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Abstract

We study the large time behavior of solutions to fully nonlinear parabolic equations
of Hamilton-Jacobi-Bellman type arising typically in stochastic control theory with
control both on drift and diffusion coefficients. We prove that, as time horizon goes
to infinity, the long run average solution is characterized by a nonlinear ergodic equa-
tion. Our results hold under dissipativity conditions, and without any nondegeneracy
assumption on the diffusion term. Our approach uses mainly probabilistic arguments
relying on new backward SDE representation for nonlinear parabolic, elliptic and er-
godic equations.
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1 Introduction

Let us consider the fully nonlinear parabolic equation of the form

ov “ v B d
3_T_ilel£[£ v+f(x,a,T+1)] = 0, on (0,00) xR% (1.1)

with (0,.) = h on R where £% is the second-order differential operator:

L = b(x,a).va—i—%tr(mﬂ(m,a)D%v).
Here A is some Borel subset of R?, b,o are continuous functions on R% x RY, and f =
f(z,a,y) is a measurable function on R? x R? x R satisfying some conditions to be spec-
ified later on. When the generator f = f(x,a) does not depend on y, equation (1.1) is
the dynamic programming equation, also called Hamilton-Jacobi-Bellman (HJB) equation,
associated to the stochastic control problem:

T
oTia) = supB| [ S ande+ P,
acA 0

where X is the controlled diffusion process
dXta == b(X?, Oét)dt + O'(Xta, Oét)th, (12)

driven by a d-dimensional Brownian motion W on a probability space (€2, F,P) equipped
with the natural filtration of W, and given a control a € A, i.e., an A-valued adapted
process. In the general case f = f(z,a,y), we shall see that under suitable conditions, there
exists a unique viscosity solution v = v(T,z) to the generalized parabolic HJB equation
(1.1), and our aim is to investigate the large time behavior of v(7,.) as T goes to infinity. It
turns out that this asymptotic problem is related to the generalized ergodic HJB equation:

A —sup [Ea(b—i— f(z,a, )\)] = 0, on R% (1.3)
acA

Asymptotics for stochastic control and related HJB equation have been studied in va-
rious settings by many authors since the works [4] and [2]. In the PDE literature, we
refer for instance to [3] in a periodic setting, [28] under Dirichlet conditions, or [12] in the
whole space. In these cited papers, the HJB equation is semi-linear, i.e., the nonlinearity
appears only in the first order derivative. Recently, by combining PDE and stochastic
analysis arguments, the papers [15], [16] and [24] studied large time behavior of semi-
linear HJB equations with quadratic nonlinearity in gradients. We would like also to point
out the recent paper [14], which studied large time behavior of solutions to semi-linear
HJB equations by a probabilistic approach relying on ergodic BSDE introduced in [11].
Interestingly, the authors are able to prove in their context a rate of convergence for the
solution to the parabolic equation towards the ergodic equation under weak dissipativity
conditions. Long time asymptotics of solutions to HJB equations has been also considered
in the context of risk-sensitive stochastic control and utility maximization problem, see e.g.

[10] and [21].



Our motivation is to develop a systematic study applicable to a large class of fully
nonlinear HJB type equation, and to give natural conditions on the dynamics of the control
system ensuring ergodicity. The principal novelty of this paper is to consider control on
both drift and diffusion coefficients b(z,a), o(x,a), possibly degenerate, and satisfying
dissipativity conditions, instead of periodicity condition. In this case, we do not have in
general smooth solution to the HJB equation. Another original feature of our framework
is the dependence of f(x,a,y) on y, which occurs for example in stochastic control with
recursive utility functions. Our first main result is to prove the existence of a viscosity
solution pair (A, ) € R x C'(R?), with ¢ Lipschitz, to the ergodic fully nonlinear equation
(1.3). We adopt the following approach. We consider the sequence of fully nonlinear elliptic
HJB equation for 5 > 0:

Bv? — sup [Eavﬁ —i—f(x,a,ﬁvﬁ)] = 0, on R% (1.4)

acA
and obtain the existence and uniqueness of a solution v” to (1.4) by combining analytical
and probabilistic methods. More precisely, following the randomization approach of [19] for
representing parabolic HJB equations, we introduce a class of Backward Stochastic Diffe-
rential Equations (BSDEs) with nonpositive jumps over an infinite horizon, and supported

by a forward regime switching process (X, I) where
dXt = b(Xt,It)dt +O'(Xt,It)th, (15)

and I is a pure jump process valued in A. The minimal solution Y? to this class of elliptic
BSDEs is shown to exist and to provide the unique (viscosity) solution v” to (1.4), and the
key point is to derive uniform Lipschitz estimate for the sequence (v?) g. This is achieved
by ergodicity properties on the forward process X, and suitable estimation on the minimal
solution Y. Then, by standard analytical approximation procedures (when 3 goes to zero)
as in [15] or [11], we obtain the existence of a pair (A, ¢) solution to (1.3). Moreover, the
function ¢ admits a probabilistic representation in terms of a new class of BSDEs, namely
ergodic BSDEs with nonpositive jumps. Ergodic BSDEs have been introduced in [11] and
then in [23], and related to optimal control on the drift of diffusions. We extend this
connection to the case of controlled diffusion coefficient by imposing a nonpositive jump
constraint on the ergodic BSDE.

Next, our main theorem is to prove that for any solution (A, ¢) to (1.3), we have the
convergence of the solution to the parabolic generalized HIB equation (1.1):

o(T,.)

T — )\, in C(RY), as T — oo. (1.6)

Here, convergence “in C'(R?)” stands for locally uniform convergence in R?. This shows as
a byproduct that A in (1.3) is unique. The main difficulty with respect to the semi-linear
HJB case is that we do not have in general a smooth solution and an optimal control for the
finite horizon and ergodic stochastic control, and the classical arguments as in [15] or [16]
do not work anymore. Moreover, when f = f(z,a,y) depends also on y, we do not even
have a stochastic control representation of the function v. Our arguments for proving (1.6)
rely on the BSDE representation of solution to (1.1) and (1.3), corresponding comparison



theorems, and dual representation of such BSDEs in terms of equivalent probability mea-
sures introduced in (2.3). Furthermore, we can strengthen the convergence result (1.6) by a
verification theorem: under the condition that the ergodic equation (1.3) admits a classical
component solution ¢, we have

o(T,.)— (\T+¢) — ¢, in C(RY), as T — oo, (1.7)

for some constant c.

The paper is organized as follows. Section 2 introduces some notations, formulates the
dissipativity conditions on b, o, and assumptions on f. We then state ergodicity properties
on the regime switching process (X, ) in (1.5) as well as on the controlled diffusion process
X% in (1.2). In Section 3, we prove the existence and uniqueness of a solution to the fully
nonlinear elliptic HJB equation (1.4) and its relation to BSDE with nonpositive jumps
over an infinite horizon. Section 4 is concerned with the ergodic equation (1.3) and its
probabilistic representation in terms of ergodic BSDE with nonpositive jumps. Convergence
results (1.6) and (1.7) are studied in Section 5. We collect in the Appendix some proofs
and technical estimates needed in the paper.

2 Ergodicity properties

2.1 Notations and assumptions

Let (92, F,P) be a complete probability space on which are defined a d-dimensional Brownian
motion W = (W;)>0 and an independent Poisson random measure p on Ry x A, where A is
a compact subset of R?, endowed with its Borel o-field B(A). We assume that the random
measure p has the intensity measure J(da)dt for some finite measure ¥ on (A, B(A)). We
set fi(dt,da) = p(dt,da) — 9(da)dt the compensated martingale measure associated to p,
and denote by F = (F;)¢>0 the completion of the natural filtration generated by W and p.
We also denote, for any 7' > 0, Pr the o-field of F-predictable subsets of [0, 7] x €. Let us
introduce some additional notations. We denote by:

e LP(F),p>1,t >0, the set of Fi-measurable random variables X such that E[| X |P]
< Q.

¢ Sz(t’T)’ 0 <t < T < oo, the set of real-valued cadlag adapted processes Y =
(Ys)i<s<r satisfying

IE{ sup |Ys|2} < 0.
t<s<T

We also define S2 _ := N7~0S?%(0, T).

loc
e LP(W;t, T), p> 1,0 <t < T < oo, the set of R%valued predictable processes
Z = (Zs)i<s<T such that

P

E[(/tT |Zs|2ds>2] < oo.

We also define LY (W) := Np-oLP(W;0,T).

loc



e LP(f;t,T),p>1,0<t<T < oo, the set of Pr® B(A)-measurable maps U: [t,T] X
2 x A — R such that

E[/tT (A\Us(a)\Qﬂ(da)>gds] < 0.

We also define L (i) := Nr=oLP(f;0,T).

e K2(t,T),0<t<T < oo, the set of nondecreasing cadlag predictable processes K =
(Ks)i<s<r such that E[|Kr|?] < oo and K; = 0. We also define K2 _ := N7~oK?2(0, T).

loc

We are given some continuous functions b: R? x RY — R, o: R x R? — R¥¥4 and
consider the forward regime switching process (X, I') governed by the stochastic differential
equation in R? x RY:

{dXt = b(Xt,It) dt—{—O'(Xt,It) th, (2 1)
dly = [,(a — Ii-) p(dt, da).

We note that the fact that o is a square matrix does not involve any loss of generality,
since we are not going to assume any nondegeneracy condition. In particular, some rows
or columns of ¢ may be equal to zero. In the following we use the notation M7 for the
transpose of any matrix M, and ||M||? = tr(M MT) for the Hilbert-Schmidt norm. We shall

make the following assumptions on the coefficients b and o.
(H1)
(i) There exists a positive constant L; such that for all 2,2’ € R, a,a’ € RY,
bz, 0) — b(&', )| + o (w,0) — o(a, )| < L (jo — @] + |a — a']).
(ii) There exists a constant v > 0 such that for all z,2’ € R?, a € A,
(x —a').(b(x,a) — b(a', a)) + %HU(%G) —a(@,a)? < —yle-2P (22)

It is well-known that under (H1)(i), there exists a unique solution (X" I")i>o to (2.1)
starting from (z,a) € R? x RY at time ¢ = 0. Notice that when a € A, then I € A for all
t > 0. Condition (H1)(ii) is called dissipativity condition and will ensure the ergodicity of
the process X, as stated in the next paragraph.

Example 2.1 Let b(z,a) = B(a)x+ D(a), o(z,a) = ¥(a) for some vector valued Lipschitz
function D, and matrix valued Lipschitz functions B, ¥ on A, such that B is uniformly
stable:

z.Bla)r < —Alz’, VreR% ac A

In this case, (H1) is satisfied, and this example corresponds to a controlled Ornstein-
Uhlenbeck process with uncertain mean-reversion and volatility. O



We also consider some real-valued continuous function f on R% x R? x R satisfying the
following assumption:

(H2)

(i) There exists a positive constant Ly such that for all z, 2’ € R, a,a’ € RY, y,9 € R,
|f(x,a,y) - f(:v',a',y')| < L2 (|£C - CC/| + |CL - CL/| + |y - y/|)
(ii) The function y € R — f(z,a,y) is nonincreasing for all (z,a) € R? x RY.

We end this paragraph of notations by introducing the following set of probability
measures, which shall play an important role in the sequel for establishing estimates. Let
V,, be the set of P ® B(A)-measurable maps valued in [1,n+ 1], V = UpenVy,, and consider
for v € V, the probability measure P” equivalent to P on (Q, Fr), for any 7' > 0, with
Radon-Nikodym density:

= & =l [ - i), o

for 0 < ¢t < T, where £(.) is the Doléans-Dade exponential. Actually, since v € V is
essentially bounded, it is shown in Lemma 2.4 in [19] that (¢¥)o<¢<7 is a uniformly integrable

P-martingale, with ¢% € L?(Fr), for any T > 0, and so it defines a probability measure
P¥ via (2.3). We shall denote by E” the expectation under P”. Moreover, by Girsanov
theorem, the compensator of p under PV is v(a)d(da)dt, while W remains a Brownian
motion independent of ¢ under P¥. We denote by " (dt,da) = p(dt, da) — v¢(a)d(da)dt the
compensated martingale measure of u under P”.

2.2 Ergodicity
We now use the dissipativity condition in (H1)(ii) to state moment estimates and stability

results on the component X of (2.1).

Lemma 2.1 Let Assumption (H1) hold.
(i) There exists a positive constant C = Cy , depending only on b,o such that for all x € R4
and a € A,

supsup BV [ XPP] < C(1L+]aP), (2.4)
t>0 vey

(ii) For allt > 0, z,2' € R?, a € A,

sup BV [| X, — Xf/’a|2] <z —alPem (2.5)
vey

The proof relies on rather standard arguments based on It6’s formula and Gronwall’s
lemma, and is reported in the Appendix.



