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HOLDERIAN WEAK INVARIANCE PRINCIPLE FOR
STATIONARY MIXING SEQUENCES

DAVIDE GIRAUDO

ABSTRACT. We provide some sufficient mixing conditions on a strictly station-
ary sequence in order to guarantee the weak invariance principle in Holder spaces.
Strong mixing, p-mixing and interlaced p-mixing conditions are investigated as
well as T-dependent sequences. The main tools are moment and Fuk-Nagaev
type inequalities for mixing sequences and a truncation argument.

1. INTRODUCTION

1.1. Conxtext and notations. Let (X;);>0 be a strictly stationary sequence of
real valued random variables with zero mean and finite variance, and for an integer
n>=1,8,:= 2?21 X denotes the n-th partial sum. Its variance is denoted by o2.
Let us consider the partial sum process

[nt]
(1) SPUE) == Xj+ (nt — nt]) Xjpg41, n =1t €[0,1].
j=1

. . . . _ 1 .
We are interested in the asymptotic behavior of o, 1S} (-) viewed as a random
function in some function spaces.

Notation 1.1. If 7": 2 — § is a bi-measurable measure preserving map, we define
for f: @ — R and a positive integer n the nth partial sum S, (f) = Z;‘:l foT’

and 02(f) := E[S2] — (E[S,])? denotes its variance. We shall also consider S5'(f)
defined in a similar way as in , that is,

(2) SPI(fot) = Spny (f) + (nt — [nt]) f o T+l

In all the paper, the involved sequences of random variable are assumed to be
strictly stationary.

When (X});>0 is an independent identically distributed sequence, Donsker showed
(cf. [Donb1]) that (n_l/Q(E(X%))_l/QSEI)n>1 converges in distribution in the space
of continuous functions on the unit interval to a standard Brownian motion W.
An intensive research has then been performed to extend this result to stationary
weakly dependent sequences. We refer the reader to [MPUOQG| for the main theorems
in this area.

In this paper, we rather focus on the convergence in distribution of the partial
sum in other function spaces.
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1.2. Holder spaces. It is well known that standard Brownian motion’s paths are
almost surely Holder regular of exponent « for each v € (0,1/2), hence it is natural
to consider the random function defined in as an element of #,[0,1] and try
to establish its weak convergence to a standard Brownian motion in this function
space.

Before stating the results in this direction, let us define for o € (0, 1) the Holder
space Hq[0, 1] of functions x: [0,1] — R such that sup,_ [x(s) —x(t)| /|s —t|* is
finite. The analogue of the continuity modulus in C0, 1] is w,, defined by

we(z,0) = sup J2(t) = 2(s)] x(is)\
o<lt—s|<s |t — 3]
We then define H2[0, 1] by H2[0, 1] := {x € H4[0, 1], lims_,0 wa (z,5) = 0}. We shall
essentially work with the space H2 [0, 1] which, endowed with |||, : # + wa(z, 1)+
|z(0)|, is a separable Banach space (while H4[0,1] is not). Since the canonical
embedding ¢: H2[0,1] — H,[0,1] is continuous, each convergence in distribution in
HO[0, 1] also takes place in H,[0, 1].
Let us denote by D; the set of dyadic numbers in [0, 1] of level j, that is,

Do:={0,1}, Dj:={(2-1)277;1<1<2 7'} j>1L

If r € Dj for some j > 0, we define r* :=r + 27Jand r~:=r—27J. Forr € Dj,
j =1, let A, be the function whose graph is the polygonal path joining the points
(0,0), (r—,0), (r,1), (r*,0) and (1,0). We can decompose each x € C|0, 1] as

+o00
r=> M@A =D > M)A,

reD j=0reD;
and the convergence is uniform on [0, 1]. The coefficients A,(x) are given by
z(rt) —a(r’)

Ale) = a(r) - T

re Dj,j > 1,
and A\o(z) = z(0), A\i(z) = z(1).

Ciesielski proved (cf. [Cie60]) that {A,;r € D} is a Schauder basis of H2[0, 1]
and the norms |[|-||,, and the sequential norm defined by

59 := sup 27 max A, ()],
§=0 D;
are equivalent.

Considering the sequential norm, we can show that a sequence (&,),>1 of random
elements of HY vanishing at 0 is tight if and only if for each positive e,

lim limsup,u{suijo‘ m%x\)\r(fnﬂ > 5} =0.

J—0 n—oo j=J reD;

Notation 1.2. In the sequel, we will denote 74 ; := k277 and uy j := |[nry ;] (or
r and uy, for short). Notice that w1 ; — upj = [nrg; + n277| — Up,j < 2n277 if
j < logn, where logn denotes the binary logarithm of n and for a real number =z,
|z] is the unique integer for which |z| <z < [z + 1.

The following is Theorem 14 in [Suq99]. It essentially shows that in terms of
tightness, the role of w, in H2[0, 1] is the same as those of the classical modulus of
continuity in C10, 1].
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Theorem 1.3. Let & := (£,)n>1 be a sequence of random elements of HO[0,1]
where 0 < o < 1. The sequence & is tight in H2[0,1] if and only if both condition
are fulfilled:

a) ima— oo SUPp>1 p{[l€nll > A} =0;

b) for each positive e and n, there exist 6 € (0,1) and a positive integer ny such
that for each s € [0,1),

1 { |§n(t) — 5n(5)|

SHY_sup

WP ) 26}<m n = ng.
s<t<s5+ -

In the particular case &, = o LSRN (f) where SB(f) is defined by and (f o
T7) ;>0 is strictly stationary, we can translate the conditions in terms of partial
sums.

Corollary 1.4. Let (f oT7);js0 be a strictly stationary sequence. Assume that for
each positive € and n, there exists 6 € (0,1) and an integer ng such that

S0 =Sl
(3) {1@'21?3[715] W >o,n e pr < (577, n = ng.

Then the sequence (o, S5 (f))ns1 is tight in H[0,1].

