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❚❤❡ s②♠♠❡tr✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ●r❡❡♥✲◆❛❣❤❞✐ t②♣❡

❡q✉❛t✐♦♥s

❉❡♥❛ ❑❛③❡r❛♥✐
✶ ✷ ✸

❆❜str❛❝t

■♥ t❤✐s st✉❞②✱ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ ♥♦t✐♦♥ ♦❢ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ❤②♣❡r❜♦❧✐❝ s②s✲

t❡♠s ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ t♦ t❤❡ ❝♦♥s❡r✈❛t✐✈❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s ♦❢ ❝♦♥s❡r✈❛t✐♦♥

❧❛✇✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛♣♣❧② ♦✉r ❣❡♥❡r❛❧ r❡s✉❧t t♦ t❤❡ ●r❡❡♥✲◆❛❣❤❞✐ t②♣❡ ❡q✉❛t✐♦♥s

✇❤✐❝❤ ✐s ❛ ❞✐s♣❡rs✐✈❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ❙❛✐♥t✲❱❡♥❛♥t s②st❡♠ ✇❤✐❝❤ ✐s ❤②♣❡r❜♦❧✐❝✳

❑❡②✇♦r❞s ✿ ❙②♠♠❡tr✐❝ s②st❡♠s✱ ❈♦♥s❡r✈❛t✐♦♥ ❧❛✇✱ ❙tr✐❝t ❝♦♥✈❡①✐t②✱ ✈❛r✐❛t✐♦♥❛❧ ❞❡r✐✈❛✲
t✐✈❡✱ ●r❡❡♥✲◆❛❣❤❞✐ ❡q✉❛t✐♦♥s✳

✶ ■♥tr♦❞✉❝t✐♦♥

■♥❝♦♠♣r❡ss✐❜❧❡ ❊✉❧❡r ❡q✉❛t✐♦♥s ❛♥❞ ✇❛t❡r ✇❛✈❡s ♣r♦❜❧❡♠ ♠♦❞❡❧ ❢r❡❡ s✉r❢❛❝❡ ✐♥❝♦♠♣r❡ss✲
✐❜❧❡ ✢✉✐❞s ✉♥❞❡r t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❣r❛✈✐t②✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡s❡ s②st❡♠s ❧❡❛❞s ✉s t♦
❝♦♥s✐❞❡r r❡❞✉❝❡❞ ❝♦♠♣❧❡① ❣❡♦♣❤②s✐❝❛❧ ♠♦❞❡❧s t♦ ❞❡s❝r✐❜❡ ❝♦❛st❛❧ ♦❝❡❛♥✐❝ ✢♦✇s✳ ■♥ t❤✐s
✇♦r❦✱ ✇❡ ❢♦❝✉s ♦♥ ❛ ♣❛rt✐❝✉❧❛r t②♣❡ ♦❢ t❤❡s❡ r❡❞✉❝❡❞ ♠♦❞❡❧s ❝❛❧❧❡❞ t❤❡ ●r❡❡♥✲◆❛❣❤❞✐
t②♣❡ ♠♦❞❡❧✿

{

∂th+ ∂xhu = 0,

∂thu+ ∂xhu
2 + ∂x(gh

2/2 + αh2ḧ) = 0
✭✶✮

✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s t❤❛t h(x, t) ≥ 0✳ ❍❡r❡✱ α ✐s ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r✱ g ✐s t❤❡ ❣r❛✈✐t②
❝♦♥st❛♥t✱ h ∈ H

s(R) + he ✇✐t❤ he > 0 ✭✐✳❡ h− he ∈ H
s(R)✮ ❛♥❞ u ∈ H

s+1(R) ❢♦r s ≥ 2✳
❚❤❡ ✉♥❦♥♦✇♥ h r❡♣r❡s❡♥ts t❤❡ ✢✉✐❞ ❤❡✐❣❤t ❛♥❞ u ✐ts ❛✈❡r❛❣❡ ❤♦r✐③♦♥t❛❧ s♣❡❡❞✳ ▼♦r❡♦✈❡r✱
t❤❡ ♠❛t❡r✐❛❧ ❞❡r✐✈❛t✐✈❡ (̇) ✐s ❞❡✜♥❡❞ ❜② (̇) = ∂t() + u∂x()✳

❋♦r α = 0✱ t❤❡ s②st❡♠ ✐s ❤②♣❡r❜♦❧✐❝ ❛♥❞ ❡q✉✐✈❛❧❡♥t t♦ ❙❛✐♥t✲❱❡♥❛♥t ♦r ✐s❡♥tr♦♣✐❝ ❊✉❧❡r
❡q✉❛t✐♦♥s✳ ❍❡♥❝❡✱ ❢♦r α 6= 0✱ t❤❡ s②st❡♠ ✭✶✮ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❞✐s♣❡rs✐✈❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢
t❤❡ ❙❛✐♥t✲❱❡♥❛♥t s②st❡♠✳ ❚❤❡ α = 1

3
❝❛s❡ ❤❛s ❜❡❡♥ ❞❡r✐✈❡❞ ❢r♦♠ ✇❛t❡r ✇❛✈❡s ♣r♦❜❧❡♠

❢♦r ✐rr♦t❛t✐♦♥❛❧ ✢♦✇s ❜② ▲✐ ❬✶✼❪ ❛♥❞ ❜② ❆❧✈❛r❡③ ✫ ▲❛♥♥❡s ❬✶❪✳ ■♥ ❬✶✹❪ ✱ ■♦♥❡s❝✉ ❤❛s ❞❡r✐✈❡❞

✶❙♦r❜♦♥♥❡ ❯♥✐✈❡rs✐tés✱ ❯P▼❈ ❯♥✐✈ P❛r✐s ✵✻✱ ❯▼❘ ✼✺✾✽✱ ▲❛❜♦r❛t♦✐r❡ ❏❛❝q✉❡s✲▲♦✉✐s ▲✐♦♥s✱ ❋✲✼✺✵✵✺✱
P❛r✐s✱ ❋r❛♥❝❡

✷❈◆❘❙✱ ❯▼❘ ✼✺✾✽✱ ▲❛❜♦r❛t♦✐r❡ ❏❛❝q✉❡s✲▲♦✉✐s ▲✐♦♥s✱ ❋✲✼✺✵✵✺✱ P❛r✐s✱ ❋r❛♥❝❡
✸■◆❘■❆✲P❛r✐s✲❘♦❝q✉❡♥❝♦✉rt✱ ❊P❈ ❆◆●❊✱ ❉♦♠❛✐♥❡ ❞❡ ❱♦❧✉❝❡❛✉✱ ❇P✶✵✺✱ ✼✽✶✺✸ ▲❡ ❈❤❡s♥❛② ❈❡❞❡①

✶



t❤❡ s❛♠❡ s②st❡♠ ❜② ❛ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡
✐rr♦t❛t✐♦♥❛❧ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❊✉❧❡r ❡q✉❛t✐♦♥s✳ ■♥ ❬✹❪ ✱ t❤❡ ❛✉t❤♦rs ♦❜t❛✐♥ ✭✶✮ ❢♦r α = 1

4
❜②

❛ ❞✐✛❡r❡♥t ❜✉t ❛ ❢♦r♠❛❧ ♠❡t❤♦❞ ✇✐t❤♦✉t ❛♥② ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ✐rr❛t✐♦♥❛❧✐t② ♦❢ t❤❡ ✢✉✐❞✳

■t ✐s ❛❧s♦ ✇♦rt❤ r❡♠❛r❦✐♥❣ t❤❛t ✭✶✮ ❛❞♠✐ts t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭❬✾❪ ✱ ❬✶✵❪✱
❬✹❪✮✱

∂tE + ∂x (u(E + p)) = 0, ✭✷✮

✇❤❡r❡
E(h, u) = gh2/2 + hu2/2 + αh3(ux)

2/2,

❛♥❞
p(h, u) = gh2/2 + αh2ḧ.

✶✳✶ ❙②♠♠❡tr✐❝ str✉❝t✉r❡

▲❡t ✉s ♥♦✇ r❡❝❛❧❧ s♦♠❡ ❝❧❛ss✐❝❛❧ ♥♦t✐♦♥s ♦♥ ❤②♣❡r❜♦❧✐❝ N × N s②st❡♠s ♦❢ ❝♦♥s❡r✈❛t✐♦♥
❧❛✇s✿

∂tU + ∂xF (U) = 0 ✭✸✮

✇❤❡r❡ t❤❡ ✉♥❦♥♦✇♥ U ❜❡❧♦♥❣s t♦ C
(

[0, T ]; (Hs (R))N
)

❢♦r s ≥ 2 ❛♥❞ t❤❡ ✢✉① F : RN →

R
N ✐s ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✶ ❚❤❡ ❤②♣❡r❜♦❧✐❝ s②st❡♠ ✭✸✮ ✐s ❝❛❧❧❡❞ s②♠♠❡tr✐③❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐ts ❛ ❝❤❛♥❣❡
♦❢ ✈❛r✐❛❜❧❡ U → Q s✉❝❤ t❤❛t ✭✸✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

A0(Q)∂tQ+ A1(Q)∂x(Q) = 0, ✭✹✮

✇❤❡r❡ A0(Q) ✐s ❛ s②♠♠❡tr✐❝ ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡ ♠❛tr✐① ❛♥❞ A1(Q) ✐s ❛ s②♠♠❡tr✐❝ ♦♥❡✳

❉❡✜♥✐t✐♦♥ ✶✳✷ ❚❤❡ ♣❛✐r (E,P ) ✇✐t❤ ∇2
UE ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡✱ ✐s ❛♥ ❡♥tr♦♣② ♣❛✐r ❢♦r t❤❡

s②st❡♠ ✭✸✮ ✐❢ t❤❡ s♦❧✉t✐♦♥ U ♦❢ t❤❡ s②st❡♠ s❛t✐s✜❡s

∂tE(U) + ∂xP (U) = 0. ✭✺✮

♦r ❡q✉✐✈❛❧❡♥t❧②✱
(∇UF (U))

