V))
<9, (z-7Z |Rz—RZ). (4.20)
0

Remark 4.4

(i) In (4.9), we can simply choose . = 1, yielding the cocoercivity constant
91 = (1 —|JUY2LWY2|)) min{p, v}. (4.21)

A tighter value of this constant is ¥4 where a is the maximizer of o — ¥, on |0, +o00|. It can
be readily shown that

f—v 4\ (1= ) + AU PLW 2

(4.22)
2v||U2LW12|

a=

(i) When D! = 0, the positive constant v can be chosen arbitrarily large. A cocoercivity con-
stant of VI/2RV'/2 is then equal to
lim 9, = (1 — JUY2LWY2|2) . (4.23)

a—0
a>0



Lemma 4.5 Let A:H - 2" B: G -5 26, C:H > H,D:G— 25 Q: K— 2K and R: K — K. Let
W € B(H) and U € B(G) be two strongly positive self-adjoint operators such that |[UY2LW'/2|| < 1.
Let V € B(K) be defined by (4.8). For every z = (x,v) € K and (c,e) € K, let

=J — W(L" C
y =Jwa(x —W(L'v + Cx +c)) 1 (4.24)
u=Jyg-1(v+U(L(2y —x) —D 'v+e)).
Then, (y,u) = Jyq(z — VRz + s) where
s=((W-L*UL)"(L*Ue — c), (U™ — LWL*)"'(e — LWc)). (4.25)
Proof. Let z = (x,v) € Kand let s = (c/,e’) € K. We have the following equivalences:
(y,u) = Jyq(z — VRz +5s)
< z—VRz+se (Id +VQ)(y,u)
& Vl(z+s—(y,u) -RzeQ(y,u)
W (x — /) —L* )—CxeA
. (x—y+¢) - L'(v+e) - Cx Ay 26
U'lv-u+e)+L2y—x—c)-D'veBlu
- x+c —W(L*(v+e)+Cx) e (Id + WA)y
vie +ULQR2y—x—c)—-D'v)e(Id +UB u
=J " — W(L* "+ C
o MY wa(x +c (L*(v +¢) +Cx)) (4.27)
u=Jyg-1(v+e +ULQ2y—x—c)—D'v)),

where, in (4.26), we have used the expression of Q in (4.5) and the expression of the inverse of V
given by (4.7).

In order to conclude, let us note that, since |[UY/?LW!/?|| < 1, it has already been observed in
the proof of Lemma 4.3(i) that W—! — L*UL and U~! — LWL* are isomorphisms (as a result of
(4.10) and (4.11)). Thus, for every (c,e) € K,

Wc = WL*e' — ¢/ /= (W' —L*UL) }(L*Ue —
{ c e —c - {c ( )~ (L*Ue — c) (4.28)

Ue=¢ — ULC e = (U —LWL") (e — LWCc).

The above two lemmas allow us to obtain a first block-coordinate primal-dual algorithm to
generate a solution to Problem 4.1.

Proposition 4.6 Let
W:H—- H:x— (Wixg,...,Wpx,) and U:G— G: v (Upvy,...,Ugv,) (4.29)

where, for every j € {1,...,p}, W; is a strongly positive self-adjoint operator in B(H;) such that
le./QCjol./2 is pj-cocoercive with 11 € |0, +oo] and, for every k € {1,...,q}, Uy, is a strongly positive
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self-adjoint operator in B(Gy) such that Ui/QD?Ui/Q is v-cocoercive with v, € ]0,+oo[. Suppose

that
(Ja € 10, +o0l) 20, > 1 (4.30)

where v, is defined by (4.9) with p = min{yu1,...,up} and v = min{vy,...,v,}. Let (A\y)nen be
a sequence in ]0,1] such that inf,eny A, > 0, let ®g, (an)nen, and (¢,)nen be H-valued random
variables, let vy, (by)nen, and (d,)nen be G-valued random variables, and let (e,,)nen be identically
distributed 1D, 1 4-valued random variables. Iterate

forn=0,1,...
forj=1,....p

Yjn = Ejn <ijAj (jm = W5( Y Lk jOhn + Cijm + ¢jin)) + aj,n)
keL;f
| Tt = Tjn + MEjn(Yjm — Tjn) (4.31)
fork=1,...,q
_ -1
Uk,n = Ep+k,n <JUkB;1 (Uk,n + Uk( Z Lk,j(2yj,n - xj,n) - Dk Vg + dk,n)) + bk,n)
JeELy

L Vkn+1 = Vk,n + )‘nEerk,n(uk,n - Uk,n)a

and set (Vn € N) &€,, = o(e,) and X,, = o(@y, Uy )o<n/<n. In addition, assume that the following
hold:

@ Yoen VE(lanlP1X5) < 400, 3en VE(BR]2[X) < 400, 3en VE(len]2[X5) < +oo,
and Y, . VE(l|dn]?|X,) < +o0 P-as.

(ii) Foreveryn €N, &, and X,, are independent, and (Vk € {1,...,q}) Plepyro0=1] > 0.
(iii) Forevery j€{1,...,p}andn € N, U {weQ|eprrnw) =1} C{we Q| egnlw) =1}

.
keLj

Then, (y)nen converges weakly P-a.s. to an F-valued random variable, and (v, ),en converges weakly
P-a.s. to an F*-valued random variable.

Proof. In view of (iii), for every j € {1,...,p}, max {ej,n, (ep+k7n)k@;} = ¢;n. Moreover, for every
ke{l,....q},j € Ly & k € L. Iterations (4.31) are thus equivalent to
forn=0,1,...
forj=1,...,p

Nj,n = Max {ej,na (5p+k,n)k6L; }

q
Yjin = Mjmn <ijAj (@m0 — W5~ Li ok + Cijin + cim)) + aj,n)

k=1 (4.32)
| Tjn4+1 = Tjn + )\n€j,n(yj,n - l“j,n)
fork=1,...,q
_ —1
Uk,n = Ep+k,n <JUkB;1 (Uk,n + Uk( Z Lk,j(2yj,n - xj,n) - Dk Vkn + dk,n)) + bk,n)
JeELy

| Vkn+1 = Vkn + )‘nep—f—k,n(uk,n - vk,n)-

11



On the other hand, according to Proposition 4.2(i)-(ii), Q is maximally monotone, R is cocoercive,
and Z = zer (Q + R) # @. It can be noticed that (4.9) and (4.30) imply that ||UY/2LW!/?|| < 1.
Thus, by virtue of Lemma 4.5, Algorithm (4.32) can be rewritten under the form of Algorithm
(3.1), where m = p + ¢, V is defined by (4.8) and, for every n € N,

zZp = (T, Vn), (4.33)
Yo =1, (4.34)
Jva: z = (Tinz)i<i<m, (4.35)
(Vie{1,...,p}) Tin: K—=Hj, (4.36)
(Vke{l,...,q}) Tpikn: K= Gy, 4.37)
t, = (an, by), (4.38)
sn = (W' —L*UL)"!(L*Ue, — ¢,), (U™ = LWL*) (e, — LWe,)), (4.39)
e, = 2La, + d,. (4.40)

Since W and U are two strongly positive self-adjoint operators such that ||[UY2LW!Y/2|| < 1,
Lemma 4.3(i) allows us to claim that V is a strongly positive self-adjoint operator in B(K). In
addition, for every (x,x’) € H?,