Remark 2.1 We shall need the following generalization of estimate (2.4), for all x € RY
and a € A,

supsupE”[|X§’a|2‘ft] < C(1+|x|2), (2.6)
s>t vey
which is valid with the same constant C' = C},, independent of ¢, as in (2.4), when
Assumption (H1) holds. O

Let a: R? — A be a feedback control and let X = X2 be the associated diffusion process
governed by

dX; = b(Xy,a(Xy))dt+ o( Xy, a(Xy)) dWy. (2.7)
Suppose that the functions
b(z) = b(z,a(z)),  o(z) = o(r,a(z)) (2.8)

are Lipschitz. Then, equation (2.7) defines a time-homogeneous Markov process {X;*, t >
0}, and we denote by (P{*)i>o the associated semigroup, which acts on B(RY), the set of
bounded measurable functions ¢, by

Pfo(z) = Eu[p(X7)], t>0, zeR%

Notice that (P/*);>0 has the Feller property, i.e., for any f € Cy(RY), the space of continuous
and bounded functions on RY, we have that P*f € Cy(R?). The next result shows the
ergodicity of X<.

Proposition 2.1 Let a: R — A be a feedback control such that b, o in (2.8) satisfy As-
sumption (H1). Then X< is ergodic, i.e., the following assertions are valid:

(i) There exists a unique invariant probability measure p = p® on R%:
/Ptggp(az)p(daz) = /gp(ﬂ:)p(dﬂ:), Vt>0, p € B(RY).
(ii) X;* converges weakly to p as t — oo:

Prp(x) — /gp(:ﬂ)p(dx), as t — oo, Yz eRy ¢e Cy(RY). (2.9)

Moreover, [ |z|>p(dz) < oo, and the convergence (2.9) holds for all continuous ¢ satisfying
a linear growth condition.

The proof is based on the “pullback” method (see, e.g., Theorem 6.3.2 in [8]) and is
detailed in the Appendix.



3 Elliptic HJB equation

For any 8 > 0, let us consider the fully nonlinear elliptic equation of HJB type:

Bv? — sup [Eavﬁ + f(x,a,ﬁvﬁ)] = 0, on RY (3.1)
acA

where
a 1 2
L% = b(z,a).Dyp+ §tr(agT(x,a)ngo).

Notice that in the particular case where f = f(x,a) does not depend on y, the equation
(3.1) is the dynamic programming equation associated to the stochastic control problem on
infinite horizon:

o

() = sup Em{/ e_ﬁtf(Xf‘,at)dt].
acA 0

In this case, it is easy to see from the Lipschitz and growth condition on f in (H2)(i),

and the estimates (2.4), (2.5) that the sequence of functions (v”)s satisfies the uniform

estimates:

v (z) < %(1 +z]),  |P(z) —P()| < Clz—2a'|, Va2’ eRY, (3.2)
for some positive constant C' independent of 3.

In the general case f = f(z,a,y), this section is devoted to the existence and uniqueness
of a viscosity solution v” to (3.1), and to uniform estimate on (v%)s as in (3.2). To this
purpose, we introduce the following class of BSDE with nonpositive jumps over an infinite
horizon, for any 5 > 0:

T T
v/ - Yq?_ﬂ/t deer/t (X, I, BY)ds + K — K]

T T
—/ ZBaw, —/ / UP(a)i(ds,da),  0<t<T, VT € (0,00), (3.3)
t t A

and
Ul(a) < 0,  dt®dP®V(da)-a.c. (3.4)

BSDEs driven by Brownian motion over an infinite horizon have been introduced in
[9], [22], studied also in [5] and extended in [25], and related to elliptic semi-linear PDEs.
Here, we extend this definition to BSDEs driven by Brownian motion and Poisson random
measure, and with the nonpositivity constraint on the jump component. A minimal solution
to the elliptic BSDE with nonpositive jumps (3.3)-(3.4) is a quadruple (Y?, Z8%,U" K?) €
SZ2. x L (W) x L2 (1) x K2 satisfying (3.3)-(3.4), with |Ytﬁ| < Q(l + |Xf|)’ for all
t > 0 and for some constant C, such that for any other solution (Y?, Z% U8 K?®) ¢
S2 x L2 (W) x L2 _(fi) x K2 _ to (3.3)-(3.4), satisfying |Y;’| < C’'(1 + |X;|) for some

constant C’, we have Y;B < Y;ﬂ, P-a.s., for all t > 0.



Remark 3.1 There exists at most one minimal solution to (3.3)-(3.4). Indeed, let (Y, Z, U, K)
and (Y, Z,U, K) be two minimal solutions to (3.3)-(3.4). The uniqueness of the Y compo-
nent is clear by definition. Regarding the other components, taking the difference between
the two backward equations we obtain

/O (Zs — Z,)dW, = K;— K; —/O /A(Us(a) — Us(a)) fi(ds, da), (3.5)

for all 0 <t < T, P-almost surely. Then, we see that the right-hand side is a finite variation
process, while the left-hand side has not finite variation, unless Z = Z. Now, from (3.5),
we obtain the identity

// s(a)) u(ds, da) // o(a))0(da)ds + K; — Ky,

where the right-hand side is a predictable process, therefore it has no totally inaccessible
jumps (see, e.g., Proposition 2.24, Chapter I, in [18]); on the other hand, the left-hand side
is a pure-jump process with totally inaccessible jumps, unless U = U. As a consequence,
we must have U = U, from which it follows that K = K. O

In the sequel, we prove by a penalization approach the existence of the minimal solution

0 (3.3)-(3.4), which shall provide the solution to the elliptic nonlinear HJB equation (3.1).

Then, by using this probabilistic representation of v”, we shall state uniform Lipschitz
estimate on (v7)4.

3.1 Elliptic penalized BSDE

For any 8 > 0 and n € N, we consider the penalized BSDE on [0, c0), P-a.s.,
vy = ypn - ﬁ/ Y5"d3+/ f( X, I, BY ™) ds+n/ / a))+0(da) ds

—/ ZPm aw, — //Uﬁn fi(ds,da), 0<t<T < oo, (3.6)
t

where hy = max(h,0) denotes the positive part of the function h.

We first state an a priori estimate on the above elliptic penalized BSDE.

Lemma 3.1 Suppose that (H1) holds. Let (z,a), (z',a') € RIx A and (Y1Pn, Z1Bn hAn)
(resp. (Y20 Z26n U2Pm)) be a solution in 8120(: x L2 (W) x L2 (i1) to (3.6), with
(X,1) = (X5, 1%) (resp. (X,1) = (X" 1)) and | = fi (resp. | = ) satisfyr
ing assumption (H2). Set AY = YO —y2Pn Nz = zM0m — 720" AU =
U @) = U @), Apf = AKX L&ﬁY”“) A 1 BV, and A f =
AXTD 18 By — (X Ie ,ﬁth"), t>0,ad" € A. Then, there exists v € V,
such that for all T € (0,00),

T
IAY)? < BV e 25TD|ALY 2 + 2 / e ALY (AL f + Agf)ds
t

f} (3.7)

forall0 <t <T.



Proof. See Appendix. O

The next result states the existence and uniqueness of a solution to (3.6), and uniform
estimate on the solution.

Proposition 3.1 Let Assumptions (H1) and (H2) hold. Then, for any (x,a, 3,n) € R% x
Ax(0,00) x N, there ezists a solution (Y®aPn, zzabn frafny e §2 « 12 (W)xL2 (i)
to (3.6), with (X,I) = (X®* 1%), and satisfying:

Ch,o
Ym,a,ﬁ,n < “bo,f 1+ XTa , \V/tZO, 3.8
t B ¢

for some positive constant Cy o ¢ depending only on b, o, f. Moreover, this solution is unique
in the class of triplets (Y, Z,U) € S x L2 (W) x L2 .

C(1+|X."), for all t > 0 and for some positive constant C (possibly depending on z, a,
B and n).

(i) satisfying the condition |Y;| <

Proof. See Appendix. O

For any (z,a,3,n) € R?x A x (0,00) x N, we notice that Yow’a’ﬁ’n is a constant since it is
Fo-measurable. Therefore, for each § > 0, n € N, we introduce the function v#": R¥x A —
R defined as

VP (2, a) = Yox’a’ﬁ’n, (z,a) € R? x A. (3.9)

Let us now investigate some key properties of the function v?". We first state a uniform
Lipschitz estimate on (v%7).

Lemma 3.2 Let Assumptions (H1) and (H2) hold. For any (8,n) € (0,00) x N, the
function v®™ is such that: Yf’a’ﬁ’n = (X7 I8, for all t > 0, and (z,a) € R? x A.
Moreover, there exists some positive constant C' depending only on b, o, f, and independent

of B,n such that

VP (x,0) < %(1 + |z), (3.10)
{vﬁ’"(x, a) —vPn(2, a)] < Clz -2/, (3.11)

for all z,z' € R and a € A.
Proof. See Appendix. O

As expected, for fixed (8, n), the function v#" is related to the elliptic integro-differential

equation:
ﬁvﬁ’"(:v, a) — Eavﬁ’"(az, a) — Mavﬁ’”(x, a) — f(:v, a, ﬁvﬁ’"(az, a)) (3.12)
—n/(vﬁ’"(:c,a') —0P"(z,a)) 4 9(da’) = 0, on R%x A,
A
where

Mag(a) = /A (p(a') — (a)) D(da’),

for any ¢ € C'(A). More precisely, we have the following result.

10



Proposition 3.2 Let Assumptions (H1) and (H2) hold. Then, the function v>™ in (3.9)
is a continuous viscosity solution to (3.12), i.c., it is continuous on R% x A and it is a
viscosity supersolution (resp. subsolution) to (3.12), namely

Bo(z,a) = (resp. <) L%(x,a) + M p(z,a) + f(z,a, Be(z,a))
s [ (ol d) = (o, 0)) 0(da)
A
for any (z,a) € R? x A and any ¢ € C%(R? x RY) such that

0 = (" —)(z,a) = min @™ — resp. max (v2" — ©)).
( p)(x,a) in ( p) (resp. max( )

Proof. See Appendix. O

3.2 Elliptic BSDE with nonpositive jumps

We can now prove the existence of the minimal solution to the elliptic BSDE with nonpo-
sitive jumps (3.3)-(3.4).

Proposition 3.3 Let Assumptions (H1) and (H2) hold. Then, for any 8 > 0 and (z,a) €

R x A there exists a solution (Y8, z2ab yab Krab) e 82 L2 (W)xLZ (i)xK2,
to (3.3)-(3.4), with (X,I) = (X*?, 1*). Moreover
(i) Y®%B is the increasing limit of (Y**5™), and satisfies
C
V< SR, ez, (3.13)

B

for some positive constant C independent of B, x,a,t.

(i) (Zﬁéaﬁ, Ulm[o’a:’pﬁ]), for any T > 0, is the strong (resp. weak) limit of (Zﬁéaﬁ’n, U‘gféa’T?’n)n

in LP(W;0,T) x LP(j1;0,T), with p € [1,2), (resp. in L?(W;0,T) x L2(j1;0,T)).
111 xvavﬁ 3 y y x,a,ﬁ,n y 2
n ) — *
(i) K, is the weak limit of (K} )n in L#(Fy), for anyt >0

Furthermore, this solution is minimal in the class of quadruplets (Y,Z, U, K) € 5120(: X
L2 (W) x L2 (1) x K2 _ satisfying the condition |Y;| < C(1+4|X;""|), for all t > 0 and for

some positive constant C (possibly depending on x, a, and 3).
Proof. See Appendix. O

For any 3 > 0, let us introduce the deterministic function v%: R4 x A — R defined as
follows
VW(z,a) = Yox’“’ﬁ, V(z,a) € R? x A. (3.14)

From point (i) of Proposition 3.3, it follows that (v*™),, converges increasingly to v°. Then,
the identification Y;"*™ = v (X5 12 implies that Y;"*" = v# (X", I#). We shall now
investigate the relation between v? and the fully nonlinear elliptic PDE of HIB type (3.1).
More precisely, we shall prove that v° solves in the viscosity sense equation (3.1). The main
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issue is to prove that v? does not depend actually on a. However, as we do not know a
priori that the function v? is continuous in both arguments, we shall rely on discontinuous
viscosity solutions arguments as in [19], and make the following assumptions on the set A
and the intensity measure ¢:

(HA) The interior A of A is connected, and A = CI(A), the closure of its interior.

(HY) The measure ¢ supports the whole set fi, and the boundary of A: 0A = A\fl,
is negligible with respect to ¢.

Notice that equation (3.1) does not depend on 9, and this intensity measure only appears
in order to give a probabilistic representation of v®. Therefore, we have the choice to fix an
intensity measure 9 satisfying condition (Hd), which is anyway a fairly general condition
easy to realize. In the sequel, we shall make the standing assumption that (Hv) holds.

We can now state the main result of this section.

