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In this work we study the asymptotic behavior of the solutions of a class of abstract parabolic time optimal control problems when the generators converge, in an appropriate sense, to a given strictly negative operator. Our main application to PDEs systems concerns the behavior of optimal time and of the associated optimal controls for parabolic equations with highly oscillating coefficients, as we encounter in homogenization theory. Our main results assert that, provided that the target is a closed ball centered at the origin and of positive radius, the solutions of the time optimal control problems for the systems with oscillating coefficients converge, in the usual norms, to the solution of the corresponding problem for the homogenized system. In order to prove our main theorem, we provide several new results, which could be of a broader interest, on time and norm optimal control problems.

Introduction.

The aim of this paper is to study the behavior of time optimal controls for a family of systems governed by abstract parabolic equations in a Hilbert space. The systems depend on a small parameter ε and they converge, in an appropriate sense, to a given abstract parabolic linear system when ε → 0. Our motivation comes from the need of understanding the behavior of time optimal controls for parabolic equations with rapidly oscillating coefficients, as studied in homogenization theory. To state this motivating problem, we consider an open bounded set Ω ⊂ R n with a C 2 boundary ∂Ω and an open nonempty subset ω ⊂ Ω, with its characteristic function χ ω . Let a = (a ij ) 1 i,j n ∈ W 2,∞ (R n ; M n (R)) be a symmetric matrix valued function of period 1 in each variable x j , with j ∈ {1, . . . , n} such that, for some constants m 1 , m 2 > 0, we have

m 1 ξ 2 a(x)ξ • ξ m 2 ξ 2 (ξ ∈ R n , x ∈ R n a.e.).
Given u ∈ L ∞ ((0, ∞), L 2 (Ω)), ψ ∈ L 2 (Ω) and ε > 0, we consider the following initial and boundary value problem: żε (x, t)div a x ε ∇z ε (x, t) = χ ω (x)u(x, t) (x ∈ Ω, t 0), (1.1)

z ε (x, t) = 0 (x ∈ ∂Ω, t 0), (1.2) 
z ε (x, 0) = ψ(x) (x ∈ Ω). (1.3)
We treat the solution of the above system as a function from [0, ∞) to L 2 (Ω), and denote it by z ε (•; ψ, u). It is well known (see, for instance, Bensoussan et al [START_REF] Bensoussan | Asymptotic analysis for periodic structures[END_REF]) that for given u ∈ L ∞ ((0, T ); L 2 (Ω)) and ψ ∈ L 2 (Ω) the solution z ε (•; ψ, u) of (1.1)-(1.3) converges, in a sense which we will make precise later, to the solution z(•; ψ, u) of: ż(x, t)div (a 0 ∇z(x, t)) = χ ω (x)u(x, t) (x ∈ Ω, t 0), (1.4) z(x, t) = 0 (x ∈ ∂Ω, t 0), (1.5) z(x, 0) = ψ(x) (x ∈ Ω), (1.6) where a 0 ∈ M n (R) is a positive definite matrix, called the homogenization matrix, which will be precisely defined in Section 6.

To state our motivating problem more precisely, we fix r > 0 and ψ ∈ L 2 (Ω). Consider, for each ε > 0 and M > 0, the following time optimal control problems associated to systems (1.1)-(1.3) and (1.4)- (1.6), respectively:

(T P H) M ε τ * ε (M ) := min t | z ε (t; ψ, u) L 2 (Ω) r
, where the minimum is taken over all u from the closed ball in L ∞ ((0, ∞); L 2 (Ω)), centered at 0 and of radius M ;

(T P H) M 0 τ * 0 (M ) := min t | z(t; ψ, u) L 2 (Ω) r , where the minimum is taken over all u from the closed ball in L ∞ ((0, ∞); L 2 (Ω)), centered at 0 and of radius M .

For fixed ε > 0, time optimal control problems similar to (T P H) M ε have been extensively studied in the literature, see, for instance, Tröltzsch [START_REF] Tröltzsch | On generalized bang-bang principles for two time-optimal heating problems with constraints on the control and the state[END_REF], Arada and Raymond [START_REF] Arada | Time optimal problems with Dirichlet boundary controls[END_REF] or Kunisch and Wang [START_REF] Kunisch | Time optimal control of the heat equation with pointwise control constraints[END_REF]. It has been proved (see, for instance, Phung, Wang and Zhang [START_REF] Phung | On the existence of time optimal controls for linear evolution equations[END_REF]) that (T P H) M ε admits, for each ε 0, M > 0, a unique solution (τ * ε (M ), u ε ). We refer to Barbu [4], Fattorini [START_REF] Fattorini | Infinite Dimensional Optimization and Control Theory[END_REF][START_REF]Infinite Dimensional Linear Control Systems[END_REF] and Li and Yong [START_REF] Li | Optimal control theory for infinite-dimensional systems, Systems & Control: Foundations & Applications[END_REF] for detailed presentations of time optimal control problems for infinite-dimensional systems.

On the other hand, in recent years several authors studied the behavior of null or approximate controls for (1.1)-(1.3) versus the corresponding controls for (1.4)- (1.6) when ε → 0. Some references tackling these subjects for parabolic equations are Castro and Zuazua [START_REF] Castro | Some topics on the control and homogenization of parabolic partial differential equations[END_REF], Lopez and Zuazua [START_REF] López | Uniform null-controllability for the one-dimensional heat equation with rapidly oscillating periodic density[END_REF], Tebou [START_REF] Tebou | Uniform null controllability of the heat equation with rapidly oscillating periodic density[END_REF] and Zuazua [START_REF] Zuazua | Controllability and observability of partial differential equations: some results and open problems[END_REF]. In the case of time-reversible linear PDEs, similar problems have been tackled in Saint-Jean Paulin and Vanninathan [START_REF] Saint Jean Paulin | Exact controllability of vibrations of thin bodies[END_REF][START_REF] Saint Jean Paulin | Vibrations of thin elastic structures and exact controllability[END_REF] and Cioranescu and Vanninathan [START_REF] Cioranescu | Exact controllability in thin perforated domains[END_REF].

The difficulty of the problem we consider comes from the high frequency oscillations in the coefficients which might give blow-up of the controls when ε → 0. We here are interested in the behavior of time optimal controls for (1.4)- (1.6) when ε → 0. The new challenges brought in by this problem are that the controls have to be found in a bounded set of the space L ∞ ((0, ∞); L 2 (Ω)) and that both the optimal time and the optimal control strongly depends on ε.

As a consequence of our main theorem, which will be precisely stated later, we will prove in Section 6 the following result: Proposition 1.1. With the above notation, for each ε 0, let (τ * ε (M ), u * ε (M )) be the solution of the time optimal control problem (T P H) M ε . Then we have that τ * ε (M ) → τ * 0 (M ), u * ε → u * 0 strongly in L 2 ((0, τ * 0 (M )); L 2 (Ω)) and u * ε → u * 0 strongly in L ∞ ((0, τ * 0 (M )δ); L 2 (Ω)), for every δ ∈ (0, τ * 0 (M )).

To prove the above result we found that it is more convenient to give our main results in an abstract framework, containing homogenization of time optimal control problems of parabolic equations as a particular case. Besides providing more generality, this approach seems more appropriate to point out the main ideas used in the proof. We describe below the abstract framework which will be used in most of the remaining part of this paper. Let X be a Hilbert space, whose inner product and the corresponding norm are denoted by •, • and • respectively. We introduce a family (A ε ) ε 0 of linear operators on X, with a common domain X 1 ⊂ X, satisfying the following assumptions: (C1) The embedding X 1 ⊂ X is compact and the operator A ε is, for every ε 0, self-adjoint in X. (C2) A 0 is strictly positive and there exist positive constants m 0 and m 1 such that

m 0 A 0 ψ, ψ A ε ψ, ψ m 1 A 0 ψ, ψ (ψ ∈ X 1 ). (C3) We have lim ε→0+ A -1 ε ψ -A -1 0 ψ = 0 for every ψ ∈ X.
It is well known that -A ε generates (for every ε 0) a contraction semigroup T ε on X, which is analytic (see, for instance, Tucsnak and Weiss [24, Proposition 3.8.5] and Arendt [START_REF] Arendt | Vector-Valued Laplace Transforms and Cauchy Problems[END_REF]Example 3.7.5]). Let U be another Hilbert space and let B ∈ L(U, X), called the control operator. Consider the family of systems (Σ ε ) ε 0 , with the state space X and the input space U , described by

(Σ ε ) żε (t) + A ε z ε (t) = Bu(t) (t 0), z ε (0) = ψ ∈ X.
For ε, τ 0, we introduce the input to state operator

Φ ε τ ∈ L(L ∞ ((0, ∞); U ), X), defined by Φ ε τ u = τ 0 T ε τ -σ Bu(σ) dσ (u ∈ L ∞ ((0, ∞); U )), (1.7) 
so that the state trajectory of (Σ ε ) is given by z ε (t) = T ε t ψ + Φ ε t u. As shown in the next section, assumptions (C1)-(C3) above ensure the convergence, in an appropriate sense, of T ε to T 0 and of Φ ε t to Φ 0 t . For each M > 0, we set

U M := u | u ∈ L ∞ ((0, ∞); U ), s.t. u L ∞ ((0,∞);U) M .
Denote B(0, r), with r > 0 fixed, the closed ball in X, centered at the origin and of radius r. We fix ψ ∈ B(0, r). For each M > 0 and ε 0, we define the time optimal control problem:

(T P ) M ε τ * ε (M ) := min u∈UM {t | T ε t ψ + Φ ε t u ∈ B(0, r)} . (1.8)
It is well known that the above optimal control problem admits at least one solution (τ * ε (M ), u * ε ). Our main purpose is to study the asymptotic behavior (when ε → 0) of the solutions of (T P ) M ε . Our method to study this problem requires one more assumption:

(C4) For every ε 0 and τ > 0, there exists K(ε, τ ) > 0 such that

K(ε, τ ) τ 0 B * T ε t ψ U dt T ε τ ψ (ψ ∈ X),
where, for each ε 0, the map τ → K(ε, τ ) is continuous on (0, ∞).

