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On the motion of a small light body immersed in a two dimensional
incompressible perfect fluid with vorticity

Olivier Glass? Christophe Lacavel Franck Sueur?

October 23, 2014

Abstract

In this paper we consider the motion of a rigid body immersed in a two dimensional unbounded incom-
pressible perfect fluid with vorticity. We prove that when the body shrinks to a massless pointwise particle
with fixed circulation, the “fluid+rigid body” system converges to the vortex-wave system introduced by
Marchioro and Pulvirenti in [II]. This extends both the paper [2] where the case of a solid tending to a
massive pointwise particle was tackled and the paper [3] where the massless case was considered but in a
bounded cavity filled with an irrotational fluid.
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1 Introduction

In this paper we consider the motion of a rigid body immersed in a two dimensional incompressible perfect
fluid, when the size of the body converges to 0. Initially the rigid body is assumed to occupy

Sg = ES(),

where Sy is a simply connected smooth compact subset of R? and € € (0, 1).
The body moves rigidly so that at times ¢ it occupies a domain S¢(¢) which is isometric to S§. We denote

Fe(t) = R*\ S°(t)
the domain occupied by the fluid at time ¢ starting from the initial domain
=R\ S5.

The equations modelling the dynamics of the system then read :

Fluid equations:

3
8(;; + (w - V)uT+ VT =0 for t € (0,00), x € F°(1), (1.1)
divu® =0 for t € [0,00), & € F°(t), (1.2)
Solid equations:
m&(h®)"(t) = / mends for ¢ € (0, 00), (1.3)
88 (1)
T (@) :/ (z = h*(£)* - mn ds for ¢ € (0,00), (1.4)
88 (t)
Boundary conditions:
W om = ((ha)'(t) () (z — ha(t))L) ‘n for t € [0,00), o € ASE(1), (1.5)
‘ 1‘im |u®(t,z)| =0 for t € [0, 00), (1.6)
T|—00
Initial data:
uly=0 = ug for z € F§, (1.7)
EO) =0, ()(0) =6, (0)=0, (0)=rf. (1.8)



Here u® = (u§,u5) and ¢ denote the velocity and pressure fields in the fluid, m® > 0 and J° > 0 denote
respectively the mass and the momentum of inertia of the body. The fluid is supposed to be homogeneous, of
density 1 to simplify the notations.

When 2 = (1, 22) the notation 2+ stands for z+ = (—w2,21), n denotes the unit normal vector pointing
outside the fluid, (h®)’(¢) is the velocity of the center of mass h®(t) of the body and r¢(¢) is the angular velocity.
Indeed, since S¢(¢) is isometric to S§ there exists an angle 6(¢) such that, with the notation of the rotation

matrix 0 0
cosOc(t) —sinb°(t
Roeqwy = <sin 0°(t) cosB°(t) > ' (1.9)

one has
SE(t) :=={h°(t) + Rgs(t)fL‘, T € SS}

Furthermore, this angle satisfies
(6°)'(t) = r°(¢).
In this paper, we will systematically take the convention that the initial position of the center of mass is 0, that

is,

he(0) = 0. (1.10)

Equations () and (2] are the incompressible Euler equations, the condition (I5]) means that the bound-
ary is impermeable and Equations ([3)-(L4) are the Newton’s balance law for linear and angular momenta.

The Cauchy problem for System (LI)-(L8) is now well understood. In particular we have the following
result proven in [2], which is the equivalent for the fluid-body system of the celebrated result of Yudovich for
the fluid alone [13]. We recall that the space of log-Lipschitz functions on some domain X C R? is the set of
functions f € L*°(X) such that

1 fllzex) = [IfllLe(x) + sup /(@) ~ /()] < 400.

#y (= y)(L+In" [z —yl)|
Theorem 1.1. For any L
uf € CO(F5;R?), (5,75) e R x R,

such that:

divug = 0 in F§

w§ = curluf € L (F,),
us-n = (65 +rizt) -n on 0SS,
o) =0

there exists a unique solution (he,0°,u®) of (LI)—-(L8) with

(h%,6°) € C*(RT;R* x R), u® € L5 (RT; LL(F*(t))) and

loc

Opus, Vpt € LS. (RT; LY(F=(t))) for any q € (1, +0c0).
Moreover such a solution satisfies some conservation laws which will be recalled in Subsections[31 and[{1]

There is a slight abuse of notations in L (R™; LL(F=(t))) and LS. (R*; L9(F=(t))) since the domain F*=(t)
of the z-variable actually depends on ¢. By this we refer to functions defined for almost each ¢ as a function
in the space LL(F¢(t)) (resp. LI(F*(t))), and which can be extended to a function in L{S (RT; LL(R?)) (resp.

L5, (RT; L9(R?))).

loc



A central fact to obtain Theorem [[.1] is that in these solutions the fluid vorticity
w® = curlu® = dyus — dauf,
satisfies
ow*
ot
Actually, the uniqueness part of Theorem [[.T] can be established starting either from the velocity equation (L)
or from the vorticity equation (LIIJ).

In this paper we are interested in the asymptotic behavior of (h¢,6° u®,w®) when e — 0%. This issue
depends on the behavior of the data with respect to € which we now describe.

+ div(u*w®) =0 for t € (0,00), = € F°(t). (1.11)

Mass and momentum of inertia. In the paper [2] we studied the case where the solid occupying the domain
S¢(t) is assumed to have a mass and a moment of inertia of the form m® = m! and J¢ = 27!, where m! > 0
and J! > 0 are fixed, so that the solid tends to a massive pointwise particle. The goal of this paper is to study
the case where

m® =¢e*m' and J¢ = > g1, (1.12)

where o > 0 and m! > 0 and J' > 0 are fixed, so that the solid tends to a massless pointwise particle. The
particular case where o = 2 corresponds to the case of a fixed solid density whereas the case tackled in [2]
corresponded to the case where av = 0. The regime (II2) was considered in [3] in the irrotational case (and
when the fluid occupies a bounded domain). The purpose of this paper is to extend it to the case where the
vorticity w® in the fluid does not vanish.

Vorticity and circulation around the solid. We will consider an initial fluid vorticity wo € L2°(R? \ {0})
independent of € and an initial circulation

”y::/ ug - Tds
855

independent of ¢ as well. The fact that we consider 0 ¢ supp wy is connected to (LI0Q): for € > 0 small enough,
one has supp wo NS5 = 0.

Initial solid velocity. We will consider an initial solid velocity (£5,r§) independent of e:

(€5.75) = (fo,m0) € R? x R.

Initial fluid velocity. The initial fluid velocity wug is then defined as the unique log-Lipschitz solution of the
div-curl type system:
divug = 0, curlug = wg in F§,
us -n = (bo +rozt) - n on 4SS, (1.13)
1m0 [u§(2)] = 0, fasg u§ - Tds =,

where w§ := w7, hence, for ¢ small enough (depending on dist(supp wo; 0) and the size of Sp), we have

S (1.14)

To state the main result, we will use the following notation for the Biot-Savart operator in R?:

T — )+
Keolul(t.) = Keolu(t )0 o= 5 [ =it p)ay

Now our goal in this paper is to prove the following theorem.



Theorem 1.2. Let us be given v € R\ {0}, (¢o,70) € R3, wy in L (R?\ {0}). For any ¢ € (0, 1], we associate
u§ by (LIF)-CI4) and consider (h®, 0%, us) the unique solution of the system (LI)—-(LI). Then for any T > 0,
as e — 0T,

e hf converges to h weakly-—% in W1°°(0,T;R?),
o w® converges to w in C°([0,T]; L>°(R?) — wx),

— h(t)*
e uf converges to .+ 21% in C°([0,T); LL (R?)) for q < 2, where a(t, x) is defined on [0,T] x R?
T |z —
by

u(t,x) == Kgz[w(t,-)](z).
Moreover, (4, w,h) satisfies:

Fluid equation:

ow ([ v (z—h(t)" 0 2
5 + div ( [u—k o7 [T h()P w)] =0 in [0,T] xR, (1.15)
Particle equation:
R (t) = a(t, h(t)) n [0,T], (1.16)
Initial conditions:
w|t:0 = Wy, h(O) =0. (117)

The above convergences of w® and u° hold when we have extended these functions by 0 inside the solid.

Remark 1.3. Equation (LIR) and the w-part of the initial data given in (LIT) hold in the sense that for any
test function ¢ € C°([0,T) x R?) we have

/Oo " ddt+/oo Vi) (~+7<x_h(t>)L) dedt+ | (0, 2)wo(z)dz =0 (1.18)

cw d U+ ———= |wdz , x)wo(x) dx = 0. .
o Jre o Jr2 27 |z — h(t)? R

The equations (LIH)-(I6) describe the vortex-wave system introduced by Marchioro and Pulvirenti in [IT].
Equation (LI3) describes the evolution of the vorticity of the fluid: w is transported by a velocity obtained
by the usual Biot-Savart law in the plane, but from a vorticity which is the sum of the fluid vorticity and of a
point vortex placed at the (time-dependent) position h(t) where the solid shrinks, with a strength equal to the
circulation v around the body. The point vortex is transported only under the influence of the fluid vorticity
(CI5).

We recall from Marchioro-Pulvirenti [TT] (Lagrangian formulation) and by Lacave-Miot [§] (Eulerian formula-
tion, i.e. in our case (ILIR)) that in the case of one point vortex h(t) and of an initial vorticity wy € L°(R?\{0}),
the vortex-wave system ([LI5)-(LI6) admits a unique solution such that w € L*(RT, L' N L*°(R?)) and
h € C(R*,R?). Moreover, such a solution has the following property: for any 7" > 0, there exists pr > 0
such that

suppw(t) C B(h(t), pr) \ B(h(t),1/pr) Vt € [0,T]. (1.19)

Remark 1.4. Note that the convergence of h cannot be strong in W1>°(0,T;R?), in general, as this would
entail that
1 1

Y woly) dy.

fo = K[’U}O](O) = —E o W 0



Let us mention the paper [I] which provides another derivation of the vortex-wave system (LI5)—(LI6) from
smooth solutions of the Euler equations alone, without any rigid body but with some concentrated vorticity,
following the approach of [I0] for the derivation of the vortex points system from smooth solutions of the Euler
equations.

In the case of a massive pointwise particle, we have obtained in [2] the same theorem except that the particle
equation was:

m (1) = (1 (1) _a(t,h(t)))l in (0,7, (1.20)

and that, due to the lack of uniqueness in the limit system, the convergence held only along a subsequence. One
can see that in the massive situation, the point vortex is accelerated by a force similar to the Kutta-Joukowski
lift force of the irrotational theory. Formally, the massless situation corresponds to the case where m! = 0 in
(C20), from which one recovers the point vortex equation (LI6). Nevertheless, the rigorous analysis is more
complicated than in [2] because the second-order equation (L3]) degenerates to a first order equation (I6I).
For example, we will note in Remark 3] that a standard energy estimate does not give anymore that (h®)’ is
bounded uniformly in €.

Let us also mention the paper of Silvestre and Takahashi [12] (and the references therein) of a related problem
with a small ball immersed in a 3D viscous fluid.

2 Structure of the proof

In this section, we describe the general structure of the proof of Theorem

The basic estimates (energy estimates, estimates coming from the vorticity) for system ([L))- (L8] will prove
insufficient to pass to the limit. We will strengthen these estimates by establishing a so-called modulated energy
estimate. To prove it, we will need to reformulate the equation in a suitable normal form. This is explained in
greater detail below.

First step. A normal form. First we introduce the solid velocity in the rotated frame:
(1) = Rge(qy (h5)' (1),
where Rpe is the rotation of angle 6%, see (). Then we introduce the following “modulated velocity”:
P (1) = £2(1) — Kol (1,0) — eDKa[w?](£,0) - €, (2.1)

where £ is the conformal center of Sy defined below in (BI3) and w*® is the vorticity in the rotated frame, that
is
we(t, ) == w(t, Rge 1y + h*(1)). (2.2)

Next we introduce the notation for the modulated unknown:

p° = (5;) : (2.3)

To introduce the normal form, we need a few more notations. We introduce the inertia matrix:

m' 0 0
Mg:=1| 0 mt 0 |, (2.4)
0 0o J!

and

B .= (_Ll) . (2.5)

We also introduce a bilinear symmetric mapping A, : R? x R? — R? as follows:

1
Vp e R® (A, p,p) =m'r <€O ) for p = <£> . (2.6)



Note that
VpeR®, (Ag,p,p)-p=0. (2.7)

We are now in position to describe our normal form.