We now state a tightness criterion for (n /252" (f)),,>1 using the sequential norm.
This relies on the estimate

Uk+1,j5
pd sup 2/271/PJ max Z foT' >n'%} < C(p,s)n-u{\ﬂ > nl/ps},
logn<j 1<k<2) i—p 41
- »J

valid for each positive integer n and each positive €, and used by Rackauskas and
Suquet in [RS03].

Proposition 1.5. Let p > 2 and let (f o Tj)J;o be a sequence of centered random
variables such that limy_, oo P {|f| > t} = 0. Assume that for each positive ¢,

Uk+1,5
(4) lim limsup sup 20/271/P7 max g foT' >n'?c% =0.
J=00 n—oo J<j<logn 1<k<2? i=ug,;+1

Then the sequence (n™Y/2S8 (f))ns1 is tight in H?/Q_l/p[(), 1].

As mentioned before, the random function defined in (|IJ) can be viewed as an
element of H,[0, 1], a € (0,1/2) and we can try to establish the weak convergence of
the sequence (0,52 (f))n>1 to a standard Brownian motion in this function space.
To the best of our knowledge, it seems that the study of this kind of convergence
was not as intensive as in the space of continuous functions or the Skorohod space.
The first result in this direction was established by Lamperti in [Lam62]: if (X;); >0
is an i.i.d. sequence with E[Xo] = 0, E[X2] = 1 and E|X,|" is finite, then the
sequence (n~Y/ 2551)7121 converges to a standard Brownian motion in H?Y [0,1] for
each v < 1/2—1/p. Later, Rac¢kauskas and Suquet improved this result (cf. [RS03]),
showing that for an i.i.d. zero mean sequence, a necessary and sufficient condition
to obtain the invariance principle in H?/Q_l/p [0,1] is limy_yoo P {| Xo| >t} = 0 (in
[RS04] they considered the case of more general Holder spaces, where the role of
t — t* is played by t — t*L(t) with some conditions on L).
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Thus, establishing the weak convergence of the partial sum process in Holder
spaces requires, even in the independent case, finite moment of order greater than 2
and the moment condition depends on the exponent of the considered Holder space.
It is a natural question to ask about generalizations of the result by Rackauskas
and Suquet for dependent sequences. In this paper, we focus on strictly stationary
sequences satisfying some mixing conditions (see next section).

1.3. Mixing conditions. We present the mixing conditions involved in the paper.
Let A and B be two sub-c-algebras of F, where (2, F, ) is a probability space.
We define the a-mixing coefficients as introduced by Rosenblatt in [Ros56]:

a(A,B) :=sup{|u(ANB) — u(A)u(B)|,A e A B e B}.

The p-mixing coefficients were introduced by Hirschfeld [Hir35] and are defined
by
p(A, B) := sup {|Corr(f,g)|, f € L>(A),g € L*(B), f # 0,9 # 0},
whete Corr(f, g) = [E(f9) — ECFE(@)] [If — Bz lg — E(g) 2]

The coefficients are related by the inequalities
(5) da(A, B) < p(A, B).

For a strictly stationary sequence (Xj),c, and n > 0 we define ax(n) = a(n) =
a(F° ., F) where FU is the o-algebra generated by X; with u < k < v (if
u = —o0 or v = 00, the corresponding inequality is strict). In the same way we
define coefficients px(n).

If I and J are two subsets of Z, let d(I,J) denote the infimum of the quantities
li—jl, i €1,j € J. Stein introduced in [SteT2] the interlaced p-mixing coefficients,
denoted by p% (n) and defined by

px(n) :==sup{p(c(X;,i € I),0(X;,5 € J)),d(I,J) >n}.

When there will be no ambiguity, we shall simply write a(n), p(n) and p*(n) for
simplicity.

We say that the sequence (Xy),c is a-mizing if lim «(n) = 0, and similarily
n——+0o00

we define p-mixing, p*-mixing sequences.

a-mixing sequences were considered in the mentioned references, while p-mixing
sequences first appeared in [KR60]. Inequality translated in terms of mixing
coeflicients of a sequence states that for each positive integer n,

1a(n) < p(n) < p*(n).
In particular, a p*-mixing sequence is p-mixing, and a p-mixing sequence is a-
mixing. In [Bra(l|, Bradley showed that given a sequence of real numbers (,,)n>1

decreasing to 0, there exists a Markov chain (Xj)g>o for which p(n) < 6, and
p*(n) =1 for each n > 1.

1.4. 7-dependence coefficient. In order to define the 7-dependence coefficients
of a stationary sequence, we first need a result about conditional probability (see
Theorem 33.3 of [Bil95]).

Lemma 1.6. Let (Q, F,pn) be a probability space, M a sub-o-algebra of F and X
a real-valued random variable with distribution px. There exists a function px|am
from B(R) x 2 to [0,1] such that

(1) For any w € Q, puxjam(-,w) is a probability measure on B(R).
(2) For any A € B(R), uxm(A,-) is a version of E[x;xecay | M].
4



We now introduce the 7-dependence coefficients as in [DP05]. We denote by
A1 (R) the collection of 1-Lipschitz functions from R to R and define the quantity

W(jixp0) = sup{\ [ @mstan) - [ fasian s e mim}.

For an integrable random variable X and a sub-c-algebra M, the coefficient 7 is
defined by

(6) (M, X) = [W(xp0)], -

This definition can be extended to random variables with values in finite dimensional
vector spaces. If d is a positive integer, we endow R? with the norm ||z — y|| :=
> j=1l7j —y;| and define A1 (R9) as the set of 1-Lipschitz functions from R? to R.

Definition 1.7. Let (Q, F, u) be a probability space, M a sub-c-algebra of F and
X an R%-valued random variable. We define

(7) T(M, X) := sup {T(M, f(X)), f € Mi(E)}.

We can now introduce the T-mixing coefficient for a sequence of real-valued ran-
dom variables.

