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HOLDERIAN WEAK INVARIANCE PRINCIPLE FOR
STATIONARY MIXING SEQUENCES

DAVIDE GIRAUDO

ABsTRACT. We provide some sufficient mixing conditions on a strictly station-
ary sequence in order to guarantee the weak invariance principle in Holder spaces.
Strong mixing, p-mixing conditions are investigated as well as 7-dependent se-
quences. The main tools are Fuk-Nagaev type inequalities for mixing sequences.

1. INTRODUCTION

1.1. Conxtext and notations. Let (X;);>0 be a strictly stationary sequence of
real valued random variables with zero mean and finite variance, and for an integer
n=18,:= 2?21 X denotes the n-th partial sum. Its variance is denoted by o2.
Let us consider the partial sum process

[nt]
(L1) SE(t) = 37 X; + (nt — [0t]) Xpps1s m > 1t € [0,1]
j=1

We are interested in the asymptotic behavior of o, 1551(-) viewed as a random
function in some function spaces.

Notation 1.1. If 7": 2 — ) is a bi-measurable measure preserving map, we define
for f: Q@ — R and a positive integer n the nth partial sum S, (f) := Z?Zl foT’

and o2 (f) := E[S2] — (E[S,])? denotes its variance. We shall also consider SE'(f)
defined in a similar way as in ([LI]), that is,

(1.2) SPUf,t) == Sy (f) + (nt — [nt]) f o T,

and Wy, (f,t) == n= 288 (f 1)

In all the paper, the involved sequences of random variable are assumed to be
strictly stationary.

When (X});>0 is an independent identically distributed sequence, Donsker showed
(cf. [4]) that (n_l/Q(E(X%))_l/QSEI)n>1 converges in distribution in the space of
continuous functions on the unit interval to a standard Brownian motion W. An in-
tensive research has then been performed to extend this result to stationary weakly
dependent sequences. We refer the reader to [10] for the main theorems in this area.

In this paper, we rather focus on the convergence in distribution of the partial
sum in other function spaces.
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1.2. Holder spaces. It is well known that standard Brownian motion’s paths are
almost surely Holder regular of exponent « for each o € (0,1/2), hence it is natural
to consider the random function defined in (L.2) as an element of #,[0, 1] and try
to establish its weak convergence to a standard Brownian motion in this function
space.

Before stating the results in this direction, let us define for o € (0,1) the Holder
space Hq[0, 1] of functions x: [0,1] — R such that sup,; [z(s) —2(t)] /|s —|* is
finite. The analogue of the continuity modulus in C[0, 1] is w,, defined by

we(x,d) =  sup 7’x(t) — xo(és)\
o<lt—s|<s |t — 3]

We then define H2[0, 1] by H2[0, 1] := {z € H4[0, 1], lims 0wy (z,d) = 0}. We shall
essentially work with the space H2 [0, 1] which, endowed with |||, : # + wa(x, 1)+
|z(0)], is a separable Banach space (while #,[0,1] is not). Since the canonical
embedding ¢: H2[0,1] — H,[0,1] is continuous, each convergence in distribution in
H2[0,1] also takes place in Hq |0, 1].

In order to prove such a convergence, we need a tightness criterion. Combining
Theorem 14 in [2I] in the particular case of the partial sum process (L2)) with
Lemma 3.3 in [I1], the condition

(1.3)

log[nd]
lim 1i = 27 —e([na277)* ¢ =
e, ot 3 2o 101> Tellodiz ) <o

(where log denotes the binary logarithm) is sufficient for tightness of the sequence
(03 (1)SR (F)nz1 i H[0, 1],

In the partial case of linear variance (that is, o2 ~ cn as n — oo for some constant
¢), we will normalize by \/n. Using the change of indexes k = log[nd] — j (so that
277 = 2k /[nd]), this leads to the following tightness criterion for (W, (f))n>1 in
HO[0,1]):

log[nd]
(1.4) Ve >0, limlimsupn Z 2_k,u{ max [S;(f)| > 62ko‘n1/p} =0,
o—

1<i<2k
n—oo kzl KA

where a =1/2 — 1/p.