Our main result states as follows:

Theorem 1.2. With the above notation, let (A ε ) ε 0 and B satisfy assumptions (C1)-(C4) above. For every M > 0 and ε 0 we denote by (τ * ε (M ), u * ε ) the solution of the time optimal control problem (T P ) M ε . Then we have

τ * ε (M ) → τ * 0 (M ), (1.9) 
u * ε → u * 0 strongly in L 2 ((0, τ * 0 (M )); U ). (1.10)
We further assume that for ε 0 we have η ∈ X and B * T ε t0 η = 0 for some t 0 > 0 =⇒ η = 0.

(1.11)

Then for every δ ∈ (0, τ * 0 (M )) we have

u * ε → u * 0 strongly in L ∞ ((0, τ * 0 (M ) -δ); U ). (1.12)
It is worth mentioning that similar convergence results have been obtained in Yu [START_REF] Yu | Approximation of time optimal controls for heat equations with perturbations in the system potential[END_REF] for a special case where the controlled systems are heat equations with small perturbations in the lower terms, see Example 6.1 in Section 6. Note that the methods in [START_REF] Yu | Approximation of time optimal controls for heat equations with perturbations in the system potential[END_REF] do not seem applicable to the more general problem studied in our work.

The outline of the remaining part of this paper is as follows. Section 2 is devoted to study the convergence of abstract families of analytic semigroups and some associated input to state maps when the operators A ε converge to A 0 (in the sense of assumption (C3)). Section 3 contains some necessary background on time and norm optimal control problems. In Section 4, we establish, in an abstract framework, a relation between time and norm optimal control problems. In Section 5, we provide the proof of our main theorem. In Section 6 we apply our abstract results to the homogenization problem stated above and we discuss other possible applications.

Some approximation results for the semigroups.

In this section, using the same notation as in the previous section, we study the behavior of the family of semigroups (T ε ) ε 0 and of the input to state maps (Φ ε τ ) ε,τ 0 , introduced in (1.7), when ε → 0. These results can be seen as an abstract version of those on homogenization of parabolic equations, as described, for instance, in [START_REF] Bensoussan | Asymptotic analysis for periodic structures[END_REF]Ch.2].

In the remaining part of this section, we assume that (A ε ) ε 0 satisfies the assumptions (C1)-(C3) introduced in the previous section. It is not difficult to check that there exist positive constants K and α 0 such that

T ε τ L(X) e -α0τ , Φ ε τ L(L ∞ ((0,∞);U),X) K (τ, ε 0) (2.1)
Proposition 2.1. With the above notation, let (A ε ) ε 0 be a family of operators satisfying the assumption (C1)-(C3) in the previous section. Moreover, let (ψ ε ) ε 0 be a family of vectors in X. For every ε, t 0 we set ϕ ε (t) = T ε t ψ ε . Then we have the following assertions:

1. If ψ ε → ψ 0 weakly in X, then ϕ ε → ϕ 0 weakly* in L ∞ ((0, ∞), X).
2. If ψ ε → ψ 0 strongly in X, then for every τ > 0, ϕ ε → ϕ 0 in C([0, τ ]; X).

3. If ψ ε → ψ 0 weakly in X and (τ ε ) ε 0 is a family of positive numbers with τ ε → τ 0 , then ϕ ε (τ ε ) → ϕ 0 (τ 0 ) strongly in X.

Proof. For each ε, t 0, we set ϕ ε (t) = T ε t ψ 0 (t 0). We first show that lim

ε→0+ (ϕ ε -ϕ ε ) = 0 weakly* in L ∞ ((0, ∞); X). (2.2) 
Indeed, let v ∈ L 1 ((0, ∞); X). By (C1)-(C3), we can apply the Trotter-Kato theorem (see, for instance, [3, Theorem 3.6.1,Proposition 3.6.2]), to get that, lim ε→0 (T ε t -T 0 t )v(t) = 0 (t 0 a.e.).

By the first estimate in (2.1), we have that (T ε t -T 0 t )v(t) 2 v(t) for almost every t 0, so that, by the dominated convergence theorem, we obtain that the map t → (T ε t -T 0 t )v(t) converges strongly to 0 in L 1 ((0, ∞); X) when ε → 0. This, together with the weak convergence of ψ ε to ψ 0 , gives (2.2).

We next verify that lim

ε→0+ ( ϕ ε -ϕ 0 ) = 0 weakly* in L ∞ ((0, ∞); X). (2.3) Since { ϕ ε } ε>0 is bounded in L ∞ ((0, ∞); X)
, it follows from the Alaoglu theorem that, up to the extraction of a subsequence,

lim ε→0+ ϕ ε = ϕ 0 weakly* in L ∞ ((0, ∞); X) (2.4) 
for some ϕ 0 ∈ L ∞ ((0, ∞); X). Hence, still up to the extraction of a subsequence,

∞ 0 e -st ϕ ε (t), η dt → ∞ 0 e -st ϕ 0 (t), η dt (s > 0, η ∈ X).
Using a classical result (see, for instance, [24, Proposition 2.3.1]), we have

∞ 0 e -st ϕ ε (t) dt = (sI + A ε ) -1 ψ 0 (ε 0, s > 0), so that lim ε→0+ (sI + A ε ) -1 ψ 0 , η = ∞ 0
e -st ϕ 0 (t), η dt for every s > 0 and η ∈ X.

On the other hand, assumption (C3), together with [3, Proposition 3.6.2], implies that lim ε→0+ (sI + A ε ) -1 ψ 0 -(sI + A 0 ) -1 ψ 0 = 0 for every s > 0. Therefore, we have

(sI + A 0 ) -1 ψ 0 , η = ∞ 0 e -st ϕ 0 (t), η dt (s > 0, η ∈ X).
The last formula implies that

∞ 0 e -st ϕ 0 (t), η = ∞ 0 e -st ϕ 0 (t), η dt (s > 0, η ∈ X),
which, as well as the injectivity of the Laplace transform, yields that that ϕ 0 = ϕ 0 . This, along with (2.4), yields (2.3). Thus, using (2.2) we obtain our first assertion.

To prove the second assertion, we notice that, since (T ε ) ε 0 are contraction semigroups, we have

ϕ ε (t) -ϕ 0 (t) ψ ε -ψ 0 + T ε t ψ 0 -T 0 t ψ 0 (ε, t 0).
The first term of the above formula obviously tends to zero. To show that the same property holds for the second term, it suffices to apply the Trotter-Kato theorem.

To prove the third assertion in the proposition, we introduce X -1 , the dual space of X 1 with respect to the pivot space X and we denote by • -1 the norm of this space. It is known (see, for instance, [24, Section 2.10]) that, for every ε 0, the operator A ε can be extended to an operator in L(X, X -1 ) which generates an analytic contraction semigroup on X -1 , extending T ε . The extended semigroup, still denoted by T ε , satisfies T ε t ψ, η X-1,X1 = ψ, T ε t η for every t 0, ψ ∈ X -1 and η ∈ X 1 . The compactness of the embedding X 1 ⊂ X clearly implies that of the embedding X ⊂ X -1 , so that, up to the extraction of a subsequence, lim

ε→0+ ψ ε -ψ -1 = 0.
According to classical properties of analytic contraction semigroups (see, for instance, [3, Theorem 3.7.19]) we have

T ε t ∈ L(X -1 , X), T ε t L(X-1,X) t -1 (ε 0, t > 0). (2.5)
Let us note that

T ε τε ψ ε -T 0 τ0 ψ 0 T ε τε ψ ε -T ε τε ψ 0 + T ε τε ψ 0 -T 0 τε ψ 0 + T 0 τε ψ 0 -T 0 τ0 ψ 0 . (2.6)
For the first term on the right hand side of (2.6), we use (2.5) to get

T ε τε ψ ε -T ε τε ψ 0 T ε τε L(X-1,X) ψ ε -ψ 0 -1 ψ ε -ψ 0 -1 τ ε ,
so that this term clearly converges to 0. To see that the second term on the right hand side of (2.6) converge to 0, it suffices to apply the second assertion of this proposition.

