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Liouville heat kernel: regularity and bounds

Maillard P.* Rhodes R.T, Vargas V.} Zeitouni O.5

Abstract

We initiate in this paper the study of analytic properties of the Liouville heat kernel.
In particular, we establish regularity estimates on the heat kernel and derive non trivial
lower and upper bounds.
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1 Introduction

Liouville quantum gravity (LQG) in the conformal gauge was introduced by Polyakov in a
1981 seminal paper [34] and can be considered as the canonical 2d random Riemannian surface.
Indeed, physicists have long conjectured that LQG (which is parametrized by a constant 7)
is the limit of random planar maps weighted by a 2d statistical physics system at critical
temperature, usually described by a conformal field theory with central charge ¢ < 1. These
conjectures were made more explicit in a recent work [14] and in particular they provide a
geometrical and probabilistic framework for the celebrated KPZ relation (first derived in [31]
in the so-called light cone gauge and then in [9, 11] within the framework of the conformal
gauge): see [5, 6, 12, 14, 36] for rigorous probabilistic formulations of the KPZ relation. In this
geometrical point of view, (critical) LQG corresponds to studying a conformal field theory with
central charge ¢ < 1 (called the matter field in the physics literature) in an independent random
geometry which can be described formally by a Riemannian metric tensor of the form

X dg? (1.1)

where X is a Gaussian Free Field (GFF) on (say) the torus T and «y a parameter in [0, 2] related
to the central charge by the celebrated KPZ relation [31]

V25 —c—/1-c

Of course, the above formula (1.1) is non rigorous as the GFF is not a random function hence
making sense of (1.1) is still an open question. In particular, LQG can not strictly speaking be
endowed with a classical Riemannian metric structure as the underlying geometry is too rough
and requires regularization procedures to be defined.

Nonetheless, one can make sense of the volume form M., associated to (1.1) by the theory of
Gaussian multiplicative chaos [27]. Recently, the authors of [18] introduced the natural diffusion
process (B;): > o associated to (1.1), the so-called Liouville Brownian motion (LBM) (see also the
work [7] for a construction of the LBM starting from one point) but also in [19] the associated
heat kernel p/(z,y) (with respect to M,), called the Liouville heat kernel. One of the main
motivations behind the introduction of the LBM and more specifically the Liouville heat kernel
is to get an insight into the geometry of LQG: indeed, one can for instance note that there is
a sizable physics literature in this direction (see the book [2] for a review). The purpose of this
paper is thus to initiate a thorough study of the Liouville heat kernel. More precisely, we will
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show that the heat kernel p](z, y) is continuous as a function of the variables (¢, z,y) € R* x T?
and then obtain estimates on the heat kernel; this can be seen as a first step in a more ambitious
program devoted to the derivation of precise estimates on p](x,y). Note that the continuity we
prove, the fact that the support of M, is full and the strict positivity of p;(x,y) allows one to
define the Liouville Brownian bridge between any fixed x and y.

We recall that, on a standard smooth Riemannian manifold, Gaussian heat kernels estimates
in terms of the associated Riemannian distance have been established, see [22] for a review.
Thereafter, heat kernel estimates have been obtained in the more exotic context of diffusions on
(scale invariant) fractals: see [4, 25] for instance. In the context of LQG, it is natural to wonder
what is the shape of the heat kernel and it is difficult to draw a clear expected picture: first
because of the multifractality of the geometry and second because the existence of the distance
d., associated to (1.1) remains one of the main open questions in LQG (though there has been

some progress in the case of pure gravity, i.e. 7 = \/g : see [32] where the authors construct the

analog of growing quantum balls without proving the existence of the distance d.).

Brief description of the results

Our main lower bound on the heat kernel reads as follows: if x,y and n > 0 are fixed, one can
find a random time 7y > 0 (depending on the GFF X and z,y,n) such that, for any ¢ €0, Ty],

1
pZ(fa ?J) 2 exp ( —t 1+72/4—7,)‘

This is the content of Theorem 5.4 below. We emphasize that the exponent 1/(1+~2/4) is not
expected to be optimal, as in our derivation we do not take into account the geometry of the
Gaussian field.!

For 42 < 8/3, the same heat kernel lower bound holds when the endpoints are sampled
according to the measure M,. This is proven in Section 5.3 for v* < 4/3 and extended to
7v? < 8/3 in Section 5.4. For v > 8/3, a worse lower bound still holds and is proven in
Section 5.4 as well.

We will also give the following uniform upper bound on the heat kernel (see Theorem 4.2
below for a precise statement): for all § > 0 there exists 5 = (5(7) and some random constants
c1, 2 > 0 (depending on the GFF X only) such that

5
Vao,y € T,t >0, p/(z,y) < <m+1>exp<—62( t1/8 ) )

where dr is the standard distance on the torus. There is a gap between our lower and upper
bound for the (inverse) power coefficient of ¢ in the exponential: see Figure 1 for a plot as a
function of v (the graph of the upper bound corresponds to the limit of G5 — 1 as ¢ goes to 0).

Note that our estimates on the heat kernel, and in particular the upper bound, are given
in terms of the Euclidean distance. The lower /upper bounds that we obtain do not match but

1Jian Ding and Marek Biskup have kindly shown us an argument based on ongoing works that allows one to
take into account the geometry, and potentially may improve the exponent. The details will appear elsewhere.



this does not come as a surprise because such a matching would mean in a way that d., =< (dr)?
for some exponent 6 > 0, which is not expected. Yet our results illustrate that we can read off
the Liouville heat kernel some uniform Holder control of the geometry of LQG in terms of the
Euclidean geometry. This was already known for the Liouville measure by means of multifractal
analysis (see [35] for a precise statement and further references). To our knowledge, our work is
one of the first to investigate the problem of heat kernel estimates in a multifractal context, in
sharp contrast with the monofractal framework of diffusions on fractals. Notice however that
on-diagonal heat kernel estimates have also been investigated in the context of one-dimensional
multifractal geometry, see [3].

We conclude with some cautionary remarks on the (non)-sharpness of our methods. In both
the lower and upper bound, we have not taken much advantage of the geometry determined
by the GFF. In particular, our upper bounds are uniform on the torus, and thus certainly not
tight for typical points. Similarly, in the derivation of our lower bound, we essentially force the
LBM to follow a straight line between the starting and ending points. It is natural to expect
that forcing the LBM to follow a path adapted to the geometry of the GFF could yield a better
lower bound.

Discussion and speculations

Here we develop a short speculative discussion that has motivated at least partly our study.
It has been suggested by Watabiki [41, 1] that the (conjectural) metric space (T, d,) is locally
monofractal with intrinsic Hausdorff dimension

2

dy(v) = 1+%+\/(1+§)2+v2, (1.2)

(note that in the special case of pure gravity v = \/g this gives dy () = 4 which is compatible

with the dimension of the Brownian map). This could suggest that the heat kernel p](x,y)
takes the following form for small ¢:

C d,(z,y
p; (7,y) < e G( d )), (1.3)
b

o=

t

—cz"

for b > 0 and a function G(z) decaying like e for some u > 0 (depending on ). C' and ¢
are some global positive constants (possibly random), and =< means that p” is bounded from
above and below by two such expressions with possibly different values of ¢, C'. This is the form
of heat kernels observed in monofractals, where furthermore u = b/(b — 1).

The ratio de—b(W), called the spectral dimension of LQG, is equal to 2: this has been heuris-
tically computed by Ambjgrn et al. in [1] and then rigorously derived in a weaker form in [37].
This yields the relation

du(y) = 0.

As a consequence, assuming (1.3), the results in this article give bounds on the ratio u/dg /()
(see Figure 1). However we stress that it is not clear at all that in our framework the relation



u = b/(b— 1) holds. The exact relations between the exponents u and dy () are left as an
open problem, which is yet important in view of giving bounds on the exponent dy(v) and
ultimately of checking Watabiki’s formula.

5,
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Figure 1: Bounds on dg () /u assuming (1.3). Note that our bounds do not shed light on whether
(1.3) is true, nor, if it is true, on the values of dy(vy) and u.

Organization of the paper

In the next section, we introduce our setup: for technical reasons, we work on the torus T
though most of our results extend to other setups like the plane or the sphere. In Section 3,
we construct a representation for the Liouville heat kernel using a classical Hilbert-Schmidt
decomposition, and obtain regularity estimates for the heat kernel. In Sections 4 and 5, we give
(uniform) upper and lower bounds for the kernel.
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2 Setup

2.1 Notation

We equip the two dimensional torus T with its standard Riemann distance dr and volume form
dx (also called Lebesgue measure on T). We denote by B(z, ) the ball centered at « with radius
r. The standard spaces LP(T,dx) are denoted by LP. C(T) stands for the space of continuous
functions on T.

Denote by A the Laplace-Beltrami operator on T and by p;(z,y) the standard heat kernel
of the Brownian motion B on T. Recall that p;(z,y) can be written in the following form

pe(,y) |T| + Z e en y)

n>1

where (A,)n >1 and (e,), >1 are respectively the eigenvalues and eigenvectors of (minus) the
standard Laplacian:

—Ae, = \péen, /en(x)dx =0.
T

We use the convention that the (\,),>1 are increasing; by Weyl’s formula, A, ~ n. We

n—oo

denote by
1
Gley) = Y sealn)enly) (21)
n>1 n
the standard Green function of the Laplacian A on T with vanishing mean.
Throughout the article, the symbols C,C”’, C” etc. stand for positive constants whose value
may change from line to line and which may be random when mentioned.

2.2 Log-correlated Gaussian fields

Throughout this paper, X stands for any centered log-correlated Gaussian field (LCGF for
short) of o-positive type [27] on the torus. Its covariance kernel takes the form

EYX (@)X ()] = Iy 77— +0(.0) 22)

where In; (u) = max(0,Inu) for u € R and g is a continuous bounded function on T?. We
denote by PX and EX the law and expectation with respect to the LCGF X.

A particularly important example is that of the Gaussian Free Field (GFF for short) with
vanishing average, that is the centered Gaussian random distribution with covariance 27G,
where G is the Green function given by (2.1) [13, 21, 39].

2.3 Liouville measure and Liouville Brownian motion

We fix v € [0,2[ and consider the Gaussian multiplicative chaos [27, 35] with respect to the
Lebesgue measure dx, which is formally defined by

2
M, (dx) = X @)= S EX @] g (2.3)
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Recall, see e.g. [35, Theorem 2.14], that for some universal deterministic constant C', we have,
for p < & and all z € T, that
v
EX[M,(B(z,7))"] ~ ¢t (2.4)

r—0

where ((p) = (2 + é—z)p — l;pQ and a NOC b means that limsup,_,(a/bV b/a) < C. ((p) is

referred to as the power law spectrum of the measure M,. The following Chernoff inequality,

2 a2
PYX(M,(B(z,r)) > r*T 77 < Cor's, Va >0, (2.5)

is then readily obtained from (2.4) by setting p = a/7 and using Markov’s inequality.
Further, it is proved in [18] that the measure M., is Holder continuous: for each € > 0,
PX-a.s., there is a random constant C' = C'(¢, X) such that

Ve e T,Vr >0, M/ (B(z,r))<Cr*e, (2.6)

with o = 2(1 — %)2

We denote by L2 the Hilbert space L*(T, M, (dx)). We also use the standard notation L?
for the spaces LP(T, M, (dr)) for 1 < p < co. We denote by L ; the closed subspace of L?
consisting of functions f such that [ f(x)M,(dx) = 0. As M, is a Radon measure on the
Polish space T, the spaces L are separable for 1 < p < oo, with C(T) as dense subspace.

We also consider the associated Liouville Brownian Motion (LBM for short, see [18]). More
precisely, we consider in the same probability space the LCGF X and a Brownian motion
B = (B;); >0 on T, independent of the LCGF.

