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ABSTRACT parameters for an on-board pendulum. Oncescu et al. [4]

The non-linear dynamic behavior of an on-board rotor generalized a finite element procedure for rotor-bearing systems
mounted on hydrodynamic journal bearings and subject to to includg the effects of Fhe asymmetry of shaft and/or bearing
rigid base excitations is investigated in this work. The proposed &nd predicted the dynamic behavior of such systems.
finite element rotor model takes into account the geometric Ihe rotor-hydrodynamic bearing system is fully non-linear
asymmetry of shaft and/or rigid disk and considers six types of du€ o non-linear fluid forces acting locally on it. Li and Xu [5]
base deterministic motions (rotations and translations) and Studied a Jeffcott rotor mounted on fluid film infinite-length
non-linear fluid film forces obtained from the Reynolds Pearings to predict periodic orbits, their periods and their
equation. The equations of motion contain time-varying Stability by employing the generalized shooting method.
parametric coefficients because of the geometric asymmetry ofBifurcation diagrams as well as harmonic, sub-harmonic and
the rotor and the base rotations. In the case when sinusoidal quasi periodic responses and their Poincaré maps were
excitations of the rotor base lead to periodic (harmonic and investigated for a flexible rotor (Chen and Yau [6]) and a
sub-harmonic) responses, an optimized shooting algorithm vertical rlgld rotor (Shi et al. [7]) supported by hydrodynamic
based on the non-linear Newmark time integration scheme is Short bearings. _ _ _ _
employed to solve the equations of motion. The non-linear ~ Srinivasan and Soni [8] examined the influence of spin,
phenomena observed in the on-board rotor-bearing system,ba§e rotation as well as axial fprce and axial torque on the
such as period-doubling motion and chaos, are characterized S€iSmic response of a rotor-bearing system. Hori and Kato [9]

by means of bifurcation diagrams, rotor orbits and Poincaré Studied the seismic response of a Jeffcott rotor supported by
maps. fluid film bearings to a real seismic wave and investigated its

stability by calculating the locations of the disk and journal

centers. Kang et al. [10] and Cavalca et al. [11] observed the
1 INTRODUCTION influence of the flexible supporting structure on the dynamic
characteristics of the rotor-bearing systems.

The number of works dealing with the prediction of
dynamic behavior of the rotor systems excited by a sinusoidal
motion of their base remains actually low. Duchemin et al. [12]
employed the method of multiple scales for a simple rotor
model under a sinusoidal rotation of the base in order to
observe its dynamic stability. They showed also experimental
results to validate the analytical study. Driot et al. [13]
presented numerical orbits of a rotor induced by a sinusoidal
rotational excitation of its base. According to their work, the
comparison between numerical and experimental results was
widely satisfactory. El-Saeidy and Sticher [14] calculated the
responses of a rigid rotor-bearing system subject to rotating
mass unbalance and sinusoidal movements of the base along or

The rotating machines occupy an important position in our
life and play a paramount role in the modern industry. The rotor
represents their key component and is subject to base
excitations when it is embedded in moving systems. Vehicle
turbochargers and gas turbine rotors installed in power plants
are especially concerned with such a situation.

The rotor systems are complex and their dynamic analysis
is rather difficult. Several studies focused on making a clear
understanding of the dynamics of symmetric/asymmetric
rigid/flexible rotor systems supported by linear/non-linear
elastic bearings in the case of a fixed base, see, for example
Lalanne and Ferraris [1] and Genta [2]. Berlioz et al. [3]
investigated numerically and experimentally the bifurcation of
solutions of the non-linear equations of motion with periodic



aroundlateral directions using analytical solutions in the case of The trarglational motions of the rotor base are defined by

linear bearings and a time integration scheme in the case of ahe coordinatego(t), yo(t) andz(t) of the position vecto®°0

bearing cubic non-linearity. Das et al. [15] executed a nhumerical of the aigin O expressed in the frame fixed to the bRs@he

simulation of a flexible rotor system excited by a mass rotational motions of the rotor base are defined by the angular

unbalance and a sinusoidal rotation of the base in order tovelocity vector components*(t), »*(t) and w*(t) of the rigid

investigate its active vibration control which was successful for baseR with respect to the grouri® projected in the frame.

