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In this work, we deal with tropical substructures in vertex-colored graphs,
first introduced in [1]. Vertex-colored graphs are useful in various situations.
For instance, the Web graph may be considered as a vertex-colored graph where
the color of a vertex represents the content of the corresponding page (red for
mathematics, yellow for physics, etc.) [2]. Applications can also be found in
bioinformatics ( Multiple Sequence Alignment Pipeline or for multiple protein-
protein Interaction networks) and in data bases (e.g. online social networks or
matching products in online stores)[4]. Given a vertex-colored graph, a tropical
subgraph (induced or not) is defined to be a subgraph where each color of the
initial graph appears at least once. Potentially, any kind of usual subgraphs
(paths, cycles, independent sets, dominating sets, vertex covers, etc.) can be
studied in their tropical version. Here, we study minimum connected tropical
subgraphs in vertex-colored graphs.

Throughout this abstract, we let G = (V, E) denote a simple undirected
graph, and G¢ a (not necessarily properly) vertex-colored simple undirected
graph with c different colors. A connected subgraph H of G€ is said to be trop-
ical if each color of G°¢ is present at least once in H. The connected tropical
subgraph number tc¢(G°) is the order of a smallest connected tropical subgraph of
G¢. A connected rainbow subgraph of G€ is a connected subgraph in which each
color is present at most once. A connected colorful subgraph of G¢ is a connected
rainbow subgraph which is tropical. We let §(G°) denote the minimum degree
of G°. In this work, we study the following problem, from both an algorithmic
and mathematical point of view:

MINIMUM CONNECTED TROPICAL SUBGRAPH PROBLEM (MCTS)

Input: Vertex-colored graph G¢
Question:  Determine the value tc.

In a first series of results below, we deal with NP-hardness, as well as suffi-
cient conditions for MCTS.



Theorem 1. MCTS is NP-Hard on trees, interval graphs and split graphs.

We obtain these results by reduction from Dominating Set, Vertex Cover
and Vertex Cover, respectively.

Theorem 2. Given a vertex-colored graph G¢, MCTS can be solved on G€ in
O(n? x m x 8%) time.

‘We now provide sufficient conditions for the existence of a connected tropical
subgraph of a given order.

Theorem 3. Let G¢ be a connected vertex-colored graph with n vertices and m
edges. For each k € N, if m > (n_];_Q) +n—c+2, then t¢(G°) < c+ k.

Theorem 4. Let G° be a vertex-colored graph of minimum degree §. If 6 > 5
and ¢ > %, then G' has a connected colorful subgraph, and we can find it in
polynomaal time.

The bounds of both theorems are tight as we can provide extremal graphs.
In addition, the next theorem shows that Theorem 4 cannot be significantly
improved.

Theorem 5. Let r§(G€) be the rainbow degree, i.e., the smallest number of
colors a vertex of G can have in its neighborhood.

1. Lete,e’ €10,1). There exists a vertez-colored graph G such that 6(G¢) >
en, 19(G) > €c¢ and G° has no connected colorful subgraph.

2. Let p be an integer. There exists a vertex-colored graph G¢ such that
0(G®) > n —c+p and G has no connected colorful subgraph.

3. Let p be an integer, and € € [0,1). There exists a vertez-colored graph G
such that § > en, G is p-connected and has no connected colorful subgraph.

In the rest of our work, we study MCTS in the case of vertex-colored random
graphs. We recall that the random graph G(n, p) is the graph on n vertices where
each of the possible edges appears with probability p, independently. Given a
positive integer ¢, let G(n, p, ¢) be the graph obtained from G(n,p) by coloring
each vertex with one of the colors 1,2,...,c uniformly and independently at
random. In what follows, we will say that G(n, p,c) has a property Q asymp-
totically almost surely (abbreviated a.a.s.) if the probability it satisfies Q tends
to 1 as n tends to infinity. The threshold function for the property of containing
a copy of a fixed graph G is n= /(@) where m(G) is the ratio of the number
of edges to the number of vertices in the densest subgraph of G, that is,

m(G):maX{eH : HC @G, vH>O}7
v

where vy and ey stand for the number of vertices and edges of H, respectively.
The following theorem shows that this threshold also holds for the property of
the existence of a tropical copy of a given graph in G(n, p,c). The proof of this
result is fully based on that of the theorem of Bollobas.



Theorem 6. Let G be a fized graph with at least one edge, e > 0. Let ¢ =
ve = |V(G)|. Then

lim P[G(n,p,c) D tropical copy of G] =

n— oo

0 if p<n-t/m@)
1 if p>»>nal/m@),

In the next theorem we investigate the case in which pn'/™%) — @ as
n — 0o, where 6 is a positive constant. We are specially interested in a family of
graphs called strictly balanced graphs defined as follows. A graph G is balanced
if m(G) = eg/vg, that is, if ey /vy < eq/vg for every H C G. G is strictly
balanced if ey /vy < eq/ve whenever H C G, that is to say that every proper
subgraph of G is strictly less dense than the graph itself. Trees, cycles and
complete graphs are strictly balanced.

Theorem 7. Let G be a fized strictly balanced graph with v vertices and e edges.
Denote by a = |Aut(G)| the number of elements of the automorphism group of
G. Let 0 be a positive constant and set p = 0/n*/¢. Let X,(G) denote the
number of tropical copies of G in G(n,p,c) with c =wv. Then

19e
Xo(@) S PO) with A= S0
ac‘

where P(A) is the Poisson distribution with mean .

One of the most interesting results in the study of random graphs was dis-
covered by Matula [3] who proved that the clique number cl(G(n,p)) of G(n,p)
is asymptotically almost surely concentrated on two consecutive values. Let
0 < p < 1 be fixed and set b = 1/p. Let the function d(n) be defined by

d(n) = 2log, n — 2log, log, n + 1 + 2log, (e/2) .

Then, for any € > 0, the clique number of G(n, p) satisfies
Pr“d(n) — €] <c(G(n,p)) < |d(n) + e” =1 as n— 0.

This leads us to the natural question of what is the maximum number of colors
¢ = ¢(n) which a.a.s. guarantees the existence of a tropical clique of order r
in G(n,p,r), for every r < ¢(n). The answer to this question is given by the
following theorem.

Theorem 8. Let 0 < p < 1 be fized. Let ¢ = ¢(n) be the function defined by
c(n) = 2logy n — 2log, log, n — 2log, 2 + 1,
where b= 1/p.

(i) If r > ¢(n), then a.a.s. there is no complete tropical subgraph of order r
in G(n,p,r)



(ii) If r < c¢(n), then a.a.s. G(n,p,r) contains a complete tropical subgraph of
order r.

The next theorem finds the distribution of T}, for certain values of k.
Theorem 9. Let p = 60/n, where 0 < 0 <1 is fived. Let

1
k= W logn — 2loglogn + 1|,
where | is a fized real number. Denote by Ty the number of components of
G(n,p, k) that are tropical trees of order k. Then Ty has asymptotically Poisson
distribution P(X\) with mean

N (6 — loggﬁ)zel.
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