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KPZ formula derived from Liouville heat kernel
Nathanaél Berestycki* Christophe Garban! Rémi Rhodes ¥, Vincent Vargas $

Abstract

In this paper, we establish the Knizhnik—Polyakov—Zamolodchikov (KPZ) formula of Liouville quan-
tum gravity, using the heat kernel of Liouville Brownian motion. This derivation of the KPZ formula
was first suggested by F. David and M. Bauer in order to get a geometrically more intrinsic way of
measuring the dimension of sets in Liouville quantum gravity. We also provide a careful study of the
(no)-doubling behaviour of the Liouville measures in the appendix, which is of independent interest.
Key words or phrases: KPZ formula, heat kernel, Liouville quantum gravity, Liouville measures, Gaussian multiplicative

chaos.
MSC 2000 subject classifications: 60J70, 35K08, 81T40, 60J55, 60J60.

1 Introduction
Let v > 0 and consider a free field X in R? and the (formal) Riemannian metric tensor
VX @) g2, (1.1)

The tensor (1.1) gives rise to a random geometry known in physics as (critical) Liouville quantum gravity
(LQG for short); see [6, 8, 10, 11, 19, 24, 25, 26] for a series of works both within the physics and mathematics
literature on the subject. While a rigorous construction of the metric associated to (1.1) is still an open
problem, it is believed that (1.1) provides the scaling limit of certain random planar maps coupled with
statistical physics models, and then suitably embedded in the plane (for instance via circle packing). The
parameter v in (1.1) is related to the model of statistical physics under consideration. See for example the
survey [11].

One of the striking features of Liouville quantum gravity is the Knizhnik—Polyakov—Zamolodchikov
(KPZ) formula. This is a far-reaching identity, relating the ‘size’ (dimension) of a given set A C R? from
the point of view of standard Euclidean geometry, to its counterpart from the point of view of the geometry
induced by (1.1). The original formulation of the KPZ formula was made in [19] in the context of the
light-cone gauge, see also [6, 8] for a derivation in the conformal gauge.

Recently, a rigorous version of the KPZ formula has been established in [10, 27, 3, 9, 2] (see also [4] in
the context of one dimensional Mandelbrot’s cascades), which we recall now. Usually, on a metric space,
one defines the Hausdorff dimension of a given set A by studying the diameters of open sets required to
cover this set. Yet, as already mentioned above, in LQG the construction of such a metric space is still an
open question: the existence of a distance associated to the metric tensor (1.1) has not been verified yet.
Let us mention here the work [23] for some recent advances on this topic in the case v = \/8/_3 At the
time of writing, well-defined objects associated to this metric tensor are the volume form M., which may
be defined by the theory of Gaussian multiplicative chaos [16]; and the Liouville Brownian motion, which
is the natural diffusion process associated to (1.1). This may be constructed via potential theory as in [13]
(see also [5] for the construction starting from one point via convolution techniques).
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To go around the difficulty of formulating the notion of Hausdorff dimension in the absence of a well-
defined distance, different notions of Hausdorff dimensions have been suggested. For instance, a measure-
based notion was formulated in [27, 3]. Instead of working with the diameter of open sets covering the
set A, one works with the measure of small Euclidean balls covering this set (see subsection 3.3 for more
details). Another formulation is suggested in [10]: the authors work with a notion of expected box counting
dimension, once again by measuring the size of Euclidean balls with the measure M,,. Finally, yet another
formulation is suggested in [2] based on the Minkowski dimension. In these three cases, this yields a notion
of quantum dimension, for which the papers [10, 27, 2] establish the KPZ formula relating the Euclidean
Hausdorff dimension of a set A to its quantum dimension. However, in both cases, as observed by [7],
this formulation of quantum dimension is not geometrically intrinsic to LQG: the definition of quantum
dimension deeply relies on the Euclidean structure, since to compute the quantum dimension, one covers
the set with Euclidean balls.

A conceptually more satisfying, and geometrically more intrinsic, derivation of the KPZ formula was
proposed in [7], based on the heat kernel of Liouville Brownian motion. Roughly speaking, the idea is to
measure how the natural diffusion associated to a metric “fills” the fractal sets. More precisely consider
a fractal set A with a non trivial 2 — 2¢ Euclidean Hausdorff measure #2724, i.e. 0 < H2729(A) < oo.
Consider the standard heat kernel py(z,y) = (2rt)~te~1*=¥*/2t of the planar Brownian motion. Then a
straightforward computation shows that

// pe(z, y)H* 2 (da)H* 2 (dy) <t 9 ast— 0. (1.2)
AxA

where a =< b means that the ratio Ina/Inb converges to 1. This elementary Euclidean argument can be
formulated in the LQG context. Consider the Liouville heat kernel p} (z,y) of the Brownian motion associ-
ated to the metric tensor (1.1), which has been constructed in [14] (see also [22] for further properties). A

moment of thought shows that finding the quantum exponent A of the set A consists in finding the number
A such that

EX] / / p; (z,y) YA X@FXW) Y224 (g )H2 72 (dy)] <t~ ast — 0. (1.3)
AxXA

The authors in [7] claim that A is related to ¢ by the KPZ formula (1.7). Their argument is based on the
analysis of the metric through the Mellin—-Barnes transform. To explain how this comes about, it is
believed that the Liouville heat kernel should have the following behaviour:

d,(z,y)77

1
ctB-1

8
d, (,y) 7
CtFT
where C, ¢ > 0 are two positive constants, d(z,y) is the distance associated to the (formal) tensor (1.1)
and where the exponent 3 = () should represent the Hausdorff dimension associated to the (conjectural)

metric space (R?,d.). The idea is then to claim that if relation (1.4) holds, then one can extract the metric
d, from the heat kernel by using the Mellin-Barnes transform

c

Sexp (-

; ) ast—0, (1.4)

C
) < p/(z,y) < TGXP(—

M (2, y) = / 07 (z, y)dt.

Indeed, assuming (1.4), a straightforward computation (using the change of variable t = u d,(z,y)") gives
that for any s €]0, 1[, the Mellin-Barnes transform should behave as (when d.(z,y) — 0)

1
d’Y ((E, y)B s
In particular we emphasise that for v = 0, this is an exact relation: we get

1
|z — y|?s

M (z,y) < (1.5)

M?(z,y) =C



where C = [ u*~le /() dy < co. This yields an exact connection between the Mellin-Barnes transform
and the Euclidean distance and so allows one to compute the Hausdorff dimension from the Mellin-Barnes
transform.