avoiding the lateral parametric instability. Dakel et al. [16] A genert pointC™ on the elastic line of the non-deformed

computed the orbits and their spectral analysis for a rotor shaft isconsidered. Its coordinates in the fraRare (Qy0). Its

mounted on linearized hydrodynamic short bearings and excitedlateral dynamic displacementgy,t) andw(y,t) due to bending

by combined rotational and translational motions of its base. are expressed respectively with respect toQReand Oz axes.

They predicted also the linear dynamic behavior of symmetric Additional details on the kinematics of the on-board rotor can

and asymmetric rotors on rigid bearings subject to combined be found in [17,18].

constant rotation and sinusoidal translation of the base [17].

More recently, they presented a comparison between linear and

non-linear responses of a rotor mounted on hydrodynamic short3 ENERGY AND VIRTUAL WORK CALCULATIONS

bearings and excited by sinusoidal motions of the base to assess

the validity range of the linearized bearing model [18]. Disk, Shaft and Mass Unbalance. The necessary
The present work is mainly based on the model presentedgqyations have been established in [17,18] and the calculations

in [18] but investigates in more detail the non-linear effects due 4y priefly described hereafter.

to the combination of a non-linear rotor-bearing system Since the disk is assumed to be rigid, only its kinetic energy

(because of fluid film forces) and base excitations. The s computed. The kinetic energy of a shaft elementary volume is

proposed on-board rotor is discretized using the finite element consjgered as a generalization of the case of a disk. Moreover,

method based on the Timoshenko beam theory and excited byne sirain energy of the shaft is calculated using the Timoshenko

combined deterministic motions (three rotations and three pagym theory. The mass unbalance located on the disk is

translations) of its rigid base. The rotary inertia, the gyroscopic characterized by its kinetic energy.

inertia, the shear deformation of shaft as well as the geometric

asymmetry of shaft and/or rigid disk are taken into account. The Hydrodynamic Journal Bearing. The short bearing

non-linear hydrodynamic fluid forces within the bearing are theory is considered in this study. At a constant speed of

evaluated by the Reynolds equation and treated as restoringtation( of the rotor and for a constant static lo&gcreated

forces acting on the shaft. The application of the Lagrange’s by the otor weight, the shaft geometric centgl in the

equations gives the non-linear differential equations of motion bearing lolds a static equilibrium position defined by the
of the rotor in bending with respect to a non-inertial reference displacement vectd, =<u, 2w, >s' expressed iR

frame linked with the rigid base. These equations point out In the dynamic regime, the dynamic transverse

periodic parametric terms due to the geometric asymmetry Ofdisplacement vector of the shaft center dig=<UpoWhr'.

the rotor and time-varying parametric terms due to the aggymingan isothermal and laminar flow of an isoviscous

rotational excitations of the base. The transient impliCit j,-ompressible fluid, the hydrodynamic fluid pressure field is
Newmark time-step integration scheme combined with the jnavtically calculated with the Reynolds equation. Its

Newtqn-Raphson. iterative s.trateg.y is employed to Freat 'the integration using the Guimbel boundary conditions leads to the
equations of motion. In addition, in the case when sinusoidal dynamic polar (tangential and radial) components of the
motions of the rotor base yield periodic (harmonic and sub- yqrodynamic force vector expressed in the polar frame linked

harmonic) responses, an optimized shooting method is used tq i, the hydrodynamic beariri@ and defined by the following
treat the equations of motion. The non-linear phenomena ¢y mulations (see [19])

identified in the on-board rotor are described by means of

bifurcation diagrams, rotor orbits as well as Poincaré maps. re
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2 PRELIMINARY CALCULATIONS PRat TE, (1+ 2g§) @
ra be' be be e €, +2€§e(Q_2¢be) ,