Finally, the last term on the right hand side of (2.6) converge to 0, because of the continuity of t → T t . Thus, the third assertion holds, which ends the proof.

Proposition 2.2. With the notation and assumptions in Proposition 2.1, let τ > 0 and let (u ε ) ε 0 be a family of functions in L ∞ ((0, ∞); U ). Set, for each ε, t 0, w ε (t) = Φ ε t u ε , where Φ ε t is defined by (1.7). Then the following assertions hold:

1. If u ε → u 0 weakly * in L ∞ ((0, ∞); U ), then w ε → w 0 weakly * in L ∞ ((0, ∞); X). 2. If u ε → u 0 weakly * in L ∞ ((0, ∞); U ), then w ε (τ ) → w 0 (τ ) weakly in X. 3. If u ε → u 0 strongly in L ∞ ((0, ∞); U ), then w ε → w 0 in C([0, τ ]; X). Proof. For each ε, t 0 we set w ε (t) = Φ ε t u 0 (t 0). We first claim that lim ε→0+ ( w ε -w ε ) = 0 weakly* in L ∞ ((0, ∞); X). (2.7) 
Indeed, for each v ∈ L 1 ((0, ∞); U ) and ε 0, we deduce from Fubini's theorem that

∞ 0 w ε (t) -w ε (t), v(t) dt = ∞ 0 t 0 T ε t-σ B (u ε (σ) -u 0 (σ)) dσ, v(t) dt = ∞ 0 ∞ σ T ε t-σ B (u ε (σ) -u 0 (σ)) , v(t) dt dσ = ∞ 0 u ε (σ) -u 0 (σ), ∞ σ B * T ε t-σ v(t) dt dσ. (2.8) For each ε, σ 0, we set g ε (σ) := ∞ σ B * T ε t-σ v(t) dt.
By the assumptions (C1)-(C3), we can apply the dominated convergence theorem to get that lim

ε→0+ g ε (σ) = g 0 (σ) = ∞ σ B * T 0 t-σ v(t) dt (σ 0).
Moreover, using the first estimate in (2.1), we have that for each σ 0

g ε (σ)-g 0 (σ) 2 B * L(X,U) e α0σ ∞ σ e -α0t v(t) dt 2 B * L(X,U) v L 1 ((0,∞);U) .
From these, we can apply the dominated convergence theorem again to obtain that g ε → g 0 strongly in L 1 ((0, ∞); U ). This, combined with (2.8), implies (2.7).

We next show

w ε → w 0 weakly* in L ∞ ((0, ∞); X). (2.9)
By the second estimate in (2.1), we have that (

w ε ) ε>0 is bounded in L ∞ ((0, ∞); X).
Hence, up to the extraction of a subsequence, we have that lim

ε→0+ w ε = w 0 weakly* in L ∞ ((0, ∞); X), (2.10) 
for some w 0 ∈ L ∞ ((0, ∞); X). The above convergence implies that lim

ε→0+ ∞ 0 e -st w ε (t), η dt = ∞ 0 e -st w 0 (t), η dt (s > 0, η ∈ X). (2.11) 
Two observations are given in order. Firstly, by a classical result (see, for instance, [24, Remark 4.1.9]), we have

∞ 0 e -st w ε (t) dt = (sI + A ε ) -1 B u 0 (s) (s > 0),
where u 0 stands for the Laplace transform of u 0 . Therefore, it follows that lim

ε→0+ (sI + A ε ) -1 B u 0 (s), η = ∞ 0 e -st w 0 (t), η dt (s > 0, η ∈ X). (2.12)
Secondly, assumption (C3), together with [3, Proposition 3.6.2], implies that lim

ε→0+ (sI + A ε ) -1 B u 0 (s) -(sI + A 0 ) -1 B u 0 (s) = 0 (s > 0). (2.13) From (2.11)-(2.13), it follows that (sI + A 0 ) -1 B u 0 (s), η = ∞ 0 e -st w 0 (t), η dt (s > 0, η ∈ X).
The last formula implies that

∞ 0 e -st w 0 (t), η = ∞ 0 e -st w 0 (t), η dt (s > 0, η ∈ X).
This, along with the injectivity of the Laplace transform, yields that w 0 = w 0 , which leads to (2.9). Combining this and (2.7), we obtain our first assertion.

The proof of the second assertion follows from the proof of (2.7) where we take v(t) ≡ η for arbitrarily fixed η ∈ X.

To prove the third assertion of the proposition, it suffices to note that

w ε (t) -w 0 (t) Φ ε t (u ε -u 0 ) + (Φ ε t -Φ 0 t )u 0 . (2.14)
The first term on the right hand side of (2.14) clearly converges to 0 because of the second estimate in (2.1). The second term on the right hand side of (2.14) clearly converges to 0 according to the Trotter-Kato theorem and the dominated convergence theorem. This ends the proof. From the two above propositions, we clearly have the following consequences:

Corollary 2.3.
With the notation and assumptions in Proposition 2.1, let (ψ ε ) ε 0 and (u ε ) ε 0 be two families in X and L ∞ ((0, ∞); U ), respectively. For each

ε, t 0 we set z ε (t) = T ε t ψ ε + Φ ε t u ε .
Then the following assertions hold:

1. If ψ ε → ψ 0 weakly in X and u ε → u 0 weakly* in L ∞ ((0, ∞); X) then z ε → z 0 weakly* in L ∞ ((0, τ ); X) and, for each τ 0, we have z ε (τ ) → z 0 (τ ) weakly in X. 2. If ψ ε → ψ 0 strongly in X and u ε → u 0 strongly in L ∞ ((0, ∞); U ), then for each τ 0, we have z ε → z 0 in C([0, τ ]; X).

Some background on time and norm optimal control problems.

In this section we recall some basic results on time and norm optimal controls for linear, time invariant infinite dimensional systems. We give, in particular, versions of Pontryagin's maximum principle for time and norm optimal control problems in the case when the target is a closed ball in a Hilbert space. These kind of results are widely discussed in the literature, in a very general context, for linear and nonlinear equations with various target sets. We refer, for instance, to Fattorini [START_REF] Fattorini | Infinite Dimensional Optimization and Control Theory[END_REF][START_REF] Fattorini | Time-optimal control of solutions of operational differenital equations[END_REF] and [START_REF] Li | Optimal control theory for infinite-dimensional systems, Systems & Control: Foundations & Applications[END_REF]. However, for the sake of completeness, we give in Appendix a short proof adapted to the particular situation considered in this work. Moreover, we state the analogous results for the associated norm optimal control problem.

Throughout this section, X and U are real Hilbert spaces, T = (T) t 0 is a C 0 semigroup of linear operators on X, with the generator -A, and B ∈ L(U, X) is a bounded control operator. For every t 0, ψ ∈ X and u ∈ L ∞ ((0, ∞); U ), we set

z(t; ψ, u) := T t ψ + Φ t u with Φ t u := t 0 T t-σ Bu(σ) dσ. (3.1)
It is well-known that z is the state trajectory of the system (Σ), described by

(Σ) ż(t) + Az(t) = Bu(t) (t 0), z(0) = ψ ∈ X.
Fix r > 0 and ψ ∈ B(0, r). Consider the following time optimal control problems:

(T P ) M τ * (M ) := min u∈UM {t | z(t; ψ, u) ∈ B(0, r)} (M > 0), (3.2) 
where

U M := u | u ∈ L ∞ ((0, ∞); U ) s.t. u L ∞ ((0,∞);U) M .
Theorem 3.1. With the above notation and assumptions, let M > 0 and suppose that ψ ∈ B(0, r). Let (τ * (M ), u * ) be a solution of the time optimal control problem (T P ) M . Then u * satisfies the Pontryagin's maximum principle, i.e., there exists η ∈ X, with η = 0, such that for almost every t ∈ (0, τ * (M )), we have

u * (t), B * T * τ * (M)-t η U = max v∈U, v U M v, B * T * τ * (M)-t η U . (3.3)
Moreover, we have the following transversality condition: η = -z(τ * (M ); ψ, u * ).

The proof of Theorem 3.1 is given in Appendix for the sake of completeness of the paper. From Theorem 3.1, we clearly have the following consequence: Then the following assertions hold: 1. Any optimal control u * to the problem (T P ) M has the bang-bang property, i.e., it satisfies that u * (t) = M for almost every t ∈ (0, τ * (M )).