Of course, such a discussion is heuristic, as even the distance d.(z,y) remains out of reach so far and it
is not clear that the heat kernel has the shape (1.4) (see [22] for a thorough discussion as well as theorems in
this direction), except of course in the Euclidean case when v = 0. However, we point out that the analogy
with the Euclidean case v = 0 has limitations and hides some more complex issues. For instance it is not
entirely clear what is the regime in which (1.4) should be valid. In fact, it is a priori natural to suppose that
(1.4) should hold when x and y are two fixed points and ¢ goes to 0. On the other hand, the heat kernel
KPZ formula that we will prove in this paper reflects the fact that the Mellin—Barnes transform is mainly
dominated by another regime of values of ¢, i.e. ¢ goes to 0 simultaneously with |y — z|. Actually, we will
show that the main contribution to the Mellin-Barnes transform comes from diffusive scales, i.e. those such
that ¢ ~ |y —z|? (a main technical difficulty of this article is to show that the Mellin-Barnes transform is not
strongly affected by the short time scales ¢t < |y —z|?, when the associated Brownian bridge in formula (3.3)
below concentrates along length minimizing paths and relates in a more complex fashion to the ambient
Liouville volume measure).

The main goal of this paper is to prove rigorously this heat kernel derivation of the KPZ formula, thereby
yielding a geometrically more intrinsic formula for Liouville quantum gravity. Our approach is as follows.
Given a measurable set A C R?, and s € (0, 1), we wish to define its (quantum) s-capacity as

oy =sup{ ([ M@y pdoyutay) " }.

AxA

where the supremum runs over all the Borel probability measures p supported by A. (In fact, for technical
reasons we will work with the heat kernel of the Liouville Brownian motion killed at rate o > 0, though
this change is unimportant; see (2.6) and (2.7)). Then we define the quantum dimension of A as

dim, (A) = sup{s > 0; CJ(A) > 0} = inf{s > 0;C](A) = 0}. (1.6)

Note that in making this definition, we do not take advantage of the Euclidean structure which exists on
R2, in as much as the Liouville measure, the Liouville Brownian motion, and therefore its heat kernel, are
universal objects. One should however point out that in restricting the supremum defining the quantum
capacity of a set to Borel measures, we are assuming that the Liouville metric has the same topology as the
ambient Fuclidean space. This might seem like a nontrivial assumption, however it is one that is commonly
admitted and is in fact proved in a sense for the scaling limit of random p-angulations [20].

Note also that if indeed (1.4) holds, then (1.5) shows that (1.6) is just a multiple of the standard Hausdorff
dimension in the metric space (R?,d,). In particular when v = 0, it can be seen that dimg(A) defined by
(1.6) is just one-half of the standard Hausdorff dimension of A in terms of the Euclidean distance. Our main
result (whose precise version can be found in Theorem 2.1) is then the following

Theorem 1.1. Let A C R? be a fized bounded subset, then almost surely in the the free field X, we have

the KPZ formula
2 2

dimg(A4) = (1+ Fyz)dimw(A) - Fyzdimw(A)Q.
Remark 1.2. The KPZ formula is sometimes stated in terms of the Fuclidean and quantum scaling ex-
ponents (resp. q and A). These are given by ¢ = 1 — dimg(A) and A =1 — dim,(A) respectively, and the

above relation becomes ) )

_q_r T A2
g=(1-1)A+ a2 (1.7)

Remark 1.3. It is important to note here that the subset A C R? should not depend on the free field X,
otherwise the KPZ formula does not hold anymore. This can be seen by considering the set of ~v-thick points
(further examples are investigated in [2] for the Hausdorff and Minkowski versions of KPZ).



2 Setup

We now discuss in more details the setup and the assumptions for Theorem 1.1. We will work with a whole
plane massive free field but our techniques may be adapted to other setup as well (massless Gaussian free
field on bounded domains for instance).

2.1 DMassive Free Field

We consider a whole plane Massive Gaussian Free Field (MFF) X with mass m (see [15, 29] for an overview
of the construction of the MFF). This is a centered Gaussian distribution in the sense of Schwartz with
covariance kernel given by

Vo,y € R? Gm(z,y) = / e tRt A Iny 1 + gm (2, ). (2.1)
0 2u lz —yl

for some continuous and bounded function g,,, which decays exponentially fast to 0 when |z — y| — oo
(recall that Iny(z) = max(0,Inz) for z > 0). We denote by PX and EX the law and expectation with
respect to this free field.

2.2 Liouville measure and Liouville Brownian motion

We consider a coupling constant v € [0, 2[ and consider the formal metric tensor

g= X @)=L BIX? g2
The volume form of this metric tensor is a Gaussian multiplicative chaos [16, 26] with respect to the Lebesgue
measure dx

M, (dz) = X @ FEX@?) g, (2.2)

We also consider the associated Liouville Brownian Motion (LBM for short). More precisely, we consider a
planar Brownian motion B. We assume that the Brownian motion and the free field X are constructed on
the same probability space. We denote by Pg and Ef the probability law and expectation of this Brownian
motion when starting from z. We will also consider the annealed probability laws P, = P¥ @ Pg and
the corresponding expectation IE,. PX-almost surely, we consider the unique Positive Continuous Additive
Functional (PCAF) F associated to the measure M., which is defined under P§ for all starting point = € R?
(see [13, section 2.4]). Then, PX-almost surely, the law of the LBM under P§ is given by

B: = Bp)-1

for all € R?. Furthermore this PCAF can be understood as a Gaussian multiplicative chaos with respect
to the occupation measure of the Brownian motion B

t 2
P(t) = /0 X B F BB g, (2.3)

The LBM is a Feller Markov process with continuous sample paths [13, section 2.7]. Let us denote by
(P)): > o the associated Liouville semigroup (which is random as it depends on X). PX-almost surely, this
semigroup is absolutely continuous with respect to the Liouville measure M, and there exists a measurable
function py (z,y), called Liouville heat kernel such that for all € R? and any measurable bounded function
f (see [14, section 2])

P f(zx) = . fw)p{ (z,y) M, (dy). (2.4)

Actually, one can even show that p;(z,y) is a continuous function of (¢,z,y) (see [22, section 3]). In what
follows, we will also consider the standard heat kernel p;(x, %) of the planar Brownian motion B on R2.