Proposition 2.1. There exist a symmetric positive matriz M, € S;' (R), depending only on Sy, and a bilinear
symmetric mapping A, : R3 x R3 — R3, depending only on Sy, satisfying

Vp € R?, (Aa,p,p)-p=0, (2.8)

such that the following holds.
Let us fix p > 1. There exist C > 0 and g € (0, 1] such that: if for a given T > 0 and an € € (0,q] one has
for allt € [0,T):
suppw*(t) C B(0,p)\ B(0, 1/p), (2.9)

then there exist a function G = G(e,t) : (0,1) x [0,T] — R? satisfying

t t

/ 7°(s) - G(e,s)ds| < eC (1 +t+/ |ﬁ5(s)|2ds> : (2.10)
0 0

and a function F = F(e,t):(0,1) x [0,T] — R? satisfying

[Fe. )] < C(1+[p°()] +elp" (1)) (2.11)

such that one has on [0,T]:
[£2 My + 2 M| (5°) + (€27 Ay + Mg, 55, 5°) = 75° x B +e7G(e, t) + ™M @2 F (g, 1). (2.12)

We will make M,, A, and G explicit in the course of the proof, see (3.24), (5.20) and (G19).

We will refer to the quadratic mappings A, and A, satisfying 27) and Z8) as gyroscopic terms, to a
function G satisfying ([ZI0) as a weakly gyroscopic term and to a function F satisfying (ZII) as a weakly
nonlinear term.

Second step. Modulated energy estimates. From this normal form, we will be able to deduce the following
modulated energy estimate.

Proposition 2.2. Let us fit p > 1 and T > 0. There exist C > 0 and o € (0, 1] such that the following holds.

If for a given T € (0,T] and an € € (0,&0] one has that (Z3) is valid on [0,T], then one has
|5 ()| +elrf(t)| < C, Vtel0,T]. (2.13)
This proposition improves the estimate coming from a basic energy argument (see Lemma [£.4]).

Remark 2.3. We can track in the proofs of Propositions[21] and[2Z2 that the only constraint on £¢ is to verify:
08;° C B(0,1/(2p)).

Third step. Local and global passage to the limit. In a first time, we obtain the convergence stated
in Theorem on a small time interval, and only in a second time we obtain this convergence on any time
interval. The proof follows the following steps.

Since the modulated estimate above require assumptions on the support of the vorticity, taking (LI9) into
account, we set the following definition, given a fixed T > 0:

T. := sup {T € (0,7, ¥t € [0, 7], suppw®(t) C B(h*(t),2p7) \ B(h%(t), 1/(2%))}, (2.14)

where p= is defined from (LCI9) with T =T.
As suppwo C B(0, p7) \ B(0,1/p7), we have of course T. > 0. Using Proposition with p = 2p7 and
T =T, we deduce the following.



Proposition 2.4. Let us fit T > 0. There exists ¢g > 0 and T > 0 such that

inf T.>T.
e€(0,e0)

In turn this allows to prove the following local version of Theorem

Proposition 2.5. We consider T' > 0 such that inf.c g, Tc = T for some €9 > 0. Then h® converges to h
weakly-x in W1>°(0,T;R?) and w® converges to w in C°([0,T]; L>°(R?) — wx), where (w,h) is the solution of

the vortez-wave system ([[LI5)—(I4).

The proof uses a compactness argument (using the estimates above), the uniqueness of the solutions in the
limit and Proposition 2.1]
Finally we obtain Theorem by a sort of continuous induction argument.

3 Basic material

In this section, we introduce basic material which we will use in subsequent sections. In the whole paper, we
will need some arguments of complex analysis (see e.g. Appendix [A]): for the rest of the paper, we identify C
and R? through
(x1,m2) = 1 +ix9 = 2.
The complex conjugate of a complex number z will be classically denoted by Z, but we may also use the notation
z* for large expressions. N
We also use the notation f = f; —ifs for any f = (f1, f2). The reason of this notation is the following

consequence of the Cauchy-Riemann equations: R
f is divergence and curl free if and only if f is holomorphic.

3.1 Equations in the body frame

First we transfer the equations for the velocity and the vorticity in the body frame (all the details can be found
in [2]). For that we apply the following isometric change of variable:

ve(t,z) = Rgs(t) u® (t, Rge(py + ho(t)),

we(t,x) = w(t, Rge(pyx + h°(t)) = curlv®(t, x)
7o (t,x) = 7 (t, Rge(py + h°(t)),

(1) = ReTs(t) (h)' (1),

where we recall that the usual two dimensional rotation Rpe was introduced in (L9). The equations (IL1)- (L)
become

~
~
~—

ov®

5 + [(’U€ —F — ety V} vF 475 (v%)t 4+ Vi = x € F§, (3.1)
diveo® =0 x e F;, (3.2)
v o= (5 +r°2t) n x € 08, (3.3)
me (L) (t) = / 70 ds — mere (£°)* (3.4)
a8g

TE(re) (t) = / 't 7n ds (3.5)

a8g
v (0,z) = vi(x) x e F;, (3.6)

66(0) = fo, T‘E(O) =T0-.

Moreover [B.1) gives
Qw4+ [(v° — € — reat) V]w® =0 for z € F. (3.8)



The advantage of this formulation is that the space domain is now fixed. A large part of the analysis will be
performed with these equations.

As mentioned in Theorem [[LT] some quantities are conserved along the time, whose the circulation and the

mass of the vorticity:
72/ ’UE-TdSZ/ us'TdS:/ ug - 7 ds,
aS¢ aS=(1) 85

B = / w(t,x)dx = / w® (t,x) doe = / wg(z) de.
Fs Fe(t) Fs

As wy is assumed to be compactly supported in R? \ {0}, we note that 3¢ is independent of € when ¢ is small
enough.

In the next subsection, we introduce several velocity fields in the frame attached to the body. These will
allow in particular to decompose the velocity field v° in a way that clarifies how it is generated from the vorticity,
the velocity of the rigid body and the circulation of the flow around the solid (see formulas [B.28) or (3:29)
below).

3.2 Some useful velocity fields

We regroup the particular velocity fields mentioned above in three paragraphs. We refer to [2] for more details.

3.2.1 Harmonic field
To take the velocity circulation around the body into account, we introduce the following harmonic field: let
H*¢ the unique solution vanishing at infinity of
divH® =0 in F§, curl H* =0 in F§, H® n=0 ondS;, Hf - 7ds=1. (3.9)
a8¢
We list here a list of properties concerning H¢ which are established in [2]:

e The vector field H® admits a harmonic stream function W - (x):
H® =V Uy, (3.10)
which vanishes on the boundary dS§, and is equivalent to % In |x| as = goes to infinity.

e We have the following scaling law

He(z) = éHl (g) (3.11)

e The function H? is holomorphic (as a function of z = x1 + ix2), and can be decomposed in Laurent Series
(see Remark [A20) with:

PN 1
Hl(z) = 5+ 0O(1/2%) as z — . (3.12)
e

Coming back to the variable z € R?, the previous decomposition implies

H'(z) =0 <ﬁ) and VH' = 0O (#) .

From the scaling law and the asymptotic behavior, we deduce the following estimate on the support of w®.



Lemma 3.1. Let us fix p > 1. There exists C' > 0 such that the following holds. If for a given T > 0 and
€ (0,1], @9) is valid on [0,T], then one has

HHEHLOO(suppwE(t)) + ||VH€||L°°(suppw5(t)) < C Vte [OvT]

The harmonic field H! allows to define the following geometric constant, appearing in (23] and known as
the conformal center of Sy:

&+ ik = / cHdz = 571/ 2He dz. (3.13)
080 S5

In the same way, we introduce 7 is defined in R? ~ C by
n=mn +1ine = / 221/1%\1 dz = 572/ ZQI/{\E dz. (3.14)
9So IS¢

3.2.2 Kirchhoff and other related potentials

We will make use of the Kirchhoff potentials which allow to lift the boundary conditions in a harmonic manner:
let ®° := (®5);=1,2,3 be the solutions of the following Neumann problems:

0P5
on

~APE=0 inF, & —0 whenaz— oo, =K; on0F;, (3.15)

where we set on 0.F:
(Kl, Kg, Kg) = (nl, no, ,TJ' n) (316)

Note that K;, Ko and K3 actually depend on e. Changing variables according to y = x/e, we see that
¢ (z) = e®) (x/e) fori=1,2, 5 (2) = 20 (x/e). (3.17)

Next to design approximations of the velocity field, we will use the following related potentials. Let @5 and
®% be the unique solution of (BI5) where K4 and K are defined on 0F§ by:

(K4, K5) := ((_le) ‘n, (ij) n) . (3.18)

The scaling law for ®; with i = 4,5 is the same as for i = 3:
¢ (z) = 2@} (w/e) for i =4,5. (3.19)

We have from Lemma [A.8 that for all i = 1,2, 3,4, 5:

ol (z) =0 (ﬁ) and V& (z) = O (#) as |z| — +oo, (3.20)

and consequently that for all i = 1,2,3,4,5, V& belongs to L?(F§).
From the scaling law and the asymptotic behavior, we deduce the following estimate on the support of we.

Lemma 3.2. Let us fix p > 1. There exists C' > 0 such that the following holds. If for a given T > 0 and
€ (0,1], @9) is valid on [0,T], then one has

_2||V(I) ”L"O(S‘lppws(t) HV(I)QHL“’(SuppwE(t) HV(I)SHL“’(suppwE () X <C Vte [0 T]

10



We introduce the following quantities for i, € {1,2,3,4,5}:

m; ;= V5 - Vs = 2 Hentinze [ Vel . Vo (3.21)
F§ Fo

Of particular importance is the following matrix

o _ [.248i3+6,3, 1 _ 2
ME = [5), gy = [0 0eml ] = LML, (3.22)
with
1 0 O
I..=10 1 0}, (3.23)
0 0 ¢
and
_ 1
M, = [mi7j}i)je{1)273}. (3.24)

The matrix M¢ actually encodes the phenomenon of added mass, which, loosely speaking, measures how much
the surrounding fluid resists the acceleration as the body moves through it. The index a refers to “added”; at
the opposite the index g in M, and A, (see (Z4) and (2.0)) stands for “genuine”.

We will also use the 2 x 2 restriction of M3:

€ €
M = <m1,1 ml,z) . (3.25)

1> 15
mio My

3.2.3 Biot-Savart kernel

In this paragraph, we recall briefly the elliptic div/curl system which allows to pass from the vorticity to the
velocity field. We denote by G*(z,y) the Green’s function for the Laplacian in F§ with Dirichlet boundary
conditions, and we introduce the kernel

K¢(z,y) = V3G (z,y)

of the Biot-Savart operator K°[w] which therefore acts on w® € L°(F§) through the formula

K](o) = | K o)) dy.

For w® € L%°(F§), we recall that K¢[w®] is in LL(Fy), divergence-free, tangent to the boundary, square integrable
(namely K¢[w®](z) = O(#) as  — 00) and such that curl K¢[w®] = w®. Moreover its circulation around 0S§
is given by

Kfw]-1ds = —/ w® dz,

a5¢ FE

where 7 = —n' is the tangent unit vector field on S.
As in the introduction, we denote by Kp2 the Biot-Savart operator associated to the full plane, that is the
operator which maps a vorticity w to the velocity

— )t
Kealol@) = 5 [ @9 ) dy.

T2 Jp oy

For w € L°(R?), Kgz|w] is bounded, continuous, divergence-free and such that curl Kgz[w] = w. Moreover,
there exists C' > 0 such that

| Krz[wW]l| o@e) < C(llwll Lo ®2) + lwllz1(r2))s (3.26)
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and
Kgew](z) = O (ﬁ) as T — 0.

We will also use several times the fact that K2 commutes with translations and obeys to the following rule
with rotations in the plane:
Kzolw o Rol(x) = R} Kga[w] (Raa).