(x = | WH2EW! 2% - WH2EW!/2x) =37 (x5 — x| W12 % — Wi/ w2

M-

I
A

J

1/2 1/2 1/2 1/2
,UjHWj/ Cjo/ Xj _Wj/ Cjo/ X;‘HQ

M@

>
J
>pul|[WH2CW2x — W2ew!/2x/||2, (4.41)

Il
—_

Thus W'/2CW'/2 is j-cocoercive, and similarly, U'/2D~'U"/? is v-cocoercive. It follows from
Lemma 4.3(ii) that VI/2RVY/2 g ¥4-cocoercive, and our assumptions guarantee that 1 =
SUP,en Tn < 2U,. Moreover, it can be deduced from Condition (i) and (4.38)-(4.40) that

> VEIP1X) < Y VE(lan]? 1) + Y VE(Iba]21X0) < +oo, (4.42)

neN neN neN
> VE(IsalP1X5)
neN

<Jwt = o) (3 VEealPTX) + 2L UL Y vE(lanlPTX,)

neN neN
+ LU Y. VENPTX) ) + U™ = tw) ™ (20U VEaalP[X)
neN neN
+ 3 VEQdPTX) + LW S VE(enP[X0) ) < +oc. (4.43)
neN neN
In addition, since we have assumed that, for every j € {1,...,p}, L}f # @, (ii) and (iii) guarantee

that Condition (ii) in Proposition 3.1 is also fulfilled. All the assumptions of Proposition 3.1 are

12



then satisfied, which allows us to establish the almost sure convergence of (x,,v,)ncn to a Z-

valued random variable. Finally, Proposition 4.2(iii) ensures that the limit is an F x F*-valued

random variable. 0

A number of observations can be made on Proposition 4.6.

Remark 4.7

(i) The Boolean random variables (g; ,)1<i<p+q Signal the variables (z;,)1<j<p and (vi.n)i<k<q

(ii)

(iii)

that are activated at each iteration n. From a computational standpoint, when some of them
are zero-valued, no update of the associated variables must be performed. Note that, in

accordance with Condition (iii), for every j € {1,...,p}, y; needs to be computed not only
when z;, is activated, but also when there exists & € {1,...,¢q} such that vy, is activated
and Lk,j 7é 0.

Foreveryn € N, j € {1,...,p},and k € {1,...,q}, ajn, bgn, ¢jn, and d,, model stochastic
errors possibly arising at iteration n, when applying Jw;a;, JUkBgl, C;, and D;l, respectively.

Using the triangle and Cauchy-Schwarz inequalities yields

q p

(eH) UL =S | 2 UL W2 |
-l 2

q

<> (ZHUWL gl )

k=1 =

q p 1/2 Lo P

<O (DI 12) (D I l12). (4.44)

j=1

k=1 j=1
which shows that
1/25 wl/2 o 1/2 172,12 1/2
u/2LwW H<<ZZIIUk Ly W) H) . (4.45)
j=1 k=1

For every j € {1,...,p}, let a cocoercivity constant of C; be denoted by i; € |0, +oc[ and, for
every k € {1,...,q}, let a strong monotonicity constant of D be denoted by v}, € |0, +o0].
Then, one can choose

po=min{(W; | i)igiept, v =min{(JUkll ™ ) 1<r<q)- (4.46)

Therefore, by using Remark 4.4(i), a sufficient condition for (4.30) to be satisfied with o = 1
is

2L U2 12,2\ /2 ) . 1~ 1
L= (D2 DIy 2IP) | mind (17 i) sps (U1 Pi)1cieg} > 5
7=1 k=1

(4.47)
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When D~! = 0, in accordance with Remark 4.4(ii), this condition can be replaced by

1/2 1/2 . 1~ 1
L= 30 3 UL W3 2P | min{(IW5 17 i<} > 5. (4.48)
=1 k=1

(iv) The above algorithm extends a number of results existing in a deterministic setting, when
p = 1 and no random sweeping is performed. In most of these works, W; = 7Id and, for
every k € {1,...,q}, Uy = piId where (7,p1,...,pq) €]0, +o0[?™!. In particular, in [54], a
sufficient condition for (4.47) to be satisfied is employed, while in [26] it is assumed that
D! = 0 and a condition similar to (4.48) is used. The proposed block-coordinate algorithm
also extends the results in [24, Section 6] when a constant metric is considered.

Due to the symmetry existing between the primal and the dual problems, we can swap the roles of
these two problems, so leading to a symmetric form of Algorithm (4.31):

Proposition 4.8 Let W, U, p, and v be defined as in Proposition 4.6. Suppose that (4.30) holds
where ¥, is defined by (4.9). Let (A\,)nen be a sequence in |0, 1] such that inf,cy A, > 0, let x,
(an)nen, and (¢p)nen be H-valued random variables, let v, (by)nen, and (dy,)nen be G-valued
random variables, and let (e,,)ncn be identically distributed D, ,-valued random variables. Iterate

forn=0,1,...
fork=1,...,q
Uk,n = Ep+k,n (JUkBIZl (vk,n + Uk( Z Lk,jxj,n - Djzlvk,n + dk,n)) + bk,n)
J€eLy
L Vkn+1 = Vkn + )‘nEerk,n(uk,n - Uk,n) (449)

forj=1,....p

wnZQmOWﬁA%m—WAE:L%@%m—wm%+Q%m+%m»+%m>
kel;

| Tjnt1 = Tjn + An€in(Yin — Tjn)-

In addition, assume that Condition (i) in Proposition 4.6 is satisfied where (Vn € N) &,, = o(e,,) and
X, = o(@n, Vi )o<n'<n, and that the following hold:

(ii) Foreveryn €N, &, and X,, are independent, and (Vj € {1,...,p}) Plgjo = 1] > 0.

(iii) Forevery k€ {1,...,q} andn € N, U {we | ginw)=1} c{we | Epthon(w) =1}
JEL

Then, (y,)nen converges weakly P-a.s. to an F-valued random variable, and (v, ),en converges weakly
P-a.s. to an F*-valued random variable.
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4.3 Second algorithm subclass

We now consider a diagonal form of the operator V, for which we proceed similarly to the approach
followed in Section 4.2.

Lemma 4.9 Let W € B(H) and U € B(G) be two strongly positive self-adjoint operators such that
|UY2LW/2|| < 1.

(i) The operator defined by

V: K— K
(x,v) = (Wx, (U™! — LWL*)"!v) (4.50)

is a strongly positive self-adjoint operator in B(K).

(i) Let C: H — H, D: G — 26, and R: K — K be the operators defined in Proposition 4.2.
If WY2CWY/2 is p-cocoercive with pu € 10, +o0c| and UY2D~'UY2 is v-cocoercive with v
10, +00l, then VY/2RV'/2 is 9¥-cocoercive, where
9 = min {p, v(1 — [UY2LWY/2)2)) (4.51)
Proof. (i) First note that, as we have already shown in (4.11), if HUl/QLWl/QH < 1, then U™! —
LWL" is a strongly positive operator in B(G) and it is thus an isomorphism. We have then, for
every (x,v) € K,
((x,v) [ V(x,v)) = (x | Wx) + (v | (U™ — LWL")"v)
Wi+ U = LwiLs )= fv?