2.3 Mellin-Barnes transform

The Mellin-Barnes transform of the Liouville heat kernel is defined for s > 0 by

/000 t=°p] (z,y)dt. (2.5)

Actually, we will not work with this definition because it involves the large ¢ behaviour of the heat kernel,
which does not play a significant part for the definition of quantum capacity dimension below or the KPZ
relation but raises additional technical difficulties when working on the whole plane. So we will reduce the
effect of the large ¢ behaviour of the heat kernel by considering instead the following Mellin-Barnes like
transform for a > 0

M;"’V(:v,y):/ t~ e p] (x,y)dt, (2.6)
0

which we call («,)-type Mellin-Barnes transform, or (a,~)-MBT for short.

2.4 Capacity dimension

Given a Borel set A C R?, we define the quantum s-capacity of A by
-1
ey =swp{( [ M2 pulde)ntay) ) (27)
AxA

where the supremum runs over the Borel probability measures p such that u(A) = 1. The quantum capacity
dimension of the set A is defined as the quantity

dim, (A) = sup{s > 0; C"7(A) > 0} = inf{s > 0; C"7(A) = 0}. (2.8)

A priori, this definition depends on the killing rate «. However, we will see that, at least when A is a
bounded set, this quantity does not depend on «.
When v = 0, note that
le—y2 1
2t

— e ¢
27t

o0
M0(z, y) = / e
0
o0
=Clx - y|725/ u T lemTaemole—ylPugy,
0
< Clo—y|™*

for some constant C. A similar lower bound can be established, with a different constant C, provided that
A is bounded, say A C B(0,1/2), which we assume without loss of generality henceforth. Indeed, we get

1

M&(z,y) > Clz — y|_25/ e T du
0
1/4 )
> O|x—y|725/ ufsflefﬂdu:d:z:—yr%.
0

Therefore, we deduce that

. L.
dlmo (A) = 5 dlrnHausdorf‘f,]R2 (A)

where dimp,ysdorfr, 2 (A4) denotes the regular Hausdorff dimension of A with respect to the standard Eu-
clidean metric on R2.



2.5 KPZ formula

With these definitions we are ready to give a precise version of Theorem 1.1.

Theorem 2.1. Let A C R? be bounded. Then dim.(A) does not depend on «. Furthermore, the Euclidean
and quantum capacity dimension of A are PX -almost surely related to each other by the KPZ formula

2 2

dimo(A4) = (1+ %)dimv(A) - %dimv(A)Q. (2.9)

3 Proof of the heat kernel KPZ formula

In this section, C will stand for a constant that does not depend on any relevant quantity. It may change
along lines in the computations. We define

2 2

§a) = 2+ L) - 5o (3.1)

for ¢ > 0: this function coincides with the power law spectrum of the measure M., (see [26] for more on
this). Let us denote by P the set of Borel probability measures supported by A. Without loss of generality,
we may assume that A C B(0,1/2).

3.1 Background on the law of the Brownian bridge

t t
We denote by Pg 'Y and Ep Y the law and expectation of the Brownian bridge from z to y with lifetime

t. Therefore, under Pg Y, (Bs)o < s < ¢ is a Brownian bridge from z to y with lifetime ¢.
Recall the basic lemma (see (6.28) in [18])

Lemma 3.1. We have the following absolute continuity relation for the Brownian bridge for s < t:

t ly—=z|? _ |Bs—=|?
e 2t 2(t—s)

E?BLW [G((Bu)u < S)] =FEg G((Bu)u < S)

t—s

t t/22
In particular, if (Bs,0 < s <t) has law Eg Y, then (A\™'By2,,0 < s < t/A\?) has law EE,/A =/
We will also need the following elementary representation of a Brownian bridge (see, e.g., (6.29) in [18]).

Lemma 3.2. Let B be a standard Brownian motion and let t > 0, and x,y € R2. Then
bszx—i—Bs—;(y—x—Bt), 0<s<t

defines a Brownian bridge from x to y of duration t.

3.2 Brownian Bridge decomposition
We recall the following result

Theorem 3.3 (see [28]). PX almost surely, for each x,y € R? and any continuous function G : Ry — R

/OO G(t)p/ (z,y)dt = /Oo BV [G(F ()] pu(a y)dt. (3-2)
0 0



By applying Theorem 3.3 with the function G(t) = t=*e~% for a,s > 0 we get the following Brownian
bridge decomposition of the Mellin-Barnes transform.

) 0o . ,\yftm\2
M (z, 1) :/ e~ atpz(x,y)dtz/ foadl {e*O‘F“)F(t)*S} c 21 dt. (3.3)
0 0 ™

Likewise,
CY7(A) = sup {(/AxA/o E;E;}y [e_aF(t)F(t)_s} pi(z,y) dtu(dw)u(dy)) 71},

We will use this relation throughout the paper.

3.3 Background on the measure based KPZ formula

Here we recall a few basic facts about the measure based KPZ formula as stated in [27, 3]. Yet, we will need
to extend slightly the framework. Given an atom free Radon measure p on R? and s € [0,1], we define for

6>0anda>1
Hi"; “(A) = inf { Z w(B(zy, are))® } (3.4)

where the infimum runs over all the covering (B(xy,r))r of A with closed Euclidean balls with radius
r < 0. Notice the factor a, which differs from [27, 3]. The mapping § > 0 — HZV‘S*“(A) is decreasing and
we can define:
s,a 1 s,0,a
H7(A) = %gr(l)H# (A).
Hj® is a metric outer measure on R? its restriction to the o-field of H . “-measurable sets, which contains
all the Borel sets, is a measure. The u-Hausdorff dimension of the set A is then defined as the value

dimy, o(A) =inf{s > 0; H;“(A) = 0} =sup{s > 0; H;“(A) = +oc}. (3.5)
Notice that dim,, ,(A) € [0,1].