As mentioned before, the random function defined in (LI can be viewed as an
element of H,[0,1], a € (0,1/2) and we can try to establish the weak convergence of
the sequence (o, LGP (£))n>1 to a standard Brownian motion in this function space.
To the best of our knowledge, it seems that the study of this kind of convergence
was not as intensive as in the space of continuous functions or the Skorohod space.
The first result in this direction was established by Lamperti in [9]: if (X;);>0
is an ii.d. sequence with E[Xo] = 0, E[X3] = 1 and E|X|? is finite, then the
sequence (n~Y 2551)1@1 converges to a standard Brownian motion in ’H?{[O, 1] for
each v < 1/2 — 1/p. Later, Ratkauskas and Suquet improved this result (cf. [13]),
showing that for an i.i.d. zero mean sequence, a necessary and sufficient condition
to obtain the invariance principle in 7—[?/2_1/1) [0,1] is limy— o0 P {| Xo| > ¢t} = 0 (in
[14] they considered the case of more general Holder spaces, where the role of ¢ +— ¢t
is played by t — t*L(t) with some conditions on L).
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Thus, establishing the weak convergence of the partial sum process in Hdélder
spaces requires, even in the independent case, finite moment of order greater than 2
and the moment condition depends on the exponent of the considered Holder space.
It is a natural question to ask about generalizations of the result by Rackauskas
and Suquet for dependent sequences. In this paper, we focus on strictly stationary
sequences satisfying some mixing conditions (see next section).

1.3. Mixing conditions. We present the mixing conditions involved in the paper.
Let A and B be two sub-o-algebras of F, where (2, F, u) is a probability space.
We define the a-mixing coefficients as introduced by Rosenblatt in [17]:

o(A,B) i= sup {|u(A N B) — u(A)u(B)|, A € A B € B} .
The p-mixing coefficients were introduced by Hirschfeld [7] and are defined by
p(A, B) := sup {|Corr(f,g)|, f € L>(A),g € L*(B), f # 0,9 # 0},

where Corr(f, g) == [E(f9) — E(N)E(9)] [Ilf = E(f)llyz llg — E(9) 2]~
The coefficients are related by the inequalities

(1.5) 4a(A, B) < p(A, B).

For a strictly stationary sequence (Xj),cz and n > 0 we define ax(n) = a(n) =
a(F°,, F) where F! is the o-algebra generated by X with v < k < v (if
u = —o00 or v = 00, the corresponding inequality is strict). In the same way we
define coefficients px(n).

When there will be no ambiguity, we shall simply write a(n) and p(n) for sim-
plicity.

We say that the sequence (Xy), ¢z is a-mizing if lim «(n) = 0, and similarily
n——+0o00

we define p-mixing sequences.

o-mixing sequences were considered in the mentioned references, while p-mixing
sequences first appeared in [§]. Inequality (L) translated in terms of mixing coef-
ficients of a sequence states that for each positive integer n,

4da(n) < p(n).
In particular, a p-mixing sequence is a-mixing.
1.4. 7-dependence coefficient. In order to define the 7-dependence coefficients

of a stationary sequence, we first need a result about conditional probability (see
Theorem 33.3 of [1]).

Lemma 1.2. Let (2, F,p) be a probability space, M a sub-o-algebra of F and X
a real-valued random variable with distribution px. There exists a function pix|am

from B(R) x Q to [0,1] such that
(1) For any w € Q, puxjm(-,w) is a probability measure on B(R).
(2) For any A € B(R), uxm(A,-) is a version of E[x{xecay | M].

We now introduce the 7-dependence coefficients as in [3]. We denote by A;(R)
the collection of 1-Lipschitz functions from R to R and define the quantity

W(jnxp0) = sup{‘ [ f@msimtan) - [ famian] s e mm}.