Theorem 3.1 Let Assumptions (H1), (H2), (HA), and (HY) hold. Then, for any 5 > 0,
the function v® in (3.14) does not depend on the variable a on R x A:

vﬁ(m,a) = vﬁ(x,a'), a,a € A, (3.15)

for all z € RY, and we set by misuse of notation: v°(x) = v5(z,a), z € R, for any a € A.
Then, VP is the unique continuous viscosity solution to equation (3.1), i.e., it is continuous
on R? and it is a viscosity supersolution (resp. subsolution) to (3.1), namely:

Bo(x) > (resp. <) sup [L%(x) + f(x,a, 80(x))],

for any x € R? and any ¢ € C*(RY) such that

0 = (¥ —¢)(2) = min@’ —¢) (resp. max(v” - ).

Moreover, there exists some positive constant C independent of B such that:

80°(z)] < C(+lz|), VzeR?, (3.16)
WP (z) =P (a)] < Clo—2a|, Va2 e R (3.17)

Proof. We use the corresponding result for the parabolic case in [19] to prove the non
dependence of v? on a, and then the viscosity property to the elliptic equation. More
precisely, we start by observing that, for any > 0 and T > 0, v is a viscosity solution
to the parabolic PDE on [0, 7] x R? x A:

ow

ot
—i—n/A(w(t,x, a) —w(t,z,a))y 9(da’),

Bw(t,z,a) = (t,z,a) + LY(t, z,a) + M w(t,z,a) + f(z,a, Bw(t,z,a))

with terminal condition w(T, z,a) = v»™(x,a), for all (z,a) € R% x A, i.e.

Bep(t,z,a) > (resp. <) g—f(t,w,a)+E“so(t,:v,a)+M“s0(t,:c,a)+f(:v,a,ﬁs0(t,w,a))

12



0 [ (pltsnnd) = plt,n,0)) D), (.19
A
for any (t,z,a) € [0,T) x R? x A and any p € CH2([0,T] x (R? x RY)) such that

0 = (VP =)t x,a) = min (V%" — resp. ma, VP — ). 3.19

( ©)(t,z,a) [OﬂdexA( ) (resp [O7T}XR§M( ©).  (3.19)

To prove this, for any (¢, z,a) € [0,T7)xR%x A and any ¢ € C12(]0,T] x (R? x A)) satisfying

(3.18)-(3.19), set (2’ a’) := @(t,a',a’), for all (z',a’) € R? x R%. Then ¢; € C?(R¢ x RY)
and

0 = (1)5’” — ) (x,a) = [églixrg(vﬁ’” — 1) (resp. Ig}fiﬁ(vﬁ’" — ).

Observing that dyp(t, ,a) < 0 (resp. dyp(t,x,a) > 0) since p(t,z,a) = maxpcjo ) L', 2, a)
(resp. @(t,z,a) = mingc ) p(t', z,a)), it follows from Proposition 3.2 that (3.18) is satis-
fied. Then, from Theorem 3.1 in [19], we deduce by sending n to infinity that the function
vP does not depend on the variable a, and so (3.15) holds. We should point out that in
[19] the terminal condition of the parabolic PDE solved by v#™ does not depend on n,
contrary to our case. However, the part of the proof of Theorem 3.1 in [19] regarding the
independence with respect to the variable a does not involve the terminal condition, so
the result still holds. Next, we obtain again from Theorem 3.1 in [19] that v® solves in
the viscosity sense the parabolic PDE on [0,T) x R? x A (as before, we do not call in the

terminal condition):

Bw(t,z,a) — 8—w(t,x, a) — sup [ﬁ“w(t,x, a) + f(z,a, fw(t,x, a))] = 0.
ot acA

Since this equation holds for any T, and v® does not depend on ¢, we obtain that v is
a viscosity solution to the elliptic equation (3.1). The uniqueness follows from Theorem
7.4 in [17]. Finally, the linear growth and Lipschitz properties (3.16)-(3.17) of v? are
direct consequences of the corresponding properties (3.13) for Yox’a’ﬁ and (3.11) for v#™,
respectively. O

Remark 3.2 Notice that, from the identification Y#%# = ¢%(X®®), for any z € R? and
for some a € fi, and the Lipschitz property (3.17), it follows that Y*%# is a continuous
process, so that U%%8 = 0, while K*% is also a continuous process. |

4 FErgodic HJB equation and ergodic BSDE with nonpositive
jumps

This section is devoted to the existence of a solution pair (A, ¢) to the ergodic HJB equation

A —sup [anb—i— f(z,a, )\)] = 0, on RY (4.1)
acA

and to its probabilistic representation in terms of ergodic BSDE with nonpositive jumps.
We first give the definition of viscosity solution to equation (4.1).

13



Definition 4.1 (i) A pair (), ¢), with X a real number and ¢: R — R a lower (resp. upper)
semicontinuous function, is called a viscosity supersolution (resp. viscosity subsolution) to
equation (4.1) if

A > (resp. <) sup{Lo%(x) + f(z,0, )},
acA

for any x € R? and any ¢ € C*(RY) such that
(6= $)@) = min(6 =) (resp. max(6— ).

(ii) A pair (N, @), with A a real number and ¢: R? — R a continuous function, is called
a viscosity solution to equation (4.1) if it is both a viscosity supersolution and a viscosity
subsolution to (4.1).

Theorem 4.1 Let Assumptions (H1), (H2), (HA), and (HY) hold. Then, there exists a
viscosity solution pair (X, ¢) to (4.1) with ¢ Lipschitz on RY.

Proof. We follow the approximation procedure as in [15] or [11]: for any 8 > 0, let v? be
the solution of (3.1) given in Theorem 3.1, and define Ag € R, and the function R R
by:

A = BP(0),  ¢P(x) = P(x) — 2P (0), z € RY.

By (3.16)-(3.17), we see that there exists some positive constant C' independent of 3 such
that

sup [Ag] < oo,
B>0

sup|¢”(x)] < Cla|, VzeR?
£>0

Then, the family of functions ((ﬁﬁ )g is equicontinuous and uniformly bounded on every
compact subset of R?. Thus, by means of Ascoli-Arzela theorem (for more details, see (4.4)
and (4.5) in [11]), we can construct a sequence (S) decreasing monotonically to zero such
that, for all z € RY,

Ao TE A @) T o), (42)

k

for some real constant A, and a Lipschitz function ¢: R? — R. Moreover, the convergence
of ¢ towards ¢ is uniform on compact sets.

Now, from the elliptic equation (3.1) satisfied by v”, and by definition of (As, ), we
see that ¢ is a viscosity solution to:

A3 + B¢ — Su}i{ [ﬁ“qﬁﬁ + f(x,a, s —i—ﬁqﬁﬁ)] = 0, on R% (4.3)
ac

Let us denote by

Fy(z,r,p,M) = Xg, + B

14



— suI}L)1 [b(x,a).p + %tr(aaT(x, a)M) + f(z,a, g, + Bk 7“)],
ac

so that by (4.3), ¢ is a viscosity solution to:
Fk(wa ¢ﬁk7 Dx(bﬁka Dg¢ﬁk) = O’
and set

1

G(z,r,p, M) := X\ —sup [b(:c, a).p+ itr(aaT(:ﬂ, a)M) + f(z,a, )\)],
acA

for all (z,7,p, M) € RExRxRIxR¥*?, Then, it follows from (4.2) that limy_, o Fj(z, 7, p, M)

= G(x,r,p, M). As a consequence, from the method of half-relaxed limits of Barles and

Perthame, see Remark 6.3 in [6], we deduce by (4.2) that ¢ is a viscosity solution to:

G(,6, D20, D70) = 0,
i.e., (A @) is a viscosity solution to equation (4.1). O

We postpone the uniqueness problem of the ergodic equation (4.1) to the next section,
and conclude this section by providing a probabilistic representation formula for a solution
to the ergodic equation. Let us introduce the ergodic BSDE with nonpositive jumps, P-a.s.,

T
Y, = YT+/ (f(Xs, I, A) = N)ds + Kp — K;
t

T T
- / ZdWg — / / Us(a)p(ds, da), 0<t<T <o (4.4)
t t Ja

and
Ui(a) < 0, dt @ dP @ 9(da)-a.e. (4.5)

Here, in addition to the components (Y, Z, U, K ), the real number A is part of the unknowns
of the ergodic BSDE. We recall that ergodic BSDEs driven by Brownian motion have been
defined in [11] for the study of optimal control problems on the drift of a diffusion process,
which are related to ergodic semilinear HJB equations. In this paper, we extend this
definition by considering the jump constraint (4.5), and our first purpose is to introduce a
notion of “minimal” solution to (4.4)-(4.5). However, we notice that the “natural” definition
of minimal solution as the solution (Y,Z,U,K,\) € S2 _x L2 (W)x L2 (i) x K2 _ xR to

loc loc
(4.4)-(4.5) such that for any other solution (Y, Z,U, K, \) € S xL2 (W)xL2 _(i)xK2 _x
R to (4.4)-(4.5) we have Y < Y, is not relevant in this case, since (Y—c, Z,U, K, \), with ¢ >
0, would be another solution to (4.4)-(4.5), contradicting the minimality of (Y, Z,U, K, \).
For this reason, we give the following definition of minimal solution to the ergodic BSDE
with nonpositive jumps (4.4)-(4.5).
Definition 4.2 A quintuple (Y, Z,U, K,\) € S2 x L2

loc loc

(W) x L2

loc

(1) x K2 . xR is called
a minimal solution to (4.4)-(4.5) if, for any T > 0, (Y017, Zjj0.17: Ujpo,17> Kjjo,r7) @8 @
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minimal solution to the BSDE with nonpositive jumps on [0,T] with terminal condition
Y, P-as.,

T
y, = XT+/ (F(Xo Io,\) — N)ds + Ky — K,
t

T T
- / ZgdWg — / / Us(a)i(ds,da), 0<t<T, (4.6)
t t Ja
together with the jump constraint
U(a) < 0, dt ® dP ® 9(da)-a.e. (4.7)

In other words, for any other solution (Y, Z,U, K) € S2(0, T)xL3(W; 0, T) xL2(j; 0, T) x
K2(0,T) to (4.6)-(4.7) we have Y, <Yy, P-a.s., for all 0 <t < T.

Remark 4.1 We do not know a priori if there is uniqueness of a minimal solution to
(4.4)-(4.5). This will be discussed later in Remark 5.3. 0

We shall now prove that any Lipschitz continuous viscosity solution to the ergodic HJB
equation (4.1), admits a probabilistic representation in terms of a minimal solution to the
ergodic BSDE (4.4).

Theorem 4.2 Let Assumptions (H1), (H2), (HA), and (HV) hold. Let (X, ¢), with ¢
Lipschitz, be a viscosity solution to the ergodic equation (4.1). Then, (\,¢) can be repre-
sented by means of a minimal solution to the ergodic BSDE (4.4)-(4.5), namely:

(i) For any a € A, there ezists a minimal solution (Yy®»e zme g»e K% \) € S2  x

loc
L2 (W) x L2 (ii) x K2 . x R to the ergodic BSDE with nonpositive jumps, P-a.s.,

T T
Yoo = yoay / (F(XPUIEN) = N)ds + K7 — K — / Z5"dWs
t

t
T
- / / Ur(a)iu(ds,dd’), 0<t<T < o0, (4.8)
t A
and

Uy ) <0, dt ® dP @ 9(da’)-a.e. (4.9)

(i) Y = o(X[") for t >0, and, in particular,
o) = Y, for all z € RY,
for some a € A.

