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Abstract

This paper illustrates the use of the
model, established in previous papers,
enabling to construct different kinds of
measures of comparison according to
wished properties, as well as to clas-
sify the existing measures according to
their properties. So, this model helps
to choose (or to construct) an appropri-
ate measure for the considered problem.
This paper especially looks into the list
of measures of comparison in the con-
struction of fuzzy prototypes and then
in prototype-based reasoning.

INTRODUCTION

The comparison of descriptions of objects is a
usual operation in many domains: psychology,
analogy, physical sciences, image processing, clus-
tering, deductive reasoning, case-based reason-
ing... Comparisons are accomplished because it is
thought that if a new problem is sufficiently simi-
lar to a known problem then a knowledge transfer
from the second one to the first one is possible in
order to solve the new problem.

It comes naturally to human agents to reason by
analogy, by using prototypes or by reference to
past experiences... All these approaches are based
on the comparisons of objects. In this paper, we
choose, to solve new cases by constructing a pro-
totype - a case which synthesizes all the known
cases - and by comparing new cases to prototypes.

We consider that the descriptions of cases are im-
precise and inaccurate. We choose to use frame-
work of fuzzy sets to represent them. Our cases
are described by means of pairs (attribute, value),
when the value is a fuzzy set of the universe of the
attribute.

One of the purpose of this paper is to show that
it is of great use to work with a frame which takes
into consideration the differences among measures
of comparison. It was shown [2], [3] that these
measures differ from one another because of the
application it serves. This frame enables to choose
the appropriate type of measures of comparison:
their properties reflect the requirements of the ap-
plication.

Oncoming case-based reasoning, prototype-based
reasoning needs to compare objects. The creation
of prototypes is analyzed in detail. Before that,
we explain our choice of this kind of reasoning and
we recall the framework of measures of compari-
son.

1 REASONING FROM FUZZY
PROTOTYPES

Systems using prototype-based reasoning, as well
as case-based reasoning, have the advantage not
to need to express knowledge under rule form.
The difficulty to extract rules from the expert is
well known. This problem does not occur in case-
based or prototype-based reasoning: knowledge is
represented by means of known cases.

The principle of prototype-based reasoning resem-
bles case-based reasoning. As one can see in the
description done in introduction, the comparison



in prototype-based reasoning is realized between
a case (or an example, or an observation...) and
a prototype constructed from old cases (known
cases), whereas the comparison is direct in case-
based reasoning: the step of creation of prototype
does not exist.

One of the interests of prototype-based reason-
ing is to work with a ‘super case’ which contains
the essential information available from cases of a
same ‘class’ (or solution...). This involves a gain
in the number of comparisons to realize. This
number is equal to the number of prototypes in-
stead of the number of cases. Moreover, the addi-
tion of a new case is not expensive: the new infor-
mation it contains is integrated in the prototype
and the number of comparisons is not modified.

Such reasoning is relevant when it is easy to have
a large set of cases. For example, a bank needs
to know if such client is likely to be interested
by some of its services. This bank has a large
database concerning its clients classified by ser-
vices that they pay for. In this situation, it is
easier and more natural to compare a profile of
client with a kind of prototype than with all the
clients concerned by the service.

2 THE FRAMEWORK OF
MEASURES OF COMPARISON

The framework we used to deal with measures of
comparison was described in detail in [3]. It pro-
poses a classification of measures enabling to com-
pare fuzzy characterizations of objects, accord-
ing to their properties and the purpose of their
utilization. It establishes the difference between
measures of satisfiability, resemblance, inclusion
and dissimilarity. The study is based on concepts
analogous to those developed by A. Tversky [18]
for his general work on similarities.

2.1 DEFINITIONS

For any set 2 of elements, let F(£2) denote the set
of fuzzy subsets of €, f4 the membership function
of any description A in F(2). We use the classical
definition of intersection: fanp = min(fa, fg) to
describe the elements belonging to A and B. We
suppose that we are given a means of evaluat-

ing the weight of the elements of the universe [6]
characterized by a fuzzy set through a fuzzy set
measure M.

Definition 1 A fuzzy set measure M is a map-
ping : F() — IRT such that, for every A and B

e M(0)=0
e if BC A, then M(B) < M(A).

First of all, a measure of comparison between A
and B takes into account common features, ANB,
and distinctive features, B— A and A—B. An M-
measure of comparison, more generally, depends
on: M(ANB), M(B—A) and M(A—B). M isa
fuzzy set measure, as for instance the sigma-count
of a fuzzy subset.

Definition 2 An M-measure of comparison on )
is a mapping S : F(Q) x F(Q) — [0,1] such that
S(A,B) = Fs(M(ANB),M(B - A), M(A- B)),
for a given mapping Fs : IRT x IRT x RT — [0, 1]
and a fuzzy set measure M on Q.