For an integrable random variable X and a sub-c-algebra M, the coefficient 7 is
defined by

(1.6) T(M,X) = [W(pxia), -
3




This definition can be extended to random variables with values in finite dimensional
vector spaces. If d is a positive integer, we endow RY with the norm ||z — y|| :=
> j—1l7; — y;| and define A1 (R?) as the set of 1-Lipschitz functions from RY to R.

Definition 1.3. Let (Q,F, u) be a probability space, M a sub-o-algebra of F and
X an R%-valued random variable. We define

(1.7) T(M, X) :=sup{t(M, f(X)),f € Mi(E)}.

We can now introduce the 7-mixing coefficient for a sequence of real-valued ran-
dom variables.

Definition 1.4. Let (X;);>1 be a sequence of random wvariables and (M;)i>1 a
sequence of sub-o-algebras of F. For any positive integer k, define

, 1 S ,
(18) T(Z) = gllzi}lc_sup{T(Mp’ (Xju'-- ’le))’p+z << < ]l}'

In the sequel, we shall focus on the case M; := o(Xj, k < i).

Notation 1.5. Let X: Q@ — R be a random variable. We denote Qx(-) the in-
verse function defined by Qx(u) := inf {t,u{|X| >t} <wu}. If (foT¥)j50 is a
strictly stationary sequence and (a(n)),>1 is its sequence of a-mixing coefficients,
we denote by a~!(u) the number of indices n for which a(n) > u. More gen-
erally, if (d;);>0 is a non-increasing sequence of non-negative numbers, we define

6 Y(u) :=inf{k € N, &, <ul.

We can compare the 7-dependence coefficient with the a-mixing coefficients. The
following is a simplified version of Lemma 7 of [2].

Lemma 1.6. Let (foTj)j>0 be a strictly stationary sequence. Then for each integer
i, the following inequality holds:

2a(1)
(1.9) 7(i) < 2/0 Qf(u)du.

In [2], "Application 1: causal linear processes" (p. 871), Dedecker and Prieur
provide an example of a process whose T-dependence coefficients converge to 0 as
fast as 27" but a; = 1/4 for each positive integer i.

2. MAIN RESULTS

2.1. Mixing sequences. In this subsection, we give sufficient mixing conditions
which guarantee the convergence of the sequence (W,,(f))n>1 to a Brownian motion
in the space 7—[(1)/2_1/])[0, 1], p > 2.

We refer the reader to Notations [[L5] and [A.2l

Theorem 2.1. Let p > 2 and let (f o Tj)j;o be a strictly stationary centered
sequence such that

(21)  Jim ¢! /01 Q;(u)1 { ((7/2)*1 ° G;l) (W)Q;(u) > t} du = 0.

Then
(2.2) Wi (f) = o(f)W in distribution in 7'[(1]/2—1/1;[0’ 1],

where o(f) = lim,, o0 02 (f)/n.



Using the comparison between a and 7, we can deduce a condition in the spirit
of that of Doukhan, Massart and Rio (see [5]). One can also derive it from the
tightness criterion (I4]) and Theorem 6.2 of [15].

Corollary 2.2. Let p > 2 and let (f o Tj)j>0 be a strictly stationary centered
sequence such that

1
(2.3) tlim tpl/ Qr(u)1 {a(u)Qf(u) >t} du=0.
—00 0
Then
(2.4) Wi (f) = o(f)W in distribution in 7—[?/2_1/1)[0, 1],

where o(f) = lim,, o0 02 (f)/n.