Proof. We start by observing that for any 7' > 0, ¢ is a viscosity solution to the following
parabolic equation, in the unknown 1,

_% — SUpue4 [[,alb(t,.%') + f(x7a7 )\) — )\] =0, (t,$) S [O,T) X Rd7 (4 10)
$(T,z) = o(), rer
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It follows from Theorem 7.4 in [17] that ¢ is the unique uniformly continuous viscosity
solution to (4.10). From Theorem 3.1 in [19], we see that this viscosity solution admits a
representation in terms of the minimal solution to a BSDE with nonpositive jumps on [0, 7.
More precisely, for any T > 0, let (Y»oT, zzaT z.el [z.aTy c §2(0, T)xL2(W;0,T) x
L2(ji;0,T) x K2(0,T) be the minimal solution to the BSDE with nonpositive jumps on
[0,T7], P-a.s.,

T
Y, = o(X “)+/ (F(XP9 19 0) — N)ds + Kr — K,

_/t Z.dW. — // i(ds,dd), 0<t<T, (4.11)

U(a') <0, dt @ dP @ 9(da’)-a.e. (4.12)

Then, from Theorem 3.1 in [19] we see that Y;"*" = ¢(X™), for all 0 < ¢t < T. The
identification Yf’a’T = ¢(X;*) also implies that Y% does not depend on T. Moreover,

using the fact that the Y component remains the same, reasoning as in Remark 3.1, we
can prove that Z%T U%%T and K*%T do not depend on T. Let YI[O = = y»al

ZT[OGT] Zx,a,T UT[OGT] = y»aT , and KH’ - K% ,T’ for any T > 0. Then, we see

that, for any 7" > 0, the quadruple (Y H’O ) Zlm[oaT], U T[E)U,LT}’K T[E)O,LT}) is the minimal solution
to (4.11)-(4.12), from which we deduce that (Y*¢, Z%¢ U™ K™% \) is a minimal solution

to the ergodic BSDE (4.4)-(4.5). O

and

Remark 4.2 Notice that, a minimal solution to the ergodic BSDE with nonpositive jumps
(4.4)-(4.5) provides a viscosity solution to the ergodic HJB equation (4.1). In other words,
the converse of the result stated in Theorem 4.2 is also true. More precisely, let ¢: R4xRYI —

R be a Lipschitz function and A € R. For any = € R?, consider a € A and a minimal solution
(y@e zme Ug»e, K% \) € 82 x L2 (W) x L2 (i) x KZ_ xR to the ergodic BSDE with
nonpositive jumps (4.8)-(4.9), such that Y = ¢(X| ma I“) t > 0. Then, ¢ does not
depend on the variable a and (), ¢) is a viscosity solutlon to the ergodic equation (4.1).
Indeed, fix T' > 0, then by Definition 4.2 we know that (Y*¢, Z%* U%* K™%) is the unique
minimal solution to the BSDE with nonpositive jumps on [0,7] in (4.6)-(4.7). It follows
from Theorem 3.1 in [19] that ¢ does not depend on a (this last property follows from
Proposition 3.2 in [19], which does not call in the terminal condition; therefore, even if in
our case, as opposite to [19], the terminal condition depends on a, the result is still valid)
and it is a viscosity solution to equation (4.10). As a consequence, (A, ¢) is a viscosity

solution to the ergodic equation (4.1). O

5 Convergence of solutions

Let us consider the parabolic fully nonlinear equation of HJB type:

v _ d
aT 22§[£v+f(xaT+1)] 0, on (0,00) x R, (5.1)

v(0,.) = h, on R%
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where h is a Lipschitz function on R?. Existence and uniqueness of a solution v(T,z) to
(5.1) is studied in the next paragraph. Now, let us consider a solution pair (A, ¢), with ¢
Lipschitz, to the ergodic equation (4.1). The main result of this section is to prove that
(T, x) Tz
T
Consequently, this will show the uniqueness of the component A in (4.1). We shall end this

A (5.2)

part of the paper by proving a stronger result than (5.2) under additional assumptions.
More precisely, suppose that ¢ belongs to C2(R?) so that (), ¢) is a classical solution to the
ergodic equation (4.1), and assume that in the ergodic equation, the supremum is attained
at a = a(x), for every x € RY, for some locally Lipschitz function a: A — R?. Then, the
following convergence holds

v(T,z) — (AT + ¢(x)) =y, (5.3)

for some constant c. In particular, ¢ is uniquely determined up to a constant.

5.1 Wellposedness of the parabolic equation (5.1)

We shall build a solution to equation (5.1) through BSDE methods, as this construction will
be useful in the sequel. More precisely, from Theorem 3.1 in [19], under (H1)(i), (H2)(i),
(HA), and (H?), there exists a uniformly continuous viscosity solution v to equation (5.1),
which admits the following probabilistic representation formula

o(T,z) = Y™l (T,z) €[0,00) x RY, (5.4)

for any a € A, where (ywal zwal przel [z.aly c §2(0, T)xL2(W;0, T)xL2(fi; 0, T)x
K2(0,T), with v(T — ¢, X;") = Yf’a’T for all 0 <t < T, is the unique minimal solution to
the BSDE with nonpositive jumps on [0, T], P-a.s.,

T z,a,T
r.a z,a r.a Ta Ys z,a z,a
Y;E @I = h(XT )+/ f(X ’Isai)d +KT’ 7T_Kt7 o (55)
T—-s+1
_/ ZzmaT g, — / /Ux“T i(ds,da’), 0<t<T
t
and

Uf’“’T(a’) <0, dt ® dP @ 9(da’)-a.e. (5.6)

Moreover, from Theorem 7.4 in [17], we have that v is the unique uniformly continuous
viscosity solution to (5.1) (observe that Theorem 7.4 in [17] applies to elliptic equations
on unbounded domains; interpreting ¢ as a space variable, (5.1) can be seen as an elliptic
equation on the space domain [0, 00) x R, so that we can now apply Theorem 7.4 in [17]).

Remark 5.1 Notice that Theorem 3.1 in [19] is designed for backward parabolic PDEs,
while (5.1) is a forward parabolic equation. However, we can exploit Theorem 3.1 in [19]
by proceeding as follows. For any 7' > 0, we consider the HJB equation on [0, 7] x R%:

—aL—sup[ﬁaTtx)—i-f( L)}:O (t,z) €[0,T) x R?
Ot aca "T—t+1 T ’ ’ (5.7)

vI(T,x2) = h(z), =R
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Under (H1)(i), (H2)(i), (HA), and (H?), it follows from Theorem 3.1 in [19] that there
exists a uniformly continuous viscosity solution v” to equation (5.7), which admits a
probabilistic representation formula in terms of the unique minimal solution to a cer-
tain BSDE with nonpositive jumps. Define the function v(¢,z) := v (T — t,z), for all
(t,x) € [0,T] x R? and for any T > 0. Notice that v is well-defined, thanks to uniqueness
results (see, e.g., Theorem 7.4 in [17]) of viscosity solutions to equation (5.7) (in particular,
(T —t,z) = o7 (T" — t,x), for any (t,z) € [0,T] x R? and 0 < T < T’ < o0). Moreover,
from the viscosity properties of v* it follows that v is the unique uniformly continuous
viscosity solution to equation (5.1). Then, from the probabilistic representation formula
for vT" we deduce the representation formula (5.4) for v. |

In conclusion, we have proved the following result.

Proposition 5.1 Let Assumptions (H1), (H2), (HA), and (H9) hold. Then, the func-
tion v given by (5.4) is the unique uniformly continuous viscosity solution to (5.1) on
[0,00) x RY.

5.2 First convergence result: the proof of (5.2)

Let (A, ¢), with ¢ Lipschitz, be a viscosity solution to the ergodic equation (4.1). Let us
introduce the function w: [0,00) x R? — R given by

w(T,z) = v(T,2) — (AT +¢(x)),  (T,z)€[0,00) x R™ (5.8)

The aim is to state an upper and lower estimate for w, uniformly in time 7', so that by
dividing by T', we obtain the convergence of the long run average v(7,.)/T to . Classical
PDE arguments (in the case where f does not depend on y) rely on the smoothness of v
and ¢ in order to prove that w is a sub and supersolution to some PDE without cost or
gain function. Then by comparison principle, and under ergodicity conditions, one would
obtain for w a lower and upper bound function which does not depend on time. In our
general framework, the major difficulty is due to the non-regularity in general of v and ¢,
especially when there is singularity of the diffusion coefficient. In this case, it is not clear,
even with the notion of viscosity solution, how to derive an equation for w involving the
difference of v and ¢. We circumvent this issue by adopting an alternative approach where
we use probabilistic representations formulae for v and ¢. We are also interested in the
case where f(z,a,y) depends on y, that we shall actually tackle by using the nondecreasing
feature of f in y and imposing the following additional assumption.

(H3) The function f can be written as f(z,a,y) = fo(z,a) + fi(x,a,y), where f;
can be either the zero function or it satisfies, for all z € R, a € A, y,y' € R,

/

y >y - fl(x,a’y)_fl(xaaay/) < _’{(y_y/),

for some constant x > 0.
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Theorem 5.1 Let Assumptions (H1), (H2), (H3), (HA), and (HY) hold. Then, there
exists a positive constant C' such that, the function w defined in (5.8) satisfies

—C(1+|z)) < w(T,z) < CA+|z|), (T,z)€][0,00) xR (5.9)

In particular, we have

T s
”(Ijx) =50 (5.10)

Remark 5.2 We report here the proof of Theorem 5.1 when f = f(x,a) does not depend

on y, since it is much easier. Recall from Remark 5.1 that v(t,z) = vT (T —t,x), where

v! is the unique uniformly continuous viscosity solution to the Hamilton-Jacobi-Bellman

equation (5.7). Therefore, v7" admits a stochastic control representation, which in terms of
v reads

T
o(T,z) = sup E[/ F(XPY ag)ds + h(X7) |, Y (T,x) € [0,00) x RY,
acA 0

where A is the set of adapted control processes valued in A, and (X;"“);>¢ is the unique
solution to the controlled equation (1.2) starting from x at time 0. Similarly, we know from
the proof of Theorem 4.2 that ¢ is the unique uniformly continuous viscosity solution to
equation (4.10), so that ¢ is given by

T

¢(x) = sup E[/ [f(XP% as) = A]ds + ¢(X§i’“)], YV (T,z) € [0,00) x R
acA 0

From the definition of w, we have

T T
w(T,z) = sup E{/ F(XDY ag)ds + h(X;f’a)] — sup E[/ FXPY o) ds + o(X77)
acA 0 acA 0

< sup E[(h — ¢)(X7%)].

Proceeding in a similar way, we obtain
T > inf E[(h — ¢)(X7Y)].
w(T, z) ok [(h = o) (X7%)]

Since h and ¢ are Lipschitz, from estimate (2.4) we deduce (5.9). O

Proof of Theorem 5.1. We recall from (5.4) and Theorem 4.2 the nonlinear Feynman-Kac
formulae
O = YT oM -6 X = Y 0<e<T,

for all (T,z) € [0,00) x R?, and any a € A. Fix then a € A, and define, for (T,z) €
[0,00) x RY, the process:

vl =yl o NT—t) —YP, 0<t<T.
Then, by definition of w in (5.8), we have

w(T,z) = Y&or, Y (T,z) € [0,00) x R% (5.11)



Moreover, from the BSDE (5.5)-(5.6) for Y% and (4.8)-(4.9) for Y*%, we derive the
BSDE for Y*eT:

Ym,a,T

~ T S
Ve = (= o)XF) + [ (I8 ) — X)) ds

T
— / / (Uf’“’T(a') — Qi’“(a'))ﬂ(ds,da'), 0<t<T,
t A
and

U (@)
UP(a)

0, dt ® dP @ 9(da’)-a.e.

<
< 0, dt @ dP ® 9(da’)-a.e.

We shall now prove suitable upper and lower bounds for YT and thus for w(T, x).
e Step 1. Upper bound: w(T',z) < C(1+|z|). Let us consider the BSDE with nonpositive
jumps on [0, 7T

VT4 MT —s) + ¢(Xé”’“))

~ T T
Yoo = (h— g)(X5%) + / (F(x2e 12,

T—s54+1
— F(X2 19, 0))ds + K" — KpoT (5.12)
—/ zeeTqw, — / /U“T fi(ds, da’)
t
and
Uty <0,  dt®dP®d(dd)-ae. (5.13)

We know from Theorem 2.1 in [19] that there exists a unique minimal solution (Yx’avT,
zuaT el grel) in §2(0,T) x L2(W;0,T) x L2(fi;0,T) x K2(0,T) to equation
(5.12)-(5.13). Set Y41 = y=o T 4 \(T—t)+Y 5", t € [0,T), and recall that Y** = ¢(X%).
Then, from the BSDEs satisfied by yoaT and Y we easily see that (Y#@T, AZC T
z@e grel 4 gme grel 4 K% is a solution to (5.5)-(5.6). From the minimality of
(Y““T7 VAZEUS U"”’a’T,K:”’“’T), we get: Y, aT < Yx aT, and by subtracting to both sides
AT —t)+ Y we end up with

\/ ’ 7T ¥ ) 7T

y et < Yyt te0,T). (5.14)
x,a, T

Let us now derive an upper bound for Y . To this end, we introduce the associated
penalized BSDE with jumps on [0, 7], for n € N:

}}sm,a,T,n + )\(T _ S) + gb(Xsm,a))

T
}}J:,a,T,n — (h— xXZa Xma 7C
; (=o)X + [ (rxze.e "

T
— F(XP° 1% \))ds + n / / (T (o)), 0(dd’)ds (5.15)

_/ ZaraTndW / /UaraTn dS da)
t
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From the uniform Lipschitz condition on f(x,a,y) with respect to y, together with As-
sumptions (H2)(ii) and (H3), we have

V&SI L NT — s) 4+ ¢(X5%) X
Xx ,a Ia x,a IG
f( 178 T — 3 + 1 ) f( ’7789 )\)
< (VPO o(XT) - ), 0<s<T, (5.16)

with (we suppose here that f; in (H3) is not the zero function; otherwise, p™ can be taken
equal to zero everywhere and the proof becomes easier)

K

n fr— _— A J—
ps == T + 1 1{Ysz,a,T,n+¢(st,a)_>\>0} L21

{Y/Sz,a,T,n_’_(b(st,a)_)\SO}, 0 S S S T (517)

Then, applying It6’s formula to elo p?d”};}m’a’T’n between 0 and 7', we get from (5.15):
T
Yoama,Tm _ efoT pgdr(h _ (b)(X;,a) - / p?efo pﬁdrYs:v,a,T,nds
0

