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Psychophysical measures of two-dimensional curvature

We investigated 'curvedness' of 2-D line stimuli using Stevens' method of magnitude estimation, where observers had to assign a number to a given stimulus. This number was to reflect the subjective estimate of the magnitude of curvature a given curve conveyed. Planar geometry permits generating curved lines in the 2-D plane with consistent variations in critical curve parameters, such as sagitta, chord-length, and height-to-width ratio. The model that yields optimal psychometric functions of curvature was found to be a combination of halves of vertically and horizontally oriented ellipses derived from concentric circles. A linear function accounts for perceived curvature as a function of the sagitta and chordlength of such curves, and a power function for perceived curvature as a function of the curves' height-towidth ratio. Perceptual estimates of curvature in planar images are reliably predicted by the three geometrical parameters tested.

Introduction

In classical psychophysics, our immediate subjective responses to sensory data, commonly called 'sensations', are considered to reflect the expression of brain mechanisms processing spatial or temporal characteristics of physical objects. Fechner (1860), Wundt (1874), Thurstone (1927), and subsequently Stevens (1957) used psychophysical scales as measures for the variations in our subjective perceptual responses to variations in the physical characteristics of objects and events. The psychometric functions obtained through such measures are to account for internal representations of the loudness, brightness, size, taste, smell, warmth, tactile quality or duration of physical events, also called stimuli. The psychophysiological mechanisms such psychometric functions are believed to reflect are sometimes referred to in terms of 'psychophysical laws', or 'laws of sensation'. A well-known example of a 'psychophysical law' is Steven's power law, which claims that the relationship between the physical magnitude of a stimulus and its perceived strength or intensity is universally accounted for by a power function. Stevens' law is written in terms of:

 I = k I b
where I is the physical magnitude of the stimulus, d the subjective value (sensation) associated with it, k a constant of proportionality and b the exponent. According to Stevens (1957), k and b would depend on the kind of stimulus presented in the psychophysical experiment. In its classic form, the power law is written in terms of:

y = a x b
Stevens' law, adapted for the subjective magnitudes associated with the intensity of sounds, lights, tastes or other sensory data, is based on power fits to average magnitude estimation data from multiple observers without considering inter-individual differences, or analyzing individual psychometric functions. This somehow seems to imply that Stevens considered his power law in terms of a unique law of sensation, or the reflection of a universal psycho-physiological mechanism common to all individuals. Critical minds, however, have questioned since whether the idea of a 'unique law of sensation' stands ground or not (e.g. Green & Luce, 1974). Also, Stevens assumed that individuals can perceive and report numbers reflecting physical intensities or ratios in an absolute and veridical manner independent of contextual influence (see also Narens, 1996), which poses a further problem.

Is it realistic to assume that perceptual judgements can be made at any given moment of time without any internal reference to prior experience or immediate context? Power laws are among the most frequent scaling laws to account for a myriad of phenomena in biology, physics, or economics. Power laws are asymptotic distributions which, in contrast with other asymptotic laws, produce curves that approach but never meet or cross the theoretical asymptote, and thus tend toward infinity. Assuming that sensations elicited by physical intensities of stimuli obey a power law therefore implies that the underlying mechanism justifies, or can at least be reconciled with, the concept of infinite progression.

How does this take into account the fact that receptors of any given sensory modality are known to saturate at some intensity of stimulation? Or, how would a supposedly universal, infinitely asymptotic power law fare in the light of visual discrimination at the extreme end of the contrast sensitivity function (CSF), which shows that the human visual system cannot distinguish spatial frequencies higher than 60 cycles per degree of visual angle (e.g. Mannos & Sakrison, 1974) because the number of photoreceptors in the human visual system is insufficient? In other words, how can we reconcile the functional hypothesis of the infinitely progressing power law with all that is known about the capacity limits of sensory and cognitive information processing? Some critical investigations into the power law as a universal function for internal representations of sensory have been reported. Certain authors, for example, examined the validity of Stevens' general assumption that magnitude estimates scale with physical or numerical values, and found a dependence on the assumed nature of the internal scale, with evidence pointing toward relative scales or ratio scales rather than a veridical representation of absolute numbers (e.g. Narens, 1996). Also, the power law does not necessarily provide the best fit when individual rather than average data are considered (Green & Luce, 1974). Our contribution here is based on an analysis of individual psychometric functions from a magnitude estimation study combined with numerical simulations where different mathematical functions to account for variations in visual sensations of curvedness in the twodimensional plane as a function of the geometric parameters of the stimuli are compared.