Remark 3.4. When p is the Lebesgue measure, the notion of Hausdorff dimension does not depend on a
so that we write dimpey(A) instead of dimpep q(A). This comes from the fact that Leb(rA) = r?Leb(A) for
all Borel set A and v > 0. The measure M is far from having such nice scaling properties. In particular,
the readers that are used to “smooth” measures (meaning satisfying the doubling condition) may find part of
our forthcoming proofs unnatural. So we stress that the Liouville measure is far from satisfying the doubling
condition. We can show that we have (see appendiz A)

M, (B(x,2 2
lim sup 2(Bl,2r)) < 400, if77>4172

=0 e p(o,1) M~ (B(z, 7))t

and we believe that if n < +72 then the corresponding limit is infinite. A proof of the analogue statement
is in fact provided in the appendix in the case of one-dimensional lognormal multiplicative cascades.

We fix a > 1. In what follows, given a compact set A of R?, we define its Hausdorff dimensions dimy;(A),
dimpz, 4(A) computed as indicated above with respectwely equal to the Lebesgue measure or M,.

Theorem 3.5. Measure-based KPZ formula. Fiz a > 1. Let A be a compact set of R%2. PX almost
surely, we have the relation

7 7

dimLeb(A) = (1 + Z)dimea(A) — Idime,a(A)?

In particular, the quantity dimpz, o(A) does not depend on a > 1 (and thus we skip the index a).



Remark 3.6. It is easy to check that dimpep(A) = dimg(A). This is because in the definition of Hausdorff
dimension of a set A, it suffices to consider coverings of A using Fuclidean balls of diameter bounded by §

(see e.g. the discussion after (2.16) in [12]).

The proof of the KPZ formula in the case a = 1 is based in [27, 3] on a measure based version of the
Frostman lemma involving quarters of balls. The case a > 1 in the definition (3.4) allows us more flexibility
in the shapes of the sets used in this modified Frostman lemma. Thus we are going to state this lemma.

Remark 3.7. All the results below work also in the case when, instead of the ball B(%, @w —xl), we
consider the “tube” C(x,y,a) made up of those points located at (Euclidean) distance less than (a — 1)@
of the segment [z,y], namely

C(I,y,a) = {Z c Rz;dist(z, [.I,y]) < (a - 1) |«r - y|}

Lemma 3.8 (Modified Frostman lemma). Assume a > 1 and that p,v are two Radon measures on R?.
Assume further that v is a probability measure supported by a compact set A C B(0,1). If for ¢ € [0,1]

Jv(dy)
//A,u CE-H/ (a 1) |3;_I|))q < 400 (3.6)

then dim,, (A) > q.

The proof of the measured-based KPZ formula (Theorem 3.5) can then be completed exactly as in [3, 27]
with the help of Lemma 3.8.

Proof of Lemma 3.8. Let us define the function:
v(dy)
a— a°
u(BgL, 45y o))

Ve e A, g(x) :/K

Observe that the assumptions imply that [, g(x)v(dz) < oo. We deduce that
v({r € A;g(x) < L}) =1, as L — oo.

Therefore we can find L large enough such that the set Ay = {& € A;g(z) < L} satisfies v(AL) > 3.
Let us consider a covering (B(zn,T))n of A with balls of radius less than §. We consider the subsequence
(B(Zny,,Tny, ) )n, of balls that intersect Ay. It is obvious that this subsequence forms a covering of Ar. For
each ny, there exists y,, in Ay N B(Zn,, ", ). For all y € B(zy, , Ty, ), the set B(w, (agl) |y — Yn, ) 18
contained in B(zy, ,ary, ). Hence

Yy +y (@—1) ¢
(BT 2y = o)) < (B, ara,))".

Therefore, we get, passing to quotients and integrating over B(xy, , 7y, ) with respect to v (and noting that
the integral over the ball is dominated by the integral over A since v is supported on A),

V(BB(Inkv,rnk))q < / — V(Cizi) q = g(y’ﬂk) < L
wW(B(xp,,,arn,)) A M(B(‘""T‘, %ly - y’ﬂkl))

This leads to 1

1
ijMB(xnk,arnk LZ Bz, m,)) > V(AL) > 57

Thus >, u(B(xy,ary))? > 1/(2L). Since this covering of A was arbitrary, we get the desired result. O



3.4 Upper bound

Remark 3.9. For the time being, we have not proved yet that the notion of quantum capacity dimension
dim~ (A) does not depend on the exponent o in (2.8). Therefore, we use the notation dimy ,(A) instead of
dim~ (A) to keep track of this "a priori” dependence until we have proved this statement.

We first establish the bound

2 2
dimeap(A) > (14 ”’Z)dimw(A) - %dimw(m?. (3.7)

The proof of this bound is based on the following two lemmas:

Lemma 3.10. PX a.s., there erists a constant D (random and measurable with respect to X ) such that for
all z,y € B(0,1/2), s € [0,1]

D

B e PR ) (e, y) dt > , (338)
/0 g (u(z, ly — @]) + ply. ly — al))®
where (x,7) — u(z,r) is defined for x € R? and r > 0 by
1
plx,r) = / (1+1In——) M, (dz).
B(z,2r) |I - Z|

Lemma 3.11. PX a.s., for all s > 0, if one can find a probability measure v on A such that

/ ! v(dz)v(dy) < oo (3.9)

axa (p(z,ly = =) + p(y, ly — z))* '

then £(s)/2 < dimeqp(A).
Let us admit for a while the two above lemmas and complete the proof of (3.7). The strategy will be to
show (using Lemma 3.14) that (3.9) basically entails

1
~/A><A My (B(*52, 4ly — =))*

v(dz)v(dy) < oo

and then use Lemma 3.8 to get the lower bound for the capacity dimension with a = 9.

In the case where dim, (A) = 0 there is nothing to verify so we may assume without loss of generality
that dimq (A) > 0. Thus let us consider s > 0 such that s < dim, ,(A), that is C&7(A) > 0. One can thus
find a probability measure v on A which is such that

/AXA (/OOO Egﬁy[e—wu)p(t)—s]pt(x, Y) dt) v(da)v(dy) < 0.

