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ITERATION-COMPLEXITY OF A GENERALIZED FORWARD BACKWARD SPLITTING
ALGORITHM

Jingwei Liang*, Jalal M. Fadili* and Gabriel Peyré?

I GREYC, CNRS-ENSICAEN

ABSTRACT

In this paper, we analyze the iteration-complexity of Gener-
alized Forward—Backward (GFB) splitting algorithm, as pro-
posed in [2], for minimizing a large class of composite objec-
tives f+ Z?:l h; on a Hilbert space, where f has a Lipschitz-
continuous gradient and the h;’s are simple (i.e. their prox-
imity operators are easy to compute). We derive iteration-
complexity bounds (pointwise and ergodic) for the inexact
version of GFB to obtain an approximate solution based on
an easily verifiable termination criterion. Along the way, we
prove complexity bounds for relaxed and inexact fixed point
iterations built from composition of nonexpansive averaged
operators. These results apply more generally to GFB when
used to find a zero of a sum of n > 0 maximal monotone oper-
ators and a co-coercive operator on a Hilbert space. The the-
oretical findings are exemplified with experiments on video
processing.

Index Terms— Convex optimization, Proximal splitting,
Convergence rates, Inverse problems.

1. INTRODUCTION

1.1. Problem statement

Many structured convex optimization problems in science and
engineering, including signal/image processing and machine
learning, can be cast as solving

gélg[l,](x) = f(x)—|—i:Zlhz(x), (1)
where f € Tg(#H) has S~ !-Lipschitz continuous gradient,
h; € To(H) is simple, and I'g(# ) is the class of lower semi-
continuous, proper, convex functions from a Hilbert space H
to | — o0, 4+00]. Some instances of (1) in signal, image and
video processing are considered in Section 3 as illustrative
examples.

Assume that ArgminJ # (& and that the qualification
condition

(0,...,0) esri{(x —y1,..
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ST —Yn)|T € H, Vi,y; € domh;}
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holds, where sri is the strong relative interior, see [3]. Thus,
minimizing J in (1) is equivalent to

Find z € zer(dJ) := {x € H|0 € Vf(x) + X;_,0h;(z)}.
2
Although we only focus on optimization problems (1) in the
sequel, our results apply more generally to monotone inclu-
sion problems of the form

Findz € {zer(B + 2 A;):={zeH|0e Bz + Z Azx}} :

i=1 i=1
3)
where B : H — H is S-cocoercive, and A; : H — 2" isa
maximal monotone set-valued map.
In this paper, we will establish iteration-complexity
bounds of the inexact GFB algorithm [2] for solving (2),
whose steps are summarised in Algorithm 1. There, £} and

ek ; are the errors when computing V f(-) and prox - 5, (-).

Algorithm 1: Inexact GFB Algorithm for solving (2).

Input: (Zi)ie{l,..m}, (wi)ie{l,---;n} and 37, w; =1,
v E]O, 2ﬁ[, o = 45?7 and Ay, E]Oa i[

k=0, 2% =3, wiz);

repeat

for:=1,...,ndo
vl{€+1 _
Prox ~ p,. (22% — 2F — 4V f(2*) + f) + 5]5,1‘5
Zf+1 _ ZLk + )\k(v£€+1 _ J}k),

bt =3 WizzkH;

k=k+1,

until convergence;

return z;

When n = 1, GFB recovers the Forward—Backward split-
ting algorithm [4], and when V f = 0, GFB specializes to the
Douglas—Rachford algorithm on product space [5].

There has been a recent wave of interest in splitting algo-
rithms to solve monotone inclusions taking the form of (2) or
(3), or even more general. In particular, several primal-dual
splitting schemes were designed such as those in [6, 7] or [8]
in the context of convex optimization. See also [9, 10] for



convergence rates analysis. The authors in [11, 12] analyze
the iteration-complexity of the hybrid proximal extragradient
(HPE) method proposed by Solodov and Svaiter. It can be
shown that the GFB can be cast in the HPE framework but
only for the exact and unrelaxed (i.e. Ay = 1) case.