T
∇UE(U) = ∇UP (U). ✭✻✮

Pr♦♣♦s✐t✐♦♥ ✶✳✸ ✭❬✻❪✱ ❬✶✷❪✱ ❬✶✾❪✱ ❬✸❪✱ ❬✶✽❪✳✮ ❆ss✉♠❡ t❤❛t t❤❡ s②st❡♠ ✭✸✮ ❛❞♠✐ts t❤❡
❡♥tr♦♣② ♣❛✐r (E,P )✳ ❚❤❡♥✱ ✐t ✐s s②♠♠❡tr✐③❛❜❧❡✳ ❚❤✐s s②♠♠❡tr② ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣
t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ E⋆ ♦❢ t❤❡ ❡♥tr♦♣②✳

Pr♦♦❢ (E,P ) ✐s ❛♥ ❡♥tr♦♣② ♣❛✐r ♦❢ t❤❡ s②st❡♠✳ ❍❡♥❝❡✱ ✭✺✮ ❛♥❞ ✭✻✮ ❛r❡ s❛t✐s✜❡❞✳ ▲❡t ✉s
♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ U → Q s✉❝❤ t❤❛t

Q = ∇UE(U), ✭✼✮

✷



♦r ❡q✉✐✈❛❧❡♥t❧②✱
U = ∇QE

⋆(Q), ✭✽✮

✇❤❡r❡ E⋆ ✐s t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ ♦❢ E ❬✺❪✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ❞❡✜♥❡❞ ❜②

E⋆(Q) = Q · (∇UE)
−1(Q)− E((∇UE)

−1(Q)). ✭✾✮

■♥ ❢❛❝t✱ t❤❡ str✐❝t ❝♦♥✈❡①✐t② ♦❢ E ✐♠♣❧✐❡s t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ ∇UE✳ ❆♣♣❧②✐♥❣ t❤❡ ❝❤❛♥❣❡
♦❢ ✈❛r✐❛❜❧❡ ✭✼✮✱ t❤❡ ❡q✉❛❧✐t② ✭✻✮ ❜❡❝♦♠❡s

(∇UF (U))
T Q(U) = ∇UP (U). ✭✶✵✮

▲❡t ✉s ♥♦✇ ❞❡✜♥❡
P̂ (Q) = Q · F (U(Q))− P (U(Q)). ✭✶✶✮

❚❤❡♥✱
F (U) = ∇QP̂ (Q). ✭✶✷✮

●❛t❤❡r✐♥❣ ✭✼✮ ❛♥❞ ✭✶✵✮✱ ✭✸✮ ✐s ✇r✐tt❡♥

∂t (∇QE
⋆(Q)) + ∂x

(

∇QP̂ (Q)
)

= 0. ✭✶✸✮

❍❡♥❝❡✱ ✭✸✮ ✇r✐tt❡♥ ✉♥❞❡r t❤❡ ✉♥❦♥♦✇♥ Q ✐s s②♠♠❡tr✐❝ ♦❢ t❤❡ ❢♦r♠ ✭✹✮ ✇✐t❤

A0(Q) = ∇2
QE

⋆(Q),

❛♥❞
A1(Q) = ∇2

QP̂ (Q).

�

Pr♦♣♦s✐t✐♦♥ ✶✳✹ ❬✶✻❪✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❤②♣❡r❜♦❧✐❝ s②st❡♠ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ✭✸✮
✇✐t❤ t❤❡ ❡♥tr♦♣② ♣❛✐r (E,P )✳ ❋♦r ❛♥② ❝❤❛♥❣❡ ♦❢ ✈❛r✐❜❛❧❡ U → V ✱ t❤❡ s②st❡♠ ✐s s②♠✲
♠❡tr✐③❛❜❧❡ ✉♥❞❡r V ✇✐t❤

A0(V ) = (∇V U)
T∇2

UE ∇V U,

❛♥❞
A1(V ) = (∇V U)

T∇2
UE ∇UF (U)∇V U.

Pr♦♦❢ ❯♥❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱ ✭✸✮ ❜❡❝♦♠❡s

∇V U∂tV +∇UF (U)∇V U∂xV = 0. ✭✶✹✮

❲❡ ♠✉❧t✐♣❧② ✭✶✹✮ ❜② (∇V U)
T∇2

UE t♦ ♦❜t❛✐♥

(∇V U)
T∇2

UE ∇V U ∂tV + (∇V U)
T∇2

UE ∇UF (U) ∇V U ∂xV = 0. ✭✶✺✮

▲❡t ✉s ♥♦t❡ t❤❛t ∇2
UE ∇UF (U) ✐s s②♠♠❡tr✐❝✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡ ❜② ✭✶✷✮ t❤❛t

∇2
UE ∇UF (U) = ∇2

UE ∇U

(

∇QP̂ (Q)
)

= ∇2
UE ∇2

QP̂ (Q) ∇UQ. ✭✶✻✮

✇❤❡r❡ Q ✐s ❞❡✜♥❡❞ ❜② ✭✼✮✳ ❚❤❡r❡❢♦r❡✱

∇2
UE ∇UF (U) = ∇2

UE ∇2
QP̂ (Q) ∇

2
UE. ✭✶✼✮

�

✸



●❛t❤❡r✐♥❣ t❤❡ ♣r♦♣♦s✐t✐♦♥s ✶✳✸ ❛♥❞ ✶✳✹✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ ❤②♣❡r❜♦❧✐❝ ❡♥tr♦♣✐❝ s②st❡♠
✭✸✮ ✐s s②♠♠❡tr✐③❛❜❧❡ ✐♥ t✇♦ ❞✐✛❡r❡♥t ✇❛②s ✉♥❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✭✼✮✳

❚❤❡r❡ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ❢♦r t❤❡ ❤②♣❡r❜♦❧✐❝ s②st❡♠ ✭✸✮ ❜❛s❡❞ ♦♥ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ (U1, U2) ♦❢ t❤❡ ✉♥❦♥♦✇♥ U ✳ ■t ✐s U → V ✇✐t❤ V = (U1,∇U1

E(U1, U2))
✭❛ss✉♠✐♥❣ t❤❛t ✐t ✐s ✇❡❧❧ ❞❡✜♥❡❞✱ s❡❡ ❬✶✻❪✮✳

❘❡♠❛r❦ ✶✳✺ ❚❤❡ ♥♦t✐♦♥ ♦❢ s②♠♠❡tr✐③❛❜✐❧✐t② ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❧♦❝❛❧ ♥♦t✐♦♥✳ ■t ♠❡❛♥s
t❤❛t ✐❢ t❤❡ ❡♥tr♦♣② ♦❢ t❤❡ s②st❡♠ s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥s ✶✳✸ ❛♥❞
✶✳✹ ♦♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛ s♦❧✉t✐♦♥✱ t❤❡♥ t❤❡ s②st❡♠ ✐s s②♠♠❡tr✐③❛❜❧❡ ❢♦r t❤❡ s♦❧✉t✐♦♥s
✇❤✐❝❤ r❡♠❛✐♥ ✐♥ t❤✐s ♥❡✐❣❤❜♦r❤♦♦❞✳

❈♦r♦❧❧❛r② ✶✳✻ ❚❤❡ ❙❛✐♥t✲❱❡♥❛♥t s②st❡♠ ✐s s②♠♠❡tr✐③❛❜❧❡ ✉♥❞❡r ❛t ❧❡❛st t✇♦ ❝❤❛♥❣❡ ♦❢
✈❛r✐❛❜❧❡s✳

Pr♦♦❢ ❚❤❡ ❙❛✐♥t✲❱❡♥❛♥t s②st❡♠ s❛t✐s✜❡s t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✷✮ ❢♦r α = 0 ✇✐t❤ t❤❡
❡♥tr♦♣② E = gh2/2+hu2/2✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❍❡ss✐❛♥ ∇2

UE ✐s ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡
❢♦r t❤❡ ✉♥❦♥♦✇♥ U = (h,m) ✇✐t❤ m = hu ❛♥❞ h > 0✳

• ❋✐rst ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡

Q = ∇E(U).

❚❤❛t ✐s t♦ s❛② t❤❛t Q = (gh− u2/2, u)✱

E⋆(Q) = gh2/2,

❛♥❞
P̂ (Q) = guh2/2.

❍❡♥❝❡✱

A0(Q) =
1

g

(

1 u
u gh+ u2

)

,

❛♥❞

A1(Q) =
1

g

(

u gh+ u2

gh+ u2 3ghu+ u3

)

.

❘❡♠❛r❦ ✶✳✼ ❲❡ ❤❛✈❡ P̂ (Q) = (uE⋆
he
)(Q)✳

• ❙❡❝♦♥❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✳ ▲❡t ✉s ♥♦t❡ t❤❛t U → V ✇✐t❤ U = (h,m) ❛♥❞
V = (h, ∂mE(U)) ✐s ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ❢♦r t❤❡ s②st❡♠✱ s✐♥❝❡ h > 0✳ ▼♦r❡♦✈❡r✱
✇❡ ❤❛✈❡ V = (h, u)✳

❚❤❡♥✱ ✉s✐♥❣ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✶✳✹✱ ✇❡ ♦❜t❛✐♥ ❛ s②♠♠❡tr✐❝ ❢♦r♠ ✇✐t❤

A0(V ) =

(

g 0
0 h

)

,

❛♥❞

A1(V ) = g

(

u h
h u

)

.