P
> min { W7 U = LWL (P + ], 4.52)

Hence, V is a strongly positive self-adjoint operator.
(ii) Letz = (x,v) € Kand 2/ = (x/,v/) € K. We have

IRz — RZ'|[§
=(Cx—Cx' |W(Cx—Cx)) + (D 'v—D" 'V | (U —LWL*) /(D 'v - D" !V))
ICx — CX'[[fy + [|(Id — U2LWL*UY%)HID v — D™V
pH(x—x' | Cx—Cx') + v (1 — HUl/QLWUQHZ)_1<v —v | D lv-D V)
max {p~ v (1 - HUl/ZLWUQHZ)_le -7 |Rz—RZ), (4.53)

NN N

which, in view of the remark made at the beginning of the proof of Lemma 4.3(ii), shows that
V!/2RV1/2 is ¥-cocoercive. [

Lemma 4.10 Let B: G — 26, C: H - H, D: G — 26, Q: K — 2K, and R: K — K. Assume that
the operator A defined in Proposition 4.2 is zero. Let W € B(H) and U € B(G) be two strongly
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positive self-adjoint operators such that |[UY2LW/?|| < 1. Let V € B(K) be defined by (4.50). For
everyz = (x,v) € Kand (e1,e2) € K, let

u=Jyg-1 (v+U(L(x = W(Cx+ L*v)) — D" 'v + e3)) 458
y=x—W(Cx+ L*u+ey). .
Then, (y,u) = Jyq(z — VRz + s) where
s=(—We, (U'—LWL*) '(es + LWey)). (4.55)
Proof. Let z = (x,v) € K and let s = (e}, €}) € K. The following equivalences are obtained:
(y,u) = Jvq(z — VRz +5)
& Vl(z+s—(y,u) -RzeQ(y,u)
Wlx—y+e))—L'u—Cx=0
(U —LWL*)(v-u+e))+Ly—DveBlu
y =x—W(Cx + L*u) + €]
v+e,+U(L(x—W(Cx+Lv+L*,)+e)) — D 'v) € (Id + UB™)u
o Ju= Jyug-1 (v+e,+U(L(x—W(Cx+L*v+L*) +€]) — D 'v)) (4.56)
y =x— W(Cx + L*u) + €],

which lead to (4.54) provided that

~Wey = e (4.57)
Uey; = UL(e] — WL"€)) + €. .

Since U~! — LWL* is an isomophism, the latter equalities are equivalent to (4.55). O

From the above two lemmas, a second type of block-coordinate primal-dual algorithm can be
deduced to solve Problem 4.1 in the case when A = 0.

Proposition 4.11 Let W, U, y, and v be defined as in Proposition 4.6. Suppose that

min {p, (1 — HU1/2LW1/2H2)} > % (4.58)

Let (\,)nen be a sequence in ]0, 1] such that inf, ey A\, > 0, let g and (¢, )nen be H-valued random
variables, let vy, (by)nen, and (dy,)nen be G-valued random variables, and let (g,,),en be identically
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distributed D, ,-valued random variables. Iterate

forn=0,1,...
forj=1,....p
Mjn = max {ep | k€ L7}
| Win = Mjin (20 — W5(Cj@jn + jim))
fork=1,...,q
Uk,n = Ep+k,n (Jukggl (Uk,n + Uk( Z Lk,j(wj,n - Wj Z LZ/JUk’,n) - Dlzlvk,n + dk,n)) + bk,n)
JeLy k’elLx
L Vkn+1 = Vkn + )‘nEerk,n(uk,n - Uk,n)
forj=1,....p

*
Tjn+1 = Tjn + An€jn <wm = W; D L jtkn — wﬂ")
kel}

(4.59)

and set (Vn € N) €, = o(e,,) and X,, = o(x,, V) o<n/ <n- In addition, assume that

@ Xnen VEIOR[P[X0) < 400, 30 cn VE(enl?[Xn) < 400, and 3,y VE([[dnl?[X5) <

+o0o P-a.s.

and Conditions (ii)-(iii) in Proposition 4.8 hold.
If, in Problem 4.1, (Vj € {1,...,p}) Aj = 0, then (x,)ncn converges weakly P-a.s. to an F-valued
random variable, and (v,,)nen converges weakly P-a.s. to an F*-valued random variable.

Proof. First note that, in view of Condition (iii) in Proposition 4.8 (since (Vj € {1,...,p}) L} # @),
Iterations (4.59) are equivalent to

forn=0,1,...
fork=1,...,q
Ckon = max {Ep ik, (€n)jeLy |
forj=1,...,p

Njn = MmMax {5j,na (Ck,n)keL;}
| Wi = Njn (@0 — Wi(Cizjn + ¢jn))

fork=1,...,q
1
Uk = Ckyn <JukB,;1 (Vk,n + Ug( Z Ly, j(wjn —W; Z L k) — Di 'k + dien)) + bk,n)
J€ELy k'els
i Vkn+1 = Vkn + )‘nEerk,n(uk,n - Uk,n)
forj=1,...,p
*
Tjnt1 = Tjn + AnEjn <wj,n -W; Z Ly jUk.n — xf”)

*
keLj

(4.60)
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Furthermore, Condition (4.58) implies that |U'/2LW'/2|| < 1. Hence, Lemma 4.10 allows us to
show the equivalence between Algorithms (4.60) and (3.1) when V is given by (4.50), Q is given
by (4.5) (with A = 0), and R is given by (4.6), provided that, for every n € N, (4.33)-(4.37) hold
and

tn = (Oa bn)a (4.61)
sn = (—Wey,, (Ut —LWL*) " (LWL*b, + d,,)), (4.62)
ei1n =L, +c,. (4.63)

In the proof of Proposition 4.6, we have seen that W'/2CW"'/2 is i-cocoercive and U'/2D~'U'/?
is v-cocoercive. According to Lemma 4.9(ii), V/?RV'/2 is thus ¥-cocoercive where ¥ is given by
(4.51), and (4.58) means that 1 = sup,,cy 7» < 2¢. In addition,

> VEIlP[X,) = Y VE(Iba]?[X) < +oo, (4.64)

neN neN
> VE(sall?[X,)
neN
< WL VEIBal? [ Xn) + WD VElenl?[X)
neN neN
(Ut — LWL~ IH(HLWL*H S VENBRTX,) + S VE(IdAlP X, ) < +00. (4.65)
neN neN
Since we have assumed that, for every k € {1,...,q}, Ly # &, Conditions (ii)-(iii) in Proposi-

tion 4.8 guarantee that Condition (ii) in Proposition 3.1 is satisfied. The convergence result then
follows from this proposition.

Remark 4.12 Foreveryj € {1,...,p}, leta cocoercivity constant of C; be denoted by /1; € 0, +o0|
and, for every k € {1,...,q}, let a strong monotonicity constant of D) be denoted by v € |0, +oc[.
Using (4.45)-(4.46), a necessary condition for (4.58) to be satisfied is

p q
min { (W, 772150 (1= 22 DO IU 2L W22 ) (10K~ 21 >

j=1k=1

(4.66)

DO =

In the case when, for every k € {1,...,q}, D,;l = 0, the constants (V)i<k<, can be chosen
arbitrarily large and the above condition reduces to

p q
1/2 1/2
SS Il W I < 1
i—1 k=1 1 (4.67)
min { (W ||~ i;)1<j<p} > 3

<.