From Lemma 3.10, we obtain that

1
/A><A (1, ly — z[) + p(y, ly — =)

~v(dz)v(dy) < oo,

which in turns implies by Lemma 3.11 that £(s)/2 < dimeqp(A). Since this inequality holds for all s <
dimg, (A) and since ¢ — £(q) is increasing, we obtain our desired upper bound

§(dim - (A4))

5 < dimeqp(A). O



Proof of Lemma 3.10. We first bound from below the («,v)-type Mellin-Barnes transform by selecting the
more relevant (i.e. diffusive) scales

/ B5 e T OF () Ipi(z,y) dt
0

t

ly—z|?
> / B e PO F (1)~ |p,(z,y) dt
|

y—z|?/2
‘y*z‘z dt t
> / X inf Ef Ve PO F(1)=9)
ly—z|2/2 2T€t  |y—=|?/2 <t < |y—a|?
_lm2 inf B Y[em o PO p() =],
27T€ ly—z]2/2 <t < |y—=|?

Remark 3.12. In what follows, the strategy is more or less the following. By using the Jensen inequality,
we should have

t t=ly—a|? t=ly—a|? =S
inf Eg Ve TOR#)7%] > exp (—OZEE - [F(t)]) (EE oY [F(t)]> :
ly—z[2/2 <t < |y—=|?
. el e , N
Then we just have to compute Eg Y [F(t)], which approzimatively takes on the form
t:\y_;z\z

5 7RO < [ ota (),

for some function g that gives almost all its mass to the ball B(*5¥, |y — z|) (and which is related to the
Green function of Brownian motion in that ball). Yet, this function g does not vanish outside this ball and
possesses a non trivial behaviour for large z. Basically, the following proof follows this idea except that we
will try to get rid of this long range dependence while getting in the end a tractable function g.

Let us introduce the event
A={Vse[0,1]; By € BCLY |y — 2))}

and the stopping time
T(x,r) =inf{s > 0; Bs & B(x,r)}.

t
Now we estimate the quantity Eg Y[e”*" O F(t)~%] for |y — |2/2 < t < |y — 2|2. First we write

5 e FOE() ] > B Ve PO R() 1)
= 5[ PO R() |41 PE ™ (A) (3.10)
The important point in the following is to notice that there exists a constant ¢ > 0 such that for any z,y
and |y —z[?/2 <t < |y — z|?
< PEY(A) < (3.11)
Indeed by translation invariance we may assume that z = 0. Then by applying the scaling in Lemma 3.1,
(3.11) reduces to proving that
PO%I(A ) < c
where t € [1/2,1] is arbitrary and A’ is the event A’ = {Vs € [0,t]; Bs € B((1/2,0);1)}. For a fixed

t > 0 observe that P%_t’l(A' ) is bounded away from 0 and 1, hence the desired statement follows from the
continuity in ¢ of this probability, which can be seen from Lemma 3.2.

10



Observe that the mapping u — e~ *“u~° is convex. By applying the Jensen inequality, we deduce
B e PO R()=| A] > e=oF5 IFOIA(BIOV[F(1)] A])~. (3.12)
Let us compute Egﬁy [F(t)|A]. We have from (3.11)

By VF(1)|A] < ey "V [F(t)1a]. (3.13)

Then, by symmetry of the time reversed law of the Brownian bridge, the fact that the ball B(*$¥; |y — z|)
is contained in the ball B(z,2|y — z|) and Lemma 3.1

12
ly—=|? _1Bi/2—=l
t

E5 Y [F()1a] < EB[F(t/2) (1, 4, . >t/2y2€

2
ly—=z|2 _ 1Bt/2—vl
t

+ E}é [F(t/2)]l{TB(y,2‘y—z‘)>t/2}2e 2t ]
g 2e E%[F(T(.I, 2|y - ‘I|))-ﬂ{TB(z,2‘y,IU>t/2}] + 2e E% [F(T(y7 2|y - I|))]1{T3(y’2‘y,z‘)>t/2}]

:26/ GB(LQW,ID(CC,Z) My(dz) + 26/ GB(%Q‘y,zD(CC,Z) My(dz)
B(z,2|y—zl) B(y,2ly—zl)

(3.14)

where G p(z,2y—z|)(2, 2") stands for the Green function of the Brownian motion killed upon leaving the ball
B(z,2|y — x|). It is a standard fact that we have the explicit expression

1. 2y—=a 1 ) 1 1
== <= —ln—. .
G B(z,2ly—a|) (T, 2) - In =2 <7 In(2diam(A)) + - In T (3.15)
Let us set for z € RZ and » > 0
w(x,r) = / (l In(2diam(A)) + 1 In ;) M, (dz). (3.16)
B(z,2r) T ™ |$ - Z|

By gathering (3.10)4(3.11)+(3.12)+(3.13)+(3.14)4+(3.15), the fact that the mapping u — e~ *%u~° is de-
creasing, and the fact that A C B(0,1/2), we deduce

B Ve T OR (1)) > cemotecn@ sl ntulv=eDl (declu(a, |y — a]) + p(y, [y — 2])))~*

ce™8ecsuPrenos2 MO (declu(z, [y — al) + uly, ly — =])))

A\,

We complete the proof of Lemma 3.10 with the following lemma to get rid of the exponential term in the
above right-hand side. O

Lemma 3.13. There exists a random constant C, P almost surely finite, such that

sup u(z,1) < C.
z€B(0,1)

Proof. Recall [13] that for all 0 < a < 2(1 — %)?, there exists a random C' such that for all z € B(0,1) and
r<l1
M, (B(z,r)) < Cre. (3.17)

Observe that it is enough to show that, PX a.s.

1
sup / In —— M, (dz) < +o0.
z€B(0,1) J B(z,1) |z — 2]

11



We have
/ 1nLM(dz)< Z/ ln;M(dz)
B(z,1) |z — 2| ! h n>072€B(@,1), 27" a—z| <277 |z — 2| K

< Y (n+1)m2 M, (B(z,27"))

n =0

<C Y 27°"(n+1)In2.

n>=0
This latter quantity is obviously finite and does not depend on . O

As explained above, the proof of Lemma 3.11 requires to compare p(z,r) with M, (B(z,2r)). This is the
purpose of the following Lemma.