¥ 77T7 k)
/ i vt (p(xza g, YO EMT = 8) £ 06T,
e T—-s+1

— F(XP IS, N))ds + n/ / e prdr (UaTn(g!)) 19(da)ds
T S A~ S A~
_ / ef() p?er;v’a’T’ndWS — / / ef() p?dTU§7avT7n(a1)ﬁ(ds7 da/).
0 0 A
Using (5.16), we obtain
A~ T T n T S n
Y—Om,a, n < efo Prdr(h o (ﬁ)(X;i’a) +A p?efo PTdT((b(X;c,a) o )\)dS
T - R
" "/ / elo PP (U0 () 49 (da' ) ds (5.18)
0 A
T . T s .
- / efo p?er;v,a,T,ndWs _ / / efo P?dTUg,a,T,n(a/)ﬂ(dS,da/).
0 0 A

Now, from Proposition 2.1 in [19] we have the following dual representation formula for the
right-hand side of (5.18):

el o1 (h — 9) (X7 + /0 el o (g(x2) — X)ds
+n/ / eli PR (e (o)) 9 (da)ds
/ eJ P Gra Tngyy / / eJi PR e T (i (s, dal)
= supE” [efo PR (h — ) (XT) + /0 prelo P?dr(¢(X§va)—A)ds].

vey

Therefore, we get

T
}A/Ox,aj,n < sup FY [efoT pgdr(h _ ¢)(X;,a) + / p?efo prdr (¢(X;c,a) _ )\) ds] .
0

vey
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From the definition of p” in (5.17), we find

T . .
Vet < supE !h—¢\<X$’”>+maX(TL+17Lz)/O e Ml 2% (X2 — Ads|

Recalling that h and ¢ are Lipschitz, from estimate (2.4) we obtain
Yo ett < O+ Jal),

for some positive constant C, independent of z, a, T', and n. Since from Theorem 2.1 in [19]
we have that Yow’a’T’n converges to YOJC’Q’T, as n goes to infinity, we get the same estimate:
YOJC’G’T < C(1 + |z|), and therefore, from (5.11) and (5.14), we deduce that

w(T,z) < C(1+|z]).

e Step 2. Lower bound: w(T,xz) > —C(1+ |z|). As in step 1, where we built an upper
bound for YT using the minimality of Y*%T here we shall construct a lower bound
for Y=%T exploiting the minimality of Y** in the sense of Definition 4.2. In particular,
we fix T > 0 and we recall that (Y 0. T]’ZI[O AL
(4.6)-(4.7) on [0,T] with terminal condition ¢(X7
nonnegative jumps on [0, 7]

Uﬁa & T[’OGT]) is the minimal solution to
). Now, let us consider the BSDE with

( _SvX?a)
T—s+1

—(R';v“vT—Kfv“vT)—/t 72T qw, — / /U“T fi(ds, da’)

T
Ve = (=o)X + [ (e, ) = FXT I8 0)ds - (5.19)

y 48

and

07"y > 0, diwdP®9(da)ac. (5:20)

Theorem 2.1 in [19] gives the existence of a unique maximal solution (Y#@T  zZ®aT

grael g=el) ¢ §2(0,T) x L2(W;0,T) x L2(7;0,T) x K2(0,T) to (5.19)-(5.20). Ac-
tually, Theorem 2.1 in [19] is designed for minimal solutions, while here we deal with

Ym,a,T

maximal solutions; however, it is easy to show that — is a minimal solution to a

certain BSDE with nonpositive jumps, therefore we can apply Theorem 2.1 to —Y T Set

th aT _ _Y';:v,a,T n Y;m,a,T —XT —1t), t €[0,T], then

—z,a, ] =z,aT —=z,aT =z,a,1T
(Y A U , K )

—,a,T = - >,
— (Y ,_Zx,a,T + Zm,a,T, _Uaz,a,T + Ux,a,T’KJ:,a,T + Kx,a,T)

is a solution to (4.6)-(4.7) on [0 T] with terminal condition ¢(X7*). From the already

mentioned minimality of (Y |[0 ) Z‘x[a }’Q\QC[E)GT}’KT[E)GT}) to (4.6)-(4.7), we see that Y,
—,a,T

Y;™" , and by subtracting to both sides ¥;"*" — \(T' —t), we end up with
yrel < ymel e o, T). (5.21)

We now derive a lower bound for Yom’a’T by means of a dual representation formula. In
particular, we see from Theorem 2.2 in [19] that Yox’a’T admits the dual representation
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formula (observe that, as for Theorem 2.1 in [19], Theorem 2.2 in [19] is designed for

minimal solutions, while here we deal with maximal solutions; however, since —Y %7 is a
minimal solution to a certain BSDE with nonpositive jumps, we can apply Theorem 2.2 to

_Y:v,a,T)

Yar,a,T _ inf Ey (h—(ﬁ)(XaC’G) +/T (f(Xma Ia w) f(X:Ba Ia )\))d
0 _I/GV T 0 s tso T—s+1 IR
From the Lipschitz property of h and ¢, and estimate (2.4), we have
inf B [(h — 6)(X3")] > ~C(1 +1al) (5.22)

Moreover, from the uniform Lipschitz condition on f(z,a,y) with respect to y, and the
nondecreasing property of y — f(x,a,y) in (H2), there exists some adapted, nonpositive,
and bounded process ¢ such that
( -5 Xg: ,a)
Xl' ,a Ia
f( ST T —s+1 )
for all 0 < s < T'. Therefore, we have

va 1a (T — s, X5
s = (MG )

T T,a
: v r,a 70 (T_S’XS7) r,a 7a
e | [ (e ) o )

) 1 o —s, X9

From step 1 and the Lipschitz property of ¢, it follows that v(T,z) — AT < C(1 + |z|), and

consequently vgr’f) — A< C(1+ |z|). Hence, since ( is nonpositive,

(T — s, X5%)
- @@ - 7 _ > x,a > x,a
Cs( T _st1 A) > GO+ |XP) > —LoC(1+ | X57),

where we used the fact that ¢ is bounded by Lo, the Lipschitz constant of f. Plugging the
above estimate into (5.23) combined with (2.4), and recalling (5.22), we find

Yool > =001+ ).
From (5.11) and (5.21), we conclude that w(T,z) > —C(1 + |z|). 0

Remark 5.3 (i) From Theorem 5.1 and Remark 4.2, we deduce a uniqueness result for the
component A of a minimal solution to the ergodic BSDE with nonpositive jumps (4.4)-(4.5).
Indeed, consider a family of minimal solutions to (4.4)-(4.5) as in Remark 4.2. Then, from
Theorem 5.1 we see that A is given by (5.10).

(i) Let f € L ([0,00);R) be such that [;* e PLf(t)dt exists for B > 0. A theorem
which states that, under certain conditions on f, if limg_,o+ ﬁfooo e Pf()dt = foo € R
then limT_,oo%fOTf(t)dt = feo, is called a Tauberian theorem, see, e.g., [1]. In our
paper, Theorem 4.1 together with Theorem 5.1 can be thought as a “robust” Taube-
rian theorem. Indeed, in Theorem 4.1 we proved that the convergence of v’ (z) =
Br sup,, Ee [ [ e PR (X, ay)dt] towards A, and also of v/ (z) — v%(0) towards ¢, allows
to construct a viscosity solution (A, QS) to the ergodic equation (4.1). Then, Theorem 5.1
implies the convergence of @ L sup, E fo (X7, ap)dt + h(X$)] towards A.
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5.3 Further convergence result via verification: the proof of (5.3)

We conclude this section by presenting, in the form of a verification theorem, the following
result, which shows the validity of the convergence (5.3).

Theorem 5.2 Let Assumptions (H1), (H2), (HA), and (HY) hold. Suppose that:

(i) (N, ), with ¢ € C*(R?) and Lipschitz, is a classical solution to the ergodic equation
(4.1).

(i) In the ergodic equation (4.1), the supremum is attained at a = o(x), for every x € R,
for some function a: A — R? such that b, o in (2.8) satisfy Assumption (H1).

Consider the unique (viscosity) solution v to (5.4). Then, there exists a real constant c
such that
T—oo
o(T,z) = (AT + ¢(x)) — «
for all x € suppp, the support of the invariant measure p given by Proposition 2.1. In
particular, when supp p = R? we deduce that ¢ is uniquely determined up to a constant.

Remark 5.4 The existence of a smooth solution (A, ¢) to the ergodic equation (4.1) is
ensured under a uniform ellipticity condition, see, e.g., Theorem 1.1 in [27]. More precisely,
suppose that assumptions (H1), (H2), (HA), and (H¥) hold and let (A, ¢) be a viscosity
solution to (4.1) with ¢ Lipschitz, whose existence follows from Theorem 4.1. Then, to
exploit Theorem 1.1 in [27], we fix § > 0 and we consider the elliptic equation in the
unknown ¢ on the bounded domain Br C R? (the open ball of radius R > 0 centered at
the origin)

oY (x) —sup [L + f(z,a,\) = A+ d¢(x)] = 0, on Bg, (5.24)
acA

Y = ¢, on OBg. (5.25)

Notice that, thanks to the presence of the term “dt)(x)” in equation (5.24), we can apply
comparison Theorem 3.3 in [17], from which it follows that ¢ is the unique uniformly
continuous viscosity solution to equation (5.24)-(5.25). Let us now impose the following
uniform ellipticity condition: there exists v € (0, 1], possibly depending on R, such that

d

VIEP < > (ooT) ()& < vEP,  VEER?

ij=1

for all z € Bg and a € A. Then, as explained in Remark 1.1 of [27], under the above
assumption, Theorem 1.1 in [27] holds, and there exists a unique solution ¢ € C%(Bg) N
C(BR) to equation (5.24)-(5.25). Theorem 3.3 in [17] implies that ¢ coincides with our
function ¢, so that ¢ € C2(Bgr). Since R is arbitrary, we conclude that ¢ € C?(R%). O

Proof. Step 1. Notice that, for any T, S > 0 and for all z € R?, we have

T+S—s X%
T+S—s+1

T
o(T +S,x) = sup E[/ f(Xf’O‘,as,U( )ds + v(S, X7%) |, (5.26)
0

acA
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where A is the set of adapted control processes valued in A, and (X;**);>¢ is the unique
solution to the controlled equation (1.2) starting from z at time 0. As a matter of fact,

to prove (5.26) we recall from Remark 5.1 that v(T + S, z) = vT5(0,2), for all z € R?,

T+5 i3 the unique uniformly continuous viscosity solution to the following Hamilton-

T+S.

where v
Jacobi-Bellman equation in the unknown o

86T+S T+S

. a~T+S U—
gr S L0 (@) + [ (w0 e )]

oTH(T ) = TN x), z € RY.

= 0, (t,z) € [0,T] x RY,

As a consequence, v is given, for all (t,z) € [0,7] x R%, by the stochastic control
representation:

Tt T+S 0
T+S o v (s 41, X) T+S 0
t = E X d T, X
v he) aed [/o Uos ’as’T+S—s—t+1) s+ T X))

which implies (5.26). In particular, we have

T—|—S—5,X;B’g)
T+S—-s+1

T
u(T +5,2) = E[/O F(xze, a(xre), 2L )ds+v(S,X;’g)}

On the other hand, applying Ito’s formula to ¢(X5**) between 0 and T, and using the
optimality of « in the ergodic equation (4.1), we obtain

T
¢(x) = E[ / FX5%,a(X99), A)ds — AT + ¢(X§’O‘)]-
0
Therefore, w in (5.8) satisfies

w(T + S,z) > E[w(S,X;’a) (5.27)

(T + S — s, Xs9)
T+S—-s+1

T
+/0 FXT2 a(X99), )—f(X;"“’g,Q(Xf’g),/\)dS}

Step 2. Let us prove that there exists a positive constant C' such that
|’U)(T, x) - ZU(T, $/)| < C|$ o ,I/|,

for all T > 0 and z, 2’ € R?. Recalling (5.8) and since ¢ is Lipschitz, it is therefore enough

to prove that the function v satisfies
|o(T,x) —v(T,2")| < Clx—2'|, T >0, zeR% (5.28)

for some positive constant C. We know that v(T,z) = Yom’a’T is represented by the min-
imal solution to the BSDE with nonpositive jumps (5.5)-(5.6) on [0,7]. We recall from
Theorem 2.1 in [19] that Y#@T'n ¢ Y#aT where (Y@:@Tn zoaln raln) ¢ §2(0,T) x
L2(W;0,T) x L2(j1;0,T) is the solution to the penalized BSDE on [0, T]:

T YL%T,” T
z,a,T\n T,a r,a 7a S z,a,T\n
Y, = h(XE )+/t FXP I, s S+1)ds+n/t /A(Us n(a')) , 9(da')ds
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T T
- [ zeetraw. - [ [ vrete@as.dd), o<e<t
t t A
and
ng7a,T,n(a/) < 07 dt ® dP ® vﬂ(da/)—a.e.

Then, (5.28) follows once we get:
|Yv0m,a,T,n o Yvoa:’,a,T,n| < C|$ . $I|,

for a constant C' that does not depend on z, a, T', and n. This can be done using Girsanov
theorem and the dissipativity condition (2.2) in the same way as for (3.11).