This condition appears to be less restrictive than (4.48).
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5 Block-coordinate primal-dual proximal algorithms for convex opti-
mization problems

As we will show next, the results obtained in the previous section allow us to deduce a couple
of novel primal-dual proximal splitting algorithms for solving a variety of (possibly nonsmooth)
convex optimization problems. More precisely, we will turn our attention to the following class of
optimization problems, the notation of the previous section being still in force:

Problem 5.1 For every j € {1,...,p}, letf; € I'y(H;), let h; € I'y(H;) be Lipschitz-differentiable,
and, for every k € {1,...,q}, let g € T'o(Gg), let I € Fo(Gk) be strongly convex, and let L, ; €
B(H;,Gg). Suppose that (4.1) and (4.2) hold, and that there exists (X;,...,X,) € Hi & --- ® H,
such that

P
k=1 j

Let F be the set of solutions to the problem
q p
minimize fi(x;) +hi(x;)) + Ol Ly iX; 5.2
iz, 3 (6505) i) + 3 (e >(z %) (5.2)

and let F be the set of solutions to the dual problem

q

P q
minimize Z (frOh3) < ZLk ]vk> Z ge(vi) + 15 (vi))- (5.3)
j=1 k=1

V1EG1,---,Vq€Gq
. . . . . A~ A~ . AN . - AN . =k
Our objective is to find a pair (z,v) of random variables such that Z is F-valued and v is F -valued.

Note that the inclusion condition in Problem 5.1 is satisfied under a number of relatively weak
assumptions:

Proposition 5.2 [17, Proposition 5.3] Consider the setting of Problem 5.1. Suppose that (5.2) has
a solution. Then, the existence of (Xi,...,%X,) € H1 & --- & H,, satisfying (5.1) is guaranteed in each
of the following cases:

(i) Forevery j € {1,...,p}, f; isreal-valued and, forevery k € {1,...,q}, (Xj)1<j<p — Z?Zl Ly %,
is surjective.
(ii) Forevery k € {1,...,q}, gy or |y is real-valued.

(ii) (Hj)1<j<p and (Gy)1<k<q are finite-dimensional, and (Vj € {1,...,p}) (Ix; € ridomf;) such
that (Vk € {1,...,q}) ijl Ly jx; € ridomgy, 4 ridom .
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The following result can be deduced from Proposition 4.6:

Proposition 5.3 Let W and U be defined as in Proposition 4.6. For every j € {1,...,p}, let uj_l €
10, +o00[ be a Lipschitz constant of the gradient of h; o le./Q and, for every k € {1,...,q}, let uk_l €
10, +00[ be a Lipschitz constant of the gradient of I} o U,lc/ 2, Suppose that (4.30) holds where 9, is
defined by (4.9), p = min{p1,...,up}, and v = min{vy, ..., v,}. Let (Ay)nen be a sequence in ]0, 1]
such that inf,ex A\, > 0, let xo, (ay)nen, and (cy,)nen be H-valued random variables, let v, (by,)nen,
and (d,)nen be G-valued random variables, and let (&,,)nen be identically distributed D, ,-valued
random variables. Iterate

forn=0,1,...
forj=1,....p

wit
Yjn = Ejn <Pf0er T (@i = Wi (D Lk 0kin + Vhj(2sn) + cjm)) + %n)
kel;
| Tjnt1 = Tjn + An€jn(Yjn = Tjn)
fork=1,...,q
(Ve *
Uk = Epthn <P1‘0ng (U, + Ug( Z Lici (20jn — 2jn) — VIE(0kn) + din)) + bk,n)
JELE
| L Vkn+1 = Vkn + )‘nEerk,n(uk,n - Uk,n)-

5.4)

In addition, assume that Conditions (i)-(iii) in Proposition 4.6 hold, where (Vn € N) &€,, = o(e,,) and
X = 0(Tns, Vs o/ <n:

Then, (@, )nen converges weakly P-a.s. to a F-valued random variable, and (v,,)nen converges weakly
P-a.s. to a F -valued random variable.

Proof. Let us set, for every j € {1,...,p}, A; = 0f;, C; = Vh; and, for every k € {1,...,q},

B, = Ogx, and D;l = VI}. Then, it can be noticed that, for every j € {1,...,p}and k € {1,...,¢},
wit ~1

Jw;a; = proxfj’ s Jyt = prong , and that the Lipschitz-differentiability assumptions made
J k

on h; and I} are equivalent to the fact that W;/ 2CjW;/ % is pj-cocoercive and U,lg/ 2 D,;lUllﬁ/ % is v-

cocoercive [5, Corollaries 16.42 & 18.16]. Proposition 4.6 thus allows us to assert that (x,,)nen

converges weakly P-a.s. to an F-valued random variable, and (v,,),en converges weakly P-a.s. to

an F*-valued random variable, where F and F* have been defined in Problem 4.1. Let us now

show that the first limit is a F-valued random variable, and the second one is a F -valued random

variable. Define the separable functions f € T'y(H), h € Ty(H), g € I'o(G), and | € I'y(G) as

P P

f: XHij(X]’), h: XHZhj(Xj), (55)
=1 =1
’ q ’ q

g: v ng(vk), v Z I (Vi) (5.6)
k=1 k=1

According to [5, Proposition 16.8], (5.1) can be reexpressed more concisely as

0 € 0f(X) + Vh(X) + L*(9g O I)(LX). (5.7)
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Since domh = H, of + Vh = 9(f + h) [5, Propositions 16.38 & 17.26] and since domI* =
G, 9g0dl = 9(gOl) [5, Proposition 24.27]. Equation (5.7) implies that L(dom (f + h)) N
dom (gOl) # @ [5, Proposition 16.3(i)] and it follows from [5, Proposition 16.5] that

(Vx e H)  Of(x) + Vh(x) + L*(9g0aN)(Lx) C 9(F + h + (g1) o L) (). (5.8)

As a consequence of (4.3) and Fermat’s rule [5, Theorem 16.2], this allows us to conclude that

F = zer (0f + Vh+ L*(9g0AI)L) C zer (O(f + h+ (gOl)oL)) =F. (5.9

By a similar argument, the fact that F* = zer ( — L(0f*00h*)(—L*) + dg* + VI*) # & allows us to
show that F* C F . [0

In a quite similar way, Proposition 4.11 leads to the following result.

Proposition 5.4 Let W and U be defined as in Proposition 4.6. Let ;i and v be defined as in Propo-
sition 5.3. Suppose that Condition (4.58) holds. Let (A\,)nen be a sequence in ]0,1] such that
inf,en Ay, > 0, let g and (¢, )nen be H-valued random variables, let vy, (by)nen, and (d,)nen be
G-valued random variables, and let (,),en be identically distributed D, ,-valued random variables.
Iterate

forn=0,1,...
forj=1,...,p
7jn = Max {aerk,n | k€ ]Lj}
| Win = M@ — W5(Vhj(@0) + ¢jin))
fork=1,...,¢q
Ut X
Ukm = Epthn (prong (ki + U Lig(wim — W5 D L ow ) = VI (0kn) + din)) + b,m)
JEL k'eLx
| Vkn+1 = Vkn + )‘nngrk,n(uk,n - Uk,n)
forj=1,....p

z : *
I'j7n+1 - xjvn + )\ngjvn <wj7n - W] Lkvjuk’n o xj7n) ’
kel;

(5.10)

In addition, assume that Conditions (i) in Proposition 4.11, and (ii)-(iii) in Proposition 4.8 hold,
where (Vn € N) €, = o(ey,) and X,, = o(@p, V) o<n/<n-

If, in Problem 5.1, (Vj € {1,...,p}) f; = O, then (x,)nen converges weakly P-a.s. to a F-valued
random variable, and (v,,)nen converges weakly P-a.s. to a F -valued random variable.