�

✹



✶✳✷ ❍❛♠✐❧t♦♥✐❛♥ str✉❝t✉r❡

❉❡✜♥✐t✐♦♥ ✶✳✽ ❬✷✵❪ ❆ss✉♠❡ t❤❛t X ✐s ❛ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡✳ ❆ s②st❡♠ ♦❢ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡
❡q✉❛t✐♦♥s ♦❢ ✉♥❦♥♦✇♥ U ∈ C([0, T ];X) ✐s ❝❛❧❧❡❞ ❍❛♠✐❧t♦♥✐❛♥ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❦❡✇✲
s②♠♠❡tr✐❝ ❍❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r ✶ J ❛♥❞ ❛ ❢✉♥❝t✐♦♥❛❧ H : X → R ❝❛❧❧❡❞ t❤❡ ❍❛♠✐❧t♦♥✐❛♥
s✉❝❤ t❤❛t t❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

∂tU = −J (U)δH(U), ✭✶✽✮

✇❤❡r❡ δH(U(t)) ❞❡♥♦t❡s t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡✷ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ H ❛t U(t)✳

Pr♦♣♦s✐t✐♦♥ ✶✳✾ ❬✷✵❪ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ U ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ s②st❡♠ ✭✶✽✮✳
❚❤❡♥✱ t❤❡ q✉❛♥t✐t② H(U(t)) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t✐♠❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡

d

dt
(H(U(t))) = 0. ✭✶✾✮

❍❡♥❝❡✱ H(U) ✐s ❛ ❝♦♥s❡r✈❡❞ q✉❛♥t✐t② ♦❢ t❤❡ s②st❡♠✳

Pr♦♦❢ ❲❡ ❝❛♥ ❣❡t t❤❡ r❡s✉❧t ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ s❦❡✇✲s②♠♠❡tr② ♦❢ J ✳ ■♥ ❢❛❝t✱

d

dt
H(U(t)) =

∫

R

δH(U)∂tU = −

∫

R

δH(U)J (U)δH(U) = 0.

�

❍❛♠✐❧t♦♥✐❛♥ str✉❝t✉r❡ ♦❢ ●r❡❡♥✲◆❛❣❤❞✐ t②♣❡ ❡q✉❛t✐♦♥s

■♥ ❬✶✼❪✱ ▲✐ s❤♦✇s t❤❛t t❤❡ s②st❡♠ ✭✶✮ ❛❞♠✐ts ❛ ❍❛♠✐❧t♦♥✐❛♥ str✉❝t✉r❡ ✉s✐♥❣ t❤❡ ✉♥❦♥♦✇♥
U = (h,m) ❢♦r

m = Lh(u) = hu− α
(

h3ux
)

x
.

❚❤❡ ❝❤❛♥❣❡ ♦❢ ✉♥❦♥♦✇♥ (h, u) → (h,m) ✐s ✈❛❧✐❞ s✐♥❝❡ t❤❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ♦♣❡r❛t♦r
Lh ✐s ❛ ❝♦♥t✐♥✉♦✉s ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ H

s(R) t♦ H
s+2(R)✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣♦s✐t✐♦♥ ❤♦❧❞s✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✵ ❬✶✼❪ ❆ss✉♠❡ t❤❛t V = (h, u) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✮✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

∂tU = −J (U)δHhe
(U), ✭✷✵✮

✇❤❡r❡
U = (h,m) = (h,Lh(u)),

J (U) = −

(

∂xm+m∂x h∂x
∂xh

)

, ✭✷✶✮

❛♥❞

Hhe
(h, u) =

∫

R

gh(h− he)/2 + hu2/2 + αh3(ux)
2/2 =

∫

R

Ehe
, ✭✷✷✮

✇✐t❤
Ehe

= gh(h− he)/2 + hu2/2 + αh3(ux)
2/2. ✭✷✸✮

✶❙❡❡ ❈❤❛♣t❡rs ✻ ❛♥❞ ✼ ♦❢ ❬✷✵❪ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❍❛♠✐❧t♦♥✐❛♥ ♦♣❡r❛t♦r✳
✷❙❡❡ ❙❡❝t✐♦♥ ✺ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡✳

✺



▲❡t ✉s ♠❡♥t✐♦♥ t❤❛t t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✷✷✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛ s❡❝♦♥❞ ♦r❞❡r ❛♣♣r♦①✲
✐♠❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ ✇❛t❡r ✇❛✈❡s ♣r♦❜❧❡♠✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✶ ❚❤❡ s②st❡♠ ✭✶✮ ✐s ❡♥❞♦✇❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇✱

∂tEhe
+ ∂x(u(Ehe

+ p)) = 0, ✭✷✹✮

✇❤❡r❡
p(h, u) = gh2/2 + αh2ḧ,

❛♥❞ Ehe
✐s ❣✐✈❡♥ ❜② ✭✷✸✮✳

Pr♦♦❢ ▲❡t ✉s ❥✉st ❝♦♥s✐❞❡r ✭✷✮✳ ❙✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥s ❧❡❛❞ ✉s t♦ ✭✷✹✮ r❡♠❛r❦✐♥❣ t❤❡ ❢❛❝t
t❤❛t E = Ehe

+ ghhe/2✳ �

❘❡♠❛r❦ ✶✳✶✷ ❚❤❡ ❡♥❡r❣② Ehe
♦❢ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✷✹✮ r❡♣r❡s❡♥ts t❤❡ ♣❤②s✐❝❛❧ ❡♥✲

❡r❣② ♦❢ t❤❡ s②st❡♠✳ ▼♦r❡♦✈❡r✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✷✷✮ ✐s t❤❡ ✇❤♦❧❡ s♣❛❝❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡
♣❤②s✐❝❛❧ ❡♥❡r❣②✳ ❚❤❡r❡❢♦r❡✱ ✐t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠✳

❍❡♥❝❡✱ t❤❡r❡ ✐s ❛♥♦t❤❡r ✇❛② t♦ ♣r♦✈❡ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥✳ ■♥❞❡❡❞✱ ✇❡
❥✉st ♥❡❡❞ t♦ ✐♥t❡❣r❛t❡ ✭✷✮ ♦♥ R ❛♥❞ ♦❜s❡r✈❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡
❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ ✈❛♥✐s❤❡s✸✳

❘❡♠❛r❦ ✶✳✶✸ ❚❤❡ ✈❛r✐❛❜❧❡ k = m
h

✐s t❤❡ s❛♠❡ ❛s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✈❡❧♦❝✐t② ✐♥tr♦❞✉❝❡❞ ✐♥
❬✶✵❪✳

✶✳✸ ❖✉t❧✐♥❡

❲❡ ✐♥s✐st ✐♥ t❤✐s ✐♥tr♦❞✉❝t✐♦♥✱ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ s②♠♠❡tr✐③❛❜✐❧✐t② ❜❡❝❛✉s❡ t❤✐s str✉❝t✉r❡
✐s ❝r✉❝✐❛❧ t♦ ♣r♦✈❡ t❤❡ ❧♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭❬✸❪✮✳ ▼♦r❡♦✈❡r✱ ◆❛✲
t❛❧✐♥✐ ❛♥❞ ❍❛♥♦✉③❡t ✐♥ ❬✶✸❪ ❛♥❞ ❨♦♥❣ ✐♥ ❬✷✶❪ ✉s❡❞ t❤✐s str✉❝t✉r❡ t♦ ♣r♦✈❡ t❤❡ ❣❧♦❜❛❧
✇❡❧❧✲♣♦s❡❞♥❡ss ❢♦r s♠❛❧❧ ❞❛t❛ ♦❢ ❡♥tr♦♣② ❞✐ss✐♣❛t✐✈❡ ❤②♣❡r❜♦❧✐❝ s②st❡♠s ✭s❡❡ ❛❧s♦ ❬✶✻❪✮✳

❚❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ s②♠♠❡tr✐③❛❜✐❧✐t② t♦ ❞✐s♣❡rs✐✈❡ ♣❡rt✉r❜❛t✐♦♥s ♦❢ ❤②✲
♣❡r❜♦❧✐❝ s②st❡♠s ❤❛s ❜❡❡♥ t❤❡ ❣♦❛❧ ♦❢ s♦♠❡ ❛✉t❤♦rs✳ ❊s♣❡❝✐❛❧❧②✱ ●❛✈r✐❧②✉❦ ❛♥❞ ●♦✉✐♥
✐♥ ❬✽❪ ✭s❡❡ ❛❧s♦ ❬✷❪✮ ♣✉t ❊✉❧❡r✲❑♦rt❡✇❡❣ ♠♦❞❡❧s ❛♥❞ s♦♠❡ ♣✲s②st❡♠s ✉♥❞❡r ❛ q✉❛s✐ s②♠✲
♠❡tr✐❝ str✉❝t✉r❡✳ ❙✐♠✐❧❛r ✐❞❡❛s ❝❛♥ ❜❡ ♣❛rt✐❛❧❧② ❛❞❛♣t❡❞ t♦ s♦♠❡ ❣❡♥❡r❛❧✐③❡❞ ♣✲s②st❡♠s
❧✐❦❡ ❜✉❜❜❧② ✢✉✐❞ ❡q✉❛t✐♦♥s ❛♥❞ t♦ ♠♦❞✐✜❡❞ ▲❛❣r❛♥❣✐❛♥ ●r❡❡♥✲◆❛❣❤❞✐✱ s❡❡ ❬✼❪ ✳

❚❤❡s❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s ❛r❡ ✉s✉❛❧❧② ♠❛❞❡ ✐♥ ♦r❞❡r t♦ ❡♥❛❜❧❡ ✉s t♦ ❡①t❡♥❞ t❤❡ ❤②♣❡r❜♦❧✐❝
r❡s✉❧ts ♦♥ ✇❡❧❧✲♣♦s❡❞♥❡ss t♦ t❤❡✐r ❞✐s♣❡rs✐✈❡ ♣❡rt✉r❜❛t✐♦♥s✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❣❡♥❡r❛❧✐③❡
t❤❡ t✇♦ t②♣❡s ♦❢ s②♠♠❡tr✐③❛t✐♦♥ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ t♦ ✭✶✮ ✉s✐♥❣ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢
t❤❡ s②st❡♠✳ ❚❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ ❤♦❧❞s ♦♥❧② ✐♥ ❛ s♠❛❧❧ ❡♥♦✉❣❤ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❝♦♥st❛♥t