The perception of curves appears to be largely determined by a statistical relationship between their geometric properties and physical object attributes (e.g. Attneave, 1954, Ogilive & Daicar, 1967, Morgan, 2005[START_REF] Dresp | Which geometric model for the perceived curvature of 2-D shape contours?[END_REF]. In a recent study, we [START_REF] Dresp | Which geometric model for the perceived curvature of 2-D shape contours?[END_REF] investigated the geometric representations underlying visual sensations of curvature, or curvedness, produced by stimuli represented in the two-dimensional plane. The latter consisted of arcs corresponding to the lower and upper halves of concentric circles and ellipses derived mathematically through planar projection by affinity with the circles. Such a descriptive geometric model permits generating curved lines in the 2-D plane with consistent variations in critical curve parameters, such as sagitta, chord-length, and height-to-width ratio. The model that was found to yield the best psychometric functions for visual sensations of curvedness was a combination of halves of vertically and horizontally oriented ellipses derived from concentric circles (see Figure 1). These elliptic arcs represented a sub-set of curves with optimal variations in height-to-width ratio, which is defined in terms of the ratio between the sagitta and the chord-length of a given curve.

The halves of concentric circles of varying diameter but with constant height-to-width ratio produced a poor psychometric function, represented by a flat data curve within the middle region of the subjective scale, which ranged from 0 to 10. The average subjective magnitudes produced by elliptic curves, in contrast, increased exponentially with their heightto-width ratio and linearly with their sagittae across the full range of the subjective scale (see [START_REF] Dresp | Which geometric model for the perceived curvature of 2-D shape contours?[END_REF]. The best psychometric fits were obtained with the height-to-width ratio.

Thus, visual sensations of 2-D curvature were shown to be largely size-invariant and best predicted by a geometric parameter that conveys spatial information relative to the visual area covered by a curve, which is given by the height-to-width ratio.

On the basis of these previous findings, we investigated the psychometric functions describing individual visual sensations of 2-D curvedness elicited by halves of vertically and horizontally oriented ellipses. A specific geometric transform was applied to generate elliptic arcs (see Figure 1 and the corresponding text in Stimuli) within the limits of spatial resolution of a computer screen. In such elliptic arcs, chord-length and sagitta are related to the heightto-width-ratio by exponential functions; sagitta is related to chord-length by a linear function.

The mathematical functions describing relations between the geometric curve parameters considered here are represented by the graphs in Figure 2.

Material and methods

In a psychophysical experiment investigating visual sensations relative to the 'curvedness' of 2-D line stimuli, we used Stevens' method of magnitude estimation, where observers had to assign a number to a given stimulus. Here, this number was to reflect the subjective estimate of the "amount", or magnitude, of curvature a given curve conveyed. The curvature of a visual object in terms of a perceptual quality is referred to as 'curvedness'.

Observers

Fourteen observers (seven women and seven men) with normal or corrected-to-normal vision participated in the experiments.

Stimuli

The stimuli for the experiments were generated by a computer graphic design software tool (AUTOCAD) on an IBM computer (Pentium III) equipped with a standard colour screen with a display resolution of 1024 × 768 pixels. Curves with 'positive' (upward) and 'negative' (downward) curvature in the two-dimensional plane were generated from arcs of 11 ellipses derived from concentric circles with varying diameter through planar projection by affinity (see Figure 1). The rationale of this procedure for generating curves is described in detail elsewhere [START_REF] Dresp | Which geometric model for the perceived curvature of 2-D shape contours?[END_REF]. The diameter of the concentric circles varied between 1 and 9 degrees of visual angle, leading to projected ellipses the arcs of which had sagittae (sagitta being the distance between the chord and the parallel line tangent to it) within a range of variations between 0.5 and 4.5 degrees of visual angle. Chord-lengths varied between 1 and 9 degrees of visual angle. The height-to-width ratio, defined as the ratio between the sagitta and the chord-length of a given curve, varied between 0.05 and 4.5. All stimuli were defined by a curved line of the width of a single pixel and a constant length of 9 degrees of visual angle.

The luminance of the curves (40 cd/m 2 ) was determined by means of a photometer (Minolta LS 110) used for calibrating grey levels (R-G-B combinations) of the computer screen. The dark background of the screen on which the curves were presented had a constant luminance (2 cd/m 2 ).