An M-measure of comparison can either evaluate
the likeliness of two descriptions, it is called an
M-measure of similitude, or their differences, it is
then called an M-measure of dissimilarity.

Definition 3 An M-measure of similitude S on
Q is an M-measure of comparison S such that
Fs(u,v,w) is non decreasing in u, non increasing
m v and w.

The measure of dissimilarity is not defined as the
‘complementary’ of the measure of similitude but
it has specific properties.

Definition 4 An M-measure of dissimilarity S
on Q is an M-measure of comparison such that
Fs(u,v,w) is independent of u and increasing in
v and w and satisfying the minimality property:
Fs(u,0,0) =0 or equivalently S(A, A) = 0.

As it was already noticed, various measures of
comparisons exist because requirements differ
from an application to another one. This is the
reason to distinguish three types of M-measures
of similitude: satisfiability, inclusion and resem-
blance.



1. The resemblance is used for a comparison be-
tween the descriptions of two objects, of the
same level of generality, to decide if they have
many common characteristics.

Definition 5 An M-measure of resemblance
on £ is an M-measure of similitude
S which satisfies properties of reflexivity:
Fg(u,0,0) = 1 or equivalently S(A,A) =1
and symmetry: Fs(u,v,w) = Fs(u,w,v) or
equivalently S(A, B) = S(B, A).

2. The satisfiability corresponds to a situation
in which we consider a reference object or
class and we decide if a new object is com-
patible with it or satisfies the reference.

Definition 6 An M-measure of satisfiabil-
ity S on Q is an M-measure of similitude
S such that Fg(u,v,w) is independent of
w and satisfies the containment property:
Fs(u,0,w) = 1 whatever u # 0 and w may
be or equivalently S(A,B) =1 if BC A and
the exzclusiveness property: Fg(0,v,w) = 0
whatever v and w may be or equivalently
S(A,B) =0 as soon as AN B = ).

2.2 INTERPRETATIONS AND
EXAMPLES

The generalized and normalized distances [9], [12],
[11], [7] for fuzzy subsets are examples of M-
measure of dissimilarity. Indeed, asymmetrical
M-measure of dissimilarity satisfying the trian-
gular inequality is a distance.

The resemblance measure is the basis of similar-
ity logic [15], [5]. It is also relevant when all
the objects under study can be described in a
same way. This situation occurs naturally in a
case-based reasoning system at the step when it
compares cases with another one in order to in-
fer the solution of the most similar to the new
one; or in prototype-based reasoning system, at
the step when it also compares cases but in or-
der to construct a prototype. M-measures of re-
semblance S which satisfy an additional property
of T-transitivity are indistinguishability relations
[17]. In the case where T is the minimum, we
obtain measures of similarity.

Lastly, the satisfiability takes place in a situation
where a particular object is a leading object. This
situation is typical in prototype-based reasoning,
where the references are prototypes and a new ob-
ject must be associated with one of them. Anal-
ogy relations [4] and fuzzy similitudes [1] are par-
ticular M-measures of satisfiability.

To sum up, it is important to know if all the data
available have the same level of generality, if there
is some objects that are considered as references,
in order to decide what kind of measures of com-
parison is the most relevant for the application
among satisfiability, resemblance or dissimilarity
measures.

3 CONSTRUCTION OF FUZZY
PROTOTYPES

3.1 PROTOTYPICALITY

Especially in psychology, Eleanor Rosch’s study
[14] on categorization and prototyping is a refer-
ence. It establishes that categories are structured
according to a resemblance family. A. Tversky
[18] has analyzed typicality relations in compati-
ble terms with his “contrast model” and with E.
Rosh’s study.

Let P(a,C;) denote the degree of prototypicality
of object a, represented by a set of attributes A,
with respect to class C;, with cardinality n. He
defines P by:

P(a,Ci) =pn(AEf(ANB) —
L(f(A=B) + [f(B-A4))

where the summations are over all attributes of
the object b in the class C;, p,, reflects the effect of
category size on prototypicality and A determines
the relative weights of the common and distinc-
tive features. An element a of C; is a prototype
if it maximizes P(a,C;). He also called our at-
tention to the fact that a class may have more
than one prototype. With some particular con-
ditions, P(a,C;) = %ES(A,B), where S is a par-
ticular similarity relation of his contrast model:
S(A,B) = Af(ANB) — f(A— B) — f(B — A).

L. A. Zadeh [20] has also looked into the proto-
type theory in integrating into it what he consid-



ers as intrinsic to the concept of prototype: the
notion of fuzziness and opacity. According to his
interpretation:

1. a prototype is not unique.
2. the typicality is a question of degree

3. the concept of prototype is opaque : we are
not able to define exactly how we compute a
degree of typicality.

Zadeh considers a population C of objects not nec-
essarily distinct ay,...,a,. In this way, C is rep-
resented as a fuzzy multi-set:

C=u/(my xa1)+...4+ pn/(my xay) (1)

where p; represents the membership degree of q;
in C and my its multiplicity.