Remark 2.3. Assume that the sequence (foT7);> is independent and that tPu {| f| > t} —
0. Then the condition of Theorem 2.I]is satisfied. Indeed, since Qf(U) is distributed
as |f| if U is uniformly distributed on [0, 1], both conditions (22 and (24]) read

(2.5) Jim #E ([ f]1{]f] > )] = 0.
As

PR FI1{If] > )] = 2 / "W {f] > max {u, 1)} du
— ] > )+ /fou{\fr > u} du

< Ppflf] > t}+ssg1§spu{\f\ >st/(p—1),

condition (2.1)) is satisfied hence we can derive the result by Rackauskas and Suquet
in the i.i.d. case from Theorem 2.1l This contrasts with Theorem 17 of [6], from
which we can only deduce the result by Lamperti (cf. [9]) in the i.i.d. case.

We conclude this subsection by a result on p-mixing sequences.

Theorem 2.4. Let p > 2 and let (f o Tj)j;o be a strictly stationary centered
sequence such that tPu{|f| >t} — 0 as t — 400 and Y 32, p(2') < co. Then

(2.6) Wi (f) = o(f)W in distribution in 7'[(1]/2—1/1;[0’ 1],

where o2(f) = limy, 00 02(f)/n.

2.2. A counter-example. In this subsection, we show that boundedness of the
sequence of pth moments of the normalized partial sums is not enough to guarantee
tightness in H;/5_1/,[0,1].

Theorem 2.5. Let p > 2. There exists a strictly stationary sequence (f o T7);=0
such that

e the finite dimensional distributions of (Wy,(f))n>1 converge to those of a
standard Brownian motion,

o the sequence (E|S,(f)[P /nP/?),>1 is bounded and

e the process (Wy(f))n>1 is not tight in Hyja_1/,[0,1].

Remark 2.6. The constructed process has no reason to be a-mixing. However,

this proves that in general, establishing tightness in 7—[(1)/2_1/])[0, 1] of (Wn(f))n>1

cannot be done by proving boundedness in P of the sequence (W, (f))n>1. Thus
other methods need to be used.
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Let us recall that a sequence (¢p,)n>1 is slowly varying if there exists a continuous
function h: RY — R* such that ¢, = h(n) for each positive integer n and for each
positive z, limy_,o h(tz)/h(t) =1
Remark 2.7. If p > 2 and (f o Tj)j>0 is a strictly stationary centered sequence

such that the finite dimensional distributions of (o, 1551( f))n>1 converge to those
of a standard Brownian motion, the sequence (02(f)/n)n>1 is slowly varying, and
the sequence (E|[S,(f)|" /oh),>, is bounded, then for each v < 1/2 — 1/p the se-

quence (0,182 (f))n=1 converges in distribution in %20, 1] to a standard Brownian
motion. This can be seen using tightness criterion (LL3]), Markov’s inequality and
boundedness in L? of (0, ! maxi<j<n |S]-(f)|)n>1 (by Serfling arguments, see [1§]).

3. PROOFS

. o . 1 _
Proof of Theorem[21. Notice that (ZII) implies finiteness of [, Q?(u)(7/2) !
G;l(u)du, hence condition (5.5) in [2]. This implies the convergence of (o2(f)/n) 1
to some o. The convergence of the finite-dimensional distributions follows from an

adaptation of the proof of Theorem 4.3 of [16]. It remains to check tightness of
(Wn(f))n>1 in H?/Qfl/p[o, 1]. We shall check that (I4]) is satisfied. To this aim,

we apply Theorem [A.3] for each k € {1,...,log[nd]} with some r > p, N := 2¥ and
X = e2kapl/P | This gives

log[nd] log[nd] .
n Z 2~ ,u{ max |S;(f)] > 562’”711/7’} <n Z 27 k4T 25, (f)" <62kan1/p) +

<
k=1 l<is2t k=1

log[nd]

+n Z g2kan /Py~ / Qu u) > e2Fn 1/p/r}du

By (1), the quantity C := follf||1(7'/2)_ (u)Qf o Gy(u)du is finite. In view of
(A.3]), we thus have

(3.1)
log[nd] log[nd] _r
n Z 27 ,u{ max |S;(f)] >5€2kanl/p} < 4-(4r)2Cm?p, Z 9~ kokr/2 (62kan1/p> +
1<ig2k
k=1 k=1
log[nd]

nt=1/p Z (e2F)~ / Q(u u) > e2kn VP/r}du— (I) + (I1).

