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Appendix	
Proofs	of	the	Comparative	Static	Results	for	the	Financial	Savings	Model	

	

This	appendix	derives	the	comparative	static	results	for	the	financial	savings	model	reported	in	Table	1.		

The	expected	utility	maximization	problem	is	reproduced	here	as:	

ܸ		௫భ,௫మ,௦ݔܽܯ ൌ ሺܿଵሻݑ ൅ ݉݇ଵ ൅ ሺܿଶሻݑൣߜ ൅ ሾܧ݉ ෨݇ଶ൫ߠ෨൯ሿ൧	

subject	to: 

ܿଵ ൌ ଵܻ ൅ ଵሻݔሺߨ െ 	            ݏ
ܿଶ ൌ ଶܻ ൅ ݏܴ ൅  ଶሻݔሺߨ

݇ଵ ൌ ܳ െ  ଵݔ

෨݇
ଶ൫ߠ෨൯ ൌ ෨݃ሺܳߠ െ ଵሻݔ െ 																     ଶݔ

For	interior	solutions,	the	first‐order	conditions	are:	

௫ܸభ ൌ ଵሻݔᇱሺߨᇱሺܿଵሻݑ െ ݉ െ ෨݃ᇱሺ݇ଵሻ൧ߠൣܧ݉ߜ ൌ 0                                           

௫ܸమ ൌ ଶሻݔᇱሺߨᇱሺܿଶሻݑሾߜ െ ݉ሿ ൌ 0                                                                         

௦ܸ ൌ െݑᇱሺܿଵሻ ൅ ᇱሺܿଶሻݑߜܴ ൌ 0 

The	second‐order	conditions	hold	due	to	the	concavity	of	the	utility	function	and	the	growth	function:		

௫ܸభ௫భ ൌ ଵሻ൯ݔᇱሺߨᇱᇱሺܿଵሻ൫ݑ
ଶ
൅  ෨݃ᇱᇱሺ݇ଵሻ] < 0ߠሾܧ݉ߜ

௫ܸమ௫మ ൌ  ଶሻሻ²ሿ < 0ݔᇱሺߨᇱᇱሺܿଶሻሺݑሾߜ

௦ܸ௦ ൌ ᇱᇱሺܿଵሻݑ ൅ ܴଶݑߜᇱᇱሺܿଶሻ < 0 

The	matrix	of	second‐order	conditions	is:	

቎
௫ܸభ௫భ ௫ܸభ௫మ ௫ܸభ௦

௫ܸమ௫భ ௫ܸమ௫మ ௫ܸమ௦

௦ܸ௫భ ௦ܸ௫మ ௦ܸ௦

቏ ൌ ൦
ᇱᇱሺܿଵሻݑ ቀߨ′ሺ1ݔሻቁ

2
൅ ෨݃ᇱᇱሺ݇ଵሻሿߠሾܧ݉ߜ 0 െݑ′′ሺܿ1ሻߨ′ሺ1ݔሻ

0 ଶሻሻଶݔᇱሺߨᇱᇱሺܿଶሻሺݑߜ ଶሻݔᇱሺߨᇱᇱሺܿଶሻݑܴߜ
െߨᇱሺݔଵሻݑᇱᇱሺܿଵሻ ଶሻݔᇱሺߨᇱᇱሺܿଶሻݑߜܴ ᇱᇱሺܿଵሻݑ ൅ ܴଶݑߜᇱᇱሺܿଶሻ

൪ 

The	determinant	of	this	matrix	is: Δ ൌ 	δmEൣθ෨gᇱᇱሺkଵሻ൧δuᇱᇱሺcଶሻሺπᇱሺxଶሻሻଶuᇱᇱሺcଵሻ ൏ 0 

To	find	how	current	and	future	harvesting	and	savings	vary	as	a	parameter	changes,	we	use	the	Cramer’s	
rule.	Then,	we	have:	