The rotor frequently consists of the disk, shaft, mass Foe = 2 (1_02)\2 _ 2
. N - Zcbe(l £be) \/1 Ere
unbalance, bearing and base. The excitations taken into account
are due to the mass unbalance and to the rigid base motionsith
Three principal Cartesian coordinate systems shown in Fig. 1 c _ e+ W,
are introduced to take into consideration the mobility of the be Coe
rotor base. They are attached to the groghahe rigid basd&R

and themoving rotorR.

tang,, =t ()
W

be



M (t)8+C(t)3 +K (t)8 =F(t) + F,.(5.8), (5)

with &, & and & the acceleration, velocity and displacement
vectors of the on-board rotor-bearing system of dimension
4(ngsit1)x1 wherengg, is the number of shaft finite elements.

M (t), C(t) and K(t) are respectively the mass, damping and
stiffness matrices with time-varying coefficients due to the
asymmetry of the rotating rotor and to its moving b&%®. is

the external linear force vector due to the mass unbalance and to
the rotational and translational motions of the base. In addition,

the external non-linear hydrodynamic force vedt'g;(ﬁ,é) of

the bearings is opposite to the rotor motion.
The matrices of Eq. (5) are defined as follows

M(t)=M 44 +M G jcos DU +MT,, sin Rt (6)
Figure 1. FRAMES OF REFERENCE FOR THE ON-BOARD _ g 9.6 0.5 :
C(t)=C +C cosXt+C sin Bt
ROTOR ( ) d,s:fl-2 d, slg2 ci,sr‘ﬁ2 (7)
+Cian’,
y +V y -V —Ke e e ;
&, = ubeubgs EWbeWbe L = UbeWzE E;Nbeu be (3) K(t)=K g, +K $2cos Dt +K 5> sin Bt
e o HR G 4K 5500 + (KL, +K 551 o
whereupe, e lhe and Cye are respectively the dynamic viscosity, +Kg”}’1’; W? +(K ;e,ﬁ +K g:isezﬁf;) w2+ Kdrear{‘ﬁz W’
radius, ength, clearance of the bearing. and ¢, are the ° * ° ®
relativedynamic eccentricity and the dynamic attitude angle. +(Kgf’;;;’ 20 +K P90 QW +K Y 2w (8)
The components of the dynamic fluid force vector 52 o 1 e 22 o1 T
Fo=<Fpe',Fre>r projected in the fram® are obtied by a R @+ Ky @ K s “’x“’z)cosz2t
cIaSS|ca! change qf basis between t.he frarRf8sand R They +(ng,§§5§ & +K Le,s(flal;y,sZQ & +ng,:§;,§ W2
are nonlinear functions of the dynamic transverse displacement ' ' '
. . . . . . re,w’?, re,wa?, :
and velocity vectors(ﬁbe,ﬁbe). Since the bearing contribution +K G "0 HK GG %)xaf)s'" 20t.

appears as forceS,. external to the rotor, their virtual work

SWhe has to be established to apply the Lagrange’s equations The subscriptsd”, “sh" and “b” refer to the disk, shaft as
well as base respectively and express the contribution to the

phenomenon represented by the corresponding matrix. The

superscripts &" and “s,” signify the geometric asymmetry of

the rotor expressed in terms of the time-varying trigpnometric

functions cos2t and sin®t. The superscriptd” stands for the

4 EQUATIONS OF MOTION rotor gyroscopic effect, € for the shaft -elasticity
The finite element method is selected to discretize the rotor corresponding to the bending and shear deformatioe’ for

and to describe its flexural motion as a function of the nodal the rotational effects corresponding to the rotational motions of

displacement vector defined b§/=<u"Ww"6"y">g", i.e., the the base (these effects come from the kinetic energies of the

rotor has two lateral translations and two rotations at each node disk and the shaft) angj$¢ for the geometric stiffening effects