Definition 1.8. Let (X;)i>1 be a sequence of random variables and (M;)i>1 a
sequence of sub-o-algebras of F. For any positive integer k, define

. 1 . .
(8) 7(i) = ;nlg)l(jsup {TMp, (X5, X)) p+i<ji < - <Ji}.

In the sequel, we shall focus on the case M; := o(Xj, k < 1).

Notation 1.9. Let X: Q — R be a random variable. We denote Qx(-) the in-
verse function defined by Qx(u) := inf {t, u {|X| >t} <wu}. If (foT%)j50 is a
strictly stationary sequence and (a(n)),>1 is its sequence of a-mixing coefficients,
we denote by a~!(u) the number of indices n for which a(n) > u. More gen-
erally, if (9;)i>0 is a non-increasing sequence of non-negative numbers, we define

5 1(u) :=inf {k € N, 6, < u}.

We can compare the 7-dependence coefficient with the a-mixing coefficients. The
following is a simplified version of Lemma 7 of [DP04].

Lemma 1.10. Let (f o Tj)];g be a strictly stationary sequence. Then for each
integer i, the following inequality holds:

2a(1)
9) 7(i) < 2/0 Qf(u)du.

In [DP04], "Application 1: causal linear processes" (p. 871), Dedecker and Prieur
provide an example of a process whose T-dependence coefficients converge to 0 as
fast as 27" but a; = 1/4 for each positive integer i.

1.5. Some existing results on stationary mixing sequences. In this section,
we review some results about sufficient mixing conditions for strictly stationary
sequences which guarantee the weak invariance principle in the space C[0, 1]. They
contain also results on the asymptotic behavior of the variance of the nth partial
sum. We then state some concentration and moment inequalities for partial sums
of stationary mixing sequences of random variables. In the most of original papers,
the results are stated for non-stationary sequence. Since we only use them in the
strictly stationary context, we state them accordingly.
5



Let us begin by the case of a-mixing random variables.
Doukhan, Massart and Rio have shown in [DMR95| a functional central limit
theorem in C[0, 1] for strictly stationary sequences satisfying the condition

(10) /0 o Hu)Q? (u)du < oo.

Notation 1.11. If (foT7);s0 is a (strictly stationary) sequence of random variables,
we define

N N
(11) si(f) =D |Cov(fo T, foT7)].
i=1 j=1
We state an extension of the Fuk-Nagaev inequality for sequences of a-mixing
random variables (cf. Theorem 6.2 of [Rio00]).

Theorem 1.12. Let (f oT7);j50 be a sequence of real-valued and centered random
variables with finite variance. Set R(u) = o (u)Qf(u) and let H(u) = R~ (u)
denote the generalized inverse function of R. Then, for any positive X, any integer
N>1and anyr > 1,

S 4 4 X\ ANX! e
> < N .
02) {1500 > f < (14 ) a0

The following is Theorem 6.3 in [Rio00].

Proposition 1.13. Let p > 2 and (f o Tj)j;() be a sequence of centered random
variables. For each integer N > 1, the following inequality holds:

1
13) B max ISUOP| < (P + Nty [ ot )] @ (aa

where a, and b, depend only on p.
The following result gives an upper bound for sy (f).

Proposition 1.14. Let (f o Tj)j>0 be a strictly stationary sequence of centered
random variables which satisfies . Then:

o the sequence (2(f)/n)n>1 has a limit as n goes to infinity;
e for each positive integer N,

1
(14) s?v(f) < 8N/ a_l(u)Qf(u)2du.
0

The first assertion is contained in Corollary 1.2. of [Rio00] while the second one
follows from Theorem 1.2 of [Rio93].

Notation 1.15. Let Y be an integrable random variable. We denote by Gy the
generalized inverse of z — [ Qy (u)du.

The following result is a version of Theorem [I.12] for 7-dependence sequences. It
is a version of Theorem 2 of [DP04] for stationary sequences.
Theorem 1.16. Let (f o Tj)j>o be a strictly stationary sequence of centered and

square integrable random variables. Let R := ((1/2)! oGyl)Qf and S = R™Y. For
any A > 0, any integer N > 1 and any r > 1,

22 /2 uN SO
> 5\ b < AN i _
15) w{ma isv 0| <a (14 ) T [ Qo
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Integrating as done in [Rio00] p.88, we derive the following moment inequality.

Corollary 1.17. Under the same assumptions as in Theorem the following
inequalities hold:

I1£111
(16) E [12?25\7 ]Sj|p} <apsn(f)P + Nbp/0 (r/2) " H(u)P~ Lo G(u)du,

where a, and b, depend only on p and

11y
(7) AN <an [ /27 )@y o Gyl
For p-mixing sequences, the following inequality is available.

Proposition 1.18 (Shao, [Sha95]). Let (foT7);=¢ be a strictly stationary sequence
of centered random variables and q > 2.

Then there exists a constant K depending only on q and the sequence (p(n))n>1
such that for each integer n,

log 7]
(18) E[Sn(f)I! < K -n"?exp | K > p(2') | If]I4
=0
llog n] ,
+K-n-exp | K > p120) ) |1 £]2.
1=0

Remark 1.19. If we use this inequality with the sequence (ho f o T7);¢ instead of
(f oT7)j50 but the same g, the constant K’ which will be involved in will be
smaller or equal to K.

Remark 1.20. In order to get a Rosenthal type inequality, we have to assume the
convergence of the series Y7 p?/4(2%). Tt turns out that in our application, we will
only need the convergence of >, p(2").

Let us recall Theorem 4.1. in [Pel82).

Theorem 1.21. Let (f o T7)js0 be a strictly stationary sequence of square in-
tegrable random variables. Suppose that the series ) ;- p(2') is convergent and
limy, 00 on(f) = 0. Then the sequence (o2(f)/n)
stant.

n>1 COMVETgES to a positive con-

Definition 1.22. A sequence (cp)n>1 is slowly varying if there exists a continuous
function h: R% — R such that ¢, = h(n) for each positive integer n and for each
positive x, limy_,o0 h(tz)/h(t) = 1.