1.2. Contributions

In this paper, we establish pointwise and ergodic iteration-
complexity bounds for sequences generated by inexact and
relaxed fixed point iterations, in which, the fixed point oper-
ator is a-averaged. It is a generalization of the result of [13]
to the inexact case, and of [14] who only considered the ex-
act Douglas—Rachford method. Then we apply these results
to derive iteration-complexity bounds for the GFB algorithm
to solve (1). This allows us to show that O(1/e€) iterations
are needed to find a pair ((u;);, g) with the termination crite-
rion |lg + Vf(ziwiug)||> < e, where g € 3, dihi(u;). This
termination criterion can be viewed as a generalization of the
classical one based on the norm of the gradient for the gra-
dient descent method. The iteration-complexity improves to
O(1/+4/€) in ergodic sense for the same termination criterion.

2. ITERATION-COMPLEXITY BOUNDS

2.1. Preliminaries

The class of a-averaged non-expansive operators, a €]0, 1],
is denoted A(a) = {T': T = Id + o(R — Id)} for some
non-expansive operator R. For obvious space limitations, we
recall in Section 4 only properties of these operators that are
essential to our exposition. The reader may refer to e.g., [3]
for a comprehensive account.

Let (wi)ieq1,...ny €]0,1]" s.t. >}, w; = 1. Consider the
product space H := H™ endowed with scalar product -, -)

Ve = (2:)i,y = (yi)i € H, {x,y) = Ziwi<$i7yz’>a

and the corresponding norm || - ||. Define the non-empty sub-
space S € H = {x = (v;); € H|r, = ... = z,}, and
its orthogonal complement S+ <= H = {z = (1), €
H|>  wix; = 0}. Denote Id as the identity operator on
?, and the canonical isometry: C : H — S,z — (z,...,x).

2.2. Inexact relaxed fixed point equation of GFB

Denote Ps : H — H,z — C(Z,w;z;), Rs = 2Ps —
Id, B :H — H, r = (xz)z —> (Vf(CL’Z))Z, J.y.A =
(prox )i, and Ry a4 = 2J4.4 — Id.

LetTy , = 3[Ry aRs+Id]and T, = [Id—yBPgs].
We can now define the inexact version of GFB.

Proposition 2.1. (i) The composed operator T'y o o T’y  is

; 2
a-averaged monotone with o = 5? 5

(ii) The inexact GFB is equivalent to the following relaxed
fixed point iteration

2P = 2P N (T4 (To02" +ef) +e5 —27) . @
and (2") wen is quasi-Fejér monotone with respect to Fix(T 0
T27’Y) # .

Proof. (i) This a consequence of [2, Proposition 4.12-13] and
[1, Theorem 3]. (ii) See [2, Theorem 4.17], and [15, Theorem
3.1] since Argmin J # . O

To further lighten the notation, let T" = T'; , 01’5 .,. Then
(4) can be rewritten as

2P =Ty 2k 4\ eF,

where T, = AT+ (1-\)Id € A(a\g), € = T (T2 28+
el) + €5 — T2*. We now define the residual term that will
be used as a termination criterion for (4), i.e.

¥ =(Id-T)z" = (2" —2F Y/ N+ €5 (5

2.3. Iteration complexity bounds of (4)

We are now in position to establish our main results on point-
wise and ergodic iteration-complexity bounds for the inex-
act relaxed fixed point iteration (4). The proofs are deferred
to Section 4. Define 7, = Me(2 — Ap), T = infren s,
T = SUPgey Tk- Let dg = ||2°—2*|| be the distance from 2" to
z* € FixT, vy = 2supgey [| T, 2" — 2*|| + supjey Aulle”||
and vy = 2sup,.y |l€® — e*T||. Let ¢1 denote the set of
summable sequences in [0, +00].

Theorem 2.2 (Pointwise iteration-complexity bound of (4)).
W If
)\k G]O, 1/&[, (Tk)ng ¢ gi and ()\kllek”)keN € €1+ s (6)

then the sequence (ek Jken converges strongly to 0, and
(2" rew converges weakly to a point z* € Fix(T).

@) If
. 1 k 1
0< Ilclellg/\k <supAp < L oand ((k+1)[€]) o € 4

keN
' (N
then C1 = v1 3 ey Ajll€7]| + voT Xopen (£ + De’| < +eo,

and
d? + 4
k < 0 .

