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Large deviations and mixing for dissipative
PDE’s with unbounded random kicks

V. Jaksi¢* V. Nersesyan!  C.-A. Pillet!  A. Shirikyan®*

Abstract

We study the problem of exponential mixing and large deviations for
discrete-time Markov processes associated with a class of random dynam-
ical systems. Under some dissipativity and regularisation hypotheses for
the underlying deterministic dynamics and a non-degeneracy condition
for the driving random force, we discuss the existence and uniqueness of
a stationary measure and its exponential stability in the Kantorovich—
Wasserstein metric. We next turn to the large deviation principle and
establish its validity for the occupation measures of the Markov processes
in question. The obtained results extend those established in [JNPS12]
for the case of the bounded noise and can be applied to the 2D Navier—
Stokes system in a bounded domain and to the complex Ginzburg—Landau
equation.

AMS subject classifications: 35Q30, 35Q56, 76D05, 60B12, 60F10
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0 Introduction

The goal of the present paper is to study the problem of large deviations from a
stationary distribution for a class of PDE’s perturbed by a smooth random force.
This question was already investigated by the authors in [JNPS12] for PDE’s
with bounded perturbations in which case the validity of the large deviation
principle (LDP) was established for initial data belonging to the support of the
unique stationary measure. In this paper, we extend that result to the situation
in which the random noise is unbounded. Let us mention straightaway that,
as is well known from the case of a locally compact phase space (e.g., see the
discussion in the introduction of [DV76]), the generalisation of the LDP to the
unbounded case involves some new phenomena, and the mere verification of
exponential tightness is far from being sufficient.

To describe the main result of this paper, we consider a bounded domain
D C R? with C?-smooth boundary 9D and the Navier-Stokes system in D
supplemented with the Dirichlet boundary condition:

U+ (u, Viu—vAu+ Vp = h(z) + n(t,z), divu =0, 0. (0.1)

u’aD =



Here u = (u1,us2) and p are unknown velocity field and pressure of the fluid,
(u, V> =u101 +us0y, A= 8% + 822,

and h and 7 are deterministic and random external forces, respectively. Let us
introduce the phase space

H={ue L*(D,R?) :divu=0in D, (u,n) =0 on dD}, (0.2)

where n stands for the outward unit normal vector to D, and endow it with
the usual L? norm. We assume that h € H and that 7 is a kick process of the
form

n(t,x) =y ()it - k), (0.3)
k=1

where §(t) stands for the Dirac measure on R concentrated at zero and {7}
is a sequence of i.i.d. random variables in H. Problem (0.1), (0.3) generates a
discrete-time Markov process in H. Namely, for any ug € H, there is a unique
solution u(t, z) for (0.1), (0.3) that is right-continuous in time and satisfies the
initial condition

w(0,2) = up(x), (0.4)

and the restrictions of all solutions to the non-negative integers Z, form a
discrete-time Markov process, which will be denoted by (ug,P,). The ergodic
properties of this process are by now well understood; see [FM95, KS00, EMS01,
BKLO02] for the first results on the ergodic behaviour of the random flow gen-
erated by (0.1) and the book [KS12] for further references. In particular, there
is a unique stationary distribution p, which attracts exponentially fast all other
trajectories, and the strong law of large numbers holds for a broad class of
Holder-continuous functionals f : H — R which may grow at infinity. The
latter means that

k—1
Pu{}g;ﬂum = <f,u>} —1 forany ue H,

where (f, ) denotes the integral over H of the function f with respect to u.
Now let P(H) be the set of all probability measures on H. Our aim is to study
the asymptotic behaviour, as k& — oo, of the probabilities

k—1
BT = Pad § X ) € (i 4T}, AP,

n=0

where Py stands for the probability law corresponding to the initial distribu-
tion A, and I' C R is a Borel subset. The following theorem, which is a particular
case of the main result of this paper, gives a complete description of the large-
time behaviour of ¥y (A, f,I") on the logarithmic scale and establishes the level-1
LDP for the Markov process (ug,P,). We refer the reader to Section 1.3 for
more general results in an abstract setting and to Section 2 for their application
to the 2D Navier—Stokes system and the complex Ginzburg-Landau equation.



Main Theorem. Let us assume that the i.i.d. random variables 1 are dis-
tributed according to a non-degenerate Gaussian law on H concentrated on the
Sobolev space of order 2 and let f : H — R be a continuous function that is
bounded on balls of H and is such that

|/ (v)]

o]

Then there is a function Iy : R — [0, 4+o00] with compact level sets such that, for
any initial measure A € P(H) satisfying the condition

=0 as|jv]| = oo. (0.5)

/ e‘”'“w}\(d’u) < oo for some d >0, (0.6)
H

we have

1 1
— inf If(y) < liminf —log @, (A, f,T') < limsup —log i (A, f,T') < — inf I (y),
y€er k—oo k koo K yel
(0.7)

where I' C R is an arbitrary Borel set, and I (respectively, T') stands for its in-
terior (closure) in H. In particular, inequalities (0.7) are true for the stationary
solution, as well as for solutions issued from any deterministic point v € H.

Let us emphasise that the Gaussian structure of the noise does not play any
role, and the result remains valid for a large class of decomposable measures
(see Condition (C) in Section 1.1). Moreover, the LDP holds also for occupation
measures of solutions (level-2) and of full trajectories (level-3).

Before presenting the main ideas of the proof of the above theorem, we
briefly mention some earlier results related to the present work. The theory of
large deviations from a stationary measure for Markov processes was initiated by
Donsker and Varadhan [DV75, DV76], who carried out a comprehensive study of
the problem for strong Feller processes with a compact and later a general phase
space. Their results were developed and extended by many others; e.g., see the
papers [dA90, Jai90, BDT95, Wu00] and the references in [DS89]. These works
concern the case in which the Markov process in question possesses the strong
Feller property. In the context of randomly forced PDE’s, the problem of large
deviation from a stationary measure was studied in [Gou07b, Gou07a, JNPS14]
for various types of rough noise and in [JNPS12] for a smooth kick noise. The
present work continues the investigation started in the latter paper and extends
its result to the case of unbounded perturbations.

We now discuss some ideas of the proof and describe the main novelty of
this paper. As in the case of a bounded perturbation, the proofs are based on
Kiffer’s criterion [Kif90] and the key points are the existence of the pressure
function and the uniqueness of equilibrium state. These two properties are
closely related to the large-time asymptotics of a generalised Markov semigroup
BY : Cp(H) — Cyp(H) defined by

OBY £)(w) = Jim 1ogEy {exp(V(u) + + V(w) fw)}, [ € Cy(H),
(0.8)



where Cy(H) stands for the space of bounded continuous real-valued functions
on H, E, denotes the mean value corresponding to the trajectory issued from w,
and V € Cy(H) is an arbitrary function. In the case when the random vari-
ables 7, are bounded, it was proved in [JNPS12] that a sufficient condition for
the existence and stability of a maximal eigenvector for {8} is given by the
uniform irreducibility and uniform Feller properties (introduced in [KS00]). In
the Markovian situation, stratified versions of these properties are also suffi-
cient; see [KS01]. The situation is different in the case of (0.8), for which one
needs to require in addition the following growth condition (which seems to be
new in this context): there is an integer m > 1 and positive numbers Ry and C'
such that

sup{mm(u)fl(mkvmm)(u)} <C sup (‘pkvl)(u) for all k£ > 0, (0.9)
ueH llul| <Ro

where 1 is the function identically equal to 1 and t,,(u) = (1 + |ju|])™. The
verification of this and uniform Feller properties are the key points of this work.
They are based on the hyper-exponential recurrence and a coupling argument,
respectively. We refer the reader to Section 1.4 for more details on the proof of
our main result.

The paper is organised as follows. In Section 1, we describe the abstract
model we deal with, formulate our main result in full generality, and outline
its proof. Applications of the main theorem to concrete examples of randomly
forced PDE’s are discussed in Section 2. In Sections 3 and 4, we present two
auxiliary results. The first of them is an extension of Kifer’s criterion to an
unbounded phase space, and the second is a general result on large-time asymp-
totics of generalised Markov semigroups. The details of the proof of the main
result are given in Sections 5-6, and the appendix gathers some auxiliary asser-
tions used in the main text.
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Notation

Given a Polish space X, we denote by Bx(a,R) (respectively, By (a, R)) the
closed (open) ball in X of radius R centred at a. In the case when X is a Banach
space and a = 0, we write Bx(R) (respectively, Bx(R)). We denote by &,



the Dirac mass concentrated at the point a and by D(€) the law of a random
variable £. Given a function V : X — R, we write Oscx (V) = supy V —
infx V. We denote by Z, (respectively, Z_) the set of non-negative (non-
positive) integers and by R be the set of non-negative real numbers.

Let J C R be a closed interval and D C R? be a domain. We shall use the
following spaces:

L*°(X) is the space of bounded measurable functions f : X — R endowed with
the norm || f||cc = supx | f|-

Cy(X) is the space of continuous functions f € L*(X).

C(X) is the space of continuous functions f : X — R. C,(X) is the set of
non-negative functions in C(X).

M (X) is the cone of non-negative finite measures on the space X endowed

with the Borel o-algebra B(X). For u € M, (X) and an integrable function
f:X — R we set

(o) = /X fu(du),  |fl, = /X () ().

P(X) is the set of probability Borel measures on X. We endow it with the
Kantorovich-Wasserstein metric denoted by || - ||} ; e.g., see (1.14) in [KS12].

H?(D) is the Sobolev space of order s > 0 on the domain D. We denote by || - ||s
the usual Sobolev norm. In the case s = 0, we write L?(D) and ||-||, respectively.
The spaces of scalar and vector functions are denoted by the same symbol, and
we often write H* and L? when the context implies in which domains the spaces
are considered.

H§(D) is the closure in H*(D) of the space of smooth functions with compact
support in D.

CF(D) is the space of k times continuously differentiable functions f : D — R
that are bounded together with the derivatives of order < k. In the case k = 0,
we write Cy(D).

LP(J, X) is the space of measurable functions f from J to a Banach space X
such that

1/p
[ fllzecrx) = (/Jlf(t)|§(dt) < 0.

The middle term should be replaced by ess sup,c ;|| f(t)||x in the case p = oco.

1 Main results

In this section, we present the model studied in the paper and formulate our
results. We begin with the property of exponential mixing in the Kantorovich—
Wasserstein distance for a class of discrete-time Markov processes. This type of
results are by now well known in the literature for the case of the 2D Navier—
Stokes system, and Theorem 1.1 presented below is essentially a reformulation of



earlier achievements in the abstract framework applicable to other PDE’s with
random perturbations. We next turn to our main result on large deviations from
the stationary distribution for the occupation measures. As a consequence, we
obtain the LDP for a class of observables with moderate growth at infinity.

1.1 Description of the model

Let H be a separable Hilbert space with a norm || - || and let S : H — H be a
continuous mapping. We consider the random dynamical system

U = S(Uk_l) +’I7k, k 2 1, (11)

where {ng, k > 1} is a sequence of i.i.d. random variables in H. Equation (1.1)
is supplemented with the initial condition

up =u € H. (1.2)

We denote by (ug,P,) the family of Markov processes associated with (1.1),
(1.2), by Px(u,T) its transition function at time k, and by By, : Cp(H) — Cy(H)
and P; : P(H) — P(H) the corresponding Markov semigroups. In what follows,
we assume that S satisfies the two conditions below.

(A) Dissipativity. There are positive numbers «, 3, C, and ¢ < 1 and a
continuous function ¢ : H — R, such that

14 Jlul|® < ®(u) < C(1+ ||lul))? forue H, (1.3)
D(S(u) +v) < qP(u) + CP(v) foru,ve H. (1.4)

The following hypothesis implies, in particular, that S is compact and gives
some quantitative information about the possibility of approximation of the
elements in the image of S by finite-dimensional subspaces.

(B) Compactness. There is a continuous function p : H — R} bounded
on any ball, an increasing sequence {yn} C (0,+00) going to +oo, and an
increasing sequence of finite-dimensional subspaces Hy whose union is dense
in H such that Hy = {0} and, for any u,v € H and N > 0, we have

(1 = P)(S(w) = S)) || < 75" exp{p(u) +p(@)}lu—vl,  (1.5)

where I is the identity operator in H and Py : H — H denotes the orthogonal
projection onto Hy .

Let us note that if this condition is satisfied for one sequence {Hy }, then it
holds for any other increasing sequence {H/} of finite-dimensional subspaces,
and the function p entering (1.5) can be taken to be the same. Indeed, denoting
by P’y the orthogonal projection to Hj,, we note that

(I = Py)Pryw|| < emnlwl| for any w € H,



where ey y — 0 as N — oo for any fixed M. Setting w = S(u) — S(v) and
using inequality (1.5) with N =0 and N = M, we derive

(1 = PR)(S(u) = S@)) || < [|(T = Pr)Pawl| + [ (1 = Py)(I = Par)u]
<emn|w| + H(I - PM)U’H
< (v emn +731) exp{p(w) + p(v) Hlu — .

The factor in the brackets on the right-hand side of this inequality can be
made arbitrarily small by an appropriate choice of M and N. We thus obtain
inequality (1.5) with Py replaced by Py and a different sequence {yn}.

We now formulate the hypothesis imposed on the random variables {n}.

(C) Structure of the noise. The random variables ny, can be written as
oo

N = ijfjkej, (1.6)
j=1

where {e;} is an orthonormal basis in H, {{;} are independent random vari-
ables whose laws possess C''-smooth positive densities p; against the Lebesgue
measure such that Var(p;) < 1 for all j > 1, and {b;} C R4 are numbers
satisfying the condition

B = Z’}/j,ﬂbjl < Q. (17)

j=1

Moreover, there is § > 0 such that
ms(L) = / @) £(dy) < oo, (1.8)
H

where L = D(m1).

Let us note that if Condition (C) is satisfied, then the random variables 7
are concentrated on a space compactly embedded into H. Indeed, in view of
the remark following Condition (B), without loss of generality we can assume
that the subspace Hy entering Condition (B) coincides with the vector span of
e1,...,en, where {e;} is the orthonormal basis in (1.6). Define U C H as the
space of vectors © € H such that

IQnull < Cyy' - for any N >0,

where Qny = I — Py, and C > 0 is a number not depending on N. We endow U
with the norm

[ullo = sup (va[|Quul).- (1.9)
N>0

It is straightforward to check that U is a Banach space compactly embedded
into H and that |le;||lg = ;-1 for any j > 1. It follows from (1.8), (1.6),
and (1.7) that

E|lnkllv < CB. (1.10)



We also note that if Condition (B) is satisfied for some sequence {7y}, then it
holds also for any other sequence of positive numbers {7} } such that v}y < Cyn
for some C' > 0. Thus, condition (1.7) imposed on the sequence {b;} can be
relaxed to the following one: there is a sequence of positive numbers {;} going
to 400 such that series (1.7) converges.

1.2 Exponential mixing

To formulate our result on exponential mixing, we shall need the concept of a
stabilisable functional. Let p : H — Ry be a continuous function. We shall
say that p is stabilisable for the Markov family (ug, P, ) if there is an increasing
continuous function @ : Ry — Ry and positive numbers ¢ and § such that

E,exp{d(p(ur) + -+ p(up)) } < Q(|lul))e™ for k >1,ue H. (1.11)

The following theorem is a generalisation of some earlier results on mixing prop-
erties of the Navier—Stokes system proved in [KS01, Shi04]; see also [FM95,
KS00, EMS01, BKL02, HMO06] and the references in [KS12, Debl3] for other
related results.

Theorem 1.1. Let Conditions (A), (B), and (C) stated in Section 1.1 be ful-
filled. Assume, in addition, that S(0) € U, and the functional p entering (B) is
stabilisable, with a function Q satisfying the inequality

Qlull) < e”®™  for allu e H, (1.12)

where p > 0 does not depend on u. Then there is an integer N > 1 such that the
Markov family (ug,P,) associated with (1.1) has a unique stationary measure
w € P(H), provided that

bj#0 forj=1,...,N. (1.13)

Moreover, there are positive constants v and C' such that

BN — s < Ce* /Hé(u) Adu)  for any N € P(H), k> 0. (1.14)

The proof of this result is an extension of the scheme used in [Shi04] and
Chapter 3 of [KS12] for the case of the Navier—Stokes system perturbed by an
unbounded kick force to the abstract setting of this paper. This extension is
straightforward and we omit the details.