Let (f o T7) j=>0 be a strictly stationary sequence of centered random variables
with E[f?] < 400 and p(n) — 0. Convergence of finite dimensional distributions
of (o, (f) SR (f))n>1 and the equality o2(f) = n - h(n) with h slowly varying are
established in Theorem 2.1 of |Tbr75].

To conclude this section, we consider p*-mixing sequences.

Theorem 1.23. Suppose that (foTj)j>0 is a strictly stationary p*-mixing sequence
of random variables such that E[f] =0, 0 < E[f?] < oo and o,(f) — 00 asn — oc.
Then o(f) = lim, oo 02(f)/n ezists in (0,00) and Sp(f)/(n*/?c) converges in
distribution to a standard normal distribution as n goes to infinity.

7



This can be seen from Theorems 1, 3 and 4 of [Bra92].
A Rosenthal-type inequality was established by Peligrad and Gut (cf. [PG99]).

Proposition 1.24. Let (f o Tj)j;o be a sequence of centered random variables
satisfying E|f|? < oo for some ¢ > 2. Suppose that p*(N) < 1 for some N > 1.
Then there exists a positive constant C' depending only on N, p*(N) and q such
that for each integer n > 1,

(19) E|Su(H)I" < € (nEIf|7 +n9/2 (B]12)7?).

2. MAIN RESULTS

In this section, we present the main results of the paper. The first one gives a
sufficient condition for tightness of the partial sum process associated to a strictly
stationary sequence. This condition is expressed in terms of moments of the partial
sums.

A similar result was used by Lamperti in [Lam62] for a process with linear vari-
ance. We provide an extension to the case where the variance of the nth partial
sum behaves like n - h(n) where h is slowly varying.

The condition is satisfied for example by p-mixing strictly stationary sequences
with a moment condition for which the variance of the nth partial sum diverge to
infinity.

This result allows to derive tightness in ”Hg [0,1] for each v < 1/2 — 1/p, where
p is such that (n=128,(f))n>1 is bounded in IL”. However, even for processes with
linear variance, we cannot conclude tightness of (n™Y/2S5(f))n>1 in 7—[(1)/271/]0 [0, 1].

We then provide conditions in the spririt of Doukhan et al. for the invariance in
HO 21 /p[O, 1]. The cases of p-mixing with logarithmic mixing rate and interlaced
mixing are investigated.

Theorem 2.1. Let p > 2 and (foTj)j>0 be a strictly stationary sequence such that
E[f] = 0. Suppose that

(1) the finite dimensional distributions of (0, S8 (f))ns1 converge to those of
a standard Brownian motion, and

(2) the sequence (02(f)/n)n>1 is slowly varying, and

(3) the sequence (E|Sn(f)I” /on),>, is bounded.

Then for each o < 1/2—1/p the sequence (o, S5 (f))ns1 converges in distribution
in H2[0,1] to a standard Brownian motion.

Corollary 2.2. Letp> 2, (fo Tj)j;o be a zero-mean strictly stationary sequence
with imy_s oo P {| f| > t} = 0. Suppose that o, (f) — 0o and lim,_ p(n) = 0.
Then for each v < % — %, the following convergence takes place:

1

—SPYf) = W in distribution in Hg [0,1].

On

However, boundedness of the sequence of pth moments of the normalized partial
sums is not enough to guarantee tightness in 7—[1/2_1/1,[0, 1].

Theorem 2.3. Let p > 2. There exists a strictly stationary sequence (f o Tj)];o
such that

o the finite dimensional distributions of (n‘l/QSEI(f))n>1 converge to those of
a standard Brownian motion,
8



o the sequence (E|S,(f)[" /nP/?)n>1 is bounded and
o the process (SP(f)/y/M)n>1 is not tight in Hi2—-1/p[0,1].

Theorem 2.4. Let p > 2 and let (f o Tj)];g be a strictly stationary sequence of
centered random variables such that limy_,oo tPpu{|f| >t} = 0. Assume that one of
the following conditions is satisfied:

C.1 limy ;o0 tPLeb {u | o™ H(u)Qs(u) >t} =0;
c.2 fol a N w)P Qs (u)Pdu < oo and Y, kP a(k) converges for some posi-
tive n;
C.3 limy_, o0 t"Leb {u | (7/2)7 0 G ) (W)@ (u) > t} —0;
C.4 for some positive n,
1
(20) / [(7’/2)_1 o G;l(u)]p+”_1Qf(u)pdu < +00;
0

C.5 the series Y, p(2') is convergent;

C.6 lim,_, p*(n) =0.
Then
b
NLD
where 0(f) = limy, o0 02 (f)/n.

We conclude this section by some remarks and comments about the previous
result.

(21) SPYf) = oW in distribution in H?/Q_l/p[O, 1],

Remark 2.5. The condtions about p and p*-mixing do not involve the exponent p.

Ezample 2.6. Let e: RT™ — RT be such that limy_, 1o e(t) = 0. Let (f o T7);j50 be
a strictly stationary zero-mean sequence such that tPu {|f| >t} < e(t). Defining
(u) == inf{s >0 |e(su~/P) < sP}, we obtain Q(u) < u~1/P5(u), hence condi-
tion is fulfilled if L
/ L O LIC)
0 u
Remark 2.7. e Assume that (X;);>0 is an m-dependent sequence strictly sta-
tionary sequence. If U is uniformly distributed on the unit interval, then
Q(U) has the same distribution as Xy. Consequently, condition reads
tPu {|Xo| > t} — 0, which is the necessary and sufficient condition derived
in [RS03]. On the other hand, condition is equivalent to Xy € LP,
which is more restrictive.

o If o !(u) o~y logu and Q(u)a~'(u) > w~'/P, then condition holds
(with n = 1/2) while condition is not satisfied.

e For a given p > 2, Theorem 17 in [HamO00| provides a sufficient mixing and
moment condition in order to guarantee the weak invariance principle in
H+[0,1] for each v < 1/2 — 1/p. This requires moments of order p + ¢ for
some positive €, while it is not necessarily the case in Theorem [2.4] Indeed,
if E [| Xo|” (log(1 + | Xo|))P~ ] is finite and ax(n) < C-a™ for some positive
C and a € (0,1), then [C.2| holds.

e We do not know whether the assumption Y% kP 1a(k) < oo for some
positive 1 can be removed in . (we only know that the invariance prin-
ciple takes place in H,[0,1] for each v < 1/2 —1/p).