At this point, it may appear interesting to examine the connections existing between the two
proposed block-coordinate proximal algorithms and published works.
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Remark 5.5

@

(ii)

(dii)

In practice, one may be interested in problems of the form

P

q p
minimize Z (fj(Xj) + hj(Xj)) + ng < Z Lk,ij> . (5.11)
k=1 =1

x1€H1,... xpEHp 4
Jj=1

These are special cases of (5.2) where (Vk € {1,...,q}) lr = ¢{q}, L.e. I} = 0.

Algorithm (5.4) extends the deterministic approaches in [13, 26, 28, 32, 54], which deal
with the case when p = 1, by introducing some random sweeping of the coordinates and
by allowing the use of stochastic errors. Similarly, Algorithm (5.10) extends the algorithms
in [16, 37] which were developed in a deterministic setting in the absence of errors, in the
scenario where p = ¢ = 1, H; and G; are finite dimensional spaces, |, = tioy, W1 = 7Id
with 7 € ]0, +00[, U; = pId with p € |0, +o0[, and no relaxation (), = 1) or a constant one
(An = Ao < 1) is performed. Recently, these works have been generalized to possibly infinite-
dimensional Hilbert spaces when p = 1 and ¢ > 1, arbitrary preconditioning operators
are employed, and deterministic summable errors are allowed [18]. The practical interest
of introducing preconditioning operators for accelerating the convergence of primal-dual
proximal methods was emphasized in [18, 45, 48].

In [23, Corollary 5.5], another random block-coordinate primal-dual algorithm was pro-
posed to solve an instance of Problem 5.1 obtained when (Vj € {1,...,p}) h; = 0 and
(Vk € {1,...,q}) Ix = t{oy- This algorithm is based on the Douglas-Rachford iteration which
is also at the origin of the randomized Alternating Direction Method of Multipliers (ADMM)
developed in finite dimensional spaces in [34]. Note however that the algorithm in [23,
Corollary 5.5] requires to invert Id + LL* or Id + L*L (see [23, Remark 5.4]). By con-
trast, Algorithms (5.4) and (5.10) do not make it necessary to perform any linear operator
inversion.

6 Asynchronous distributed algorithms

In this part, H, Gy,..., G,, are separable real Hilbert spaces, G = G; & - - - & G,,,, and the following
problem is addressed:

Problem 6.1 For every i € {1,...,m}, let A;: H — 2" be maximally monotone, let C;: H — H be
cocoercive, let B;: G; — 2% be maximally monotone, let D;: G; — 2% be maximally monotone
and strongly monotone, and let M; be a nonzero operator in B(H, G;). We assume that the set F of
solutions to the problem:
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find x € H such that 0 € > Aix+ Cix + M7 (B; 0 D;)(M;x) (6.1)
=1

is nonempty. Our objective is to find a F-valued random variable 7.

Problem (6.1) can be reformulated in the product space H” as

find (x1,...,%m) € A, such that 0 € Y~ Apx; + Cix; + M5 (B; 0 D;)(Mix;) (6.2)
=1
where
Am:{(xl,...,xm)GHm{xlz...:xm}. (6.3)

This kind of reformulation was employed in [20, 44] to obtain parallel algorithms for finding a
zero of a sum of maximal operators and it is also popular in consensus problems [10, 42]. To
devise distributed algorithms, the involved linear constraint is further split in a set of similar
constraints, each of them involving a reduced subset of variables. In this context indeed, each
index ¢ € {1,...,m} corresponds to a given agent and a modeling of the topological relationships
existing between the different agents is needed. To do so, we define nonempty subsets (V;)1<s<r
of {1,...,m}, with cardinalities (x¢)1<¢<,, which are such that:

Assumption 6.2 For every x = (x;)1<i<m € H™,

x €A, & (Veed{l,....,r}) (Xi)iev, € Ay, (6.4)
This assumption is obviously satisfied if » = 1 and V; = {1,...,m}, orif r = m — 1 and (W €
{1,...,m—=1}) V, = {{,£+ 1}. More generally if the sets (V,); <<, correspond to the hyperedges

of a hypergraph with vertices {1,...,m}, then the assumption is equivalent to the fact that the
hypergraph is connected.

In the following, we will need to introduce the notation:

H=H"9...¢H"*, A=Ay, @ DA, (6.5)
A= X" A, C=X",G, (6.6)
B= X",B;, D= X;",D;, (6.7)
S: H™ = H: x — (SpX)1<r<rs M: H™ = G: x = (Mix;)1<i<m, (6.8)

where, for every ¢ € {1,...,r},

Ser H™ — H™: x = (xi)iev, = (Xi(e,))1<j<ns (6.9)
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and i(¢,1),...,i(¢, ke) denote the elements of V, ordered in an increasing manner. Note that, for
every ¢ € {1,...,r}, the adjoint of Sy is

Sz: He — H™ . Zy = (Zé,j)léjgw — (Xi)léiém (610)

where
ifi=i(l,5)with j € {1,...,
Vie (.. m)) x4 HE=iGi)withje{l. ne) (6.11)
0 otherwise.

The adjoint of S is thus given by

S*: H— H™ . (Zg)lgggr —> Z S;Zg = (Xi)léiém (612)

=1

where, for every i € {1,...,m},

X; = E:ZM (6.13)

(£,4)evs

with

Vi={j)|ee{t,....r}y,je{l,... .k}, and i(¢,j) = i}. (6.14)

As a consequence of Assumption 6.2, the cardinality of V! (i.e. the number of sets (V;)i<i<,
containing index 7) is nonzero.

The link between Problems 6.1 and 4.1 is now enlightened by the next result:

Proposition 6.3 Under Assumption 6.2, Problem (6.2) is equivalent to

find x € H™ such that 0 € Ax + Cx+ M*(BOD)(Mx) + S*Nx (Sx). (6.15)
Proof. For every x € H™, we have the following simple equivalences:
0e Z Aix; + Cix; + '\/l;k(BZ ([ Dz)(MzXz)

i=1
x <€A,

(Vie{l,...,m}) 0€Ax;+Cix; +M:(B;0D;)(Mix;) + u;
x €Ay,

0 € Ax+Cx+ M*(BOD)(Mx) 4+ u
& x €A,
ucAy

< 0€Ax+Cx+ M*(BOD)(Mx) 4+ S*Na(Sx), (6.16)
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where we have used the fact that Ny, = 0ip,, = 9(ta ©S) = §*0:AS = S*NAS since A 4 ran (S)
is a closed subspace of H [5, Propositions 6.19 & 16.42]. [

Remark 6.4 If we now reexpress (6.15) in terms of the notation used in Problem 4.1, we see
that the equivalence of Problem 6.1 with Problem 4.1 is obtained by setting p = m, ¢ = m +r,

Hi=...=H,=H, (M e{1,...,7}) Gpre = H", B,1v = NAW’ Dite = N{O}: and
) 9 M, ifk=1
(V(k,i) € {1,...,m}?) Ly = ) (6.17)
0  otherwise,

(Veef{l,....r)(¥x €H™) D Linjeixi = Six (6.18)
i=1
(hence, (4.1) and (4.2) are satisfied).