The shaft finite element has two nodes and the shape functiongassociated with the centrifugal stress due to the rotational

W, = Fge(ﬁ be® b; [ 4)

are based on the Timoshenko beam theory. motions of the base.
The non-linear equations of motion of the on-board rotor- The vectorF(t) is expressed as follows
bearing system in bending are obtained after applying the
Lagrange’s equations to the energies for the disk, the shatft finite F(t) =R+ Fod(t) +F oo ft) +F o o [t) + F% o (t) cos Zat
elements and the mass unbalance as well as to the virtual work +F5 ()sin 2t ©)

of the hydrodynamic bearings and assembling appropriately the
produced vectors and matrices. They are written with respect to

the non-inertial frame connected to the bRses follows with

F&\iA,Irsh = _V\c,i\,lrsWr’ (10)
Fro(t) = Va,Q%cosQt + V2 Q7 simt (11)



Fru b( ) (wa Sy +V A +Vd clai‘z +V @7 agy2 G(8i+1) =M (ti+1) |+1+c( |+1)8|+1+ K ( |+1)6i+1

mu, b mu, b mu, b _ (16)
WA +V oot () =R (B1181) =0
(12)
(an”: S0 +V QW +V S W The vebcity and displacement vectors of the rotor nodes
between t; and t.,=t+At, At being the time step, are
%5 2 w‘ si 2 Wt i i+1 Y ’ ’
V" @+ Vi 70+ P )S'th approximated by the following general formulations of the
Fyan(t) = _Vdu,shb(xo-'- 2740 - 2y0f + %(wy + w*wz) implicit Newmark scheme
_yo(cif - a)xwy) - Xo(a)yz + a)ZZ)) 5.2 +At(a5i+1 +(1—a)8'i) :
V2ot 2y g - 2% + (@ + e (A, 3 (7)
d nb( o ( ) 5., =0 +At5, +ﬂ(2ﬁ5m+(1_ 218)6i) ,
%o (& — w'@?) - 75 (w? + a)yz)) (13) 2
V(@ + @) + V2 (0 -w ) where he parameters=1/2 and=1/4 define the constant
A Shb(wx +wywz)—Vé”shb(df —w*wy) average acceleration scheme. As Eq. (16) is non-linear, an

iterative procedure is employed to treat the non-linearity.

Vi b(wa +“’xwy) +Vdﬂsnb(Q“’Z ”"y“’z)* Namely, the linearization of Eq. (16) is performed by building a

Fo o (t) = Vf‘iﬁb(df —2Quf - a)ya)z) first-order Taylor series of this equation and the Newton-
(14) Raphson iterative strategy is taken into consideration as follows
vg;ﬁb(af + 200" + '),
W -2Qaf - W’ - dG
Faano(t) = Vs b( ) (15) G (ﬁf‘ﬂl) G (8:‘+1) Y Ad =0, (18)
+V(f;1b(a)Z +2Qaf +wxwy), FeLl(sta)
then
WhereVmg (Fmult)), Vasno (Fasn 8)) @AV o (Fru (1)) are load 3" (8!.)48 =G 3l.,), (19)

vectors (force vectors) associated respectively with the mass
unbalance, the inertia force due to base motions and that due tQNhere AS = 5K — 5K

iing bet both oh th ; ht G, —05, Is the iterative increment of the
coupling between both p enomer’léu ;1S the rotor weig displa@ment vector anld is the Newton-Raphson iteration. The

vector. The superscripts;” and “s;” denote the components of  jacopian matrixi" is a function of the displacement vector
the mass unbalance force expressed in terms of the time- varymg§ | atiterationk and expressed by

trigonometric functions c@¥ and sift. The superscripts, w,
w and 6 denote the direction of the action force components

associated with the motions of the rotor base. JNL( ikﬂ) S -1 M (t.,) + 9¢ (t..)