9



3. PROOFS

Proof of Theorem[2.1. Let h(n) := o2 /n. If h(n) = 1 for each n, then after a use
of the sequential norm and some computations, the tightness in H3[0, 1] for o <
1/2 —1/p follows from the convergence of the series with general term 27/(1+a(e=1/2)
with (1/2 —a)~! < ¢ < p. We shall see that the role of the slowly varying function
does not influence the argument too much. This time we do not use the sequential
explicitely norm but we use a dyadic argument (the proof can be carried out in
both ways).

Let a be a positive real number strictly smaller than 1/2 — 1/p and ¢ a positive
fixed number. For an integer n > 1 and § € (0,1), we define

P(n,s) == u{ max 19 = SO "”5}.

1<i<j<[nd) (j —a) ne

Our goal is to show that given a positive n there is some ¢ € (0,1) and a positive
integer no such that for each n > ng, P(n,d) < dn. In this way, we will be able
to use Corollary Let ¢ € (1/2 — «,p). Using Lemma 3.3 in [MRI10] (which
holds for strictly stationary and not necessarily independent sequences), we derive
the inequalities

log[nd]
o<z Y vl e 500> Ze(fusl2 )y
=1

1<k<2[nd]2—7

max V\Sk(f>|q] (ae(inal2 )

log[nd]
[1<k<2[n6]2—a

<2 ) 2E
j=1

By Theorem A.1104 in [BraQ7| or using arguments of [Ser70], the gth moment of
maxi<;j<n |Sj(f)| /on is uniformly bounded with respect to N, say by M/2. We
deduce the estimates

log[nd] ol
P(n,d) <M Z i 2[n5]2 ’ ni%p) 1279
7=1
e (9nd]2)9/2 B(2[ns])2)e/2 pao
=MZ2]([ 2002 a2 e
nd/2 h(n)/2 [nd]ae

25q/2— alog[nd} (1+a(a—1/2)) [ P(2[n3]277) 2
< M29/259/2- ; 0i(1+a(a—1/2)) <h(n)> ‘
Since P .
2\no|2™ 2x
( [h(i) < st h(x(Qj /)5) T
and for each ¢ € (0,1) and each integer j > 1,
h(2x) h(t27/6) h(s)

Ci <sup ————— - su < cis su ,
710 S SR R@2i/8) o n(2i1/s) S 90 5F hi2s)

we obtain

6]75 SE&K) H sup

k=1 S>2
10



Since h is slowly varying, we obtain for k£ large enough the inequality

b qa/2
sup (s) < 9—(1+g(a—1/2))/2
s>2k h(28) ’

hence by the ratio test the series Z;—:Of 27(1+q(a—1/ 2))02/52 is convergent. We conclude
that for each integer n and each ¢ € (0,1),

+oo
P(n,86) < M -C(h) - 2q/25f1/2—Qa60522]'(14-(1(04—1/2))/2’
j=1
where C(h) depends only on the function h. To conclude, we need the following

lemma.

Lemma 3.1. Let h: Ry — R be a slowly varying function. Then for each positive

B,

)
ﬁ =
0 A /o)

Proof. Let § > 0, and let k be the unique integer such that 2% < 6 < 2!=%. Then

h(z) h(z)

sup < sup sup —.
w2 h(@/0) a2 ok 1pct<ory D)
Since h is a slowly varying function, we have

Sups<u<25 h(u)
hm —

§—+00 1nfs<u<23 h(u)

=1,

hence the inequality
h(x h(x
ap My M)
oh—1p<i<ary N(E) (2 t)
holds if k is greater than some ko (which is independent on x). Therefore, it is
enough to prove that

<2

h(x
(22) k11_>1£102 kﬁilig h(( )) =0.
To this aim, we notice that
h(2 1z
i HS>2 o Hjﬁg

Since h(x)/h(2x) converges to 1 as x goes to infinity, we can find an integer iy such
that 275 SUP,~ 910 h((%)) < 1. It follows that

k .
- h(z) _ h(z) h(z) \*°
2 s o ><<2 e h<2x>> <ii€h<2x>> |

hence holds.

O

We obtain tightness of the sequence (a; 1351( f )) ) in #2[0, 1] applying Lemma
nz

with 8 := q/2 — qa — 1. This finishes the proof of Theorem
11



Proof of Theorem[2.3. We assume that (Q, F, 1, T') is a non-atomic invertible mea-
sure preserving system. We shall first construct a function g such that:

(1) the sequence (E|S,(g —go T)|” /nP/?),>1 is bounded and

(2) the process (n"/28% (g — g o T))n>1 is not tight in H° [0,1].