Lemma 3.14. For each € > 0, there exists a random constant C. = Ce(X) < oo such that P¥ a.s., for all
x € B(0,1) andr < 1
pw(z,r) < CeM,(B(x,2r))' €. (3.18)

In particular, for any =,y € R2,

@, o —yl) + p(y, |o — yl) < 2C (M (B(z, 2]z — y)) + My (B(y, 2le — yl)))
< 4CGMV(B(x——2’—y,4|:v—y|))l_€. (3.19)

Proof of Lemma (3.14). To see this, it is enough to prove this relation with f(z,r) = fB(m,2r) In ﬁ M, (dz)
instead of u. Also, recall (3.17) and choose 0 < § < 2(1 —7/2)2. P¥X a.s., there exists a random constant C

such that for all x € B(0,1) and u < 1
M, (B(z,u)) < Cu’. (3.20)

Then we have
1
plar) = 3 / In —— M, (dz)
n > —logy T 27" |z—a| < 27 (0D |£L' - Z|

< > nl2M(B(z,2-"Y))

n > —log, r

<Y n2M (B, 27 ) M, (B, 27 )

n > —log, r

<M, (B(z,2r)'7°C* Y nln22700be

n > —logy r
The latter series converges and can be bounded independently of z,r which ends the proof. O
Proof of Lemma (3.11).
From (3.19), we deduce

1 1
o ([ Gy Ye)

1 -1
< Cf sup / — v(dx)v(dy .
vep ( Axa My (B Aly — 2[)s(-9) (dz)i ))

In particular, if the left-hand side is infinite, so is the right-hand side for all ¢ > 0. Applying Lemma
3.8 with @ = 9, we deduce that for all € > 0, dimas, 4(A4) > s(1 — €). We deduce that dimpz o(A) > s,
then dimpep(A) > £(s) from Theorem 3.5 and finally dimeq,(A) > £(s) because of the standard fact that
dimLeb (A) = dimcap(A). O

12



3.5 Lower bound.

Here we prove the remaining estimate
~2 2
dimeq,(A) < (14 z)dimM(A) - Zdimw(A)Q. (3.21)

Let us consider s > 0 such that £(s)/2 < dimce,(A). This means that we can find a Borel probability
measure v supported by A and a number ¢ > 0 such that

1

We define the tilted measure

v(dr) =e [Xz(z)]u(dx),

which is non trivial (see [16, 26]) and almost surely supported by A.
It is enough to show that the following expectation is finite

]EX /AXA/ t~ e p) (x,y)U (da:)ﬁ(dy)} < 400 (3.23)

because this entails that PX a.s. s < dim, ~(A), which completes the proof of (3.21). O
Proof of (3.23). We have by (3.3),

B[ [T el ptanity)
:]EX /A . /0 Egﬂ e*aF(ﬂF(t)*S} pe(z,y) dt;(dx)a(dy)]

Now we will split the above integral over time in two parts to analyze its contribution depending on the
scales [z —y|? < tor |z —yl? >t

Short scales

In this subsection, we compute

/ /|x " 7 [P OR) ] pi(a, y) dt #(da)i(dy)|.
AxXA

Let us make the change of variables u|z — y|? =t

i [/AXA /0“’2 " [efaF(t)F@fs} pe(,y) dt D(dz)ﬁ(dy)}

1 ule—yl?
=EX / / Ep 7Y [e_O‘F(ulw_yF)F(ukv—y|2)_5} e 2 duv(dz)v (dy)}
AxAJO 21w

1 wo—u? [ 57X (@)= L2 EX (X2 (2)] 57X (y) — L EX [X 2 (2)] L
</ / EX {E;; = yle ’ e : }6 i duv(dz)v(dy). (3.24)
AxA

F(ulx —y|?)s 2mu

We just have to analyze the expectation inside the integral. By translation invariance of the field X, it
suffices to compute this expectation when x = 0 and for a generic y. Thus we set

A : EX[EOMQ@' 57X (0)— B EX [X2(0)] o5 X ()~ 2 EX [X2 ()] }
S’/U’?y =
B F(uly|?)®

13



By applying the same argument as in [9, Lemma 28] based on the Girsanov transform and Kahane’s convexity
inequalities we may assume that the field X is exactly scale invariant, meaning that for all A € [0,1] we
have the following equality in law

(X)) < 4 2 (X (@)ja) < 4 + D (3.25)

where ) is a centered Gaussian random variable independent of the whole field (X (x))|,| < 4 With variance
—In\. Let us denote by K(z) = EX[X(2)X(0)] = Iny % its covariance kernel, which is nonnegative.
To use the scaling relation (3.25), we must force the Brownian bridge to stay within the ball B(0,4). So

we introduce the stopping time
S(W,t,r) =inf{v € [0,t; W, & B(0,7)}

and we have

uly? leszm)—vz;zEX [X2(0)] 57X (y)— Lo BX [Xz(y)]] }

A <EX|EYL VY
(s,u.) < B | B FlalyP A S(B. g, Jo)°

(3.26)

Now we can use the scaling relation (3.25) together with that of the Brownian bridge to get by setting
ey = y/lyl-
As,u,y) (3.27)

2.2 2.2
25721472 In [y e X(0) =~ 2 EX [X2(0)] sy X ()~ Lo EX (X (ey)]

< u*SE[ ]IEX [E?fo

|y|2565vﬂ‘y‘+72sln |yl ( 01AS(r»—>rey+\/ﬂBT,l,1) e’YX(Tey-"_\/aBT)_%]EX (X?] dT)s } .
An elementary computation of the Laplace transform of Gaussian random variables gives the following
explicit expression for the first expectation in the right-hand side of (3.27)

|: €2S’YQW‘ +~25%1n |y|

R O)
|y|zsesvﬂ\y\+7281nlyl} =yl ’ (3.28)

The second expectation in the right-hand side of (3.27) can be estimated with the Girsanov transform to
get rid of the two exponentials in the numerator. Indeed we have the following elementary lemma, which is
easily checked by computing the Laplace transform of the finite-dimensional distributions.

