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We review the following higher-spin holographic duality conjecture: the O(N ) model at an isotropic Lifshitz point of criticality order + 1 should be dual to a higher-spin gravity theory whose spectrum contains a tower of partially massless symmetric tensor fields of all even spins and all odd depths between 1 and 2 -1. More precisely, the Gaussian fixed point corresponding to free higher-order singletons on the d-dimensional boundary should be described in the bulk by the Vasiliev equations based on the symmetry algebra of the polywave equation of order 2 . Moreover, an elementary renormalization group analysis suggests that for = 2 and 6 d 10 both the free and the interacting isotropic Lifshitz point should be described by the same bulk theory but with distinct boundary conditions.

Introduction

The duality conjectured in 1998 by Maldacena, called "AdS/CFT correspondence" or "gauge/gravity duality", relates IIB superstring theory around the background geometry AdS 5 × S 5 and maximally supersymmetric super Yang-Mills (SYM) theory on the conformal boundary of the five-dimensional anti de Sitter (AdS) spacetime but it was soon generalised to other superstring vacua [1]. Nowadays, this body of ideas has been considerably extended so that, by now, the "holographic duality" or "bulk/boundary correspondence" generally refers to a duality relating a gravity theory, not necessarily a string theory, around a weakly-curved background, to a strongly-coupled conformal field theory (CFT) on the boundary, not necessarily a gauge theory, nor supersymmetric, nor even relativistic (the only constraint is that the CFT should possess an expansion in the inverse of the number N of fields, such that its large-N limit correspond to a tractable semiclassical limit on the gravity side) [2]. However, if one believes in the strong form of the duality then a natural question is: What is the bulk dual of a free CFT? Free (or integrable) CFTs have an infinite number of hidden symmetries, thus by Noether theorem their spectrum contains an infinite tower of traceless conserved currents with unbounded spin (including the spin-two stress-energy tensor). Therefore the AdS/CFT dictionary suggests that free (or integrable) CFTs should be dual to higher-spin (HS) gravity theories [3,4] whose spectrum contains an infinite tower of gauge fields with unbounded spin (including the spintwo graviton). One should stress that even if the boundary CFT is free, the n-point correlators of the bilinear boundary currents do not vanish, thus the npoint vertices of the bulk theory are also not vanishing. In other words, the bulk dual of a free CFT should be an interacting HS gravity theory.

Such ideas emerged progressively in a series of papers more than a decade ago [5][6][7][START_REF] Mikhailov | Notes on higher spin symmetries[END_REF][START_REF] Sezgin | [END_REF][10]: the idea was born in the context of the Maldacena conjecture for AdS 5 [5,6], and then pursued in any dimension, first at the level of kinematics [7] and later at a dynamical level. This lead to the holographic duality conjecture between bosonic HS gravity around a strongly-curved AdS d+1 background and the singlet sector of a d-dimensional theory of (a large number of) free conformal scalars in the vector representation of an internal symmetry group [START_REF] Mikhailov | Notes on higher spin symmetries[END_REF][START_REF] Sezgin | [END_REF][10]. A further important step was the observation by Klebanov and Polyakov of the holographic degeneracy of four-dimensional bosonic HS gravity in the sense that both the Gaussian (free) and the Wilson-Fisher (strongly-coupled) fixed points of the three-dimensional O(N )-model should be dual to the same four-dimensional bulk theory, but with distinct boundary conditions [10]. This provided the first example of an exotic AdS/CFT correspondence between a strongly-coupled condensed-matter CFT and a strongly-curved non-stringy AdS theory. Since bosonic HS gravity exists in any dimension, the holographic degeneracy argument also applies to the pair of fixed points of the five-dimensional O(N )-model that should be dual to the same six-dimensional bulk theory [11][12][13].

The agreement between Vasiliev's four-dimensional HS gravity and the sector of bilinear operators formed out of free conformal scalars in three dimensions has been verified very early at the level of scalar cubic couplings in [14,15] but, more recently, generic checks of the conjecture for AdS 4 /CF T 3 at the cubic level [16] (see also [START_REF] Colombo | Higher Spin Gravity Amplitudes From Zero-form Charges[END_REF][START_REF] Didenko | [END_REF]) prompted a revived interest in the correspondence which has since been generalised in various directions (see [19] for a review).

The goal of the paper is to briefly review the generalisation proposed in [20] of the HS holographic duality, by spelling out the CFT side in details in Section 2 and by summarizing the main evidences in favor of the conjecture in Section 3.

CFT: the isotropic Lifshitz point

The isotropic Lifshitz 1 point is a special type of multicritical renormalizationgroup (RG) fixed point that was originally introduced in the tricritical case in 1975 [22] and has been experimentally observed in a ternary mixture of homopolymer and diblock copolymer for the first time in 1995 [23] (see also [24] for more details).