Step 3. Now, we proceed as in [15] and we introduce the set I" which contains all the
w-limits of the family {w(T,-)}r>1 in C(R?) (we endow C(R?) with the topology for which
fi—=finC (RY) if and only if fj converges uniformly to f on any compact subset of RY).
In other words, I is given by

I = {ws € C(RY): w(Tj,-) = wee in C(R?) for some (T});ey with Tj — 00}

It follows from step 2 that the family {w(T,-)}7rs1 is relatively compact in C(R). In
particular, I' # (), and any ws, in I is Lipschitz. To conclude, it suffices to prove that every
Weo € ' is equal to the same constant ¢ € R on supp p.

- Step 3a. We first show that any element of I' is constant on suppp. Let wo, € T,
therefore there exists a sequence (7});en, with 7; — oo, such that w(T}, ) — we in C(RY)
as j — 0o. From (5.27) with S = T; — T', we have

w(Tj,x) > E[w(Tj—T,X;’O‘) (5.29)

U(j} - S, XS%Q)

T —s+1 ) - f(X;B’gaQ(X;r’g), )\)ds .
J

T
+ / f(Xny’g(XSLQ%
0

From (5.10) we have for all s € [0,77,

o(T) — 5, X57%) iz

A P-a.s.
T =541 , a.s

Therefore, sending j — oo in (5.29), and by the dominated convergence theorem, we obtain
Woo(z) > Elwe(X7%)].

Moreover, choosing 1" := T} and letting j — oo in the above inequality, we obtain, from

Proposition 2.1:

wnla) = [ wala)p(da)

Now, taking the infimum with respect to z € R?, we end up with
0> / (Weo (') — inf weo ) p(dx’) > 0.
Rd R4
As a consequence we, = infpd weo, p-a.s., therefore wy, is constant on supp p.
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- Step 3b. We next prove that every wy € I' is equal to the same constant ¢ on supp p.
Proceeding as in the derivation of (5.27), we have:

E[w(R+ S, X7:%] (5.30)
T+S —s, X;C’g)
T+S-s+1

T
> Elusxp)+ [ r(xeeatee), ) - F(X72,a(X79), N)ds .
R
for any T,S, R > 0 with R < T. Suppose that there exist two real constants c;,cs and
two diverging sequences (7j);en and (Sj);en such that w(7Tj,-) = ¢ and w(S;,-) = c2 on
suppp as j — oo. Let us take T':=T;, R =T; — S, and S := Sj, in (5.30). Then, letting
Jj — oo we obtain (notice that, by (5.30) and Lebesgue’s dominated convergence theorem,
the two integral terms in (5.30) simplify one with the other as j — o0)

o = [ (Sl
R4
Now, sending k — oo, we find

¢ > lim w(Sk, 2" )p(dz’) = Cop(dx') = co.
k—oo JRd R4
Therefore ¢; > ¢o. Changing the role of (T}),en and (S5}),en, we also find ¢ > ¢;. Hence,
c¢1 = ¢9 and the claim follows. O

Remark 5.5 Under the hypotheses of Theorem 5.2 and when f = f(z,a) does not depend
on y, A can be interpreted as value of an ergodic control problem with gain functional

T
J(r,a) = limsupE{/ f(Xf’a,at)dt—i—h(X;’a)],
T—o0 0

where X is the controlled diffusion process satisfying (1.2), starting from = € R? at time
0, and o € A is a control process, i.e., an A-valued adapted process. More precisely, it
is clear that J(z,«) depends only on the asymptotic behavior of the trajectories of X,
Therefore, from the ergodicity of X% we expect that there exists a real number A\*,
independent of z € R?, such that

A* = sup J(z, @), Vi e RY,
acA

namely, \* is the value of the ergodic control problem. Let us prove that A* = A. Firtsly,
observe that, since f does not depend on y, the function v in (5.4) admits the stochastic
control representation

T
o(T,7) = supE[/)jTXfa¢uyﬁ+JwX§@ﬂ.
acA 0

From (5.10) we know that, for any = € R?,

. u(T,x) . 1 T
— 1 ) - ] E[ z,0 z,0 ]
A Jim ——— A 21613— /0 FXT, o)dt + h(X57)
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T

= lim sup lIE[/ FX7Y, ap)dt|, (5.31)
T—00 e A T 0

where the last equality follows from the fact that limy_,o supae 4 #E[R(X7)] = 0, which

is a consequence of the Lipschitz property of h and estimate (2.4). From (5.31) we see that

A < \. To prove the reverse inequality, fix € R?, then, applying Ité’s formula to H(X]%)

between 0 and 7', and using the optimality of « in the ergodic equation (4.1), we obtain

N = g [ IO o0~ o)

From the Lipschitz property of ¢ and estimate (2.4), we have ~E[¢(X7*) — ¢(z)] — 0 as
T — oo, therefore

T
A= dim ZE| G a(X) ]
—o0 T
. L .
< sup{hmsup—E[ f(x ,ozt)dt]} = A5
acA T—o0 T 0
which implies that A* = . O

Appendix

A Ergodicity proofs
A.1 Proof of Lemma 2.1

e Proof of (i)
Let ¢ > 0, then an application of Itd’s formula to 79| X

m7a2
s

between 0 and ¢ yields

t t
XTI = | + A /0 V| X9 2ds + 2 /0 VS X T (XD, [7)ds

t t
T / o (X5, 19)|Pds + 2 / (XY (XD, [V)dW,,
0 0

Rearranging the terms in a suitable way so to exploit the dissipativity condition (H1)(ii),
we obtain

t t
X = \x!Q—l—’y/ eVS\nganerQ/ VEXT (B(X P, I) — b(0,1%))ds
0 0
t
+ / (X5, 10) — o(0, I9) (o(X%, 1) — (0, 1%)) ] ds
0
t t
19 / €75 X T b(0, I%)ds + 2 / 5t [o(0, 17) (o(X2, I%) — 00, 1%)) ] ds
0 0

t t
—|—/ eystr[a(o,lg)a(o,lg)qu—|—2/ e XIN)To( XD I12)dWs.
0 0
Using (H1), we find

t t t
X < |x|2+7/0 673|Xf’“|2d5—27/0 675|Xf’“|2d5+2M1/0 75| X2 ds
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t t t
+2M L, / 15| X7 ds + M2 / "5 ds + 2 / TS (XD (X2, [ AW,
0 0 0

where M := sup,c4(|6(0,a)| + [|o(0,a)||). From the inequality |Xs5*| < e|X5*|* + 1/(4¢),
for any ¢ > 0, we obtain

t
NXP2 < |zf? = (y — 2Mye — 2M1L15)/ 7| X7 2ds
0

n <M1 + MLy

t t
.- +M12> / ¥ ds + 2 / V(XD (X0 [9dW,. (A1)
0 0

We can find ¢ such that v — 2Mye — 2M; Lie > 0 (more precisely, if M; = 0 then e can
be any positive real number; otherwise we take ¢ < ~/(2M; + 2M;Ly)), therefore (also
multiplying both sides in (A.1) by e~ )

ot
‘X;«“,a’2 < e Mzf? + <M1 +2M1L1 +M12>1—6 v
€

t
+ 27 /0 (XD (XD V) dW. (A.2)

Now, consider v € V and recall that W remains a Brownian motion under P¥. Then, the
following well-known estimate holds under (H1)(i): for all 7> 0 and p > 1, there exists
some positive constant C’T7p such that

supE”[ sup |Xsm’a|p] < Crp(1+ J2f?), V(z,a) € R? x A. (A.3)
vey 0<s<T

Estimate (A.3) implies that the local martingale
T
e = ([ esozeyaeze ma, )
0 T>0
is indeed a PY-martingale. Then, we have E”[e~7'M,;] = 0. Therefore, taking the expecta-

tion E¥ in (A.2), we find

BIXPP) < Jof + (M 4 0

from which we deduce (2.4) with C := \/max{1,[(M; + M1L1)/(2¢) + M?]/~}.

e Proof of (ii)
Applying Itd’s formula to | X" — X **|? we find

t
XD = X7 = e -+ 2/ (X0 = XX L) = b(XT, 1)) ds
0
t

+ [ llo(XPI9) = o (X300, 19) | Pds (A4)
0

t
+2 / (X290 — XT)T(0( X2, 1) — (X2, 1)) dWs.
0

30



Now, consider v € V and recall that W remains a Brownian motion under P¥. Using

estimate (A.3), we see that the local martingale

t
([ e =z ortotxse, 1) - oxz' . a. )
0 t>0
is indeed a P”-martingale. Therefore, taking the expectation E¥ with respect to P¥ in (A.4)

and using the dissipativity condition (2.2), we obtain
!/ t /
Eu Uth,a o Xf 7a‘2] S ‘x _ m/‘2 . 27/ Eu [‘Xgr,a _ X;: ’a’2]d8,
0

which implies
!
EY “Xtr,a _ X{;E ,a|2] < |£C _ x/|2672fyt.

A.2 Proof of Proposition 2.1

Step 1. FEzistence and uniqueness of p. Let W = (Wt)tzo be a d-dimensional Brownian

motion, independent of W and p. Then, we define

t =

5 Wt7 t> 07
Wft, t < 0.

For any T € R and z € R?, we denote X% = (XtT’m)tzT the unique solution to the equation
on [T, 00):

From the time-homogeneity of equation (A.5), it follows the law invariance property E(XtT )

= L(X} ), for t > T, where X7 is the solution to (A.5) starting from x at time 0.
Let S > T > 0 and o € R?, then, applying Itd’s formula to the difference \Xt_s’x — Xt_T’xP
from —T to t € [T, 0], we obtain

t

X7 = X = X a2 / XTI = X (B(X ) — (X)) ds

" / lo(X5%) — o(X;T)|2ds (A.6)
T

t
b2 [ (ST - X T (X 5) — o(X, Tl
=T

Taking the expectation and using the dissipativity condition (2.2), we find

t
E[|IX; 5" - X; 7P < E[|X 57 — 2)?] — 2y / E[|X; 5% — X, 7% ds,

which implies

E[|IX, %" — X7 < B[ X 2" — 2} 2T, (A7)
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Similar to (2.4), we can prove that there exists a positive constant C, depending only on
the Ly, My, and ~, such that

E[|X 2" —a?] < C(1+|z%). (A.8)
Plugging (A.8) into (A.7), we obtain
E[|X, %" = X3 712 < C(A+ [a?)e>T. (A.9)

It follows from (A.9) that (X, T’w)T>0 converges, as T — 00, to some square integrable
random variable 1*, which a priori depends on x. Let 2/ € R?, then applying It6’s formula
to | X5 7% — X5 7|2 between —T and ¢t € [—T, 0], we find

t
XX TP = =P 2 / X = X)) — b)) ds
t
T / (X1 = g (0, s

t
- 2/ (X1 = X7 (o(XT) = o(XT)d W
-T

Taking the expectation and using the dissipativity condition (2.2), we obtain
t
EUX;TJ: - Xt—TJ: ‘2] S ‘x _ m/‘2 o 2,)// EUX;T,:E _ X;T,m"2] ds,
=T

which implies
EUXO—T,x o XO—TJ;"Q] < ‘x - .%'/‘2672771 Ti)f’ 0.

As a consequence, 1” = 1% =: 1. We denote p := L(n). Finally, using the law invariance
property already recalled, and the fact that convergence in L2(P) implies convergence in
law, we deduce

LXF) = LX) — p, (A.10)

weakly as T'— oo. From the square integrability of n we see that [p, |z|?p(dz) < co. Let
us now prove the invariance property. Let ¢ € Cy(R?), then, from the Markov property we
have

Piop(r) = PHPE)(),  Vis>0.

Sending t — oo, using (A.10) and the Feller property, we obtain

[ e@tin) = [ Poo@ptdn),  vs=o, (A11)
Rd R4

for all ¢ € Cy(RY). By a monotone class argument, we see that (A.11) remains true for all
¢ € B(R?), which implies the invariant property of p. Concerning the uniqueness of p, let
us consider another invariance probability measure v and take ¢ € Cy(RY), then

/Rd p(x)v(dr) = /Rd Pp(x)y(de) =5 /Rd </Rd gp(m)p(dm)) v(dr) = /Rd o(z)p(dz).
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Since the result holds for any ¢ € Cy(R%), we deduce the uniqueness of p.

Step 2. (2.9) is valid for any continuous ¢ satisfying a linear growth condition. For any
R > 0, consider a continuous function xz: R? — [0, 1] which is equal to 1 on Br C R? (the
open ball of radius R centered at the origin) and is equal to 0 on Rd\BQ r- Then

(A.12)

e - [ elwiotan)

Rd

< |ELCE R - [ plonntdo

+ B0 (0 = xe(XEN] - [ (@)1 = xate)ota

Since pxr € Cy(RY), the first term on the right-hand side of (A.12) goes to zero as t — oc.
If

lim limsup‘E[w(Xé”)(l—XR(Xf))]— / p(@)(1 — xr@)p(dr)| = 0, (A13)

R—o0 t—00 R4
then, taking first limsup,_,., and then limp_,+ in (A.12), we get the thesis. Therefore it
remains to prove (A.13). From Cauchy-Schwarz inequality, the linear growth property of
¢, and estimate (A.8), we have that there exists a positive constant C' such that

[Elp(X) (1~ xr(X)]| < Ele(X) 1 EllL - xa(XP)2]
C(1+ 2)\/EI1 - xa(XP)[2).