(iif i < A < SUPpey Ak < é is non-decreasing, then

d2+02
k < 0
el < [ ©

where Cy = 11 ),y Nille? ||+ varo X pen (€4 1) |8 < +00.

In a nutshell, after k > O((d} + C2)/e) iterations, (4)
achieves the termination criterion ||e*|? < e.



k _ k
Denote now Ay, = 3;_ A;, and define e’ =10,
We have the following theorem.

Theorem 2.3 (Ergodic iteration-complexity bound of (4)). If
A €]0,1[ and C3 = Z;;o% Nille?|| < +oo, then

”ék” < 2(d0 + Cg)/Ak.

If infxy Ay > 0, then we get the iteration-complexity
O(1/+/€) in ergodic sense for (4).

2.4. Iteration complexity bounds of (2)

We now turn to the complexity bounds of the GFB applied to
solve (2) (or equivalently (1)).

From the quantities used in Algorithm 1, let’s denote
ubtl = (ufth); = (pTOX%hi(2$k—zf—’yvf($k)))p ef =
of Ty then ef = of —uft = (2F — 2P /A + ek,
and g* = %xk — Vf(aF) — %(Ziwiufﬂ). To save space, we

101

only consider the case where A\ € |5, [ is non-decreasing.

Theorem 2.4 (Pointwise iteration-complexity bound of (2)).
We have g* € 3, 0h;(uf™). Moreover, under the assump-
tions of Theorem 2.2,

1 dz + Oy
k k+1 0
+ Vf(Zwu; < =\ | —————.

Let now uf = L 37 , zh = A%Z;LO Nzl
and g* = %ik —Vf(zF) - %(Zzwlﬂf) We get the following.
Theorem 2.5 (Ergodic iteration-complexity bound of (2)).
Under the assumptions of Theorem 2.3, we have

15" + V f(iwitil) || < 2(do + C3)/(vAx).-

3. NUMERICAL EXPERIMENTS

As an illustrative example, in this section, we consider the
principal component pursuit (PCP) problem, and apply it to
decompose a video sequence into its background and fore-
ground components. The rationale behind this is that since
the background is virtually the same in all frames, if the lat-
ter are stacked as columns of a matrix, it is likely to be low-
rank (even of rank 1 for perfectly constant background). On
the other hand, moving objects appear occasionally on each
frame and occupy only a small fraction of it. Thus the corre-
sponding component would be sparse.
Assume that a matrix real M can be written as

M=XL’0+XS’0+N,

where a Xy, o is low-rank, Xg  is sparse and NV is a pertur-
bation matrix that accounts for model imperfection. The PCP
proposed in [16] attempts to provably recover (X1 0, Xs0).

ol
Ajel.

to a good approximation, by solving a convex optimization.
Here, toward an application to video decomposition, we also
add a non-negativity constraint to the low-rank component,
which leads to the convex problem

min 3| M=Xp—Xg|z+ml|Xslly+p2l| X e, (X5),
Xr,Xs

(10)
where |[|-|| » is the Frobenius norm, ||-||, stands for the nuclear
norm, and ¢p, is the indicator function of the nonnegative
orthant.

One can observe that for fixed X, the minimizer of (10)
is X = prox,, . (M — Xp). Thus, (10) is equivalent to

min Ypall - 1) (M = X1) + pol| XLll, + ep, (X2), (1D)

where ! (yu1|| - |,)(M — X1) = ming Y| M — X; — Z|[% +
p1l|Z||, is the Moreau Envelope of || - ||, of index 1. Since
the Moreau envelope is differentiable with a 1-Lipschitz con-
tinuous gradient [17], (11) is a special instance of (1) and
can be solved using Algorithm 1. Fig. 2 shows the recov-
ered components for a video example. Fig. 1 displays the
observed pointwise and ergodic rates and those predicted by
Theorem 2.4 and 2.5.
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Fig. 1. Observed rates and theoretical bounds for the GFB
applied to the PCP problem.

Fig. 2. Left: Original frames of a video (436 384 x 288-pixel
frames). Middle and Right: recovered background (low-rank)
and foreground (sparse) components.