The fundamental fields of the O(N ) vector model are N real scalar fields that form an N -vector multiplet φ = (φ 1 , . . . , φ N ) of the internal symmetry group O(N ). Actually, complex scalar fields can also be considered, in which case the symmetry is enhanced to U (N ). The vector model in d dimensions at an isotropic Lifshitz point 1 of criticality order + 1 is described by a Wilsonian action whose quadratic part starts at order 2 in the derivative expansion. In practice, this means that the couplings in front of the first terms appearing in the derivative expansion of the quadratic piece (i.e. the mass term

φ * • φ d d x, the standard kinetic term φ * • φ d d x, etc, till the term φ * • -1 φ d d x)
are set to zero. Moreover, the couplings of the interacting piece also have to be fine-tuned in order to be at a fixed point. In practice, this means that + 1 experimental parameters have to be fixed, so that one speaks of a (multi)critical fixed point of order + 1.

The actual kinetic term is (at lowest order in the derivative expansion)

S free [ φ] = 1 2 c 4 φ * • φ d d x (1) 
and it contains the polywave operator of order 2 . The standard critical fixed point corresponds to = 1 and is of order 2. In the physical applications, the isotropic Lifshitz point is mostly considered in the tricritical case = 2 because it is already very hard to approach it experimentally [23,24]. This case corresponds to the kinetic operator 2 of fourth order. 2 In the general case, the engineering dimension of the scalar fields is ∆ φ = (d -2 )/2 and the quadratic action S kin is conformally invariant. An on-shell scalar field φ with scaling dimension (d -2 )/2 and solution of the polywave equation φ = 0 has been called (scalar) "singleton of order " in [20] (and " -linetons" in [30]) since for = 1 it is the usual scalar singleton (also called "Rac" in [31]) subject to the d'Alembert equation. A singleton of order d/2 spans an irreducible (in general, indecomposable) representation (irrep) of the conformal algebra o(d, 2) denoted by D( d-2

2 , 0). The usual singleton ( = 1) saturates the unitarity bound 1 Although the union of the adjectives "isotropic" and "Lifshitz" may sound like an oxymoron (since, usually, the celebrated "Lifshitz point" rather correspond to some anisotropic scale symmetry), we followed the standard RG terminology for these multicritical fixed points (see e.g. [21]).

1 A seminal study of the large-N limit of Lifshitz points was provided in the paper [25] (see also [26] and references therein to recent works). 2 Notice that this CFT was also considered in the context of the Weyl anomaly [27,28].

but higher-order singletons are not unitary (the polywave equation is higherderivative). One should stress that unitarity is not a fatal issue for the physical applications in condensed matter (in fact one works in the Wick-rotated signature for statistical physics).

The O(N )-singlet bilinears are the analogues of the "single-trace operators" of adjoint models (like N = 4 SYM) and are also referred as "single-trace" by a conventional abuse of terminology. The single-trace sector of vector models is much more simple than the one of adjoint models because the former is spanned only by the bilinears

(∂ • • • ∂ φ * ) • (∂ • • • ∂ φ).
From the point of view of the conformal algebra o(d, 2), the bilinear operators belong to the tensor product D( d-2 2 , 0) ⊗2 of two singleton representation. Due to the O(N ) symmetry, the allowed deformations of the Gaussian action (1) are O(N )-singlets, which are called "multi-trace operators" since they are products of single-trace ones. Double-trace deformations are the simplest ones and they can be seen as mediated by an auxilliary scalar field via the Hubbard-Stratonovich trick. A corollary of [32] is that the scaling dimensions (∆ free and ∆ int ) of the Hubbard-Stratonovich field (respectively at the undeformed fixed point and at the interacting fixed point driven by the double-trace deformation) are conjugate to each other (∆ free + ∆ int = d + O(1/N ) ) in the large-N limit.

The deformation with the lowest scaling dimension is the quartic interaction | φ| 4 which is precisely a double-trace deformation corresponding to a scalar Hubbard-Stratonovich field σ ∼ | φ| 2 . At the Gaussian fixed point, the scaling dimension of operators is equal to their engineering dimension. Therefore, the auxilliary field σ has scaling dimension equal to ∆ free = 2∆ φ = d -2 at the Gaussian fixed point and can be unitary there only if ∆ free > (d -2)/2 ⇔ d > 4 -2. At the interacting fixed point corresponding to the sole deformation by | φ| 4 , the field σ has scaling ∆ int = d -∆ free = 2 in the large-N limit, thus it can be (i) unitary only if ∆ int > (d-2)/2 ⇔ d < 4 +2 and (ii) relevant only if d < 2∆ int = 4 . In this sense, the "critical dimension" is d = 4 (since meanfield theory is only efficient for d > 4 ). The scalar Hubbard-Stratonovich field can be unitary at both fixed points (holographic degeneracy) only in the range 4 -2 < d < 4 + 2.