We denote by Pg and E% the probability law and expectation of this Brownian motion

when starting from x. With a slight abuse of notation, we also denote by Pgi’y and Ef;’y
the law and expectation of the Brownian bridge (Bj)o <s<: from z to y with lifetime ¢. We
will apply in the sequel the same convention to possibly other stochastic processes B. We also
introduce the annealed probability laws P, = P* ® Pg and the corresponding expectation IE,.

We also consider (P*-almost surely) the unique Positive Continuous Additive Functional
(PCAF) F associated to the Revuz measure M., which is defined under Pg for all starting
point # € T (see [16] for the terminology and [18] for further details in our context). Then,
PX-almost surely, the law of the LBM under P§ is given by

B; = Bry—

for all z € T. Furthermore, this PCAF can be understood as a Gaussian multiplicative chaos
with respect to the occupation measure of the Brownian motion B

t
F() = [ ex e g, (2.7)
0

The following facts concerning the LBM are detailed in [18, 19]. The LBM is a Feller Markov
process with continuous sample paths and associated semigroup (F;'); > o and resolvent (Ry)>o

7



which we refer to as the Liouville semigroup and resolvent, respectively. Further, PX-almost
surely, this semigroup is absolutely continuous with respect to the Liouville measure M, and
there exists a measurable function p;(z,y), referred to as the Liouville heat kernel, such that
for all z € T and any measurable bounded function f

Pl f(a / fly M, (dy). (2.8)

The following bridge formula, established in [37], will be useful in our analysis of the lower
bound.

Theorem 2.1. PX-almost surely, for each x,y € T and any continuous function g : Ry — R,
| swpinde= [ E5 @) (29
0 0
With the choice g(t) = e™* and A\ > 0, we thus obtain a representation of the Liouville
resolvent ~
/ “AMp)(z,y)dt = / Eg Y [e 0] py(z,y) dt. (2.10)
0
We define for a Borel set A
r(z,A) = / r)(z,y) M,(dy) = R}14(x).
A

It is proved in [37] that r}(z,y) is a continuous function of A and x # y. It is also proved
there that for any 6 > 0,

the function (z,y) — fol t°p; (z,y) dt is continuous on T2 (2.11)
In particular,
1
sup/ '] (x, x) dt < +oo0. (2.12)
zeT Jo

Remark 2.2. To be precise, (2.11) is established in [37] for the LBM on the whole plane. We
give here a short explanation how to adapt the argument to the torus. First, for § €]0,1] and
x # vy, we apply Theorem 2.1 to get

/ the='p] (x,y) dt = / Eg ™ [F(t)'e™" O] pu(w,y) dt.
0 0
Then we split this latter integral into two parts
00 1 :
/ e 'p](z,y) dt = / Eg Y [F(t)e V] pi(z,y) dt
0 0

—i—/ Eg_t’y [e_aF(t)F(t)‘S] pe(x,y)dt.
1



The main difference between the torus and the whole plane is the long-time behaviour of the
standard heat kernel p,(x,y). Therefore the first integral can be treated as in [37, subsection 3.2,
eq. (3.9)]. Concerning the second integral, we use the following facts:

]) F(t)zie—aF(t) < Ce—aF(t/2)/2 )

2) for allz,y € T and t > 1, py(z,y) < C

3) the absolute continuity of the Brownian bridge (see [37, Lemma 3.1]).

By the strong Markov property of the Brownian motion, we get

sup Ep [e_O‘F(t)} dt < (sup E% [e_O‘F(l)] )LtJ‘
z€T z€T

Because the mapping z — Eg [e_"F(l)] is continuous [18], the supremum is reached at some
point zy and because we have F(1) > 0 Pg-almost surely, we deduce sup,cq Eg [e”*FW] < 1.

This concludes the argument.

3 Representation and regularity of the heat kernel on
the torus

In this section we derive regularity properties of the Liouville heat kernel.

We begin by establishing a spectral representation of the Liouville heat kernel following a
somewhat standard procedure: the reader may consult [8] for the case of compact Riemannian
manifolds or [30] for the case of heat kernels on fractals. This will be useful in obtaining further
properties of the heat kernel. Tt is proved in [19] that the Green function of the LBM coincides
with G of (2.1) up to recentering the mean, namely

M, (dr)-a.s. / P f(a)dt = / G (e, 9) f () M, (dy) (3.1)

with
J1 Gz, y) M, (dz)
L (T

for every function f € L ;. We now have the following (write 27 = sgn(x)[z[? for 2 € R):

Gy(z,y) = G(z,y) - (3.2)

Lemma 3.1. Assume that p is a measure on T such that for some 6 > 0, we have u(B(z,r)) < Cr?
forallr <1 and x € T. Then, for all p > 0 and any bounded measurable function f on T, the
mapping « — [, G(x,y)? f(y)u(dy) is a continuous function of x and hence bounded on T.

Proof. Choose a continuous function ¢ : R, — R, such that 0 < ¢ < 1, ¢(u) = 0if |u| < 1
and ¢(u) = 1if |u| > 2 . Observe that, for any § > 0,

/T Gz, y) f(y)u(dy)

= /T Gz, y)Po(|lz — y|/6) f(y)u(dy) + /T Gz, y)" (1 —(lz —yl/9)) f(y) u(dy)
= Ag(.CE) + B(g(.lf)



For each 6 > 0, the mapping = — As(z) is continuous, since G(-,-) is continuous off-diagonal.

Therefore, it suffices to prove that

(lsim sup | Bs(z)| = 0.

—0 zeT
To see this, we write

Ba@)| < fllwswp [ Gl u(dy)

lz—y| < 26

< lfllsup 3 / Gz, y)Puldy)

n>1 noly Llo—y| <2776

C||f||oosupz (In(2"*/8))" (B(w,27"0))

n>1

<O fllsesup - ((n+1)In2 + | Ind|)rs’2~"*
n>1

< 2°C| flloo sup 8°(1 + [1n67) > ((n+ 1)P(In2)” + 1)27.
T

n>1

This latter quantity is independent of x and clearly converges to 0 as 6 — 0.
Lemma 3.1 implies that

/T/TG(x,y)QMW(dx)MV(dy) < 400 and sup‘/TG(z,y)Mw(dz) < 400

yeT

/T/TGW(%?J)QMW(dx)MW(dy) < +oo,

TW:fGL?Y — T, f(z /G z,y)f (dy)EL

so that

and therefore the operator

(3.3)

(3.4)

(3.5)

(3.6)

is Hilbert-Schmidt. Indeed, this operator is Hilbert-Schmidt on Lg because of (3.5) so that its
restriction to the stable subspace Lio is (note that 77, does map Li,o into Li,oi this can be seen
thanks to (3.1) and the invariance of M, for the semigroup (P/); or just by computing the

mean of T, f with the help of (3.1)4+(3.2)). We stress that T, is self-adjoint on L2 ,

is not on L?).
Lemma 3.2. The kernel of T, on L? =0 consists of the null function only.

Proof. Let us consider f € L? 5.0 such that T, f = 0. Then
0=1,0(0) = [ Grla) Sy = [P sy a
R2 0

10
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Integrating against f(x)M,(dz) and using the symmetry of the semigroup of the LBM, we get

- [ ([ r@r s@ann) = [~ ( [ 1par@r @)

Therefore, for Lebesgue almost every ¢ > 0, we have P, f = 0. Since the semigroup is strongly
continuous, we deduce that f = 0 M, (dx)-almost surely. O

Since T, is Hilbert-Schmidt and symmetric on the separable space L?%O, there exists an or-
thonormal basis (e]),, 1 of L?LO made up of eigenfunctions of T’, f. From Lemma 3.2, the associ-
ated eigenvalues are non null and we can consider the sequence (A, ,,), made up of inverse eigen—
values (i.e. A7} is an eigenvalue) associated to (€]), »1 in increasing order (A1 < A2 < ...).
Because T, is ; Hilbert- Schmidt, we have that ) )\ﬁl < +00; we will see below, see (3.10), that
a better estimate is available.

Theorem 3.3. The heat kernel p” associated to the LBM on T admits the representation

7t > e trtel (el (y). (3.7)

n>1

p/(z,y) =

Furthermore, it is of class CYO (R x T2). If v < 2 — /2, it is even of class C*>VH(RY x T?).

Proof. We know by Theorem 6.2.1 in [16] that the Liouville semigroup (P]); >0 is a strongly
continuous semigroup of self-adjoint contractions on Li, which furthermore preserves Li}o due to
(3.6). Furthermore, all the operators (P,); > ¢ commute with 7', and because all the eigenspaces
of T, are finite dimensional, we may assume without loss of generahty that the family (e)), >
is a famlly of eigenfunctions of the operators (F,'); > o too.

Then, for each n > 1, we can find a continuous function a,, : Ry — R, such that

From the semigroup property, we have a,(t) = e ' for some ¢, > 0. Further, by using the
relation

y,non

/ P (e))dt =T, (e]) = \, e
0

we deduce that P;(e)) = e *»te). This implies the representation (3.7).
Using (2.12) one then obtains

' s len(@))? s
oo > [ t°pl(x,x)dt > Z TS X t’e "t dt. (3.8)
0 - 0

v,m

In particular, for any § > 0 there exists a random constant Cy so that
e} (z)] < CsALH72, (3.9)

Also, integrating (3.8) with respect to M, (dx) one gets that for any J > 0,

PR (3.10)
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which, together with the fact that the sequence ), is increasing, yields for any ¢ > 0,
Ay = O, (3.11)

for some random constant Cj.
Now we show that the eigenfunctions (€] ),, are continuous. The proof is based on the relation

€)= A [ G le )M () 0> 1. (3.12)

By (3.9), (2.6) and Lemma 3.1, one deduces that the mapping = — [, G,(x,y)e](y)M,(dy)
is continuous on T, and therefore by (3.12), one concludes that the elgenfunctlon e)(x) is
a continuous function of x. Notice that for v < 2 — /2, the exponent a in (2.6) satisfies
a > 1 so that we can even integrate a |z| !-singularity instead of a log-singularity, leading to
C'-regularity of the eigenfunctions in that regime.

Finally we prove the continuity of the heat kernel. It suffices to establish the uniform conver-
gence of the series; the latter however follows immediately from (3.8). Note that this argument
shows that the heat kernel is C'*° with respect to t € (0,00) with time derivatives that are
continuous functions of (¢, z,y) € (0,00) x T2 O

Corollary 3.4. For each fized ty > 0 there exists a random constant C' = C(X, tg) so that for
allt > s >ty and (x,y,2',y') € T4,

P} (2,9) = P2 ) < O (|t = sl + hiw,a') + h(y. 1))
where

h(z,2") /|G:Uz G(2', 2)| M, (dz).

Proof. By the triangle inequality and (3.9) (with § = 1), we have
len(z)e) (y) — ey (a)en(y)] < lej()lle) (y) — el ()| + len ()€} (z) — ef(2)]
< Ch(len(@) — e ()] + lef(y) — en(y)]).

Now we estimate the quantity |e)(x) — e} (z’)|. By using the eigenfunction relation (3.12) and
then again the estimate (3.9) with § = 1, we obtain

|GZ([E) - eg(xlﬂ = )‘v,n < C)\,Qymh(l’,x,)

[ (Gf2) = 6, e )

Summing up these relations over n > 1 we get

Ip7 (2,y) — <C? Y N e (b, at) + h(y, ).

n>1

By the uniform convergence of the series ) A?W’,ne*)‘%”t for t > ty, we conclude that the above
estimate is uniform with respect to t > t;. The same argument handles also the control over
the time dependence. O

12



Corollary 3.5. For all x,y € T and t > 0, we have p](x,y) > 0.