4. PROOFS

4.1. Preparatory lemmata

Lemma 4.1. Let T € A(a), then 5~(1d — T)) is firmly non-
expansive, i.e. 5—(Id —T) € A(}).

Proof. From the definition, it is straightforward to see that
i(Id—T) = %(Id—l— (—R)). O

Lemma 4.2. If the operator B is 3-cocoercive, 3 > 0, then
Id —vB € A(55), with vy €]0,28].

Proof. This is Baillon-Haddad theorem, see e.g., [3, Proposi-
tion 4.33]. ]

Lemma 4.3. For €, the following inequality holds
1

5o ”ek o ek+1”2 < <ek _ Ek,ek _ ek+1>'
AAK

Proof Let E : H — H,z — (Id — T)z, then 5-E =
1(Id + (—R)) € A(3) (Lemma 4.1), and thus Vp, q € H,
Iz E®) — 3 E@I* <<p— a4, 5: E(p) — 55 E(a)),

substituting z* and z**! for p, q yields the result. O
Denote vy = 2supyey [ Th2" — 2*|| + supgey Mk ll€F |-

Lemma 4.4. For z* € Fix(T), A €]0, [, we have

1 .
12547 =251 < 12 =272 = Aw (= = A)lle® 2 +mille”]l

Proof. Proposition 2.1(i) implies that ||z — T2F||? =
a?||z* — Rz*||? for some non-expansive operator R. There-
fore, using [3, Corollary 2.14] we get

l=541 = 2P < (ITwz® = 2]+ Alle™])?

<
<(1- a)\k)||zk —2** + a)\k”Rzk —2"|?

— a1 = adp)|2% — R2F)? + vi e8|l

1
<|l2* =27 - Akl = Al l? + vidxllet]l

O
Denote o = 2supy.y ||€F — e* 1.

Lemma 4.5. For \j, €]0, L[, the sequence (€*)yen obeys
le" 11 = valle™ ] < lle® )%,
Proof. Using Lemma 4.3, we get

||ek+1||2 :”ek”Q o 2<ek’ek o ek+1> + ”ek o ek+1"2

1—al
o e v AT R
<lle" I + valle]. =

4.2. Proofs of main results

Proof of Theorem 2.2

(1) This is an adaptation of [15, Lemma 5.1].

(i) (i) implies that ||€*|| and ||z*¥ — 2*|| are bounded, since

(Mklle®ren € €1, therefore, 11 and v are bounded con-
stants. Then from Lemma 4.5, Vj < k,

k—1 j
eI — 233 =; el < e’ |-
Inserting this in Lemma 4.4, and summing up over j, we get

k k i k k—1
Zj:Olelek||2 < dg"”/le:o)‘j”‘sJ ||+V22j=07—j2£=j ”5£”v
(12)
whence we obtain

(k+ Drllef ) < df+mn X5 oAle? I+070 g (C+ DI
Assumption 7 then yields the bound (8).

()5~ < Ap < supgey Ak < + is non-decreasing implies

that 75, is non-increasing. Hence from (12), we get (9).

Proof of Theorem 2.3 Nonexpansiveness of T';, implies
k j
l254 = 2 < 112° = 21+ Ej o Alle? -
Combining this with the definition of e, we arrive at

_ 1 ,
le*]l < E(Ilzo—zk+1ll+Z§=0Aj||€jll) < 2(do + C3) /A

k+1

1 ’

Proof of Theorem 2.4 From the update formula of u
we get

vtk — Vf(xk) — ’y*l(EiwiUfH) + nyf(ZiwiufH)

€ 3,0h; (Ut + V f(ziwiuf Ty

SinceId —yVf € A(%) (Lemma 4.2), hence nonexpansive,
and using Theorem 2.2 (iii), we arrive at

9" + Vf (Ziwsu I <y 2" = Sawinf |

<yt — bt

_ 1 | d§+C
=y ekl < -y |
v\ m(k+1)

Proof of Theorem 2.5 Owing to Theorem 2.4, we get

15° + V£ (Ewiaf) | <y~ Ha* - Dwiag || < 7 H|z* - |
<y llell < 2(do + Cs)/(vAR).
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