Now, for w® in L°(Fg), £ in R?, ¢ and v in R, there exists a unique vector field v verifying:

divo® =01in Fj, curle® = w® in F§, vs-n:(ﬁs—l—rst)-nonaSg,

/ v*-Tds =7, lim v°(z) =0, (3:27)
as; rreo
and it is given by the following Biot-Savart law:
V8 = KW + (v + B°)H® + {5V + {5V D5 + r°V DS, (3.28)
with
55 = / w® dx.
F5
We also introduce the so-called hydrodynamic Biot-Savart kernel K :
Ky [wf](z) == K [wf](z) + B H (2).
and consequently
div Kj[w®] =0in F5, cwlK§wf] =w® in F§, Kgw®]-n=0on dS§, - K§w®]-7ds = 0.
o
Hence another possibility for the decomposition of v¢ is
v° = Kj[w®] + vH® + 41V P] + 15V D5 + r*V 5. (3.29)
We also mention the fact (see [2]) that
Kiflolw) = [ VA G (et dy.
5
where the hydrodynamic Green function G% is given as follows:
Gu(w,y) = G (2,y) + Ve (2) + Ve (y), (3.30)
with Upe defined in (3I0). Finally we also introduce the part of v without circulation:
0% =" —yH® = Kj[w®]| + {1VO] + {5V D5 + r° V5. (3.31)

4 First a priori estimates

Let £y € R?, 79 € R?, v € R and wp € LL(R?\ {0}) be given. We associate the initial velocity field ug in F§ by
B27) (restricting in particular wy to F§) and consider the resulting solution (h%, 6%, u®) given by Theorem [T11
By the change of variable above we obtain the corresponding solution (¢¢,7¢,v%) of BI)-@B20). The goal of this
section is to derive basic a priori bounds on the solutions (€%, 7, v°) and on the vorticity w®.

12



4.1 Vorticity

Due to [4], the generalized enstrophies are conserved when time proceeds, in particular, we have for any ¢ > 0
and any p € [1, 00],

llw® (2, ')HLP(]-‘S) = ||w8||LP(f5) < HWOHLP(RQ)- (4.1)
Extending w® by 0 inside S5, we deduce from (3.20) and (ZI) that

Kg2[w(t, )]|| 22(r2) is bounded independently of ¢ and of &. 4.2
(R?)
4.2 Energy
Let us introduce the total mass matrix
1>

ME = ME+ ME where ME = {m OIdz ;] , (4.3)

Observe that
M; =e"I.Myl,, (4.4)

where I is defined in (3:23) and M, in (24]). We recall that the added mass matrix M¢ was defined in (3:22)).
The matrix M° is symmetric and positive definite.

Using this matrix, one can deduce the following conserved quantity, where we recall that the functions W pe
and G5, were respectively defined in (3:10) and (330).

Proposition 4.1. The following quantity is conserved along the motion:

2= )M [ Gilet @) dedy =2y [ ot @) (@) da,

7§
e (¥
o= ]

The proof of Proposition Il is given in [2]. Therein, we can also find the following consequence:

where

Proposition 4.2. Let p,,, > 0 such that supp wy C B(0, pu,). One has the following estimate for some constant
C =C(m*, T4 lwollziares, ol 7ol 17|, Pwe ), depending only on these values and the geometry for e = 1:

(p7)" Mp" < C[L+ In(p"(1))), (4.5)
where
PE(t) = pue(t,y = inf{d > 1 / suppw?(t,-) C B(0,d)}.
Now using .22 and ([@4]), the estimate (@A) can be rewritten as
e (p) IeMgLep® + 2 (p°) I Malep® < C[1+1In(p(1))].

Now there are two possibilities. The first possibility is that Sy is not a ball, and in that case, M, is positive
definite as a Gram matrix associated to a free family of vectors (the third one degenerates when Sp is a ball!).

Hence we deduce that . )
e/ 22 ()] 4 [ mIn(./20 (1)] < O[L + Inp (1)), (4.6)

The second possibility is that Sy is a ball. But in this situation we infer from (L4 that r©(¢) is constant over
time (and in particular is trivially bounded). Moreover, using that in this case the restriction of M, to the first
two coordinates is my; Id, we see that (L) is also valid in this case.

Remark 4.3. In [2], we could deduce by a Gronwall argument that p* was bounded on [0, T] uniformly in e.
This estimate cannot be straightforwardly deduced here, because of the powers of € on the left hand side. For
o = 2, for instance, we have |el*(t)| + |e2r(t)| in @8], instead of [(=(t)| + |ers(t)| in [Z].
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As a byproduct of ([@0), we will use throughout the next section the following estimate on (¢¢,r°):

Lemma 4.4. Let us fix p > 1. There exists C' > 0 such that the following holds. If for a given T > 0 and
€ (0,1], @9) is valid on [0,T], then one has

|et= ()| + |e2r ()| < O ¥t € [0,T).

4.3 Basic velocity estimates

We can deduce from Lemma [£4] and from the results of Subsection new estimates on the fluid velocity, as
long as the solid stays away from the vorticity and that the support of the vorticity remains bounded.
First, let us recall the following lemma (see [5, Theorem 4.1]):

Lemma 4.5. There exists a constant C > 0 which depends only on the shape of the solid for e = 1 such that
for any w smooth enough,

1/2 1/2

1K 5wl o (75) < Cl@llFd ey 10l 2 s

Combining with the conservation laws (A.I]) we obtain that for any ¢ > 0,

1/2 1/2
1B W)ty )l 25) < Cllwollifas lwoll 2 go)-

Together with Lemmas B.] and 4], we deduce from the decompositions [3.29) and B3] the next velocity
estimates.

Lemma 4.6. Let us fix p > 1. There exists C' > 0 such that the following holds. If for a given T > 0 and
€ (0,1], @9) is valid on [0,T], then one has

||’U€(t, ')”Loo(suppws(t)) =+ ||’l~}€(t, ')HLoo(S.uppwE(t)) <C Vte [0, T]

4.4 Estimates related to the modulation terms

Due to the definition of the modulated velocity /¢ 2.I), we are interested in estimating the terms Kg[we](t,0),
D Kg2[w®](t,0) - £ and their time derivatives.

Regarding the modulation terms themselves, we have the following.

Lemma 4.7. Let us fir p > 1. There exists C' > 0 such that the following holds. If for a given T > 0 and
€ (0,1], @9) is valid on [0,T], then one has

| K2 [w®](t,0)[| o 0,7) + [ DER2[wF](t,0)| Lo 0,1y < C-

Proof. The statement concerning the first term is actually included in (@2]). Concerning the second one, we use
that Kpg2[w®] is harmonic on B(0,1/p), so its C* norm at 0 can be estimated by the L norm on B(0,1/p). O

We now turn an estimate relative to the time derivatives of the modulation terms. We will use the elementary
formula (that we already used to obtain ([B.4)):

. 0 -1
(Rgs(t))/ = _Ta(t)Rgs(t)J2 and (Rgs(t))/ = T‘S(t)JQRga(t) with J2 = (1 0 ) s (47)
and we deduce from ¢%(t) = Res(t) (h®)'(¢t) that

(£5)'(t) = —r° Ry sy ((R5)")H (1) + Ry (9)"(t) = —r= ()R () + Ry ()" (2).

We have the following statement concerning the time derivatives of the modulation terms.
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Proposition 4.8. Let us fix p > 1. There exist C > 0 and g9 € (0,1] such that the following holds. If for a
given T > 0 and € € (0,e0], 9) is valid on [0,T], then one has

(Kre[w?](,0) + eDKpe [w] (£, 0) - €)' = —r°(t) (Kg2 [w°](t,0))" + Fule, 1) (4.8)
where Fy is weakly nonlinear in the sense of (211]).

Proof. An important fact in the proof is that 9,w® becomes singular as e — 0% (see the factor rz+ in (B.J));
as a consequence, we will rather consider 0;w® which behaves less singularly.
From (2.2), we easily see that

Kp2 [w](t, ) = Rje ) Kg2 [w](t, Rg= 1y + h*(t)) (4.9)

and
DEga[w(t, ) - () = Ryge(py DEg2 [w®](t, R 1y + h°(t)) - Roe () (). (4.10)

Now, using (A7), we compute the time derivative of Kgz[w®](t,0):
K [w7)(t,0)" = — 1 () R (1) (Kra [wF] (1, b (8))) + R 1) K2 [000%) (¢, 15 (1))
+ Ry DKge[w®](t, h° (1)) - (h°)'(t)
= — 1% (1) (Kra[wf](t,0)) " + Rije () K2 [0w?] (£, h° (1)) + DEge[w?](t,0) - (),

thanks to (A.9)-(Z10).

For the time derivative of DKg2[w®](t,0) - £, we get from (L) that
(DEgz[wf](,0) - )" = — r*(t) (DKRz [w])(t,0) - ) + Ry () Dz [0,0°)(, h* (1)) - Roe ()€
4 B DK w61 (0) ¢ (1) () © Rory€) + (1) D s [#](£,0) - €
Putting these two computations together, we obtain (L8]) with
Fale,t) =R o Ko [000°] (0, h(1)) + Do) (1,0) - £(1)
— er®(t)(DKge [w](t,0) - ) + R () DKga [0,w"](t, h° () Ro= (1) - €
+ R ) D Kaa[w) (615 (0) + (0 (8) @ Roe )€ ) + v (1) DEra (2, 0) - €4,

which we now prove to be weakly nonlinear.
As in Lemma 7] we see that, by harmonicity of Kg2[w®] on B(0,1/p) and its L> estimate (L2]), there
exists C' such that

| DR [w)(8,0) - £(2) — er* (DKo [w](1,0) - )] < CUE @] + el (1))
SRf. 0 D2 Ka[uw)(t 17 (1)) + () (1) @ Roe(€) + v () DRGa (2, 0) - €| < Cel(8)] + el (1))

Since we assume (2Z0) to be valid on [0,7], we deduce that u®w® is compactly supported in B(he(t),p) \
B(h#(t),1/p). Hence we can infer from ([@I]) and LemmaL8] that u*w® is bounded in L' N L>°(R?) uniformly in
e. Therefore, using the vorticity equation d,w® = — div(ufw®), we deduce that Kg2[0;w*®] is uniformly bounded
and harmonic around he(¢). This gives that

R Kp2[0:0%](t, h°(1))| < C and  |eRg. ;) DKg2[0;w(t, h° (1)) - Rge(1)§| < Ce.
Hence one obtains an estimate for F; of the form:
[Fa(e, )] < C L+ (@] + [er=(B)]) -
Putting the “modulated velocity” ¢ (see (2I)) in the right hand side instead of ¢¢(t), taking Lemma 7] into

account, this gives that Fy is weakly nonlinear. O
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4.5 Approximation of the velocity

For the computation of the pressure force, it will useful to approximate the velocity vector field o° (introduced
in (331)) along the solid boundary. As Kg2[w®] = V1¢[w?] with Ay = 0 in the neighborhood of the solid
(namely on B(0,1/p), see (Z9)), then DKp2[w](t,0) is of the form

at b

DKg2[wf](t,0) = (_bs as) for some a%,b° € R, (4.11)

where we have by Lemma [£7
lla|lzo 0,1y + [16°(| o< 0,7y < C-

Note that in particular we have

DKy [w?](,0) -z = o (‘f) +b° (””2) .

2 T1
Therefore, reminding (331]), we introduce

v (2) = Kalw](£,0) + DEge[w](£,0) -z + > (6 — K [w7](2,0)): V() — a° VG (2) — b VP (). (4.12)

i=1
The following proposition allows to obtain a good approximation of the fluid velocity on 9S§.

Proposition 4.9. The vector field vy, — (¢ is tangent to the boundary. Moreover, for fized p > 1, there exist
C > 0 and ¢ € (0,1] such that the following holds. If for a given T > 0 and € € (0,&9], the inclusion (Z9) is
valid on [0,T], then one has

vy + 7V O5 — 0% oo (0,7;12(058)) < Ce™/2.
Proof. The proof mimics the proof of Proposition 7 in [2] with the more accurate approximation v, of 05—V @5,
Let us shortly sketch the proof for sake of completeness. We first introduce

2
0° 1= Kgalw®] + D (° — Kga[wF)(£,0)); VO] + 1°V5 — a*Vd5 — bV P5, (4.13)

i=1
where a® and b° come from ([@ITI]). We observe that
curl(v¢ —0°) =0, for z € F§,
div(v® —0°) =0, for z € Fg,
Jos (05 = 0%) - 7ds =0, (4.14)
(0° = 0°)-n=g¢° foraxz e dS§,
0* —0° =0 asz — o0,
with
g5 = (5 — o) -m = (KRZ W] — Kge[wf](t,0) — DKpa[wf](%,0) - x) .
As in Lemma 7] we note that Kge[w®] is harmonic on B(0,1/p), so its C? norm on some smaller ball can be

estimated by the L* norm on B(0,1/p). Since ([@2) provides in particular a uniform L bound, this yields
that for all € € (0, &)

HKR2 [ws](t, ) _ KR2 [ws](t, O) - DK]R2 [ws](t, 0) . (')||L°°(0,T;L°°(888)) § 082, (415)

where g9 > 0 is chosen such that 0S55° C B(0,1/(2p)).
Now we will use the following classical lemma (see for instance [@]).
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Lemma 4.10. There exists C > 0 such that for any g in L?(0Sy) satisfying

/ g(s)ds =0,
0S8y

there is a unique solution ¥ in H%(]:O) of

AV =0, forz e Foy,
oV =g, forzedSy,
v —0 asz— oo.

and
190 /270y < CllgllL2as0)-

The first and third equations of (I4) imply that ©* — ¢° is a gradient, say ©° — 0° = Vyx. Hence with
a dilatation argument we can apply Lemma [T0 to x. Using also the estimate (£I5) on ¢, we deduce the
following lemma:

Lemma 4.11. For fixed p > 1, there exist C > 0 and g9 € (0,1] such that the following holds. If for a given
T >0 and € € (0,20, the inclusion 29) is valid on [0,T], then one has

5% = 5|l oo 0,mi22(085)) + & 2117 = 0|l oo 0,12y = O(™?),

where ¢ and ©° are defined in B31) and @I3).