A simple computatlon shows that
(32) (I) < K(r,p,e)0""71,
and for the second term, we have the upper bound
1
(3.3) (II)< K(a,a)n(p_l)/p/o Q(u)l {(7/2)_1 o G;l(u)Q(u) > anl/p/r} du.
Since r > p, the condition (L4) is satisfied in view of (B.1)), (8:2), (B.3)) and 2.1)).
O

Proof of Corollary[Z2. 1t suffices to check that condition (2.3)) implies (2.I]). Notice
that by (L9)), we have for a fixed v,

(3.4) inf{i|7(:)/2 < v} > inf {i | G! ) < v} =inf{i|a(i) < G(v)/2}



hence (7/2)71(v) > a1 (G(v)/2). Taking v = G~1(2u) for a fixed u, we get

(3.5) (/27 Lo G () = a7 (u/2).

Since the function u +— a~!(u) is non-increasing, the inclusions

o~ >t} c {a ! (u/2) Qs(u) >t} C { (7/2) " 0 G u)Qs (u) > t}
take place, which concludes the proof of Corollary U

Proof of Theorem[2]. Theorem 4.1. of [12] guarantees the existence of the limit
of the sequence (02 /n),>1 and [19] gives the convergence of the finite dimensional
distributions. Therefore, the proof will be finished if we check the convergence
(T4). We apply for Theorem [AA4l for each 1 < k < log[nd] with a ¢ > p, N := 2*
z = e2koepl/P and A := 2kenl/Py, where 0 is fixed (notice that since

+oo
3.6) E[fI1{[f] = A} = Ap{[f] > A}Jr/A pAlfl =t} dt < Clp, ))ATP,
we have for n > n(n,p, ¢, f) and 1 < k < log[nd],

(3.7) 228 E[|f|1{|f| > A}] < 2C(p, f)(n2"ont/P)1=P < e2kon/P = ¢,

hence (A.D) is satisfied). This yields

log[nd] log[nd]
2—k Si(f)] = 2]904 1/p < { > 2]904 1/p}
DY p{ mag 15:(0) > e2enilr | < > n{irts 2o}

0o log[nd]
+ K exp (KZp(T)) n Z 97 koka/2 (okapl/Py=a || £||2 4
1=0 k=1
log[nd]

e 3 e (K3 oty s (<

Since for some constant C depending only on f and p, the bound
ko 1/p | ||? ka, 1/pyg—p
(3.9) r{isl < mtent | < cnzton'lr)

is valid, we derive from (B.8) the inequality

log[nd]
n Z 2_k,u{ max |S;(f)| > e2Fn 1/”} <e PP sup Pu{|f| = t}ZQ kpa

1<Z<2]’C t>n1/p

+ Kexp (szw)) e G 1 2

=0

log[nd]
+ KCe™In?™P Z exp <K2p2/q > 9 kper,

k=1 =0
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Since limy_oo tPp {|f| > t} = 0, we obtain for each ¢ and 7

n—o0 1<i<2k

k=1 1=0

o0 k
+ KCe 7P "exp (K > p2/4(2i)> 9~ kpe

k=1 1=0

from which (4] follows (the convergence of the last series is ensured by the ratio
test and the convergence to 0 of p?/7(2F)). O

Proof of Theorem [2.3. We assume that (2, F, u,T) is a non-atomic invertible mea-
sure preserving system. We shall first construct a function g such that:

(1) the sequence (E|S,(g — g o T)[P /nP/?),>1 is bounded and
(2) the process (W, (g — goT))n>1 is not tight in 7—[1/2 1/p[O, 1].

