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The dispersive interaction between a two-level atom and a quantized field is studied. We consider besides a time dependent linear amplification and dissipative processes. In order to solve the master equation for this system, we use superoperator techniques.

Introduction

Recently, the geometric phase due to the Stark shift in a system composed of a field, driven by time-dependent linear amplification, interacting dispersively with a two-level (fermionic) system was studied [1]. The solution for the Hamiltonian that takes into account the above conditions, due to its time dependence, was solved by using invariant techniques of the Lewis-Ermakov type [2,3]. It is well known that dissipative dynamics must be considered when atoms interact with fields in the dispersive regime (far off-resonance) as the atom-field interaction constant is replaced by a much smaller dispersive interaction constant.

In this contribution we want to study the effect to add the interaction with the environment for this system. we will do this by expressing the master equation related to each element of the density matrix and making a transformation that allows a solution to the appropriate differential equation.

Dispersive interaction

Consider the two-level atom-field interaction Hamiltonian

H a-f = ωa † a + ω 0 2 σ z + λ aσ + + a † σ -, ( 1 
)
where λ is the atom-field interaction constant, ω 0 is the atomic transition frequency and σ -(σ + ) is the lowering (raising) operator for the atom, with [σ + , σ -] = 2σ z and a and a † are the annihilation and creation operators for the cavity field, respectively. The field frequency is ω.

If we consider the field frequency far away from the atomic transition frequency, i.e. |ω -ω 0 | ≥ λ, the atom and the field stop exchanging energy and the Hamiltonian above can be cast into a dispersive Hamiltonian either by using adiabatic [START_REF] Davidovich | New Perspectives on Quantum Mechanics, Latin-American School of Physics XXXI ELAF (AIP Conference Proceedings[END_REF] or small rotation techniques [5]. The Hamiltonian is then written as

H ef f = νa † a + ω 2 σ z + χa † aσ z + χσ ee , (2) 
with σ ee = (1/2)(1 -σ z ). Now we consider the effective Hamiltonian for the dispersive interaction between a twolevel atom and a quantized field under time dependent linear amplification process [1]

H=νa † a+ ω 2 σ z +χa † aσ z +χσ ee +f (t)a † +f * (t)a. (3) 
The von Neumann equation for the density matrix R taking into account the environment is

˙ = -i[H, ] + L , (4) 
where [START_REF] Arévalo-Aguilar | [END_REF] 

Lρ = γ(J -L)ρ, (5) 
with

Lρ = a † aρ + ρa † a, Jρ = 2aρa † . ( 6 
)
Duzzioni et al. [1] studied the Berry phase by solving the Schrödinger equation for the Hamiltonian (3) by using Lewis-Ermakov techniques [2], commonly used to solve time dependent harmonic oscillator interactions [3]. Here we show how to solve this interaction with a different method: a simple transformation that allows solution even when losses are taken into account.

Solution to the master equation

We can simplify the master equation by transforming it via

= exp -it ω 2 σ z + χσ ee + νa † a ×ρ exp it ω 2 σ z + χσ ee + νa † a
such that we obtain

H T = χa † aσ z + f ν (t)a † + f * ν (t)a, (7) 
with

f ν (t) = f (t)e iνt , ρ = -i[H T , ρ] + Lρ. ( 8 
)
Writing the master equation for each element of the density matrix we have

ρee = [R + S(f ν ) + L]ρ ee , ( 9 
) ρgg = [-R + S(f ν ) + L]ρ gg , ( 10 
) ρeg = [S(f ν ) + L -iχL]ρ eg , (11) and ρge 
= [S(f ν ) + L + iχL]ρ ge , (12) 
with

Rρ = -iχa † aρ + iρχa † a, ( 13 
)
and

S(f ν )ρ=-i[f ν (t)a † +f * ν (t)a]ρ+iρ[f ν (t)a † +f * ν (t)a]. (14) Note that the relevant commutators are [S( ), L]ρ = S( )ρ, (15) 
[J, L]ρ = 2Jρ, (16) 
and

[R, J]ρ = [R, L]ρ = 0. (17) 

Solution for ρ ee

We first transform (9) with ρ ee = exp{(R+L)t}ρ ee to obtain ρee =e γt S(f ν+χ )

ρ ee =-i [g + (t)a † +g * + (t)a], ρee (18) 
with g + (t) = f (t)e i(ν+χ)t+γt with solution

ρee (t) = D † [iG + (t)]ρ ee (0)D[iG + (t)] (19) 
with

G + (t) = t 0 g + (t)dt
and D(β) = e βa † -β * a the Glauber displacement operator [7].

Solution for ρ gg

We follow the solution for ρ ee above and transform (10) with ρ gg = exp{(-R + L)t}ρ gg to obtain

ρgg -i [g -(t)a † + g * -(t)a], ρgg (20) 
with g -(t) = f (t)e i(ν-χ)t+γt with solution

ρgg (t) = D † [iG -(t)]ρ gg (0)D[iG -(t)] (21) 
with

G -(t) = t 0 g -(t)dt. (22) 

Solution for ρ eg and ρ ge

The solution for ρ eg (or ρ ge ) is more complicated because it involves non Hermitian operators. Several straightforward (but tedious) transformation to simplify the equation may be performed. We start with

ρ eg = exp - γ 2β J ρ (1) eg with β = γ + iχ to obtain ρ(1) eg = [S(f ν ) + γ 2β S 1 -βL]ρ (1) eg ( 23 
)
with

S 1 ρ = -2i(f ν ρa † -f * ν aρ). ( 24 
)
By applying ρ (2) eg = e βta † a ρ (1) eg e βta † a (25)

we end up with the equation

ρ(2) eg = -i[F 1 (β)a † + F 2 (β)a] + iρ (2) eg [F 3 (β)a † + F 4 (β)a] (26) 
with

F 1 (β) = f ν e βt , F 2 (β) = f * ν e -βt (1 -γ/β), F 3 (β) = f ν e -βt (1 -γ/β) and F 4 (β) = f * ν e βt .
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This equation looks now easy to integrate. With

G j (β, t) = F j (β)dt
we write the solution to the above equation as

ρ (2) eg (t) = e - t 0 (F 2 (β)G 1 (β)+F 3 (β)G 4 (β))dt × e -iG 1 (β)a † e -i[G 2 (β)-G 2 (β;0)]a × e iG1(β;0)a † ρ (2) eg (0)e -iG4(β;0)a × e i[G 3 (β)-G 3 (β;0)]a † e iG 4 (β)a (27) 
and

ρ (1) eg (t) =e - t 0 (F 2 (β)G 1 (β)+F 3 (β)G 4 (β))dt ×e -βta † a e -iG1(β)a † ×e -i[G 2 (β)-G 2 (β;0)]a e iG 1 (β;0)a † ρ (1) eg (0) ×e -iG4(β;0)a e i[G3(β)-G3(β;0)]a † ×e iG 4 (β)a e -βta † a (28)
The solution for ρ ge is similar to the one for ρ eg but taking β → β * .

Conclusions

We have studied the dispersive interaction between a twolevel atom and an electromagnetic field in the presence of dissipation and time dependent linear amplification processes. By transforming the master equation [8] we have managed to produce simpler master equations for each element of the density matrix, which we have shown to be solvable. Systems like the ones studied here are of interest in the reconstruction of quasiprobability distribution functions to measure the quantum state of light [9].
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