1/2—1/p
We then consider f := m+g—goT, where m is such that (moTJ)j>0 is a martingale
difference sequence with m € ILP and m # 0. This will guarantee the convergence of
the finite dimensional distributions of (n=1/2SE!(f)),s1 to those of a scalar multiple
of a standard Brownian motion, and Burkholder’s inequality ensures boundedness
of the sequence (E|S,(f)[" /nP/?),>1. We use a construction similar to that given
in [VS00|. Let us consider two increasing sequences of integer (K;);>1 and (IV;);>1
satisfying for each [ > 2:

(23) lhm NIZKZ’/NZ’ —0
T
(24) AN VPN < 1
1 2 1 2
(25) ZK 2 <K/
+oo
K
(26) Z a7 < 0.
I+1

We also assume that 4K; < IV; for each [.
Let us fix an 1nteger [. Using Rokhlin’s lemma, we can find a set A; € F such

that the set T°A;, 0 < i < N; — 1 are pairwise disjoint and s (U T’Al> >1/2.
We define
1/p K
N, .
R l N;— .
= g X | UTY A
l J=1
K;—1 Nl/p K 2K;—1
9= Z hyo TV = 1/2+1/p Z]X TNIA) + Y (2K = X(TN A |
j J=K;+1

+oo
9:=>
=1

Assume that w € 4; and Ny — K; < i < N; — 1. Then g o T"(w) = N; — i.
Consequently, for i,7' € {N, — K;,..., N, — 1},

Nll /p

K/ [i" = | x(Ay).

‘goni—goni' >

Applying U~* on both sides of the previous inequality for 0 < k& < N; — K; and
taking the maximum over these k, we obtain

. § NP
glOTl_k_gloTZ_‘ i =il 1/2+1/p ( U Tk Az)

12

max
0<k<N;—K;




This implies

1 goT" —goT"

Ny, —K|
k
(27) N N =T >x< kLJ:O T (Az)>.

For I < I, noticing that |gy| < N, 1/ P K, 1/2-1/ P the following inequality takes
place:

max ‘gl/ 0TI —gpo TZ{ < ZN;/pKll/_l/p,

1<i<g<N;
therefore,
1 ‘Zl’<lgl’ oT" —2rqgreT ‘
NP 1si<ir<n (i —)l/2=1/p

1/p-1-1/p —-1/p
< 1/ ZQN K, P < 2N, VPN .

<l
By condition , we conclude that
08 1 ‘Zl’<l groT” —2vagreT ‘ 5
(28) 1/p 1<ZH<1?/<NZ (i’ —i)l/2=1/p sz

Moreover, notice that

e ’sz gy oT” — sy e T ’
a0 TRV 5% (i" —i)l/2=1/p

< g 7] max
1<i<i' <IN,

>l

groT" —gyoT!

2

SN pdgr # 03,

>l

hence

, ,
1 Dsigr ol =3 s gy ol
X
NP 1<i<it<ny (i —i)l/2=1/p

(29) n #0p <

<2N)) Ky/Ny.
U'>1
13



By and , we get

‘goT",—goT"
max

1<i<i'<n;  (if —i)1/2-1/p

> Nll/p/Q >

[Susilor o T — guoT)

1/p
> >
g FE Y (' —i)/2=1/p >N,
‘(gl oT" — g oT")
max > NP8 2N S Ky /Ny,

1<i<i’ <N i’ —)1/2-1/p
i<isNe (i =) >l

Combining the previous inequality with , we obtain for each integer [,

‘goTil—goTi 1p 1
> > - — — — / /
(80) n 1<i<V<N) (i' —i)t/2=1/p N2z 2 2N1§Kl /N,
and by , the inequality
‘goTi/—goTi Nll/P 1
> > —
(31) A s C s (T8

holds for [ large enough. We deduce that for such integers I,

(32) u{\/iv—lS}%ll(g—goT)>l/2}>;.

Since the finite dimensional distributions of the process (n=Y/2S85 (g — go T))p>1
converge to 0, the below bound proves that this process cannot be tight in
/Hl/271/p[0’ 1]'

It remains to show that the sequence (n='/2(g — g 0 T™)),>1 is bounded in LP.
Notice that for a fixed integer [ > 1, the equalities

Nl/p 2K, .
g =0Tl = [l = o T = ey x| UTH A
! j=1
take place. This implies that
1/p 2K, 1/p

N -
lgi—gioT|, = m‘ 2 UTNZ 1A
K, j=1

1
N, /p 2K\ /P _ol/pg1/2
Kl1/2+1/p N, ! ’

hence for each integer n > 1, [[g; — g1 o T[], < 2”an;1/2. Let us define

Nir K
g = WZ]X TNZ ]Al)

14



If K; < n, then

o . Nll/p K . N K . Nijn
g —aqioT :W Z]X(T Al)—Z]X(T Ar)
! j=1 j=1
Nl/p K; ) n+K; )
= W ZjX(TNl_]Al) - Z (G —n)x (TN 4) |,
l Jj=1 j=n+1
hence
1/ K n+K,
G- 0T < —me [ S @A + Y G-y
g1 — g < 1727 IX l J X )]s
l Jj=1 Jj=n+1

and the following upper bound follows:

K
Elg—goT"P <207ty ok, PP <o k],
j=1
Treating in a similar manner the function g; — g;, we observe that the following

inequality holds:

-1/2 .

K, f K>
(33) lov = g0 ", < {" Lo

K2 otherwise,

where C), depends only on p (neither on n, nor on ). For a fixed integer n, we
denote by i(n) the unique integer satisfying the inequalities Kimy <n < Kin)41
By , we have

+0o0
lg—goT"ll, <Y lgr—goT"l,
i(n)—1

1/2 1/2 1/2 —-1/2
<Gy ;;}( + K+ nk +l§:2_K
i(n)+

3CJ+CJ’Z 1ﬂ

I=i(n)+1 “*i+1

<3+§: 1&)

l+1

where we used in the second inequality and condition ensures finiteness
of the right hand side in this inequality.
This concludes the proof of Theorem O

Remark 3.2. The constructed process has no reason to be a-mixing. However, this
proves that in general, establishing tightness in 7-[(1]/2_1/29[0, 1] of (n_1/2521(f))n;1
cannot be done by proving boundedness in L? of the sequence (™25, (f))n>1.
Thus other methods need to be used.