Procedure

Observers were seated comfortably in a semi-dark room in front of the computer screen. A perfectly straight, white horizontal line with zero curvature was presented on a computer screen at the beginning of the trials. This line, of the same length as the lines used for generating the curves, served as standard and was assigned the modulus 'zero'. Starting from there, observers were told that they were going to view a series of curves, one at a time, and were asked to produce a number between 0 and 10 that was to reflect the magnitude of the curvedness they spontaneously perceived when a given stimulus came up on the screen.

None of the 14 observers had ever participated in a psychophysical experiment or knew what a psychophysical scale was. The curves were presented in random order, and for each observer, a different random sequence of stimuli was generated. The duration of a presentation or trial was not limited, but observers were encouraged to make their decisions as rapidly as possible. Typing the 'enter' key triggered the presentation of the next stimulus.

Each curve was shown only once to a given observer within a single series of trials.

Results

The magnitudes of curvedness recorded from each observer in response to the different height-to-width ratios of the 22 curves were analyzed. Individual psychometric functions of subjective curve magnitude as a function of height-to-width ratio, sagitta and chordlength were plotted. "Positive" and "negative" curves with identical height-to-width ratios produced identical or very similar magnitudes, as could be expected from previous data reported by [START_REF] Dresp | Which geometric model for the perceived curvature of 2-D shape contours?[END_REF]. The individual data, averaged over the curve orientation factor; are shown in the graphs represented in the graphs in Figures 3,4 and 5. To account for variations in visual sensations of curvedness as a function of the different geometric parameters of the curves, different mathematical functions were fitted to the data, including Stevens' Power Law and the exponential-rise-to-maximum function. While the power law represents an asymptotic mechanism which continues to progress towards infinity, the exponential-rise-to-maximum law describes a hypothetical mechanism that, once the critical asymptotic level attained, levels out flat without progression toward infinity. The exponentialrise-to-maximum function is written in terms of:

 y = a (1-exp(-b x))
Stevens' psychophysical power law can be expressed in terms of:

 I = k (1-exp(-b I))

Discussion

The data show that planar geometry permits generating curved lines in the 2-D plane with consistent variations in critical curve parameters, such as sagitta, chord-length, and height-towidth ratio. The model that yields optimal psychometric functions for visual sensations of curvedness is a combination of halves of vertically and horizontally oriented ellipses derived from concentric circles (see Figure 1). These elliptic arcs represent a sub-set of curves with variations in height-to-width ratio, defined in terms of the ratio between the sagitta and the chord-length of a given curve. Psychometric functions such as Steven's power law predict perceived 2D curvature as a function of the height-to-width ratio. Linear functions predict perception as a function of the sagitta or chordlengths of the curves. We conclude that perceptual estimates of curvature in planar images are reliably predicted by these three geometric parameters.

Figure captions

Figure 1 Vertically (a) and horizontally (b) oriented ellipses were obtained from concentric circles through a geometric transform called planar projection by affinity (see also [START_REF] Dresp | Which geometric model for the perceived curvature of 2-D shape contours?[END_REF]. In Cartesian space, an ellipse may be defined as the projected image of two concentric circles. In the two examples given here in (a) and (b), images (x, y) = (b x , a y ) of the principal circle C( 0 , a ) and images (x, y) = ((a/b) x, y) of the secondary circle C( 0,b ) generate ellipses through planar projection by affinity with the two circles. In our study, the upper and lower halves of eleven such ellipses (c), derived from concentric circles with varying diameter, were taken to generate two sets of eleven curves with 'positive' (d) and 'negative' (e) curvature in the two-dimensional plane. The sagitta of a curve described by one half of a given ellipse is identical to the radius (r) of the principal circle the full ellipse is derived from; the chordlength of such a curve is identical to twice the radius (r x 2) of the secondary circle the full ellipse is derived from. 

Figure 2

 2 Figure 2 Arcs of ellipses, generated here within the limits of spatial resolution of the computer screen, possess geometric parameters which are linked by specific mathematical functions. The sagittae and chord-lengths of elliptic arcs are related to their height and width-ratios by exponential functions (see upper and middle graphs). The sagittae are linked to the chordlengths by a linear function (see lower graph).
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 3 Figure 3Individual data (13 graphs) showing psychometric functions of subjective curvature as a function of the height-to-width ratio.
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 4 Figure 4 Individual data (13 graphs) showing psychometric functions of subjective curvature as a function of the sagitta.
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 5 Figure 5 Individual data (13 graphs) showing psychometric functions of subjective curvature as a function of the chordlength.