✸
u ∈ H

s+1 ❢♦r s ≥ 2✳ ❍❡♥❝❡✱ u ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✈❛♥✐s❤✐♥❣ ❛t ✐♥✜♥✐t② ✉s✐♥❣ t❤❡ ❙♦❜♦❧❡✈
❡♠❜❡❞❞✐♥❣✳

✻



s♦❧✉t✐♦♥s✳

❆❝t✉❛❧❧②✱ ♦✉r r❡s✉❧t ❝♦♥❝❡r♥s ♠♦r❡ ❣❡♥❡r❛❧ s②st❡♠s ✇r✐tt❡♥ ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✲
s❡r✈❛t✐✈❡ ❢♦r♠✱

∂tU + ∂xF (U) = 0 ✭✷✻✮

✇❤❡r❡ t❤❡ ✉♥❦♥♦✇♥ U ∈ C([0, T ];A) ❢♦r ❛ ❇❛♥❛❝❤ s♣❛❝❡ A ♦❢ ❢✉♥❝t✐♦♥s ❝♦♥✈❡r❣❡♥t t♦ 0
❛t ✐♥✜♥✐t②✱ ❛♥❞ F ✐s ❛ ❞✐✛❡r❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❢r♦♠ A t♦ A✳

✷ ●❡♥❡r❛❧✐③❡❞ s②♠♠❡tr✐❝ str✉❝t✉r❡

■♥ t❤✐s ♣❛rt✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ st✉❞② t❤❡ s②♠♠❡tr✐❝ str✉❝t✉r❡ ♦❢ t❤❡ s②st❡♠ ✭✷✻✮✳ ❋✐rst✱
✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ ♥♦t✐♦♥ ♦❢ s②♠♠❡tr✐③❛❜✐❧✐t② ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ ♦❢ ❛
✈❛r✐❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥❛❧✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ s❡❡ ❤♦✇ t❤❡ ❤②♣❡r❜♦❧✐❝ r❡s✉❧ts ❛r❡ ❣❡♥❡r❛❧✐③❡❞✳

❉❡✜♥✐t✐♦♥ ✷✳✶ ❙②st❡♠ ✭✷✻✮ ✐s ❝❛❧❧❡❞ s②♠♠❡tr✐③❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ✉♥❦♥♦✇♥ ❝❤❛♥❣❡
U → Q s✉❝❤ t❤❛t ✭✷✻✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

A0(Q)∂tQ+ A1(Q)∂x(Q) = 0 ✭✷✼✮

✇❤✐❧❡ A0(Q) ✐s ❛ s②♠♠❡tr✐❝ ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡ ♦♣❡r❛t♦r ❛♥❞ A1(Q) ✐s ❛ s②♠♠❡tr✐❝ ♦♥❡✳

❉❡✜♥✐t✐♦♥ ✷✳✷ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ✈❛r✐❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥❛❧ H : A → R s✉❝❤ t❤❛t

H(U) =

∫

R

E(U)

✇❤❡r❡ E ✐s ❛ ❞✐✛❡r❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❞❡✜♥❡❞ ♦♥ A✳ ❆ss✉♠❡ ❛❧s♦ t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥

δUH :

{

A → B

U → δUH(U)

✐s ✐♥✈❡rt✐❜❧❡✳ ❚❤❡♥✱ t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ H⋆ ♦❢ H ✭✐❢ ✐t ❡①✐sts✮ ✐s ❞❡✜♥❡❞ ♦♥ B ❜②

H⋆(Q) =

∫

R

Q · (δUH)−1 (Q)− E[(δUH)−1 (Q)] dx ✭✷✽✮

❘❡♠❛r❦ ✷✳✸ ❈♦♥s✐❞❡r ❛ ✈❛r✐❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ H ✇✐t❤ t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ H⋆✳ ❚❤❡♥✱
✇❡ ❤❛✈❡

δQH
⋆(Q) = (δUH)−1 (Q).

■♥ ♦t❤❡r ✇♦r❞s✱
Q = δUH(U) ⇐⇒ U = δQH

⋆(Q).

▼♦r❡♦✈❡r✱ t❤❡ ❞❡✜♥✐t❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ s❡❝♦♥❞ ✈❛r✐❛t✐♦♥ ♦❢ H ✐♠♣❧✐❡s t❤❡ ❞❡✜♥✐t❡ ♣♦s✐t✐✈✐t②
♦❢ t❤❡ s❡❝♦♥❞ ✈❛r✐❛t✐♦♥ ♦❢ H⋆✳

✼



❚❤❡♦r❡♠ ✷✳✹ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✷✻✮ ❛♥❞ ❛ss✉♠❡ t❤❛t

✶✳ ✐t ❛❞♠✐ts t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇✱

∂tE(U) + ∂xP (U) = 0, ✭✷✾✮

✇❤❡r❡ E(U) ❛♥❞ P (U) ❛r❡ ❝♦♥t✐♥✉♦✉s t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s ❞❡✜♥❡❞ ♦♥ A✳

✷✳ ❚❤❡ s❡❝♦♥❞ ✈❛r✐❛t✐♦♥❛❧ δ2UH(U) ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ H(U) =
∫

R
E(U) ✐s ❛ ❞❡✜♥✐t❡

♣♦s✐t✐✈❡ ♦♣❡r❛t♦r✳

❚❤❡♥ ✱ ✭✷✻✮ ✐s s②♠♠❡tr✐③❛❜❧❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ 2.1✳

Pr♦♦❢ ❚❤❡ ♣r♦♦❢ ❝♦♥t❛✐♥s ✸ st❡♣s✳ ❆❧❧ ♦❢ t❤❡s❡ t❤r❡❡ st❡♣s ❛r❡ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡
st❡♣s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✭✶✳✸✮✳

• ▲✐♥❦ ❜❡t✇❡❡♥ H,P ❛♥❞ F ✳ ❚❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✷✾✮ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✐s ♦❜✈✐♦✉s❧②
❡q✉✐✈❛❧❡♥t t♦

DUE(U)∂tU +DUP (U)∂xU = 0. ✭✸✵✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡q✉❛t✐♦♥ ✭✷✻✮ ❛♥❞ t❤❡ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ F ❧❡❛❞s ✉s t♦

∂tU +DUF (U)∂xU = 0. ✭✸✶✮

❲❡ ❛r❡ ♥♦✇ t❛❦✐♥❣ t❤❡ ❛❝t✐♦♥ ♦❢ DUE(U) ❢r♦♠ ❧❡❢t s✐❞❡ ♦♥ ✭✷✻✮✳ ❚❤✐s ❧❡❛❞s ✉s t♦

DUE(U)∂tU +DUE(U)DUF (U)∂xU = 0. ✭✸✷✮

❈♦♠♣❛r✐♥❣ ❡q✉❛t✐♦♥s ✭✸✵✮ ❛♥❞ ✭✸✷✮ t♦❣❡t❤❡r✱ ✇❡ ❣❡t

DUE(U)DUF (U)∂xU = DUP (U)∂xU. ✭✸✸✮

■♥t❡❣r❛t✐♥❣ ✭✸✸✮ ♦♥ R✱ ❧❡❛❞s ✉s t♦
∫

R

(DUE(U)DUF (U)−DUP (U)) ∂xU = 0. ✭✸✹✮

❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛♥ ❛♣♣❧✐❝❛t✐♦♥ R ❞❡✜♥❡❞ ♦♥ A s✉❝❤ t❤❛t R(0) = 0✱ ❛♥❞

DUE(U)DUF (U)−DUP (U) = DUR.

❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ❜② ❉❡✜♥✐t✐♦♥ ✺✳✹ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡✱
∫

R

δUH(U) ·DUF (U)φ =

∫

R

δU (P +R) (U) · φ. ✭✸✺✮

✇❤❡r❡ R(U) =
∫

R
R(U)✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛② t❤❛t ✹

∫

R

(DUF (U))
T δUH(U) · φ =

∫

R

δU (P +R) (U) · φ. ✭✸✻✮

❋✐♥❛❧❧②✱ ✇❡ ❣❡t
δU (P +R) (U) = (DUF (U))

T δUH(U). ✭✸✼✮

✹❚❤❡ s②♠❜♦❧ (DUE(U))
T

st❛♥❞s ❢♦r t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r ♦❢ t❤❡ ♦♣❡r❛t♦r DUE(U)✱ s❡❡ ❉❡✜♥✐t✐♦♥
✺✳✶✳

✽



• ❈❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✳ ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ U → Q s✉❝❤
t❤❛t

Q = δUH(U). ✭✸✽✮

❚❤❡ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ δUH ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ δ2UH ✉s✐♥❣ t❤❡
✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✳ ▲❡t ✉s ♥♦t❡ t❤❛t ❛♣♣❧②✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✭✸✽✮✱
✭✸✼✮ ❜❡❝♦♠❡s

δU (P +R) (U) = (DUF (U))
T Q. ✭✸✾✮

• ❋✐♥❛❧ st❡♣✳ ❲❡ ❛r❡ ♥♦✇ ❞❡✜♥✐♥❣

P̂(Q) =

∫

R

Q · F (U(Q))− P (U(Q))−R(U(Q)). ✭✹✵✮

❇❛s✐❝ ❝♦♠♣✉t❛t✐♦♥s s❤♦✇ t❤❛t ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ t❡st ❢✉♥❝t✐♦♥ φ ∈ (C∞

c (R))N ✱

DQP̂ (Q)φ =

∫

R

F (U(Q)) · φ+Q ·DUF (U) DQU(Q)φ−DU (P +R) (U) DQ(U)φ.