As already stated above, the equations of motion are non- s, (s5) B(At) JEA
linear. This is due to the hydrodynamic bearings (local oF (20)
components) even if they do not concern all the degrees of +K (t.) - dﬁbe '

i+1 (bk ‘,kl)

freedom of the rotor system. In the two following sections (i.e.,
Sections 5 and 6), the treatment of these equations is detailed.

wherel is the identity matrix. The derivative of the non-linear

hydrodynamic forces in the Jacobian matrix of Eq. (20) is a
5 TRANSIENT DYNAMIC ANALYSIS function of both the displacement and velocity vectors

The resolution of the complete non-linear dynamic problem (5|k+1,5lk+1) updated at each iteratitrand expressed by

requires solving simultaneously the equations of motion (i.e.,
Eq. (b)) of the rotor-bearing system and Egs. (1)-(3) calculating
the non-linear hydrodynamic bearing forces governed by the dF,.
Reynolds equation in the dynamic regime. Therefore the non- ds;.,,
linear analysis uses a complex procedure combining the
Newton-Raphson incremental-iterative technique with the
Newmark time integration algorithm. The semi-discrete
equations of motion (Eq. (5)) applied at tima (1<i<ngtl
where n, is the number of time steps) can be given in the
following residual form

_OF

" be + i ane
L

(ﬁk ékﬂ) /BAt asiﬂ (21)

(oka.85) i+l (3ka.8l%)
The procedure of the Newton-Raphson incremental-
iterative strategy combined with the Newmark time integration

scheme is presented as pseudo-code hereafter.



(1) Initial conditionss, ; &,

8, =M '1(0)(F (0)+Fye (8,.8,) ~C(0)8, - K ( 0)61)
(2) Praliction step:

2

B =8 18 =6 426 10, =4 + 4G + 28

(3) Cakulation of the hydrodynamic forcé’@e(ﬁ,é)

(4) Resdual calculatiorG with Eq. (16)

(5) Calculation of the Jacobian matdX- with Eq. (20)
(6) Correction incrememntd with Eq. (19)

(7) Correction step:

Bl =8/, +AS; 8 =8, +%A6’
e 1
6ik+11 = ik+1 —2A6

B(At)

(8) Returnto (3) for new hydrodynamic forcdge(ﬁ,i‘))

(9) Retrn to (4) for a new residu@
(10) If |G|/||F|| > ™, return to (5) for a new Newton-Raphson

iteration, else return to (2) for a new time step

periodz, for an approached initial solutiof(0). This vector is
computed by the non-linear Newmark time integration
procedure over one periofl (see Section 5). A consistent
linearization of Eq. (22) is made by finding a first-order Taylor
series expansion of this equation and a Newton-Raphson
iterative correction is executed

H(X k+1(0),r,):H(x k(o),r,)+a>‘z|zo)( )AX:O, (24)
X*(0).1
then
3 (x"(0).7,)ax =-H(x “(0).z,), (25)

whereAX = X*%0) - X¥(0) represents the iterative increment of
the state-space vector akds the Newton-Raphson iteration.
The Jacobian matri¥d®" is a function of the state-space vector
X(0) at iteratiork and defined by

Sy K _ OH _ oX
3% (x (O)’Tr)_M(O)(Xk(O)V,I)_GX(O)(XK(O),,r)_I' (26)
with
X o= @)
X, 70 ol @

In orde to reach the steady-state periodic regime, the
Newmark algorithm has to be used over a large number of time
periods. This results in an enormous computational time whenWhereg(z) is the monodromy matrix. The differentiation of Eq.
the algorithm is repeated for a large number of fundamental (5) with respect to the vect(0) yields
excitation frequencies. Computational time can be saved by
seeking directly the periodic solution by means of the shooting aggejd,Jr[K (t) + a(;:gejq, -0

method being discussed in the next section.
Equation (28) is a system of linear differential equations. In
order to solve it and to obtain the matriob4z,) and ®(7,)

forming the monodromy matriy(z,), the linear version of the
Newmark algorithm is used over one perigdof the rotor
response.

