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The self-interference pattern of a Laguerre Gaussian beam using a Fresnel bi-prism is shown to be very different from what could be expected from a usual laser beam. Actually it resembles the interference pattern that could be obtained using a double slit experiment. The interferences are shifted and the topological charge and its sign can be readily determined considering the shift order of the pattern only. However, since there is no diffraction nor absorption loses unlike in a double slit interference, such a set up could be used even for low power twisted beams or beams with high topological charge. Even fractional topological charges could be determined with an absolute precision of 0.05.

Introduction

Young's double slit experiment is one of the most popular demonstrations of the wave nature of light [1,[START_REF] Feynman | The Feynman lecture on physics[END_REF]. However contemporaries of Thomas Young raised objections that his results could simply represent diffraction effects from the edges of the slits [START_REF] Hecht | Optics[END_REF]. Indeed, his results came from the superposition of interference and diffraction phenomena. His findings finally achieved widespread acceptance after Fresnel's work [START_REF] Fresnel | OEuvres complètes d'Augustin Fresnel: Théorie de la lumière[END_REF]. Especially, the experience using a bi-prism to produce interferences achieved the same interference pattern but without the problem of diffraction. Actually, in general and particularly in optics, interferences are the most accurate way to probe the phase variation of a wave [START_REF] Hariharan | Basics of interferometry[END_REF]. This can be either performed using a reference beam, or with a single beam interfering with itself using a wavefront splitting. The use of interferences is specially useful to investigate and probe "twisted waves" where the wave front is twisting along the direction of propagation [START_REF] Allen | [END_REF]7,8,9]. Indeed, the correct determination of the orbital angular content of a beam of light still remains a challenging issue [10]. Several techniques can be applied such as the direct topological charge determination by torque measurements [11,12], or the measurement of the rotational Doppler shift [13], or operation of the mode creation optics in reverse. Yet, interference measurement is the most popular scheme. A recent review on this can be found in [14]. So far, the interference with a plane wave is one of the interference techniques [15,16,17,18] to characterize twisted beam. However beam interfering with itself is most widely used, in particular experiments using a triangle diffraction pattern [19,20,21,22], or techniques adapted from it for example with hexagonal aperture [23], annular aperture [24] or multi points interferometer [25,26]. Nevertheless, Young's double slit experiment has been recently shown to be a powerful and easy to handle alternative [27,28,29,30,31] to probe twisted beams. Curiously, in nearly all the cases of beam interfering with itself, diffraction is used to split the wavefront. Due to diffraction, this thus leads to loses in the input signal that may be detrimental in low power incoming beams. One may then wonder whether is it possible to implement a Fresnel bi-prism experiment type, that splits the wavefront in two parts without any losses, to probe twisted beams. The aim of this article is then to investigate the potentialities of Fresnel bi-prism to measure the topological charge of a Laguerre Gaussian (LG) beam with integer and even fractional topological charge.

Experimental set up

The experimental set up is sketched in figure 1. The twisted beams are generated from the fundamental beam of a red He-Ne laser (λ = 633 nm, Melles Griot, output power P=1 mW) that passes through a vortex phase plate [32] (RC Photonics) adapted for λ r = 633 nm. Absolute topological charges, also called beam order or azimuthal number or winding number, can be chosen from ℓ = 0 to ℓ = 5 by choosing the corresponding vortex phase plate. By reversing the plate one can also change the sign of the topological The twisted beam is here a LG beam, but the experiment could be implemented for any twisted beam. A telescope can adjust the divergence and the size of the beam, before impinging on the Fresnel bi-prism, in order to maximize the contrast of the fringes. The Fresnel bi-prism has base angle of 0.3 o each and refractive index equal to n = 1.5. The top of the prism is aligned with the height discontinuity of the spiral phase plate. Pictures of the interference patterns are taken on a screen at a distance D = 2 m with a camera.

Theoretical considerations

On a plane perpendicular to the direction of propagation, the phase ψ of the twisted beam is not uniform, as for usual plane waves. It varies from 0 to 2ℓπ as one makes one complete turn around the direction of propagation [START_REF] Allen | [END_REF]7,8,9], ℓ being the topological charge of the beam. It writes ψ(θ) = ℓθ, where θ is the usual polar coordinate (see figure 2). Fresnel's bi-prism splits the wave front in two equal parts, leading to two equivalent virtual sources that interfere. At a distance D, when the top of the prism is aligned with the center of the beam, the two beams that interfere on the x axis travel exactly the same distance after being refracted from the prism. In the case of a plane wave the two beam should lead to constructive interferences on the x axis. However, with twisted LG beams, the fringes are shifted along the x axis. The phase difference equals to

δφ = ψ(θ) -ψ(-θ) = 2ℓθ (1) 
As one moves along the x axis the corresponding angle θ varies from 0 to π, thus δφ varies continuously from 0 to 2ℓπ. Consequently, the fringes are twisted with a shift corresponding to ℓ fringe order. The reasoning is rigorously analogous to the one carried in [29] for Young's double slit, as well as the associated consequences. As one moves into the z direction, the two interfering beams have a phase difference variation that is smoother, however, it still varies continuously from 0 to 2ℓπ. Thus the twist variation of the fringes is also smoother but the shift still corresponds to ℓ fringe order (see figure 2). In principle, it could be possible to change the angle of the prism to optimize the fringe visibility. It should thus be possible to unambiguously determine the topological charge ℓ of a LG beam using a Fresnel bi-prism. In principle, such an experiment should also give the sign of ℓ.