Let us now pursue this elementary RG analysis but restrict to the two physically relevant cases ( equal to 1 or 2). The potentially relevant deformations take the form (at lowest order in the derivative expansion)

S int [ φ] = 1 2 u 4 | φ| 4 + u 6 | φ| 6 d d x (2) 
For the critical fixed point ( = 1), the double-trace deformation | φ| 4 is the only relevant interaction for d 3. More precisely, the triple-trace deformation | φ| 6 is marginal for d = 3 (see e.g. [29] for a related discussion). The variation of the RG behaviour with the dimension d is summarized for the critical case in the table 2 of [11], so one can now consider the tricritical isotropic Lifshitz point ( = 2). In that case, the double-trace deformation | φ| 4 is the only relevant deformation in the range 6 < d < 8 but the triple-trace deformation | φ| 6 becomes relevant for d < 6. In the range 8 < d < 10 the interacting fixed point is expected to become ultraviolet attractive (an example of asymptotic safety).

AdS: partially massless fields

At kinematical level (i.e. at the level of two-point functions and in the large-N limit), the AdS d+1 /CF T d correspondence can be seen, from a group-theoretical perspective, as a mere intertwiner of o(d, 2)-representations [33,34] where the latter algebra is either realised as isometries in the bulk or as conformal transformations on the boundary.

The maximal compact subalgebra o(d, 2) is o(2) ⊕ o(d)
and corresponds to the time translations generated by the (conformal) Hamiltonian and to the o(d)rotations, both acting in a natural way on the boundary ∼ = S 1 × S d-1 . Accordingly, the simplest irreps of o(d, 2) denoted by D(∆, s) are caracterized by the energy (scaling dimension) ∆ > 0 and by the spin s ∈ 1 2 N of the ground state (conformal primary operator). In particular, a partially conserved traceless symmetric tensor field of rank s t 1 on the boundary generates the irrep D(d+s-t-1, s). By "partially conserved" (of depth t) one means that the conservation law is weaker (only the t-th divergence vanishes on-shell) [35]. The AdS counterpart of D(d + s -t -1, s) is a "partially massless" field, i.e. a symmetric tensor field on AdS d+1 with a fine-tuned mass such that it posesses exotic gauge symmetries containing t derivatives of the gauge parameter of rank s -t [36]. The case t = 1 reproduces the standard AdS/CFT dictionary between boundary conserved currents and bulk gauge fields. The generalisation of the dictionary to higher-depths was proposed in [35]. For s > 0 and t > 1, the irreps D(d + s -t -1, s) of o(d, 2) are not unitary (the bound is saturated for t = 1) but their o(d + 1, 1) counterparts are unitary. In other words, bosonic partially massless fields are unitary on de Sitter (dS) spacetimes but not on anti de Sitter spacetimes.

The following theorem ensures the validity, at kinematical level, of our conjecture [20]. The tensor product of two higher-order scalar singletons decomposes as the sum of o(d, 2)-irreps describing the partially conserved-currents/masslessfields of all ranks s ∈ N and all odd depths t (= 2k -1) ranging from 1 to 2 -1:

D d -2 2 , 0 ⊗ D d -2 2 , 0 = ∞ s=0 k=1 D(d + s -2k, s) . (3) 
It is a generalisation of the Flato-Fronsdal theorem [31,37] to higher order > 1 and depth t > 1. From the holographic perspective, the left-hand-side corresponds to the singlet sector of the U (N ) vector model (for the O(N ) it is restricted to the symmetric product [11]) while the right-hand-side can be interpreted either as the CFT spectrum of (composite) primary operators, or as the AdS spectrum of elementary fields. The latter coincides with the spectrum of fields arising from the linearised Vasiliev's equations based on the symmetry algebra of the free higher-order singleton [20]. In fact, the nonlinear equations proposed by Vasiliev for bosonic higher-spin gravity around (A)dS d+1 [4] remain consistent when based on the symmetry algebra of the free singleton of any order (because it is a suitable quotient of the "off-shell" higher-spin algebra). This provides the first example of a full interacting theory involving partially massless fields.

AdS/CFT: conjecture

Putting all these facts together support the following particular case of the conjecture in [20]: the large-N limit of the O(N ) vector model at a tricritical isotropic Lifshitz point should be dual to the bosonic higher-spin gravity with an infinite tower of partially massless fields of all even spins 0, 2, 4, ... and of depths 1 and 3. The RG analysis shows that in the range 6 < d < 10, the situation is very similar to the usual case = 1 in that the theory is holographically degenerate. More precisely, in the large-N limit the two fixed points are related by a Legendre transformation on the CFT side and by a change of boundary condition for the bulk scalar field. However, in the more physical range 2 < d < 6 the situation is more complicated because triple-trace deformations become relevant and requires more investigations. The discussion of multitrace deformations of vector theories and their bulk duals in [29] should help to adress this issue.

The dS/CFT version of this proposal is also of interest. Remember that, though partially massless fields are not unitary on AdS, their dS analogues are. Following the conjecture of [START_REF] Anninos | Higher spin realization of the dS/CFT correspondence[END_REF], one might speculate that the Euclidean Sp(N ) vector model with anticommuting scalars at isotropic Lifshitz points might be dual to unitary bosonic HS theories of partially massless tensor fields around de Sitter spacetime.
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