The shooting algorithm solving simultaneously Egs. (5) and
(22) is presented as pseudo-code hereafter.

M (t) +[C(t) v (28)

6 PERIODIC SOLUTION USING THE SHOOTING
METHOD

The following two-point boundary-value problem defined
by the periodicity condition is considered

H(X(0).t=7,)=X(X(0).t=7,)-X(0)=0, (22)
with

x=(5787), (23)

(1) Approached initial solutiohX(0)

(2) Calculation of the state-space vecfor

(3) Residial calculatiorH with Eq. (22)

(4) Calcuation of the Jacobian matrik" with Eq. (26)

where 7, is the minimal period of the rotor response. The
dependence of the system on the fundamental pesjad the
periodic exciting forces is assumed, izgjre, (With j=1,2,3...). s X
Integer multiples of the fundamental period are used to (5) Newton-Raphson incremeAX with Eq. (25)

calculate sub-harmonic responses occurring, for example, after(6) Corretion stepX™(0)=X*(0)+AX

a period-doubling bifurcation. Practically, in order to find the (7) If iterations.i=+, increase the period of the rotor response
minimal periodz, of the response, the shooting method is first and retun to (1)

performed withz=zex and if there is no convergence, it is then (8) If [H|/[X]> &%, return to (2) for a new Newton-Raphson
performed withe,=2zey, 7=3rey, ... SUCCESSIVEly. The state-space jteration, else stop the algorithm

vectorX in Eq. (22) is the solution of Eq. (5) at the end of one




After the periodic solution is obtained, its stability can be Vpes 1
verified by applying the Floquet theory, i.e., by calculating the :
eigenvalues of the monodromy matrix called “Floquet Jd j
multipliers”. The solution is asymptotically stable if every R
Floquet multiplier remains inside a unit circle in the complex
plane. When any Floquet multiplier leaves the unit circle, the
periodic solution losses its stability and a bifurcation begins to 41 o (\ 42

Q

2

20=Zpcos(Q7)

appear. In practice, the saddle-node or period-doubling 0 yoo e
bifurcations occur if any Floquet multiplier leaves through +1

or through -1 respectively, while the quasi-periodic bifurcation « o [
occurs if two complex conjugate Floquet multipliers leave e
transversely the unit circle.

I

Figure42. ON-BOARD ROTOR-HYDRODYNAMIC BEARING
SYSTEM CONFIGURATION

7 NUMERICAL RESULTS AND DISCUSSION

7.1 Configuration and Data

The symmetric rotor-hydrodynamic bearing system Table 1. ROTOR AND BEARING DATA
illustrated in Fig. 2 is excited by both a rotating mass unbalance Disk mgerial density pd=7800 kg/n
and a sinusoidal translation of the base along Qlzeaxis Disk radus r<=0.15m
expressed a&=ZccosQ%) in m. Di§k thickljess €;=0.03 m

The physical properties as well as the geometry of the rotor Disk location ye=0.2m
and the bearings are listed in Table 1. The shaft is discretized ., Shaft material density par=7800 kg/r,

. . . g . . Young’'s modulus of the shaft Eq=2x10 N/m
with eight identical 2-node Timoshenko beam finite elements Poisson’s ratio of the shaft vg=0.3
i.e., the total number of degrees of freedomgi36. The disk Shaft radius r4=0.04 m
is located at node 5 and the bearings # 1 and # 2 are placed at Shaft length l¢=0.4 m
nodes 1 and 9 respectively, i.e., the corresponding localized Mass unbalance My m=1500 g mmy,, =0°
non-linear degrees of freedom are 1-4 and 33-36. The rotor runs Radius of the bearinas 004
at a speed of rotatian=1200 rpm (=20 Hz, the mass unbalance Length of the bearings |EE;O.'01 m
frequency), the mass unbalance being located on the disk. Locations of the bearings Vot 1:08m,ybe#2:0.4 m

The relative coordinates of the static equilibrium position  Ragial clearance of the bearings Cp=2x10% m

of the shaft geometric center in the fluid film bearings are given Oil film dynamic viscosity 1,=288x10" Pa s

by 8pe/Cpe=<-0.29,-0.88%".