1.3 Large deviations

To formulate our result on LDP, we first recall some definitions from the theory
of large deviations. Let X be a Polish space and let {(;x} be a sequence of
random probability measures on X defined on a measurable space (2, F). In
other words, for any k > 1, we are given a measurable mapping (i : Q — P(X).



Recall that a mapping I : P(X) — [0,+o0] is called a rate function if it is
lower semicontinuous, and a rate function I is said to be good if the set {o €
P(X) : I(o) < a} is compact for any a € [0,4+00). For a set I' C P(X) we
write I(T") = inf,er I(0).

Definition 1.2. Suppose that a family of probability measures {Px, A € A} is
given on the measurable space (2, F). We say that the sequence {(;} satisfies
the LDP with a good rate function I, uniformly with respect to A € A, if the
following two properties hold.

Upper bound. For any closed subset F' C P(X), we have

) 1
limsup —

logsup Pr{(x € F} < —I(F).
koo K aeA

Lower bound. For any open subset G C P(X), we have
1
S > _
hkrggf . log /{gg]}%\{@c e G} > —I(G).

We now turn to the Markov process (uy, P, ) associated with (1.1). Given a
probability measure A € P(H), we denote by Py the induced measure

]P’,\(F):/XIP)U(F)/\(du), Ie7F,

on (Q,F). For positive numbers § and M, let A(d, M) be the set of measures
A € P(H) that satisfy the inequality

/ 2P \(dv) < M.
H

For any integer £ > 1, we set u!, = [un, ..., Unss_1] and consider the family of
occupation measures

k—1
1
L _ E
G = %n:o 5%’ k=1, (1.15)

defined on the family of probability spaces (2, F,P,), where A € P(H). Thus,
for any A, relation (1.15) defines a sequence of random probability measures
on H'. Recall that the space U was introduced at the end of Section 1.1. The
following theorem is the main result of this paper.

Theorem 1.3. In addition to the hypotheses of Theorem 1.1, let us assume
the numbers b; are all non-zero. Then, for any § > 0 and M > 0, the se-
quence {Cf,k > 1} defined on (Q,F,Py) satisfies the LDP, uniformly with re-
spect to X € A(6, M), with a good rate function I, : P(H*) — [0,40c] not
depending on A. Moreover, Iy is given by
I(o)= sup ((V,o)—QuV)), o€ P(HY),
VeC,(HY)

where Qq : Cy(H*) — R is a 1-Lipschitz convex function such that Q,(C) = C
for any C € R.

10



The scheme of the proof of this theorem is outlined in Section 1.4, the de-
tails are presented in Sections 3-5, and applications to PDE’s with random
perturbation are discussed in Section 2. Here we derive two corollaries from
Theorem 1.3. The first of them concerns the LDP for the time averages of
unbounded functionals.

Corollary 1.4. Under the hypotheses of Theorem 1.3, let f : H* — R be a
continuous functional bounded on any ball such that

[f(!s .. )]

1 L

Then, for any 6 > 0 and M > 0, the Py-laws of the random variables

satisfy the LDP, uniformly with respect to X € A(6, M), with a good rate func-
tion I{ : R — [0, +00] not depending on A. Moreover, I[ s given by

I} (o) = inf{I,(v) : v € P(HY), (f,v) =0}, o€ER,
where the infimum over an empty set is equal to +oo.

We shall not give a proof of this corollary, because similar contraction-
principle-type results were established earlier in [GouO7a, JNPS14]. The only
difference is that here we claim that the LDP holds uniformly with respect to
the initial measure A. However, the proofs in the above-mentioned works give
also the uniformity, provided that the LDP for the occupation measures holds
uniformly.

To formulate the second corollary, we denote by H = H”%+ the direct product
of countably many copies of H and, given a solution {u} for (1.1), define the
occupation measure for full trajectories by the relation

1k—1
Ck :%nz:%éu;’f’v k217

where we set uS°® = [ug,k > n]. The following result is an immediate con-
sequence of Theorem 1.3 and the Dawson—Gértner theorem (see Section 4.6
in [DZ00]). Its proof can be carried out in exactly the same way as for the case
of bounded kicks (see Section 1.5 in [JNPS12]).

Corollary 1.5. Let the conditions of Theorem 1.3 be fulfilled. Then, for any
0 > 0 and M > 0, the family {(;°,k > 1} satisfies the LDP, uniformly in
A € A6, M), with a good rate function I : P(H) — [0,+00] not depending
on A.

11



1.4 Scheme of the proof of Theorem 1.3

We begin with some definitions. Given a random dynamical system (RDS for
short) of the form (1.1) and an integer ¢ > 1, we define the Markov £-process
associated with (1.1) in the following way: the phase space is the direct product
of ¢ copies of H, and the time-1 transition function is given by

Pf(v,Ty X - X Ty) = 0,2(T1) - 0e (L) P (v, Tp), (1.17)

where v = [v},...,v"] € H and T; € B(H) for j = 1,...,£. In other words, the
Markov ¢-process associated with (1.1) is the Markov process corresponding to
the RDS in H defined by

ur = S(uk_1) +ny, (1.18)
where ug = [ul,...,ut], n, = [0,...,0,m], and S : H® — H* is the mapping
given by

S(v) = [0%,... 7vz,S(vz)], v=['... v eH"
Let us note that if v € H and v € H* are such that v = v, then the trajecto-

ries {ux} and {ug} = {[u},...,u]} of the RDS (1.1) and (1.18) issued from v
and v, respectively, satisfy the relation

ul, =up_gp; fork>0—75,1<j<C (1.19)

Denote by ¢, the occupation measures for (1.18):

k
1
=Y 6w, k2L 1.2
Ck kn:15n k (1.20)

Given A € P(H), we denote by \(*) € P(H*) the tensor product of £ — 1 copies
of 6o with X; that is, \() = 5y ®---® 8y @ X. It is straightforward to check that,
for any 0 > 0 and M > 0, the random measures ¢ and ¢ ﬁ corresponding to the
initial laws A(©) and \, respectively, are exponentially equivalent uniformly with
respect to A € A(6, M) (cf. Lemma 6.2 in [JNPS12]). We shall thus study the
LDP for the occupation measures (1.20).

Given positive numbers ¢ and M, we denote A(d, M) the set of measures
\ € P(H') satisfying the condition

/H’f exp{8(P(v1) + -+ + P(v)) }A(dvy, . .., dvg) < M.

Suppose we can prove the following two properties:

Property 1: Existence of a limit. For any V € Cy(H®) and A\ € A(6, M),
the limit (called pressure function)

k
Qe(V) = kET@o%logE)\ exp(ZV(u,J) (1.21)
n=1

exists and does not depend on the initial measure. Moreover, this limit is
uniform with respect to A € A(d, M) for any § > 0 and M > 0.
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Property 2: Uniqueness of the equilibrium state. There is a vector space
V C Cy(H*) such that, for any compact set K C H*, the family of re-
strictions to K of the functions in V is dense in C(K), and for any V € V
there is at most one o € P(H?) satisfying the relation

Qe(V) = (V,ov) — Li(ov), (1.22)
where I;(0) denotes the Legendre transform of Q.

In this case, a generalisation of a result established by Kifer in the case of a
compact space shows that the LDP holds for {{}}, uniformly in A € A(d, M),
provided that the RDS (1.18) possesses a property of exponential tightness; see
Theorem 3.3 for the exact formulation. We thus need to prove the above two
properties.

To this end, given a function V € Cy(H*), we introduce a generalised Markov
semigroup by the formula

k
W) = Eufw) e Y Viw) ). feGH), 02

n=1

and denote by B} * : M, (H") — M (H") its dual semigroup. Under some hy-
potheses on the kernel, we describe the asymptotic behaviour of generalised
Markov semigroups in Theorem 4.1. We then construct explicitly a vector
space V C Cy(H*) such that the hypotheses of Theorem 4.1 are satisfied for {B} }
with any V € V. It follows that there is a function hy € C, (H"), a measure
pyv € P(H®) and a number Ay > 0 such that BV hy = Ayhy, and for any
R >0, f € Cy(H"), and v € P(H*) we have

MNEBY f = (f,pv)hy  in C(Bye(R)) as k — o0, (1.24)
ABY v — (hy,V)py  in Mo (HY) as k — oo, (1.25)

Taking f = 1 in (1.24), we obtain Property 1 for V€ ¥V and A = §,, and an
approximation argument enables one to prove it for any V' € Cy,(H*), uniformly
with respect to A € A(d, M).

To establish Property 2, we first show that any equilibrium state oy is a
stationary measure for the following Markov semigroup:

FY 9= NSh B (ghy), g € Cy(HY). (1.26)

We then deduce the uniqueness of stationary measure for .#Y from conver-
gence (1.25), showing that oy (dv) = hy (v)py (dv).

The key point in the above analysis is the proof of the uniform Feller property
(see Theorem 4.1). It is based on a coupling argument and is carried out in
Section 6. The other details of the proof of Theorem 1.3 are presented Section 5.
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2 Applications

In this section, we apply our main results to some concrete examples of PDE’s
with random perturbations. We shall confine ourselves to the 2D Navier—Stokes
system and the complex Ginzburg-Landau equation without nonlinear dissipa-
tion; however, the results apply equally well to other models, such as nonlinear
reaction-diffusion system and the Ginzburg—Landau equation without linear dis-
persion; see [JNPS14, KN13].

2.1 Navier—Stokes system

Let us consider the 2D Navier—Stokes system in a bounded domain, subject to a
random kick force. After projecting it to the space H of divergence-free square
integrable vector fields with zero normal component (see (0.2)), we obtain the
evolution equation

i+ vLu+ B(u) = h+n(t). (2.1)

Here v > 0 is the viscosity, L = —IIA is the Stokes operator, B(u) = II({u, V)u)
stands for the bilinear term, II is the orthogonal projection in L? onto the closed
subspace H, h € H is a deterministic function, and 7 is a random process of
the form (0.3), in which {n;} is a sequence of i.i.d. random variables in H. The
well-posedness of (2.1) is well known; e.g., see Section 6 in [Lio69, Chapter 1]
or Section 2.3 in [KS12]. Normalising the trajectories to be right-continuous
and setting ug = u(k,x), for any initial state u € H we obtain a sequence {uy }
satisfying (1.1).

We wish to prove that Theorems 1.1 and 1.3 are applicable! to the Markov
process associated with (2.1). Let us denote by S; : H — H the nonlinear
semigroup generated by Eq. (2.1) with n =0 and let S = S;.

Proposition 2.1. Conditions (A) and (B) stated in Section 1.1 are satisfied
for S with the following choice of parameters:

1
B(u) = 1+ ul?, p(u) =C [ (IS} + 1)et,
0
VN:a%il, Hy = span{ey,...,en},
where C is a positive number, || - ||1 stands for the H'-norm, and {e;} is a

complete set of normalised eigenfunction for the Stokes operator, with a non-
decreasing order of the corresponding eigenvalues {a;}. Moreover, S(0) belongs
to the space U defined after Condition (C), and if Eexp(s||n1|?) < oo for some
x> 0, then the functional p is stabilisable with a function @Q satisfying (1.12).

Once this result is established, we can claim that the conclusions of The-
orem 1.1 and 1.3 are valid for the 2D Navier-Stokes system (2.1), provided
that the random variables 7 satisfy Condition (C) and all coefficients b; are

1The fact that Theorem 1.1 holds for the Navier-Stokes system is well known; see Sec-
tion 3.4 in [KS12].
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nonzero.? In particular, it is easy to check that those results are true if the
law of 7 is a non-degenerate Gaussian measure concentrated on the Sobolev
space of order 2. Furthermore, in view of Corollary 1.4 and the inequality
lul|* < C(p(u) + 1) which is true for any u € H (see Exercise 2.1.23 in [KS12]),
the uniform LDP is valid for the energy functional f(u) = |lul|. Considering
the Navier—Stokes system on higher Sobolev spaces, we can establish the LDP
for other physically relevant functionals, such as the enstrophy and correlation
tensors; cf. Section 1.3 in [JNPS12]. However, we do not give any detail here, be-
cause a similar situation is considered in the next subsection for the technically
more complicated case of the complex Ginzburg-Landau equation.

Proof of Proposition 2.1. The fact that S : H — H is continuous is well known;
e.g., see Sections 1.6 in [BV92]. Inequality (1.3) with a = 8 = 2 is trivial for the
above choice of @, and (1.4) is the dissipativity property of the Navier—Stokes
dynamics; see Theorem 6.1 in [BV92, Chapter 1].

Let us check Condition (B). The continuity of the resolving operator for
the Navier—Stokes system from H to L?(0,1; H') implies that p is a continuous
function on H. We introduce the space V = H N H}(D,R?) and endow it with
the usual H'-norm || - ||;. It is well known that (e.g., see Proposition 2.1.25
in [KS12])

1S(w) = S(v)ll < exp(p(u) +p(v)) |u—v| for u,v € H. (2.2)
Applying the Poincaré inequality, we obtain (1.5).

We now prove that the space V is embedded into U. Recalling (1.9), we
write

o0
lullfr = sup (ans1]|Quul®) < sup D aju,e;)® = |lull7.
N20 20,-N11

Since S maps continuously H into V, we conclude that S(0) € U. Finally,
the stabilisibility of p is established in Step 2 of the proof of Proposition 2.3.8
in [KS12]. O

2.2 Ginzburg—-Landau equations

Let D C R? (d < 4) be a bounded domain with C2-smooth boundary 0D. We
consider the complex Ginzburg-Landau equation with a cubic nonlinearity:

0 — (v +1i)Au + ialu|®*u = h(z) + n(t,z), =€ D. (2.3)

Here u(t, x) is an unknown complex-valued function, v and a are positive param-
eters, h € H'(D,C) is a deterministic function, and 7 is a random force of the

2Note that the orthonormal basis {e;} entering (1.6) does not need to coincide with the
system of eigenvectors for the Stokes operator, because the validity of Condition (B) for one
orthonormal basis implies its validity for any other.
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form (0.3), in which {n;} is a sequence of i.i.d. random variables in HJ (D, C).
Equation (2.3) is supplemented with the Dirichlet boundary condition,

ul,, =0, (2.4)
and an initial condition at time t = 0,
u(0, ) = ugp(x). (2.5)

It is well known that, for any ug € H} (D, C), the problem (2.3)—(2.5) possesses
a unique solution u(t,z) that belongs to the space C(Ry, Hj) N L (Ry, H?);
see [Caz03] for the more complicated case of Schrodinger equation. Normalising
solutions to be right-continuous and restricting them to the integer lattice, we
obtain a sequence {uy} satisfying (1.1), where S denotes the time-1 shift along
trajectories of (2.3) with n = 0. Our aim is to prove that Theorems 1.1 and 1.3
are applicable in this situation.

Let us denote by H the complex Sobolev space H{(D) and regard it as a
real Hilbert space endowed with the scalar product

(u,v) :Re/ Vu-Vodz
D

and the corresponding norm || - ||;. Let S; : H — H be the resolving semigroup
for problem (2.3), (2.4) with =0 and let S = S;. We introduce a continuous
functional H : H — R by the relation

1 a
Hu:/ —|Vul? + —|ul*)dz.
(= | (3Ivul”+hul’)

Let us denote by e; the eigenfunctions of the Dirichlet Laplacian in D, indexed in
the non-decreasing order of the corresponding eigenvalues {a;} and normalised
by the condition ||Ve;|| =1 (i.e., |lej]| = \/%) Then the vectors {e;, te;,j > 1}
form an orthonormal basis in H.