Our goal now is to develop asynchronous distributed algorithms for solving Problem 6.1 in
the sense that, at each iteration of these algorithms, a limited number of operators (A;)i<i<m.,
(Bi)1<i<ms (Ci)i<i<m, and (D;)1<i<m are activated in a random manner. Based on the above re-
mark, the following convergence result can be deduced from Proposition 4.8.

Proposition 6.5 Let (0;)1<i<, € ]0,+00[". Foreveryi € {1,...,m}, let W; be a strongly positive self-
adjoint operator in B(H) such that W;/QCiWZ-l/2 is pi-cocoercive with u; € |0, +ool, let U; be a strongly
positive self-adjoint operator in B(G;) such that U}/QDi_lUZV2 is v;-cocoercive with v; € |0, +o0[, and
let

- Y b (6.19)

Le{t’e{l,...,r}ieVy}
Suppose that

1

(Ja €10, 400]) (1 —x)min{p(1+ayx) vl +atyx) ™ > 3 (6.20)

where

x= max [UZMW22 48w, (6.21)
ie{l,....,m}

p = min{uq,...,um}, and v = min{vy,..., vy} Let (Ay)nen be a sequence in 0,1] such that

inf,en Ap, > 0, let o, (ap)nen, and (¢, )nen be H™-valued random variables, let (v 0)i1<i<m, (bn)nen,

and (d,,)nen be G-valued random variables, for every £ € {1,...,7} let Vpip0 = (Vmr,5,0)1<j<rs

be a H"¢-valued random variable, and let (&,)nen be identically distributed Do, ,-valued random
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variables. Set (V¢ € {1,...,1}) Tpo = Kk * > iev, Tio, iterate

forn=0,1,...
forti=1,...r

1 &
Eé,n = &2m+Ln (KZ_ Z Um+L,5,n + 92 EZ,n)
¢
forj=1,... kg
L Wejn = €2mtn (2000 Tige j)n — Ttn) + Vmtejn)
fori=1,....m
—1
Uin = Em+in <JU1-B-_1 (Uz‘,n + Uz(szz,n - Dz Vin + dz,n)) + bz,n)
1
*
Yin = Ein <JW,Az (xi,n - WZ(MZ (2ui,n - Ui,n) + E Wy jn + Cixi,n + Ci,n)) + az’,n)
(€.9)eV;
Vin+l = Vin + )‘ngm—f—i,n(ui,n - Ui,n)
L Ti,n+1l = Tin + )\nai,n (yi,n - xi,n)
fort=1,...,r
n
Um+€,n+1 = Uer&n + 7€2m+5,n(w5,n - UerZ,n)
M¢,n = Max {6i,n ‘ 1€ Vg}

_ _ 1 _
Ten+1 = Tin + 77(,71( E Tin+1 — xﬁ,n)a
Ky
1€V

(6.22)

and set (Vn € N) &€,, = o(e,) and X,, = (@, Uy )o<n/<n. In addition, assume that the following
hold:

@ Chen VEN@nP12) < +00, 3en VE(BA21X0) < +00, 3en VE([en2[X,) < +oc,
and y, on vV E(lldn][? | X5) < +o00 P-as.

(ii) For every n € N, €,, and X,, are independent, and (Vi € {1,...,m}) Plg;o = 1] > 0.

(iii) For every n € N,

(Vie{l,...,m}) {we { ginw) =1} C{w € Q| emyinlw) =1} (6.23)
and
(Vee{l,...,r}) U {w e ‘ gin(w) = 1} C {w e | Eam+tn (W) = 1}. (6.24)
i€V
Then, under Assumption 6.2, forevery i € {1,...,m}, (z; )nen converges weakly P-a.s. to a F-valued
random variable = and, for every ¢ € {1,...,r}, (T¢n)nen converges weakly P-a.s. to 7.
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Proof. By using Proposition 6.3, Remark 6.4, (6.9), (6.12)-(6.13), setting

(V@ € {1, e ,T}) Um+g = agId (6.25)
(Vn S N) bm+57n = dm+€,n = O, (626)

and noticing that JUm+eNX1 =1Id — 0,IIp,,(-/0¢) = 1d — 11, (see (2.1)), Algorithm (4.49) for
solving Problem (6.2) reads

forn=0,1,...
fori=1,....,m
-1

Ui n = Em+in <JU¢B;1 (Ui,n + Uz(szz,n - DZ Vin + dz,n)) + bz,n)
| Vin+l = Vin + )\neeri,n(ui,n - Ui,n)
fort=1,...,r

Ut = E2m+tn (Vmton + 00 (T 0)icv, — HA,., (Vmten + 0 (Tin)iev,)) 6.27)
L Um44n+1 = Um+tn + )‘n52m+€,n (um—l—é,n - vm—i—é,n)
fori=1,...,m

*
Yin = Ein <JW,A1 (xi,n - WZ(MZ (2ui,n - Uz',n) + Z (2um+£,j7n - vm—l—é,j,n)
(,5)eV;
+Ciin + Cim)) + ai,n)
L L Tint+1l = Tin + )‘ngi,n (yi,n - xi,n)-
Making explicit the form of the projections onto the vector spaces (A, )1</<, leads to
forn=0,1,...
fori=1,...,m
1

Ui n = Em+in <JU¢B;1 (Ui,n + Uz(szz,n - DZ Vin + dz,n)) + bz,n)
|l Vin+l = Uin + )‘ngm—l—i,n(ui,n - Ui,n)
fort=1,...,r

K
— 1
Upn = E2m4-L,nky <Z Um+L,5,n + 62 Z xi,n)
=1 i€V,
forj=1,..., Ky (6.28)

L Unttjn = E2mttin (Vmtegn + 00 Ti(e,).n — Tn)
L Um+4n+1 = Um+Ln + )\n52m+€,n (umq%,n - Um+€,n)
fori=1,...,m
Yin = Ein <JW,A1 (xi,n - WZ(M:(2uz,n - U@',n) + § (2um+£,j7n - vm—l—é,j,n)
(€,5)evsy
+Ciin + Cim)) + ai,n)

L Tin+1l = Tin + )‘ngi,n (yi,n - xi,n)-
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By defining now, for everyn € Nand ¢ € {1,...,7},

1
Ten = o Z Tim, (6.29)
1€V
Wy,n = 52m+£,n(2um+£,n - Um-i—ﬁ,n), (6.30)
ey =max {e;y | 1 € Vy}, (6.31)

and using (6.24) and the update equation

_ _ 1 _
Ton+1 = Tom + Nop <H_z ;}: Tim1 — wz,n>7 (6.32)
i€V,

(6.22) is obtained after reordering the computation steps in (6.28).