The overall dynamic analysis of the non-linear on-board
rotor is done by means of bifurcation diagrams, rotor orbits and
Poincaré maps.

7.2 Bifurcation Diagrams

In the case of a harmonic external excitation of perigd
linear rotor system has always a harmonic response of same <&

=}

period, i.e.,;;=1e,, While a non-linear rotor system can have a ERRREEE g

1oy 2Tex, ey, ...

Q

non-periodic response or a periodic response with different 0.5 ]
period due to bifurcations. Such changes in the non-linear Quasi-periodic

dynamic regime of the system can be identified by means of and chaotic

bifurcation diagrams. -1

Figure 3 shows the bifurcation diagram of the on-board 01 02 03 04 Ozi (n?jG 07 08 08 1X 16
rotor at the bearing # 2 (node 9) excited by the mass unbalancerigure 3. BIFURCATION DIAGRAM OF THE ROTOR AT THE
(M m=1500 g mm) and the sinusoidal translational motion of BEARING # 2 FOR A SINUSOIDAL TRANSLATION OF THE
the base of frequen&y’=80 Hz. BASE: z0=Zoc0s Q*t WITH Q*=80 Hz

In the diagram, the amplitud® of the base motion is used
as a bifurcation parameter to provide essential information the exernal excitation of the rotor is harmonic of perigg
about the Poincaré sections. The step used for this parédpeter equal to the inverse of the greatest common factor of the mass
is 0.05x10 m. Since the excitations due to the mass unbalance unbalance frequenc®2=20 Hz and the base motion frequency
and to the base motions are sinusoidal and commensurableQ’=80 Hz. Thus the period of the external excitation of the



rotor is 7,,=1/20=0.05 s. The shooting algorithm is first run with 0.15
=Ty then with =2z, 7,=37¢ ... COnsecutively and limited
with 7,=16z,. If the shooting method fails in finding a periodic
solution, then the algorithm switches to a full transient time
integration method which enables the computation of quasi- B Ih
periodic and chaotic motions. The combination of the shooting ¢ -0.25 1 |¥.|

method and the full transient time integration permits to speed A l -, || i 'lp

up significantly the computation of the bifurcation diagram. The a4 l """"" I l
transient numerical simulations are executed with 1000 rotor ' [ —

revolutions (i.e., 100,) and 512 time steps per periag The BT """"" 'I|| “ll

data of the first 500 revolutions of the rotor are not used in the 03— 2527 28 49 5 51 52 53 54 55
bifurcation diagram in order to overcome the transient regime. Z5 (m) ¥ 1G°
The Poincaré sections are produced by considering successiverigure 4. ZOOM ON THE BIFURCATION DIAGRAM IN FIG. 3

intersections of the coordinates of the lateral dynamic motions  FoR THE ZONE OF INTEREST Z,, D[4.5>< 10% 55¢ 10° fﬂ
of the rotor with the instants associated with the multiples of the

periodre, i.e.,t=kre, and k 0[501;100¢. The initial conditions

for the simulations are set 8g./Cye

For 1x10°<Z5<4.95%x10° m, the rotor motion is harmonic
of periodr,=7« because there is only one point obtained by the
Poincaré sections. Then, the first bifurcation appears and the
rotor vibration displays a period-doubling orbit withF2zey
when 5x10<Z,<5.1x10° m. At Zo =5.15x10° m, the rotor
follows a quasi-periodic orbit, but it returns to the harmonic
motion for 5.35x10<Z,<6.3x10° m. For the rest of the
diagram, the solution of the equations of motion undergoes a
series of bifurcations as shown in Fig. 3.