To finish the proof of Proposition [£.9] it remains to estimate
vy + 1V S — 07 = Kg2[wf](t,0) + DKg:2[w®](t,0) - © — Kgz[w](t, 7)

on dS§. Using again the harmonicity of Kgz[w®] in B(0,1/p), we infer easily that

0% + 1°V®5 — 0| Lo, 0s5)) < C2 | V2 Kge[w®] || oo (se)
< C%||Kr2 [w]|l oo (B(0,1/p))
for € < 9. With ([£2), integrating over dS§, we reach the conclusion. O

5 Normal form. Proof of Proposition 2.1]

The goal of this section is to establish Proposition 211
The following notations will be used in this section: |S§| is the Lebesgue measure of Sf, =%, is the position
of the geometrical center of S§ (which can be different of the center of mass 0 if the solid is not homogenous):

1
T = ] xdr = exg. (5.1)
IS61 /s

The following formula for the vector product will be useful later on in some computations:
VDo = (éaawa)a Vipp 1= (ébawb) in R* x R, paXxXpy= (wa gbL — Wh gal,gal éb) (52)

We will frequently use the complex variable and the correspondence between R? and C as described at the
beginning of Section Bl The proofs of many technical lemmas of complex analysis used in this section are given
in Appendix [A]
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5.1 Decomposition of the pressure
We first reformulate the main solid equations (B4)-(B.5). Recall that o¢ and M* were introduced in (331]) and
([Z3) respectively.
Lemma 5.1. Equations BA)-B3) can be rewritten in the form
e\’ epe(pe)L
M ( 8) = —(B})i=1,23 — (C} )i=1,2,3 — <m TO( ) > ; (5.3)

r

where fori=1,2,3,

B = / wWEv® — 0F —rfxt)t VL (2) da, (5.4)
0
and
Ci=Ci,+Ci,+C5,
with
1
cs, = —/ |€;5|2Kids—/ (6° +reat) - 0° K, ds, (5.5)
’ 2 Jase 0S¢
Ty = ”y/ (0° — (65 +r°21)) - H°K; ds, (5.6)
' o8¢
2
ce. = L | |HPK;ds. (5.7)
’ 2 Jasg

Proof. The proof, which we reproduce for the sake of self-containedness, is mainly the same as in [2] (though
the decomposition is a bit different here). Using the following equality for two vector fields a and b in a domain
of the plane:

V(a-b)=a-Vb+b-Va— (a* curlb+b* curla), (5.8)

the equation [BI]) can be written as
ov®

ot

Plugging the decomposition ([331]) into the previous equation, we find
ov®

ot

QF = %|1~;€|2 + (0 — (€5 +rfat)) - HE + %'y2|H‘E|2 — (6° +rfxt) - of.

+ [vf — 05 —rfet]tet + V%(va)z —V((F +rzt) %) + VA< =0.

+[,UE_KE_TE'IJ_]LME_Fv(QE_'_ﬁ,E):O,

We use this equation do deduce the force/torque acting on the body:

(/ Tnds, / wext nds) = ( Vae Vo3 dw) .
dSg aSg F§ i=1,2,3

One can check that the above integration by parts is licit by using the compact support of w and the decay
properties of 9%, H® and V&S (see [2] for more details). Using Green’s formula and the boundary condition,

the contribution of ‘96—”; is

=\’
OF - VS () d - M
( Fe - Ve (z) x>¢:1,2,3 Ma (7“5) ’

and one obtains the result. O

In the next subsections, we expand the various terms Bf and C§ up to order 2 (respectively 3) in e for
it = 1,2 (resp. 3). Then in Subsection [5.4] we regroup these terms and get to the normal form. We will take
advantages of cancellations when performing this merging.
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5.2 Expansion of B}
We begin by developing B under the assumptions of Proposition 211

Proposition 5.2. Let p > 1 be fized. There exists C > 0 such that if for a given T > 0 and an € € (0,1], (Z9)
is satisfied for all t € [0,T], then one has:

H< ) F(M5 + |85 1) (Kre [w7] (£,0))

L —(m3 1 +[S5])a® + mfg 5b° L m§ 0a° + (mg ; + |S51)b°
Y\ —m35 qa® 4 (m5 5 + |S5)b° (m5 5 +185])a® +m5 1b°

+2T8a8 (miﬁ + |88|‘TEG,2> + 2r€bE (_234 + |88|‘T%,1)
24

< Ce?
ms s + |S517G —|S5175 o h

L(0,T)

and

g
B; 1 ( (_”%i) IS5l ) - K lw?] (1,0)
+ £ (5 1 + IS5 l2% 2)a” + (m5 5 + 15105 1)b°)

+ 655 2 + 1S5 10 )a® + (m5, — |S61a% 2)0° )

2% (m5 5+ m§) — 200 (m5 4 + mi)

where
o m; ; is defined in (B2,
o M is defined in [B.25) as the 2 x 2 restriction of Mg,
e a° and b° are defined in [@II) as coefficients in D Kg2[w®](t,0),

4

o mg = fSE —23)dz = e*m§ and ms —2fss r170 dr = *mi.

Proof. We decompose B; as follows:

B; = / W (vt - Vs (2) d — / W (5 VS (2) da —|—/ wrfx - VO () dx

£
0

: Bi,i + Blf,i + Biz

e According to (A1), Lemmas and [.0] we estimate the first term for any ¢t € [0, T:

|Bei(1)]

< ”WEHLl(}'E ||’U€||L°° suppws(t))||V(I)f||L°°(suppw5(t))
< O lwo|| pr gey-

° Concermng the computation of Bj ;, we use that the property ([Z.9) is valid during [0, 77, that is, the support
of w* is included in B(0,p) \ B(0,1/p) for any ¢ € [0,T]. Taking the scaling law (BI7) into account, we are
naturally led to study the asymptotic behavior of ®}(z) as z — co. Thanks to Lemmas[A8] and [AT4] we
can write the first terms in the Laurent series:

—m%)Q + i(mil + |80|) 4 —2(m1,5 + |80|IG)2) + Zi(—m%A + |80|:EG11) i O( 1 )

Vol(z) =
1(2) 2ima? 2imad
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— —(md , +1Sol) + imd —2(md - +|Solz —2i(md , + |Solz 1
Voi(z) = (m3,5 + |So]) 21 4 (ma 5 +|Solza.1) (m3 4 + |So| G,z)_'_(,)(;)’

2imz2 2imz3

Vai(z) =

—(m35 + |Solwg1) +imy, — [Solwae) | =2(my s +me) — 2i(mg 4+ m7) 1
: ' + : +0(5).

20722 2imz3 z4
Using the notation for polar coordinates

0 . »
v= () =l (Gg) and ==+ it = lylcost + isine), (5.9)

we note that

i_i cos kO d L_i sin k6
zk B |y|k sinkt? an zk o |y|k —coskt? ’

Hence, we use this expansion with y = /e together with the scaling laws of ®; (see (3.17)) and of m§; to
obtain:

mio [ sin26 m3 1+ [S5| [cos 20
. . ., ;
V(I)l(x) B 27'r|;1:|2 (— CcOs 29) 27'r|;1:|2 sin 260
2(m5 5 +[S5125 2) [ sin36 2(=m5 4 +[S5125.1) (cos 36 (i)
27 |x|3 —cos 30 27|x|3 sin 360 |z|4/”
. _ my+|S§| [ sin26 m31 (cos26
Ve:(r) = S \“cos20) F 2ap \sin2e
2(m5 5 + |S5l2E,1) [ sin36 B 2(m5 4 + |S5|2E 2) (cos 30 (i)
27'r|;1:|3 —cos 360 27'r|;1:|3 sin 30 |x|4 ’
and
més . + |Sg|zs . me . — |SE|xs
VOi(r) — 52 H 1851251 [ sin26 51— 155175 2 cos 20
27'r|;1:|2 —cos 20 27T|:p|2 sin 20
+2(m§75 +m§) [ sin30 _ 2(m§_’4 +m$) [(cos 30 0(8_5)
2m|x|3 —cos 36 2m|x|3 sin 36 |z|4 /)
For the sake of simplicity of notations, we will denote during this proof
€ 1 _yJ_ €
(Ri)im1,2 = K2 [w](£,0) = o0— | —5w"(t,y) dy. (5.10)
21 Jre |yl
Hence we identify the components of Kp2[w®](t,0) as follows:
1 sin ¢ 1 —cosf
ﬁl = _/ —wa tay dy7 ﬁ2 = _/ —wa tay dy7
2w Joo a1 Y 2 Joo Tl Y
where we used again the notation ([B9]) for y. With a® and b defined in [@IT]), we have
1 2y1Y2 1 / sin 26
® = Op K2 [w¥]2(t,0) = — = Sy dy = —— [ ——wi(t,y)d
a 2 R2[w ]2( ’ ) o0 - |y|4 w ( 7y) Yy o - |y|2 w ( 7y) Yy

and

1 ly|? — 292 1 / cos 26
b* =01 K “la(t,0) = — W (ty)dy = —— —w(t,y) dy.
el at0) = 5= [ Bt dy = 5 [ ) dy
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Now we use the expansion of V®§(x) at order one to compute B ;:

4 mio [ sin26 m§ 1 + [S§| [cos 20 g3
15 2 . > > ~
v <—€§> {27r|gc|2 —cos20) T 27 |x|2 sin20) * O(|x|3)} de

= 65— mi p07 = (mf 4 +1S500) + £5 (= mi b + (S 4 +1S51)a%) + R (1)

By (t) = —/Fg we(£5) - Vi () dor :/

7§

where .
R 1 (8)] < ®[|wf|| o1 [€°]Cp* < Ce?,

for all t € [0, 7.
In the same way, we obtain

By olt) =65 = (5 + 1S5 = m5 16°) + 65 (= (mS 5 + [S)V° +m 0°) + Roa(t)
and
B () = 5( = (m§ 0 + IS5lag1)a” = (m5., — IS5lag2)b°)
+ 65— (mi o + IS5I0E )0 + (M5, — IS6]a 2)a%) + Ros(t)

where

|R§72(t)| < Ce? and |R§3(t)| < Ce® forall te0,T).

e Concerning B¢ ;, we use the second-order expansion of V&5 to get:

c,1

B: (1) :/ wrfx - VOi(z)dx
: =

B ezl cosf .{miz sin 26 +m‘§71+|88| cos 26 }d
N ]:SOJT‘ 1 sing 27| 2|2 \ — cos 260 27| |2 sin26 )]

- . cosf 2(m3 5 + |S5l2% 2) [ sin36 2(=m3 4 + |S5l2& 1) (cos 30 gt
+/F§w|x|( ) [ 4 +0( )] dr,

sin 6 27| |3 —cos 36 27| z|3 sin 360 W

which is simplified as follows:

m5 m5 , + |S§
B0 = [ o [patane s A1 o] o
: Fe 27| x| 27| x|
2(m3 5 + |S5l2E 2) 2(=m3 4 +S5l2E 1) el
€,.€ ) ) : 29 ) ) 29 O(_>:| d
+/f§ | 2] + 27a]? cos20+ O\l e

=r° |:mi2ﬁl - (mil + |88|)ﬁ2}
+ 2r° [ — (mi 5 +[S5l7G 2)a® — (=mi 4 + |S§|xg)1)b5} + Req(t)

where .
|RS 1 ()] < e*|wf|| i [r|Cp* < CE?,

for all t € [0,T].
In the same way, we obtain

£a(t) = 1% o + ST K1 — m5 1 8a| +20° | — (5 5 + IS5 1)a + (5 4 + IS 12 2)b° | + Rea(t)
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and
BEat) = r° (S o + 1S5 105.) 1 — (m5y — IS5l 2)Ra] +20° | = (S 5 + m)a® + (m5 4+ m3)b| + Rest)
where R ~
|RE,(t)] < Ce® and |RE5(t)| < Ce® for all t € [0,T].
Now we end the proof summing and noticing that

(mizﬁl — (mf; +[S5])Re

A IR (0t 5 e ), 0)

and
mE
3,2

2 ) #1855 - Kiolo'](.0)

—Mm3;

(5. + 1531050080 = (.1~ 5108205 = ( (

5.3 Expansion of C;

Concerning the term Cf, we use again complex analysis.