Proof. From the spectral representation Theorem 3.3, we have

1
p;(z,z) = + e Mntel (1)? > 0.
) = 30 * 2
Then it suffices to adapt the proof of [30, Proposition 5.1.10]. ]

4 Upper bounds on the heat kernel

In this section, we state and prove our upper bound on the heat kernel. We stick to the notations
of section 3. We begin with a brief reminder of general techniques for deriving upper bounds
on heat kernels associated to Dirichlet forms.

4.1 Reminder on heat kernel estimates

Here we will recall a weak form of Theorem 6.3 in [23] (obtained by setting h(t) = /¢ and
F(z,y,h(t)) = C(1 + t~*) there), which yields upper bounds for heat kernels associated to
Dirichlet forms. We consider a locally compact and separable metric space (F,d) and u a
Radon measure on this metric space. We suppose that p has full support, i.e. that u(O) > 0
for every open set O.

Lemma 4.1. Let 3 > 1 and o > 0. Consider the heat kernel p; associated to a conservative,
local, regular Dirichlet form on L*(E, ) and let Tp, ) denote the exit time of the associated
Markov process from the ball B(y,r). Assume that

1) For all x,y and t > 0, we have pi(z,y) < C'(t% + 1).

2) There exists € €]0, %[ such that E(l)supyeE PY(tp4m) < 7°) <e
Then, for allt >0 and p almost all x,y € F,

iz, y) < c(tla 1) exp (- " (d(;/,ﬂw) &)

4.2 The upper bound
Set
0422(1— %)2 and Yu >0, f(u) = (

S
IS
[\]

Here is the main result of this section:

13



Theorem 4.2. For each § > 0, we set
as = o — 5, ﬁg = ﬁ(aa) + 0 (42)

Then, there ezist two random constants ¢; = ¢1(X), ca = c2(X) > 0 such that

C1 d'[[‘(.’ll',y) Bs=1
Va,y € T,t >0, PZ(%?J)gmeXp(_CQ( t1/Bs ) )

4.3 Proof of Theorem 4.2.

As the Dirichlet form associated to the LBM is conservative, local and regular (see [19, Sec-
tion 2]), the proof is based on the following two lemmas and an application of Lemma 4.1.

Lemma 4.3. For each § > 0, we can find Cs = Cs(X) > 0 such that

Vi >0, sup p](z,y) < 05(1 - t_(1+‘5)).
z,yeT

Lemma 4.4. Recall that Bs is defined by (4.2) and that
TB(zr) = inf{t > 0; B, € B(x,r)}.

For each § > 0, PX-almost surely we have

msup PE (TB(x,T) < T/B(S) <
=0 zeT

A~ =

Proof of Lemma 4.53. By (3.7), (3.8) and (3.11), it suffices to consider ¢ < 1. From the heat
kernel representation (3.7), we have that the mapping ¢ — p;(z, ) is decreasing. Thus, since

t<1,
t

t1+§pZ(ZL’,JI) < 21+6/

1
wpl(z,x) du < 21+5/ uw’pl(z, x) du.
t/2 0

Combined with (2.12), this shows that sup,cysup,.; t7°p; (z,7) < +oo. Finally observe that
the heat kernel representation (3.7) also yields by Cauchy-Schwarz’s inequality that

1/2 1/2
17 (2, y) < (89D (2, ) 2 (89p) (v, 1)) * < Squiug)tl”pZ(:v,:ﬁ) < +00.
xEe <

The proof of the lemma is complete. ]

The proof of Lemma 4.4 is based on a coupling argument. We recall some preliminary
observations. Consider two independent Brownian motions B, W on T; possibly enlarging the
probability space, we may and will assume that B, W are defined on the same probability
space with the LCGF X. Considering the torus T as (R/Z)?, then for i = 1,2 we may speak of
the components B, W* of the Brownian motions. We denote by ngyw the probability measure
Pg ® Py, The following lemma is elementary; we leave the proof to the reader.

14



Lemma 4.5. Introduce the successive coupling times 11, T of the components:
i =inf{u > 0; B, = W'}, 7 =inf{u > m; B> =W2}.
Under Pg'y, the random process B defined by

_ (tha Wt2) Z.f t<m
Bt = (Btl, WtQ) ’&f 1 <t< M
(Btl,BtQ) Zf Ty < t.

1s a Brownian motion on T starting from y, and coincides with B for all times t > 5. Fur-
thermore, we have

Vn>0,lim  sup Py (e >n) —0, and Pgiy(m <oo)=1.
ayeTla—y < ’

PX-a.s., we can associate to the Brownian motion B a PCAF, denoted by F(B.,t) to
distinguish it from F associated to B, with Revuz measure M,,. Formally,

t 2 —
P(B,1) = / X B F XX (B g
0

Introduce the first exit time Tp(,,) of the standard Brownian motion out of the ball B(z,r)
and note that under Pg,

7—B(x,r) = F(TB(I,T))
It is also plain to check that P¥-a.s., for all z,y € R?, under Pgf,,, the marginal laws of (B, F)
and (B, F(B,-)) respectively coincide with the law of (B, F) under P§ and P.

Now, we state three quantitative 2msml‘cs 2about the behaviour of the PCAF F' and the
measure M,. Recall that ((¢) = 2+ % )q — L-¢°.

Lemma 4.6. For each q > 0, there exists a constant C, such that for all r €]0,1] and z € T
EL[F(Trwr) ™ < Cpr¢9,
Proof. See [18, Prop. 2.12]. O

Lemma 4.7. Set o = 2(1 — 2)*. For each 6 > 0, P*-almost surely, we have

1
sup sup 7‘_(“—5)/ In M, (dy) < 4o0.
z€T re]0,1] B(z,r) dr(z,y)

Proof. The lemma follows directly from (2.6). O

Lemma 4.8. Fiz § >0 and set a = 2(1 — 1)?. Then, P~ -almost surely, there exists a random
constant D5 = D, 5(X) > 0 such that

sup sup r_(o‘_‘s)Eﬁ [F(TB(I,T))} < Dy
z€T r€]0,1]

15



Proof. First observe that

Eg [F(Ts@n)] = /B ( )GBu,r)(ﬂ%y)Mv(dy),

where Gz (7,y) stands for the Green function in the ball B(z, ) killed upon touching the
boundary dB(z,r). Furthermore G (z,y) = = 1In Lln Zeg- Thus we have

dT(JTay

1 1
EL [F(Tpen g/ —In ——— M, (dy).
B [ ( B ))] B(z,r) ™ d'[[‘(.%‘,y) ’Y( )

Then it suffices to apply Lemma 4.7. O]

We are now in a position to prove Lemma 4.4.

Proof of Lemma 4.4. It suffices to treat the case where the supremum in r runs over r < 1.
Recall that under Pg
TB(z,r) — F(TB(m,T))

The first step of the proof is to relate the behaviour of the quantity P4 (7s(y,» < t) to the
behaviour of Pg(7p(;,) < t) for all those y that are close enough to x. This is provided by the
following claim: there exists £ > 0 deterministic such that Vx € T,Vr < r*(¢),Vt > 0,

1 4
sup PL(Tpyr) <t) < 2 + Pg(TB(ar/2) < 2t) + 7 sup Eg | F(Tg 5005y | - (43)
yly—=| < rPs/s yeT

We provide the (coupling based) proof of (4.3) at the end of the proof of the lemma.

In the next step, we take r :=r, = 2n. Once (4.3) is established, we consider a covering of
the torus T with N,, balls (B})1 <& < n, of radius 725/ and centers (x¥)1 <k < N,,; We can find
such a covering with N,, < C'ry, 203/ for some deterministic constant C' > 0 independent of n.
We will establish that there exists a deterministic € > 0 small enough such that, PX-almost

surely, there exists a random ng = ny(X) such that Vn > ny,

sup Pw (TB(an2—n) <27 nfs) L 27N (4.4)
1<k <Ny

Finally, by combining (4.3),(4.4) and Lemma 4.8, we deduce that there exists a random
ro = 10(X) so that Vr < ro, with n = [log, £/,

1 ” » 4
sup Py (Tp(yam < 2r%) < 1 + sup  Pg(TB(apa-n) <2 By + — 5; Sup Eg | F (T, 085/05))
yeT 1<k < N, T yeT
1 4 e
< Z+(2r) + 5 Dt Oy

where we have chosen §' < §. We deduce that

1rfs) < 1/4.

lim sup sup Pg(7p(y,4r) < 2

r—0 yeT
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This completes the proof of Lemma 4.4, provided that we can prove (4.3) and (4.4).

We begin with the proof of (4.4). By using in turn the Markov inequality and Lemma 4.6,
we have for all p > 0

]PX< max P (TB(xzvgfn) < 27P) > 2_”6>

1<k N,

< ne X|: no—n < —TLB(; i|
2™ E 1<n]%a<XN P (TB(:EMQ ) <2 )

< ne X|: ’npﬁé xk n o9—mn P :|
ONETR 1<H]ia<an2 Ey [F(TB(xk,Q )) }

< CQne—nPﬁé Z ]Exz‘ [F(TB($Z,27H))_p]

1<k <Ny
< CCPQnE—n}?5522nﬁ5/aé 9—nC(=p) (4‘5>
Consider the function
2 2
f(p) = —pBs +205/as — ((—p) = 51?2 +(2+ 5 Bs)p + 205/ as.

By the choice of @ and 3 in (4.1), there exists p > 0 such that f(p) < 0 and fix e = —f(p)/2 > 0.
Indeed, the minimum of the function f is attained for p, = (G5 — 2 — 72—2) /7% > 0 and equals

(55—2—§)2'

f(p*) = 255/045 - 272

The last expression is negative by (4.2). Finally, we use the Borel-Cantelli Lemma in order to
complete the proof of (4.4).

We turn to the proof of (4.3). We fix # € T and consider y € T such that |y — x| < %/,
We will use Lemma 4.5 and the notation introduced there. We further introduce the first exit
times T4, ., and T/ of the Brownian motions B and B out of the ball B(z,r). We have

Py(Ts@yn <t) = B(F (T ,r) )
_ p,gyw( (B TB <17 < WI(TE, e TE o))
+ Pg'w <7'2 > mln(TB(thé/aé) TB(y hg(s/%)))

By using the scaling relations and the symmetries (translation invariance and isotropy) of
Brownian motion, we have that
: : B B 0, : B B
Pg'w <T2 > min(Tg, gos/asy) TB(%grﬁ(s/%))) < Pgiw <T2 > min(Tg0 4, TB(y,Z)))

where z is any point of the torus at distance 1 of 0 (the above quantity is independent of the
choice of such a z). Now we choose ¢ large enough so as to make the right hand side less than
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Figure 2: Illustration of the coupling: the blue Brownian motion starts from x whereas the red
one start from y. Once they have been coupled, their paths is drawn in black. They are forced
to be coupled before they hit the green circle. Notice that the circle centered at = of radius r/2
is contained in the intersection of the inner parts of the blue and red circles.