✭✹✶✮
❍❡♥❝❡✱ ✇❡ ❣❡t ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ❛♥❞ t❤❡ ❛❞❥♦✐♥t

DQP̂ (Q)φ =

∫

R

F (U(Q))·φ+(DUF (U))
T Q·DQU(Q)φ−δU (P +R) (U)·DQ(U)φ.

✭✹✷✮
❯s✐♥❣ ✭✸✾✮ ✇❡ ❤❛✈❡

DQP̂ (Q)φ =

∫

R

F (U(Q)) · φ. ✭✹✸✮

❍❡♥❝❡✱
δQP̂ (Q) = F (U). ✭✹✹✮

●❛t❤❡r✐♥❣ ✭✸✽✮ ❛♥❞ ✭✹✵✮✱ ✭✷✻✮ ✇r✐t❡s

∂t (δQH
⋆(Q)) + ∂x

(

δQP̂(Q)
)

= 0. ✭✹✺✮

❍❡♥❝❡✱ ✭✷✻✮ ✇r✐tt❡♥ ✉♥❞❡r t❤❡ ✉♥❦♥♦✇♥ Q ✐s s②♠♠❡tr✐❝ ♦❢ t❤❡ ❢♦r♠ ✭✷✼✮ ✇✐t❤

A0(Q) = δ2QH
⋆(Q),

❛♥❞
A1(Q) = δ2QP̂(Q).

�

❘❡♠❛r❦ ✷✳✺ ❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥♦t❤❡r ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥
✶✳✸ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❤②♣❡r❜♦❧✐❝ ❡♥tr♦♣✐❝ s②st❡♠s ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❛ss✉♠♣t✐♦♥s 2 ❛♥❞ 3 ♦❢
t❤❡ t❤❡♦r❡♠ ❧✐❦❡ ❙❛✐♥t✲❱❡♥❛♥t s②st❡♠✳

✾



❘❡♠❛r❦ ✷✳✻ ❚❤❡ ❡q✉❛t✐♦♥ ✭✹✺✮ ✐s ♦❢ t❤❡ ❢♦r♠ ❝❛❧❧❡❞ ❣❡♥❡r❛❧ ●♦❞✉♥♦✈✬s s②st❡♠ ✐♥ ❬✾❪✳

❚❤❡♦r❡♠ ✷✳✼ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✷✻✮ ♦❢ ✉♥❦♥♦✇♥ U s❛t✐s❢②✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s
♦❢ t❤❡ t❤❡♦r❡♠ ✭✷✳✼✮✳ ❚❤❡♥✱ ❢♦r ❛♥② ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ U → V ✱ t❤❡ s②st❡♠ ✭✷✻✮ ✐s
s②♠♠❡tr✐③❛❜❧❡ ✉♥❞❡r V ✇✐t❤

A0(V ) = (DV U)
T δ2UH(U)DV U,

❛♥❞
A1(V ) = (DV U)

T δ2UH(U)DUF (U)DV U.

Pr♦♦❢ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ✉♥❦♥♦✇♥ V ✱ ✭✷✻✮ ❜❡❝♦♠❡s

DV U∂tV +DUF (U)DV U∂xV = 0. ✭✹✻✮

❲❡ ❛r❡ ♥♦✇ t❛❦✐♥❣ t❤❡ ❧❡❢t s✐❞❡ ❛❝t✐♦♥ ♦❢ (DV U)
T δ2UH(U) ♦♥ ✭✹✻✮✳ ❚❤✐s ❧❡❛❞s ✉s t♦

(DV U)
T δ2UH(U)DV U∂tV + (DV U)

T δ2UH(U)DUF (U)DV U∂xV = 0. ✭✹✼✮

❍❡♥❝❡✱ ✇❡ ❥✉st ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t δ2UH(U)DUF (U) ✐s s②♠♠❡tr✐❝✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡ ❜②
✭✹✹✮ t❤❛t

δ2UH(U)DUF (U) = δ2UH(U)DUδQP̂(Q) = δ2UH(U)DQδQP̂(Q)DUQ(U). ✭✹✽✮

✇❤❡r❡ Q ✐s ❞❡✜♥❡❞ ❜② ✭✸✽✮✳ ❍❡♥❝❡✱

δ2UH(U)DUF (U) = δ2UH(U)δ2QP̂ (Q)δ
2
UH(U). ✭✹✾✮

�

●❛t❤❡r✐♥❣ t❤❡ t❤❡♦r❡♠s ✷✳✹ ❛♥❞ ✷✳✼✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ s②st❡♠ ✭✷✻✮ ❝♦♥s✐❞❡r❡❞ ✐♥
t❤❡ t❤❡♦r❡♠ ✷✳✹ ✐s s②♠♠❡tr✐③❛❜❧❡ ✐♥ t✇♦ ❞✐✛❡r❡♥t ✇❛②s ✉♥❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✭✸✽✮✳

❚❤❡r❡ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ❢♦r t❤❡ ❤②♣❡r❜♦❧✐❝ s②st❡♠ ✭✷✻✮ ❜❛s❡❞ ♦♥ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ (U1, U2) ♦❢ t❤❡ ✉♥❦♥♦✇♥ U ✳ ❚❤❛t ✐s U → V ✇✐t❤ V = (U1, δU1

H(U1, U2))
❛ss✉♠✐♥❣ t❤❛t ✐t ✐s ✇❡❧❧ ❞❡✜♥❡❞✳

❘❡♠❛r❦ ✷✳✽ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ♠✉❧t✐✲✈❛r✐❛❜❧❡ ❣❡♥❡r❛❧✐③❛t✐♦♥

∂tU + Σn
i=1∂xi

Fi[U ] = 0 ✭✺✵✮

♦❢ ✭✷✻✮✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❡①t❡♥❞ t❤❡ r❡s✉❧ts ❚❤❡♦r❡♠s ✷✳✹ ❛♥❞ ✷✳✼✳ ■♥ ❢❛❝t✱ ❛ss✉♠❡ t❤❛t
✭✺✵✮ ❛❞♠✐ts ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇✿

∂tE[U ] + Σn
i=1∂xi

Pi[U ] = 0 ✭✺✶✮

s✉❝❤ t❤❛t H =
∫

R
E ❛♥❞ ✐ts ▲❡❣❡♥❞r❡ ❚r❛♥s❢♦r♠✱ Pi =

∫

R
Pi ❛♥❞ P̂i =

∫

R
DUE(U)Fi[U ]−

Pi[U ] ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ✇✐t❤ δ2UH(U) ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡✳ ❚❤❡♥✱ t❤❡ s②st❡♠ ✐s s②♠♠❡tr✐③❛❜❧❡
✉♥❞❡r ❛❧❧ ✈❛❧✐❞ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✳ ▼♦r❡♦✈❡r✱ ✐t ✐s s②♠♠❡tr✐③❛❜❧❡ ✐♥ t✇♦ ❞✐✛❡r❡♥t ✇❛②s
✉♥❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ U → Q ✇✐t❤ Q = δUH(U)✳

✶✵



✸ ❆♣♣❧✐❝❛t✐♦♥ t♦ ●r❡❡♥✲◆❛❣❤❞✐ t②♣❡ ❡q✉❛t✐♦♥s

✸✳✶ ❙②♠♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡ ●r❡❡♥✲◆❛❣❤❞✐ s②st❡♠

■♥ t❤✐s ♣❛rt✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❡❡ t❤❛t t❤❡ ●r❡❡♥✲◆❛❣❤❞✐ t②♣❡ s②st❡♠ ✭✶✮ ✐s s②♠♠❡tr✐③❛❜❧❡
✐♥ ❞✐✛❡r❡♥t ✇❛②s ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ ♦❢ ✭✶✮✳

❉❡✜♥✐t✐♦♥ ✸✳✶ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ ♦❢ ✭✶✮ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❧♦❜❛❧ s♦❧✉t✐♦♥
{

h(x, t) = he ∈ R
⋆
+

u(x, t) = 0 ⇐⇒ m(x, t) = 0
✭✺✷✮

❘❡♠❛r❦ ✸✳✷ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ ✭✺✷✮ ✐s t❤❡ ♦♥❧② ❝♦♥st❛♥t s♦❧✉t✐♦♥ ♦❢ ✭✶✮ s✐♥❝❡
✇❡ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥s (h, u) ✇❤✐❝❤ ❜❡❧♦♥❣ t♦ (Hs(R) + he)×H

s+1(R)✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸ ❚❤❡ s②st❡♠ ✭✶✮ ✐s ♦❢ t❤❡ ❢♦r♠ ✭✷✻✮ ✇✐t❤ A = H
s(R)×H

s−1(R)✳

Pr♦♦❢ ❋♦❧❧♦✇✐♥❣ ▲✐ ✐♥ ❬✶✼❪✱ ✇❡ r❡✇r✐t❡ ✭✶✮ ✉♥❞❡r t❤❡ ✉♥❦♥♦✇♥ U = (η,m) ✇✐t❤ η =
h − he ❛♥❞ m = Lh(u)✱ ✇❤❡r❡ t❤❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ♦♣❡r❛t♦r Lh ✐s ❞❡✜♥❡❞ ❜② Lh(u) =
hu− α∂x (h

3∂xu)✳ ❚❤✐s ❧❡❛❞s ✉s t♦
{

∂η

∂t
+ ∂

∂x

(

hu
)

= 0,
∂m
∂t

+ ∂
∂x
(mu) + ∂

∂x

(

−2αh3(∂xu)
2 + g

2
h2
)

= 0
✭✺✸✮

❍❡♥❝❡✱ ❛ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡ ❢♦r F ✐s

F (U) =

(

(η + he)L
−1
h (m)

mL−1
h (m)− 2α(η + he)