቎
௫ܸభ௫భ ௫ܸభ௫మ ௫ܸభ௦

௫ܸమ௫భ ௫ܸమ௫మ ௫ܸమ௦

௦ܸ௫భ ௦ܸ௫మ ௦ܸ௦

቏ ൥
ଵݔ݀
ଶݔ݀
ݏ݀

൩ ൌ െ൦
௫ܸభ௒భ				 ௫ܸభ௒మ ௫ܸభொ		 ௫ܸభ௠ ௫ܸభ௣భ	

			 ௫ܸభ೛మ ௫ܸభோ

௫ܸమ௒భ
			 ௫ܸమ௒మ ௫ܸమொ		 ௫ܸమ௠ ௫ܸమ௣భ			 ௫ܸమ௣మ ௫ܸమோ

௦ܸ௒భ		
						 ௦ܸ௒మ 	 ௦ܸொ					 ௦ܸ௠ 		 ௦ܸ௣భ					 ௦ܸ௣మ 		 ௦ܸோ

൪

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
݀ ଵܻ
݀ ଶܻ
	݀ܳ
݀݉
ଵ݌݀
ଶ݌݀
ܴ݀ ے

ۑ
ۑ
ۑ
ۑ
ۑ
ې
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Impacts	of	Y1:	 	 	 	 	 	 	 	Impacts	of	Y2:	

dxଵ dYଵ⁄ ൌ 0         dxଵ dYଶ⁄ ൌ 0 

dxଶ dYଵ⁄ ൌ െ
ୖ

஠ᇲሺ୶మሻ
൏ 0       dxଶ dYଶ⁄ ൌ െ

ଵ

஠ᇲሺ୶మሻ
൏ 0 

ds dYଵ⁄ ൌ 1         ds dYଶ⁄ ൌ 0 

 

Impacts of Q:        Impacts of m: 

dxଵ dQ⁄ ൌ 1        dxଵ dm⁄ ൌ 0 

dxଶ dQ⁄ ൌ 	πᇱሺxଵሻ
ୢ୶మ
ୢଢ଼భ

൏ 0 																																																								dxଶ dm⁄ ൌ
୳ᇲᇲሺୡభሻାୖమஔ୳ᇲᇲሺୡమሻ

୳ᇲᇲሺୡమሻሺ஠ᇲሺ୶మሻሻమ୳ᇲᇲሺୡభሻ
൏ 0 

ds dQ⁄ ൌ πᇱሺxଵሻ ൐ 0 	                                                          ds dm⁄ ൌ െ
ஔୖ

஠ᇲሺ୶మሻ୳ᇲᇲሺୡభሻ
൐ 0 

 

Impacts of p1: 

dxଵ dpଵ⁄ ൌ െ
uᇱሺcଵሻ

δmEሾθ෨gᇱᇱሺkଵሻሿ
൐ 0 

dxଶ dpଵ⁄ ൌ
uᇱሺcଵሻRπᇱሺxଵሻ

δmEൣθ෨gᇱᇱሺkଵሻ൧πᇱሺxଶሻ
൅ xଵ

dxଶ
dYଵ

൏ 0 

ds dpଵ⁄ ൌ െ
uᇱሺcଵሻπᇱሺxଵሻ

δmEሾθ෨gᇱᇱሺkଵሻሿ
൅ xଵ

ds
dYଵ

൐ 0 

 

Impacts of p2: 

dxଵ dpଶ⁄ ൌ
uᇱሺcଶሻπᇱሺxଵሻ

mEൣθ෨gᇱᇱሺkଵሻ൧πᇱሺxଶሻ
൏ 0 

dxଶ dpଶ⁄ ൌ െ
ଵ

୼
ቂቀ൫πᇱሺxଵሻ൯

ଶ
u′′ሺcଵሻ ൅ δmEൣθ෨gᇱᇱሺkଵሻ൧ቁ δuᇱሺcଶሻRଶδuᇱᇱሺcଶሻ ൅ δmEൣθ෨gᇱᇱሺkଵሻ൧uᇱᇱሺcଵሻδuᇱሺcଶሻቃ ൅

xଶ
ୢ୶మ
ୢଢ଼మ

 