1/4. Then on the event {m < min(Tf(x,hﬁé/%),Tgyﬂﬁé/%))}, the two Brownian motions are

coupled before they both leave the ball B(z,7/2), as long as r < (20)' =P/ Furthermore, on
this event, the paths of the Brownian motions B, B coincide from 7, until T, ,/2). Therefore

under Pgf,; and on the event {7, < min(Tgx trbs/as) TBE(y Mgé/aé))} we have
F(Ea Tgx,r/Q)) :F<§7 Tgx,r/Q)) - F(E’ 7—2) + F(Ev 7_2)
:F<B7 Tgx,r/2)> - F(B7 7-2) + F(Fv TQ)'
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Hence we get

P;%(F(E, TB( T')) < t, TQ < min(TgI’erﬁé/aé),T;}y}erﬁé/aé)))

< P (F(B.TE, . ) <t.7 < min(TF

B
(x,lrPs/s)) TB(y,Zrﬁé/aé))>

(B

( 2,7 < min(TE o os T, oises)) F(B. ) <t /2)
+ PE%,(TQ < min(T B(w trBslasy) TB(MT[,&/% ), F(B, 1) > t/2>
< P (F(TB(xvr/2)> = 2t) + Pzg,yw(F(B T B(x,0rPs/25) ) > t/2)

i 2
< Pp(F(Tprs) < 2) + 5 sup Eg(F(Tpy po5i05)))-
=

< Pﬁ’,yW(F B, Tgy./2)

N

The proof is complete. O

Remark 4.9. [t is straightforward to check that the heat kernel estimate in Theorem 4.2 ex-
tends to the Liouville Brownian motion on the whole space, in the following form. Let p; (z,y)
denote the whole space heat kernel. Then, for every R = 0 there exists random constants

c1(R,X),co(R,X) > 0 so that

_Bs_
_ 1 [z —y|\ %t
sup  pl(x,y) < — e exp( ( 1175, > ) (4.6)

t>0,]z|,lyl < R
To see (4.6), we may and will assume by scaling that R < 1/4. Let p] denote the heat kernel
of the LBM killed upon exitmg B(0,3/4); we have that p; < p; < W(t,x,y) where W(t,z,y)
is the upper bound on p] from Theorem /.2. Using Lemma /.4, conditioned on X, the number

of excursions between 0B(0,3/4) and 0B(0,1/2) before time 1 is dominated by a geometric
random variable of finite mean M(X). Then, using the Markov property and t < 1,

p/(z,y) < pl(z,y)+MX) sup p.l(z,v)
s < ,2€0B(0,1/2)
< pilz,y) + M(X) sup p.(z,y) K C(X)W(t,z,y),
s < t,2€0B(0,1/2)
as claimed.

5 Lower bounds on the heat kernel

The goal of this section is to prove the following two theorems:

Theorem 5.1. Fiz x # y. For all n > 0, there exists some random variable Ty = To(x,y,n)
such that for all t < Tj,

N
p;(z,y) > exp < —t 1+72/4—n), P -a.s.
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Theorem 5.2. Conditioned on the Gaussian field X, let x,y be sampled according to the mea-
sure M. (T)"'M,. For alln > 0, there exists some random variable Ty, such that for all t < T,

pz(x7 y) > €xXp < -t UMl)_n)a IPX-CL.S.,

where ,
1+7 7 € [0,8/3]
2 2 -1
v =31+72 - (1-3) e (8/3.3 (5.1)
4— 2 V2 € (3,4).

The remainder of the section is organized as follows: in Section 5.1, we first give a lower
bound on the resolvent. The general strategy for this is explained at the beginning of the
section. Section 5.2 then introduces some Harnack inequalities which are used to upgrade the
resolvent bounds to bounds on the heat kernel, yielding Theorem 5.1. In Section 5.3, we then
show that the results from the two previous sections can be applied with few changes to prove
Theorem 5.2 for v < 4/3. In Section 5.4, we give a refined strategy which allows to treat all
v < 2.

5.1 Lower bound on the resolvent

(2.10). For y € T and r > 0, let B,(y) denote the ball of radius r around y.

Theorem 5.3. Fix x # y. There exists a numerical constant 3 > 0, such that for all n > 0,
there exists some random variable Ag = Ao(z,y,n) such that for all X = Ay,

1
inf inf  rl(w,z) > exp ( - )\2+72/4*n).
wEB, () 2€B, _(y) Aw, 2)

Theorem 5.3 implies in particular that the resolvent is superdiffusive, i.e. decreases strictly
slower than e~V as A goes to infinity.
We will prove in fact a slightly stronger result, namely the following theorem:

Theorem 5.4. Fizx # y. For alln > 0, there exists some random variable Ty = Ty(x,y,n) > 0
and some numerical constant ¢ > 0, such that fort < Ty and X\ > 0,

. . N _ _ 14~2/4— -1
inf inf Eg z [6 )\F(t)] > e c(Att+ N4t )
WEBy 5(x) 2€By/2(y)

Notice that Theorem 5.3 directly results from Theorem 5.4 by the obvious relation

R AF
() > / ES% [0 py(, ) dt
0

in combination with the elementary asymptotic expansion Lemma A.1 and the fact that for
some ¢ > 0, for all 7,y € T, p,(x,y) > e for t < 1.
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Figure 3: The “strategy” of the Brownian bridge in the statement of Theorem 5.4 for minimizing
the functional F(t).

We first give the heuristic ideas behind the proof. In order to bound Egi)y [e™ (t)} from
below, the basic principle is to exhibit a strategy for the Brownian bridge whose probability is
not less than e~'/* (or e=“/* for some constant ¢ > 0) and such that the typical value of F(t)
is small. The strategy that we give is very simple: we first force the Brownian motion to follow
basically a straight line from x to y. Indeed, the probability for the Brownian bridge to stay in
a tube of width ¢ around this straight line is of order e~'/f. We then discretize this tube into
small squares Sp, ..., S, of side length ¢ and consider the values of M, (Sk), £ =0,...,n. The
strategy is now to accelerate the Brownian bridge as soon as it enters boxes with large values
of M, (see Figure 3). The multifractal analysis of M, quantifies this acceleration: say that a
box Sy, is d-thick, if M, (S) ~ t2t7°/2-07 Denote by Ty the time the Brownian bridge spends in
d-thick boxes. The contribution Fj of these boxes to the functional F'(t) is then approximately

F(; = T5 X t72/2_67.

We can express this quantity differently: suppose we give the additional drift vz to the Brownian
bridge in the d-thick boxes. By standard results for one-dimensional log-correlated fields, the
number of d-thick boxes is of the order t*/2=1 (there are no d-thick boxes for || > v/2), i.c.
their total width equals 9%/2. The above quantity then takes on the form

Fy = 72700402 s (5.2)

We now try to maximize vs, under the constraint that the cost of this acceleration is at most
of order 1/t (i.e., the probability of such an event is at least of order e='/*). Since the width of
the area in which we accelerate is t9°/2, standard large deviation estimates yield that the cost

is
19%/2 Vs,
which yields a maximal vs of t~1%%/2 under the constraint. Plugging this into (5.2) gives

Fs — A7 /2-07+67 _ 41+(6-7/2)%+97/4

This quantity is maximized for § = «/2, where it is

max_Fs = F, 5 = /4
5] < V2
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This is exactly the term occurring in the statement of Theorem 5.4 (an additional fudge factor
n is introduced there).

In reality, we cannot accelerate by the maximal vy = t~1-"/2 in the -thick boxes for every
§. In order to get a simple formula, we therefore replace the quadratic polynomial 6%/2 by its
tangent line at 0 = /2, i.e., we set

v = tITVBEOT2 or y(Sy) = t_2_72/8\/M7(Sk).

This is precisely defined below.

We stress again that the largest contribution to F'(t) comes from the 7/2-thick boxes. This
is a first indication that the distances in Liouville quantum gravity are not determined by the
~-thick points of the underlying log-correlated Gaussian field, which is to be contrasted with
the fact that the measure M, is in fact “supported” on the 7-thick points, a fact which is made
precise in [27] (see also [35]).

We now get to the details of the proof of Theorem 5.4. In order to simplify notation, we
will assume in this section that the torus T is parametrized as [—1,2]? with identification of
the opposite sides of the box, and that the points x and y are = (0,0) and y = (1,0). The
case of general x and y is no different. We will also write 0 := (0,0) and 1 := (1,0).

Step 1: Preliminaries on the random field

We consider a fixed ¢ > 0. This parameter will take small values in the following. For conve-
nience, we suppose that n = 1/(2t) € N. For k =0,...n, let

T = th, Sy = [l’k —t,x + t] X [—t,t] C T. (53)

We then define a family Wy,...,W,, > 0 of random variables by the following formula for
k¢Z{0,1,n—1,n}

Wi =282 A (S, W = Wi, if W,g' > 1/t
0, otherwise.

and Wy =0 for k € {0,1,n —1,n}.

The speed-up strategy we will define later assigns the Brownian bridge a speed of roughly
W, in the box Si, for each k € {0,...,n}. In this section, we first prove some properties of these
random variables, namely (A1-5) below. Their meaning is as follows: The quantity appearing
on the LHS of (A1) is the cost of the speed-up strategy, which we want to be no bigger than
1/t, as explained above. The LHS of (A2) bounds the expected value of the functional F'(t)
under the speed-up strategy. Assumption (A3) says that there are many “good” boxes around
the point (1/2,0); this will allow us to split the Brownian bridge into two parts. Assumption
(A5) ensures that the Brownian bridge is not accelerated in the first and the last box; the
contribution to the functional F'(¢) of these boxes is then bounded by the LHS in (A4).

Here is the precise statement: for each n, e > 0, there is a random variable T, > 0, such that
the following holds for t < Tj:
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(A1)
(A2)
(A3) #{k €{0,...,n} : SiN[1/2—v/,1/2+V/H] x [t 1] # 0 and [Wy, # 0 or M,(Sy) > t2577°/471)} < ¢/(6v/1)
(A4) SUDP,ep(ag ) fB(yi) log, ﬁ M, (dx) + Supycp(s, 1) fB(y@ log., ﬁ_y‘ M., (dx) < t1+77/4n,

(A5) Wy =Wy =W,y =W, =0.

Let us show (A1-5). First, we will use the following lemma:

Lemma 5.5. Letn' > 0. Then there exists some random constant C' > 0 such that for allt <1
we have

Y ML(S) < ©
k=0

Proof. Set Dy = S p_t=7" /%" /M_(S}). We have

EX [Dy] < Ct 17 AT EX] /M, (k)]
Ct= 178+ (yge (2.4))
ot

NN

where C' is some deterministic constant. Hence, we have almost surely Y ¥_; Dy-~ < 00; in
particular, the variable D; converges almost surely to 0 as t goes to 0. This is clear for a dyadic
t and results for all ¢ by the following property: if 2N% <t< %N for some integer NV, then we
have D; < ¢D jov for some numerical constant ¢ > 0.
O
Now, it is easy to check that our family (W} ), satisfies (A1) and (A2). Indeed, we have by
Lemma 5.5 (with " = n/4) the existence of some random constant C' > 0 such that

S W< SO s < ot
k=0 k=0

which implies (A1). Notice that by definition of Wj, we have 1 + W), > =280/ N (Sy).
Therefore, we have again by Lemma 5.5 (with ' = 1/2) the existence of some random constant
C > 0 such that

n

1 LA 2
Z(; + W) UM (S /7 <Y R ML (SE) < ort
k=0

k=0

which implies (A2).
For property (A3), first notice that W, # 0 is equivalent to M, (Sy) > 2+7*/4=n_Therefore,
it is a straightforward consequence of the following multifractal analysis lemma:
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Lemma 5.6. Let a €]0,1]. Set S = {k € {0,...,n} : S, N[1/2 — Vt,1/2 + /1] x [—t,t] # 0}.
Then for all § > 0, PX-almost surely, there exists some random constant C' such that for all
t e (0,1],

#{k € 8 : M, (Sy) = 137720} L Ot 1/20-a%+0) (5.4)
Proof. Note that #S < Ct~'/2. We have by Markov’s inequality
IPX(#{]C €S Mv(Sk) > t2+72/2—aw} > 75—1/2(1—112—1—6))

< t1/2(1—a2+6/2)EX<#{k cS: My(Sk) > t2+72/2—a7})
< Ct_a2/2+6/2PX(M,Y<SQ) > t2+«,2/2—a7)
<Ct,

where the last inequality follows from (2.5). By the Borel-Cantelli lemma, the result then holds
for all ¢ of the form ¢t = 27% for integer N. One can then deduce the result for general ¢ by
standard comparisons with the dyadic case. O]

For property (A4), we just treat the first supremum: the second one can be handled the
same way. We first get rid of the In, with the following lemma

Lemma 5.7. For each € > 0, there ezists a random constant C. = C(e, X) such that PX-a.s.,
forallz € T andr <1

1
In, ——M <CM,(B 1=e .
/ e g M) S AL (B ) (5.5)

Proof. Let us set fi(z,7) = [ lnm—iz| M, (dz). Also recall (2.6) and set 6 = (o — €)e. Then
we have

1
e, ) = E: In —— M (dz
M( ) —Inr Ln <|Z—IE| <2_("_1) ‘x - Z‘ FY( )
In2

< ) nln2M(B(z,27"Y)

—Inr
nZ T

< Z TLII]QMW(B(;L"2_(”_1)))1_5M7(B(x’2—(n—1)))e

—Inr
nZ T

< M (B(z, 7)) <C* Z nln227°m=b,

—Inr
nZ T

n>

The latter series converges and can be bounded independently of x, r. O]
By Lemma 5.7 we now get for all € > 0, and all y € T such that |y| < t,

t
In, —M,(dz
/B(y,t) +dT($7z) ) v,

<
< C.M,(B(0,2r))' <. (5.6)
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Finally, we observe that for all > 0, we have from (2.5),
PX (M, (B(0,8) > (720 < cor

for some 1" > 0. Then by the Borel-Cantelli lemma there exists some random constant C' > 0
such that for all dyadic ¢ (i.e. t of the form 27V) one has

M, (B(0,t)) < Ct*+7/2=m),

One can then reinforce the above inequality to all ¢ by standard comparisons. By combining
with (5.6) and since €,’ can be chosen as small as we want, we get property (A4).