Before giving the proof of the conclusion of Theorem [2.4 under the six presented
conditions, let us explain the outline of proof.
15



Each of these conditions implies the invariance principle in the space of contin-
uous functions and a good asymptotic behavior of the variance of the nth partial
sum, namely, an asymptotically linear variance. In this way, we obtain the conver-
gence of the finite dimensional distribution to the limiting process o - W, where o is
like in the statement of the theorem. It remains to check the tightness of the partial
sum process in the space H(l) /21 /p [0,1]. To this aim, we shall use the tightness cri-
terion derived from the sequential norm. In order to check that it is satisfied in the
different cases of the theorem, we shall use some truncations. The arguments of the
proof under condition are different from those of condition in particular
no truncation is needed under [C.1] In the proof under these two conditions, the
notation o~ ! (u) will refer to the inverse function of the original sequence (foT7);=¢
(we directly bound the corresponding inverse function of the truncated sequence).
However, when we deal with the quantile function we shall always specify to which
random variable we refer.

Proof under condition[Cd] For q € (2,p), the gth power of the map u — o™ (u)Q ¢ (u)
is integrable on the unit interval, hence is satisfied. This guarantees, by Propo-
sition the convergence of the sequence (¢2(f)/n)n>1 to a non-negative o. Since
implies convergence of finite-dimensional distributions of (n~!/ 2551( f))n=1 to
those of oW, the remaining task is to prove the tightness of this sequence in
Hij2-1 /p[O, 1]. To this aim, we shall use Proposition This is possible since
the facts that o !(u) > 1 for each u and Q¢(U) has the same distribution as | f] if
U is uniformly distributed on the unit interval imply that the random variable f
satisfies limy_, oo P {|f| > t} = 0. Let us consider an arbitrary € > 0 and define

Uk+1,5
P,j=pn sup 21(1/2=1/p) max Z foT! > 4nt/%e
J<j<logn 1<k<2I i—up 41
=Uk,j
Notice that
logn logn
1/26—75(1/2—1 . 1
Py < Z 27 125?5] K {‘Suk+1,j - Suk,jl > 4ent/22710/ /p)} = Z 2jpj'

Using Theorem @l with r := 2p and w41 — ugj (which is smaller than 2n277,
cf. Notation instead of N together with the equality {u € [0,1] |u < H(t)} =
{u€0,1] | R(u) > t}, we infer that for some constant C' depending only on p, €
and sup, tPu{|f| > t} changing from line to line,

. —r/2
1/29—j(1/2-1/p))2
pj<4<1+(5n 2 ))

2
TSona—i

+ 320277 (en'/?2~ (1/2-1/P)i / Quyx {u < H(en'/227 02710 (47))} du

; 1=1/p
1/29—5(1/2—1
< 0279(/2=1/p)g=ir/2 4 09i(1/2=1/P)y1/29= . 1,0}, {u | R(u) > /29-3(1/ /p)}

8p
<C27¥+

1-1/p
o . —(p—1)
+ Cnl/29-i9i(1/2-1/p) <n1/22—3(1/2—1/p)) P ( sup  "Leb {u | R(u) > t}> _
t>ent/? /(8p)
16



Combining the later estimate with inequality , we derive that for some constant
C depending only on p, € and sup, tPu {|f| > t},

400 logn 1-1/p
P, ;< CZ 9=J 4 Cpl-r/? Z 93((1/2=1/p)+(p—1)(1/2—1/p)) ( sup  "Leb {u | R(u) > t})

j=J j=1 t=en'/?/(8p)
1-1/p logn
e sup  tPLeb{u | R(u) > t} n'=p/? Z 91 (p/2=1)
t=enl/P /(8p) j=1

Since the quantity n!—P/2 Z;():gln 21(P/2=1) is bounded uniformly with respect to n,
there exists a constant K depending only on p, € and sup, tPu {|f| > t} such that
for each n and each J,

1-1/p
P,y <K27+K sup  tPLeb{u | R(u) > t} ,
t=enl/P /(8p)

hence by condition

limsup P, j < K277,

n—oo

hence by Proposition the sequence (n~ V2SR (f))>1 is tight in HQ/H/]D[O, 1].
This concludes the proof of Theorem 2.4 under condition O

Proof under condition[C.g Notice that the convergence of the integral fol a M w)P1Qf(u)Pdu
implies (L0)). The existence of the limit o of the sequence (02(f)/n)n>1 is given by
Proposition

Convergence of finite dimensional distributions of (o, (f)SE(f))n>1 to those of
oW can be obtained by the main result of [DMRI4].

The remaining part of the proof is to establish tightness of the sequence (n_l/QSBI(f))n>1.
Let us fix two positive integers n and J with J < logn and j € {J,...,logn}. We
define ¢ :=p+mn, r:=1/p—1/q and

o= {lfl <276} —E [fx{|f] < 27"6}]
o= {lfl =276} —E [fx{If] = 27"6}].

Let C be a constant depending only on ¢ and & which may change from line to
line. Using Proposition [I.14] and Theorem [I.13] with the exponent ¢ instead of p,
17



we obtain the following inequalities for k € {1, Y }:

Uk+1,j
u{ D et > n”%ﬂ/“/p”} < OO yag ()
1=Uk,j

1
+ Clupt1,5 — uk,j)(n1/22—j(1/2—1/p))—q/ a_l(U)q_16q2qudu
0

1 q/2
< C(n1/22*j(1/2*1/p))*q(n2*j)f1/2 (/0 al(u)Q?c(u)du>

1
+Cn2jnq/22jq(1/2l/p)qur(;q/ oM (w) T du
0

' 1 a/2
< co7up </ a%u)Q?(u)du)
0

+oo
+ COntm9/291(0272) 50N (1 4 1)1 (1),
=1

Taking the maximum over k, multiplying by 2/ and summing, we derive the estimate

i <k<g2I
J<j<logn 1<k<2 i=up g +1

Uk+1,j
(35) u{ sup  20/27UPI max Z floT! >n1/25}<

1 . ) q/2 +oo Yy +o00 B
C(/Oa (u)Qf(u)du> S ol 4 013 (1 4+ 1)),

j=J =1

Using this time Theorem with the exponent p, we get

Uk+1,5 1
u{ S° fo T > ntf2eam (/21 } < O /293P 1/2=1/p) (ng=dyp/2 / oM (W) Q g () du+
0

i:ukd

1
+ Cn279 (nt/22770/2=1/p))=p / o w)P1Q o (u)Pdu.
0

An application of Holder’s inequality with the exponent p — 1 to the functions
a (W) Qg (w)P/ P~V and Q pr(u)?~P/P~1) yields