1. The Cj, term. We first tackle the terms Cf , (still under the assumptions of Proposition 2.T]).

Proposition 5.3. Let p > 1 be fized. There exist C > 0 and g € (0, 1] such that if for a given T > 0 and an
e € (0,e0], ) is satisfied for all t € [0,T], then one has:

H <g) o <_m> 07 (M (B 7](1.0) — £°) + |5 Kpe o) (1,0))

1>
ms

g (mEa S50 —mE b\ e (et — (ms 415
—mj pa® — (m5 ; + |S5])b° 2\ =(m5 5 +1S5])a” —m5 1 b°

£ £ £ £ £ £ £ £
W (—m3,1 + g+ 2|50|113G,2) e (ms,z +ms o+ 2|50|95G,1)
1> 1> € £ € I £ £
m3 o —mjq + 2|S5]7G m3 1 —mgq — 2|S55]7G o

L>(0,T)
and
G50 = (a2 (2, 0) = £6)- M (Ko wo?] (1,0) — €9)

13
—Mms3 2

(Rl 1,0) = ) (52 ) 417 Gl o] (00) o

3,1
— 65 (0 (=i + S§l0G + 25 5) + b (= o + 1S5l — 2mS )
— 65 (a%(mS 1 + S5 10% 1 + 2m5 ) + V(5 — ISGla% 2 — 2mS )

— 2t £ £ 2ArEBE £ EH <CB
rfa(m§ 5 + mg) + 2r°b°(m3 4 + m7) L) £

Proof. In this proof, we use the second-order approximation ([@I2) of ¢ and write:
0 =0} +r°Ve; + R° with R :=10° — 0} —r°V®5. (5.11)
We note that by Proposition 1.9 one has

| R¥[ Los (0,7:12(055)) = O(e5/?). (5.12)
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We start with the following observation:

1
Cia = —/ |1~)5|2Kid5—/ (7 +rat) - 0° Ky ds
' 2 oS§ 08§

1 1
= —/ |55 — (£° + ) |2 K; ds — —/ |05 + b’ K; ds.
2 Josg 2 Jose

Replacing ©¢ in this expression with the decomposition (GI1l), we compute

1 1
cs, = = / |RE + (v — £€°) + 75 (VP35 — )2 K ds — = / |65+ rext|?K; ds
’ 2 Josg 2 Josg

1 1
= —/ |R°|?K; ds +/ Re - ((v% —05) + (V5 — a:l))KZ ds + —/ vy — FI°K; ds
2 Josg 0S¢ 2 Joss

1
(v —£°) - (Vo5 — e K ds — = |0° +reat P K; ds
2 885 2 885
0 0

= Dio+Diy+Dj.+Djqg+ Dsc+ D;y. (5.13)

1
—|——/ [re (V@5 — 22K, ds +/
oS¢

We now analyze the various terms. We recall that a® and b are defined in ([@I1)) and notice that

(DEz:[w](1,0) - z) = <a€ <_£17:b <ij)> = —(a° 4 ib°)z.

—

Now with the notation (B.I0) for Kg2[w](t,0), we can write vy, — (< using ([Z.I2) as follows:

VG, —5(2) = (R1 — 65) — i(Re — £3) — (a° + ib°)z + (45 — R)VES + (65 — R2) VD5 — a°VE; — b°VDE. (5.14)

e The first term in (GI3) satisfies obviously || D; q|| (0,7 = O(e°T9¢) = 0(e2T%24). The second one is of order
O(21%.4), because using B17), Lemma F4 and the definition @IZ) of vy we see that

Dis] < [ 1R+ 171+ 11705 + o)) sl ds < C5/2(0 4 6] 4 la?])e VE < €20,
o8¢

e We now turn to the third term. As v5 — £° is tangent to the boundary, we can apply the Blasius lemma (see
Lemma [A]) and then (5.14), Cauchy’s residue theorem, Lemma [A-§ and Lemma [AT0] to obtain:

1 i — ’
Dz‘,c) :_/ [vg, — °*nds = = / (v, — €)% dz
( =12 2 Josz 7 2\ Joss 7

- <<as ) [ (5 80T + (5 — ) - T - T dz>
oS¢
i (i D) 0 - 5

—a*(=(mis + [S5l2G 2) +i(miy — [S55l0G,1)) = b7 (=(m5 5 + [S512G,1) +i(m5 1 + ISSIwE,z)))>
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Going back to a vector notation, we get that

(D- ) _€ <_(£§ - ﬁl)(mig +[S51) — (45 — R2)ms5 1 +a*(mg, — |S§|$é,1) +b°(ms ; + |S§|$§;2))
=12 (05 — R)mi o + (65 — R2)(m5 o +[S5]) — a®(mi o + [S5l2G 2) — b5 (m§ 5 +[S5l25 1)

E (05 = R1)m5 o + (05 — R2) (M5 5 + [S5]) — a®(mi o + [S5l2E 2) — b5 (mE 5 +[S5lzg 1)
(05 — K1) (miq +|S5]) + (65 — Ra)ms 1 — a®(mG; — [S5lag ) — b5 (mE 1 +[S5lzg 0)

e —Ei(m§1+|S§|) — 5m5 1> e <€§m§2+€§(m§2+|85|)> 2
=a e e € € N +0 € e el £, € +O(e%).
< £imi o + £5(m5 5 +|S51) £1(m5 1 +|S5]) + €5m5 4 ()

Now using Lemma [A-T4] we proceed in the same way for i = 3:

1 1 —
D3, 25/ G — P Kgds = §Re </ 2(v5  — £2)? dz)
08¢ 08¢

_Re<[<ﬁ1 )it )] [ (6 R)FE (05 R T T

~ (0 + D) /a . 2((65 - R1)VOT + (65 — £2) V5 — 0"V — bV 3 dz)
so that
Do =(R1 = 65)] = (65— Ra)mi y — (6 — Ka)(ms  + ISG]) + 0 (S5 + S50 o) + % (ms , + IS [2s.1)|

+ (R = ) (65 = K0)(mE, +IS51) + (65 — K)ms = a(m, — |5l 1) — b (1 + 18510 )]

+20° | (65 = 80)(mf 5 + IS5 125 2) + (65 — Ka)(m5 5 + [Sla 1) — a"ms 5 — b (mS 5+ m3)|

20 (65 — Ra) (=mf 4+ |S6 125 1) — (65 — Ra) (4 + |S5106 2) + 07 (MG 0+ m) + bk
This can finally be simplified as follows:

Da,e =(Kia ] (£,0) — €)1 M (K 7] (£,0) = £)
+ 6 (0% (—mi o + IS5 128 p + 2m3 ) + b (—mS 5 + S lag , — 2mS )

05 (% (m5.y + 185151 +2m5 5) + b (S, — |55 2 — 2m5.) ) + O(2).

e We now turn to the fourth term in (EI3). As V®§ — 2z is tangent to the boundary, we can write for i = 1,2
by Lemma [A1] and by Cauchy’s residue theorem:

| )y C i) ey
(Dl’d)izl,z =3 - VO — 2~ |"nds = 5 ass(V(I)g —xt)*dz
0 0

_ i) / 2iZV S dz — / 2dz |
2 oS¢ oS¢

where we have noted that —z1 = iz. Thanks to Remark 1T and (A2), we deduce that:

(Di’d) i=1,2

)

()2 (i(=mS o + 1S5 1080) + (M50 + IS5138.0) — 2051052 + 115 128:.1))
= (%) ((-mbz — IS la60) + i(m5.1 — S5 1052) )

= eP((2) - I7les).

ms31
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For i = 3, we have that:

D37d=/ Vs — a2 (2t -n)ds = /
a8¢

|VO5 |20t - nds — 2/
a5¢

(V@5 - 2t)(zt - n) ds—i—/ |z|2zt - nds
a5¢

aSg

:/ div(|V®5|22t) do — 2 V(vq>§-xL)-vq>gdx—/ div(|z[2zt) d,
75

FE 85

where there is no boundary term at infinity because V®3(x) = O(1/]x|?) as |z| — +00. Next we use the general
relation (5.8)) to obtain that

1 1
V(V05-25)-VO; = |(VO5-V)at +(at- V)V |- V5 = ~(V05)-- V0543 (o) V5[ = 5 div(a™ Vo3,

D34 = —/
S

e Concerning the fifth term, we use again the Blasius lemma together with (5.I14]) and Cauchy’s residue theorem:

Hence

div(|z|?2t) dz = —/ (—2z129 + 22122) dz = 0.

€ €
0 SU

(Di,e) = / (v —£°) - (Vo5 — zH)nds = ir / (v;/—\ﬁs)(@ +iz)dz
i=1,2 oS¢ aS¢

)

:m<_/ (a° +ib)=V 5 dz +i( (% —f@—i(ﬁ?—@)/
aSe

Edz—i(as—i—ibs)/ |22 dz
aS¢

a5¢

(e —ﬁl)/

Vo zdz +i(l5 — Ry) /
aSs

— .
Vo5zdz —ia
88e

Voizdz — ibf /
08¢

6‘1?%5 dz | .
285
Therefore, it suffices to write the values obtained in Lemma [A-10] Remark [AT1] and (A3)-(A4) to get:
(Die)_,, =r"| = @51 = IS51% ) +0%(m5 , + SFla0) + (Re = B)2US] + a2USFlay » + 6255
— (1 = R)mi o + (65 — Ro)(=m5 5 +[55]) — @ (=mi o + (552G 2) — 0% (—ms5 5 + |5§|$E,1)}
+ire {as(mi,z +18512G,1) + 07 (m3 1 — |S512G 2) — (Ra — £1)2|S5| + 0" 2|85l 1 — 072|552 o

— (61 = Ra)(=mi 1 +156]) + (65 = Ra)miy — a®(my +|S5|2G,1) + b7 (—=m5 1 + |5§|$EG,2)}=

which can be simplified as
L
(ma_w—ﬁkwMﬂW%mmwwwm—ﬁﬂ
e —m§ 1 +mi o+ 2[55]2G o be m5 o +mg o + 2|S5|zg
m3 o —mj 1+ 2[S517E m5, —msq —2|S5lrg. ) |

For i = 3, Lemma [AJ] (5.14) and Cauchy’s residue theorem imply that
D3 . = / re(vy —£°) - (Vo5 — ) K3ds = r°Re / z(vpa)(@ +iz)dz
oS¢ 0S¢

=7r°Re

(-6 - itz - ) [

(z€<1>\§ +i|2|?) dz — (a® + ib%) / (22€<I>\§ +iz|z|?) dz
a8¢

aS¢

F(E—R)i | VEE|Pdr+ (65— Ra)i | VES|22dz—afi | VOi|z[Pdz—bTi | VEi|22dz|.
aS¢ aS¢ X5 aS¢
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Hence, we obtain from (A)-(A%) and Lemmas [AT0] [A12] and [A-T4

D3e:7'{5

)

— (81 = £))(m3 0 + 851261 + 2IS512G,1) + (Re — 65)(m3, — 85126 2 — 2IS5|2G )

+a®2(m3 5 + mg +mg) — b°2(m3 4 +mz +m3) — (61 — R1)2|S5|2G 1
— (03 — R2)2|S5 |2 o — a®2mg + b52m$‘|

€
52 < 5la5) + 200 (o 5+ ) — 2050+ ),
3,1

)

= ¥ (K [ (8, 0) — €°) - ( (
e Finally, for the last term we write

/ |65+ reatPK; ds = |€8|2/ K;ds — 207r® / xoK;ds+ 2[37“8/ x1K;ds + (7‘8)2/ |22 K; ds,
888 a8g a8¢ a8g a5¢

where the above integrals are computed in Lemma Then we check easily that

1
(D) = (=5 [ 1 vt PRads) | = =) 155] + (0Pt
i=1,2 2 Jass i=1,2
and )
Ds = ——/ |05 +rfat PKsds = —rf (€5 - 25)|S5).
2 Josg
This ends the proof of Proposition (.3 O

2. The C;, term. We turn to C; . introduced in (5.1). Here, we deduce from Lemmal[AJl (312) and Cauchy’s

Residue Theorem that Cf . = C5 . = C5,. = 0. Note in particular that [, . Z(I/{\E)Q dz = —i/(2m) is purely
; ; ; b

imaginary.