2. The optimal control to the problem (T P ) M , if exists, is unique.

Our study on time optimal control problems is related to the following norm optimal control problems, defined for every τ > 0 by

(N P ) τ N * (τ ) := min f ∈L ∞ ((0,τ );U) f L ∞ ((0,τ );U) | z(τ ; ψ, f ) ∈ B(0, r) . (3.5) 
The Pontryagin maximum principle for problems ((N P ) τ ) τ >0 states as follows:

Theorem 3.3. With the notation and assumptions in Theorem 3.1, let τ > 0 and assume that T τ ψ > r. Let f be a norm optimal control to problem (N P ) τ . Then, it satisfies the Pontryagin maximum principle, i.e., there exists η ∈ X with η = 0, such that for almost every t ∈ (0, τ ), we have:

f (t), B * T * τ -t η U = max v∈U, v U N * (τ ) v, B * T * τ -t η U . (3.6) 
Moreover, we have the transversality condition: η = -z(τ ; ψ, f ).

For the sake of completeness, a short proof of Theorem 3.3 will be given in Appendix of the paper. From Theorem 3.3, it easily follows Corollary 3.4. With the same notation and assumptions in Theorem 3.3, suppose that (3.4) holds. Then the following statements hold: 1. Any optimal control f to the problem (N P ) τ has the bang-bang property, i.e., it satisfies that f (t) = N * (τ ) for a.e. t ∈ (0, τ ). 2. The optimal control to the problem (N P ) τ , if exists, is unique.

To further study the norm optimal control problem (N P ) τ , with τ > 0, it is useful to introduce an auxiliary minimization problem. This has been remarked in the case of the heat equations in Fabre et al [START_REF] Fabre | Approximate controllability of the semilinear heat equation[END_REF]. More precisely, we introduce the following minimization problem:

(JP ) τ V * (τ ) := min η∈X {J τ (η)} , (3.7) 
where

J τ (η) = 1 2 τ 0 B * T * τ -t η U dt 2 + ψ, T * τ η + r η (η ∈ X).
We first give in the following lemma some properties concerning the problem (JP ) τ .

Lemma 3.5. With the same notation and assumptions in Theorem 3.3, let τ > 0. Moreover, assume that the pair (A * , B * ) is approximatively observable in any time. Then the following assertions hold: 1. The functional J τ is continuous, strictly convex and coercive on X. 2. The functional J τ has a unique minimizer over X. 3. T τ ψ ∈ B(0, r) if and only if zero is not the minimizer of J τ .

Proof. The continuity and the strict convexity of the functional J τ are obvious. The coercivity of J τ can be verified by the exactly same way used in [START_REF] Zuazua | Controllability and observability of partial differential equations: some results and open problems[END_REF]Ch.4.2], using in an essential way the approximate observability of (A * , B * ). Moreover, since a stronger version of this coercive property will be proved in Proposition 5.3 below, we omit here the proof.

To prove the second assertion, we first check that

T τ ψ ∈ B(0, r) ⇒ 0 is not the minimizer of J τ . (3.8) 
Indeed, assume by contradiction that T τ ψ ∈ B(0, r), but 0 were the minimizer of J τ . Then we would have that for every η in X, J τ (λη)/λ J τ (0)/λ = 0. Passing to the limit for λ → 0 in the later, we have that | T τ ψ, η | r η for all η ∈ X. Thus, T τ ψ ∈ B(0, r), which leads to a contradiction. Hence (3.8) holds.

Conversely, we show that if T τ ψ ∈ B(0, r), then 0 is the minimizer of J τ . For this purpose, we note that if T τ ψ ∈ B(0, r), then | ψ, T * τ η | r η for all η ∈ X. Hence, for any η ∈ X, it is clear that J τ (η) ψ, T * τ η + r η 0 = J τ (0). This implies that 0 is the minimizer of J τ and ends the proof.

The following proposition gives an explicit formula of the norm optimal control in terms of the minimizer of J τ . Proposition 3.6. With the same notation and assumptions in Theorem 3.3, suppose that T τ ψ ∈ B(0, r) and that property (3.4) holds. Let η be the minimizer of J τ . Then we have: 1. The function f defined by

f (t) = τ 0 B * T * τ -s η U ds B * T * τ -t η B * T * τ -t η U (t ∈ (0, τ ) a.e.), (3.9) 
is the norm optimal control to the problem

(N P ) τ . 2. N * (τ ) = τ 0 B * T * τ -t η U dt, where N * (τ ) is defined by (3.5). 3. V * (τ ) = - 1 2 N * (τ ) 2
, where V * (τ ) is defined by (3.7).

Proof. Since the uniqueness of the optimal control to the problem (N P ) τ has been proved in Corollary 3.4, we only need to show that f , defined by (3.9), is an optimal control to the problem (N P ) τ . For this purpose, we first use Lemma 3.5 to get that η = 0. Then it follows from the assumption (3.4) that B * T * τ -t η = 0 for every t ∈ [0, τ ). Consequently, f is well defined.

We next prove that f is an admissible control to Problem (N P ) τ , which means that z(τ ; ψ, f ) r. To this end, we observe that the Euler-Lagrange equation, associated with the minimizer η of J τ , reads:

τ 0 f , B * T * τ -t η U dt + ψ, T * τ η + r η/ η , η = 0 (η ∈ X). (3.10) 
This, along with (3.1), yields that z(τ ; ψ, f ) r. We next show the optimality of f to the problem (N P ) τ . First of all, we denote

ϕ(t) = B * T * τ -t η for all t ∈ [0, τ ]. Then for each v ∈ L ∞ ((0, τ ); U ), we clearly have τ 0 f (t), ϕ(t) U dt -z(τ ; ψ, f ), η = τ 0 v(t), ϕ(t) U dt -z(τ ; ψ, v), η .
This, together with (3.10) with η = η, yields that when v ∈ L ∞ ((0, τ ); U ), we have

f 2 L ∞ ((0,τ );U) = τ 0 v(t), ϕ(t) U dt -z(τ ; ψ, v), η -r η .
Since f (t) U = ϕ(t) U for every t ∈ [0, τ ), the above equality implies that when v is admissible to the problem (N P ) τ , we have

f L ∞ ((0,τ );U) v L ∞ ((0,τ );U) .
Hence, f is the optimal control to (N P ) τ , which ends the proof of our second assertion.

The last assertion follows from (3.10), with η = η, and from (3.7).

4. On the relation of time and norm optimal control problems.

In this section, we present some relationships between time and norm optimal control problems. We use the same notation and assumptions on X, U, A, T, (Φ t ) t 0 , B as in the previous section. In particular, for every t 0, ψ ∈ X and u ∈ L ∞ ((0, ∞); U ), we set

z(t; ψ, u) := T t ψ + Φ t u with Φ t u := t 0 T t-σ Bu(σ) dσ.
Moreover, we assume that -A : D(A) → X generates a contraction semigroup T. For fixed r > 0 and ψ ∈ X we denote τ = min

t>0 {t | T t ψ r} if {t | T t ψ r} = ∅ +∞ if {t | T t ψ r} = ∅. (4.1)
We first present some properties of functions τ * (•) and N * (•) defined by (3.2) and (3.5), respectively.

Proposition 4.1. Let r > 0 and ψ ∈ X \ B(0, r). Assume that for every τ > 0, we have

K(τ ) τ 0 B * T * t η U dt T * τ η (η ∈ X), (4.2) 
where K(•) : (0, ∞) → (0, ∞) is continuous. Let τ be the quantity defined in (4.1).

Then the following statements hold:

1. The map t → N * (t) is decreasing and continuous on (0, τ ). Proof. We first show that the considered map is decreasing. Suppose, by contradiction, that there exist τ 1 , τ 2 ∈ (0, τ ), with τ 1 < τ 2 , such that

N * (τ 2 ) N * (τ 1 ) > 0. (4.4)
On one hand, let f * be the extension of the norm optimal control of (N P ) τ1 over (0, τ 2 ) with zero value over (τ 1 , τ 2 ). Then, it follows that 

f * L ∞ ((0,τ2);U) = N * (
control v ∈ L ∞ ((0, τ 2 ), U ), supported in the interval [τ 1 , τ 2 ], such that z(τ 2 ; ψ, v) = 0 and v L ∞ ((0,τ2);U) C ψ , (4.6) 
where C > 0 depends on r, τ 1 , A and (τ 2τ 1 ). Choose λ 0 ∈ (0, 1) such that Cλ 0 ψ < N * (τ 1 ). (4.7)

We now define a new control f over (0, τ 2 ) by

f = χ [0,τ1) (1 -λ 0 )u * 1 + χ [τ1,τ2] λ 0 v. (4.8)
Since T t is a contraction semigroup, it follows from (4.5) and (4.6) that f is an admissible control to problem (N P ) τ2 , which implies that f L ∞ ((0,τ2);U) N * (τ 2 ). Meanwhile, it follows from (4.8), (4.5) and (4.7) that f L ∞ ((0,τ2);U) < N * (τ 1 ). The above two inequalities contradict the assumption (4.4). Consequently τ → N * (τ ) is decreasing on (0, τ ). We next show that τ → N * (τ ) is right continuous. To this end, let (τ n ) n>0 ⊂ (0, τ ) be an arbitrary decreasing sequence with lim n→∞ τ n = τ and let f * n be the extension of the norm optimal control of (N P ) τn over (0, ∞) with zero value over (τ n , ∞) for each n ∈ N. Then it is clear that

z(τ n ; , ψ, f * n ) ∈ B(0, r) and f * n L ∞ ((0,∞);U) = N * (τ n ) N * (τ ), Since (f * n ) n∈N is bounded in L ∞ ((0, ∞); U )
, there exists a subsequence, denoted in the same way, and a control g ∈ L ∞ ((0, ∞); U ) such that f * n → g weakly* in L ∞ ((0, ∞); U ) and z(τ n ; ψ, f * n ) → z(τ ; ψ, g) weakly in X. Then, it follows that z(τ, ψ, g) ∈ B(0, r), which implies that g, when restricted over (0, τ ), is an admissible control to (N P ) τ . Thus, we have