1 1 1/(p—-1)
/ O[il(U)Qf//(U)2d’U, < </ ail(u)pile// (u)pdu> .
0 0
(E[fx{Ifl =276} —E[fx{If| > 2"5}][)
1 1/(p=1) o '
< ([ atwrrra) @ e,
0

18



hence

Uk+41,5
(36) L Z f//oTz' >n1/2527(1/271/p)j

i:ukyj

1 1/(p—1) Y ‘ ‘
<c ( / a1<u>plczf<u>pdu) E 7P @ ap2ait
0

1
4l P/29i0/2-2) / o (w)P1Q o (w)Pdu.
0

Since

Qpr(u) <E[fIx{If] =276} + Qp(u)x {u < u{lf| > 2776} },
the following inequality takes place:

Uk+1,5
(37) p{ sup 2/27V/PJ max Z "o T >n'/?%e
J<j<logn Isk<27,
1=ug,j+1
1 1/(p-1) pop T
<o ( / a;(u)plczf(u)pdu) EIP)EE S @iy
0 .
ij=J
+c/ (EIAx{1f] 2 278} + Qu(wx {u < w{If] > 276} })" du
Combining (35) and ., we obtain the bound
Uk+1,5
38 o(1/2-1/p)j T > nl/2
S P LAPMEA
zfuk,]—i-l
1 /2 +o +o00
<C </ a_l(u)ch(u)du) D 2 05ty (14 1)1 a(l)+
0 j=J =1
1 1/(p—1) bop T
+c< / a1<u>p1c2f<u>pdu) ® |75 S @02
0 j=J
+c/ (EII1x {171 > 2778Y) + Qp(ux {u < p {|1] > 2775} })" du

The right hand side of (38)) does not depend on n. Taking the lim sup with respect
to J, the first and third term converge to 0 as the remainder of a convergent series,
and the fourth term converge to 0 by dominated convergence. Therefore, for each
postive 4,

Uk+1,j5
(39) limsuplimsup p sup 20/271/P7 max Z foT! > nl/?
J—oo Mmoo J<j<logn 1<k<? i=ug,j+1

+oo
<61y (1+ 1) ax(l),
=1
hence by condition the assumption of Propotion [I.5] is satisfied.
This concludes the proof of Theorem [2.4) under condition O
19



Proof under condition[C.8 or [C.4} This uses similar arguments as for conditions

and respectively. O

Proof under condition [C.5. Convergence of the sequence (02 (f)/n)n>1 and that of
finite dimensional distributions are obtained in Theorem and [Sha88| respec-

tively, hence we are reduced to show tightness of (n™/2S5'(f))p>1 in Hy/2-1/p10,1].
We use Proposition Let us define ¢ := 2p, Ay ; = up41,; — up,j and

fus = Ix{IF1 < nt/78} — Bl {171 < n'/rs]].

As the computations in [RS03| show, it is enough to check that the following
variation of holds:

(40)
Uk+1,5
lim lim limsup p sup 2(1/2=1/p)j max Z fW;oTi >n'%ey = 0.
0—0J=00 n—oo J<j<logn ISk 1

An application of inequality to the exponent ¢ and the sequence ((fns —
E[fn,é]) o Tz)igo yields

logn Uk+1,5 !
a(1/2=1/p)j,—a/297 _ i
(7’L J (5 f 22 n 2 122};1@ ‘ Z (fn,5 E(fn,ﬁ)) oT
j=J t=ug,;+1
logn log A,
1/2—1/ /2 q/2 k _ 2)q/2
SR 2O s Afesp | K% () | (s
logn log A ;
(1/2-1/p)j, —a/2 2/a(ok _ 4
I TR o Acjexp | K3, 1) | Elfus ~ B

ij=J

Exploiting the estimates

o Apj=upyr; — upy < 20277

 E(fns — E(fns))? <E[f?];

o E|fns — E(fas)|" <27 E|fosl? < (Ln @ P61 P sup oo tPp{|f] > t} (by
convexity of ¢ — |t|7,

we derive
(41)
+o00 logn
P(n,J, 0, f) < 4K exp (KZ p(2k)> 1£113 D 2007271 /p)in=a/297 (2n277)9/2 4
k=1 Jj=J
91 logn log[n2~7]
+4 Suptpu{|f| t}KZQq(l/Q 1Pipn=/2919n2 7 exp | K Z p?/1(2k)
q—Dt¢ j=J k=1
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and after having rearranged the exponents, we get that for a constant C' depending
only on the sequence (p(k))x>1, p and sup;~q tPp {|f| > t}, that

logn
(42) P(n,J,6,f) <C Y 207/
i=J
logn l
+ Cnat/2=1/p) Z 27 9(1/2=1/P)ly=0/214/P 59D oxpy KZpQ/q (2%
=1 k=1
logn l
C’Z2]+C’5p22 (P=2) oxp KZpl/ka
j=J = k=1

where we used the relationship ¢ = 2p. Since limg_, o p(2%) = 0 and p > 2,
the convergence of the series Y,7%F 27 (P2l exp (K S L P2 )) follows from the
ratio test. We derive the estimate

+00 !
lim limsup P(n,J,d, f) < C(SPZQ_(p_Q)l exp szl/p(zk)

J—
o n—=too =1 k=1

from which we deduce that holds. This finishes the proof of Theorem under
condition [C.5] O

Proof under condition[C.6 Using inequality and Theorem the proof un-
der is completely similar to those of the independent case in [RS03]. ]
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