Lemma 3.15. Let (Xy)ier be a Gaussian process with covariance matrix V- = (vst)s e on the probability
space (0, F,P).

o Let ty be a point in T and let P denote a probability measure with density VXt ~Y*vota /2 Then the
law of X under P is that of (X; + Yvigt)teT-

o Let now tg,t1 be two points in T and let P be the probability measure with density
e'y(XtoJrth)772(vt0t0+2vt0t1 +vty60)/2 .
Then the law of X under P is that of (Xt + v(viot + viyt))ter-

In order to use this Lemma in (3.27), one needs to add a factor ¢’ K(0.¢4) which takes into account
the covariance term. Note that this term is bounded by some constant C. Using this Lemma plus the
non-negativity of the covariance kernel, we thus deduce

A(s, u,y)
INS(r—=rey++/uB.,,1,1 _s
< c EX [E()#O ( nl ZyX(re;/J:\/ﬂBr))féEX[XQ]+572K(T6y+\/ﬂBr)JrS'yQK((lfr)ey7\/EBT) dr) }
= wsfylE) B 0
o C EX {E()#o ( IASromeytvuBy,11) e'yX(rey+\/ﬂBT)7§EX[X2] dr) -F }
REPECE e AV |
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Let us now use the absolute continuity of Lemma 3.1. To this purpose, we first observe that the above

expectation is smaller than the same one except that we replace the domain of integration over time fOMS

by a smaller domain J"O(l/Q)/\S

that the Radon-Nikodym derivative of E?B#l with respect to gy is bounded. Hence we get, after applying a
change of variables w = ur,

. For this range of times r € [0,1/2 A S], we can apply Lemma 3.1 and we see

(1/2)AS(r—rey++/uBr,1,1) s
Als1,9) < Ot 1|5( )Eo[(/ X et VB = BN ) ]
us|ylé(s o
(u/2)AS(wswutey+By,1,1) s
S gcn £ )|
y[st 0

In the above integral, the drift term wu~'e, dominates the behaviour of the Brownian motion. To get rid
of this effect, we will restrict the integration domain of the integral inside the expectation to values that are
very close to 0. As we have u < 1, we deduce that u3/2 < u/2 in such a way that

1 (u®/2)AS (w—swu ey + By, 1,u?/?)
e [

X et Bu) S BN ) )
0

Now we use the ordinary Cameron-Martin formula (Girsanov transform) for Brownian motion to get rid of
the drift in the latter quantity. This yields

(u® /2)AS (B, 1,u®/?) 2 X [y2 s -1
A(s,u,y) < O|y|_5(5)]E0[(/ X BT ]dT) e eyVBug_%u}'
0

We can now easily get rid of each quantity in the above expectation. For instance, an abrupt use of the
Cauchy—Schwarz inequality gives

A(s,u,y) < Cly| "¢ E, [F(u?/2 A S(w By, 1, u3/2))_25} Y2eu/2,

By using the negative moments in [13] as well as their multifractal behaviour, we finally get (even if it means
changing again the value of C)

A(s,u,y) < C|y|—5(s)u35(—25)/2E0 [F(l/Q AS(w By, 1, 1))—25} 1/2 < C|y|—5(s)u35(—2s)/2 (3.29)

so that plugging this estimate into (3.24) yields

o [/AXA /olw_le By [efaF(t)F(t)fs} pi(w,y) dt Z(da:)ﬁ(dy)}

1 1
< C'/ [ —ro v(dz)v(dy) x / w2927 oo gy < 400
axa |z —ylt 0

Long scales

Now we focus on the long scale contribution
B:=EX [ / / B [eﬂF(ﬂF(trS} pelz,y) dt ;(dx);(dy)]
AxXA J|z—y|?

For those t that are larger than |2 — y|?, the Brownian bridge between x and y with lifetime ¢ behaves like
a Brownian motion starting from z between the times 0 and t/2. Therefore it is not a bad idea to apply

15



Lemma 3.1 to get rid of the bridge, and we get (recall that E, = EX ® E% is the annealed measure)
B < EX [ / / LY [e—aF“/?)F(t/z)—S] pelz,y) dt a(dx)a(dy)} (3.30)
AxA |;E y|?
o—aF(t/2) \J o2 _1Byp—a? ~ ~
~E, F(t/2)~ T () dt D(da)(dy) |

AxA J|z—y|?

O/ / B, [em P2 (1/2) e XX OB, () di v (da)v(dy).

AxA J|z—y|?

Now we want to separate in the above expectation the part that will serve to control the long time behaviour,
i.e. the exponential weight e=*¥(*/2) and the part that will serve to control the scaling behaviour of the heat
kernel, i.e. F(t/2)~%. To this purpose, we first use the usual trick of replacing the MFF X by the exactly scale
invariant kernel with decorrelation cutoff at length 2, still denoted by X (we can do this as in [9, Lemma
28] because the mapping x — e~ **z ¢ is convex). Its covariance kernel is given by K(x,y) = Iny Iw—zyl and
has the scaling relation (3.25) for |2| < 1. Then we introduce the functionals

Fi(t) = /Ot Lig,¢po,m Fldv),  F'(t) = /Otn{BveB(oJ)} F(dv). (3.31)
Notice that F¢(t) + F(t) < F(t) for all t and r > 1. Finally we set
B(t,z,y) = E, [e—am/m F(t/2) "5 X @)+ X ) —y*s"EX [X%)]}
Since F(t/2) > F(|ly — z|?/2) for t > |z — y|?, we have
B(t,z,y) < E, {efaw;(t/z)w;<\zfy\2/2>> Fi(je — y[2/2) e X @)+ X (1) —7*s"EX {X?(x)]]
Notice that under the annealed probability measure P, and for x,y € A C B(0,1/2), the random vari-

ables F§(t/2) — F§(lz — y|2/2) and Fi(|z — y|?/2) 57X @)+7X @) =7*s*E¥ [X*(@)] are independent (use the
decorrelation cutoff of the field X and the strong Markov property of the Brownian motion) so that we get

B(t,z,y) < E, e—a(Ff(t/m—F;uw—yF/2))} E, [Fi(|x _ y[2/2) s e X @+ X ()= S BN [X%)}]

Now we use (3.29) with v = 1/2 to estimate the second expectation and get (actually, one has to re-derive
(3.29) with F replaced by F* but this is harmless)

—a(F5 /2~ F5(le—y?/2)] 1
B(t,z,y) < CE, {e 5 5 T (3.32)
It remains to treat the expectation IE, [e‘o‘(Fc(t/2)_F2‘C(‘m_y‘2/2))] and our purpose is to establish that
E,[e @ @/2=F(e=vl*/2D)) < O(t — |z — y|2) 0 (3.33)

uniformly with respect to z,y € A and where ¢ > 0 is an in (3.22). By using the Markov property of the
Brownian motion at time |z — y|?, the stationarity of the field X and the fact that B(z,2) C B(0,4) for all
z such that |z| < 2 we deduce