Proposition 2.2. Conditions (A) and (B) are satisfied for S if we choose

1

D(u) = 1+ H*(u), p(u) = c/ (IVSe(u)||* + 1)dt,
0

TN = Oﬁv+17 Hy = span{ej,iej, 1<j< N}

where C' > 0 is sufficiently large and ¢ > 0 can be taken arbitrarily small.
Moreover, S(0) belongs to the space U defined after Condition (C), and if
Eexp(>H?(m)) < oo for some » > 0, then the functional p is stabilisable
with a function @ satisfying (1.12).

Proof. The continuity of S is a standard fact and we omit the proof, referring
the reader to Chapter 1 in [BV92] for a proof of similar properties for various
PDE’s. Inequality (1.3) with o = 4 and S = 8 follows from the definition and
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the Sobolev embedding H} C L*. To prove (1.4), recall that if u(t) is a solution
of (2.3), (2.4), then

d
SH(w) + M) < Crlllhlld+1),

where ¢ > 0, and we denote by C; unessential positive numbers; e.g., see in-
equality (1.33) in [JNPS12]. It follows that

d
) + e (w) < Co([lh]Le + 1). (2.6)
Applying the Gronwall inequality, we derive
H?(S(uo)) < e H?(uo) + C([[hl|7s + 1).

Since H(w +v) < (1 + 0)H(w) + CoH(v) for any € > 0 and a sufficiently large
Cy > 1, we have

H2(S(uo) +v) < e (1 + O)H2(uo) + Ca(||h|f3s + 1) + CoH(v), ug,ve H.

Choosing 6 > 0 so small that q := e~ ¢(1 +6) < 1, we obtain (1.4).

Let us prove (1.5). As is established in [JNPS12] (see inequality (1.39)),
if u; and us are two solutions, then the function w = Qx(u; — us) satisfies the
differential inequality

Oullwllf < —(vonsr = Cs(llurll + Juzll)*) [wl.

Application of the Gronwall inequality results in

1
[@utus(1) ~ W) < exp( —veawsa+ s [ (G +fuaho)'at) a1,
0

where ! is the initial state of u;. This implies inequality (1.5) in which one
can take for yy an arbitrary sequence such that exp(—vayi1) < Cyy'. In
particular, if we choose yx = af;,; with ¢ € (0,1], then

o0

= sup (o3 1 Quul}) = sup (i - oy ((ure)® + (u,ie)?))
N>0 N>0 N
j=N+1
oo
= sup Z a}+2€(<u,ej>2 + (u,ie;)?) = ||lulli ..

N20, N1

Thus, the space H} N H1*2¢ is continuously embedded into U, and the regular-
ising property of the Ginzburg-Landau dynamics implies that S(0) € U.

It remains to prove the stabilisability of p. To this end, let us take any
solution u(t) of problem (2.3)—(2.5) in which 7 is given by (0.3). Denoting by u,”
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the left-hand limit of u at the point ¢ = [ and integrating (2.6) in t € (I — 1,1),
we derive

l
H2(u ) +e | HA(uw)dt < H*(uj—1) + Ca(|h]54 + 1). (2.7)
-1
Taking the sum over [ = 1,...,k+ 1 and recalling the definition of p and &, we

see that
k

K
D p(uw) < C Y (w),

1=0 =0

where Cg depends on ||h| s, but not on the solution. The required assertion
follows now from Lemma 7.1 (see (7.2)). O

We have thus checked Conditions (A) and (B) for S and the stabilisability
of p under a suitable hypothesis on the law of n,. Therefore, if {n;} satisfies
Condition (C), with all coefficients b; nonzero, then the conclusions of Theo-
rems 1.1 and 1.3 are valid. Moreover, it follows from (2.7) with [ = 0 that
p(u) < CP(u). Hence, inequality (1.8) is equivalent to

/ exp(6H?(u))L(du) < oo for some § > 0, (2.8)
H

and the hypotheses of Corollary 1.4 are satisfied for the energy functional H(u).

Finally, let us mention that condition (2.8) is rather restrictive and is not
satisfied for Gaussian measures on H. On the other hand, if we replace the
cubic term in (2.3) by the weaker nonlinearity a|u|?*u, where o € [0,2/d] for
d = 3,4, then the nondegenerate Gaussian measures concentrated on smooth
functions satisfy all required conditions. The proof of this fact is an immediate
consequence of the arguments used in this section.

3 Kifer’s criterion

Let X be a Polish space and let P(X) be the set of probability Borel measures
on X endowed with the weak topology and the corresponding Borel o-algebra.
We consider a directed set © and a family {(p,0 € ©} of random probability
measures on X that are defined on some probability spaces (g, Fy,Py). In
other words, for any 6 € O, we have a measurable mapping (y : Qg — P(X).
In what follows, we often omit the parameter 6 from the notation of the prob-
ability space and write simply (€, F,P), and the corresponding expectation is
denoted by E; this will not lead to a confusion. In the case when X is compact,
Kifer [Kif90] obtained a sufficient condition ensuring the validity of the LDP for
the family {(p}. In this section, we extend Kifer’s result to the case of a general
Polish space X under some additional hypotheses on {(y}. The possibility of
such an extension was hinted in Remark 2.2 of [Kif90]. Since this extension
of Kiffer’s criterion plays a central role in our work, in this section we give its
detailed proof.
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As in [Kif90], we assume that the following limit exists for any V € Cy(X):

. 1 w
QV) = lim ~- 108 | exp(r(0)(V:.G7))dP(w), (3.1)
where r : © — R is a given positive function such that limgeg r(0) = +oc.
Then @ : Cy(X) — R is a convex 1-Lipschitz function such that Q(V) > 0
for any V € C(X) and Q(C) = C for any constant C' € R. Recall that the
Legendre transform of @) is defined on the space M(X) by

I(o)= sup ((V,o) = Q(V)) foro e P(X), (3.2)

VeCy(X)

and I(0) = 400 otherwise. It is well known that (o) is a convex function lower
semicontinuous in the weak topology, and the function @) can be reconstructed
by the formula

Q(V)= sup ((V, o) — I(U)).
ceP(X)

Any measure oy € P(X) satisfying the relation
Q) =(V,ov) —I(ov)
is called an equilibrium state for V.

Definition 3.1. The family {(y} is said to be exponentially tight with speed r(6)
if for any a > 0 there is a compact set K, C P(X) such that

) 1
limsup —

oco 1(0)

A sufficient condition for the exponential tightness for a family of random
probability measures is given by the following lemma.

logIP{¢y € K5} < —a. (3.3)

Lemma 3.2. Let §: X — [0,+00] be a function with compact level sets A, :=
{u e X :P(u) <a} for all « > 0 such that

Eexp(r(0)(®, (o)) < Ce™ @ for 6 € ©, (3.4)

where C' and ¢ are positive numbers. Then, for any a > 0, the level set
Ko ={0c€eP(X):(d,0)<a} (3.5)

is compact in P(X), and {(p} is an exponentially tight family in P(X).

Proof. Since @ : X — [0, +0o0] is lower semicontinuous, the set {& > a} C X
is open for any o > 0. Using the Fatou lemma and the portmanteau theorem,
for any sequence {u,} C P(X) converging weakly to a limit u € P(X), we can
write

o0

lim inf(®, u, ) = lirginf/ wn({® > a})da > / lini)inf n({® > a})da

n—oo

> /OOO (@ > a})da = (@, ),
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whence we conclude that the function (@, ) : P(X) — R is also lower semicon-
tinuous. It follows that the level set K, is closed for any a > 0. For any o € K,
and € > 0, we have

stag) < [ o) < o) <

a

QM

a/e

Since the set A, /. is compact in X, the Prokhorov compactness criterion (see
Theorem 11.5.4 in [Dud02]) implies that I, is compact. The Chebyshev in-
equality combined with (3.4) now gives

1

limsup —log P{¢y € K3} < ¢ —a. (3.6)
sco 7(0)
This proves that {(p} is exponentially tight in P(X). O

Recal that I(T") = inf,er I(0), T' € P(X). The following theorem is the main
result of this section. Its proof is based on the arguments of the paper [Kif90]
and uses some intermediate results from there.

Theorem 3.3. Suppose that limit (3.1) exists for any V € Cp(X), and that the
conditions of Lemma 3.2 are satisfied. Then the relation (3.2) defines a good rate
function I, and the following upper bound holds for any closed subset F' C P(X) :

lim sup L loglP{¢p € F} < —I(F). (3.7)

pce 7(0)
Furthermore, suppose that there exists a vector space V C Cy(X) such that the
restrictions of its functions to any compact set K C X form a dense subspace
in C(K), and that, for any V € V, there is at most one equilibrium state. Then
the following lower bound holds for any open subset G C P(X) :
1

lireréglf @bgﬂp{gg e G} > —I(G). (3.8)
Proof. Step 1. Let us show that I is a good rate function. We need to prove
that the set T, := {o € P(X) : I(0) < a} is compact for any a > 0. Since
is lower semicontinuous, T, is closed. In view of Lemma 3.2, it suffices to show
that T, C K for some b > 0.

Let V,, € Cy(X) be any sequence of non-negative functions converging point-
wise to ¢ and satisfying the inequality V;,(u) < &(u) for all u € X. For example,
one can take V,,(u) = n Ainf,ex (®(v) + nd(u,v)) for any n > 1 and u € X. It
follows from (3.1) and (3.4) that

Q(V,) < limsupi logEexp (r(0)(®,(p))) <c¢ foralln>1.
pco 1(0)

Combining this with (3.2), we get

(Vp,0) <a+c¢ forany o €T, and n > 1.
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Using Fatou’s lemma to pass to the limit as n — oo, we get (@, 0) < a+c. This
shows that T, C K. Thus, I is a good rate function.

Step 2. The proof of the upper bound (3.7) is essentially the same as the
one given by Kifer [Kif90] (who follows the argument in [dA85, Theorem 2.1]).
Since {(p} is exponentially tight, in view of Lemma 1.2.8 in [DZ00], it suffices to
establish (3.7) for compact sets F' C P(X). The case I(F) < 0 is trivial, since
the left-hand side of (3.7) is non-positive. Let us assume that 0 < I(F) < oo
and fix any € > 0. Given W € C,(X), we introduce the open set

PL(W) = {v € P(X) : (W) — QW) > I(F) —}.
By definition of I, we have

Fc{veP(X):I(v)>I(F)—ey= |J T.(W).
Wely(X)

Since F' is compact, there are finitely many functions Wy, ..., W; € Cp(X) such
that

l
FclJr.m).
=1

Combining this with the Chebyshev inequality, we get

l
P{Co € F} <Y P{¢p € T(Wy)}

l
=D P{(Wi,Go) > QUW,) + I(F) — &}

=1

1
< Zexp(fr(G)(Q(Wi) +I(F) —¢)) / exp (r(0) (Wi, (o)) dP.

Qo

This implies that

1
limsup —=logP{¢p € F'} < —I(F) +e.
oco 7(0)

Since € > 0 is arbitrary, we obtain (3.7).
We now assume that I(F) = oo and fix an arbitrary N > 0. Repeating the
above arguments and using the open sets

TNW) ={veP(X): (W,v)—Q(W)> N}

instead of I'. (W), we arrive at

1
lim sup — log P € F'} <-—-N.
ee@pr(@ BPiC € I} <
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Since N > 0 is arbitrary, we get (3.7).

Step 3. Let us turn to the proof of the lower bound (3.8). As in [Kif90], we
first prove it for an auxiliary family of R"-valued random variables {¢;}. More
precisely, taking any functions Vp,...,V,, € V, we define the mapping

fa i P(X) =R, fu(p) = ((Vi, ), (Vas ), (3.9)

and denote ¢} := f,((p). The following result is a generalisation of Lemma 2.1
in [Kif90]; its proof is given at the end of this section.

Proposition 3.4. Under the conditions of Theorem 3.3, for any closed set

M C R™,
1
limsup —— logP{¢y € M} < —J, (M), (3.10)
sco 7(0)
and for any open set U C R",
1
e 1 n S .
hreréglf 0) logP{¢y € U} > —J,(U), (3.11)

where J, (') = inf I(o) forT'C R™.

ocfit(T)
Step 4. We can now complete the proof of (3.8). For any sequence {V} C V
such that ||V]|eo = 1, define the following function on P(X) x P(X):

d(p.v) = 327 H Vi) = (Vi) (3.12)
k=1

We claim that, given a compact subset K C P(X), one can choose a sequence
{Vi} C V such that the restriction of d to K x K is a metric on K compatible with
the weak topology. Indeed, d is a non-negative symmetric function satisfying
the triangle inequality. Therefore we only need to ensure that d separates points
and the convergence for d is equivalent to the weak convergence.

In view of the Prokhorov compactness criterion, there is an increasing se-
quence of compact subsets K,, C X such that u(KS) < % for any p € K. By
assumption, the restriction of the functions in V to K, is dense in C(K,,) for
any n > 1. Since C(K,) is separable, we can find a sequence {V;} C V such
that ||Vi]leo = 1 for any & > 1, and that the restriction to K, of the functions
in the vector span of {Vj} is dense for any n > 1. It is straightforward to check
that metric (3.12) with this choice of {V}} separates points and generates weak
convergence.

To prove (3.8), we consider an open set G C P(X). The case I(G) = oo is
trivial, so let us assume that I(G) < oo and fix any € > 0. Then there is v, € G
such that

I(ve) < I(G) + . (3.13)

Furthermore, for a = I(G) + ¢+ 1 + ¢, the compact set K, C P(X) is such
that (3.6) holds and v. € K,. Let {Vi4} C V be a sequence of functions of
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norm 1 such that (3.12) metrizes the weak convergence on K,. Since G is open,
we can find a number § > 0 and an integer n > 1 such that if v € K, satisfies
the inequality

> 2R (Vi v) = (Vi we)| <6,
k=1

then v € G. Let us endow R™ with the norm

n

H:EHn:ZQ_k‘ka iE:(xl,...,Z'n).
k=1
We now define a mapping f,, by (3.9) and set . = f,(ve) and (§ = fn(Co)-

The construction implies that the set f;, ' (Bgn (¢, 8))NK, is contained in G. Tt
follows that

P{¢y € G} > P{Co € GNK,} > P{¢ € fi (Brn(z2,8))NK,}
= P{¢} € Brn(xe,0)} — P{¢o € K2}

Furthermore, for 0 < v < u/2 we have log(u — v) > logu — log 2. Combining
these inequalities with (3.6), (3.11), and (3.13), we see that
o 1 ! "o g
hg%glf 0 logP{¢p € G} > hreréglf @(log P{¢} € Bgn(z.,0)} —log2)
Z *Jn(éR" (IIZs,(S)) 2 71”(1’5)
> —I(ve) > —I(G) —e.

Since £ > 0 is arbitrary, we obtain (3.8). This completes the proof of the
theorem. O

Proof of Proposition 3.4. The upper bound (3.10) follows immediately from (3.7).
To prove the lower bound (3.11), we follow the scheme used in [Kif90] (see
Lemma 2.1). The additional difficulty in our case comes from the fact that the
image L, := f,(P(X)) is not necessarily a compact subset of R™.