Step 2: Reduction to drifted Brownian motion in a thin tube

From now on, we assume that ¢t € (0, 1) is fixed. The symbol ¢ will denote a positive numer-
ical constant whose value may change from line to line. It may sometimes depend on other
(deterministic) constants, if mentioned. Let B = (B!, B?) be a standard Brownian motion on
the torus T, i.e. B® and B? are two independent Brownian motions on the circle [—1,2]/_1.a.
Recall the definition of the additive functional

t 2 )
F@zﬁﬂw:/eﬂwﬂéwww&
0

We will want to force the second coordinate to stay in the interval [—t,t] during the whole
time. To formalize this, denote by p2(x,y) the transition density of the (one-dimensional) Brow-
nian motion killed upon exiting the interval [—¢,¢], i.e. [15, p. 342] for z,y € [—t, ]

R I~ w2, . [(mh(z+t . (Tk(y+t
po(z,y) = " Ze 82 % gin <%) sin (%) . (5.7)
k=1

Here, and in the sequel, we write A <, B if p~' B < A < pB. The following lemma is standard:

Lemma 5.8. 1) For every p > 1 there exists a numerical constant ¢ = ¢(p) > 0, such that for
all s > ct* and x,y € [,

1 =2
Pz, y) <, ;e_WS cos (g—f) oS (%J) : (5.8)

2) For every ¢ > 0 there exists p = p(c), such that (5.8) holds for all s > ct*.

Proof of Lemma 5.8. 1) use the inequality sin kx < ksinz for z € [0, 7).
2) use (5.7) and a representation of p? in terms of Gaussian kernels [15, p. 341], effective for
small s. O
Let B* be a Brownian motion conditioned to stay forever in the interval [—¢,¢], formally
this is the Doob-transform of Brownian motion killed at —¢ and ¢ with respect to the space-
time harmonic function h(z,s) = cos(mz/2t)e™ /) [29]. Its transition density is given for
x,y € [—t,t] by
cos (7;_?) 1

Pl ) = 2ty ) =, 7 o (51, (59)
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where the last inequality holds either for every p > 1 and s > ¢(p)t? or for every s > ct? with
c¢>0and p = p(c).

For a one-dimensional diffusion B, we denote by L%(s) its local time at the point x and
time s. We will later need the fact that for all y € [—t/2,¢/s] and all z,

B [L%.(s)] < c (; + t) Vs > 0, (5.10)

The proof of this relation follows easily from (5.9): split the interval [0, s] into two parts [0, ct?]
and [ct?,s]. Then use (5.9) on [ct?, s] and estimate the integral of the transition density of
Brownian motion killed upon exiting [—t,¢] on [0, ¢t?] with the help of (5.7) to show that it is
bounded by ct.

We now define the process B* = (B!, B*). We can relate it to B through the following
lemma:

Lemma 5.9. There exists a numerical constant ¢ > 0, such that for t < ¢, and any = =
(&1,&) and y = (y1,y2) with &), ly2| < t/2, we have

EG Y [ p0] > e/ gDV [~ e (0]

Proof. Since the two coordinates of the processes B and B™ are independent, it suffices to
show that for every non-negative bounded functional f, we have (with B a one-dimensional
Brownian motion),

ES™" [f(Bas < 1) > e B [f(Bls < b)) (5.11)

Denote by B° a Brownian motion killed upon exiting [—t,¢] . Since B* is a Doob transform
of B°, the bridges associated to both processes have the same law. Furthermore, we have for
every non-negative measurable function g, with py(z,y) = (2rs) ™12~ (@-9)?/2t

/EngLy [f(Bs; s <t)yp, <tvs <t}} pe(§2,9)9(y) dy
= B33 [f(Bsis <)Ly, <ovs <9(By)]
= ER. [f(Bg;s < t)g(By)]
= [ B s < Dl o) dy
such that, in particular,

2i> 2 2L 2 © po 5 Y
By [f(Bsis < t)1(p, <ivs <) = B [£(Bgis < 1) ﬁ'

By (5.8), we now have p®(&,10)/pi(€2,12) = e/t for t < ¢, Together with the previous
calculations, this gives,

Eg " [f(Bss <t)] = B3 " [f(Bss < t)1(n, < tvs <1)]
> e MER T [f(B s < 1)

= EET [f(Blis < 1),
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which is (5.11). O

The next step is to first prove a result similar to Theorem 5.4 for the process B* with a
suitable drift. Define the two-dimensional processes

B* = (B;:5>0) = ((B; £5/t,B});5 > 0).

We then have

Proposition 5.10. Suppose the assumptions (A1-5) hold and let € > 0 be the same one as in
(A3). Then there exist constants ¢ = c(e) and ty = to(e) > 0, such that, for all t < Ty Aty, for
all measurable A C [1/2 —\/t,1/2 + /1] x [—t,t] such that Leb(A) > et3/2,

. “AF . (/2 et A1
B e [ ] 5

: y [ —aF,_(t/2) —e(AMIH /A1
yegtl/g(l) Ep- [e ? 1(3;/26‘4)} > ¢ '

We furthermore recall a probably standard lemma.

Lemma 5.11. Let f, g be non-negative measurable functions on a probability space (Q, B, v).
Then,

[ it vian) > (AEB,;&f) o) u(dx>) (AEB,;&@ o)) u(dm>) |
Proof. Fix A € B and write

a = e, Vl&f) N 1/2/Af(x) v(dx), b:= AGB,VI&f) N 1/2[49($) v(dz).

Define the set A, = {z € R? : g(z) > b}. We claim that v(A,) > 1/2. To prove this, suppose
that v(A,) < 1/2. Then its complement satisfies v(A7) > 1/2 and therefore, by the definition
of b,

/ g(x)v(dx) > b.
A

c
g

But on the other hand, since g(x) < b on Aj and v(Aj7) > 1/2 > 0,
/ g(x)v(dr) < bv(A;) <D,
AG

which is a contradiction to the previous equation. It therefore follows that v(A,) > 1/2. This
now gives

/f(ﬂf)g(»’v) v(dz) > /A f(@)g(x)v(dr) > b/A f(z)v(dx) > ab,

which proves the statement. O]
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We next show how Proposition 5.10 and Lemma 5.9 imply Theorem 5.4.

Proof of Theorem 5./ assuming Proposition 5.10 and Lemma 5.9. Throughout the proof, ¢ and
to denote some numerical constants whose value may change from line to line. Let n > 0 be ar-
bitrary but fixed and let € = g, where g9 > 0 is some numerical constant to be defined later. By
the previous step, assumptions (A1-5) then hold for some random variables Wy, ..., W, > 0 and
To > 0. By Lemma 5.9, it is enough to show that for t < Ty Aty and & € B;2(0),y € By/s(1),

BV [ e (0] 5 eme ) (5.12)

Fix = (£1,&),y = (y1,y2) as above; all the estimates in the sequel will be uniform in this
choice. Let pu, be the law of B*(t/2) under Pg. ¥ and define f(w) = Eg*ﬁ“’ [e= B+ (/2] and

t)2
g(w) = Ep."Y [e7 B /2] Note that the functions f(-) and g(-) are continuous and hence
measurable (the argument is the same as that in [37, Theorem 3.3]). We now claim that for
t < Ty Ato,

2
inf (dw) > e AT, 5.13
- / F(w) jpe(dw) > ¢ (5.13)

We want to prove this using Proposition 5.10. Let A C R? be measurable and such that
tne(A) = 1/2. We first verify that the assumption on A in Proposition 5.10 is verified. For this,
we note that the measure uy,, has the following explicit form

n(de dy) = P& @) pz’/g(iz;wpi/g(y,yz) drdy.
Pe(1s 1) P (€2, 92)

(Note again that because B* is a space-time Doob transform of B°, the right side of the last
expression would be the same if p° is replaced by p*.) By (5.9), there exists then tq > 0, such
that for all t < t,

t 2t

2 1)2 1
e (dz, dy) <o \/—te*%(“i) X = cos® <E> dx dy, (5.14)
T

In particular, by well-known estimates on the Gaussian integral, we get
pine([1/2 — Vi, 1/2 4+ V1] x [~t,t]) > 3/4,

such that with A’ = AN [1/2 — V/t,1/2 + /1] x [~t,t], we have i, (A") > pp(A) —1/4 > 1/4.
But by (5.14), we have for all t < Ty A ty, for some numerical constant &,

Leb(A') > gt®/? (5.15)

Now denote by 1 the law of B (t/2) under PJ, (which is also the law of B™(¢/2) under Pj_
by symmetry). Note that the bridges of the processes B™ and B* are the same, in particular,

/2
flw) = Egj’“’ [e= 5+ (/2] Proposition 5.10 (with £ = e5) now gives

24 _
f(w) pldw) = By | o (1 | 5 om0, (5.16)
Al

t/2
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It now suffices to show that the Radon—Nikodym derivative duu,/du > ¢! on [1/2 —+/t,1/2+
Vt] x [—t,t]. For this, we note that u satisfies by (5.9), for t < to,

(z—%)?

* 1 —
p(dz, dy) = pya(&, @ — 1/2) X pijp(&e, y) de dy <o Vel

T t

I Wy)

- == ) dx dy.
X — oS (2t T ay
Together with (5.14), this yields dpup,/dp > ¢ on [1/2 — \/t,1/2 + /1] x [~t,t]. With (5.16),
this now gives for ¢ < Ty A to,

/Af(’lU) ,ubr(dw) > . f(w) Hbr(d'w) > c 1 ’ f(’lU) u(d'w) > e_c()\t1+w2/4—n+t*1)‘

Since A was chosen arbitrarily, this finally yields (5.13).
To finish the proof, we note that an equation analogous to (5.13) holds for the function g.
With Lemma 5.11, this now yields,

Eg%y [e—AFB*(t)} — /f(w)g(w) Nbr(dw) 2 6—20(/\t1+“/2/4777+t71).
This proves (5.12) and therefore finishes the proof of the theorem. O

Step 3. The speeding-up strategy, proof of Proposition 5.10

We now proceed to the proof of Proposition 5.10. Throughout, we fix x = (£,&) and y =
(y1,92) as in the statement of the proposition. The key to the proof is to change the measure
of the Brownian motion by penalizing it as soon as it enters regions where the multiplicative
chaos measure M, is large. This yields a new process for which the functional F'(t) typically is
of the order of t1+7*/4=1_ This allows to bound from below the expectations in Proposition 5.10
using Jensen’s formula.