In order to apply Proposition 4.8, we shall now show that Condition (4.30) where ¥, is defined
by (4.9) is fulfilled. Let

W: H™ - H™: x — (Wixi)1<i<m and U:G®H -GoH: v~ (Ukvk)1<k<m+r. (6.33)
According to Remark 6.4 and (6.25), we have
(Vx € H™)  UY2LW!/%x = (UT2MW!/2x UL/*SW!/2x) (6.34)

where U12 G— G: (Vi)lgigm — (Uivi)lgigm and UQ: H— H: (Verg)lgggr — (QZVerZ)lSZgr- This
allows us to deduce that

UMW = (U MW 2 4 Uy S W 2

=3 UMW) <w1/2x | s*uzsw1/2x>. (6.35)
i=1

By using (6.9) and (6.12)-(6.13), it can be further noticed that

S*UQS: H™ — H™: (Xi)lgigm — (Hixi)lgigm (636)

which yields

UY2LW 22 = ST UYMW Pl 4 S0 B w2

=1 =1
“ 1/2 1/2 -

< STV AMWL 22 4 85 [ Wall) [xi 12 < )1, (6.37)
=1

so leading to ||U1/2LW1/2||2 < x. This shows that (6.20) implies (4.30).

In addition, Condition (iii) in Proposition 4.8 translates into Condition (iii) in the present propo-

sition. It then follows from Propositions 4.8 and 6.3 that, for every i € {1,...,m}, (z;n)nen cON-
verges weakly P-a.s. to a F-valued random variable z. As a straightforward consequence of (6.29),
forevery ¢ € {1,...,7}, (Tyn)nen also converges weakly P-a.s. to z. [
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Remark 6.6

(i) The n-th iteration of Algorithm (6.22) basically consists of two kind of operations: the
first ones update some of the variables (z;,)i<i<m and (v;n)i<i<m using the operators
(Jw;,A; ) 1<i<m, (JUiBi‘l)KKm’ (Ci)1<i<m, and (D;l)lgigm, while the second ones can be
viewed as merging steps performed on the sets (V;);<¢<,. In this context, a simple choice for
the Boolean random variables (e ;,)m-+1<k<2m+- to satisfy Condition (iii) is: for every n € N,

(i)

(Vl € {1, - ,m}) Em+in = €ins
(Vee{l,...,r}) Eamttn = Nen = Max {€ip ‘ i€V}

(6.38)
(6.39)

From (6.27), it can be noticed that, for every n € N and ¢ € {1,...,r}, HA,, um+ten = 0,

which implies that the following recursive relation holds:
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K
g UmA-L,j,n+1 = (1- )\n€2m+é,n) E :UerfJ,”'
j=1 j=1

In particular, if the initial values (vy,/,0)1<¢<r are chosen such that

4

(Vf € {1’ o ’T}) va-i-f,]ﬂ =0,

=1

then Algorithm (6.22) simplifies to

forn=0,1,...
fort=1,...,r
forj=1,..., Ky

L Wy, 5n = E2m+Ln (QQZ (xi(ﬁ,j),n - Ef,n) + Ueré,j,n)

fori=1,...,m
Ujpn = Emtin <JU1-B;1 (Ui,n + Ui(Mixi,n — Di_l?)i,n + dz7n)) + bi,n)

(£,4)ev:
Vin+1l = Vin + )‘ngm—l—i,n(ui,n - Ui,n)
| Tint1 = Tin + M€in (Yin — Tin)
fort=1,...,r

Um44n+1 = Um+tn + 7n52m+£,n(wﬁ,n - Um—l—ﬁ,n)
Ne,n = Max {ai,n ‘ 1€ Vg}

_ _ 1 _
Tont+l = Ton + W,n<— E Tin+l — Cﬂz,n>-
K
1€V

29

(6.40)

(6.41)

Yim = €in (JWiAi (@i — Wi(M} (2050 — vip) + Z wejn + Ciip + Cin)) + ai,n)

(6.42)



(iii) Similarly to Remark 4.7(iii), a sufficient condition for (6.20) to be satisfied is obtained by
setting o = 1:

1
(1 —/x)min{p,v} > 3 (6.43)
(iv) When, for everyi € {1,...,m}, D;l = 0, a looser condition is
1
(I —x)p > 5 (6.44)
In addition, if (Vi € {1,...,m}) B; = 0, (||M;||)1<i<m can be chosen as small as desired, so

that we can set x = maX;e(1,.m) 0;][W;]||. In this case, Algorithm (6.42) can be simplified,
by noting that, for every n € N, the computation of variables (u;)i<i<m and (vin)i<i<m
becomes useless. By imposing (6.39) and (6.41), and by setting

(VneN) W e{l,...,m}) Vpp=Vmien, (6.45)
we get
forn=0,1,...
fore=1,...,r
M¢,n = Max {6i,n ‘ 1€ Vg}
forj=1,... Kk

| wein = e (260(@iym = Te) + Ttin)

fori=1,...,m

Yin = €in (JwiAi (zin — Wi( Z W jn + Ciltig + Cin)) + ai,n) (6.46)
(£,5)€Vy
| Ti;n+1 = Tin + Anei,n (yi,n - xi,n)

fore=1,...,r
~ ~ )\n ~
Ven+1 = VUtn + Tné,n(fw&n - Ué,n)
_ _ 1 _
Ton+1 = Ton + Men (K—g Z Tin+1 — Cﬂz,n)-

1€V

(v) An alternative distributed algorithm can be deduced from Proposition 4.6, which however
necessitates, at each iteration n € N, to update all the variables (z; ,);cy, corresponding to
the sets V, with ¢ € {1,...,r} which are randomly activated.
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As an offspring of Proposition 4.11, another form of distributed algorithm is obtained:

Proposition 6.7 Let (0¢)1<i<r, (Wi)i<i<m, (Ui)i<i<ms, i, v, and x be defined as in Proposition 6.5.
Suppose that

min {p,v(1 - x)} > % (6.47)

Let (\,)nen be a sequence in |0, 1] such that inf,en Ay, > 0, let 2y and (¢;,)nen be H™-valued random
variables, let (vio)i<i<ms> (bn)nen, and (dy)nen be G-valued random variables, let (v, 100)1<e<r be a
H-valued random variable satisfying (6.41), and let (e,)ncn be identically distributed Doy, 1 ,-valued
random variables. Iterate

forn=0,1,...
fori=1,....m
Nin = Max {5m+z’,na (52m+£,n)ZE{WG{I,...,T}HGVW}}
Wi = N (@i — Wi(Cimin + Cin))
{Di,n = MNin (wi,n - Wz(M:Uz,n + Z Ueré,j,n))
(L,5)eV;
~ -1
Ui n = Em+in <JUZ~BV_1 (vz’,n + Uz(Mzwz,n - Dz Vin + dz,n)) + bz,n)
| Vin+1 = Vin + )\neeri,n(ui,n - Ui,n)
fort=1,...r (6.48)
_ 0 _
Wy n = E2m4ln Z Wi n,
KRy
1€V
forj=1,... Ky
L Um+L,5,n = E2m~+L,n <vm+€,j,n =+ HZ &;i(j,é),n - mﬁ,n)
L Um+Ln+1 = Um+en + )‘n52m+€,n (um—l—é,n - vm—i—é,n)
fori=1,....,m