3(∂xL
−1
h (m))2 + g

2
(η + he)

2 − g

2
h2e

)

✭✺✹✮

❚❤❡♥✱ ✉s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ Lh ✭❬✶✼❪✱ ❬✶✺❪✮ ✇❡ ♥♦t✐❝❡ t❤❛t

(h, u) ∈ (Hs(R) + he)×H
s+1(R) ⇒ (η,m) ∈ H

s(R)×H
s−1(R)

❍❡♥❝❡✱ F ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ❢r♦♠ H
s(R)×H

s−1(R) t♦ H
s(R)×H

s−1(R) ✺✳
�

❲❡ ❛r❡ ♥♦✇ ❣♦✐♥❣ t♦ s❡❡ t❤❛t t❤❡ s②st❡♠ ✭✶✮ s❛t✐s✜❡s ❧♦❝❛❧❧② t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡
t❤❡♦r❡♠s ✷✳✹ ❛♥❞ ✷✳✼✳ ■♥❞❡❡❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ❛ ❝♦r♦❧❧❛r② ♦❢ t❤❡ ❧♦❝❛❧ ✈❡rs✐♦♥
♦❢ t❤❡ t❤❡♦r❡♠s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹ ❈♦♥s✐❞❡r t❤❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ Ve = (he, 0)✳ ❚❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤✲
❜♦r❤♦♦❞ ✐♥ H

s(R) × H
s+1(R) ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ Ve✱ s✉❝❤ t❤❛t t❤❡ s②st❡♠ ✭✶✮ ✐s

s②♠♠❡tr✐③❛❜❧❡ ✐♥ ❞✐✛❡r❡♥t ✇❛②s ✇❤✐❧❡ t❤❡ s♦❧✉t✐♦♥ (h, u) ♦❢ ✭✶✮ r❡♠❛✐♥s ✐♥ t❤✐s ♥❡✐❣❤✲
❜♦r❤♦♦❞✳

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❤✐❧❡ t❤❡ s♦❧✉t✐♦♥ V = (h, u) ♦❢ ✭✶✮ r❡♠❛✐♥s ❝❧♦s❡ t♦ Ve✱ t❤❡ s②st❡♠
❝❛♥ ❜❡ s②♠♠❡tr✐③❡❞✳

✺
H

s(R) ✐s ❛♥ ❛❧❣❡❜r❛ ❢♦r s ≥ 2✳

✶✶



Pr♦♦❢ ❲❡ ❡♥❞♦✇ ✭✶✮ ✇✐t❤ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✭✷✹✮ ❛♥❞ ✇✐t❤ t❤❡ ✉♥❦♥♦✇♥ U = (U1, U2)
s✉❝❤ t❤❛t U1 = η = h−he ❛♥❞ U2 = m✳ ❚❤❡♥✱ ✇❡ ❝❤❡❝❦ t❤❛t ✐t s❛t✐s✜❡s t❤❡ ❛ss✉♠♣t✐♦♥s
♦❢ ❚❤❡♦r❡♠ ✷✳✹✳ ❇❛s✐❝ ❝♦♠♣✉t❛t✐♦♥s s❤♦✇ t❤❛t

δ2Hhe
(U) = ✭✺✺✮

(

g − 3αh(ux)
2 − (u+ 3αh2ux∂x)L

−1
h (−u() + 3α∂x(h

2ux())) − (u+ 3αh2ux∂x)L
−1
h

L−1
h (−u() + 3α∂x(h

2ux())) L−1
h

)

.

❲❡ ❤❛✈❡ ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ Ue = (0, 0) t❤❛t

δ2Hhe
(Ue) =

(

g 0
0 L−1

h

)

. ✭✺✻✮

■♥❞❡❡❞✱ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ✐♥ H
s(R)×H

s−1(R) ♦❢ Ue s✉❝❤ t❤❛t ✇❤✐❧❡ t❤❡ s♦❧✉t✐♦♥
U = (η,m) ✐s ✐♥ t❤✐s ♥❡✐❣❤❜♦r❤♦♦❞✱ δ2UHhe

✐s ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡✳ ▼♦r❡♦✈❡r✱ ✐ts ▲❡❣❡♥❞r❡
tr❛♥s❢♦r♠ H⋆

he
✐s ❞❡✜♥❡❞ ❜②

H⋆
he
(Q) =

∫

R

ση + um−Hhe
, ✭✺✼✮

❛♥❞

P̂(Q) =

∫

R

Q · F (U(Q))− P (U(Q))−R(U(Q)). ✭✺✽✮

✇❤❡r❡
Q = δUHhe

(U), ✭✺✾✮

♦r ❡q✉✐✈❛❧❡♥t❧②

Q = (σ, u) ✇✐t❤ σ = gh− ghe/2− u2/2−
3

2
αh2(ux)

2.

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t Hhe
✱P ❛♥❞ P̂ ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞✳ ❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r✲

❤♦♦❞ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ s✉❝❤ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡♦r❡♠s ❛r❡ s❛t✐s✜❡❞ ✇❤✐❧❡
t❤❡ s♦❧✉t✐♦♥ r❡♠❛✐♥s ✐♥ t❤✐s ♥❡✐❣❤❜♦r❤♦♦❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s②st❡♠ ✐s ❧♦❝❛❧❧② s②♠♠❡tr✐③❛❜❧❡✳
�

❘❡♠❛r❦ ✸✳✺ ❚❤❡ ✈❛r✐❛❜❧❡ σ ❝♦✐♥❝✐❞❡s ✇✐t❤ ♦♥❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s ✉s❡❞ ❛t t❤❡ ❡♥❞ ♦❢ ❬✾❪
✐♥ t❤❡ ❝❛♥♦♥✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ●r❡❡♥✲◆❛❣❤❞✐ ❡q✉❛t✐♦♥✳

❲❡ ♥♦✇ ♣r♦✈✐❞❡ ✐♥ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥s✱ s♦♠❡ ❡①♣❧✐❝✐t s②♠♠❡tr✐❝ ❢♦r♠s ❢♦r
t❤❡ s②st❡♠ ✭✶✮✳

Pr♦♣♦s✐t✐♦♥ ✸✳✻ ❚❤❡ ●r❡❡♥✲◆❛❣❤❞✐ t②♣❡ s②st❡♠ ✭✶✮ ✐s s②♠♠❡tr✐❝ ✉♥❞❡r t❤❡ ✉♥❦♥♦✇♥
Q = (σ, u)✱ ❣✐✈❡♥ ❜② ✭✺✾✮✱ ♦❢ t❤❡ ❢♦r♠

A0(Q)∂tQ+ A1(Q)∂x(Q) = 0, ✭✻✵✮

✶✷



✇✐t❤

A0(Q) = ✭✻✶✮
(

1
g−3αh(ux)2

u+3αh2ux∂x
g−3αh(ux)2

u
g−3αh(ux)2

− 3α∂x

(

h2ux

g−3αh(ux)2
()
)

Lh +
(

u
g−3αh(ux)2

)

(u+ 3αh2(ux)∂x)− 3α∂x

(

h2ux
u()+3αh2ux∂x()

g−3αh(ux)2

)

)

❛♥❞

A1(Q) = ✭✻✷✮








u
g−3αh(ux)2

h+ u2+3αh2uux∂x
g−3αh(ux)2

h+ u2

g−3αh(ux)2
− 3α∂x(

h2u(ux)
g−3αh(ux)2

()) 3hu+ u3+3αh2u2ux∂x
g−3αh(ux)2

− α∂x (h
3ux())− αu∂x (h

3∂x())

−3α∂x

(

h2u2ux+3αh4u(ux)2∂x()
g−3αh(ux)2

)









.

Pr♦♦❢ ❚❤✐s ✐s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡♠ ✷✳✹ ❛♥❞ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✸✳✹✳ ◆♦t❡ t❤❛t t❤❡
▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ H⋆

he
(Q) ♦❢ Hhe

(Q) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥✱

H⋆
he
(Q) =

∫

R

g(h− he)
2

2
+ heu

2/2− αh3(ux)
2 +

3

2
αh2he(ux)

2.

▼♦r❡♦✈❡r✱ t❤❡ q✉❛s✐ ▲❡❣❛♥❞r❡ tr❛♥s❢♦r♠ P̂ ♦❢ t❤❡ s♣❛❝❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❡♥❡r❣② ✢✉① P =
∫

R
P ✐s ❣✐✈❡♥ ❜② ✭✺✽✮✳ ■♥ ❢❛❝t✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❤♦❧❞s✱

▲❡♠♠❛ ✸✳✼ ❚❤❡r❡ ❡①✐sts ❛♥ ❛♣♣❧✐❝❛t✐♦♥ R ❞❡✜♥❡❞ ♦♥ H
s(R)×H

s+1(R) s✉❝❤ t❤❛t P̂ ❢♦r
✭✶✮ ❞❡✜♥❡❞ ❜②

P̂(Q) =

∫

R

Q · F (U(Q))− P (U(Q))−R(U(Q)), ✭✻✸✮

s❛t✐s✜❡s

P̂(Q) =

∫

R

gu

(

h2 − h2e
2

)

− αh3u(ux)
2. ✭✻✹✮

Pr♦♦❢ ♦❢ ❧❡♠♠❛ ✸✳✼✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ δQP̂(Q) ❛♥❞ ✇❡ ♦❜s❡r✈❡
t❤❛t

P̂(Q) = F (U), ✭✻✺✮

✇❤❡r❡ F (U) ✐s ❞❡✜♥❡❞ ❜② ✭✺✹✮✳ �

❍❡♥❝❡✱ ✭✶✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∂t
(

δQH
⋆
he
(Q)
)