We assume that the assumptions of Proposition 5.10 are verified for some fixed n,e > 0, for
some random variables Wy, ..., W, > 0 and T, > 0 and for some fixed t < Ty. The symbols
¢ and ty will denote positive numerical constants whose value may change from line to line
and may depend on ¢ and, if mentioned, on other (deterministic) constants. We first define the
piecewise constant function ¢(x) by

o(x) = max(Wi_1, Wi, Wii1), x €[z —t,xp+1t], k=0,...,n (5.17)

(with the convention that W_; = W41 = 0). We denote its primitive by ®(z) = [ ¢(y) dy.
By assumption (A1),
®(1) < 6/L. (5.18)

Then define for a process B = (B!, B?) the additive functional Ag by

Ast) = [ (G4 ¢<B;>)2 - (%) ds.

Define the process I' whose first coordinate I'! is a Brownian motion with drift 1/t + ¢(-),
i.e. a solution to the SDE dI'! = (1/t + ¢(T'}))ds + dBs, for a Brownian motion B, and the
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second coordinate I'?> independently performs Brownian motion conditioned on staying inside
[—t,t].

Now, let € and A be as in the statement of Proposition 5.10. We will only prove the first
inequality in the statement of Proposition 5.10, the proof of the other inequality is similar.
Define the sets

T={kec{0,...,n}:S,N[1/2 = Vt,1/2 + V1] x [-t,t] # 0}
T ={k €T :¢(xx) £ 0 or M,(Sg) > ¢2+77/4},
By assumption (A3) and the definition of ¢, we have

Leb (U Sk> = *#T < (e/2)1°7,

keJ

whence,

Leb [An [ Sk] > Leb(A)—Leb(U Sk> > (e/2)t%2.
keI\J keJ

In particular, since #Z < 2/v/t + 2, there exists K € T\ J, such that with ¢ < Ty A to,
Leb(A N Sk) > (¢/10)¢>. (5.19)

We now define a process A = (A, A?) as follows: it is equal to the process I' until its first
coordinate equals x, after which the first coordinate moves according to the process xx + B*
(recall that B* was defined above to be a Brownian motion without drift conditioned to stay
forever in [—t,t]). We now have the following lemma:

Lemma 5.12. With e, A and K as above, we have for all t < Ty A to,

E;-«- €_>\F3+(t/2)1(3+ EA)] =

n oxp (AP (0/2)+ 5 [ L2:0/2)400)) 1ia e o0 (=5).

t

Furthermore, for some numerical constant ¢ = c () > 0,
Pz (At/z €A, ir>1£ Al > —t) > 2d,
Lemma 5.13. Let ¥ > 0. Then, for some constant ¢ = c(9), for all t < Ty A to,

BX [ (AFa/2) ~ FA@) + 5 [ I8 (4/2) d0(0) ) Tur o a1
( / ) s

L e(MFATT Ly,

30



Lemma 5.14. Let a > 0. Then there exists ¥ = Y(a) > 0, such that for all t < Ty A to,
P% (FA(W) < 19—1151“2/4—77) >1-—a.

Proof of Lemma 5.12. By the positivity of the functional A and Girsanov’s theorem, we have
for every F;/-measurable non-negative random variable H,

%o [H] > Efy [He s+ 2] = ER. {Het a3 0 (4 +¢(B§))2d8]

Tanaka’s formula gives f(f/ *$(Bl) dB! = ®(B! 12) = 5 | L (t/2) dé(x). Girsanov’s formula now
yields

Eg. [Heszz b I/ (1+o(B) d ] EE [H <r%/2>+%fL§1<t/2>d¢<x>].

We want to express the right-hand side in terms of A by a suitable change of measures. For
this, denote by 7y the hitting time of xx by the first coordinate and set 7 = 75 At/2. Then, for
every J/-measurable non-negative random variable H , we have (the relation below is trivial
if you observe that |I';,, — I';| <t on the set {Vs € [rx,#/2] : T} € [vx —t, 2k +1t]})

Ef [f[} > e

x| 5 —t! _r! r L,L m(T}, —xx)1l(r
EF. [He T /27 (5 2)COS( = I;t (K<t/2>> Lwselrie t/2:Tl ek —taw+)

Now note that ¢(x) = 0 on [xx — t,xx + t] because ¢(x) = ¢(vk) for such z and K ¢ J
implying that ¢(x) = 0. By Girsanov’s theorem and the definition of B* as a Doob transform
of the killed Brownian motion, the last inequality gives

B[] > Bg [H] e
The previous inequalities and the monotonicity of ® now give
¢, [H] > E% [He%szla/z)dm)} —5—(1).

Together with (5.18), this directly implies the first statement.
As for the second statement, we first note that standard comparison theorems show that

rg (TK <t/2—1, inf Al > —t) =P (TK <t/2—1*, infT; > —t)
> Pg. (TK <t/2 -t inf B > —t) .
s>0

Since |zx — 1/2| < V/t, one easily sees that there exists a numerical constant ¢, such that for
small enough ¢,

Pg. (TK <t/2 -1 iI>1£B;,,H > —t) Z C1.
sZ
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Now, recall that after the time 74, both coordinates of the process A perform Brownian motion
conditioned to stay in [zx — t,xx + t] and [—t,¢], respectively. By (5.9), we then have on the
event {1 < t/2 — t?},

C

PRAW/D €A|Fr) > 5,

/ cos?(m(x — x) /2t) cos? (my/2t) dx dy.
SgNA

Equation (5.19) then gives, for some numerical constant ¢y = co(¢),
PX (A(t/2) € A| Frye) Yrge<tja-12) 2 Co-

The previous inequalities now yield
PZ <At/2 € A, IEEA; > —t> = cy X €1,
5>

which proves the second statement with ¢ = ¢ocy /2. ]

Proof of Lemma 5.153. By definition of the process A, its two coordinates are independent and
the second coordinate is a Brownian motion started at & and conditioned to stay in the interval
[—t,t]. For every s > 9t its law is dominated by ct=! x Leb(- N (—t,t)), by (5.9). Here, and
throughout the proof, the constant ¢ may depend on ¢. It follows that

xT C x T
EX [(Fa(t/2) — Fa(9t*)) Liint 0 ats-n] < ;EA [/( : ar(t/2) M, (dz, dy)
—t,00

X (—t,t)

Denote by 7x the hitting time of zx by the process Al. By (5.10), we have for every x €
(-TK - ta Tr + t)a
ERX [(LAs(t/2) = Laa (7)) L <ty)] <6,

which implies,

m [ 4 (4/2) Mo, )
[—t,00) X (—t,t)
<[ £ (00) M, ds )| + M (50)
(—txg]x(—t.t)

Note that M, (Sx) < t3*7°/477 by definition of K. Denoting by G(z) = Eg [L& (c0)] the
Green’s function of the process I'!, this yields,

EX [(Fa(t/2) — FA(9)) Lt a15—)] <

S+ 10O

/ G(x) M, (dx, dy) 4 et /4,
(—tak]x(—tt)

(5.20)
Similarly, since ¢ =0 in (xx — t, 25 + 1),

22 |(5 [ 1502850 ) tossioo| <5 [ GEdote). )
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It remains to bound the Green’s function G(z). We recall that G(z) = hy,(00) — he(&1),
where h, is formally the solution to the equation

1 1
ha(y) + (; + ¢(y)> Wo(y) =d0(z —y), Vy<a:h(y) =0,
which can be written rigorously as

shIy) + (3 + o) Woly) =0, y>=
b (z+) =2

ha(y) = / " exp (— / ) % + () dr) dz.

Elementary calculations now give for every =,

The explicit solution is

G(z) < he(00) < 2min (t + te_(i_”“’)‘b(x)) , =sup{y =z :4(y) = ¢(a+)}.

(5.22)
In particular, for every k € {0,...,n} and = € [z} — ¢,z + t], we have by the definition of ¢,
G(x) < 2/(3 + Wy). Together with (5.20) and assumption (A2), this yields

EX [(Fa(t/2) = FA(9)) Lonrgars—n] < et 77/40. (5.23)

Furthermore, by (5.22) and the fact that ¢ is a step function with step size 2¢, we have
G(z) < ¢/¢(x+) if z is such that ¢(x+) > ¢(z—). This yields

/(_t ]G(J:) do(z) < c#{x € (—t,xk) : p(x+) > ¢p(x—)} < ¢/t. (5.24)

1
1+ d(a+)

Equations (5.23), (5.21) and (5.24) now yield the lemma. O

Proof of Lemma 5.14. Recall the processes B* and B" defined by B* = (B, B*) and B*(s) =
(B(s) + s/t,B*(s)). By (5.17) and Assumption (A5), we have ¢ = 0 in [—t,¢], such that the
process A has the same law as B until the first exit time out of the box Sy. Denote by Hp
the first exit time out of the disc with radius R around the origin. By Brownian scaling, there
exists then ¥ > 0, such that

PX (Hsys < 08%) = Py (Hsyya < 9°) < P (Hyzpa—o) < 08°) < a/2. (5.25)

Furthermore, by Girsanov’s transform and the definition of B* as a Doob transform of Brownian
motion killed upon exiting [—t,], we have (with B = (B!, B?) a two-dimensional Brownian
motion),

1 2 2 1 , 1 B2
Ea |:FA(1%2>1(H3U4 21%2‘)] =g [FB(W)l(Hgt/4 > e R co (2—?2”

< CE% [FB(ﬁt2)1(H3t/4 > 9t2) | -
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Recall (see e.g. [26, Section 7.4]) that the Green’s function Gs4(2) of the stopped process
B4 gatisfies Gaya(2) < clog(t/|z — z|). This gives

E% |:FB<,Z9t2)1(H3t/4 >q9t2)i| < EE [FB(HSt/4>:|
/ log, (t/|z — x|) M, (dz)
So
< ct1+72/4_77,

where the last inequality follows from Assumption (A4). The two previous equations and
Markov’s inequality now give for small enough 9,

Pz (FA(W) > 97Ty, > W) <cd < af2.
Together with (5.25), this gives
PE (FaWi?) 2 970" 4) < PX (Hyya < 012)
+ PX (FA(ﬁtQ) > 9 I Hyy > W) < g + g =a

This finishes the proof of the lemma. n

Proof of Proposition 5.10. We will only prove the first inequality, the proof of the other in-
equality is similar. The inequality will follow from Lemmas 5.12, 5.13 and 5.14 above. Let € and
A be as in the statement of the proposition and let A and K be as above. Define the “good”
event

G={Ay €A, inf Ai > —t, FA(q%Q) < t1+72/4*77}_

By Lemmas 5.12 and 5.14, there exist 19 Y(e) > 0 and ¢y = ¢o(e) > 0, such that for all ¢ < ¢,
P% (G) = ¢q. Write

We now have

B [e T— )\FA(ﬁtQ)]_(At/QeA)}
> EZ [eT1g] e by definition of G
> B3 [ 16)e T PR (6)
> e*EZ[TIG]Q*At”” /- "P%(G) by Jensen’s inequality
> e Al /et by PZ(G) = .
> AR YD) by Lemma 5.13.
Together with Lemma 5.12, this finishes the proof of the proposition. n
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5.2 Lower bound on the heat kernel; Harnack inequality

This theorem will follow from the resolvent bound in Theorem 5.3 once we have established
suitable near-diagonal estimates on the heat kernel using the Harnack inequality together with
on-diagonal estimates.