N * (τ ) g L ∞ ((0,τ );U) lim inf n→∞ f * n L ∞ ((0,τ );U) = lim n→∞ N * (τ n ) N * (τ ).
Hence, τ → N * (τ ) is right continuous. We now prove that the map τ → N * (τ ) is left continuous. Assume, by contradiction, that there did exist a δ > 0 such that

N * (τ n ) > N * (τ ) + δ, when n ∈ N, (4.9) 
for some (τ n ) n>0 ⊂ (0, τ ) with lim n→∞ τ n = τ . To obtain a contradiction, it suffices to show the existence of n 0 ∈ N and of a control f n0 such that

f n0 L ∞ ((0,∞);U)) < N * (τ n0
) and z(τ n0 ; ψ, f n0 ) ∈ B(0, r). (4.10)

We now prove the existence of such n 0 and f n0 . Let f * be the extension of the norm optimal control of (N P ) τ over (0, ∞) with zero value over (τ, ∞). Then,

z(τ ; ψ, f * ) ∈ B(0, r) and f * L ∞ ((0,∞);U) = N * (τ ). (4.11)
By the continuity of τ → z(τ ; ψ, f * ), we have that given ρ > 0, there exists a natural number n 1 (ρ) such that for every n > n 1 (ρ), we have z(τ n ; ψ, f * )z(τ ; ψ, f * ) ρ. This, along with (4.11), yields that for each λ ∈ (0, 1), z(τ n ; λψ, λf * ) λ(ρ + r) when n > n 1 (ρ). (4.12)

Meanwhile, by the assumption (4.2), we know that for each n ∈ N, there exists a control v n , supported over (0, τ n ), such that

v n L ∞ ((0,∞);U)) C ψ and z(τ n ; ψ, v n ) = 0, (4.13) 
where C is independent of n. Define, for each λ ∈ (0, 1) and n ∈ N,

f λ,n := λf * + (1 -λ)v n over (0, ∞). (4.14)
Then, by combining (4.12) and (4.13), we have that for every λ ∈ (0, 1), ρ > 0,

z(τ n ; ψ, f λ,n ) λ(ρ + r) when n > n 1 (ρ). (4.15) 
Moreover, by (4.14) and (4.13), for every λ ∈ (0, 1) we have

f λ,n L ∞ ((0,∞);U) λN * (τ ) + (1 -λ)C ψ for all n ∈ N.
This, along with (4.9), indicates that there exists λ 0 ∈ (0, 1) such that

f λ0,n L ∞ ((0,∞);U) < N * (τ n ) for all n ∈ N. (4.16)
We now fixe ρ = ρ 0 > 0 such that λ 0 (r + ρ 0 ) r. Then, by (4.15), we have that z(τ n ; ψ, f λ0,n ) r, when n > n 1 (ρ). (4.17)

By taking n = n 0 > n 1 (ρ) in (4.17) and (4.16), we are led to (4.10), where f n0 = f λ0,n0 . Hence, the map τ → N * (τ ) is left continuous.

To prove the first equality in the second assertion of the proposition, let (τ n ) n>0 be a sequence of positive numbers such that lim n→∞ τ n = 0. Suppose by contradiction that there exists a subsequence of (τ n ) n>0 , denoted in the same way, such that lim n→∞ N * (τ n ) ρ for some ρ > 0. For each n ∈ N, let f * n be the extension of the norm optimal control of (N P ) τn over (0, ∞) with zero value over (τ n , ∞). Then, there exists f ∈ L ∞ ((0, ∞); U ) and a subsequence of (f * n ) n∈N , denoted in the same manner, such that

f * n → f weakly* in L ∞ ((0, ∞); U ) and z(τ n ; ψ, f * n ) → z(0; ψ, f ) weakly in X.
Since z(τ n ; ψ, f * n ) ∈ B(0, r) for all n, the above two convergence properties imply that ψ = z(0; ψ, f) ∈ B(0, r), which contradicts the assumption that ψ / ∈ B(0, r). Hence, lim

t→0+ N * (t) = +∞.
The second equality in the second assertion of the proposition follows immediately from the definition (4.1) of τ and the continuity of the map τ → N * (τ ).

To prove the third assertion of the proposition, we first check that N * (τ * (M )) = M . If it did not hold, then we would have either N * (τ * (M )) > M for some M > 0 or N * (τ * (M )) < M for some M > 0. In the case when N * (τ * (M )) > M for some M > 0, any control driving the solution of the system to B(0, r) at time τ * (M ) would have its L ∞ ((0, ∞); U )-norm strictly greater than M . Hence, the problem (T P ) M has no optimal control. However, since -A : D(A) → X generates a contraction semigroup and (4.2) holds, we can apply Theorem 3.1 in [START_REF] Phung | On the existence of time optimal controls for linear evolution equations[END_REF] to get that the problem (T P ) M has optimal controls. This leads to a contradiction. In the second case where N * (τ * (M )) < M for some M > 0, it follows from the continuity and monotonicity of the map t → N * (t) that there exists τ 0 ∈ (0, τ * (M )) such that N * (τ 0 ) = M . Thus, there is a control v such that v L ∞ ((0,τ0);L 2 (Ω)) = M and z(τ 0 ; ψ, v) ∈ B(0, r).

(4.18)

Since τ 0 < τ * (M ), we are led, from (4.18), a contradiction to the optimality of τ * (M ) to the problem (T P ) M . Thus, we have shown that N * (τ * (M )) = M for each M > 0. This, in particular, gives that N * (τ * (N * (τ ))) = N * (τ ) for each τ ∈ (0, τ ). The later, along with the continuity and monotonicity of N (•), leads to τ * (N * (τ )) = τ for all τ ∈ (0, τ ). Hence, the third assertion of the proposition has been proved. This ends the proof. Remark 4.2. We mention that the properties of the minimal time and minimal norm functions derived in the above proposition have been investigated, in the case in which the target is the origin, in Wang and Zuazua [START_REF] Wang | On the equivalence of minimal time and minimal norm controls for internally controlled heat equations[END_REF]. Our method differs from the one in [START_REF] Wang | On the equivalence of minimal time and minimal norm controls for internally controlled heat equations[END_REF] in the sense that we first study the minimal norm function and then use its properties to obtain the properties of the minimal time function.

The result below shows that the solution of the time optimal control to the problem (T P ) M has a simple expression in terms of the minimizer of J τ * (M) , where τ * (M ) is the optimal time in (T P ) M and J τ has been defined in (3.7). is the time optimal control to the problem (T P ) M . Proof. Since the uniqueness of the optimal control to the problem (T P ) M has been proved in Corollary 3.2, we only need to show that the function u * defined by (4.19) is an optimal control to the problem (T P ) M . To this end, we first claim

η = 0. (4.20)
Indeed, if η = 0, then by the third assertion of Lemma 3.5, we would have that T τ * (M) ψ ∈ B(0, r). Hence, the null control is the time optimal control to (T P ) M . This contradicts to the assumption ψ ∈ B(0, r). Consequently, (4.20) holds. Hence, u * is well defined. By Proposition 4.1, we have that N * (τ * (M )) = M . Then by Proposition 3.6, u * is the norm optimal control of (N P ) τ * (M) , i.e., z(τ * (M ); ψ, u * ) ∈ B(0, r) and

u * L ∞ ((0,τ * (M));L 2 (Ω)) = N * (τ * (M )) = M .
Consequently, u * is the time optimal control to the problem (T P ) M . This completes the proof.

Remark 4.4. Note that the approximate observability in any time implies that the problem (N P ) τ has solutions. This, as well as Corollary 3.4, shows that for each τ > 0, the problem (N P ) τ has a unique optimal control.

To ensure the existence of time optimal controls to the problem (T P ) M , we need more assumptions due to the control constraint. More precisely, we have (4.2) together with the contractivity of {T t } t 0 =⇒ (T P ) M has solutions.

The later, together with Corollary 3.2, implies that for each M > 0, (T P ) M has a unique optimal control.

Proof of Theorem 1.2.