+ ∂x (δQQ(Q)) = 0. ✭✻✻✮

❇❛s✐❝ ❝♦♠♣✉t❛t✐♦♥s s❤♦✇ t❤❛t δ2QH
⋆
he
(Q) = A0(Q) ❛♥❞ δ2QP(Q) = δ2QQ(Q) = A1(Q)

✇❤❡r❡ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ A0(Q) ❛♥❞ A1(Q) ❛r❡ ❣✐✈❡♥ ❜② ✭✻✶✮ ❛♥❞ ✭✻✷✮✳ �

❘❡♠❛r❦ ✸✳✽ ■♥ t❤❡ ❝❛s❡ ♦❢ ●r❡❡♥✲◆❛❣❤❞✐ t②♣❡ ❡q✉❛t✐♦♥ ✭✶✮✱ A0(Q) ❛♥❞ A1(Q) ❞❡✜♥❡❞
❜② ✭✻✶✮ ❛♥❞ ✭✻✷✮ ❛r❡ ❧✐♥❡❛r s❡❝♦♥❞ ♦r❞❡r ♦♣❡r❛t♦rs✳

✶✸



Pr♦♣♦s✐t✐♦♥ ✸✳✾ ❚❤❡ ●r❡❡♥✲◆❛❣❤❞✐ t②♣❡ s②st❡♠ ✭✶✮ ✐s s②♠♠❡tr✐❝ ✉♥❞❡r t❤❡ ✉♥❦♥♦✇♥
V = (h, u) ♦❢ t❤❡ ❢♦r♠

A0(V )∂tV + A1(V )∂x(V ) = 0 ✭✻✼✮

✇✐t❤

A0(V ) =

(

g − 3αh(ux)
2 0

0 Lh

)

, ✭✻✽✮

❛♥❞

A1(V ) =

(

gu− 3αhu(ux)
2 gh− 3αh2(ux)

2

gh− 3αh2(ux)
2 hu+ 2α∂x(h

3ux)− αh3ux∂x − αu∂x(h
3∂x())

)

. ✭✻✾✮

Pr♦♦❢ ❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s ❥✉st ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ t❤❡♦r❡♠ ✷✳✼ ❛♥❞ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✸✳✹✳
■♥ ❢❛❝t✱ ✇❡ ❝❤❡❝❦ t❤❛t t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ U → V s✉❝❤ t❤❛t

{

U = (h,m),

V = (h, δmHhe
(U)),

❧❡❛❞s ✉s t♦ V = (h, u) s✐♥❝❡ δmHhe
(U) = L−1

h (m)✳ ❚❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✐s ✈❛❧✐❞ ❜②
t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ♦♣❡r❛t♦r Lh✳ ❍❡♥❝❡✱ t❤❡ s②st❡♠ ✐s s②♠♠❡tr✐❝ ✇✐t❤
A0(V ) = (DV U)

T δ2UHhe
(U)DV U ❛♥❞ A1(V ) = (DV U)

T δ2UHhe
(U)∇UF (U)DV U ❇❛s✐❝

❝♦♠♣✉t❛t✐♦♥s s❤♦✇ t❤❛t t❤❡✐r ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② ✭✻✽✮ ❛♥❞ ✭✻✾✮✳ �

❘❡♠❛r❦ ✸✳✶✵ ❆ s✐♠✐❧❛r str✉❝t✉r❡ t♦ ✭✻✼✮ ✭❜✉t ♥♦♥ s②♠♠❡tr✐❝✮ ✐s ✉s❡❞ ✐♥ ❬✶✺❪ t♦ st✉❞②
t❤❡ ❧✐♥❡❛r✐③❡❞ ●r❡❡♥✲◆❛❣❤❞✐ s②st❡♠ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❧♦❝❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss✳

❘❡♠❛r❦ ✸✳✶✶ A0(V ) ❛♥❞ A1(V ) ❣✐✈❡♥ ❜② ✭✻✽✮ ❛♥❞ ✭✻✾✮ ❛r❡ ❧✐♥❡❛r s❡❝♦♥❞ ♦r❞❡r ♦♣❡r❛✲
t♦rs✳

❘❡♠❛r❦ ✸✳✶✷ ❚❤❡ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥s ♦❢ ♦♣❡r❛t♦rs ❛r❡ ♠✉❝❤ s✐♠♣❧❡r ✐♥ t❤❡ ❢♦r♠ ♣r❡✲
s❡♥t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✭✸✳✾✮ t❤❛♥ ✐♥ t❤❡ ❢♦r♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✭✸✳✻✮✳ ■♥ ❢❛❝t✱ ❛s ✇❡ ❡①♣❡❝t❡❞✱
A0(V ) ✐s ❞✐❛❣♦♥❛❧ ✐♥ t❤❡ ❢♦r♠ ❝♦♥s✐❞❡r❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✭✸✳✾✮✳

✸✳✷ ❚✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❡①t❡♥s✐♦♥

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ✷❉ ●r❡❡♥✲◆❛❣❤❞✐ ♠♦❞❡❧

∂th+ ∂xhu+ ∂yhv = 0, ✭✼✵❛✮

∂thu+ ∂xhu
2 + ∂yhuv + ∂x(gh

2/2 + αh2ḧ) = 0, ✭✼✵❜✮

∂thv + ∂xhuv + ∂yhv
2 + ∂y(gh

2/2 + αh2ḧ) = 0, ✭✼✵❝✮

✇❤❡r❡ ḣ = ∂th+ u∂xh+ v∂yh✳
❚❤✐s s②st❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦

∂tU + ∂xF1(U) + ∂yF2(U) = 0, ✭✼✶✮

✶✹



✇❤❡r❡

F1(U) =





hu
gh2/2 + hu2 − 2αh3(div(u, v))2 − αu∂x (h

3div(u, v)) + αh3div(u, v)vy
huv − α∂y (h

3udiv(u, v)) ,





❛♥❞

F2(U) =





hv
huv − α∂x (h

3vdiv(u, v))
gh2/2 + hv2 − 2αh3(div(u, v))2 − αv∂y (h

3div(u, v)) + αh3div(u, v)ux



 ,

❢♦r U = (h,m, n) ✇❤❡r❡ (m,n) = Lh(u, v) ✇✐t❤ Lh(u, v) = h(u, v)− α∇ (h3div(u, v))✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✸ ✭✼✵✮ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇

∂tEhe
+ ∂x (u(Ehe

+ p)) + ∂y (v(Ehe
+ p)) = 0. ✭✼✸✮

✇❤❡r❡
Ehe

= gh(h− he)/2 + hu2/2 + hv2/2 + αh3(ux + vy)
2/2, ✭✼✹❛✮

❛♥❞
p = gh2/2 + αh2ḧ. ✭✼✹❜✮

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡ ✐♥t❡❣r❛❧ Hhe
♦❢ t❤❡ ❡♥❡r❣② Ehe

✱

Hhe
(U) =

∫

R2

Ehe
(U). ✭✼✺✮

❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ U → Q = δUH(U)✳ ■♥ ♦t❤❡r ✇♦r❞s✱

Q =





gh− u2/2− v2/2− 3α(div(u, v))2/2
u
v



 .

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ H⋆ ♦❢ H ❞❡✜♥❡❞ ❜②

H⋆
he
(Q) =

∫

R2

Q · U − Ehe
(U)

=

∫

R2

g(h− he)
2/2 + he(u

2 + v2)/2− αh3(div(u, v))2 +
3

2
αh2he(div(u, v))

2.

Pr♦♣♦s✐t✐♦♥ ✸✳✶✹ ❚❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ●r❡❡♥✲◆❛❣❤❞✐ ♠♦❞❡❧ ✭✼✵✮ ✐s s②♠♠❡tr✐❝ ♦❢ t❤❡
❢♦r♠

A0(Q)∂tQ+ A1(Q)∂xQ+ A2(Q)∂yQ = 0, ✭✼✻✮

❛ss✉♠✐♥❣ t❤❛t t❤❡ ✉♥❦♥♦✇♥ Q ✐s ❝❧♦s❡ ❡♥♦✉❣❤ t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ (he, 0, 0)✳

✶✺



Pr♦♦❢ ▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥❛❧s S1 ❛♥❞ S2 ❞❡✜♥❡❞ ❜②

S1(Q) =

∫

R2

uE⋆,

❛♥❞

S2(Q) =

∫

R2

vE⋆,

✇✐t❤
E⋆ = gh2/2− αh3(div(u, v))2. ✭✼✽✮

❲❡ ❝❛♥ ❡❛s✐❧② ♦❜s❡r✈❡ t❤❛t

U = δQH
⋆(Q), ✭✼✾✮

F1(U) = δQS1(Q), ✭✽✵✮

F2(U) = δQS2(Q). ✭✽✶✮

❍❡♥❝❡✱ s❡tt✐♥❣
A0(Q) = δ2QH

⋆(Q),

A1(Q) = δ2QS1(Q),

❛♥❞
A2(Q) = δ2QS2(Q),

✇❡ ❣❡t t❤❡ r❡s✉❧t✳ ❊s♣❡❝✐❛❧❧②✱ ✇❡ ♥♦t❡ t❤❛t A0(Q) ✐s s②♠♠❡tr✐❝ ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡ ✐♥ ❛
♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❝♦♥st❛♥t s♦❧✉t✐♦♥ ❛♥❞ A1(Q) ❛s ✇❡❧❧ ❛s A2(Q) ❛r❡ s②♠♠❡tr✐❝✳ �

Pr♦♣♦s✐t✐♦♥ ✸✳✶✺ ❚❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ●r❡❡♥✲◆❛❣❤❞✐ ❡q✉❛t✐♦♥ ✭✼✵✮ ✐s s②♠♠❡tr✐❝ ♦❢
t❤❡ ❢♦r♠

A0(V )∂tV + A1(V )∂xV + A2(V )∂yV = 0. ✭✽✷✮

✇❤❡r❡ V = (h, u, v)✳

Pr♦♦❢ ■♥❞❡❡❞✱ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ U → V tr❛♥s❢♦r♠s ✭✼✵✮ t♦

DV U∂tV +DUF1(U) DV U∂xV +DUF2(U) DV U∂yV = 0, ✭✽✸✮

❚❛❦✐♥❣ t❤❡ ❛❝t✐♦♥ ♦❢ (DV U)
T δ2UHhe

(U) ❢r♦♠ t❤❡ ❧❡❢t s✐❞❡ ♦♥ ✭✽✸✮ ✇❡ ❣❡t t❤❡ s②♠♠❡tr②
✇✐t❤

A0(V ) = (DV U)
T δ2UHhe

(U) DV U,

A1(V ) = (DV U)
T δ2UHhe

(U) DUF1(U) DV U∂xV,

❛♥❞
A2(V ) = (DV U)

T δ2UHhe
(U) DUF2(U) DV U∂xV.