The	total	effect	consists	of	two	opposite	effects,	a	positive	substitution	effect	and	a	negative	income	effect.	
After	rewriting,	we	have:		

dxଶ dpଶ⁄ ൌ 	െ
൫πᇱሺxଵሻ൯²Rଶuᇱሺcଶሻ

mEൣθ෨gᇱᇱሺkଵሻ൧൫πᇱሺxଶሻ൯²
െ

δuᇱሺcଶሻR²

൫πᇱሺxଶሻ൯²uᇱᇱሺcଵሻ
െ ቈ

u′ሺܿଶሻሺ1 െ A୮ሻ

uᇱᇱሺcଶሻ൫πᇱሺxଶሻ൯²
቉ 

with	A୮ ൌ െ
୶మ஠ᇲሺ୶మሻ୳ᇲᇲሺୡమሻ

୳ᇲሺୡమሻ
  the	partial	risk	aversion	coefficient.	Consequently,	if	Ap	<	1,	then	dxଶ dpଶ⁄ ൐ 0.		

ds dpଶ⁄ ൌ
ሺπᇱሺxଵሻሻଶRuᇱሺcଶሻ

mEൣθ෨gᇱᇱሺkଵሻ൧πᇱሺxଶሻ
൅
Rδπᇱሺxଶሻuᇱሺcଶሻ
πᇱሺxଶሻuᇱᇱሺcଵሻ

൏ 0 

Impacts	of	R:	

dxଵ dR⁄ ൌ െ
πᇱሺxଵሻuᇱሺcଶሻ

mEൣθ෨gᇱᇱሺkଵሻ൧
൐ 0 

dxଶ dR⁄ ൌ
ሺπᇱሺxଵሻሻଶRδuᇱሺcଶሻ

mEൣθ෨gᇱᇱሺkଵሻ൧πᇱሺxଶሻ
െ

s
πᇱሺxଶሻ

൅
Rδuᇱሺcଶሻ

πᇱሺxଶሻuᇱ′ሺcଶሻ
൏ 0 

ds dR⁄ ൌ െ
ሺπᇱሺxଵሻሻଶuᇱሺcଶሻ

mEൣθ෨gᇱᇱሺkଵሻ൧
െ
uᇱሺcଶሻ
uᇱᇱሺcଵሻ

൐ 0 
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Table	1.	Comparative	Static	Results	

	 Financial	Savings	 Physical	Savings	

x1*	 x2*	 s*	 x1*	 x2*	 q*	

Initial	wealth,	period	1:	Y1	 0	  +	 0	 0	 +	

Initial	wealth,	period	2:	Y2	 0	  0	 0	 	 0	

Initial	forest	stock:	Q	 +	 	 +	 +	 0	 +	

Timber	price,	period	1:	p1	 +	  +	 +	 0	 +	

Timber	price,	period	2:	p2	  A	  0	 A	 0	

Marginal	utility	of	amenities:	m	 0	  +	 0	 	 +	

Rate	of	return	on	financial	savings:	R	 +	 	 +	 	 	 	

Marginal	cost	of	physical	savings:	e	 	 	 	 	 0	 	

A:	Ambiguous	result	without	assumption.	Assuming	that	the	partial	risk	aversion	coefficient1		
is	less	than	1	leads	to	positive	result.		

	

                                                 

1	The	partial	risk	aversion	coefficient	is	as	follows:
0 0

0

0 0

'' ''( )

'( )
p

w u w
A w

w u w
  , where	w0=	w0’	+	w0’’	is	the	global	wealth.	

This	global	wealth	is	composed	of	two	elements,	w0’,	which	is	certain,	and	w0’’,	which	is	exposed	to	a	multiplicative	
risk	that	is	assumed	to	be	actuarially	neutral	(Eeckhoudt	and	Gollier	1992).	A	reasonable	assumption	is	to	consider	
that	the	partial	risk	aversion	coefficient	is	inferior	to	one	(Cayatte	2004,	Reynaud	et	al.	2010).	 