Observe that the Harnack inequality holds for the standard Brownian motion on the torus.
Thus, applying [28], we deduce

Theorem 5.15. For any open set D C T and any compact set K C D, there exists a constant
C only depending on D, K such that for any nonnegative function h harmonic in D with respect
to B

sup h(z) < Ck inf h(z).

e K rzeK

Let us set for any open subset D of T,

E(D) =sup Eg [1p] . (5.26)

zeD

We can then follow the proof of [24, Proposition 5.3] to get

Proposition 5.16. There exists a constant 6 > 0 such that for any open subset D of T, any
measurable bounded function f on D, for any ball B(xz,r) C D and all p €]0,7]

. = P\0
esupB(w,p) U = elnfB(:p,p) u < QE(B([IZ', T)) esupB(x,r) ‘f' + 4(;) esupB(m,r) ’ul

where we have set u =GP f and GP f(x) = Eg [ [, f(B,)dr].

Theorem 5.17. For each § > 0, PX-almost surely, there exists a constant Cs > 0 such that

afb
. 1% at1
PZ(JUJ) — inf pZ(xv y) < C(S( #) ! sup pZ/Q(ya y)
yEB(x)p) ta—é yGB(‘TJ’)

with

(a—6)0

r= (tp(’) o=+l

Proof. Tt suffices to apply Proposition 5.16 as explained in [24, Lemma 5.10] while taking care

of using Lemma 5.18 below to estimate E(B(z,r)) instead of the estimate on the function F
used in [24, Lemma 5.10] . O

Lemma 5.18. For each § > 0, PX-almost surely, there is a random constant C' > 0 such that
forallx e T andr <1

E(B(z,7)) < Cr*=°,
Proof. 1t suffices to notice that

10
E% [TB@n] = /B(m) G"(y,2) M, (dz) < /Tlnm M, (dz),

and to apply Lemma 4.7. O
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Lemma 5.19. There is a constant C > 0 such that
inf M, (B(x,t%)) p(z,2) > C.

zeT

Consequently, PX -almost surely, for some random constant C’
as
inf p; >C't P
iR 2 Cen

Proof. By applying Lemma 4.4, we can find 7 > 0 such that for all ¢ < %

DO | —

sup PE’(TB(LT) < t) <
z€T,t < rPs

Then for all t < 7% and z € T, we have

[ pile2) M, (d2) = PR(B, € Bla.r) > Pp(rae > 1)
B(z,r)
> 11— PE(TB($,T’) < t)
1
> -
2
Therefore

Py (. 7) = / P} (2, 2)p} (2, ) M, (dz)

Z LB )

We conclude with the relation M., (B(z,r)) < C'r® for some random constant C’ > 0. O

Corollary 5.20. There exists a constant 3 = () and a random variable Ty > 0, such that
for all t < Ty,

inf inf > 1.
inf nf pi(z,9)
Proof. Combine Theorem 5.17 with Lemmas 4.3 and 5.19. [

We now have developed all the tools to prove Theorem 5.1.
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Proof of Theorem 5.1. Fix n > 0 and z # y € T. We will first show that it is enough to get
a lower bound on p;(z, B(y,t°%)) = fB(y 19y Pe(, 2) M, (dz) for some 5 > 0 for small enough ¢.
For, we have for every s <t and r > 0,

p2t($7 y) 2 / ps(xa Z) p2t75(27 y) M'y<dz) 2 ps(xa Br(y)) lnf p2tfs(za y)
Br(y) €B:(y)

Corollary 5.20 now ensures the existence of a constant 5 = () > 0 and a random variable
Ty > 0, such that for all t < T and s < ¢,

inf _s(z,y) > inf _s(z,y) > 1.
zeB(y,tﬁ)p2t ( ?J) ZGB(H_S)ﬁyP% ( y)

The last two equations now yield
po(z,y) = ps(x, B(y,t%)) forallt <Tj and s < t. (5.27)

The definition of the resolvent ry now gives for every A > 0,

[e'e] t
ry(z, B(y, ")) =/ e *py(z, B(y,1")) ds < / ps(z, By, t%)) ds + A"le™™,
0 0

where the last inequality follows from the fact that ps(x, B(y,t%)) < 1 for every s > 0, by
definition. Together with (5.27), this yields for ¢ < Ty and A > 0,

pa(z,y) > t! (r,\(az, B(y,t%)) — )Fle”\t) ) (5.28)

We now choose A in terms of t. Specifically, we set

2+’y2/4—17

A= (2t) T, >0,

By Theorem 5.3, we now have for ¢ small enough (possibly adjusting the value of 3),
ry, (z, B(y,t7)) > exp ( - )\tm>M7(B(y,tﬁ)).
Together with (5.28), this now gives for ¢ small enough, with o :=?/4 — 7,
po(,y) = 17! <M7(B(y, £9)) exp ( - Q*ﬁt*ﬁ) — (26) T exp ( - 2*?1*315*1%)) . (5.29)

Assuming w.l.o.g. that < v?/4, i.e. a > 0, we have 9 THa < 2 iia, Furthermore, by Lemma
5.21 below, we have M, (B(y,t%)) > t% for some constant 3’ and ¢ small enough. Together with
(5.29), this now yields the theorem for every ' > 7. Since n € (0,~%/4) was chosen arbitrarily,
this finishes the proof of the theorem. m

Lemma 5.21. PX-almost surely, there exists a constant C > 0 and 3 > 0 such that for all
reTandr <1
M. (B(z,r)) > Cr”.
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5.3 Sampling the endpoints according to M., 7* < 4/3

In this section, we show that the results of the previous sections are still valid when the endpoints
are sampled according to the measure M., at least in the case v* < 4/3.

In order to be consistent with our previous analysis (i.e. short time behaviour of the heat
kernel for endpoints z,y with a fixed distance), we have to make sure that sampling these
endpoints according to M., will not produce points that are too close to each other, which may
non-trivially perturb the regime ¢t << |z — y| within which we work. So we will fix two arbitrary
points, say 0 = (0,0) and 1 = (1,0), and sample the endpoints according to M, in two small
balls drawn around these two points.

So we fix r < 1/4. We will sample the starting point in the ball B(0,r) and the final point
in the ball B(1,r). For x € B(0,7) and y € B(1,r), we consider the segment linking x to the
point .

We consider a fixed ¢ > 0 (small). We set v = ﬁ and we consider a family (zx)o <k <n
such that

- % = @ + 2thv. (5.30)

Then we recover the segment [z, y] with squares (Sk)o <k <n» of side length 2¢, each square Sy
being centered at zy.

n

Figure 4: Construction of the squares recovering the segment from x to y.

We define the sequence Wy, by the following formula for & ¢ {0,1,n — 1,n}

W, iEWL > 1/t

W,; — t—2—72/8+77/2 M7<Sk:)a W, = {0 otherurise

and Wy =0 for k € {0,1,n — 1,n}. We will prove the following: PX-a.s., for M, almost every
x € B(0,r) and M, almost every y € B(1,r), for each n,e > 0, there exists Ty > 0, such that
the following holds for t < Tp:

e (Al) and (A2) for v* < 2,
o (A4) for v* < 4/3,

e (A3) and (A5) for all v, i.e. 42 < 4.
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Note that the proof of Theorem 5.3 only depends on these assumptions on the field X,
whence the Theorem still holds in the current case as long as 4> < 4/3. The results from
Section 5.2 can then be applied to yield the analog of Theorem 5.4 as well.

We now turn to the proofs. Define the probability measure Q on 2 x B(0,7) x B(1,r) by

QA) = B /

B(0,r)xB(1,r)

14 M, (dz) M (dy)|

where the constant ¢, is chosen so as to turn QQ into a probability measure.
First, we will use the following lemma:

Lemma 5.22. Let ' > 0 and set

n—2
Dy(w,y) =Y /5 ML ().
k=2

If v* < 2, then there exists some random constant C > 0 such that
Q-a.s.,Vt < 1, Dy(z,y) < C.

Proof. We have

n—2
EC [Dy(w, y)] < 7775 "B /M, (S)]
k=2

n—2

, 2 2
— /8 Z/( - )]EX[e'yX(x)HX(y)EE[X(I)Q}EE[X(y)ﬂ | M.,(Sy))dxdy
B(0,r)xB(1,r

k=2

Now let K (x,y) denote the covariance kernel of the field X, i.e. the quantity in (2.2). This is
bounded over B(0,r) x B(1,r). By Girsanov’s transform,

B D ()] =t Y [

k=9 B(0,r)xB(1,r)

KX ( / P RERGA N (1)) Y] dady
Sk

n—2
2 / 1
<OtV EX((M,(Sk))
w—2 (th)™=
) )

< O 72 /8+0 =7 /2+((1/2) Z L%
k=2

3

2 2
. o« . . -2 _ 1/
where C' is some deterministic constant. For 4% < 2, we now have Y , ok~ 2 < ctz 17" /2

such that
EC [Dy(z,y)] < O~ 172 /8- 2+ /2 _ cyn' /2.

We conclude as in the proof of Lemma 5.5. n
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Lemma 5.22 now implies (Al) and (A2) as explained in Step 1 of Section 5.1 (just after
Lemma 5.5).

Property (A3) is proven similarly as in Section 5.1. The only difference is that we have to
deal with the probability measure Q instead of PX, but this is easy as we deal with quantities
far away from B(0,r) and B(1,r). Indeed, since the covariance kernel (2.2) of the field X is
uniformly bounded on B(0,r) x B(1,r), we get for every k € {n/4,...,3n/4} and p > 0,

EY[M, (Sk)?] < OB [M,(S5)"].

Hence, a Chernoff bound similar to (2.5) holds under Q for the boxes Sy, k € {n/4,...,3n/4}.
Lemma 5.6 and, as a consequence, property (A3) then hold with P replaced by Q.
For property (A4), we first note that, as before, by Lemma 5.7 it is enough to show that for

n =n/2,

sup £ sup ML (B(0) + sup My (B, 1)) < +oo.
t<1 z'€B(z,t) y'€B(y,t)

Furthermore, because of the relation B(z',t) C B(x,2t) for all 2’ € B(x,t) (recall that ¢ < 1),
this is reduced to

sup ¢~ 17 /4 (MW(B(x,t)) + MA,(B(y,t))) < +oo.

t<1
We now use the well-known fact [27] that for all € > 0, PX-a.s., for M,-almost every x € T,

sup r~2t /2 ML (B(x, 7)) < +00. (5.31)

r<1

Assumption (A4) is therefore verified if —1 —~%/4 > — 2+ +2/2, or, v* < 4/3, as claimed.

5.4 Sampling the endpoints according to M,, all v

0 tﬁ£—1 tbi 1

Figure 5: Construction of the squares recovering the segment from x to y.
Here, we explain how to obtain extend the lower bound from the previous section to all

values of 7, with the same lower bound as in Theorem 5.4 for 2 < %, but with a worse lower
bound for higher values of +. The idea is to apply the above strategy on several scales near
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the points z and y. For simplicity, let us only consider the construction near x, the one near
y is similar by symmetry. As in Step 2 of the proof of Theorem 5.4, we can then replace the
Brownian bridge by a Brownian motion with drift (y — x)/t.

We use a notation similar to Section 5.3. We define the probability measure Q on 2 x B(0, r)

by
QA) = B | /

B(0,r)
where the constant ¢, is chosen so as to turn Q into a probability measure. We then adapt the
following notational convention regarding the point x: when we work under P¥, it is simply
some fixed point x € T, when we work under Q, it is the random point in B(0,r). As in the
proof of Lemma 5.22, we have by Girsanov’s transform, for any measurable functional F',

E?[F(X) | 2] = .E [F(X ++°K(z,-))], Q-almost surely, (5.32)

14 Mv(dx)]

where K (z,y) denotes again the covariance kernel of the field X, i.e. the quantity in (2.2).