Step 1: Construction of a shifted measure. Let us fix an open set U C P(X)
and, given 8 = (B1,...,8,) € R", define Vg = 37, 5;V; and Q. (8) = Q(Vj).
We set

In(a) = inf I(0),
o€fnt (@)

where the infimum over an empty set equals +o00. Direct verification shows that

Qn(ﬁ) = ;élﬂgn(<ﬁva>n - In(a))a (314)
In(U) = inf I(a), (3.15)

where (-,-),, denotes the scalar product in R™. Thus, for any ¢ > 0, there
is ae € U such that I,,(a.) < J,(U) + . Without loss of generality, we can
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assume that I, () < oo. In view of Proposition 7.4, we can choose a. in such
a way that, for some (. € R™, the following equality holds:

Qn(ﬁa) = </857 ae>n - In(ae)- (316)
We now define a new measure ]P’(gﬁ <) on Qg whose density with respect to Py is
equal to
dp(ﬁs)
i =N e (r(O)(V5. o).
where we set 1
Qn(B:) = @ 18 B exp (r(0) (Vi o)

Using the relation (V3, (o) = (58, )n, it is straightforward to check that

E((fg)g((g) = e_T(G)Q?L(ﬁE)Ee{exp(r(g)ws, Cﬁn)g(g(?)}v (3.17)

where Eéﬁ ¢) denotes the expectation defined by ]P’éﬁ ) and g : R® —» R is any

non-negative Borel function.
Step 2: Exponential tightness of (i for the shifted measure. We claim that
for any a > 0 there is p, > 0 such that

1
lim sup —— log Pﬁff){ggf ¢ Brn(0,p4)} < —a. (3.18)
sco  1(0)
Indeed, taking g(z) = Ir(z) with I' = Bgn (0, p)¢ in (3.17) and using (3.1) and
the Cauchy—Schwarz inequality, we obtain

1

3 (ﬁe) n c
llrgleglp@bg]}"g {¢o ¢ Brn(0,p)°}
1
=~ lim QY (B:) + lirélesglp =) log Eg{exp(r(0)(Be. V) Ian (0.p)< () }
< —Q(Vs,) + 1Q(2Vﬁa) + lim sup 1 logPe{¢y ¢ Br(0,p)°}.  (3.19)
2 fcoe 27’(9)

Since {(p} is exponentially tight for Py and the mapping f, is continuous, it fol-
lows that {(}'} is exponentially tight in R™. Hence, the right-hand side of (3.19)
can be made smaller than —a by choosing a sufficiently large p > 0.

Step 3: LD upper bound for (5 for the shifted measure. Let us define

L7 () = In(a) = (B, @) = Qul(B:))- (3.20)

We claim that, for any closed subset M C P(R™), relation (3.10) holds with P
and J, replaced by ]P"(gﬁ =) and L(lﬂ 5), respectively. Indeed, in view of Step 2 of

the proof of Theorem 3.3, the LD upper bound will be established if for any
B € R™ we prove the existence of the limit (cf. (3.1))

R.(B) := lim L

S log B exp (r(6)(8, G5 ))- (3.21)
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Relation (3.17) implies that the right-hand side of (3.21) is equal to

1
— lim Q7 (8:) + lim @) o8 exp(r(0) (Vs + V5., o))

Combining this with (3.1), we see that

Re(8) = =Q(Vs.) + Q(Vs + Vs.) = =@n(Be) + Qu(B + 5c). (3.22)

Thus, the LD upper bound holds for {¢j'} with the rate function

I,(ff)(a) = sup (<Oé,,6>n +Qn(Be) — Qu(B + 55))'

BER™

Since I, is the Legendre transform of Q,,, this expression coincides with (3.20).

Step 4: Completion of the proof. Since U is open and a. € U, there is 6 > 0
such that Bgn(ce,d) C U. Setting B = Bgn(a., d), taking

9(x) = exp(=r(0)(Be, x — ac)n) B (x)
in (3.17), and using (3.16), we obtain

1 1
lim inf — log Pe{(} > liminf —~ logPy{¢y € B
BTy PG S U) 2 TRt oG < B)

. . ]- r 4 —( 5 —-r b —Q n
= hrel’élenf @ log(e (0)(Qr (B)—( 5;55>n)]E‘(9B ){e (0){(Be,Co E>"IB(<9 )})

o 1 ) [
> ~In(0e) = [0:16 + liminf o log P (G € B).
Since —Ip(ae) > —J,(U) — € and the positive numbers ¢ and ¢ can be chosen
to be arbitrarily small, the lower bound (3.11) will be established once we prove

h“ll“f*l()g]}p( ) v € B —().
heO 1,(9) 6 {CO }

To this end, it suffices to show that (recall L,, = f,,(P(X)))
lim P’ {¢§ € L, \ B} = 0.
geo 0 L0 =T

Furthermore, in view of inequality (3.18), we only need to check that, for any
a >0,
lim P (¢4 € Bgn (0, pa) \ B} = 0. (3.23)
Since Bgn (0, pg) \ B is closed, the LD upper bound established in Step 3 shows
that
1

lim sup —— log P{%<) g € Brn(0,p,)\ B} < — inf I1P9) (). (3.24
wsup - log Py G € B0, \BY S - nf 10 (a). (3:24)
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The required assertion will be proved if we show that the infimum on the right-
hand side is positive. To this end, it suffices to check that I\ 5)(04) # 0 for
o # ;.

It follows from (3.16) and (3.20) that I,(fg)(ag) = 0. Suppose, by contradic-
tion, that Iy(fi)(o/) = 0 for some o/ € R", o # a.. Since the level sets of I are
compact, there exists 0. € f, 1(a.) and o’ € f,}(a’) such that I,,(a.) = I(o.)
and I,(a') = I(o’). Using (3.14), (3.20), we get that 0. and ¢’ are distinct
equilibrium measures corresponding to the function Vg € V. This contradic-
tion proves the required property and completes the proof of Lemma 3.4. O

4 Large-time asymptotics for generalised Markov
semigroups

This section is devoted to the study of large-time behaviour of trajectories for
a class of dual semigroups. The main result is a generalisation of Theorem 2.1
in [JNPS12] to the unbounded phase space; see also [Sza97, KS01, LS06] for
some related results in the case of Markov semigroups.

Let X be a Polish space, let M (X) be the cone of non-negative Borel
measures on X, and let {P(u,-),u € X} C M (X) be a generalised Markov
kernel. The latter means that the function u +— P(u,-) is continuous and non-
vanishing from X to the space M, (X) (with the topology of weak convergence).
It follows, in particular, that for any compact subset K C X there is Cx > 1
such that

Ot < P(u,X) <Ok forucK. (4.1)

We denote by Py (u,T') the iterations of P(u,T') and by By, : Cp(X) — Cp(X)
and Pj : M4(X) - My(X) the corresponding semigroups; for the exact
definitions, see Section 2 in [JNPS12]. In the case k = 1, we write 8 and J*,
respectively.

In what follows, we shall deal with a more restrictive class of kernels con-
centrated on the union of a countable family of compact subsets. Namely,
let {Xg}%_, be an increasing sequence of compact subsets of X and let X
be the union of {Xgr}. We shall say that w : X — [1,4+00] is a weight function
on X if it is measurable and its restriction to Xy is continuous for any R > 1.
We denote by Cyp(X) (respectively, Ly (X)) the space of continuous (measur-
able) functions f : X — R such that |f(u)] < Cro(u) for all u € X. Let us
endow Cy, (X)) (respectively, Ly (X)) with the seminorm

|f (u)]
o = SUP ———-.
/1l = sup o ()
The spaces Cyp(Xoo) and Lyw (X o) are defined in a similar way. Let My, (X)
be the space of measures y € My (X) such that (to, u) < oo and let Py (X) =
M (X)NP(X). Note that the integral (f, ) is well defined for any f € L (X)
and 1 € My (X).
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We shall assume that the kernels Py (u,I') satisfy the following hypothesis.

Growth condition. The subset X is dense in X, the measures Py, (u,-) are
concentrated on X, for any u € X and an integer kg > 1, and there exists
a weight function tv : X — [1, +oc] and an integer Ry > 1 such that 3

[REFAPFS

M :=sup 0, 4.2
2 T, -
where 1 is the function on X identically equal to 1, || - | g denotes the L™

norm on Xg, and we set co/oo = 0.

Note that if Py satisfy this condition, then the operators By are well defined on
the space Lo (X) and map it into itself. Furthermore, inequality (4.2) implies
that

Br(R) := ||Brio||r < 00 forall k > 0and R > 1.

To formulate the main result of this section, we need some additional defini-
tions. Given any family C C Cp(X), we denote by C™ the vector space of those
functions f € LP(X) that can be approximated, within any accuracy with re-
spect to the norm || - ||z, by finite linear combinations of functions from C.
Note that the restriction of any function f € C™ to Xy is continuous. A fam-
ily C C Cp(X) is said to be determining if any two measures p,v € M, (X)
satisfying the relation (f, u) = (f,v) for all f € C coincide. A sequence of func-
tions fr : X — R is said to be uniformly equicontinuous on Xpg if for any € > 0
there is ¢ > 0 such that |fi(u) — fx(v)| < € for any v € Xg, v € Bx,(u,0),
and k > 1. Recall that a nonzero p € M, (X) is called an eigenvector for P* if
there is A € R such that

PBru = Au. (4.3)
Theorem 4.1. Let P(u,T") be a generalised Markov kernel satisfying the growth
condition formulated above and possessing the following properties.

Uniform Feller property. There is a determining family C C Cy(X) and an
integer Ry > 1 such that 1 € C and the sequence {||Br1|| 7" Prf, k > 0} is
uniformly equicontinuous on Xg for any f € C and R > Ry.

Uniform irreducibility. For sufficiently large p > 1, any integer R > 1, and
any r > 0, there is an integer | = l(p,m,R) > 1 and a positive number
p = p(p,r), not depending on R, such that

Pi(u, Bx,(i,7)) > p for allu € Xg,u € X,. (4.4)

Then B* has at most one eigenvector p € Py (X) satisfying the following con-
dition for any k:

ﬂk(R)/ wdy —0 as R— oo. (4.5)
X\Xr

3The expression () (u) is understood as the integral of the positive function w against
the positive measure Py (u,-).
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Moreover, if such a measure [ exists, then the corresponding eigenvalue X\ is
positive, the support of u coincides with X, and there is a non-negative function
h € LY (X) such that (h, ) = 1, the restriction of h to Xg belongs to C(Xgr),

(Bh)(u) = Ah(u) forue X, (4.6)
and for any f € C™ and R > 1, we have
AR f = (f, )b in C(Xg) NLY(X, 1) as k — oo. (4.7)

Finally, if a Borel set B C X is such that

sup (/ w(v) P, (u, dv)) —0 asR— (4.8)
ueB X\XR

for some integer m > 1, then for any f € C™® we have
A EPLf — (f,p)h in L®(B) as k — co. (4.9)

Proof. We begin with a number of simple remarks. Let A € R be an eigen-
value for P* corresponding to an eigenvector u € Pp(X). Since Py, (u,-) is
concentrated on X, it follows from (4.3) that

Ao — / P (u, X ) (), (4.10)
X
Moo (X \ Xoo) = /XPko(u,X\XOO)u(du) =0. (4.11)

The lower bound in (4.1) implies that the right-hand side of (4.10) is positive,
and it follows from (4.11) that p is concentrated on X,. Furthermore, for any
@ € X and 7 > 0, the relation Pjp = A and the uniform irreducibility imply
that

u(B(a,r)) = )\‘l/ Py(u, B(a, 7)) p(du)

X

>A7" [ Pi(u, Bx,(@,7) p(du) > A'p p(XR) >0,
Xr

where R > 1 is such that u(Xg) > 0and & € Xg, and I = (R, 7, R), p = p(p, 1)
are the constants in (4.4). Thus,

w(B(i,r)) >0 for any & € X and r > 0. (4.12)

Since X, is dense in X, the support of g must coincide with X. Finally, let us
show that if the existence of h is established, then the uniqueness of u follows
immediately from the normalisation conditions and convergence (4.7). Indeed,
suppose that ji € Py (X) is an eigenvector of P* with an eigenvalue A > 0.
The above argument concerning the support of an eigenvector for P* applies
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also to [, so that supp i = X. Using convergence (4.7) in C(Xg) and inequal-
ity (4.16) established below, we easily prove that

O = N Pf — (f,mhl; =0 as k — oo,

where f € C is arbitrary. On the other hand, we can write

ok > ’/X(Ak‘mf — (o) i = [(3) () = (o) (s ).

Comparing the two relations above in which f = 1 and using the fact that
(h, 1) # 0, we see that A = X and (h, i) = 1. Tt follows that (f, ) = (f, u) for
any f € C. Since C is a determining family, we conclude that p = .

We thus assume that 3* has an eigenvector 1 € Py (X) satisfying (4.5) and
prove that there is h € L3 (X) such that the restriction of h to X, is positive,
(h, ) = 1, and that (4.7) holds. The proof of these facts is split into several
steps. In what follows, replacing P(u,I") by A~!P(u,T) if necessary, we may
assume that A = 1.

Step 1. Let us prove that for any f € C and R > 1, we have

[Befllr < Cppr foralk>1, (4.13)
where Uy g is a constant not depending on k. Clearly, it suffices to prove that

|Brlllr < Cigr forall k> 1. (4.14)
Let us suppose that there is a sequence k; — oo and an integer R > 1 such that

[Bx; 1l|r — +o00 as j — oo. (4.15)
In view of the uniform Feller property, we can assume that

B, 17" B, 1 — g in C(Xg) as j — o0,

where g € C(Xg) is a non-negative function whose norm is equal to 1. We now
write

/ g(uw)p(du) = lim II‘Bkjlllél/ Pr, L(w)pu(du) < lim [Py, 15" (1, 1) = 0.
Xr j—o0 Xg Jj—o0

On the other hand, since p(X \ Xo) = 0 and g > 0 is a non-zero continuous
function on Xpg, the left-hand side of this relation is positive for sufficiently
large R. Since the validity of convergence (4.15) for some integer R = Ry > 1
implies that it is true for any R > Ry, we arrive at a contradiction. We have
thus established (4.13).

Step 2. Let us prove the existence of a non-negative function h € L (X) sat-
isfying (4.6) with A = 1. As was mentioned after the formulation of the growth
condition, the operators Py, : Cp, (X) — Cp (X) are well defined. Moreover, the
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fact that P(u,-) is concentrated on Xo for any v € X and inequalities (4.2)
and (4.13) with f = 1 imply that

ig% Befllree(x) < Mi || flloge(xn) forany f e Lp(Xoo), (4.16)

where My = MCh g,. The uniform Feller property and inequality (4.13) imply
that the sequence {1} is uniformly equicontinuous on Xp for any R > 1. It
follows that so is the sequence

Applying the diagonal process, we construct a function h : Xoo — Ry and a
sequence k; — oo such that

|hx; —hllr — 0 as j — oo for any R > 1. (4.17)

This yields that the restriction of A to Xpg is continuous for any R > 1. Fur-
thermore, it follows from (4.16) that

h
H—H < sup ||hillpe < My||1]|pe  for all R > 1, (4.18)
wllr k>0 w w

and therefore h € L (X ). We claim that the mean value of h with respect
to u is equal to 1, and that equality (4.6) holds for any u € X.. Indeed,
relations (4.3) and (4.18) and the Lebesgue theorem on dominated convergence
imply that

<h7M> = jli)rgo<hkj’ﬂ> = <17/’6> =1

In particular, h is a non-zero function. To prove (4.6) for u € X, note that

(P, ) (u) = / P(u, dv)hy, (v) —hkj<u>+,jj(mkjl<u>1<u>).

X

The Lebesgue theorem combined with (4.18) implies that, for u € X, the left-
hand side of this relation converges to (Bh)(u), while (4.16) and (4.17) show
that its right-hand side converges to h(u).
For any u € X, the function (h)(u) is well defined and, by (4.16), satisfies
the inequality
IBhllre < MiflhllLg x.o)-

Thus, defining h(u) := Ph(u) for any u € X\ X, we obtain a non-negative
function h € L (X) satisfying (4.6) for any u € X.

Step 3. Let us prove that h(u) > 0 for all u € X. Indeed, let R > 1
be such that u € Xg. Since (h,u) = 1, there is an integer p > 1 and a point
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@ € X, such that k(@) > 0. By continuity, there is r > 0 such that h(v) > r for
any v € Bx,(i,7). Combining this with (4.6), for any u € X we derive

) = Pih(w) = [ Rudoh()> [ Adone)

x, (0,7)

>rP (u, Bx, (ﬂ,r)) >rp >0, (4.19)

where we assumed with no loss of generality that p is so large that inequal-
ity (4.4) holds, and I = l(p,r, R) > 1 and p = p(p, r) are the constants appearing
in this inequality.