�

✶✻



✹ ❈♦♥❝❧✉s✐♦♥

❆ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ s②♠♠❡tr② ❢♦r ❤②♣❡r❜♦❧✐❝ s②st❡♠ ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞✳
❚❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s ❡ss❡♥t✐❛❧❧② ♠❛❞❡ ❜② r❡♣❧❛❝✐♥❣ ❡♥❡r❣② ❜② ✐ts ✐♥t❡❣r❛❧✱ ♠❛tr✐① ❜②
♦♣❡r❛t♦r✱ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❜② ✈❛r✐❛t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡s ❛♥❞ ♠❛tr✐① tr❛♥s♣♦s❡ ❜② ❛❞❥♦✐♥t
♦♣❡r❛t♦rs✳

❚❤❡♥✱ ✇❡ ❛♣♣❧② t❤❡ r❡s✉❧t t♦ ●r❡❡♥✲◆❛❣❤❞✐ ❡q✉❛t✐♦♥ ✭✶✮ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡
❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠✳ ❚✇♦ t②♣❡ ♦❢ s②♠♠❡tr✐③❛t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞✳ ❲❡
❝♦✉❧❞ ♥♦t✐❝❡ t❤❛t t❤❡s❡ s②♠♠❡tr✐③❛t✐♦♥ ❛r❡ ❜❛s❡❞ ♦♥ ❛ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇ ✇❤✐❝❤ ✐s ❞✐r❡❝t❧②
r❡❧❛t❡❞ t♦ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ s②st❡♠ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ t♦t❛❧ ♣❤②s✐❝❛❧ ❡♥❡r❣②✳ ■♥
❢❛❝t✱ t❤✐s ❍❛♠✐❧t♦♥✐❛♥ ✐s t❤❡ s♣❛❝❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇✳ t❤❡
❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ✐s ❛❧s♦ ♣r♦✈✐❞❡❞✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❛❝❦♥♦✇❧❡❞❣❡✱ ✇✐t❤ ❣r❛t✐t✉❞❡✱ ◆✐❝♦❧❛s ❙❡❣✉✐♥ ✇❤♦ s✉❣❣❡st❡❞ t❤❡ s✉❜❥❡❝t
♦❢ t❤✐s st✉❞② ❛♥❞ ✐♠♣r♦✈❡❞ ✐t ❜② ✉s❡❢✉❧ ❝♦♠♠❡♥ts ❛♥❞ ❞✐s❝✉ss✐♦♥s✳ ■ ❛♠ ❛❧s♦ t❤❛♥❦❢✉❧
t♦ ❏❛❝q✉❡s ❙❛✐♥t❡✲▼❛r✐❡ ❢♦r s♦♠❡ ✉s❡❢✉❧ ✐♥t❡r❝❡♣t❡❞ ♥♦t❡s✳

✺ ❆♣♣❡♥❞✐①

❉❡✜♥✐t✐♦♥ ✺✳✶ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♦♣❡r❛t♦r A : (C∞

c (R))N → (C∞

c (R))N ✳ ❚❤❡♥✱ t❤❡
❛❞❥♦✐♥t AT ♦❢ A ✐s ❛ (C∞

c (R))N → (C∞

c (R))N ♦♣❡r❛t♦r s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ φ, ψ ∈

(C∞

c (R))N ✱
∫

R

φ · A(ψ) =

∫

R

ψ · AT (φ).

❉❡✜♥✐t✐♦♥ ✺✳✷ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♦♣❡r❛t♦r A : (C∞

c (R))N → (C∞

c (R))N ✳ ❚❤❡♥ A ✐s
❝❛❧❧❡❞ s②♠♠❡tr✐❝ ✐❢ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ φ, ψ ∈ (C∞

c (R))N ✱

∫

R

φ · A(ψ) =

∫

R

ψ · A(φ).

■♥ ♦t❤❡r ✇♦r❞s✱ ❛ s②♠♠❡tr✐❝ ♦♣❡r❛t♦r ✐s ❡q✉❛❧ t♦ ✐ts ❛❞❥♦✐♥t✳

◆♦t❛t✐♦♥ ✺✳✸ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❞✐✛❡r❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ G✳

✶✳ DG(U) ✭r❡s♣❡❝t✐✈❡❧② D2G(U) ✮ ❞❡♥♦t❡s ✐ts ❋r❡❝❤❡t ❞✐✛❡r❡♥t✐❛❧ ✭r❡s♣❡❝t✐✈❡❧② ✐ts s❡❝✲
♦♥❞ ❋r❡❝❤❡t ❞✐✛❡r❡♥t✐❛❧✮ ❛t ♣♦✐♥t U ✳

✷✳ DUi
G(U) ❞❡♥♦t❡s ✐ts ●❛t❡❛✉ ❞✐✛❡r❡♥t✐❛❧ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ Ui ❛t ♣♦✐♥t U

✶✼



❉❡✜♥✐t✐♦♥ ✺✳✹ ❬✶✶❪ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥❛❧ ❇❛♥❛❝❤ s♣❛❝❡ A ❝♦♥t❛✐♥✐♥❣ (C∞

c (R))N

✭❢♦r ❛♥ ✐♥t❡❣❡r N✮ ❛♥❞ ❛ ✈❛r✐❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥❛❧ G ❞❡✜♥❡❞ ♦♥ A ❜②

G(U) =

∫

R

G(U).

❚❤❡♥✱ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ❛t U ♦❢ G ✐s δG(U) ∈ A s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ∀φ ∈

(C∞

c (R))N ✱

DG(U)(φ) =

∫

R

δG(U) · φ.

▼♦r❡♦✈❡r✱ t❤❡ s❡❝♦♥❞ ✈❛r✐❛t✐♦♥ ❛t U ♦❢ G ✐s t❤❡ ❜✐❧✐♥❡❛r ♦♣❡r❛t♦r δ2G(U) ❛❝t✐♥❣ ♦♥
(C∞

c (R))N s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ ∀φ, ψ ∈ (C∞

c (R))N ✱

D2G(U)(φ, ψ) =

∫

R

φ · δ2G(U)ψ.

❘❡♠❛r❦ ✺✳✺ δ2G(U) ✐s ❛ s②♠♠❡tr✐❝ ♦♣❡r❛t♦r✳ ■♥ ❢❛❝t δ2G(U) = DδG(U)✳

✶✽



❘❡❢❡r❡♥❝❡s

❬✶❪ ❇✳ ❆❧✈❛r❡③✲❙❛♠❛♥✐❡❣♦ ❛♥❞ ❉✳ ▲❛♥♥❡s✳ ❆ ◆❛s❤✲▼♦s❡r t❤❡♦r❡♠ ❢♦r s✐♥❣✉❧❛r ❡✈♦❧✉t✐♦♥
❡q✉❛t✐♦♥s✳ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❙❡rr❡ ❛♥❞ ●r❡❡♥✲◆❛❣❤❞✐ ❡q✉❛t✐♦♥s✳ ■♥❞✐❛♥❛ ❯♥✐✈✳
▼❛t❤✳ ❏✳✱ ✺✼✭✶✮✿✾✼✕✶✸✶✱ ✷✵✵✽✳

❬✷❪ ❙②❧✈✐❡ ❇❡♥③♦♥✐✲●❛✈❛❣❡✱ ❘❛♣❤❛ë❧ ❉❛♥❝❤✐♥✱ ❛♥❞ ❙té♣❤❛♥❡ ❉❡s❝♦♠❜❡s✳ ❲❡❧❧✲
♣♦s❡❞♥❡ss ♦❢ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❑♦rt❡✇❡❣ ♠♦❞❡❧s✳ ❊❧❡❝tr♦♥✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱
♣❛❣❡s ◆♦✳ ✺✾✱ ✸✺ ♣♣✳ ✭❡❧❡❝tr♦♥✐❝✮✱ ✷✵✵✻✳

❬✸❪ ❙②❧✈✐❡ ❇❡♥③♦♥✐✲●❛✈❛❣❡ ❛♥❞ ❉❡♥✐s ❙❡rr❡✳ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡r❜♦❧✐❝ ♣❛rt✐❛❧ ❞✐✛❡r✲
❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❖①❢♦r❞ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦♥♦❣r❛♣❤s✳ ❚❤❡ ❈❧❛r❡♥❞♦♥ Pr❡ss✱ ❖①❢♦r❞
❯♥✐✈❡rs✐t② Pr❡ss✱ ❖①❢♦r❞✱ ✷✵✵✼✳ ❋✐rst✲♦r❞❡r s②st❡♠s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳

❬✹❪ ▼❛r✐❡✲❖❞✐❧❡ ❇r✐st❡❛✉✱ ❆♥♥❡ ▼❛♥❣❡♥❡②✱ ❏❛❝q✉❡s ❙❛✐♥t❡✲▼❛r✐❡✱ ❛♥❞ ◆✐❝♦❧❛s ❙❡❣✉✐♥✳
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