Since the function |1 — yg|?> € Cy(R?), we find

IN

limsup [Elp(X7) (1 = xa(XP))]| < c<1+|x|>\/ /R 1= xn(@)2o(de).

t—o00

Similarly, we have

IN

\//Rd |80(x)|2,0(dx)\//Rd 11— vr(z)2p(dz)
C(l + \//]Rd |ﬂ:|2p(dﬂ:)> \//Rd 11— xr(z)]2p(dz),

where we recall that [p, |#]?p(dz) < co. In conclusion, we obtain

/ o(@)(1 - xa(z))p(dz)
R4

IN

Elp(X7) (1 = xr(X{))] - /Rd p(x)(1 — xr(z))p(dr)

< 0(1 tlal + \/ /. !pr(dw)> \/ [ 1L xuta)ptas).

L= xe@Pode) < [ plds) = p®\BR) "5 0,
Rd R4\ Bp

lim sup
t—o0

Notice that

which implies (A.13). O
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B Elliptic BSDEs
B.1 Proof of Lemma 3.1

Let 0 <t < T < oo and apply Ito’s formula to e=2%%|AY;|? between ¢ and T, then
T
PUAYP = ¢ PTIAY + 2n / /A BN, [(ULBR(a)), — (UZP(a")) 4 ]9(da")ds
t
T
2 [ IAY (R I BV — (X 1 YO s
t
T T
— 2/ e BSAY,AZy AW, — 2/ / e_ZﬁsAYSAUS(a”) ji(ds, da’)
t t JA

T T
_ / 2P| AZ,[2ds — / / ¢ | AU, (") Pulds, da”). (B-14)
t t /A

Notice that, using the nonincreasing property of f1 in y, we have

T
/ B—QBSAY'S (fl (Xgr,a ¢ B}/;LBJL) _ fz(sz/’a/ Ia/ IBYtSQ,B,n))dS
t

)78 y T8

T
< / e PEAY(ALf1 4+ A f)ds.
t

Now, define the [1,n + 1]-valued map v as follows

ULt @y, — (U (o
yt(a”) =1+ n( ¢ ( ))AJrUt(aS,)t ( ))+ 1{AU,5(0L”)750}7 t>0, a’ e A.

Observe that v is a P ® B(A)-measurable map satisfying 1 < v4(a) < n+1, ds®@dP®9(da)-
a.e., then v € V,,. Let us consider the probability measure P” equivalent to P on (2, Fr)
with Radon-Nikodym density given by (2.3). Recalling that " denotes the compensated
martingale measure associated to p under P¥, equation (B.14) can be rewritten as follows

T T
eaviP e [ ez fass [ [ AW s, da)
t t A

T T
< e 2 TAY7 42 / e PPAY(ALf1 + Asf)ds — 2 / e PAY,AZ AW,
t t

T
—2/ /e_QBSAY;AUS(a”)/Z”(ds,da”). (B.15)
t Ja

From Lemma 2.5 in [19], we see that the two stochastic integrals on the right-hand side of
(B.15) are martingales. Hence, taking the expectation E”, conditional on F;, with respect
to P” in (B.15), we end up with estimate (3.7). O

B.2 Proof of Proposition 3.1

Uniqueness. Fix (8,n) € (0,00) x N and consider two solutions (Y'1L.8n zLAn [rLen),
(Y28n, z2Bn 20n) e 82 x L2 (W) x L2 (i) to (3.6). Set AY; = Y7 —y2P" Az,

= Ztl’ﬁ’n - Zf’ﬁ’n, and AU (d’) = Utl’ﬁ’n(a’) - Utz’ﬁ’n(a’), t>0,a/ € A Let 0<t <T < o0.
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Then, from estimate (3.7) with f; = fo = f (so that A’f; = Af = 0), there exists v € V),
such that
e PPNAY P < EY[e T |AYT R, (B.16)

Moreover, recall from (2.4) that the following estimate holds
E'[|X2P] € Coo(l+|2?), VT >0.

Since |AY7| < 20(1 + | X3|), we conclude that EV[e=2/T|AYr[?] — 0, as T — oo. From
(B.16) it follows that AY = 0. Finally, plugging AY = 0 into (B.15), we conclude that
AZ =0 and AU = 0.

Eristence. Step 1. Approvimating BSDE. Fix (x,a,3,n) € RY x R? x (0,00) x N, T > 0,

and consider the backward stochastic differential equation on [0, 7] given by, P-a.s.,

= —ﬁ/ Yds+n/ / ") 9(da") ds+/ f(XDe 12, BYs) ds

—/tZdW // fi(ds,da’), 0<t<T. (B.17)

Notice that (B.17) has a zero terminal condition at the final time 7. It follows from Lemma
2.4 in [29] that there exists a unique solution (Y7, Z7,UT) € S%(0,T) x L2(W;0,T) x
L2(;;0,T) to (B.17).

Step 2. Estimate for Y. Let t € [0,T], then, from estimate (3.7) with (Y187 zLAn L) —
(YT, zT UT), (Y?Pn, z28n U2Pn) = (0,0,0), fi = f, and fo = 0, there exists v € V,,:

T
v

IN

)

T
2 / e DR [V (X2 12,0)| F]ds
t

T
< 2 / e 2860, [Bv [[YZ 2| JB2 [ £(XE°, T8, 0)[2| F:] ds (B.18)
t

Set g(s) = e 286UV 2| F] and h(s) = 2 P60\ /EV[|f(XP7, 12,0)[2], for any s €

s Lso

[t,T]. Then, recalling that g(7') = 0, inequality (B.18) becomes

T
ot) < g(T)+ / Va)h(s)ds

Our aim is to derive a Gronwall type estimate for g. To this end, define

T
g(t) == g(T) +/t Vo(s)h(s)ds, 0<t<T.

Notice that g € C1([0,T]). Moreover g(t) < g(t), for any 0 <t < T, and
T// T//
g(T" = g(T") + Vg(s)h(s)ds < g(T") + Va(s)h(s)ds, t<T' <T"<T.

T’ T’

Dividing by T — T" and letting 7" — T" — 0, we deduce the differential inequality

g'(s) = —h(s)V/g(s), t<s<T.
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We have

which yields

Therefore, we find

YL = VA < VaD < [ e B R s

Recalling that |f(z,a,0)| < Lo|x|+Ma, with My := sup,c4 | £(0,a,0)], so that | f(z,a,0)* <
2L3|z|? + 2M$, and using the inequality va + b < v/a + Vb, for any a,b € R, , we find

YE| < VL [ e e X ds +VEM, [ et tas,
t t

From estimate (2.6), we have

v < \/§(L2\/Cb70(1+]Xf’a\)+M2)/ e B(s=1) 14

t

_ a2V (141X + My (B.19)
p
Step 3. Convergence of (YT )rsg. Let T, T' > 0, with T' < T", and denote AY; = Y;T/,

0<t<T. Lette|0,T], then estimate (3.7) reads
AY,? < e 2PTORY AV P R] =50 o, (B.20)

where the convergence result follows from (B.19) and (2.6). Let us now consider the family
of real-valued cadlag adapted processes (Y7)rg. It follows from (B.20) that, for any ¢ > 0,
the family (Y;7(w))r>o is Cauchy for almost every w, so that it converges P-a.s. to some
Fi-measurable random variable Y;, which is bounded from the right-hand side of (B.19).
Moreover, using again (B.20), (B.19), and (2.6), we see that, for any 0 < S < T A T’, with
T,T" > 0, we have

sup [V =y < e PIN=9¢y sup (14 | X)) i o 0, (B.21)
0<t<S 0<t<S
where Cj is a positive constant independent of S, T, 7". In other words, the family (Y7)7o
converges P-a.s. to Y uniformly on compact subsets of R, . Since each Y7 is a cadlag
process, it follows that Y is cadlag, as well. Finally, from estimate (B.19) we see that
Y € 82 and

Y, < S (1+[X), vVt > 0.

| Q

Step 4. Convergence of (ZT,UT)rsg. Let S,T,T" > 0, with S < T < T". Then, applying
1t6’s formula to 6*25’5\1/?/ — Y2 between 0 and S, and taking the expectation, we find

S S
E / e 205121 — ZT2ds + K / / e 285\ UT (0 — UL (d)|?9(da’)ds
0 0 A
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e PR(lYe - Y P] - Yy Yy
S
L oF / 205 (vI YT (F(x50, 10, YT — F(X7, 1% BYT))ds

S
2 / / 255 (YT — YT (UT (@))4 — (U7 (a))4)9(da')ds.
0 A

Since the map y — f(x,a,y) is nonincreasing, we get (using also the inequality ab <
a%/2 + b%/2, for any a,b € R)

S S
E / e 205127 — ZT2ds + / / e 205\ UT (a') — UL (d)|?9(da’)ds
0 0 A

S
e 2SE[YT — VT2 1 2nE /0 /A YT YT|(UT (@) — (UT (@)1 0(da)ds

IN

IN

S
SE[YE — YEP] + 2029(A)E / 285y T _yT2gg
0

13 :
438 [ [ BT @) - T @) Poa s,
0 A
Multiplying the previous inequality by e2PS , we obtain
S 1[5 '
E/ 1zI — Z2T)2ds + —E/ / \UT(a") — UL (a")[*9(da’)ds
0 2 Jo Ja
S : 1 [ ,
E / 2BS=9) 71" _ 7T |2ds+§IE / / PE=NUT (') — UL (a')*9(da)ds
0 0 A
o TT —00

< E[|Yg'—Yg|Q]+2n2§(A)E/O 2=y vy 2ds 0,

IN

where the convergence to zero follows from estimate (B.21). Then, for any S > 0, we see
that the family (Zﬁ),sp U‘%S})T%g is Cauchy in the Hilbert space L2(W;0, S) x L2(j; 0, S).
Therefore, we deduce that there exists (7°,U°) € L2(W;0,8) x L2(fi;0,S) such that
(Z|:[F0,S]’ U‘:[F()7S})T>S converges to (Z°,U°) in L2(W;0,8) x L2(j1;0,8S), i..,

S S
E/ |ZST—Z§|2d8+E/ /|U;‘F(a') US(d)|?9(da’)ds —3 =3 .
0 0 A

Notice that Zﬁﬂ 5= = 7% and UI[O g = = U®, forany 0 < S < 8’ < co. Indeed, (Z; I[O s)’ (_fﬁ(; S]),
s (Z5,U09), is the limit in L%(W;0, S) x L2(f1;0,S) of (Z}, I[0,5]° HO S})T>S Hence, we
define Z; = Z?9 and U, = U?, for all s € [0, 5] and for any S > 0. Observe that (Z,U) €

L2 (W) x L2 (). Moreover, for any S > 0, (Zﬁ),sp U|€J,S])T>S converges to (Z)jo,s}, Ujj0,s])

in L2(W;0,S) x L%(f1;0,9), i.e
/ \zT — 7z, ds+E/ / UL (a' (@)29(da’)ds =3 0. (B.22)
Now, fix S € [0, T and consider the BSDE satisfied by (Y7, Z7,UT) on [0, S]:

S S S
V=8 [ Yl asen [ ] @@ o) ds+ [z oy ds
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S S
—/ zl aw, —/ / UL'(d) ji(ds,dd’), 0<t<S&.
t t A

From (B.21) and (B.22), we can pass to the limit in the above BSDE by letting 7" — oo,
keeping S fixed. Then, we deduce that (Y, Z, U) solves the penalized BSDE (3.6) on [0, S].
Since S is arbitrary, it follows that (Y, Z, U) solves equation (3.6) on [0, 00). O

B.3 Proof of Lemma 3.2

The linear growth of v#" follows from (3.9) and the estimate on Y %" of Proposition

3.1. Concerning the identification Yf’a’ﬁ’" = oP"(XP 1), it is a consequence, as usual,
of the flow property (X7, I%) = (X:,{(i; ’I’?, Iﬁl_t) P-a.s., for any 0 <t < T < oo, and from
the uniqueness for the penalized BSDE. Finally, regarding the uniform Lipschitz condition
(3.11) of v»™ with respect to x, consider x,2’ € R? and set AY; = Yf’a’ﬁ’n -Yy apn
AZy = Z5oPn _ zoebn AU (a) = UPPMa!) — US*P™ad), t > 0, € A. Let
T € (0,00), then from estimate (3.7) there exists v € V,:

’}70’2 S EV[Q_QBT‘YTIQ]
T
* 2/0 e~V [T, (F(X2, 12, Y 2B — f(X3a, I8, BY2abm))]ds
< E'[e T |Y7)? (B.23)

T
bz [ S TR [ (X 10, Y0P - (X 13,6700 s,
0

Set g(s) = e~ 2B [|V;[2] and h(s) = 26755 \[BV[|F(XE, 12, BYS0m) — f(XE", Iz, BYoPm)
for any s € [0,7], and proceed as in (B.18). Then, we conclude that

T
Vol < (/B [e 2T |V]2] + /0 &0 [ [| (X2, 12, Y0 — F(XE, 12, BYEOP™ 2] ds

< \/EV [e=28T|Yp|2] + Ly /T e’BS\/EV [| x5 — X2 ds.
0
Therefore, recalling that |Yr| < 2C 5 r(1 + | X7“|)/8 and using estimate (2.4), we obtain
B [e~2T |V 2] =50 0.
By Lemma 2.1, we find
EY[| X3 — Xf,’“\Q] < e Mz — 2, Vs> 0.