Implicitly, up to now, we have considered LG beams with zero radial index number. For LG beams with non zero radial index numbers [33], on the center on the interference pattern, since both interfering paths are shifted by the same phase, the pattern is the same whatever the radial number. Then the radial index has no influence on the interference pattern. However, It could be separately deduced from the number of nodes on the radial intensity distribution. Thus the Fresnel bi-prism can precisely measure the azimuthal index (or the topological charge) alone.

Experimental results.

Determination of the absolute value of ℓ

Figure 3 shows several pictures of the interference pattern obtained for different values of ℓ. On the top of the figure, one recognizes the usual interference pattern for a Fresnel bi-prism for a plane wave (i.e. with ℓ = 0). In particular the fringes are straight parallel lines. However, for twisted beams (see following pictures), the interference fringes are dramatically changed. The pattern does not correspond to straight lines any more. The fringes are distorted. However, from one end to the other, the fringes are shifted by an integer number of fringes. The order of their shift corresponds to the topological charge ℓ of the twisted beam. The fringes of the ℓ = 1 beam have been shifted by one interference order, the ℓ = 4 has been shifted by four interference orders (see figure 3).

The topological charge can thus be clearly and readily determined, even with the naked eye. The results resemble the one that have been obtained for Young's double slit experiment with twisted beams [29]. However, there is no power lost in absorption or in diffraction unlike in a Young type experiment. Indeed in a Young type experiment the wave front splitting is achieved via the diffraction by the two slits that induce losses, whereas the Fresnel bi-prism creates two virtual sources based on diffraction. All the optical power participates to the interferences. Then, the experiment can be carried out Two corresponding points have a phase difference equal to δφ = 2ℓθ. This leads to a twisted interference pattern at the corresponding position. One could notice that away front the center of the beam, the fringe variation is smoother.

with very low optical power. For example we have attenuated the optical beam by more than four decades. The fringes can be still detected with a 0.02 µW laser power and a sensitive CCD camera (Thorlabs DCU224) for a ℓ = 1. Besides, the topological charge can be more easily detected for high order beams than for a double slit experiment, since there is more optical power especially in close to the vortex zone. Finally, if the axis propagation is not perfectly aligned with the top of the prism, the fringes twist is smoothed but the shift still corresponds to the topological charge, as can be seen on figure 3 for ℓ = 2. charge, the absolute value of the twist being unchanged. We are also able to determine unambiguously the sign of the topological charge. The fringe contrast is still high, with the same magnitude, as well as the intensity of the fringes.

Determination of the sign of ℓ

Discussion

Actually, this set up shares the advantages of Young's double slit experiment and not the drawbacks. In particular, it is a quick and easy to handle tool to measure the topological charge ℓ of a twisted beam. The twist order of the fringes can be readily seen on a screen with the naked eye. However, in contrast to all interfering techniques based on diffraction, since there is no power lost, it could also be applied to low power twisted beam. One has only to count the number of twists of the interference pattern, following the whole interference pattern. However, one cannot determine the topological charge of the beam considering only one end and the other end of the fringes, since the fringes are shifted by an integer number order of fringes. From one end of the fringes to the other, the phase variation corresponds to θ = π, leading to δφ = 2ℓθ = 2ℓπ in equation 1.

Fractional topological charge

According to this equation (equation 1), one may then wonder whether is it possible to measure the topological charge of twisted beams with fractional topological charges [34,35,36,37]. In this kind of beam with non-integer topological charges, the phase varies from 0 to 2ℓπ as one makes one complete turn around the direction of propagation, ℓ being a fractional number. This leads to a discontinuity in the phase variation and a discontinuity in the beam intensity as well [35]. Actually, these fractional topological charges are difficult to evaluate [21].

In the present work, such fractional topological charges have been realized still using the spiral phase plate. While keeping the spiral phase plate that is adapted to λ r = 633 nm and for ℓ = +1, we have changed the wavelength of the laser. We have aligned the phase discontinuity with the top of the prism, in the horizontal direction. This corresponds in figure 1 to a conter clock wise rotation of 30 • of the spiral phase plate. Whereas the two interfering passes are in phase and leads to constructive interferences on the x axis on one end of the interferences of the beam side of the beam. On the other end this leads to a phase difference

δφ = ψ(-π) -ψ(π) = -2ℓπ (2) 
ℓ being fractional. This phase difference is related to the height of the step of the spiral phase plate e (e = 420 nm) and to the index of refraction n of the deposited polymer on the substrate plate. The extra phase shift due to the step then equals (2π/λ)ne. Thus the phase shift can be re-expressed We have first performed the experiment using a violet diode laser at λ o = 404 nm (Ovio Instrument P = 1 mW), see figure 5. Since the phase plate is adapted for λ r = 633 nm, the topological charge must be a non integer. The shift and the topological charge are expected to be ℓ = 633/404 = 1.56. Experimentally we measure ℓ = 1.60 ± 0.05. Since the optical index is slightly higher at λ o = 404 nm than at λ r = 633 nm, the result is in very good agreement with the expected value. The experiment can be adapted for any fractional topological charges, either with values close to zero, or with high values, or with negative values.