The principle to obtain a fuzzy prototype of a
population is to stratify C in grouping objects
sharing nearing the same membership degree. For
instance:

C= High/cgood + Medium/Cy,orderline + LOW/CPOOT

where Cgo0d, Chorderline €0 Cpoor are multi-sets
of good, borderline and poor elements respec-
tively and High, Medium and Poor are fuzzy num-
bers which represent the corresponding member-
ship degrees. Each level of stratification of C
has its fuzzy prototype obtained thanks to the
algorithm of compactification [19] inspired from
the Quine-McCluskey algorithm [10]. In iterating
this process, we obtain for each level of strati-
fication an object maximally summarized which
can be viewed as a fuzzy prototype. For example,
PT(Cgooq) is the fuzzy prototype of Cgooq, ete.
Finally, we obtain the fuzzy prototype of C:
PT(C) = High/PT(Cgood)
Medium/PT (Cporderline)

+
+ Low/PT(Cpoor)

3.2 EXTENSION OF THE METHOD

Let X be a set of objects. We suppose that
there exists a partition given on X composed by
crisp classes C;. In the example of a bank’s client

database, a class is the set of clients who have sub-
scribed or bought a particular service or product
offered by this bank. Let us denote Ej a case of
the database and A; an attribute.

Our aim is to use the general framework of mea-
sures of comparison in a system based on proto-
typicality. For each comparison stepping in the
reasoning, an appropriate measure has to be cho-
sen among satisfiability, resemblance or dissimi-
larity measures.

Our approach consists in improving the princi-
ple proposed by Zadeh. In particular, one of the
points which has not been explained enough is
that of the degrees p;. The author himself pro-
posed to interpret them as degrees of compatibil-
ity more than membership degrees.

Indeed, G. Kleiber [8], taking up C. Schmidt [16],
noticed that the degree of representativeness is
too often assimilated to the membership degree.
If the class considered is the class of birds, the
cock as the penguin belongs totally to this class.
On the other hand, the degree of representative-
ness (or prototypicality) of the cock is certainly
larger than the penguin’s degree.

In agreement with this remark, we interpret the
1; degrees as the expression of prototypicality of
the object ¢ for its class. A fuzzy prototype is
then constructed on the basis of each degree of
prototypicality of each example of the class.

We consider that the degree of prototypicality of
an object depends positively on its total resem-
blance to others objects of its class (internal re-
semblance) and on its total dissimilarity to ob-
jects of other classes (external dissimilarity).

Theoretically, examples are all on the same level
of generality. The measure of resemblance is then
the appropriate measure for comparing an eram-
ple to the other members of its class.

3.3 ALGORITHM

The degree of prototypicality of an example Ey,
described by attributes A;, 1 <14 < N, according
to its class Cj() can be computed in following this



algorithm:

e For each example E; # Ej; of Cjy,
For A;, i=1 to N :
Compute the resemblance
between Ej and E;
according to A;
Aggregate the resemblance
between FEj; and Ej
e Aggregate resemblances obtained
between FEj; and all the FE; with [ #k
(internal resemblance)
e Repeat the same operations for each
example E; of Cj(l) with Cj(l) #C](k) in
replacing the resemblance by the
dissimilarity (external dissimilarity)
e Compute the degree of prototypicality
as a function of the internal resemblance
and the external dissimilarity.

Each step of aggregation is important. An aggre-
gation operator has to be choosen in such a way
that the measure obtained after aggregation re-
spects axioms required by the choosen measure
of comparison. Aggregation deserves a particular
attention because it is rich in consequences [13].

4 INFERENCE OF A SOLUTION

Once prototypes are obtained for each class, a new
object can be compared to them. It belongs to a
class C; if it is enough close to the prototypes of
this class. We have to choose, once again, an ap-
propriate type of measures. In this particular sit-
uation, the comparison is established between an
object of high level of generality (the fuzzy proto-
type) and an object of low level of generality (the
new case). Measures meant to this situation are
the measures of satisfiability. It is clear that the
comparison is directional in this case (non sym-
metrical).

The prototype which resembles the most the new
case infers its class.

CONCLUSION

We propose to define a prototype-based reasoning
from the general framework of measures of com-
parison. We use different types of measures of

comparison to create prototypes. These are con-
structed according to two methods. The choice of
the method depends on the application: either the
notion of generalization of the prototype is more
relevant or it is the notion of representativeness
which is more appropriate. Whatever method is
carried, the principle is to begin with computing
the degree of prototypicality which depends on
internal similitude and external dissimilarity.

In order to infer the class of the most similar pro-
totype, we show, once again, that it is useful to
distinguish different types of measures of compar-
ison. The measures of comparison used between
the new case and a prototype differ according to
the chosen method.
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