*
Tint+l = Tin + )\nai,n <wi,n - Wz(Mzuz,n + § uerZ,j,n) - xi,n)a
(6,5)eV;

and set (Vn € N) €, = o(e,,) and X,, = o(x,, vy’ )o<n/<n- In addition, assume that

@ > nen VEUIBR[P[X0) < +00, 30 en VE(lenl?[Xn) < 400, and 32, oy VE([[dn]?|Xn) <

+o00 P-a.s.

and Conditions (ii)-(iii) in Proposition 6.5 hold.
If Assumption 6.2 holds and, in Problem 6.1, (Vi € {1,...,m}) A; = 0, then, foreveryi c {1,...,m},
(@in)nen converges weakly P-a.s. to a F-valued random variable .
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Proof. By choosing (U,,,+¢)1<¢<» @s in (6.25) and cancelling some error terms as in (6.26), Algo-
rithm (4.59) for solving Problem (6.2) can be expressed as

forn=0,1,...
fori=1,...,m
Min = max {em yin, (827””7")ee{f’e{17...,r}|z‘ew,}}
Wi = N (T — Wi(Ciin + Cin))
Wiy = Nign (Wi — Wi(Mj v + Z Um-t,jn))
(€,5)evsy
Uin = Emtin <JUiB{1 (Vi + Ui(Myw; p, — D; tvin + din)) + bi,n>

6.49
| Vin+1 = Vi + )\neeri,n(ui,n - Ui,n) ( )
fort=1,...,r
Um+L,n = E2m+Ln (vm—l—é,n + HZ (ai,n)ievz - HAW (vm—l—é,n + 9( ({Ei,n)iEVg))
L Um44n+1 = Um+tn + )‘n€2m+€,n(um+€,n - Um—l—ﬁ,n)
fori=1,....,m
Tint1l = Tin + Anin <wz’,n - W; (Mjuy, + Z Um+0,jn) — xm)
| (£,4)ev:
The rest of the proof is skipped due to its similarity with the proof of Proposition 6.5. [
Remark 6.8 When (Vi € {1,...,m}) D;* = 0, Condition (6.47) can be rewritten as
. 1/2 /22 |, 7
(Vie{l,...,m}) U, "MW 771" 4+ 60;[|W;|| <1 and  p; > 1/2. (6.50)

As an illustration of the previous results in this section, let us consider variational problems
which can be expressed as follows:

Problem 6.9 For every i € {1,...,m}, let f; € T'y(H), let h; € T'o(H) be Lipschitz-differentiable,
let g; € T'9(G;), let |; € T'y(G;) be strongly convex, and let M; be a nonzero operator in B(H, G;).
Suppose that there exists X € H such that

0€ > 0fi(X) + Vhi(x) + M; (9g; 0 l;) (Mix). (6.51)
i=1
Let F be the set of solutions to the problem
minimize Y f;(x) + hi(x) + (gi O1;)(Mix). (6.52)
xeH i1
Our objective is to find a F-valued random variable Z.

A proximal algorithm for solving Problem 6.9 which results from Proposition 6.5 is described next:
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Proposition 6.10 Let (0y)1<s<r, (Wi)i<i<ms (Ui)i<i<m, and x be defined as in Proposition 6.5. For
every i € {1,...,m}, let u;* € ]0,+oc[ be a Lipschitz constant of the gradient of h; o Wil/2 and
let ul-_l € ]0,4o0[ be a Lipschitz constant of the gradient of I} o Uil/Q. Suppose that (6.20) holds
where p = min{py,...,un} and v = min{vy, ..., vy} Let (\)nen be a sequence in ]0, 1] such
that inf,en Ay, > 0, let xo, (an)nen, and (cp)neny be H™-valued random variables, let (v;o)i<i<m,
(bp)nen, and (dy, )nen be G-valued random variables, let (vy,40,0)1<e<r be a H-valued random variable

satisfying (6.41), and let (e,)nen be identically distributed Dy, 4-valued random variables. Iterate

forn=0,1,...
fort=1,...,r
forji=1,... kK¢

L Wy jm = E2m+Ln (29€ (xi(é,j),n - Eﬁ,n) + vm—l—é,j,n)

fori=1,....m

Ut "
Ui = Emtin (prong (Uz‘,n + Ui(Mimm — V|Z- (Uiﬂ) + dz7n)) + bi,n)

W
Yin = €in <Pr0Xfi P (@0 — Wi (M7 (2un — vin) + Z Wy jn + Vhi(@in) + cin)) + ai,n)
(6,5)eV;
Vint+l = Vip + Aneeri,n(ui,n - vi,n)
| Tin+1 = Tin + )\nai,n (yi,n - xi,n)
fort=1,...,r
n
Um+4,n+1 = Um+L,n + _€2m+2,n(wf,n - UerZ,n)
e, = Max {@,n { 1€ Vﬁ}

_ _ 1 _
Tontl = Ton + Nen (— E Tin+1 — wz,n)7
K
i€Vy

(6.53)
where (T )1<<, is initialized as in Proposition 6.5. In addition, assume that Conditions (i)-(iii) in
Proposition 6.5 hold, where (Yn € N) €,, = o(ey,) and X,, = o(xy, V) o<n/<n-

Then, under Assumption 6.2, forevery i € {1,...,m}, (z; )nen converges weakly P-a.s. to a F-valued
random variable = and, for every ¢ € {1,...,r}, (T¢n)nen converges weakly P-a.s. to Z.

Proof. For every i € {1,...,m}, set A; = 0f;, B, = dg;, C; = Vh;, and DZ-_1 = VI?. In view of (6.51)
and [5, Proposition 16.5], we have

0€ > AX+Cx+M;(B;OD;) (M%) € (D _fi+hi + (g Oh) o M) (%), (6.54)
i=1 i=1
which shows that @ # F C F. This allows us to conclude by applying Proposition 6.5 and using
Remark 6.6(ii). O

Remark 6.11

(i) Alternatively, a second distributed convex optimization algorithm can be deduced from
Proposition 6.7.
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(i) If (Vi € {1,...,m}) gi = 0and |; = vfqy, (V£ € {1,...,7}) k¢ = 2, and (6.39) holds, then

Algorithm (6.53) reduces to

forn=0,1,...

fori=1,...,r

Nen = Max {Ei,n | 7€ Vg}
n

Vo int1 = Opan + 5 NenBe (Tige,1),n — Tie,2),n)

Ve2,n+1 = —U1,n+1

fori=1,...,m

_1 _
Yim = Ein <PFOX¥Z.Vi ((1 = W;0;)im — Wi ( Z (V5 — Or Tiezym) + Vhi(Tin) + Czn))
(£,5)eVy

+ai,n)

B Tin+1 = Tin + )\ngi,n (yi,n - xi,n)a

(6.55)

where we have set (Vj € {1,2}) 7 =3 -4, (Vi € {1,...,m}) vip =0, (Vn € N) v, =
(Um+en)1<0<r>» and b, = 0. The particular case when H is an Euclidean space, (Vn € N)
=1 Me{l,...,r}) 0, =01, (Vie{1,...,m}) W, = 1;Id with 7; € |0, 4+00[, and no error
term is taken into account appears to be similar to the distributed iterative scheme developed
in [7]. Then, the sets (V;)1</<, can be viewed as the edges of a connected undirected graph,
the nodes of which are indexed by i € {1,...,m}.
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