Step 4. To prove convergence (4.7), we first show that it suffices to establish
it for functions in C. Indeed, for any f € C™ and any £ > 0 one can find a
function g € Cy(X) which is a finite linear combination of elements of C such
that || f — gllLe < e. Combining this with (4.16), we now write

[Bef = (f. bl < [Brg = (g, ][ , + e (Millw][r + [wl,,[|hl| ).

Since € > 0 is arbitrary, the second term on the right-hand side of this relation
can be made arbitrary small, while the first one goes to zero as k — oco. A
similar argument shows that

|Brf — (f,mhl, =0 ask— oo

Step 5. We now prove (4.7) for f € C. Setting g = f— (f, u)h and g = Py,
we need to prove that g — 0 in C(Xg) for any R > 1. Since {gx, k > 0} is
uniformly equicontinuous on X g, the required assertion will be established if we
prove that

lgkl, — 0 ask — oo. (4.20)

For any ¢ € L (X), we have

1Bl = (1Bl ) < Bl ) = (|l ) = lel,-

Thus, the sequence {|gk| “} is non-increasing, and it suffices to show that there
is a sequence of integers k; such that |gy; |# — 0 as j — oo.
Let us assume that for any integer p > 1 there is a sequence k; = k;(p) = oo
such that
lgillp =0 asj— oo (4.21)

Passing to a subsequence, we can assume that (4.21) holds for any p > 1 and a
universal sequence {k;}. Then, in view of (4.16), we have

67 1, = (/X\X S T /X\X o dyi+ g7l

Combining this with (4.21) and the inequality (v, u) < oo (which follows im-

mediately from (4.5)), we see that |g;€:,|u — 0 as j — oo. Using the relation

{9k, 1) = (955, 1) — (95 » 1) = 0, we derive
|9k, 1, = (g5 1) + (g5 1) = 2|gil ], =0 as j — oo
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A similar argument shows that (4.20) holds as soon as for any p > 1 there is a
sequence k;(p) — oo such that

g, lp =0 asj— oo (4.22)

In the next step, we prove that (4.21) and (4.22) are necessarily satisfied for
all p > 1.

Step 6. Assume, by contradiction, that for an integer p > 1 there is no
subsequence k; — oo satisfying (4.21) and (4.22). Then one can find se-
quences {uf} C X, and a number o > 0 such that

Ful) = +u) > “(up) = —(u) > o
gn (uy)) ﬁggigk(u)_a, 95, (uy,) ﬂggigk(u)_a

Let us show that, for any R > 1, we have
Prgit (u) — A(R)71|g,:f|u + AR)"'y(R) >0 forallu € Xg, (4.23)

where [ > 1 is the integer arising in the uniform irreducibility condition,

A(R) = 2(po) My gllz Bi(R), (R) = Milgllzss /X wdg,

XRr

and p is the constant in (4.4). Indeed, since g,;t are uniformly equicontinuous,
we can find r > 0 not depending on k such that

gif(u) > a/2 for all u € By, (uj,7). (4.24)
Using (4.16) and (4.24), we obtain

sup Pugy (u) < llgillzg sup (Fuwo)(u) < Milgllrg Bi(R),

u€EXRr u€EXR
inf g (u) > inf / Py(u,dv)gif (v) > pe
u€EXp k T ueXg Bxp(ukiﬂ“) k -2

It follows that

sup mlg;t(u) < A(R) inf ‘Blg,:f(u).
uEXp ueEXp

Using again (4.16) and the invariance of u, we derive

|91, = 1Bigic |, =/ ‘Bzgffdwr/ Pugi dpe
XRr X

Xr

< A(R) inf Fugi(u) +(R).

This inequality implies (4.23).
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We now estimate |gr1i|, = [Bigkl,. To this end, we fix an integer R > 1
and write

k1], = /X 11k () + /X o, PRl
:/X |(Bigd — AR) Mg l,) — Bigi — AR) i 1,)] dpe +~(R)

< [ (I = A a1, + B~ AR a1, ]) du-+ 2 (R
R
(4.25)
It follows from (4.23) that

/X [Bigic —AR) g l,|du < /X (Pugis — AR) g |,,)dp+2A(R) " y(R).
Combining this with (4.25) and using the invariance of u, we obtain
gkl < /X Pl + 95 ) du— AR) " w(Xr) (19|, + 195 1,,) +(R)
R

< a(R)|gkl|, +e(R), (4.26)

where we set ¢(R) = (1 +4A(R)"Y)v(R) and a(R) =1 — A(R) 'u(XRg). Let R
be so large that p(Xg) > 1/2 and a(R) < 1. Then iteration of (4.26) results in

g1l < a(RYlgl, +e(R) " a(R)™ < a(R)ilgl, +e(R) (1 - a(R)) "
n=0
< a(RVlgl, + (AR) + 8)(R) < a(RY|g],, + C(5(R) + 1) /X e

where C = C(I, M1,a,g) > 0 does not depend on R. It follows from (4.5)
that the right-hand side of this inequality can be made arbitrarily small by an
appropriate choice of R and j.

We have thus proved that convergence (4.20) holds along a subsequence
k = k;. As was explained in Step 5, this implies that g5 — 0 in C(Xg) for any
R > 0, and we arrive at a contradiction.

Step 7. It remains to prove convergence (4.9) under condition (4.8). For any
f €C™, we have

[(Bresm F) (1) — (F, ()] < /X (Bef) () — (F. 1) h(0)| Pon (i, )

:/ +/ =: It (R, u) + Jx (R, u).
Xr  JX\Xg

By (4.7), for any R > 1, we have sup,cp Ix(R,u) — 0 as k — oo. Furthermore,
it follows from (4.8) and (4.16) that

sup Ji (R, u) < C sup (/ w(v) Pm(u,dv)) —0 as R — oo,
ueB u€B \JX\Xg
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where C' = M| f||Lee +[(f, #)[||2|| e - This completes the proof of Theorem 4.1.
O

5 Proof of Theorem 1.3

In this section, we prove a number of properties of the random dynamical sys-
tem (1.18) and, taking for granted the uniform Feller property, establish the
main result of this paper. We shall always assume, often without further stipu-
lation, that the hypotheses of Theorem 1.3 are fulfilled.

5.1 Hyper-exponential recurrence

Let 7y (R) be the first hitting time of the set By (R) X -+ - x By (R) (£ times) for
the Markov process (uy,P,) associated with (1.18):

Tu(R) =min{k > 0:u},...,ul € By(R)}.

For any integer m > 1, we set @, (u) = ®(u)™, where @ is the function entering
Condition (A).

Proposition 5.1. Under the hypotheses of Theorem 1.3, for any v > 0 there
are positive numbers R, C', and m such that

Eyexp(yTu(R)) < C @y (u)  for any u € H, (5.1)
where u = [u', ..., uf] € H' and u = u’.
Proof. Let us define a stopping time for the Markov process (u, P, ) associated
with (1.1):
Ty(R) =min{k > ¢ —1:up_g41,...,u; € By(R)}.

It follows from (1.19) that the required inequality (5.1) will be established if we
prove that
Euexp(y7u(R)) < C ®py(u) for any u € H. (5.2)

To this end, we use a standard Lyapunov function technique well-known in the
theory of Markov processes; see Chapter 3 in [Has80] or Chapter 8 in [MT93].

Step 1. Given a number r > 0, we denote by 7(r) the first hitting time of
the set {¢ < r} ={v e H: d(v) <r}. We claim that P,{7(r) < oo} =1
for a sufficiently large » and any v € H, and for any v > 0 there are positive
numbers 7, m, and C such that

E, exp(3y7(r)) < C Py (u) for any u € H. (5.3)
Indeed, it follows from (1.4) that

D, (S(u) +v) <2¢" P (u) + Crn @y (v)  for all u,v € H, (5.4)
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where m > 1 is an arbitrary integer and C), does not depend on u and v.
Combining this with (1.8), for any s € (2¢", 1) one can find r, > 0 such that

E @ (ur) < 3 (@m(u) vV T*) for any u € H. (5.5)

Using the Markov property and arguing by induction, we easily prove that if
r > 1y, then (cf. proof of Lemma 3.6.1 in [KS12])

pr() = Eu (I (> Pm(ur)) < 5@ (u) forall k>0, u€ H.
It follows that
Pu{7(r) >k} <r "pp(u) < r s by (u), (5.6)

and therefore 7(r) is P,-almost surely finite for » > r,. Furthermore, given
~ > 0 we can choose m > 1 so large that e37s < 1 for some s > 2¢™. In this
case, inequality (5.6) implies that

Eyexp(3y7(r)) <1+ i SR (r) > k -1}
k=1

<14 r7"P,,(u) Z 37k k1 < C P, (u).
k=1

Step 2. Given a positive number R, let us introduce the event
I'(R) = {uj41 € By(R) for j =1,...,(}.
Suppose that, for any 7 > 0 and p < 1, we can find R such that
P,(I(R)) > p for any u € {® < r}. (5.7)
In this case, we define a sequence of stopping times o/, by the relations
oy =7(r), o, =min{k >0l _;+0+1:P(uy) <r}, n>1,

and denote o, = o}, + ¢+ 1. Let f be the first integer n > 0 such that
Uy, —; € By(R) for j =0,...,0—1. It follows from (5.7) and the strong Markov
property that

P, {7 >k} < (1—p)* foranyue H, k>0. (5.8)

Furthermore, using (5.3), (1.4), and the strong Markov property, it is not diffi-
cult to check that
E,e*17 < Cf @, (u), (5.9)

where C; > 0 does not depend on v € H and k > 0. Combining (5.8) and (5.9),
for any integers k, M > 1 we now write

Pu{tu(R) > M} =P, {rv(R) > M,0p, < M} + P, {r7y(R) > M,0, > M}
<Pu{r0(R) > ok} +Pu{ox > M}. (5.10)
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Since {ry(R) > ox} C {7 > k}, the first term on the left-hand side can be
estimated by (5.8). Furthermore, it follows from (5.9) that

Py {ow > M} < OF &y (u)e ¥,
Substituting these inequalities into (5.10), we obtain
Pu{ru(R) > M} < (1 —p)* + Cf &y (u)e M.

Choosing k ~ eM, with € > 0 so small that elogC; < v and then R > 0 so
large that log(1 — p)~! > 27, we obtain

P {1 (R) > M} <2e "M, (u).

This immediately implies the required inequality (5.2).
Step 3. Thus, it remains to establish (5.7). To this end, we introduce the
events

[}(p) = {p(uy) + D(uj) < p}, Ty(R) ={u; € Bu(R)}, j=1,

and notice that, for any sequence of positive numbers p1, ..., pgt1, we have
{41 ] )
L(R) > Ti(p1) N () (T1(ps) NT3(R)). (5.11)
=2

It follows from inequalities (1.5), (1.10), and (1.11) and the inclusion S(0) € U
that, for any § > 0 and p > 0, one can find positive numbers p’ and R such that

]P’v{p(ul) —|—§Z5(u1) < p’,ul S BU(R)} >1- 5,

where v € H is any vector satisfying the inequality p(v) + @(v) < p. Using
this observation, for any § > 0 one constructs by induction a finite sequence
p1 < -+ < peg1 and a number R > 0 such that

Po{p(u) + P(uy) < pr1} >1-6 forve{d<r}, (512)
Pv{p(ul) + @(ul) < Pj+1, UL S BU(R)} >1- 6 forwe Fl(pj), (513)

where j7 = 1,...,¢. Combining this with the Markov property and inclu-
sion (5.11), we obtain

P (D(R)) > (1 - 8) B, (Ti(p1)) > (1 - 8)*,

where u € {® < r}. Choosing § > 0 sufficiently small, we obtain the required
inequality (5.7). O
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5.2 Exponential tightness

Recall that the occupation measures ¢, were defined by (1.20) and the concept
of exponential tightness is introduced in Definition 3.1. Given a subset A C HY,
we shall say that {¢, } is exponentially tight uniformly in A € A if for any a > 0
there is a compact subset X C H* such that

1
lim sup — log sup P»{¢;, € K} < —a.
k—oo K AEA

Proposition 5.2. For any § > 0 and M > 0, the family {¢,} is exponentially
tight uniformly with respect to A € A(6, M).

Proof. In view of (1.19) and Lemma 3.2, it suffices to construct a function
v : H — [0,+00] with compact level sets and positive numbers ¢ and C such
that*

Eyexp(¥(uz) + -+ T(ug)) < Ce™ for k> 1, A € A(8, M), (5.14)

where {u} stands for the trajectory of (1.1). We claim that inequality (5.14)
holds for ¥(u) = ylog(1 + ||ullv), with a sufficiently small v € (0,1). Indeed,
the function ¥ is continuous on U, and the embedding U C H is compact.
Hence, ¥ has compact level sets. In view of the Cauchy—Schwarz inequality and
estimates (1.5) (with N =0 and v = 0) and (1.10), we have

k k
m%(zwwozmnu+mwﬁ
n=2

n=2
k=1
<Ex [T (0 +18C)l0)” (1 + s llo)”
n=1
k-1
< e“"Ey H P (14 Hun\l)h (5.15)
n=1

Here and henceforth, we denote by c¢; positive constants not depending on k
and A. Using again the Cauchy—Schwarz inequality, the stabilisability of p,
and (1.8), for 4y < min{a, d} we obtain

k

Ey exp ( > lI/(un)) < e2FE, ﬁ ().

n=2

The required inequality (5.14) follows now from Lemma 7.1. O

4We used also Lemma 6.2 in [JNPS12], according to which, for any random sequence, all
the occupation measures corresponding to various initial times are exponentially equivalent,
and therefore the exponential tightness for one of them implies the same property for all
others.
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5.3 Growth condition

As was mentioned in Section 1.4, the proof of Theorem 1.3 is based on an
application of Theorem 4.1. In this section, we introduce some auxiliary objects
entering the formulation of that result and check the growth condition; see (4.2).
For any integer m > 1, we define a function t,, : H* — [1,+00) by the

relation
1w, (u) = (ut) + -4 D (uf), w=T[ul,.. . u. (5.16)

In what follows, to simplify notation, we shall often write v instead of tv,,.
Furthermore, for any integer R > 1, we denote by Xpg the direct product of ¢
copies of Byr(R). Recall that, given V € C,(H"), the generalised Markov semi-
group Py is defined by (1.23).

Proposition 5.3. For any V € Cy(H"), the measures PXH(U, ), u € HY, are
concentrated on U®, and there exist two integers mg > 1 and Ry > 1 such that
inequality (4.2) holds with Py, = P}, 0 = 10,,, and m > my.

Let us note that if (4.2) holds for some integer m > 1, p: H — Ry is a
continuous function bounded on any ball, and X is a Banach space satisfying the
inclusions U C X and X € H, then the conclusion of the proposition remains
true if we define X as the direct product of ¢ copies of {u € Bx(R) : p(u) < R}.

Proof of Proposition 5.3. The fact that PXH(u, ) is concentrated on U* follows
immediately from (1.19) and (5.14). Replacing V by V —infy V, we can assume
without loss of generality that V' > 0 and Osc(V) = ||V||c. The proof of (4.2)
is divided into three steps.