δφ = -2ℓπ = - 2π λ ne (3) 

Precision of the determination of the fractional topological charge

Actually, since there is no optical power losses using Fresnel bi-prism, the interference patterns are clean and sharp, even for fractional topological charges. Is it then possible to discriminate close fractional topological charges? What would be the precision? To that purpose, we have carried out the experiment described in of the preceding paragraph with two green lasers, one at a wavelength of λ o1 = 532 nm (Ovio instrument, P = 2 mW), the other using a He-Ne laser at a wavelength of λ o2 = 543 nm (Mlles Griot, P = 0.5 mW). The Fresnel bi-prism interferences are shown in figure 6. The time exposition of the picture is the same for the two lasers. The difference in intensity is due to the power difference between the lasers.

The expected fractional topological charge, according to equation 3, are ℓ 1 = 633/532 = +1.19 for λ o1 = 532 nm, and ℓ 2 = 633/543 = +1.16, for λ o2 = 543 nm. Experimentally, we find ℓ 1 = +1.20 ± 0.05 and ℓ 2 = +1.15 ± 0.05, which is in very good agreement with the expected values. But most importantly we can notice that although the two fractional topological charges are very close (δℓ = 0.03) we are able to discriminate them; ℓ 1 is clearly bigger than ℓ 2 .

Conclusion

We have shown that the Fresnel bi-prism experiment is a quick and easy to set-up experiment to precisely measure, even with the naked eye, not only the value of the topological charge but the sign of it too. there is no power lost in absorption or in diffraction effects, contrarily to interference techniques that use diffraction, this technique could be readily implemented on very faint optical powers, like in diffracted twisted beams [38,39]. On the other end, such interferences could also appear in real transmission experiments [40,41,[START_REF] Krenn | Twisted light communication through turbulent air accross Vienna[END_REF] using twisted beams when the direct signal and reflections for example in the surface of water or multi way signals can interfere. This could lead to unexpected perturbed reception signals, with twisted interferences. Besides, the Fresnel bi-prism enables the precise determination of fractional topological charges, with an absolute precision of 0.05. It thus can be useful in the guiding and transport of microparticles where the use of fractional topological charge have been shown to avoid the smooth rotation of the particle [START_REF] Tao | [END_REF]. It could also have practical applications in entanglement experiments using fractional orbital momentum [37,44,45].

Figure 1 .

 1 Figure 1. Experimental set up. VPP: Vortex Phase Plate. D: distance between the Fresnel bi-prism and the screen. The vortex phase plate has a variable thickness that induces a phase variation adapted to the laser wavelength in order to generate a LG beam.
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 2 Figure2. Schematic of the phase of the LG beam impinging on the Fresnel bi-prism. Two corresponding points have a phase difference equal to δφ = 2ℓθ. This leads to a twisted interference pattern at the corresponding position. One could notice that away front the center of the beam, the fringe variation is smoother.

According to equation 1 ,

 1 the twist order could both determine the amplitude and the sign of the topological charge. Let us then change the sign of the topological charge just by reversing the spiral phase plate of figure 1. The sign of the corresponding topological charge should change accordingly. The pictures of the interference patterns are shown on figure 4. They correspond to the same absolute value as the one of figure 3, only the sign has been changed. Clearly the direction of the twist has been reversed. The fringes are now bended downwards, which correspond to a negative value of the topological

Figure 3 .

 3 Figure 3. Fresnel bi-prism interference patterns. Twisted interference patterns for beams with ℓ = 0, ℓ = 1, ℓ = 2, and ℓ = 4. The shift of the interference pattern determines the topological charge ℓ. The green line is a guide for the eye showing the zero twist. The green dotted line follows the variation of the fringe. The black arrows indicate the fringe order shift. For ℓ = 2, the fringe variation is smoother on the top than on the bottom.
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 45 Figure 4. Fresnel bi-prism interference patterns. Twisted interference patterns for beams with ℓ = 0, ℓ = -1, ℓ = -2, and ℓ = -4. The shift of the interference pattern determines the topological charge ℓ and its sign. The green line is a guide for the eye showing the zero twist. The green dotted line shows the fringe variation. The black arrows indicate the fringe order shift.

Figure 6 .

 6 Figure 6. Interference pattern of two green lasers using Fresnel bi-prism. The measured fractional topological charge are ℓ = 1.20, and ℓ = +1.15. The red lines indicates the interference for the ℓ = 0.
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