In order to \visualize successive period-doubling
bifurcations which lead to quasi-periodic responses and to
chaos, a zoom of the bifurcation diagram is reproduced in Fig. 4

for the zone of interestZOD[4.5x 10°;5.5¢ 10° rﬂ This

time, the step of the bifurcation parameferis 0.01x1¢ m. £
The finer grid allows a better observation of the changes of non-

linear dynamic regime when compared with Fig. 3 for the same

zone of interest. For example, the rotor motion holds- 4

periodic and &.periodic orbits (sub-harmonic) forZy

=5.17x10° m and 5.26x1® m respectively.

The stability of some periodic solutions obtained in Fig. 4 (b)
is predicted using the Floquet theory. The monodromy matrix is
calculated at the end of one perigaf the rotor response and
its corresponding Floguet multipliers are presented in Fig. 5
within a unit circle in the complex plane. As can be seen, the
solution is stable at the poiAtof Fig. 4 whereZo=4.95x10° m
with 7,=7¢, (See Fig. 5(a)) and also@whereZ,=5x10° m with
7 =27¢x (See Fig. 5(c)), while it is unstable and a period-doubling
bifurcation occurs aB whereZo=4.96x10° m with 7,=7., (See
Fig. 5(b)) because one of the Floquet multipliers leaves the
circle through the negative real axis at —1. This can be verified
with the orbit of the rotor at the bearing # 2 which g1
periodic (see Fig. 6(a)) for the poit and becomes -
periodic (see Fig. 6(b)) for the poi@t

(C) Re
Figure 5. EIGENVALUES OF THE MONODROMY MATRIX
CORRESPONDING TO THE POINTS A,B AND C IN FIG. 4
ASSOCIATED WITH: Zo= (a) 4.95x10° m, (b) 4.96x10° m,
(c) 5x10”° m, RESPECTIVELY
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7.3 Bifurcation Responses of the Rotor-Bearing
System

In this section, some orbits of the rotor and their projected
Poincaré maps at the bearing # 2 (node 9) corresponding to
values of interest of the bifurcation paramet&s of the
bifurcation diagram in Fig. 3 are presented.

All the orbits are made dimensionless with respect to the
bearing clearance,, and are thus plotted within a unit circle
(red curve).

The relative coordinates of the static equilibrium position
of the shaft center in the bearingg’/c,. are used as initial
conditions for the transient dynamic calculations. The Poincaré
maps are obtained by taking successive intersections of the
relative dynamic displacements of the rotor with the instants
corresponding to the multiples of the periag=0.05 s of the
harmonic external excitation of the rotor starting frerf01zey
to eliminate the transient effects.

When the amplitudesZ, of the base translation are
consecutively equal to 7xP0m (Fig. 7(a)), 9x10 m (Fig.
7(b)) and 9.45x1® m (Fig. 7(c)), the rotor displacements
exhibit a chaotic orbit, a quasi-periodic orbit and a sub-
harmonic orbit (8,-periodic) respectively.

we
" be
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Figure 7. ORBITS AND POINCARE MAPS OF THE ROTOR AT THE BEARING # 2 DUE TO SINUSOIDAL TRANSLATIONS OF
THE BASE: zo=Zoc0s Q“t WITH Q=80 Hz AND Zo= (a) 7%x10° m, (b) 9x10° m, (c) 9.45x10° m

8 CONCLUDING REMARKS

A finite element model based on the Timoshenko beam
theory is presented to analyze the dynamic behavior of a
symmetric on-board rotor-non-linear hydrodynamic bearing
system whose base is subject to sinusoidal translations.

The derivation of the equations of motion shows that the
base rotations create time-varying parametric coefficients, while
the base translations contribute only to the external force vector.

Robust Newmark integration and shooting algorithms
combined with the Newton-Raphson iterative procedure are
used to obtain the dynamic responses of the on-board rotor.

It is noted that depending on the amplitudes of the sinusoidal
motions of the base, non-linear phenomena, such as period-
doubling and quasi-periodic motions and transition to chaos, are

observed by means of bifurcation diagrams and rotor responses.

The stability of periodic solutions is verified using the Floquet

theory.
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