Step 1. We first show that it suffices to prove the inequality

v
10 oo
IRl -
k>0 ”mkelHRo
Indeed, suppose that (5.17) is established. Since V' > 0, we have
—~(p—HmV v v : ¢
e (P J)‘Bp 1(u) <P 1(u) <P, 1(u) forj<p, uecH,
where v = ||V||x. It follows that
e P 1BV gy < IRV Ulr, < IR LR, forj <p. (5.18)

On the other hand, using inequality (7.1) with A = §,¢ and @ replaced by @,,,
it is easy to check that

PYo(u) < e'w(u)+Cy, uw=I[ul,.. . u]ecHE,
whence it follows that

1B fllzg < (€ +C)llfllLg  for any f e L.
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The semigroup property now implies that
By wllzgs < (€7 + CoP [Pyl for j < p. (5.19)
Combining inequalities (5.18) and (5.19) with j = k¢ and p = kf + n, where
n € [1,£ — 1] is an integer, we obtain the required inequality (4.2).
Step 2. We now show that

v

1 oo

sup 7”(43]2/ L% < 0, (5.20)
k>0 [Py 1R,

where v = tv,,, and n and Ry are some positive integers. Indeed, let us find Ry
and n such that inequality (5.1) holds with R = Ry, m = n, and a constant C' >
0. We now write
PY L(u) =EuZv (k) = Eu(Ig, Ev (k) + Bu(Ig:Ev (k) = I + I, (5.21)
where Gy, = {Ty(Ro) > k} and 2y (k) = exp(V (u1)+- - -+V (ug)). Since V > 0,
it follows from (5.1) that BY 1(u) > 1 for any u € H* and
Iy < EuEv (1u(Ro)) < Eyexp(y7u(Ro)) < CPp(u) < CPn(u) [BX 1R,

Furthermore, in view of the strong Markov property, we have

I < By {16, Zv(T0(Ro0)) Bu(ry (o) Zv (k) } < By (770 ) B 1| 5y,
where we write u(Ty(Ro)) instead of u, (r,) to avoid triple subscript. Using
again (5.1) and substituting these inequalities into (5.21), we obtain (5.20).

Step 8. We claim that (5.17) holds with w = tv,, and sufficiently large
m > n. Indeed, let ur = Sk(u;n,...,nr) be the random variable defined
by (1.18). Using (5.4) and arguing by induction, it is straightforward to check
that
m(Sg('U/; m,--- ,W)) < HAm, ¢ Qim(ué) + Cm,é(dsm(nl) +oeee ém(nf))
< st (u) +Cm,€m([7717---777€])a (5.22)

where u = [u!, ... u’], and we set

14 -1
Am b = Z(2qm)]7 Cm,l = Cm Z(2qm)]
=0

=1
Tt follows from (5.22) that
Prow(u) = By {Ev (kOW (Se(w(e—1)6; Nk—1)0415 - - > Met)) }
< st € By {Ev ((k — 1)O)wo(w 1)) }
+ Crne €V Eu{Ev (K — 1)OW([0ge—1)e1, - - - Mee)) }
< st e’ ‘I%q)em(u) + G ‘1327@71)51(11)7 (5.23)
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where we used the independence of Zy ((k — 1)¢) and {n;,j > (k —1)¢} and set
Croo=1Cmy eTED,, ().

Let us choose m > n so large that s 1= s, et < 1. Taking the Ly-norm of
both sides of (5.23) and using inequality (5.20) (with is true for any m > n),
we derive

1Bl < lIBonyerollzge + CUIBG—ryeLl ro,
where C' > 0 does not depend on k. Iterating this inequality and using the
relation ||By w]|Lee = 1 and the right-hand inequality in (5.18), we obtain

1B Kerol| e < 5* + C(1 = 30)THIBLL R

Since BY,1 > 1, this implies the required inequality (5.17). O

5.4 Existence of an eigenvector

In this section, as further preparation of application of Theorem 4.1, we prove
the existence of an eigenvector for the operator PV* : M, (H') — M (HY)
defined as the dual of B :

(f,BY ) = (BY fom), | € Co(HY). (5.24)
To this end, we first introduce some notation. We define the kernel
PY (u,dv) = Pf(u,dv)e® (5.25)

and denote by P (u,dw) its iterations. Given a number s € [0,1], let H, be
the (complex) interpolation space [H,U]s, so that Hy = H, H; = U, and the
embedding Hs, C H is compact for s € (0,1]; see [Lun09]. The norm in H is
denoted by || - ||s, and we write Bs(R) for the ball in H, of radius R centred
at zero and BY(R) for the direct product of £ copies of Bs(R). Recall that the
function v = w,, was defined by (5.16).

Proposition 5.4. For any V € Cy(H") the operator SBY* has at least one
eigenvector u € P(H®) with a positive eigenvalue \ :

V= A (5.26)

Moreover, any such eigenvector is concentrated on U* and satisfies the following
inequality for any integer n > 1 and some positive numbers » and s = s, < 1:

4
/m <||u||g + Ze%‘ﬂu])) p(du) < oco. (5.27)
j=1

Finally, for any k > 0, we have

||‘Bkvm||Loo(B§(R)) /B@(R) w(u)u(du) -0 as R — oco. (5.28)
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Proof. Step 1: A priori estimate. We first prove that any eigenvector of B} * is
concentrated on U¢ and satisfies (5.27) (so that it belongs to Py, (H) for any
m > 1). Indeed, let u € P(H") be a solution of (5.26) with some A > 0. Then,
for any integer k > 1 and any non-negative function f : H* — R, we have

=" v V(v,du)f(u
[ @) =3 [ uaw) [ P o.dur)
< ARV /HZEf(Sk('U;’?lwo~77k))u(d”)
:)\_kek”vum/ p(dw) Pl (v,du)f(u). (5.29)
HZ

Ht

Taking k = 1 and f(v) = g(v?) with j = 1,...,£ — 1, where g : R — R is any
non-negative function, and using (1.17), we see that

/ 9(v%) p(dv) < ATVl / 9(v+1) u(dv).
H¢ H¢

Iterating this inequality, for j = 1,...,¢ — 1 we obtain
[ stwmstan) = [ goh) utdo) < Nt [ gopuan)
H H! H

where p; stands for the j'® marginal of p. In particular, to prove (5.27), it
suffices to show that

/H(||z||g 1 ) ug(d) < oc. (5.30)
Taking again k = 1 and f(v) = g(v*) in (5.29), we see that
(g, p1e) < A~ tellVll /HEQ(S(Z) + 1) pue(dz). (5.31)
For g(z) = e*®(®), using (1.4) and (1.8), we obtain
(€, o) < Cu(e?, ),

where C; = A elVI<E e#®(n)  Hence, taking 2 > 0 so small that Cs < §,
we obtain®

(e, 1g) = /H e 1, (dz) < Oy, (5.32)

We have thus proved that the integral of the second term in (5.30) is finite. To
derive a bound for the integral of the first term, we use (1.11) and (1.12) to
write

E,exp{d(p(uf) + - +p(up))} < e” /H e? P 1,(dz2), (5.33)

5The derivation of (5.32) is formal. To obtain an accurate justification, it suffices to apply
the above argument to bounded approximations of e*% and then pass to the limit with the
help of the Fatou lemma.

41



where uy, = [u},...,u}] is the trajectory of (1.18). Decreasing, if necessary, the
number ¢ > 0, we can assume that p is no larger than the constant s in (5.32).
We see that the left-hand side of (5.33) is finite. On the other hand, in view
of the equality in (5.29) with k = £ and f(v) = exp{d(p(v!) +--- + p(v*))}, we
have

Cs3 = /I—ﬂ exp{d(p(v") + -+ p(v*)) }u(dv) < cc. (5.34)
It follows from (1.3) and (1.4) that
S| < Ca(P(v)* +1), wveH. (5.35)
Furthermore, using (1.5) and the inclusion S(0) € U, we see that
I1S()[lo < e*™jv]| + Cs. (5.36)

Combining (5.36) and (5.35), using the right-hand inequality in (1.3), and in-
terpolating between H and U, we derive

IS()I[2 < Co(@m(v) + 7P 4 1), (5.37)

where m > 2n/« is an integer. Using again the interpolation inequality, we see
that

15(0) + mlls < Cr (@ (v) + ™ 4 ||| + lm||*" +1). (5.38)

Taking the mean value, integrating over p,(dv), and recalling (5.31), we obtain

/H ] e () < A~TelV I /H E 15(0) + 1|7 e (dv)
< (@ + P ) + E [ |37 +E [lma ] +1) < oo,

where we chose s € (0,1] so small that 2sn < min{l,d} and used inequali-
ties (1.8), (1.10), (5.32), and (5.34). This completes the proof of (5.30) and
that of (5.27). The latter estimate also implies that u € Py, (H?) for any
m > 1.

It remains to prove that u(U*) = 1. In view of (1.17) and (1.10), it suffices
to check that S(v) € U almost surely for any random variable v whose law
coincides with py. It follows from (5.36) and (5.34) that, for any R > 0,

E (Ip, | S@)|§) < ROEe®® + 2 < R°Cs + C5.

Since R > 0 is arbitrary, this inequality proves that S(v) € U almost surely.

Step 2: Decay. Let us show that (5.27) implies (5.28). Indeed, it follows
from (1.19) and (7.1) (with & replaced by &,,) that

1B 10| oo (pe(ryy < €Vl sup Euw(up) < Co(k)  sup P (u). (5.39)
° uwEBL(R) u€By (R)
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On the other hand, we have (B(R))® C Uj_,T;(R), where

T;(R) = {[u',...,u"] € H* : v’ ¢ By(R)}.

Using the Cauchy—Schwarz inequality, we derive
¢
S [ wwaldu)
T (R)

[ mwudu) <
BE(R)e j=1
4
< {w, )2 3 p(r,(R) . (5.40)

It follows from (5.27) and the Chebyshev inequality that (2, u) < co and
p(Ti(R)) = pj (Bs(R)) < Cro(n)R™"

Combining this with (5.40), (5.39), and the right-hand inequality in (1.3) and
choosing n > mf, we obtain (5.28).

Step 3: Construction of eigenvector. To construct a measure p € P(HY)
satisfying (5.26), we first remark that it suffices to construct an eigenvector
for P8)*. Indeed, suppose that ' € Py (H") is an eigenvector for B} * with an

eigenvalue A’ > 0. Then
(B =N =0, p=c(B+ AP 5+ + AT,

where A = (\)/¢, and ¢ > 0 is a normalising constant chosen so that u(H*) = 1.

To construct an eigenvector for B} *, we use the Leray—Schauder fixed point
theorem; e.g., see Chapter 14 in [Tay97]. Let us fix s € (0,1], > > 0, and n > 1,
and given A > 0, define the convex set

Dam ={vePH): (w,,v) <A}

A simple application of the Fatou lemma shows that D4, is closed in P(H).
Let us define a continuous mapping G : D4, — P(H*) by the relation

G(v) = ﬂ

B v(H)

We claim that G(Da,m) C Da,m for an appropriate choice of A and m, and
that G(Da ) is relatively compact in P(H*). Once this is proved, the existence
of a measure y € D4, satisfying (5.26) will follow from the Leray—Schauder
theorem.

It follows from (5.22) and (1.8) that

(o, G(v)) < exp{EOscH(V)}/mEmm(Sg(u;m,...,m))u(du)

< stm, e exp{l Oscy (V) o, v) + C11. (5.41)
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Since s, — 0 as m — oo, we conclude that G(Dy4 ) C Day, if A > 2C1
and m > 1 is sufficiently large. In view of the Prokhorov compactness criterion
(see Theorem 11.5.4 in [Dud02]), to prove that G(Da ) is relatively compact
it suffices to check that

/ lulls/(du) < Crs for any v/ € G(Dam), (5.42)
Ht

where s > 0. It follows from (1.19) and the boundedness of V' that inequal-
ity (5.42) will be established if we prove that, for sufficiently large m > 1 and
A >0,

/H ulls(Biv) (du) < Cus for v € P(H), (B, 1) < A, (5.43)

where 1 < k < {. Inequality (7.1) with @ replaced by @,, implies that if
v € P(H) is such that (@,,,v) < A with A > 1, then (&,,,Pir) < A for
k > 1. Thus, it suffices to prove (5.43) for k = 1. To this end, it suffices to take
the mean value of both sides of (5.38) and to integrate in v(dv). The proof of
Proposition 5.4 is complete. O

5.5 Multiplicative ergodic theorem

In this section, we apply Theorem 4.1 to obtain a detailed description of the
large-time behaviour of the semigroups {8} } and {3}*}. This results will be
used in the next two subsections to establish Properties 1 and 2 of Section 1.4
needed to prove Theorem 1.3.

We first introduce some notation. Recall that the orthonormal basis {e;}
was defined in Condition (C) (see Section 1.1). We denote by V the set of
functions V € Cy(H*) that can be represented in the form

V(u) = F(Pyu), Pyu=[Pyul,...,Pyu’], (5.44)

where N > 1 is an integer and F € CL(HY). It is straightforward to check
that V is a vector space containing constant functions such that the intersection
C=VnNC,(H" is a determining family for P(H*).

Theorem 5.5. Let us assume that the hypotheses of Theorem 1.3 are satisfied.
Then, for any V. € V, there is an integer mg = mo(V) > 1 such that the
following assertions hold for m > my:

Existence and uniqueness. The measure y = py constructed in Proposi-
tion 5.4 is the only eigenvector of PY* belonging to Py, (H®). Moreover,
the operator BY has a unique eigenvector hy in Cy, (HY)NCy(H®) nor-
malised by the condition (hy,uy) = 1.

Convergence. For any f € Cy, (H'), v € Py, (H?), and R > 0, we have

ANFBY f — (f,puv)hy in Cy(BY(R)) N LY(H®, py) as k — oo, (5.45)
AFBY v — (hy, V)py  in My (HY) as k — oo. (5.46)
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Proof. We shall show that the hypotheses of Theorem 4.1 are satisfied for an
appropriate choice of compact sets Xp C H? and the function w = tw,, de-
fined in (5.16). The conclusions of that theorem, combined with some simple
arguments, will imply all required results.

Step 1: Framework and sketch. Let us fix a function V' € V. We apply
Theorem 4.1 in which

X=H', Xp=(BR)N{p<R)’, P(u,dv)=Pl(u,dv)e"®, (547)

where s € (0, 1] will be chosen later and {p < R} = {v € H : p(u) < R}. In par-
ticular, the semigroups P} and P} * are given by (1.23) and (5.24), respectively.
The subset Xo, = Ur>1XR coincides with (H,)* > U*, which is dense in X.
The weight function ro : X — R is defined by (5.16) and is continuous on X.
As is proved in Proposition 5.3, if the integers m > 1 and Ry > 1 are sufficiently
large, then the growth condition (4.2) is satisfied, and Proposition 5.4 ensures
the existence of an eigenvector pu € Py (H) for PBY*, which satisfies (5.27)
and (5.28). Thus, to apply Theorem 4.1, we need to check the uniform Feller
and irreducibility properties (see Step 2 below). Once it is done, we can conclude
that 3} has an eigenvector hy € L°(X) whose restriction to X is continuous
and strictly positive for any R > 1. We show in Step 3 that hy is continuous
and positive on X and, therefore, belongs to Cy, (X). The uniqueness of eigen-
vectors for PY and P} * in the spaces Cy, (X)NC4(X) and Py (X), respectively,
follow immediately from convergences (5.45) and (5.46), of which the second is
a straightforward consequence of the first. The proof of (5.45) is carried out in
Steps 4 and 5.

Step 2: Uniform Feller and irreducibility properties. The uniform Feller
property is the crucial step of the proof and will be established in Section 6
with the help of a coupling construction. Let us prove the uniform irreducibility.
Since V' is bounded, we have

PY (u,dv) > e FIVll< pf (4, dv) for any u € X.

Thus, in view of continuity of p, it suffices to prove that, for any integers p, R > 1
and any r > 0, there exists an integer [ > 1 and a positive number p = p(p, )
satisfying the inequalities

Pu{llui — @lls <rju € X,} >p forany u € Xg, @ € X,. (5.48)

This type of result is well known in the theory of randomly forced PDE’s (e.g.,
see Proposition 4.6 in [KS01]), and we only outline its proof.
In view of (1.19), inequality (5.48) will be established if we show that

]P)u{Hqu —Ujlls < rywsy € Bs(p) for j=1,... 76} 2P, (5.49)

where {ui} is the trajectory of (1.1), u € By(R) and d4,...14¢ € Bs(p)
are arbitrary vectors. It follows from (7.1) that, for sufficiently large R > 0
and m(R) > 1, the probability of transition, at time m(R), from any point
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u € By (R) to the ball By (R) is no less than 1/2. Therefore, in view of the
Kolmogorov—Chapman relation, it suffices to prove (5.49) for v € By (R) and
I =1. The argument used in the derivation of (5.14) (see (5.15) with k = £+ 1)
shows that, for a sufficiently large K > 0, we have

P {[|S(uj)|lv < K for j=1,...,0} > (5.50)

1
5
Furthermore, since the law of 7 is concentrated on U, it follows from (1.10)
that

P{|lw+m —0||s <r} >e, forwe By(K), 0 € Bs(p),

where s € (0,1) is any number, and ¢, > 0 depends only on s, K, and p.
Combining this with (5.50) and the Markov property, we obtain (5.49) with
l=1andp; =¢e.