3. The C7, term. We finally turn to the term C7, in (E4). Let us prove the following.

Proposition 5.4. Let p > 1 be fized. There exist C > 0 and ¢ € (0, 1] such that if for a given T > 0 and an
e € (0,e0], @) is satisfied for all t € [0,T], then one has:

Ct i
| (Obb) — (K2 w](t,0) = £)* = 9er°e =72 (DRpalw?)(1,0)-€) |
2,b
and
cs . — (K €1(t.0) — ¢°) — 2(_ € b <C3
50— VEE - (Kpa[wT](t,0) — £°) — ve*(—anm + b°n2) ey SO
where & was defined in (B13) and n was defined in [B14).

Proof. As for Cf ,, we consider the approximation ([I2)) of 7% and use again the decomposition (E.IT)) where

R satisfies (B.12). Putting this decomposition in the definition of Cf,, we obtain:

Cip= RE-HEKids—i—'y/

: (U;&_ga).HsKidSﬂ/ (VS — o) - HOK, ds. (5.15)
dS¢ 955

aS¢

Thanks to the scaling law ([BI1) for H¢, the first term is of order O(g2+%.):

ilds < Ce”/“e e\ /e < Ce i,
ol [ IR ds < Ce/2e e B < et
08¢
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Concerning the second term in (B.I5), as vy, — £ and H® are tangent to the boundary, we can apply the Blasius
lemma (see Lemma [A]). Then we compute by ([G.14), Cauchy’s residue theorem and (B3.12):

7/ (vy —£°) - H°K; ds 27/ (vy — 7)) - H*nds = iy / (v;&/—\ﬂg)ﬁ\&dz
a8g , a5¢ a5¢

i=1,2
_m(((ﬁl — ) —ilRe—63)) [ HEdz—(af +ib5)/685 2B dz>

aSg
_ m(((ﬁl — ) — (R — e;)) ~ (a4 ib)e(€y + ¢§2)>
(00 - ) e (50 V) e)

where we have used the notation (5I0) and the relation (BI3).
For i = 3, we compute by Lemma [AT] and Cauchy’s residue theorem that

7/ (vy —£°) - H*K3ds = yRe / z(vf#/—\ﬁa)k/f\&dz
aS¢ 955

— ~Re (((ﬁl — ) — (R — zg)) /855 2HEdz — (a° + iba)/

2?Hedz
aSs

=y Re (R = 65) = i(Re — 65) ) o6 + i€a) — (a7 + )2 + i) )
= ye(Kp2[w®](t,0) — £5) - £+ 752(—a5771 + b°n2).

For the last term, we use that V®§ — ot and H¢ are tangent to the boundary, and obtain with Lemma [A 1]

and Cauchy’s residue theorem:
iyre / (Vflg?xl)f{\s dz | =ivyr® z/ ZHe dz
o8¢ aSe

<’yr5/ (Vo5 —2t) - H°K; ds)
aS¢
~yre </a ZH* dz) =re (/a 21/1\1 dz> = versg,
S So

where we have used that —zt = iz and Lemma [A.5]
For ¢ = 3, we have that:

i=1,2

~yre / (V®§ — zt) - H K3 ds = yr°Re / Z(Vflg—\xl)ﬁ\g dz | =~r°Re z/ 2zHedz | =0,
aS¢ oS¢ oS¢
because of Lemma This ends the proof of Proposition [5.4] O

5.4 Conclusion

In this subsection, we gather all the previous results established in this section into a single proposition. We
begin by recalling and introducing several notations.
Let A : R? x R? — R? be the symmetric bilinear mapping that satisfies

1p\L
(A, p,p) = (ZSMj\ﬁ)l g) for all p = (E) R’ (5.16)
’ b
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where we recall that M¢, the 2 x 2 restriction of Mg, was defined in ([3.23). We also let

(0. e ()

We introduce the following vectors relying on the quantities m; ; defined in ([B.21):

) m%,s N 2m%,15 - mz%,,lz + m},lz; ) —2”}%,4 - ”}%1 + ”}%1
po=mgg |, 0= —2mys—mgy+mys | and = | 2my,+mze+msy |- (5.17)
0 0 0
Recalling that a® and b° were defined in [@I1)), £ = (&1, &2) in BI3) and 7 = (1, 72) in GI4), we let
1 _ 1 £ 1 e e\ L
E(E,t) — 135 x (asﬂl 4 baﬂl) _ <((m1,1 m2,2)b + 2"711,2(1 )(6 ) > (5.18)
0
and
0

Gle,t) = 0 . (5.19)

£ (DKge[we](t,0) - §) +a®m — bne

Finally, we recall that I. is defined in (8:23]) and that B is defined in (Z3)).
The previous subsections result into the following proposition.

Proposition 5.5. Under the same assumptions as Proposition [21], the pressure force/torque can be written as
follows:

—IN(B; + Cf)iz1,23 = 7" x B
1 2 [we 1
—I—E{— (87‘5) (Mb(KR [((*)‘) ](t,O)) ) _ (87‘5)]55 x /1*1 —l—’yG(E,t) _ <A,ﬁa,ﬁa>} +€2 {E(Eat) —i—Ra},
with
| Rl Lo (0,1) < C.

We are now in position to prove the main statement of a normal form, that is Proposition 2.1l where A, is
defined as the bilinear symmetric mapping such that

(Mo, p,p) = (A, p,p) +71p x p' for all p= <f> eR? (5.20)

where we recall that A and p; were defined in (5I6) and (5I7). We check easily that A, satisfies (Z8]). We
recall also that A, was defined in (20]).

Proof of Proposition [21l We start from (B3] that we reformulate as

1,.e(pe\L
2 My + 2] 7Y = 175 + Climnaa == ().

Then we use that according to (2] and Proposition [£1.8 we have

(€)' () = (€)' () +r°(6) (g2 [w°](t, 0)) " — Fule, t),
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with Fj; weakly nonlinear in the sense of (2.I1). Thus with Proposition 5.5 we deduce
[e“ My + 2 M, (5°)
~c £\ AE 1 e ~E a mlT
=D ><B+6[—(67“ )" X - +7Get) = (A p ,p>}—€ 0

w1 (7 (Kre[wf](t,0)) - . 0
e ml( T )* (—mal(KRz[wa](t’o»z+m§,2<KRz[w81<t,o>>1>

+ ™) F (e 1) 4 2R,
_ ’7}55 x B + 8{ . (87‘6)]56 « Ml —i—’yG(a,t) . <A72§571§E>:| . €a71<Ag,]5€,]55> + 8min(a,2)ﬁ(57t)7

where

F(é‘, t) _ E(E7t) _ (Eafmin(aﬂ)Mg + 627min(a¢,2)'/\/la) Fd(é‘,t) + 527min(a,2)R57

and where A, is defined in (Z6). Note that (5I6) and (520) allow to simplify a bit the right hand side as
follows:

[e" My + M) (5°) = 7p° x B +¢ [”yG(e, t) — (Aa, 17, pﬂ — e Ay, 7, 57) + eI (e 1),

Now we modify the right hand side in order to make the modulated unknown p® appear, instead of p°. This
yields

(€2 My + 2 M| (5°) + e NNy, 55, 5°) + (Mo, 57, 5°) = 755 x B+ e7Gl(e,t) + ™ @D F(e, ), (5.21)

where o A
F(e,t) = F(e,t) + F(e,t),

with
F= ga—min<a»2>( — 2(Ay, DK [wf](£,0) - €, 5°) + e(Ag, DEga|w?](t,0) - €, DKga[wf](t,0) - §>)
4 g2-min(a;2) ( — 2(Ag, DEg2[wf](1,0) - €, 5°) + £(Aa, DEKge [0%](t,0) - €, DEgz[w?](t, 0) - §>) .

It remains to check that F' is weakly nonlinear in the sense of (ZI1]) and that G is weakly gyroscopic in the

sense of ([ZI0).

Lemma 5.6. The term F is weakly nonlinear and the term G is weakly gyroscopic.

Proof. We begin by proving that the term G that we made explicit in (BI9]) is weakly gyroscopic, that is,
satisfies ([2.I0). We can rewrite G as follows:

0
Gle,t) = 0 , (5.22)
£+ (DEge2[w?](t,0) - §) —e1 - (DKgz[w?](t,0) - 1)

where we denote by (e1,ez) the canonical basis of R2. That e; appears in the formula (5.22)) does not mean
that it is a privileged direction, recall ({II1]). Using (£I0) and (II) we have

/Otﬁa(s) -Gle,s)ds = E/Ot re(s) (Rga(s)f) . (DKRz [w®](s, h°(s)) -Rgs(s)§> ds

- a/ot e (s) (Rgs(s)el) : (DKRz [wf] (s, hE(s)) - Rgs(s)n) ds.

Let us focus on the first term on the right hand side, that we denote I, the second one being treated likewise.
Since the function Kp2[w®](s,-) is the orthogonal gradient of a harmonic function in the neighborhood of h®(s),
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the matrix DKg2[w®](s, h?(s)), as for (@II)), is a 2 x 2 traceless symmetric matrix. It is hence the composition
of a linear homothety and an axial orthogonal symmetry. It follows that

DEga[w®](s,h*(s)) Roe (s) = R_ge(s) DEg2[w?](s, h°(s)) = Rye (o) DEKg2[w?](s, h°(s)).

With ¢ = (6°)’, we deduce that

L = ¢ /Otrff(s)(Rwa(s)g)-(DKRz[wE](s,ha(s))-g) ds

= 5 [(Raorco-5€) - (DKoo, he(e) - €)] - 3/0 (Raoeo-5€) - (0uDKze[w] (5, h%(5)) - €]) ds
- 0@ -3 / t (Raor o) 2€) - (DKw2[0,0°)(5,h7(s)) - ) ds

3

_5/(: (Rzes@)—gﬁ) . (D2KR2[w5](s,h€(s)) . (B’ ®§) ds.

Using that d;w® = — div(u®w®), the a priori estimates given by Lemma [0l on «® and by ([@I]) on w®, and the
harmonicity of Kgz[uw®] in B(h(s),1/p), we see that the first integral is bounded by Ct, the second one by
C fg (14 |p°]), which gives the result with Young’s inequality.

The fact that F' is weakly nonlinear can be seen when following the lines leading to (521]): it is enough to see
that F and F are weakly nonlinear. Concerning E, the result follows easily from the fact that DKpg2[w®](¢,0)
is bounded uniformly in e (see Lemma[T). Concerning F this comes from Proposition [5.5] and the fact that F
and Fy are themselves weakly nonlinear. For F this is visible from the expression (5.I8]), the coefficients a® and
b° being related to D Kg2[w®|(¢,0) by (@II) and Lemma 1 again; for F, this follows from Proposition L8 O

This ends the proof of Proposition 2] O

6 Modulated energy and passage to the limit

6.1 Modulated energy. Proof of Proposition

Let us fix p > 1 and T > 0. Let C > 0 and ¢ > 0 be the constants obtained by Proposition 21l Let T € (0, T]
and € € (0, &0] such that (29)) is valid on [0, T]. Then according to Proposition 211 (2.12)) is valid on [0, 7). Now
to get the modulated energy estimate, we multiply (ZI2) by p°; several simplifications occur in the process.
On the one hand, we use the symmetry of the matrices M, (defined in ([Z4))) and M, (defined in (324))) to
observe the following:

B [e"My + M) = [°6,(5°) + *6(5)]
where we define, for any p € R3,

1 1
E(p) == Ep-./\/lgp and &,(p) := P Mp.

On the other hand, we have
]55 : <5a71Ag + 5Aa7ﬁ57ﬁ5> =0,

since the quadratic mappings A, and A, satisfy (2.71) and ([2.8) respectively; moreover, of course,
P (p° xB) =0.
Thus we obtain on [0, T7,

(696, (5°) + 2Ea(5°)] (t) = e7® - G(e, t) + ™™D ¢ . F(e, 1),
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Next, integrating in time, we obtain for ¢ € [0, T,

[£2€,(5°) + 26, (5°)] (1) < [6“59+825a](15€)(0)+6|7|‘ / 7(5) - Gle, 5) ds| + emn(@2) / 15(5)] - |F (e, 5)] ds.

Moreover, from the asymptotic behaviour of the initial data we infer that
[e“Ey + 525,1} (5°)(0) < Cemin(@2),

Now let us assume in a first time that Sy is not a ball. Then there exists ¢ > 0 depending only on m!, J! and
Sy such that for any p € R3,

cHpl? <& (p) < clp)® and ¢ [p|* < Ealp) < clpl*.