In this section we come back to the assumptions and notation in Section 1. In particular, for every ε 0 we have that -A ε generates a contraction semigroup on X, denoted by T ε , which is analytic and exponentially stable (uniformly with respect to ε, see the first estimate in (2.1)). We recall from Section 1 that the main object is to study the asymptotic behavior when ε → 0 of the family of time optimal control problems (T P ) M ε ε 0 defined by (1.8), where M > 0, r > 0 and ψ ∈ B(0, r) are given. Moreover, for every τ > 0 and ε 0 we define the norm optimal control and minimization problems respectively:

(N P ) τ ε N * ε (τ ) := min f ∈L ∞ ((0,τ );U) f L ∞ ((0,τ );U) | T ε t ψ + Φ ε t f ∈ B(0, r) ; (5.1) (JP ) τ ε V * ε (T ) := min η∈X {J τ ε (η)} , (5.2) 
where

J τ ε (η) = 1 2 τ 0 B * ϕ ε (t; η, τ ) U dt 2 + ψ, ϕ ε (0; η, τ ) + r η (η ∈ X), with the notation ϕ ε (t; ψ, τ ) := T ε τ -t ψ (t ∈ [0, τ ]). Remark 5.1.
It should be pointed out that when assumptions (C1)-(C4) hold, each pair (A ε , B), with ε 0, satisfies the conditions (3.4) and (4.2). Indeed, (4.2) is exactly (C4), whereas (3.4) follows from (C4) and the analyticity of the semigroup T ε . Therefore, all results obtained in the previous two sections hold for each pair (A ε , B), with ε 0.

Our strategy to show the main results is to build up a strong convergence of minimizers of (JP ) τε ε in X and then to apply the relation of the minimal time and norm optimal control problems established Section 4. More precisely, an important ingredient of the proof of our main theorem states as follows.

Proposition 5.2. With the above notation, suppose that (C1)-(C4) hold. Let (τ ε ) ε 0 be a family of positive numbers such that τ ε → τ 0 , with τ 0 > 0, and let η ε be the minimizer of J τε ε for each ε 0. Then we have η ε → η 0 strongly in X.

To prove the above proposition we use an essential way in the following lemma, which has many common points with a result in [START_REF] Zuazua | Controllability and observability of partial differential equations: some results and open problems[END_REF]Ch.4.2].

Lemma 5.3. With the same notation and assumptions as in Proposition 5.2, we have:

1. lim inf ε→0+, η →∞ J τε ε (η)/ η r.
2. The family ( η ε ) ε>0 is bounded in X.

Proof. Let (ε j ) j∈N be a sequence of numbers such that ε j → 0 and let (η j ) j∈N be a sequence in X such that η j → ∞. For each j ∈ N, we set I j = J τε j εj (η j )/ η j . It suffices to show that I j r for all j ∈ N.

Indeed, for each j ∈ N, we set γ j = η j / η j . It is clear that

I j = r + ψ, ϕ εj (0; γ j , τ εj ) + η j 2 τε j 0 B * ϕ εj (t; γ j , τ εj ) U dt 2 . (5.3) 
We first consider the case when lim inf

j→∞ τε j 0 B * ϕ εj (t; γ j , τ εj ) U dt 2 > 0. Since,
using the first estimate in (2.1), we have, for each j ∈ N, that ϕ εj (0; γ j , τ εj ) 1, it follows that lim inf j→∞ I j = ∞, which obviously implies I j r.

We next consider the case when lim inf j→∞ τε j 0 B * ϕ εj (t; γ j , τ εj ) U dt 2 = 0. Suppose by contradiction that, up to the extraction of subsequences, we have that

τε j 0 B * ϕ εj (t; γ j , τ εj ) U dt → 0, lim inf j→∞ I j < r (5.4) 
and that γ j → γ 0 weakly in X, for some γ 0 ∈ X. The last convergence clearly implies, by using the second assertion in Proposition 2.1, that for any δ ∈ (0, τ 0 ),

ϕ εj (•; γ j , τ εj ) → ϕ 0 (•; γ 0 , τ εj ) in C([0, τ 0 -δ]; X). (5.5) 
Combining (5.5) and the first result in (5.4), we obtain

τ0-δ 0 B * ϕ 0 (t; γ 0 , τ εj ) U dt lim j→∞ τε j 0 B * ϕ εj (t; γ j , τ εj ) U dt = 0.
Using assumption (C4) and the analyticity of T ε , this implies that γ 0 = 0. Consequently, we have γ j → 0 weakly in X. This, together with (5.5), indicates that ϕ εj (0; γ j , τ εj ) → 0 weakly in X.

(5.6)

Finally, it follows by (5.3) and (5.6) that lim inf j→∞ I j r. This contradicts to the second result in (5.4). Hence I j r. This ends the proof of the first assertion.

To prove the second assertion of the lemma, we assume, by contradiction, that there exists a sequence (ε j ) j∈N such that lim j→∞ η εj = ∞. Then, it is clear that from the first assertion of this lemma, we have

0 = lim inf j→∞ J τε j εj (0) η εj lim inf j→∞ J τε j εj ( η εj ) η εj r,
which leads to a contradiction. Hence, ( η ε ) ε>0 is bounded. This ends the proof.

Proof of Proposition 5.2. Let (ε j ) be a sequence with ε j → 0. We will show that η εj → η 0 weakly in X and lim j→∞ η εj = η 0 .

(5.7)

Combining the above two assertions, the strong convergence stated in Proposition 5.2 follows at once. We first prove the first convergence in (5.7). Since, the sequence ( η εj ) j∈N is bounded (Lemma 5.3), it suffices to prove that any weakly convergent subsequence ( η εj k ) k∈N of ( η εj ) j∈N has the same weak limit η 0 . To prove this, assume that for some η ∈ X, lim k→∞ η εj k = η weakly in X.

(

Since J τ 0 has a unique minimizer (see Lemma 3.5), it suffices to show that By the first estimate in (2.1), for every t ∈ [0, τ 0 ], we have ϕ 0 (t; η, τ 0 )) η . Thus, given σ > 0, there exists δ 0 = δ 0 (σ) > 0 such that when δ δ 0 , we have

J τ0 0 ( η) J τ0 0 ( η 0 ). ( 5 
τ0 0 B * ϕ 0 (t; η, τ 0 ) U dt 2 τ0-δ 0 B * ϕ 0 (t; η, τ 0 ) U dt 2 + σ.
together with τ εj k > τ 0δ. According to the second assertion of Proposition 2.1, we know that for every δ ∈ (0, τ 0 ),

ϕ εj k (•; η εj k , τ εj k ) → ϕ 0 (•; η, τ 0 ) in C([0, τ 0 -δ]; X).
Hence, we have From the definitions of J τ0 0 ( η) and of J τε j k εj k ( η εj k ), as well as from (5.10), (5.11) and the optimality of η εj k to (JP ) τε j k εj k , we obtain that

J τ0 0 ( η) lim inf k→∞ J τε j k εj k ( η εj k ) lim inf k→∞ J τε j k εj k ( η 0 ).
(5.12)

We now prove that lim inf k→∞ J τε j k εj k ( η 0 ) = J τ0 0 ( η 0 ).

(5.13)

Firstly, we remark that, according to the second assertion of Proposition 2.1, we have ψ, ϕ εj k (0; η 0 , τ εj k ) → ψ, ϕ 0 (0; η 0 , τ 0 ) .

(5.14)

We next claim that

τε j k 0 B * ϕ εj k (t; η 0 , τ εj k ) U dt → τ0 0 B * ϕ 0 (t; η 0 , τ 0 ) U dt. (5.15)
Indeed, given δ ∈ (0, τ 0 ), by using the first estimate in (2.1), we obtain that there is a natural number k such that τ εj k > τ 0δ and such that

C k := τε j k 0 B * ϕ εj k (t; η 0 , τ εj k ) U dt - τ0 0 B * ϕ 0 (t; η 0 , τ 0 ) U dt τ0-δ 0 B * (ϕ εj k (t; η 0 , τ εj k ) -ϕ 0 (t; η 0 , τ 0 )) U dt + 2 max(τ0,τε j k ) τ0-δ B * η 0 U dt.
This yields that

C k τ0-δ 0 B * (ϕ εj k (t; η 0 , τ εj k ) -ϕ 0 (t; η 0 , τ 0 )) U dt + δ k , (5.16) 
where δ k → 0 as k → ∞. From (5.16) and the second assertion in Proposition 2.1, (5.15) follows at once. Moreover, using the definitions of J τε j k εj k ( η 0 ) and of J τ0 0 ( η 0 ), as well as (5.14)-(5.15), we obtain (5.13). Inequality (5.9) is then deduced from (5.12) and (5.13). As already mentioned, (5.9) implies the first convergence in (5.7).

We are now on the position to show the second convergence in (5.7). By the second assertion of Proposition 2.1 and the first convergence of (5.7), we have: ϕ εj (0; η εj , τ εj ) → ϕ 0 (0; η 0 , τ 0 ) and lim inf j→∞ η εj η 0 .