We now choose a sequence 3y > --- > Oy > 0, depending on v, with 3;_; — ; < 1 for
all © > 2, and consider a cascade of tubes around the straight line between x and y of the
form? ([tFi—1, %] x [—t1TP0i 1145])y ; < wv, the first tube being [t 91] x [~ 01 1151 with
Bo = 1+ (1. We force the Brownian motion to cross each tube in the horizontal direction
during a time t1*2% (i.e., we change the drift from 1/t to 1/t*%) and moreover force the
vertical coordinate to stay between the boundaries of the tube; standard estimates give that
this incurs a cost of order of 1/, i.e. the probability of this event is of order e=¢/* for some
constant C'. Summing over all scales gives a cost of order N/t. Note that the union of the tubes
of all scales forms a discretized cone with angle approximately 2¢.

Now fix a certain scale i € {1,..., N} and set x; = tPi-t + 16 if § > 2 and x; = 0 if

i = 1. We discretize the tube at scale ¢ into n; small squares Sf, ..., S% of side length 2¢'+7
(thus, n; ~ 1/2t and z; is the center of S;) and consider the values of M. (S}), k = 0,...,n,.
As before, given 1 > 0, our aim is to define random variables W, ..., W} which now verify for
every small enough ¢, Q-almost surely, for every ¢t =1,..., N,

(AL) £ 370 Wi < 5

T
(A2) grm Lohio(rm + W) M, (Sy) < #7007

5 1+8; v(~y)—
(A4 ) SUPyeB(z;,t1+0i) fB(y,tl‘,’Bz‘) 1Og+ h Mw(dx) <t @) ,
as well as (A5) (assumption (A3) is not needed anymore: it was only used to split the Brownian
bridge into two drifted Brownian motions). Here, the exponent v(+) will be determined later;
we will see that we are allowed to choose v(y) = 1+ ~%/4 for v* < 8/3 but not for larger values
of .

We start by verifying (A1) and (A2’). Similarly as before, we define the random variables

Wi = 4~ @Bt 5 (v(n)-1)+n/2 /MW(S;;)’ k=0,...,n;.

Properties (A1’) and (A2’) are then verified under the following assumption:

2We rotate and translate our coordinate system such that x is the origin and y lies on the horizontal axis.
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l v g %
(A0Y) ¢ 2 (1= (7)4) > ko VML) <1
In order to verify (A0’), we will need a preliminary lemma. Define the functions

Y(r) =2y —z, x>0.
h(a) = max @Z)() Panl)e|0,1], a=0.

0<z

b (a) = gh (%a) |

Lemma 5.23. Let a € (0,1]. There exists 6 > 0, such that for everyi € {1,..., N}, we have

Ltza \/7 —a+(146;) 77%(1&%))47/8 <Ct.

Proof. This is fairly standard multifractal analysis which we include for completeness. Through-
out the proof, we fix i € {1,. N} and set t; = t'*%. We also assume that ¢ < 1. By (2.5), we
have for every ¢ > 0 and k£ >

2 1 2

pX ( (S =6t ) <ot (5.33)
Now let L e Nand 0 = ¢q; < ¢o < --- < q, later we will fix specific values. For £ = 0,..., L,
set

=]

¥ \/ M., (S})
€= Z (M'v Sl)e 2+7 qg’t2+ 2 qe+1])

where we formally set go = —o0 and qp+1 = +00. Note that by definition,

7 —a 1+§
< A,

Furthermore, for every ¢ € {1,...,L} and k > 0,

| Lt~ 2
v (El N _R> > 1 P2, Z aF R )
(M ( )
k=1 ~(

—k+1 1 .
< <t’“ti ik v1) x t “IPX( L(S1) = £+ )

max{ i Saes s~ (146) 1} +

7 )

<Ot

where the last inequality follows from (5.33). We can and will now require that q,11 —qr < 1/8
for every £ € {1,...,L — 1} and that ¢? > 27*(1 + (1 + 3;)'a). In this case, for every k > 0,

. s
pX (22 > o T8 ) < Oty
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and moreover for every ¢ € {1,..., L — 1},

pX (Eé > t—at”fn/Sn) < o™ o (max{+n/16-La,~(148,) a}+517¢%)
= i X ; .

)

In order to finish the proof, it is then enough to show that with x = h, (#), we have

q=0 2 1+ 5

the lemma then follows from the previous estimates and a union bound. For this, note that

. 1 a 1
min ( max 4k +1n/16 — =q, — +—q" ) >0,
Vak

with k = £ +1/16 and a = 5, we have
- 1 L)y
gn)ns max | Kk — 2q, —ap+ 272q >
_22 8
qéf min <maX {—27{ 2/, —25} + 7‘) >0
r20 g v
: 8 .
= min (—2/1 - @/J(T)) >0
0<r< %a 0
= K> hy(a).
This finishes the proof. O

Lemma 5.23 now readily gives a sufficient criterion for (A0’) to hold for all ¢ > 2 (the
case i = 1 will be treated separately). Note that for i > 2, we have dr(y,z) > t%-! for every
k€ {0,...,n;} and every y € Si. By (5.32) and Lemma 5.23 we then have for some ¢ > 0,

ng 2 2

Z . 1= B 1+ (48 [ 1+ —hy (146:)71) ) —n/8
@<Z /7MW(S;€)% CBi1+( )( = —hy (1+5) )) n/) <P,

k=1

In particular, by the Borel-Cantelli lemma, the event on the left-hand side is realized for all
small enough dyadic ¢. Standard comparison arguments then imply the existence of a random
variable Ty > 0, such that for ¢t < Tj,

n A 1= b (18 (14 o (1450 ) -0/
>/ M,(S}) < Ct , Qas.
k=1

We now choose the sequence (3;) such that 8;_1 < 8; + (2/9?)(n/4) for all i > 2. The previous
equation then gives for t < Tj,

00§ g sy < A1) (1= (1))
Y\ME) S :

The previous calculations now show for each i > 2 that the following inequality implies (A0’)
for t < Tp:
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(A07) H(=14+92 = w(m) + (1+5) (1= F = hy (14 8) 7)) >0,

-1

Splitting into the cases where (1 + 3;)7! is less or greater than 72/8, we get the following

inequalities equivalent to (A0”):
3

(A02)  S(1+72/4 = 1) + (L= 55)5: >0, (14+8)7 > /8,

o) Skt =)+ ) (1-0) - VIR Z0 a4 <

and furthermore, (AOa) implies (AOb) (for every v and [3;).
The case i = 1 needs to be considered separately. In this case, we have the following lemma

Lemma 5.24. There exists Ty > 0, such that for t < Ty, Q-almost surely,

771 1 7h 1 -1 -n/2
Z \/751 +( +ﬂ1)( 2 ((1461) )) "/ if 2 <2 o0r 1+ 6 =292

t(1+ﬁl =220/ otherwise.

Proof. Let 0 = gy < €1 < -+ < g, such that ¢, — ;1 < n/8 for £ = 1,..., L and such that
ny = |t7°¢]. We further assume that ¢ is small enough such that e, — 1] <7 / 8. We then have
for any increasing function f,

: f(i\/ws;))] < CEX f(Ci(kt”ﬂl)72/2 MW(S,%))]

L [t—=¢]

< OEX Czt—— (1+P1—ee-1) Z (Sl)

k=[t~ €e— 1]

By Lemma 5.23, there exists § > 0, such that with PX-probability at least 1 — Ct’, for all
te{l,..., L},

[t==¢] [t—=¢] 2 (=) ) —s
> \anshe X yansh < (1t ) s

k=|[t5¢—1|

Hence, with PX-probability at least 1 — C't

> F f ancp < () g e (1 ) (i)

(=1 k=[t"%¢-1] =0

o (17 ) ——

~X

¥

where

0 = max o () )= { (1= 2 ) e son (1)
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By the same arguments as above (considering only dyadic ¢ and using comparison arguments
for the other values), the previous inequalities now entail the existence of T > 0, such that

o 1 1-22 ) /2
Z \/ M, (S}) < Ct( +Bl)< * ) " 780 Q-almost surely.
k=1

It remains to determine m(vy, 41). If ¥* < 2, then the function m, g, is non-decreasing in z
and m(v, 1) = M, g, (1). Therefore, suppose that v* > 2. In this case, the maximum of m, g,
is attained at a point 29 € (0, (1 + 31)7*/8) and in this interval, we have

m = (1=, Yol
)= (1- %) +<1+ﬁl>8w((1+m%>,

where the function ¢ was defined above. From this, one easily deduces that m(y, 81) = M4, (1)
if 1+ 3 = 2v% and m(v, 1) = (1 + (31)/4 otherwise. This finishes the proof of the lemma. [J

The previous lemma directly implies that (A0’) is satisfied for i = 1 if the following inequal-
ities are satisfied:

(A0, i=1) ifv2<20r1+p8 =292
(AOc) 2(1—v(y)+(1+ ﬁﬂ% >0 otherwise

As for assumption (A4’), we note that as in the previous section, it is enough to verify the
following for t < Ty and ¢ = 1,..., N:

(A4”) M, (B(z;, 2t101)) > tr0)=n/2,

Standard results give that for some T > 0, we have for ¢t < Ty and i = 1,..., N (remember the
convention Gy = 1+ (;):

2
—_ X \Y_n/4 .
M. (B(x 2t1+ﬁi)) < t(1+ﬁi)(2+§)*ﬁi7172*7i/4 < (e 22) " i=1
K ’ A+6:)2=5)+=n ;> 9
t 1z

since 3;_1 — 3; < n/(2v?) by assumption for i > 2. Since 2 —~%/2 > 0 for all 7 < 2, the previous
inequality entails that (A4”) and hence (A4’) is satisfied as soon as the following inequalities
are satisfied:

(Ada) 146 > 2O,

.
2=

(Adb) v(y) <2+ l;

We now give choices of () and f;, such that all the previous inequalities are satisfied. For
this, we consider three different cases:
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Case 7* € [0,8/3]. In this case, set v(y) = 1 +~2/4. Then (AQa) is satisfied for all i > 1
irrespectively of the choice of 3;, whence (AOb) as well. Choosing f3; large enough, such that
either 1+ 3; > 2v? or (AQc) is verified, it follows that (A0’) is verified for all i > 1. Furthermore,
(A4a) can be verified as well by choosing ) large enough. (A4b) is trivially satisfied.

Case % € (8/3,3]. Recall that we have h,(z) = +?/8 for 2 < ~?/8 and h,(z) | 0 as z — ooc.
If v2 > 8/3, this implies that the minimum of the LHS of (A0”) as a function of j3; is satisfied
for some 3; with (1 + 3;)~! < ~+?/8. From (AQOb), this is easily seen to be the case for

2 2\ —2
7 Y
1 = — (1 —— .

Plugging this value into the LHS (AOb), the inequality is satisfied if and only if

2 2\ —!
v(y) < 1++2— VZ <1 - VZ) . (5.34)

To sum up, the previous arguments give that (5.34) implies (A0”) for every i > 1, irrespective
of the choice of ;. Note that (5.34) entails (A4b). We can then choose (; large enough such
that either 1+ (8; > 292 or (AQc) is verified and, moreover, such that (Ada) are verified. This
shows that all assumptions are satisfied when setting v(y) to be the RHS of (5.34).

Case 7? € (3,4). Here we try to choose [3; as small as possible. It turns out that the best
choices are 3; = 1 and v(y) = 4 — % With this choice, equality holds in (A4a) and (AQc).
(A4b) is trivially satisfied. Furthermore, one checks by calculation that (A0a) holds for i = 1
and therefore for all i > 2 by monotonicity. Since (1+3;)7! = 1/2 > +?/8, it follows that (A0”)
holds for all 7 > 2. All assumptions are therefore verified.

Conclusion. Assumptions (A1’), (A2’) and (A4’) hold with v(y) as in (5.1).

A An auxiliary result

Lemma A.1. Let p,v,b > 0 and ty €]0,00|. Then, for some constant C > 0 and a > 0 we
have

X’ pey ¥ pET

_\V_ C _ —(EEYvFp (14 B\ v+u

/ e M dt ~ CA e (D)D) .
0

A—00

Proof. This is just a simple application of the Laplace method. Details are left to the reader. [
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