This is due to the fact, as we mentioned in Subsection .2 that in this case M, is a Gram matrix associated to
a free family of vectors. Therefore for ¢ € [0, T,

t
FOP <Lt [P+ ds).
0
Then it suffices to use Lemma [£.4] and Gronwall’s lemma on

£ = [FO)I? < C(1+T) +2c/0 F(s)ds

5°(t)] < \/C(+T)eT.

Finally it remains to use the a priori bounds on the modulation terms given in Lemma 7] to deduce that (213)
is valid.

In the degenerate case where Sy is a ball, then we recall that 7<(¢) is constant over time (as seen from (L4))
and in particular bounded; moreover M, is of the form

to establish that on [0, T,

m171 0 O
Ma == 0 mia 0
0 0 0

Hence we can reason analogously as before using
cTHEP < Ea(p) < P,

to deduce the boundedness of (. Again we use the a priori bounds on the modulation terms of Lemma [£7] to
conclude. This ends the proof of Proposition O

6.2 Local passage to the limit. Proof of Propositions [2.4] and

In this section, we pass to the limit in the equation. To that purpose, we will come back at several stages to
the original frame. In particular we now define the inertia matrices in the original frame:

MZ,OE(t) = Qef(t)MZQgs(t) and Mgs(t) = Q95(t)MEQg;(t) =M + Mi,es@) (6.1)

where we recall that the added mass matrix M¢ and the total mass matrix M? in the solid frame are defined
in (3.22) and ([{3)) respectively and have constant coefficients with respect to time. In the above definition, Qg-
is defined as the rotation matrix of angle 6° acting on the first two coordinates:

cosf® —sinf* O
Qo= == | sinf® cos#* 0
0 0 1

We begin by establishing Proposition 2.4]
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Proof of Proposition[27) We fix T > 0, which allows to define T according to 2I4). Hence, we can apply
Proposition Z2 with p = 2p5 and T there exist C > 0 and gy € (0, 1] such that for each £ € (0,0], I3)
applies on the interval [0, 7], and in particular |(h°)’| < C. On the other side, w® is transported by the fluid
velocity which is bounded uniformly on the vorticity support (see Lemma [L0)) ; let us say, it is bounded by C
during [0, 7:]. Then Proposition 2 follows immediately with for instance

oy

T = min (
Now we can turn to the proof of Proposition

Proof of Proposition[2.0. We proceed in several successive steps.

1. Compactness for the solid velocity. Tt is clear that on [0,T], the family (h®) is weakly-x relatively compact
in W1°°([0, T]); hence we can pick a converging subsequence along indices (¢, )nen, say

hem — R in Wh°([0,T]) — w* as n — +oo. (6.2)

2. Compactness for the fluid velocity. Let us now obtain some compactness for the fluid vorticity in the original
frame, and for the velocity that it generates via the Biot-Savart law. We will obtain a convergence along a
subsequence of (g, ); to simplify the notations we will still call it (e,,).

We extend w®(¢,-) by 0 inside §°(¢). Using the a priori estimate (@1II), we deduce that, up to a subsequence
of (€,), one has, for some w € L>((0,T) x R?):

w — w in L®((0,T) x R*) —w % asn — 400. (6.3)
It follows moreover from ([2)) that Kp2[w®] is bounded in L>(0,T; LL(R?)). Since
Opw® + div(u®w®) = 0 in D'((0,T) x R?), (6.4)

we deduce from (L) and Lemma that dyw® is bounded in L>(0,T; W~1P(R?)) for p < +oo. Hence we
deduce by [9, Appendix C] that the convergence ([6.3]) can be improved into

w* — w in C°([0,T); L(R?) — wx) as n — 4o00.

Actually, [9 Appendix C] considers only the compactness of a sequence in C°([0,T]; X — w) for X a reflexive
separable Banach space. However, the generalization to C°([0,T]; L>°(R?) — wx) is straightforward using the
separability of L'(R?). Now since Kg2 is a compact operator form L?(R?) to L (R?) for p > 2 we deduce that

Kg2[w] — Kg2[w] in C°([0,T]; LS. (R?)) as n — 4o00.

3. Convergence of u®. We use Lemma [LTT} |VOF|L2(7s) = O(e't923) (see BI7)-[BI9)) and the uniform
estimates on (¢, er®, Kp2[w®](¢,0) and DKp=[w®](t,0) (see Proposition 2:2] and Lemma 7)) to deduce that

Kg2[w®] —° — 0 in L>=(0,T; L*(R?)) as ¢ — 0.

Here we have extended (for instance) ©¢ inside S§ by £ +r°z+. Coming back to original variables, and recalling
the notation (LY, we define @° by the relation

@ (t,x) := Rge 0°(t, RE- (x — R (1)),
that is, @ is the “circulation-free” part of u<:

@ = u® — YRy H°(RL. (x — he(t))).
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We infer that
Kpe[w®] —@° — 0 in L>=(0,T; L*(R?)) as e — 0T,
where we have extended @€ in S°(t) by (h¥)" +r€(z — he(t))= .
Now we use the fact that for p < 2, one has

H*" () — H() in L}

loc

(R?) asn — 400, (6.5)

(see [7, Lemma 3.11] and [5] Lemma 4.2]), where H is defined as

1
T
H(z) = ——.
@)= 5
This involves that, as seen in [2], one has due to ([6.2]):
Roen HT" ((Rgen )T (- — b= (1)) — H(- — h(t)) in L>(0,T; LY (R?)) asn — +oo, (6.6)

where we extend H¢ by 0 inside F§. This convergence follows from (G.5]) and a change of variable, noting that
H is invariant by rotation.
Gathering the above convergences, we obtain for p < 2

u (1) — Kge[w] +vH(- — h(t)) in L>=(0,T; L} (R?)) asn — 4o0.

loc

4. Fluid equation in the limit. Let us show that u and w satisfy ([IJ). Since u® and w® satisfy ([G.4), it can
be easily seen that for any test function ¢ € C°([0,T) x R?),

/ Prw® da dt + / Vi -urw T dedt+ [ (0, 2)we(z) dz = 0. (6.7)
0 Jr2 0 Jr2 R?

Here we extend u®~ and w®" inside &§ as before; in particular w®" is extended by 0. Then one can check the
convergence as n — +00 of each term in ([G.7): the convergence of the first one is a direct consequence of (G.3))
and the second one is a matter of weak/strong convergence. This allows to get (LIH) on (0,T).

5. Solid equation in the limit. We will rely on the normal form [2I2). More precisely we first infer from (212)),
using the form (EI9) of G(e,t), that

YRQu (57 x B) = BQue {[£* My + 2Ma] (5°) + (€7 Ay + eha, 5%, 5) | — ™D BQpeF(e,t),  (6.8)

where we define P, as the projection from R? to R? on the two first coordinates.
Now we claim to have the following identity

PQoe{ (6" My + £2Ma) (5°) + €5~ {Ag, 7, 5°) + £(ha, 57 5°) | = By [(2° M Qe +°QueMa) ), (6.9)
whose proof we temporarily postpone. This allows to simplify (6.8)) in the form
YP,Qoe (5 x B) = P, [(£*M,Qoe +° Qo= M) 5] — ™™ B,Qo: F (e, 1).

Now we see that terms in the right hand side converge to 0 in W~=1°°([0, T]). For the last term, the convergence
is clear (and even strong in L), due to (2II). The first term in the right hand side is composed of time-
derivatives of bounded terms in L>° (according to Proposition 2.2l and Lemma[£7]) multiplied by positive powers
of £. Hence this term converges also to 0 in W ~°°,

Hence at this stage we know that P,Qg- (p°» x B) converges to 0 in W10, Now we have from the definition

of B ([Z3)) and relations [{@9)—(@I0) and (E2) that

1
B,Qo- (i x B) = —er° Ry-€ + ((ha)’ — Kpe[w](t, h¥) — eDKge[w](t, h¥) - Rea(t)§>
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Using ([@7) and Lemma 7] we observe that as e — 07,
er°Rp-& = —&(Rg-£4) — 0in W1°([0,7]) and eDKg:[w](-,h°) - Rg-£ — 0 in L>=(0,T).
Hence we reach the convergence
(") = Kgz[w™](-,h°") — 0 in W~1>([0,T]).
Now we use the uniform estimates on Kgz[w?] in L>(0,T; LL(R?)) and (6.2)) to get that
Kgz[w;](+, h°") — Kgz[w](-,h) in L*(0,T) as n — +oo.

So we finally obtain
(h*")" — Kge[w](, h),
in W=1°°(]0,T]) and then in L*([0,T]) weak-x due to the boundedness of (h%)" in L>(0,T).
It follows that the solutions of our system converge, up to a subsequence, to those of the wave/vortex system.
Due to the uniqueness of the latter, the convergence takes place along the whole family (¢ € (0,&0]). Now it
remains only to prove (G.9)).

6. Proof of the claim (69). We introduce

J3 =

o = O
o O
o O O

so that (@) is recast as
Qe = 1°Qp=J3. (6.10)
According to ([GI) and ([€I0), we have

[ 5. Qo (fi)] — [QQEME (fi)] = 1°Qpe JsM® (fi) + Qe ME (fi)

€ €\ e + € _mg,B 7e\ !
gy (s aE) e (B (5.
0

where we recall that M is the 2 x 2 restriction of M. Now we extract the powers of € of the mass coefficients.
Thanks to (B:22)) and ([@4]) we have that

MG = I (Mg + 2 M- ) I, m® =em', M§ =M,
€ ol
< m213> =¢° < n}213> , ME = L(e" My + e M,) L.,

1>
my 3 my 3

where we recall that I is defined in (8:223). It follows that

=\’ ((Eamlld + 82/\41)@8) - +reed g
L (6" My + 2 Mo ) T Q- (TE)] =r°Qy- b mi 3
0

+ Qoe - (e“ My +°M,) I, (ﬁa) .

L _
—Ma 3\ _ 1L e\ .
( m%,g ) =(Bp )" and I (7“5) =7
Projecting on the first two coordinates (recall that we denote P, this projection), and using I.Qpe = Qg I, and
P,I. = B, we deduce
P, [(e“My + e Mape) Qoei"]" = PQo= [6%7H (Mg, 57, 5%) + e(Aa, 7, 5°) + (%M + €2 M) ()],
with Ay and A, defined in ([2.6) and (5.20). This ends the proof of (6.9) and hence of Proposition 2.5 O

We recognize that
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6.3 Conclusion

It remains to prove that the convergence obtained above does not take place only during the interval [0, T], but
during any interval [0, 7], T > 0. We know that the solution (h,w) of the vortex/wave system is global in time,
and that h remains for all ¢ at positive distance from supp w and that this support remains bounded. Let us
be given T > 0. We let T := T + 1 and we know from (IIJ) that there exists pz > 1 such that

Vt € [0,T + 1], suppw(t,-) C B(h(t), p5) \ B(h(t),1/pz). (6.11)
Let us recall here the definition (214 of T.:
T i=sup {r € [0, T, ¥t € 0,7, suppw?(t) € B (1), 2p7) \ B(h*(1),1/(2p7)) |-
Using Proposition 2.4 it is clear that for suitably small €, one has inf.c (g, 7t > 0. Therefore, we denote

T :=liminf T, > 0.
e—0t

Due to Proposition 22 (with p = 2p7), there exists C' > 0 such that for all € € (0,¢¢), one has the following
estimate

|t5] + |er®| < C for t € [0, T:]. (6.12)
Now we claim that .
T>T+, (6.13)

and reason by contradiction. If it were not the case and T < T + %, then the following would occur. First we
extract a subsequence (g,,) such that 7., — T. On any compact interval [0, 7 — 7] of [0, T) with 5 > 0, one finds
N such that inf,>ny T;, > T— 7. Therefore we can apply Proposition 25l with T = T — n and the convergences
of the previous subsection hold true.

Now we prove that

e (supp w® (L, ), supp w(t, ) || o (0, 7—y) — 0 a8 n — +00, (6.14)
where dp is the Hausdorff distance. To see that, one modifies ([6.6]) into
Rgep H*"R_gen (- — ™)) — H(- — h) in L*>(B(0,2p7) \ B(0,1/(2p7))) as n — +o0.

This follows from the invariance of H with respect to rotations, and the fact that we have uniform estimates
on VH®" outside B(0,1/2p7) for n large enough (see Lemma [B.1]).

Thanks to the uniform log-Lipschitz estimates and Gronwall’s lemma, we see that the flows ® = ®¢ (¢, z)
and ® = ®(¢,z) associated respectively to u®" and Kz [w](t, ) +vH(- — h(t)) satisfy

" — @ uniformly in [0,7 — 7] x suppwy as n — +0o.

This involves ([6I4). Now due to the definition of 7. and the fact that T., < T +1/2 < T for n large enough,
we have that

supp w®™ (T2, ) 1 [ B(h (T2, ), 209) \ B(h* (T2, ),1/ 2o7))| # 0.