(5.17)

Two observations are given in order. Firstly, there exists C > 0 such that ϕ 0 (t; η 0 , τ 0 ) C((0,τ0);X)

η 0 C (t ∈ [0, τ ]), ϕ εj (t; η εj , τ εj ) C((0,τ0);X) η εj C (t ∈ [0, τ εj ]). (5.18)
Secondly, by the first convergence in (5.7) and the second assertion of Proposition 2.1, for every δ ∈ (0, τ 0 ), we have From the definitions of J τε j εj ( η εj ), J τ0 0 ( η 0 ), as well as (5.17 From the above two inequalities and (5.13), we have

ϕ εj (•; η εj , τ εj ) → ϕ εj (•; η 0 , τ 0 ) in C([0, τ 0 -δ); X). ( 5 
J τ0 0 ( η 0 ) lim inf j→∞ J τε j εj ( η εj ) J τ0 0 ( η 0 ),
which clearly implies that

J τ0 0 ( η 0 ) = lim inf j→∞ J τε j εj ( η εj ). (5.21)
Finally, from (5.21), (5.17) and (5.20), the second convergence in (5.7) follows at once. This ends the proof Proposition 5.2. We next deduce from Proposition 5.2 the following corollary which will be used in the proof of the convergence of the time optimal control. (Here, N * ε (τ ) and V * ε (τ ) are defined by (5.1) and (5.2) respectively.) Proof. By (5.21), we have that

J τ 0 ( η 0 ) = lim inf ε→0+ J τ ε ( η ε ), (5.23) 
where η ε , with ε 0, is the minimizer of J τ ε . Meanwhile, we obtain from (5.1) and (5.2) that V * ε (τ ) = J τ ε ( η ε ) and V * 0 (τ ) = J τ 0 ( η 0 ). These, along with the last assertion in Proposition 3.6, yield to (5.22) and ends the proof.

We are now in a position to prove our main result, i.e., Theorem 1.2.

Proof of Theorem 1.2. To prove (1.9), we observe from the first estimate in (2.1) that there exists τ > 0 such that T ε τ ψ ∈ B(0, r) for all ε 0. Hence, τ * ε (M ) τ for all ε 0. Therefore, all cluster points of (τ * ε (M )) ε>0 are finite. Let t be a cluster point of (τ * ε (M )) ε>0 , i.e., there is a sequence (ε n ) n∈N of positive numbers with ε n → 0 such that t = lim n→∞ τ * εn (M ). For each n, we let ũεn be the extension of the optimal control u * εn over (0, ∞) with zero value over (τ * εn (M ), ∞). Then, up to the extraction of a subsequence, we have ũεn → ũ weakly* in L ∞ ((0, t); U ).

(5.24)

Examples, comments and open questions.

In the first part of this section we give two examples of application of Theorem 1.2 to families (depending on a small parameter ε) of systems governed by parabolic partial differential equations. The main example concerns the homogenization of parabolic equations, as already stated in the Introduction. However, for the sake of simplicity, we begin by a more elementary example, borrowed from [START_REF] Yu | Approximation of time optimal controls for heat equations with perturbations in the system potential[END_REF].

Example 6.1. Let Ω ⊂ R N be a bounded open set with a ∂Ω of class C 2 . For each ε 0, ψ ∈ L 2 (Ω) and u ∈ L ∞ (0, ∞); L 2 (Ω)) we denote by z ε := z ε (t; ψ, u) the solution of the initial and boundary value problem

żε (x, t) -△z ε (x, t) -a ε (x)z(x, t) = χ ω (x)u(x, t) (x ∈ Ω, t 0), (6.1) 
z ε (x, t) = 0 (x ∈ ∂Ω, t 0), (6.2) 
z ε (x, 0) = ψ(x) (x ∈ Ω), (6.3) 
where a ε ∈ L ∞ (Ω) and ω ⊂ Ω is an open and nonempty subset with its characteristic function χ ω . We further assume that

lim ε→0+ a ε -a 0 L ∞ (Ω) = 0 and a ε L ∞ (Ω) λ 1 (ε 0),
where λ 1 is the first eigenvalue of -△ with the homogeneous Dirichlet boundary condition. Given M, r > 0, for each ε 0, we consider the time optimal control problem:

(T P H1) M ε τ * ε (M ) := min t | z ε (t; ψ, u)) L 2 (Ω) r
, where the minimum is taken over the closed ball in L ∞ ((0, ∞); L 2 (Ω)), centered at the origin with radius M .

With the above notation and assumptions, it is clear that for every ε 0 the problem (T P H1) M ε admits a unique solution (τ * ε (M ), u * ε (M )). We have the following result, which has been proved, with a different method, in [START_REF] Yu | Approximation of time optimal controls for heat equations with perturbations in the system potential[END_REF]. Proposition 6.2. With the notation and assumptions above, let, for every ε 0, (τ * ε (M ), u * ε (M )) be the the solution of the time optimal control problem (T P H1) M ε . Then we have that τ * ε (M ) → τ * 0 (M ), and u * ε → u * 0 strongly in L 2 ((0, τ * 0 (M )); L 2 (Ω)). Moreover, for every δ ∈ (0, τ * 0 (M )), we have u * ε → u * 0 strongly in L ∞ ((0, τ * 0 (M )δ); L 2 (Ω)).

Proof. The results come directly from Theorem 1.2, with the following choice of spaces and operators:

X = L 2 (Ω), X 1 = H 2 (Ω)∩H 1 0 (Ω), A ε = -△-a ε (ε 0), U = L 2 (Ω), B = χ ω .
Indeed, it can be easily checked that assumptions (C1)-(C4), as well as (1.11) are all satisfied for the above choice of X, U, (A ε ) and B.

Our main example of application of Theorem 1.2, already mentioned in Section 1, is described below. Example 6.3. As mentioned in the Introduction, our main result in Theorem 1.2 can be applied to the family of time optimal control problems (T P H) M ε (introduced obstacle in extending our results on L ∞ convergence to boundary control problems, for which the control operator is no longer bounded. However, we think that the other convergence properties (for optimal time and optimal controls) can be extended to the case of unbounded control operators. Note that the perturbation analysis in Section 2 seems easy to be extended for unbounded control operators (so to boundary control problems). An interesting problem is the extension of the results in this work to the case of more general targets (not only closed balls centered in the origin). If we consider, for instance, targets which are closed balls centered at an arbitrary point of the state space, then our method to establish the equivalence of time and norm optimal control problems is failing. The case of point targets seems also quite delicate. This is due, in particular, to the fact that, for parabolic PDEs, observability estimates which are uniform with respect to ε are known only in one space dimension, see [START_REF] López | Uniform null-controllability for the one-dimensional heat equation with rapidly oscillating periodic density[END_REF].

Appendix.

In this section we provide a simple proof of the maximum principle for time and norm optimal control problems for infinite dimensional linear systems, in the case in which the target is a closed ball in the state space. The fact that this proof is proof can be done in few lines is due to the fact that we take advantage from the linearity of the system and from the fact that the target set has non empty interior.

Proof of Theorem 3.1. For the sake of simplicity, we use the notation τ * = τ * (M ). Remark that, since ψ ∈ B(0, r), we necessarily have τ * > 0. For each τ > 0 we set

R τ = T τ ψ + Φ τ U M .
As the first step of our proof, we show that R τ * ∩ B(0, r) = ∅, with B(0, r) the interior of B(0, r). (7.1) Indeed, if (7.1) did not hold, then we would have ũ ∈ U M such that z(τ * ; ψ, ũ) < r. Since z(0; ψ, ũ) = ψ > r, the above, as well as the continuity of the map t → z(t; ψ, ũ), implies that there exists τ 0 ∈ (0, τ * ) such that z(τ 0 ; ψ, ũ) = r, which contradicts the optimality of τ * . Consequently, we have (7.1).

As the second step of our proof, we remark that the sets R τ * and B(0, r) are non empty, convex and they have no common point. Moreover, since B(0, r) is open, we can apply the geometric version of the Hahn-Banach theorem (see, for instance, in Brezis [START_REF] Brezis | Analyse fonctionnelle, Collection Mathématiques Appliquées pour la Maîtrise[END_REF]Theorem 1.6]) to obtain that there exists a hyperplane separating R τ * and B(0, r). This means that there exists ρ ∈ R and η ∈ X, η = 0 such that η, w ρ (w ∈ R τ * ) and η, w ρ (w ∈ B(0, r)). The key is to show that R τ ∩ B(0, r) = ∅, with B(0, r) the interior of B(0, r). (7.3) We suppose by contradiction that thers exist δ > 0 and f in L ∞ ((0, τ ); U ) such that z(τ ; ψ, f ) rδ and f L ∞ ((0,τ );U) N * (τ ). (7.4) Since the map Φ τ : L ∞ ((0, τ ); U ) → X is continuous, there exists α ∈ (0, 1) such that z(τ ; ψ, α f )z(τ ; ψ, f ) δ.

This, along with (7.4), indicates that z(τ ; ψ, α f ) r. Moreover, it follows from the first inequality in (7.4) that α f = αN * (τ ) < N * (τ ), which combines the above inequality, contradicts to the optimality of N * (τ ) to the problem (N P ) τ . Consequently, (7.3) holds.