Then, we deduce that

_ oo Lo .
ol < Lo [ e O allds = 2o al| <
0 B+

which implies (3.11). O

L
2|$ - 'I/|’
Y
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B.4 Proof of Proposition 3.2

Continuity. Fix (8,n) € (0,00) x N. Let z,2’ € R? and a,a’ € R9. Set AY; = Yf’a’ﬁ’" -
Y Nz = grebn _ grhahbn Ay, — yrefn _grhet bt Then, from estimate (3.7)
we find, for any 0 <r < T,

AY, [?

VA

e TR [|AYy[?]

T
+ 2R [ / e PIAY, (f(XT 12, fY2eEmy — f(XT 19 gYEalny)ds

T

IN

T
6726TE1/ UAYT‘Q] + El// e*QﬁS‘A}{SPdS

T

T
+ Eu/ 672Bs|f(Xsm,a, I;L, 5}/;1,a,6,n) _ f(X;v’,a/’ Ig/,ﬁY;m’a’B’n)‘QdS.
r

From Gronwall’s lemma applied to the map s +— E¥[|AY;|?] we obtain

—2B8T

]AYO\Z _ 61752137 (e_zﬁTEVUAYT’Q]

18 rTs )

T
+ El//o 67253|f(Xsm,a Je IBY*Sm,a,B,n) _ f(Xsm a ra ﬁ}/’sx,a,ﬁ,n)FdS) )

From the Lipschitz property of f in (H2), we find

—2B8T

AV = e 7 <e—2ﬁTE”UAYTyQ]
T ! ! !
+2L§/ e BV [| X2 — X2 + BV [| 12 - I? 12]}ds>. (B.24)
0

Now, for any € > 0, applying Itd’s formula to e(QV*E*ELf)t\Xf’a - Xf/’a/\Q and proceeding
as in the proof of estimate (2.5), we obtain

I 2 t /
B [|XP% — XP YR < o — a2+ (1 + —)L%/ ==Ly [ 1o _ 9 2] ds.
2 0
Denote by Tj the first jump time of the marked point process (T, & )n>1 associated to the
Poisson random measure p. Notice that the two processes I® and I coincide after T}, while
we have I* = a and I¥ = o before T}. In other words, |1¢ — 19| = la—a'|lgs<ry < la—d'|.
Therefore

’or 2 t
EY [|X£v,a _ )(tm ,a |2] < |$ _ $,|2 + <1 + —>L%|a _ a/|2/ 6(27—5—5L%)(s—t)d5
€ 0

9 00
< |$ _ $,|2 + <1 + g)Lﬂa _ a/|2/ e—(Q’Y—E—EL%)SdS
0
1

2
12 2 /)2
= |z —2'|" + 1+—>l) a—a| " —.
| < € 1 |2’)/—€—6L%

Therefore, (B.24) becomes

—28T

_e—2B T
|Ayv0|2 < 6—1 Y] <6—25TEV [|AYT|2] + C0(|$ _ $,|2 + |a _ a/|2) / 6—255d8>
0
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—2B8T

< (2B [|AY2P] + Co |z — 2/ +]a — ) %) (B.25)
for some positive constant Cj, possibly depending on L1, Lo, €, but independent of 7. Since
|AYr| < 20y, (1 + | X)) /B, using estimate (2.4) we see that E[e”2*T|AY7|?] — 0 as
T — oo. Therefore, letting T — oo in (B.25), it follows that |AYy|? — 0 as (z/,d') — (v, a).
Since AYy = v%"(z,a) — v#"(2’,a’), then v*™ is continuous in both arguments.
Viscosity property. We shall now prove the viscosity supersolution property of v#m. A
similar argument would show that v it is a viscosity subsolution to equation (3.12). Let
(z,a) € R x R? and ¢ € C?(R¢ x RY) such that

0 = (" —p)(Z,a) = min (V¥" - ). (B.26)

Let us proceed by contradiction, assuming that

580@, (_z) - Easp(j, (_z) - _/\/lagp(j, (_Z) - f(ja a, ﬁvﬁm(j’ (_z))
—n/ [o(z,d") — p(Z,a)]+ 9(da’) =: —2¢ < 0.
A
Using the continuity of b, o, f, and v#", we find § > 0 such that
Bo(r,a) = LY%(x,a) = Mp(x,a) - f(z,a, 50" (z,a))
-0 [ lp(w.d) = plo,als olda) < —= (B27)
A
for any (x,a) € R? x RY, with |z — Z|, |a — a| < 0. Define
T = inf {t > 0: X" —z| > 6, |I* — al >0FAD

Since (X%% 1%) is cadlag, it is in particular right-continuous at time 0. Therefore, 7 > 0,
P-almost surely. Then, an application of Itd’s formula to e_ﬁtgp(Xf “ I?) between 0 and 7,
using also (B.27), yields

e Tp(XT 1Y)

1 — e B7 T .
> o(z,a) + e n/ / efﬁt(Uf’a’ﬁ’n(a'))Jrﬂ(da')dt
B 0 Ja
= [ 1 O I+ [ P D (X ) o (X )
+/ /e_ﬁtf]f’a’ﬁ’"(a')ﬁ(dt,da'), (B.28)
0 Ja

where Uf’a’ﬁ’"(a’) = o(X7%d) — o(X]°, I?). On the other hand, applying Ité’s formula
to e_ﬁtYf’a’ﬁ’n from 0 to 7, and using the identification Yf’a’ﬁ’n = VP (X [P I%), we find

t
T R
vﬁ’n(f,d) — e_ﬁTvﬁ’n(Xf’a,Ig) + n/o /Ae_ﬁt(U;B’a’ﬁ’n(a/))Jrﬂ(da/)dt
T o _ o _ T o
b [ et g gt e [ ez,
0 0
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—/ /eBth’a’B’n(a/)ﬂ(dt,da’). (B.29)
0 Ja

Plugging identity (B.29) into inequality (B.28), we obtain

_ BT
> (e, - vz + et
-n eiﬁt[( ~2556’&’6’7L((1'))+ — (U$’a’6’n(a/))+]vﬂ(da/)dt

4 / e—ﬁt(ﬁfﬁﬁ,n(a/) _ Uf@’ﬁ’"(a’))ﬂ(dt, da’). (B.30)
0 JA

Define the [1,n 4 1]-valued P ® B(A)-measurable map v as follows

U‘i’7a767n a/ _ Ui'76767n a/
v(a’) = 1+ o —z ag(n )),+ : xR (, Vi Ligzasm @y _yzasn @z
Utvyv(a)_Ut777(a,) t t
Then, we have v € V,. Let us introduce the probability measure P¥ equivalent to P on
(Q, Fr), with T > 7 (e.g., T = 9), with Radon-Nikodym density given by (2.3). Then,
taking the expectation E” with respect to P¥ in (B.30), (recalling that o(z,a) = v*"(z,a))

1_7“%] (B.31)

B

Since 7 > 0, P-a.s., we see that the right-hand side of (B.31) is strictly positive. On the
other hand, from (B.26) it follows that the left-hand side of (B.31) is nonpositive, therefore
we get a contradiction. O

B.5 Proof of Proposition 3.3

Firstly, we prove point (i). To this end, consider Y*%%m and Y®@/n+1 Tt is useful to
fix T > 0 and to look at the penalized BSDE (3.6) on [0,00) solved by Y% (resp.
y©a8ntly as a BSDE on [0,7] with terminal condition Y;’a’ﬁ’n (resp. Y;’a’ﬁ’nﬂ) and
generator function f. Then, proceeding as in the proof of the comparison Theorem 2.5 of
[26] for BSDEs with jumps on [0, 7], we can find a probability measure P equivalent to P
on (9, Fr), such that

Y;%a,@n B }/t$7a,ﬁ7n+1 < R [efﬁ(Tft) (Y;,a,ﬁ,n B Y;,a7ﬁ,n+1) |f-'t], (B.32)

P-a.s., for all ¢ € [0,7]. Now, from estimate (2.6) and since |Yf’a’6’n|, |Y;’a’ﬁ’n+1| <
Cho,r(1+ | X7%)/B, letting T — oo in (B.32), we obtain Yf’a’ﬁ’n < th’a’ﬁ’nJrl, P-a.s., for
all t > 0. This shows that the sequence (Y#®#m),  is monotone increasing. Since it is
bounded by Cp 4 r(1 + [ X7%)/B, it converges increasingly to some adapted process y ®.a.8
satisfying [V, %] < Cy (1 + | X))/, for all t > 0.

Now, fix again 7" > 0 and consider the BSDE with nonpositive jumps (3.3)-(3.4), with
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(X,I) = (X®% 1), on [0,7] with terminal condition Y;’a’ﬁ and generator function f.
From Theorem 2.1 in [19] we know that there exists a unique minimal solution

(yoabT zzafT rraefT geabT) e §2(0,T) x L2(W;0,T) x L2(71;0,T) x K2(0,T)

to this BSDE. Moreover, Y#%#T is the increasing limit! of (Y*®#™), so that f/f’a’ﬁ’T =
Yf’a’ﬁ, P-a.s., for all ¢ € [0,T]. We also know that (Z%%#T U%®5T) is the strong (resp.
weak) limit of (Z®®8n U=efn) in LP(W;0,T) x Lp(,il,O T), with p € [1,2), (resp. in
L2(W;0,T) x L2(i;0,T)). This implies that (Z%®5T g=®8T) = (Zﬁoa’ﬁ’ /, U‘f(’f’Tﬁ’T/), for
all 7" > T. Then, we define (2%, U%%#) € L2 (W) x L2 (i) as

(Zigiy Uiy = (Z700,07000), v T >0, (8.33)

This proves point (ii). Concerning point (iii), from Theorem 2.1 in [19] we have that
R’f’a’ﬁ’T is the weak limit of (K Kb ™), in L2(F), for any 0 < ¢t < T. It follows that
I?f’a’ﬁ’T = K BT P_as., for all t € [0,7] and for any 7" > T. Therefore, we define
K®08 € K2 as follows: K" = KPP for all t € [0,T] and T > 0. We see that the
quadruple (Y8, zz.af [#.ab | [#eh) solves the backward equation (3.3) on [0, 00).
Regarding the jump constraint (3.4), from Theorem 2.1 in [19] we know that

Uv;c,aﬁ,T <0, dt ® dP ® Y(da)-a.e.

Then, from the definition (B.33) of U we see that (3. 4) holds It remains to prove the
minimality condition. Let (V@8 Z#af8 gjz.ab [r.ab) e §2 x L2 (W) x L2 (i) x K2 _
be another solution to (3.3)-(3.4), with |[V;"*?| < C(1 + | X)), for all ¢ > 0 and for
some positive constant C' (possibly depending on z, a, and ). Then, for any 7" > 0,
(Yf”f Zﬁaﬁ} UﬁoaTB],Kﬁaﬁ}) solves the BSDE (3.3)-(3.4) on [0,7]. As before, proceeding
as in the proof of the comparison Theorem 2.5 of [26] for BSDEs with jumps on [0, 7], we

can find a probability measure P” equivalent to P on (€2, Fr), such that
Y;J:,a,ﬁ,n Yaraﬁ < Ey[ B(T—t) (Yaraﬁn Yx a,ﬁ)p:t] (B34)

P-a.s., for all ¢t € [0,T]. From [Y2P"| < Cyp (14 |XEY)/8, VP < C(1 + |XE%)
and estimate (2.6), letting T — oo in (B.34) we obtain Y;"*?" < ¥»*? P.as., for all
t > 0. Then, sending n — oo, we find Yf’a’ﬁ < fﬁx’a’ﬁ, P-a.s., for all t > 0, which proves
the minimality of (Y”J’“ﬁ, VAN LU K““B) and concludes the proof. O

'Notice that in Theorem 2.1 in [19], the terminal condition in the penalized BSDE does not depend on
n; while, in our case, the penalized BSDE associated with Y®%#™ has the terminal condition Y;’a’ﬁ’".
However, since Y;='#™ converges increasingly P-a.s. to Y;*"**? as n — oo, the results of Theorem 2.1 in [19]

are still valid.
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