We then consider f := m+g—goT, where m is such that (mo7T7); is a martingale
difference sequence with m € ILP and m # 0. This will guarantee the convergence
of the finite dimensional distributions of (W, (f))n>1 to those of a scalar multiple
of a standard Brownian motion, and Burkholder’s inequality ensures boundedness
of the sequence (E|[S,(f)[F /nP/?),>1. We use a construction similar to that given
in [22]. Let us consider two increasing sequences of integer (Kj);>1 and (N;);>1
satisfying for each [ > 2:

(3.10) i l; /Ny ;
(3.11) AN, VPN < 1
1 2 1 2
(3.12) ZK 2 <K/
—+o00
K;
(3.13) Z . ar < 0.
+1

We also assume that 4K; < N for each [.
Let us fix an integer [. Using Rokhlin’s lemma, we can find a set A; € F such

that the set T°A;, 0 < i < N; — 1 are pairwise disjoint and (U TZAI) >1/2.
We define
1/p K
N, )
hy = —t— .y TNIA
Kl1/2+1/p jU
K;—-1 Nl/p K; 2K;—1
g = Z hyoT9 = P — 5T Z;x (TN A)+ Y QK =) (TNA) |
J J=Kj+1

+oo
9:=>_a-
=1

8

log[nd] -
lim supn Z 2” ,u{ max |S;(f)] > 62kan1/p} < Kexp (KZ,O(Q’)) (28)7/P= e~ || £119 4



Assume that w € 4; and N; — K; < i < N;— 1. Then g; o T (w) = N; — i.
Consequently, for i,i" € {Ny — Kj,..., N, — 1},

NP
> —t——|i" —i| x(4).
1/2+1
Kl/ /p

‘gz oT' —goT"

Applying U™% on both sides of the previous inequality for 0 < k < N; — K; and
taking the maximum over these k, we obtain

—k i’k NP N
g oT" " —goT" ™ ‘/|1 —Z‘W U T"(Ap) | -

max
0<k<N— K

This implies

1 ‘gloTi,—gloTi

Nu—K;
: > K .

For I’ < [, noticing that |gy| < Nll,/ b Kll,/ 2-1/p , the following inequality takes
place:
max ‘gl/ 0TI — gy o T’{ < ZN;/pKll/il/p,

1<i<y<N;
therefore,
1 ‘Zl’<l g e T —2rqgroT" ‘
max -
Nll/p 1<i<’i,<N[ (Z/ )1/2 1/p

1/p -1—1/ -1/
< 1/ > oN, P,V <N YPING .

<l
By condition (3.11]), we conclude that
315 1 ‘Zl/<lgl’oT 2l’<lgl’OT ‘ 1/

Moreover, notice that

‘Zl’>l g © T =D s groT! ‘

1 Nl_l/p max

1<i<i’<N, (i" —i)1/2=1/p
< v oT" — gy oT #0
ZM{KKKM gr © groT"| # }
>l
<N p{gr # 0},
>l

hence
3.16 ‘zl’>l g ° T — D=1 9r° Ti‘ 0, <
(3.16) p N7 | max T #0p <

< 2N, Z Ky /Ny.

>l



By BI5) and (BI10), we get

goT" —goT" 1/
>N/P/2% >
1<§23§Nl (i — Z')l/Q—l/p l /

‘21'21(91/ oT" — gy o T

1/p
P > N,
1<zn<1?éNl (i" —i)t/2=1/p !
‘(gl o — gi o Ti)
> max >Nll/p _2NIZKI’/NI"

1<i<i/<N, i —)1/2-1/p
i<rs<he ) 1>

Combining the previous inequality with (814]), we obtain for each integer [,

‘goTil—goTi 1p 1 K,

3.17 > N 2> —-———2N, Ky /Ny,
BAD wy ety e 2 N2 25y, l% AL
and by (BI0), the inequality

‘goTi, —goT! Nll/p 1

3.18 > > -
( ) a 1<zn<1?7}éNl (i — 1)1/2—1/10 2 8

holds for [ large enough. We deduce that for such integers [ and each § € (0, 1),