From (7.3), we can follow step by step the proof of Theorem 3.1 to obtain (3.6) and the transversality condition. This ends the proof.

Corollary 3 . 2 .

 32 With the notation and assumptions in Theorem 3.1, suppose η ∈ X and B * T * t η = 0 for all t in a set of positive measure =⇒ η = 0. (3.4)

3 .

 3 The functions N * (•) (restricted to (0, τ )) and τ * (•) are inverse to each other, i.e., N * (τ * (M )) = M (M > 0) and τ * (N * (τ )) = τ (τ ∈ (0, τ )). (4.3)

Proposition 4 . 3 .

 43 With the notation and assumptions of Proposition 4.1, suppose that (3.4) holds. Let M > 0 and let η be the minimizer of J τ * (M) . Then the function u * defined byu * (t) = M B * T * τ * (M)-t η B * T * τ * (M)-t η Ufor a.e. t ∈ (0, τ * (M )),(4.19) 

. 9 )

 9 In fact, by the second assertion of Proposition 2.1 and (5.8), it follows that ψ, ϕ 0 (0; η, τ 0 ) = lim k→∞ ψ, ϕ εj k (0; η εj k , τ εj k ) and r η lim inf k→∞ r η εj k . (5.10)

  )-(5.20), we have J τ0 0 ( η 0 ) lim inf j→∞ J τε j εj ( η εj ), which, combined with the optimality of η εj leads to lim inf j→∞ J τε j εj ( η εj ) lim inf j→∞ J τε j εj ( η 0 ).

Corollary 5 . 4 .

 54 With the same notation and assumptions as those in Proposition 5.2, we have that lim ε→0+ N * ε (τ ) = N * 0 (τ ) and lim ε→0+ V * ε (τ ) = V * 0 (τ ) (τ ∈ (0, τ )). (5.22)

(7. 2 )

 2 Finally, it is obvious that T τ * ψ + Φ τ * u * = r. This combines with (7.2), leads toη, T τ * ψ + Φ τ * u * η, w (w ∈ R τ * ).The above formula clearly implies the maximum principle (3.3). The transversality condition follows directly from (7.2) which ends the proof.Proof of Theorem 3.3. Since T τ ψ > r, we necessarily have N * (τ ) > 0. Set R τ := z(τ ; ψ, f ) | f L ∞ ((0,τ );U) N * (τ ) .

  ϕ εj k (t; η εj k , τ εj k ) U dt ϕ εj k (t; η εj k , τ εj k ) U dt

		0	τ0	B * ϕ 0 (t; η, τ 0 ) U dt	2	lim inf k→∞	0	τε j k	B 2	+ σ.
	Since σ can be chosen arbitrarily, it follows that	
	0	τ0	B * ϕ 0 (t; η, τ 0 ) U dt	2	k→∞ lim inf	τε j k	

* 0 B * 2 . (5.11)

  .[START_REF] Saint Jean Paulin | Exact controllability of vibrations of thin bodies[END_REF]) By(5.18) and(5.19), we can use the same way to show (5.15) to prove that ϕ εj (t; η εj , τ εj ) U dt →

	τε j	B τ0	B * ϕ 0 (t; η 0 , τ 0 ) U dt.	(5.20)
	0	0		

* 

We acknowledge the support of the Sino-French International Associated Laboratory for Applied Mathematics (LIASFMA) which allowed the three months visit of the second author in Institut Élie Cartan of Lorraine. The second author was partially supported by the National Basis Research Program of China under grant 2011CB808002 and the NNSF of China under grant 11171264.

This, combined with Corollary 2.3, leads to T εn t ψ + Φ εn t ũεn → T tψ + Φ t ũ weakly in X.

(5.25)

From (5.24) and (5. [START_REF] Wang | L ∞ -null controllability for the heat equation and its consequences for the time optimal control problem[END_REF], we see that ũ L ∞ ((0, t);U) M and that T tψ + Φ t ũ r. Consequently, t τ * 0 (M ) and ũ is an admissible control for (T P ) M 0 . At this point we assume, by contradiction, that t > τ * 0 (M ). Then there exists δ > 0 and N (δ) ∈ N such that τ * εn (M ) > τ * 0 (M ) + δ (n N (δ)).

The above estimate and Proposition 4.1 imply that

On the other hand, from Corollary 5.4 and Proposition 4.1, it follows that

Combining (5.26) and (5.27) 

. This contradicts to the strict monotonicity of N * 0 (•). Hence t = τ * 0 (M which clearly implies (1.9).

To prove (1.10), let (ε n ) n>0 be a family such that ε n → 0. For each n, denote ũεn the extension of the optimal control u * εn over (0, ∞), with zero value over (τ * εn (M ), ∞). It suffices to show ũεn → u * 0 stongly in L 2 ((0, τ * 0 (M )); U ).

(5.28)

It is clear that up to the extraction of a subsequence, there exists a subsequence (ε n k ) k∈N such that ũεn k → u 0 weakly* in L ∞ ((0, τ * 0 (M )); U ) for some u 0 ∈ L ∞ ((0, τ * 0 (M )); U ). This, combined with (1.9) and with Corollary 2.3, yields that

The above two estimates imply that u 0 = u * 0 . In particular, we have

Meanwhile, it follows by Lemma 4.3 that

Using again (1.9) we obtain that

. The last estimate, combined with (5.29), implies (5.28).

To prove (1.12), let η ε be the minimizer of J τ * ε (M) ε for each ε 0. We first claim that η ε = 0 for each ε 0. Suppose by contradiction that η ε = 0 for some ε 0. Then by the third assertion of Lemma 3.5, we have that T τ * ε ψ ∈ B(0, r). Hence, the null control is optimal to the problem (T P ) M ε , which leads to a contradiction, since ψ / ∈ B(0, r). For the sake of simplicity, we denote, for each ε 0,

Using (1.9) and the second assertion in Proposition 2.1, we have that

for every δ ∈ (0, τ * 0 (M )). From Proposition 4.3, we have that

Given δ ∈ (0, τ * 0 (M )), the above equalities imply that for each t

where

. We next claim that there exists C δ > 0 with

(5.32)

By contradiction, suppose that (5.32) failed. Then, there would be a sequence

there is a subsequence, denoted in the same way, such that t n → s 0 for some s 0 ∈ [0, τ * 0 (M )δ]. This, along with (5.33), yields that B * ϕ 0 (s 0 ) U = 0. Then, by the assumption (1.11), we have that η 0 = 0, which, combined with the third assertion of Lemma 3.5, leads to a contradiction. Hence, (5.32) holds.

At this point we note that (5.30) implies that

This, along with (5.32), yields that there exits ε 0 > 0 such that when ε ε 0 ,

(5.34) Finally, using (5.34), (5.31) and (5.30) it follows that

which ends the proof.

in Section 1), with ε 0, provided that we make the appropriate choice of spaces and operators. More precisely, we set

For each ε > 0, the operator A ε ∈ L(X 1 , X) is defined by

where a = (a ij ) 1 i,j n is a matrix-valued function satisfying the assumptions stated at the beginning of Section 1. The operator A 0 is defined by

where the matrix a 0 is given, according to homogenization theory (see, for instance, Allaire [START_REF] Allaire | A brief introduction to homogenization and miscellaneous applications[END_REF] or Cioranescu and Donato [8, Theorem 6.1]), by

Here w λ : R n → R is defined, for each λ ∈ R n , as the solution of

where (e j ) 1 j n is the standard basis in R n . According to standard results (see, for instance [8, Corollary 6.10, Proposition 6.12]), the matrix a 0 is strictly positive. We also introduce the input space and the control operator by setting

Proof of Proposition 1.1. In order to apply the results from Theorem 1.2 we first verify that assumptions (C1)-(C4) hold with X, U, (A ε ) ε 0 and B chosen as above. Firstly, using the compactness of the embedding H 1 0 (Ω) into L 2 (Ω) and standard calculations, it can be easily checked that the above defined family (A ε ) ε 0 satisfies assumptions (C1) and (C2). The fact that (C3) is also satisfied follows from [8, Theorem 6.1] and again from the compactness of the embedding H 1 0 (Ω) ⊂ L 2 (Ω). Assumption (C4) is the standard L ∞ -null controllability of parabolic equation, which has been proven, for instance, in Wang [START_REF] Wang | L ∞ -null controllability for the heat equation and its consequences for the time optimal control problem[END_REF].

Moreover, for every ε 0, the assumption (1.11) is the strong unique continuation property, which is known to hold for the considered equations (see, for instance, Lin [START_REF] Lin | A uniqueness theorem for parabolic equations[END_REF]).

We end up this paper with a series of comments and by stating some open questions. Firstly, as mentioned above, the strong unique continuation assumption (1.11) holds for parabolic equations with control distributed in an open set inside the domain but it does not hold, in general, in the case of boundary control. This is the main