Hence using that (k)" is uniformly bounded (6.12) and that w®" is transported by a velocity uniformly bounded
as well (see Lemma [6]), we can find n > 0 small enough so that, for n large enough

supp ™ (T =0, ) 01 [B(he (T = 1), 3p/2) \ B (T = 1),2/(3p7))| # 0.

Now we pass to the limit as n — +oo with (GI4), and get a contraction with the definition (GIT]) of pz. This

proves ([G13).

Finally, one can apply the convergence result of Proposition2.5lon [0, T']. This ends the proof of Theorem[T.2]
O
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A Lemmas from complex analysis

In this section, we gather several computations relying on complex analysis, which were used earlier in the proof.
We recall the notation f = f1 —ifs for any f = (f1, f2), whereas z = x1 + ixo. We will in particular compute
the first coefficients in the Laurent series of V®5 (defined in Paragraph[3.2.2).

A.1 Basic computations
We first recall the Blasius lemma about tangent vector fields (for a proof, see for instance [I1] or [2]):

Lemma A.1. Let C be a smooth Jordan curve in the plane, f := (f1, f2) and g := (g1, g2) two smooth tangent

vector fields on C. Then
[t amas=i( [ Facz)
c c

/C(f-g)(g;L -n)ds = Re (/szgdz>.

Now we relate (classically) [, f with the flux and the circulation of f:

Lemma A.2. Let C be a smooth Jordan curve in the plane and f := (f1, f2) a smooth vector field on C, then:

/CdeZ/Cf-Tds—i/Cf-nds.

Proof. Denoting by v = (71,72) a parametrization of C then 7 = (v{,74)/|7/|, then we can write n =
(=5, v/ 1), ds = |7/ (t)|dt and dz = (1 (t) + iv4(t))dt. Now the conclusion simply follows from

/ (fo — ifa) dz = / (Firh+ far) dt — i / (—fiv + fortl) db.
C
(]

Corollary A.3. Let C be a smooth Jordan curve in the plane and f := (f1, f2) a smooth vector field on C, then:

/szdz /c<wﬁ.-ff) .TdS—i/C (;L.ff) “nds

/C(:Cl —i—ixg)(f-T)ds—i/(xl +ix2)(f - n)ds.

C

Proof. We apply Lemma [A2] to g given by g1 — iga = 2(f1 — if2) and one checks that
(21 + i) (f1 —ifo) = (@1f1 + 22 fo) —i(—zafi + 21 f2) = (x- f) —i(a" - f).

To obtain the second equality, we simply use (n1,n2) = (—72,71):
(Ilff>7__l<fo)n

which ends the proof. O

(w1 f1 + 2o fo)m + (=22 f1 + 21 fo) T2 — (21 f1 + T2 fo)n1 — i(—22f1 + 1 fo)n2

= (z1 +iz2)(fim1 + forz) —i(z1 + ix2)(f1na + fang),

Remark A.4. Replacing xo by —xo in the previous computation, we obtain

/Cifdz—/C(:rl—ixg)(f-r)ds—i/c(xl—i:zrg)(f~n)ds.
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A straightforward application of Lemmal[A2] Corollary[A3]and Remark[A4lis the following (using H*-n = 0
on 08y).

Lemma A.5. Let H' be defined in B.9), then

(/ zf/l\ldz) :/ 2Hdz and  Re z/ |z|2f/l\1dz = 0.
aSo 2So 085

Next in the following lemma, we regroup elementary computations which will intervene in the next subsec-
tions. These are of the form:

/ P(xy,29)K;ds = e@t0=st1 P(x1,12)K; ds, (A1)
888 880

where P is a homogeneous polynomial of degree d in variables z1 and a9 and where j € {1,...,5}. We recall
that |S§| is the Lebesgue measure of S§ and that xf, is the position of the geometrical center of S (see (B.)).
Additionally, we introduce the following coefficients

mg ::/ (z3 — 23) dw, mS ::2/
S, S,

£
0

riz2dr, MG ::/ |z|? da,
o S6

and notice that m$ = e*m/} for i = 6,7,8.

Lemma A.6. One has the following relations for (AJ):

ed(P)=0, je{l,...,5}:

/ mds:/ nzdsz/ J,'J'-’rLdS:/ (I2>-nds=/ (_x1>-nds=o.
aSs aSs aSs ass \T1 ass \ T2

ed(P)=1, je{1,2,3}:

/ xynids = —8,1|S] fori,j = 1,2, / wi(et -n)ds = |52 o, / wa(et ) ds = —|S5|%, ;.
aSs o8¢ o8¢

ed(P)=1, je{4,5}:

—Z1 —Z1
/ 1 ( . ) ‘nds = |S§|xacyl, / 9 ( . ) ‘nds = —|S§|:EE;72,
aSg 2 oS¢ 2
x x
1 (%) nds = —|S5|ag zo (7)) nds = —|S5|2% .
- 017G, 2 - 0l%TG
8¢ 1 8¢ 1

o d(P)=2, je{1,2,3}:
/ |z|?n; ds = —2x%, ,|S5| fori = 1,2, / lz|2zt -nds =0,
8Se ’ 955

/ T1xony ds = —|S§|x‘z;)2, / T1Tong ds = —|S§|x‘z;)1, / T1Tax - nds = —mg,
0S¢ oS¢ oS¢

0

[ @t admds=-2S5lat, [ (@ - Bnads = 2ASilefs [ (o3 - adat nds =2,
oS¢ a5¢e

5 S5

37



e d(P)=2, je{4,5}:

—x x
/ || V) -nds = 2mé, |x|2 2) - nds = —2mé,
aS: Z2 x1
-z x
/ T1To ( 1) ‘nds =0, T1To ( ) -nds = —mg,
a8¢ T2 ass Tl
-z x
(2 — 22) YY) nds = 2ms (22 —22) (7?) -nds = 0.
1 T2) 8 1 22) |,
8¢ 2 B 1

Proof. These relations are straightforward consequences of the divergence theorem inside dS§ (recalling that n
points outside the fluid), for instance

2
—x .~
/ x1 < 1)-nds——/ d1V< 1) da::/ x1dr = |S§|TE -
< Z2 < 12 < ’
650 0 0

(]

O
We finish this section with some other basic computations in the complex variable.
Lemma A.7. We have the following relations:
/ 7% dz = 4S5 |25, o + 4i|S5 2% 4, (A.2)
o8¢ ’ ’
/ zdz = 2i|S;], (A.3)
aSe
15 e = <2lS5lof, + 20lS5la% (A4)
o8¢ ' '
/ 2|22 dz = —2m5 + 2imé,. (A.5)
aSe
Proof. These as elementary consequences of Stokes’ formula for the operator % = %(8% — %6%)
0
/ udz:2i/ —gdxdy.
aSg : 07
O

A.2 First coefficients of the Laurent series

In this subsection, we use these lemmas to compute the first coefficients of the Laurent series associated to V/\fbf
fori=1,2,3,4,5.
We begin with an elementary lemma.

Lemma A.8. The functions V/il admit Laurent series at infinity and moreover satisfy for i =1,2,3,4,5:
V/il =0(1/2%) as |z| = +o.

Proof. That V®! admits Laurent series at infinity is elementary. First, it is divergence free and curl free (see
BI3)). Moreover, the regularity inequality for harmonic functions h:

lhllcr By < CllhllcoBe2r)s

proves tha that V®!(z) — 0 as |z| — +oo. The first term of this Laurent series, that is, the term of order 1/z, is

fas <I>1 dz)/(2imz), so we can compute it with Lemma [A2] As V@% is a gradient, the circulation is zero,
and Lemma- (case d(P) = 0) proves that the flux is zero as well. O
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Remark A.9. One can prove in the same way, relying on B9), that the function H' admits Laurent series at
infinity and moreover satisfies:

-~

1
H'(2) = 5ima +0(1/2%) as z — .

—

The next coefficients in the Laurent series of V®} are given in the following lemma.

Lemma A.10. One has:

/8 zv/afdz = —(miy +|5510i2) +i(mj; +(S510i1), fori=1,2,
S5
| VB = s+ IS5leE) + il IS5l
88¢
[ oV = g+ IS5lea) + il 131050,
88¢
| e = (gt IS5let) + i +S5la%0)
0

where m; ; = f]—'g Vo; - VoS dv are the coefficients defined in ([B.21).

Proof. We use Corollary [A3] with f = V®¢:

/ ZV/‘I?f dz = / (x1 +i22)0, D5 ds — z/ (21 + ix2)0n D5 ds.
oS¢ oS¢ a5t

We integrate the first integral by parts:

(Tl + Z’TQ)@? ds = —/ (’ng — an)(l)f ds

/ (21 +i20)0,P5ds = — Or (1 +ia9) D5 ds = —/
a5¢ 888

aSg dS¢

VOS5 - VO +i [ VO - VI = —mS, +imS,
- - : ,

The second integral can be computed thanks to the boundary condition in (BI5) (with BI6) and I8)) and
to Lemma Gathering the expressions, we reach the result.
O

Remark A.11. Using Remark[AJ) we can reproduce the same proof as previously to establish that:

/ NOEdz = (—mS o+ [S510i2) +i(—mSy +|S§10i1),  fori=1,2,
8¢
/ B dr = (—mf, + |S5Ia5) — i(mS + |S512% ),
8¢
/ NGz = (—miy+ [S§laG0) —i(m5 + 1S5leE ),
8¢
/8 L AVERdz = (i ISGleG) +i(-mE s + ISilat o)
0

A.3 Second order moments

In this subsection, we compute second order complex moments of V/T{Jf In particular we obtain the next terms
in their Laurent series.
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Lemma A.12. One has:

/ |z|2€\§f dz = =2m; 5 + 2i|SG|xg,;  fori=1,2, / |z|2V/55 dz = —2m3 5,
aS¢ S5

/ |2V @5 dz = —2m§ 5 — 2mi, / |2[V®E dz = —2m§ 5 + 2mi.
aS¢ S5

Proof. Applying Lemma [A2] to (|z]20: P, |2|202PF) we have
/ |2|2(01 @5 — i10®5) dz = / 2|20, S ds—i/ 2|20, ®F ds.
oS¢ as¢ 0S¢

We easily verify that

/ 2|20, @S ds = —/ 52z - Tds = —/ ®52(xt - n)ds = —2ms 5.
aSg aSs o8¢ '

The value of [, . 2|8, ®5 ds is computed in Lemma [AT0 O
0

As for Corollary [A3] we deduce from Lemma [A.2] the following result.
Lemma A.13. Let C be a smooth Jordan curve, f := (f1, f2) a smooth vector fields on C:

/Cz2fdz:/C(w1+ix2)2(f-7)ds—i/(:c1 —i29)2(f - n) ds.

c
Proof. We apply Lemma [A.2] to the function
9 =g —ige = 2*(fr —ifa) = [(aF — 23) fr + 2w122 fo] — i[(2] — 3) f2 — 22120 f1],
hence g = (22 — 23)f — 2z 22 f . We get

/szdeZ/C(;v%—x%)(f-T)ds—/clvl;vg(fJ‘-T)ds—i/(:v%—:v%)(f-n)ds—i—i/2:61:62(fJ‘-n)ds

c c
= /(:v% —22)(f-7)ds +/2:v1:v2(f-n)ds —z/( 2 —:C%)(f-n)ds+i/2:101:v2(f-7')ds.
c c c c
O
Finally, we apply this lemma to compute ;. 22V/<I?f dz:
0
Lemma A.14. One has:
/ PV dz = —2(m5 5 + S5 [255) + 2i(—m5 4 + [S§laE,), / VG dz = —2mj 5 — 2i(m5 4 +m§),
aS¢ 955
/8 . VD dz = —2(m5 5 + |S5125,1) — 2i(m5 4 + |S51a o), /a . 22V dz = —2(mf 5 + m§) — 2im5 4,
0 0

/885 225 dz = —2(mf 5 + m§) — 2i(m§ 4 + m5).
0

Proof. We use Lemma[A.13l For the tangential part, we compute:

/ (:v%—x%)&@fds:—2/ @f(zl ) -Tds=—2/ o (332) ‘nds = —2m;5 g,
98§ oS§ —T2 o8¢ X1 ’

2/ 21220, P95 ds = —2/ 0N ($2> -Tds = —2/ oF (_xl) -nds = —2m; ,.
a8¢ a8¢ 1 a8¢ T2 ’

For the normal part, we use the boundary condition on 9, ®; and Lemma Putting these computations in
the relation of Lemma [A.13] gives the result. O
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