Step 3: Positivity and continuity of hy . Since hy is an eigenvector of B}
with the eignevalue Ay, we have

hy (u) = A;“lEu{eXp(V(ul) 4+ V(ue+1))hv(uH1)}
> A\ e DIVl By by (wpy ). (5.51)

In view of (5.14), for any u € X, the vector function wusy; belongs to U’
with P,-probability 1. Since hy is positive on X, = (H,)’, we see that the
expectation on the right-hand side of (5.51) is positive, whence it follows that
hy(u) > 0 for any u € X.

To prove the continuity of hy, let us set 7 = (m1,...,nr) and denote by
f(u,7ey1) the expression under the expectation E, in the first line of (5.51).
Given two initial points u, v € X and a number R > 0, we introduce the event

Gr(u,v) = {p(up) + - +p(ug) +p(vy) + -+ p(vf) < R},

where uj and vy are the trajectories of (1.18) corresponding to the initial
points u and v. It follows from (1.11) that when w and v vary in a bounded
set in X, the probability of (Gr)¢ goes to zero as R — oco. Now note that, in
view of the first line in (5.51),

Ihv (w) = hy (0)] < A\ E{ TG 5 o) | F (0, Tleg1) — (0, 75051) |}
+ CiP(Gr(u, v)) 2 (Perrh (u) + Besahd (v) 2, (5.52)

where C depends only on ||V]|o. Since hi € L, . it follows from inequal-
ity (5.22) (with ¢ and m replaced by £+ 1 and 2m, respectively) that the second
term on the right-hand side of (5.52) goes to zero as R — oo, uniformly with
respect to u and v varying in a bounded set in X. Since V is bounded and

hy € LY (X), it follows from inequality (5.22) with £ replaced by £ + 1 that

[f (w5 1) = F(037e41)] < Co(w(w) +10(v) + P (1) + -+ + P (0e1)).-
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The right-hand side of this inequality an integrable function, and by the Lebesgue
theorem on dominated convergence, the continuity of hy will be established if
we prove that, with probability 1,

I, (uo) | f(wsieg1) = f(U;7e41)| = 0 as w — v in X.

To this end, recall that V' is continuous on X and that the restriction of hy
to X is also continuous. Thus, it suffices to prove

Iog(uwllSer1(w, Ter1) — Sepr (v, 7es1)lls > 0 as u — v.
In view of (1.19), this is equivalent to the almost sure convergence

{41
I () Z 1Sk (u’, ) — Sk (v, 7)||s = 0 as u — v, (5.53)
k=2

where Sj; stands for the trajectory of (1.1) at time k. To prove (5.53), let us
note that, in view of (1.5), on the set Gr(u,v) we have

1Sk (u”, e41) — Sk, Fea1)lo < € ISk—1 (W, Fem1) — Se—1 (v, Faz1) .

The continuity of S : H — H implies that the mapping u — Sk (u, k) is also
continuous on H, and the last inequality proves the required convergence (5.53).

Step 4: Proof of (5.45) for bounded continuous functions. In view of (4.7),
for any f € V we have

ANFBLF = (fopv)hy as k= oo, (5.54)

where the convergence holds in C(Xg)NLY(X, puy). We claim that it holds also
in C(B*(R)). Indeed, in view of (4.9), it suffices to check condition (4.8) with
B = BYR) and m = £+1. The latter is a consequence of the boundedness of V,
inequality (5.19) with j = 0, and the following lemma, which is established at
the end of this subsection. ¢

Lemma 5.6. Under the hypotheses of Theorem 1.3, for any integer n > 1 there
is s = sp, € (0,1] such that

sup Ey ||luglly < C(n,6,M) for A € A(6, M), (5.55)
k>0+1

where § and M are arbitrary positive numbers.

We have thus established (5.45) for f € V. To prove (5.45) for any function
f € Cp(X), we apply a simple approximation argument. Namely, the conver-
gence in L' (X, juy) is a straightforward consequence of convergence in C'(B*(R))
and inequalities (5.27) and (4.2). To prove the convergence in the L* norm,

SRecall that the set A(8, M) is defined in Section 1.4.
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we fix a number R > 0 and a function f € C,(X) and choose a sequence of
C!-functions f,, : H — R such that

sup | fu(v) = f(v)] <
veH, [[v]<n

n?

for any n > 1.

3=

Then the functions f, = fn o P,, belong to the space V, satisfy the inequality
Ifnlloo < || flleo for any n > 1, and f,, — f as n — oo, uniformly on compact
subsets of X. Setting

Ar(g) = sup |ABYg(w) — (g, puv)hv(w)|, glles = sup |g(u)],
uw€B(R) u€B*(R)

for any integers k,n > 1, we write

AR(f) < A(fa) + 10w llzse K = Fos )| = A IBE(F = fudlleg- (5.56)

Since f, € V, for any fixed n > 1 the first term on the right-hand side of
this inequality goes to zero as k — oo. The Lebesgue theorem on dominated
convergence implies that |(f — f,,puv)| — 0 as n — oco. Thus, the required
convergence will be established if we prove that

sup AIBY (f = fu)llss = 0 as n — oo. (5.57)

To prove (5.57), for any p > 0 we write
Hml‘e/(f - fn)HL%O < Jl(k7 ?’l,p) + JQ(k’n7p)7 (558)

where
Ji(k,n, p) = BY ((f — fn)IXp>HL‘}>§’ Ja(k,n, p) = IBY ((f = f) Ixe) s -
Since f, — f uniformly on X,, we have

Ji(k,n, p) < e(n, p) By 1| Lo,

where g(n,p) — 0 as n — oo. Convergence (5.45) with f = 1 implies that
the L% -norm of the sequence A;’“BXl is bounded by a constant C'r, whence it
follows that

sup Ay Ji (k,n, p) < Cre(n,p) =0 asn — . (5.59)
k>1

To estimate J,, we use the following result, proved at the end of this subsection.

Lemma 5.7. Assume that the hypotheses of Theorem 1.3 are satisfied. Then,
for any s € (0, 1], we have

1B) Fsll oo
k>0 [|BY 1 g,

where Fg(u) = log(1 + ||ulls).

< 00,
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Using this lemma, for any k, p,n > 1 we get

_ -1, _
A o (ks m, p) < 2| Flloo (log(1+ p) ™~ AV IBY Foll s
-1, _
S CRHfHoo(lOg(l + p)) /\Vk”‘pl‘c/]-”Ro'

Since A" [P} 1||r, is bounded, the right-hand side of this inequality goes to
zero as p — +o0o, uniformly with respect to k > 1. Combining this with (5.59),
we see that supremum over k > 1 of the right-hand side of (5.58) can be made
arbitrarily small by choosing first p > 0 and then n > 1 sufficiently large. This
proves the required convergence (5.57).

Step 5: Proof of (5.45) for f € Cy(X). We apply an approximation ar-
gument similar to the one used in the previous step. Let us fix a function
f € Cp(X) and define a sequence {f,} by the relation f, = f* An— f~ An.
Then f, € Cy(X) and |f,| < [f| for any n > 1 and f, — f in L (X) for any
p > m. Now note that inequality (5.56) remains valid. Furthermore, in view
of (5.45) and the Lebesgue theorem on dominated convergence, we have

Ag(fn) = 0 as k — oo for any fixed n > 1,
[(f = fr,pv)| = 0 asn — oo.

To prove that (5.57) holds, we set w’' = w,, 1 and write

1B (f — fu)llLg < on ||‘~]3kvm'\|L<;§ (5.60)

where 6, = || f — fallLs — 0 as n — oo. It follows from (4.2) with w replaced
by v’ that ’

[BY 0’| Loe < Ca(R)|IBY 1|k, -
Substituting this inequality into (5.60) and recalling that (5.45) holds with f =1

(and, hence, the sequence A,"||BY 1||r, is bounded), we obtain (5.57). This
completes the proof of Theorem 5.5. O

The following corollary of Theorem 5.5 will be important for proving that
the LDP holds uniformly with respect to a class of initial measures.

Corollary 5.8. Under the hypotheses of Theorem 5.5, for any positive num-
bers 6 and M and any functions V €V and f € C5°, the convergence

MPE, {exp(V(wr) + -+ V(wg)) f(ue)} = (f, uv) (hv,v), k= oo, (5.61)
holds uniformly in v € A(5, M).

Proof. By Theorem 5.5, convergence (5.61) holds for v = 4, uniformly with
respect to u € BY(R) for any R > 0. It is easily seen that the required result
with be established if we prove that, uniformly in A € A(J, M),

sup{/ Ipe(pye
k>1 UJx

NBY = (fo v )| dz/} —0 as R— oc. (5.62)
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To see this, let us note that, by (4.2) and (5.45), we have
198 fllge < CullBx Ulr, < C2Ay forall k> 1.
It follows that
IR f(w)| < Cowo(u), weX, k=>0.

Since hy € Cip(X) and

sup / Ige(rye(u)w(u)v(du) =0 as R — oo,
veA(s,M) J X

we obtain the required convergence (5.62). O

Proof of Lemma 5.6. In view of (1.19), it suffices to prove that

sup Ey||uk||s < C(6, M) for any A € A(J, M). (5.63)
k>2

It follows from inequality (5.38) with (v,7n;) replaced by (ug—_1,7nx) that
[y < Cu (B (up—1) + P (g [ + [|ne]|*" +1). (5.64)

Taking the mean value with respect to E, and using the Markov property and
inequalities (1.8), (1.10), (1.11), and (1.12), for sufficiently small s > 0 we derive

Exllur||? < O (Ex®y(up—1) + e Exe?(e-2) 1), (5.65)
Recalling (7.3), we arrive at the required inequality (5.63). O
Proof of Lemma 5.7. Tt follows from inequality (5.64) with n =1 that
Fy(ug) < D(up—1) + 2sp(ur—1) + [lmllv + C1.
Multiplying both sides of this inequality by exp(V (u1) + -+ + V(u)), apply-

ing the mean value E,,, and using the Markov property and inequalities (1.10)
and (7.1), we derive

(BY Fo)(u) < IVl (B0 + 2915 (Baip) + CoPi 1) (w). (5.66)

In view of (1.11), (1.12), and the Jensen inequality, we have
! sp(ur) < 1
‘43113(“) = Eup(ul) < glogEe Pl < g(pdi(u) + C).

Substituting this into (5.66) and using (4.2), we see that the L3’-norm of the
right-hand side can be estimated by ||Br1||r,- O
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5.6 Pressure function

We now prove that, for any V € Cy(H*), § > 0 and M > 0, the limit (1.21) exists
uniformly with respect to A € A(J, M). Indeed, when V € V, this property
follows from Corollary 5.8 applied to the function f = 1. To deal with the
general case, we need the concept of buc-convergence. Following [FKO06], we say
that a sequence {V;,} C Cp(X) buc-converges to V € Cyp(X) if sup,, ||Valleo < 00
and ||V — Vy|| Lo (k) = 0 as n — oo for any compact set K C X.”

We claim that the existence of a limit (1.21), uniformly with respect to
A € A(6, M), follows immediately from the following two properties:

(a) In the setting of Section 3, let {(y} be an exponentially tight family of
random probability measures. Then the set of functions V € Cy(X) for
which limit (3.1) exists is buc-closed.

(b) Let X = H® and let V C C3(X) be the subspace defined above. Then any
function V' € Cp(X) can be buc-approximated by a sequence {V,,} C V.

Indeed, taking these properties for granted, let us define the set © = NxA(d, M)
of elements § = (k,\) with an order relation < such that (k1, A1) < (k2, A2)
if and only if k; < k2. Denote by ¢, the random measure ¢, (see (1.20))
considered on the probability space (2, F,Py). It is straightforward to check
that the existence of limit (1.21) uniformly with respect to A € A(4, M) is
equivalent to the existence of the limit

1
lim —

o g log/Qexp(MV, Cp))dPy. (5.67)

As was mentioned above, this limit exists for V' € V. By property (a), the set
of functions for which (5.67) exists is buc-closed in C,(H"), and by (b), any
function V' € Cy(H") can be buc-approximated by a sequence from V. Hence,
limit (1.21) exists uniformly in A € A(0, M) (with arbitrary positive 6 and M)
for any V € Cy(H"). Thus, it remains to establish properties (a) and (b).

Proof of (a). To any function V' € Cy(X) there corresponds a bounded con-
tinuous function V : P(X) — R defined by V (v) = (V,v). By Proposition 3.17
in [FKO06], the set of bounded continuous functions F' : P(X) — R for which
the limit

gienel) Tlg) log /Qe exp(r(0)F (¢p))dPy

exists is buc-closed® in Cy(P(X)). Thus, it suffices to prove that if a sequence
{V,,} C Cy(X) buc-converges to V, then {V,,} buc-converges to V in Cy(P(X)).

To see this, we first note that {V,} is bounded in Cy(P(X)). Now fix a
compact set L C P(X) and a number € > 0, and use the Prokhorov compactness

"Note that the concept of buc-convergence can be defined on any Polish space.

8Proposition 3.17 in [FK06] deals with the case when © = N. However, the proof presented
there remains valid for exponentially tight families of random measures indexed by a directed
set.
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criterion to find a compact subset K. C X such that v(K¢) < ¢ for any v € K.
We have

V= V)| < / V() — Vi (w)|(du) + / IV (1) — Vi) [(dur)

. K¢

<V = Vallim ey (Voo +5up [ Vil ).

where v € K. The right-hand side of this inequality can be made arbitrarily
small by choosing n > 1 and ¢ <« 1.

Proof of (b). Given V € Cy(H*), we define V,,(u) = V(P,u). Then V,, € V
and |V ]leo < [|V]|eo for any n > 1. Let K C H® be a compact set. Since {P,,}
converges to identity in the strong operator topology, and the strong convergence
is uniform on compact subsets, we see that ||V;,(u)—V (u)| L (x) — 0 asn — oco.
This completes the proof of Property 1.

5.7 Uniqueness of equilibrium state

In this section, we show that, for any V € V), there is a unique equilibrium
state oy € P(H®) for Q;(V). Recall that the pressure function Q, : Cy(H®) — R
is 1-Lipschitz continuous and convex and that I, : M(H*) — R stands for its
Legendre transform. It follows from (5.45) and the positivity of hy that

Qu(V) =log Ay = lim + log(BY f)(u), (5.65)

where f € Cy,(H*) N Cy(H®) and u € H* are arbitrary.

We define a semigroup .#}Y by (1.26) and denote by .#V* : P(H*) — P(H")
its dual semigroup. As in the case of B, we can consider the corresponding
generalised Markov semigroup (cf. (1.23)):

(67 f)(u) = AV (e"f), ©&F =(67)",

where F' € Cy(H') is a fixed function. It is straightforward to check that
ST f = Ay hy "By TF (hy f), whence it follows that

SEf =2 hy By T (hv f), k>0. (5.69)

Combining this relation with Theorem 5.5, we see that the pressure function Q)
is well defined for .7

1
QY (F) = Jim log(6F1)(u), F € Cy(HY), wuecH"
—00

Denote by I} : M(H®) — R its Legendre transform. We shall use the following
well-known characterisation of a stationary measure; see Lemma 2.5 in [DV75].

Lemma 5.9. We have 1) (o) = 0 for some o € P(H") if and only if o is a
stationary measure for /\V*.
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Convergence (5.45) implies the uniqueness of a stationary measure for .#,"*.
More precisely, we have the following result.

Lemma 5.10. The semigroup ka* has a unique stationary measure, which is
given by vy = hy py .