1 pl 1
(3.19) 1 {wl/Q—l/p (\/—N—ISNl(g —gOT),5> > 1/2} > 9

hence the process (W, (9 — goT'))n>1 cannot be tight in 7-[1/2_1/1,[0, 1].
It remains to show that the sequence (n='/2(g — g 0 T™)),>1 is bounded in L.
Notice that for a fixed integer [ > 1, the equalities

1/p 2K,

N »
!gz—gon\:{hl—h,oTKl(:W.X g
l j=1
take place. This implies that
NP 2K, | 1/p
Hgl — gy T”p = W _m U TNL*JAl
l

J=1

1/ 1
N P2k \ TP _olpg1/2
h Kll/2+1/p Nl ! ’

hence for each integer n > 1, [[g; — g1 o T[], < 21/anl_1/2. Let us define

Nl/p K )
g = m ZjX(TNl_]Al)-
K =1

10



If K; < n, then

o Nll/p K N Ki N
g—aqioT = /i Z]X(T Al)—ZJX(T A
K J=1 j=1
NP K ‘ n+K; ‘
- 1é+wp DTN TA) = > (G =) (TNA) |
Ky J=1 j=n+1
hence
1/ K n+K,
g —guoT" <N’7p \; TN A G- TNi=i—n y
9= G0 T < gy | LT A)+ 3 G- mx )]
Kl J=1 j=n+1

and the following upper bound follows:

K,
Elg—goT P <201y jPK; PP <o Ik
j=1
Treating in a similar manner the function g; — g;, we observe that the following
inequality holds:

-1/2 .
nkK, if Kj>n
(3.20) g1 —gioT"(|, < {

K, 1/ 2 otherwise,

where C), depends only on p (neither on n, nor on ). For a fixed integer n, we
denote by i(n) the unique integer satisfying the inequalities Kimy <n < Kjn)41

By ([3:20), we have

=1

i(n)—

<G, Z K1/2+K1(/2)+nK(i/i1+ Z nK; 1/2

=1 I=t(n)+2

wwwcf‘z 1ﬂ

I=i(n)+1 “*1+1

<a (305 ) v

where we used ([B.12]) in the second inequality and condition (B.I3]) ensures finiteness
of the right hand side in this inequality.
This concludes the proof of Theorem O
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A. APPENDIX

For the reader’s convenience, we state Fuk-Nagaev inequalities for 7-dependent
and p-mixing sequences.

Notation A.1. If (foT7),>¢ is a (strictly stationary) sequence of random variables,
we define

N N ' '
(A1) s%(f) ::ZZ |Cov(fo T, foT?).

Notation A.2. Let Y be an integrable random variable. We denote by Gy the
generalized inverse of z — [ Qy (u)du.

The following result is a version of Theorem 6.2 of [I5] for 7-dependence sequences
and of Theorem 2 of [2] for stationary sequences.

Theorem A.3. Let (f o Tj)j>0 be a strictly stationary sequence of centered and
square integrable random variables. Let R := ((7/2)7! OGJII)Qf and S = R~'. For
any A > 0, any integer N > 1 and any r > 1,

A 22 /2 4N ST .
. >500 < - el ,
w2 wf e isizaf<a(tem) 25 [ Qs

and

[1£11y
(A.3) N/ (7/2)7 (uw)Qf o Gy(u)du.
For p-mixing sequences, Shao (Theorem 1.2, [20]) showed the following inequality.

Theorem A.4. Let (foTj)j;o be a strictly stationary sequence of centered random
variables and q = 2. Then there exists a constant K depending only on q and the
sequence (p(n))n>1 such that for each integer N and x > 0,

) o g 1:07) > 0 < N (11> )+

1<i<N
[log N] log V] '
Ko™ | Nexp [ K > p2) | 1§+ Nexp | K Y p™9(2°) | I£1{|f] < A}
i=0 i=0
where A satisfies
(A.5) 2N -E[[f|1{|f] = A} < =
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