Proof. The relation vy (H*) = (hy, puy) = 1 implies that vy € P(H*). For any
g € Cy(H"), we have

<y1V97VV> = /\171 <m¥<ghv)»ﬂv> = <9hv,,uv> = <97Vv>,

whence it follows that vy is a stationary measure for . *. Furthermore, ap-
plying (5.45) to ghy € Cy,, (H*), for any R > 0 we get

Vg = (g,vv)  in Cy(Bye(R)) as k — oo.

Since g is arbitrary, we see that .Y *0 — vy in M (H*) as k — oo for any
o € P(H'), whence we conclude that vy is the unique stationary measure
for AV O

We are now ready to prove the existence and the uniqueness of equilibrium
state. Relations (5.68) and (5.69) imply that

Q/(F)=Qu(V+F)—QuV).

It follows that

I/ (0)= sup ((F,0) = QY (F)) = L(0) + Qe(V) — (V. 0)
FeC,(H")

for any o € P(H*). Using Lemmas 5.9 and 5.10, we conclude that the relation
(o) = (Vo) = Qe(V)

holds if and only if 0 = vy. Thus, vy is the unique equilibrium state.

5.8 Completion of the proof

Let us fix positive numbers § and M. As was explained in Section 1.4, the LDP
for the occupation measures (1.15) (which is uniform with respect to the initial
measure A € A(J, M)) will be established if we prove the uniform LDP for the
measures ¢, given by (1.20). Recall that the directed set © of pairs 6§ = (k, \),
ke N, XA € A(6, M) was defined in Section 5.6 and that convergence in § € O is
equivalent to the convergence as k — oo, which is uniform in A € A(S, M). By
Theorem 3.3, it suffices to prove the following three properties:

(a) The family {(x} satisfies the hypotheses of Lemma 3.2.

(b) Limit (1.21) exists uniformly in A € A(d, M).
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(¢) The equilibrium state is unique for any function V' that belongs to a vector
space V C Cy(H") whose restriction to any compact set K C H* is dense
in C(K).

The validity of (a) was proved in Section 5.2, and the existence of a uniform
limit (1.21) was established in Section 5.6. As was shown in Section 5.7, the
equilibrium state is unique for the functions V' of the form (5.44). Since these
functions form a vector space which is determining for P(H*), their restrictions
to any compact subset K C H’ must be dense in C(K). Thus, properties
(a)—(c) are established, and to complete the proof of Theorem 1.3 we need to
establish the uniform Feller property used in Section 5.5. This is done in the
next section.

6 Uniform Feller property

6.1 Coupling

In this section, we recall a coupling construction for trajectories of system (1.1)
(see Section 3.2.2 in [KS12]). We shall always assume that the hypotheses of
Theorem 1.3 are satisfied.

As was mentioned after the formulation of Condition (B), the sequence of
finite-dimensional subspaces {Hx} can be chosen arbitrarily. From now on, we
assume that Hy is the vector span of ey, ..., en, where {e;} is the orthonormal
basis entering the decomposition of the random variables 7; see (1.6). In this
case, the law of Pym; has a density D against the Lebesgue measure:

N
D(U):Hb;lpl(b;lxl)7 U:(xla"'7xN)€HN~
i=1
For any u € H, let us denote by v, the law of Px(S(u) 4+ n1). The following

result is Lemma 3.2.6 in [KS12].

Lemma 6.1. For any integer N > 1, there is a probability space (Q, F,P) and
two families of H-valued random variables ¢ = ((v,v',w) and ¢’ = {'(v,v',w)
with v,v' € H such that the following properties hold.

(i) The laws of ¢ and ' coincide with that of 1.

(ii) The random variables (Pn(,PnC') and (Qn¢, Qn (') are independent. Fur-
thermore, the random variables Qn¢ and Qn¢’ are equal for allw € Q and
do not depend on (v,v’).

(iii) The pair
V=Pyn(S@)+(), V' =Pn(SE)+)

is a mazimal coupling for (vy,v,) and

P{V £ V'} < COn||S(v) — S@)|| for any v,v" € H. (6.1)
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(iv) The random wvariables ¢ and ¢’ are measurable functions of (v,v',w) €
H x H x Q.

Using this result, we now define coupling operators by the formulas
R(v,v",w) = S(w) + ((v,v",w), R'(v,v',w)=8w)+ (v,0,w),

where v,v" € H and w € Q. Let (QF, F* P¥), & > 1 be independent copies of
the probability space constructed in Lemma 6.1 and (2, F,P) be their direct
product. For any w,u’ € H, we set ug = u, uj, = v, and

up(W) = R(up—1 (W), up_1 (@), "), wj(w) = R (up—1(w), ujp_y (w), "),
Ck(w) = C(uk—l(w)au;c—l(w)7wk)a Cllc(w) = C/(uk—l(w)au;c—l(w)vwk)a

where w = (w!,w?,...) € Qand k > 1. Then, by construction, {¢;} and {¢} } are
sequences of 1.i.d. random variables, while {u} and {u},} are the corresponding
trajectories of (1.1). We shall say that (ug,u},) is a coupled trajectory at level N
for (1.1) issued from (u,u’).

6.2 The result and its proof

Let us recall that, given a function V' € Cy(H?), the generalised Markov semi-
group ‘)3,‘; is given by (1.23), the subspace V C Cy(H*) was introduced in
Section 5.5, and given s € (0,1], the compact subsets Xzg C H* are defined
in (5.47). The aim of this section is to prove the following theorem on the
validity of the uniform Feller property (see Theorem 4.1) for any V € V.

Theorem 6.2. Under the hypotheses of Theorem 1.3, for any s € (0,1] and
V €V there is an integer Ry > 1 such that the sequence {||BY 1| z"BY f,k > 0}
is uniformly equicontinuous on Xgr for any f € V and any integer R > Ry.

Proof. We invoke some ideas from [KS12, Chapter 3] which were used to estab-
lish exponential mixing for system (1.1). The proof is divided into five steps.

Step 1: Reduction. Let us fix two functions V, f € V. With a slight abuse
of notation, we shall use the same letters to denote the function F' entering
representation (5.44) for V and f. Without loss of generality, we can assume
that (5.44) holds for V' and f with the same integer Ny. Furthermore, in view
of (1.19), for k > 1 and f € Cy(H*), we have

PBY f(u) =B e {(Ev f)(ur, k) },
where u = [u!,... u] € H, up = [w,uq,...,us,
k
(Ev f)(u” k) = exp (Z V(uj_es1,- - ,uj))f(uk_g_,_l, coug),  (6.2)
j=1

and u; = u’~? for i € [2 — £,0]. We need to prove the uniform equicontinuity of
the sequence {gx,k > £} on Xg, where

gr(w) = [P L7 B f(w).
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There is no loss of generality in assuming that 0 < f < 1 and infyz V = 0, so
that Oscy (f) <1 and Oscg (V) = ||V 0o-

Step 2: Stratification. Let us take two points z; = [z},...,2{] € Xg,i=1,2

and an integer N > Ny. In what follows, we denote by (Q, F,P) the probability
space constructed in Section 6.1 and by (uy,u}) = (ug(2{),u} (%)) a coupled
trajectory at level N issued from (2{,25) € H x H. Let us set

G(r)=(G(), G()={Pnu; =Pnu}},

(p(usg) + p(uty)) < p}, F(r,0) =

where 7, p > 1 are integers. We also define the pairwise disjoint events ?
Arp=(Gr—1)NGr)NFr—1,p)\F(r—1,p-1), rp>1,
where G(0) = Q. Using the fact that f(u) and V(u) depend only on Pyu and
setting
up = [21,u1,. . ug], uy=[zo,ul, ... upl, vk =[2o,u1,. .., uk,
for k > ¢ we write

k oo

TA f(21) = By f(22) = I¥(z1,22) + > > _IF (21, 22) (6.3)

r=1 p=1
where we set

I*(21, 22) = E{(Ev f)(ur, k) = Ev f) (v k) },
I¥ (21,22) =E{I4, [(Bv f)(vk,k)—(Evf)(u;,k)]}.

To prove the uniform equicontinuity of {gx, k > ¢}, we first estimate these two
quantities.

Step 3: Estimates for I® and I* rp- Since V' is bounded and globally Lipschitz
continuous and f satisfies the inequality 0 < f <1, for z1, 25 € X we have

[1%(21, 22)| < C1d [ B 1|, (6.4)

where d = ||z1 — z2]||. Furthermore, using the positivity of Zy f, the inequalities
0< f<1landV >0, and the Markov property, we derive

Ikp(z1722 <]E{IAT;) —*Vf v, k }<]E{IATP _Vl)(’vk,k)}
=E{Ia, E[(Ev1)(vi, k)| F]} <eOWVISELL,  (B1_,1)(u)},

9 Of course, the events Ay, depend also on 21,22 € Xr and N. However, to simplify the
notation, we do not indicate that dependence.
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where {F}} stands for the filtration generated by (ug,u)). Applying the in-
equality
1—r1(2) < MR, 1| gy o (2),
which follows from (4.2), we obtain
I} (z1,22) < Me"TOWle |BY 1) g, E{Ta, t0m(u,)}
< Ml OV I~ By 1|5, {P(A,,) Evo2, (up) } /2.

Combining this with (7.3) and using the symmetry, for z1, zo € Xg and R > Ry,
we derive

IF (21, 22)| < Co(R,V)e" IVl BV 1] p P(A,.,) /2. (6.5)
Step 4: An estimate for P(A,. ,). We now prove that
P(A,,) < C3(R,N)({vy"€*’d} neT ™), (6.6)

where o > 0 does not depend on the other parameters. To this end, note that,
in view of (7.6), on the event G(r — 1) N F(r — 1, p), we have

r—2
iy =l < v}v—’"exp(Z(pm) . p(uw)) I

k=0
<y exp{2p — p(ur—1) = p(ur_y)} d.
Combining this with (6.1) and (1.5) (for N = 0) and using the Markov property,
we derive
P{G(T - 1) n G(T)C N F(?" -1, p)} = E{Ié(r—l)ﬂF(r—1,p)E(IG(T)C ]:'rfl)}
< Cnrg ty e, (6.7)

On the other hand, we have A, , C F(r—1,p—1)°. Recalling (1.11) and (1.12)
and using the Chebyshev inequality and the boundedness op p on any ball of H,
we obtain

r—1
P(A,,) < e‘g(ﬂ—l)Eexp(g Z(p(uj) + p(u;)))

=0

(p—1) {E exp <5§:1p(uj)> E exp (5213(%)) }é

Jj=0

e

IN
[NED

< C4 (R) ecr—a‘p’

where 0 = 6/2. Combining this with (6.7), we get the required inequality (6.6).
Step 5: Completion of the proof. Inequalities (6.3)—(6.6) imply that

lgk(21) — gr(22)| < Crd + C5(R,V,N) Z eVl ({vy"e*d} A ecr_ap)%

rp=1
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for z1,29 € Xg, k > ¢, and R > Ry. Since the sum on the right-hand side
vanishes for d = 0, the uniform equicontinuity of {gx} will be established if we
prove that the series converges uniformly in d € [0,1]. In view of the positivity
and monotonicity of its terms, it suffices to show that

oo

Z eIVl ({7n"e*} A e”*"p)% < o0. (6.8)

rp=1

To this end, let us fix a number D > 1 and choose N > 1 so large that
logvn > 2(|V|leo + D). Then

'y;,r/QeTHV”“ <e Pr. (6.9)
Define the sets
Sy ={(r,p)eN?*:p—Dr<—p—r} Sy=N?\S9.
Using (6.9), it is straightforward to check that
> s L
(rip)es: (e=1)

Furthermore, if D > 1+ 0~ (8||V| s + 4c), then

oo
S eVl ler=on/2 < g 3 emorlt < oo,
(r,p)ES2 p=1

Combining the last two inequalities, we see that (6.8) holds. The proof of
Theorem 6.2 is complete. U

7 Appendix

7.1 A priori estimates

In this section, we establish some simple estimates for trajectories of the Markov
process (1.1). Recall that Conditions (A)—(C) are formulated in Section 1.1.

Lemma 7.1. Suppose that Condition (A) holds, and {n;} is a sequence of i.i.d.
random variables in H such that Ee’®(") < oo for some § > 0. Then, for any
k >0 and any initial measure A € P(H), we have

Erd(uy) < ¢~ /Hsﬁ(v))\(dv) +C(1 —q) 'Ed(n). (7.1)

If, in addition, > > 0 is so small that Cs(1 — q)~1 <6, then

- k
E exp(%Z@(un)> < (Ee’®m)) /Hexp{%(l —q) 'o(v) JA(dv).  (7.2)
n=0
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Proof. 1t follows from (1.4) that
]EAsli(uk) S qE,\dS(uk_l) + CE@(T]k)

Tterating this inequality, we obtain (7.1). Furthermore, using again (1.4), we
write
E, exp (s ®(uy)) < e PO EeCHPm)

where s > 0 satisfies the inequality given in the statement. Combining this
with the Markov property and arguing by induction, we obtain (7.2). O

Remark 7.2. A similar argument shows that if s > 0 is so small that Cs < 6,
then

By e ) < (]Ee‘5<1>(771))1/(17q)/ eqk‘s(p(”))\(dv)- (7.3)
H

A simple application of the Fatou lemma implies now that, for any stationary
measure p € P(H) of (1.1), we have

/H extﬁ(v)u(dv) < (E 6645(771))1/(1*11). (74)

7.2 Foias—Prodi type estimate

Let Hy be a sequence of finite-dimensional spaces satisfying Condition (B)
with some vy, let Py : H — H be the orthogonal projection onto Hy, and let
Qn := I — Pxn. We consider some sequences ug, u},, (i, ¢, € H such that

wp = S(uk-1) + Co,  up = S(ujp_y) + G-
Lemma 7.3. Suppose that
Pnuj = Pyu}, Qn¢ =Qn( for1<j<n, (7.5)

where N > 1 is an integer. Then

nil

j=0

WW‘%' (7.6)

WWWN<W%@<

<.

Proof. From (7.5) and (1.5) it follows that

||un—u;ll=IIQN(un—U’)H:IIQN( (un—1) = S(u
<Ayt exp{p(un_1) +p(u,_1) }Hlun—1 —u

0l
|

1l

!/
’I'L
!
n—

Iteration of this inequality results in (7.6). O
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7.3 A property of convex functions

Given a convex function f : R™ — RU{+o0}, let D(f) = {x € R™: f(z) < o0}.
It is clear that either D(f) = @ or D(f) is a convex subset of R”. We define
the relative interior of D(f), denoted by ri D(f), as the interior of the set D(f)
considered as a subset of its affine hull. The conjugate function of f is defined
by
f*(y) = sup ((z,9)n — f(2)).
TER"

The subdifferential of f at a point € D(f), denoted by df(z), is the (convex)
set of vectors y € R™ such that

F(2) = f(2) > (2= 2,9)n for any = € R™.

The following proposition used in Section 3 is a particular case of more general
results established in Section 23 of [Roc97].

Proposition 7.4. Let f: R" — RU {400} be a lower semicontinuous convex
function and let x € D(f). Then for any § > 0 there are x5 € D(f) and ys € R™
such that

flas) < flx)+6,  ["(ys) = (s, ys)n — f(as)- (7.7)
Proof. We first assume that D(f) = {«}. In this case, we have

fy) = sup ((z,y)n = f(2)) = (&, y)n — f(2),

z€D(f)

so that one can take xs = x for any § > 0 and an arbitrary ys; € R”.

We now assume that D(f) contains more than one point. Using the continu-
ity of a convex function of one variable on an open set, we can find x5 € ri D(f)
such that the inequality in (7.7) holds. Let us denote by E the vector span of
D(f) — zs and define the directional derivative

f'(z5:6) = lim f(x5+55)—f($6)7 ccE.

s—0t S

Then & — f/'(zs;€) is a homogeneous lower semicontinuous convex function
on E which is finite everywhere. It follows that

f/(l'é;g) = Sup <27£>n

2€0f(xs)

In particular, Of(xs) is not empty. Any vector y € 9f(xs) satisfies the equality
in (7.7). O
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