E, [e*a(cm(t/Q)*Frf(\r*y\2/2))} < Eo [e*aFZ(t/%\z*y\zﬂ)}_ (3.34)
Let us introduce the stopping times Ty = 0 and for n > 0

Tni1 = inf{v > T,;|B,| = 4n + 10} T, = inf{v > T,;|B, — Br,| = 1}.
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Under Py the random variables (F¢(T,,)—Fg(T},))n are independent and identically distributed. Furthermore

Fi(T,) — F{(T,) = F(T,) — F{(T,,). We deduce
Eo[e*anf(t/Q*\I*y\z/Q)] Eo [e*azn,m < (nf\mfy\Q)/z(F(Tn)*sz(Tn))]
Eole

NN

_QZSZI(F(T")_FE(T"))] + Po( sup |B,| < 4K + 10)
v < (t—lz—yl?)/2

of

K1/2

—aF(To)1 K
< Fole~@F ()] + O

In the last line, we have used standard estimates of the exit times of the Brownian motion out of the balls in a
way that is quite non optimal but this is enough for our purposes. It suffices to take K = (t — |z — y|2)1/2725

and to observe that Egle~®F(T0)] < 1, and we obtain (3.33). Now, by making the change of variables
u = —— , we obtain
[z—y]
° _ o s _le—yl? dt
J A o e B o R
lz—y|? |z —y|?
e 1 1 du
_ —26 -5 —L
=l [ - E
= Clz —y|~%.
By gathering (3.32)+(3.33) and plugging the result into (3.30) we obtain
1 oo
pec| ([ t—lo=uP) Cnlndt) vidopldy
AXA |$ - ylf(s) |z—y|?
< C a Wy(dl')y(dy) < 0.
This completes the proof. O

A (No-)doubling property of the Liouville measures

In this appendix, we shall prove the following Theorem which illustrates that Liouville measures possess
very poor doubling properties:

Theorem A.1. Let vy < . =2 and consider a MFF X in the plane. Set

72

Ne = 4—+ 72 .

For any 1 €]n., 1], there is a constant C' = C(X,~,n) which is a.s. finite such that for any x € [0,1]*> and
any radius r € (0,1], one has
M, (B(z,2r)) < C My (B(z,r))* 7",

Remark A.2. It can be seen that n. = n.(vy) is optimal in the sense that

lim sup

My (B@,2r) [ <doo, ifn> g
=0 e p(0,1) My(B(z,7))t1

We provide a rigorous proof of the sharpness of n. in this case of dyadic cascades. See Theorem A.3 below.
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Proof. Let (X.)e be a white noise decomposition of the massive free field, meaning that (X.)¢ is a family of
centered Gaussian fields with covariance given by

27 k(u(z — y))

ELX.(0) X ()] = [ du (A1)

7712 v
for e,€ €]0,1] and k(z) = 3 [;° e~ %7 1?’~% du. Notice that we skip the index X in the expectation as

we only consider expectations with respect to the family (X.). in the following (no distinction with the
Brownian motion is needed).
We want to evaluate the quantity

M, (B(0,16r))
(MV(B(O,T))l—n > 1)' (A-2)

Recall that the massive free field is star scale invariant in the sense of [1], meaning that for ¢ > 0 we have
the following equality in law

_

2
M, (dz) = e?X<(2) TE[XE(ZF]E?M;(C[Z/G)
where MY is a random measure independent of X, with the same law as M,. So we can write
72
M., (B(0,7)) — 27X (0) = BIX,(0)%] / eVYT(Z)Mﬂdz)
B(0,r)
where Y,.(2) = X,(2) — X;-(0) is independent of M. Therefore
2 .
M,(B(0,7)) > 727X (0)= 5E[X,(0)*] sy min.e g0, YT(Z)M;(B(()’ 1)).
In the same way,
M, (B(0,167)) < T267Xr(0)—ﬁE[Xr(O)z]ewmaxzeBm,mr) YT(Z)M’C(B(O, 16)).
We deduce for some 41,2 > 0 (to be determined later)

M., (B(0,16r))
P (e > )

2 .
< IP(T(QJFWT)nen»YXT(o)e»y max; e 5(0,16r) YT(Z)Mg(B(O, 16)) > e(L=mymin.epo,r) YT(Z)M’: (B(0, 1))1777)
2
< JP(r@*%)"emxr@)rﬂ“lM;(B(o, 16)) > r(1=m7% M7 (B(0, 1))1*’7)
—l—]P( max Y, (z) > —511n7°) —l—]P( min YT(Z)géglnr). (A.3)
z€B(0,167) 2€B(0,167)

Let us denote by F' the function defined for € R by

1 o0 11/2
F(x) = \/—2_7T/ e 2 du

M, (B(0,2))

W. We have for any a > 0

and by Z the random variable Z =

2
]p(T(ZJr%)nen'er(O)vaél M(B(0,16)) > T(lfn)wézM;(B(O, 1))1777)

< IP(XT(O) > () (2 + f)n — (1= n)y02 — ~61) ln% + ()" n Zﬁl)

2
—F () (2 + 0= (1= )982 =781) (= In1)/* + ()~ (= nr) " In z)
<F(m) (@ + F)n = (1= )16z = 901 — a) (= Inr)2)
+P(InZz ' <alnr). (A.4)
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Let us estimate the last probability in the latter expression. For ¢ < 4/4? and p,p > 1such that p~1+p~! =1
and pg < 4/+%, we have by using in turn the Markov inequality and the Holder inequality
PlnZ ' <alnr)=P(Z >r9)
P | 2
“IE[M,(B(0,16))"/PE[M, (B(0, 1)) PP, (A.5)

NN
=

Because of our choice of p,q the first expectation E[M,(B(0,16))P is finite (existence of moments up to
4/~% [16, 26]) as well as the second E[M, (B(0,1))"P21=7)] (existence of negative moments of all orders
126]).

Finally we estimate the probabilities involving the max and min in (A.3). The key point is to observe
that the Gaussian process Y, does not fluctuate too much in such a way that its maximum (and minimum)
possesses a Gaussian right tail distribution. From the covariance structure (A.1), it is easy to observe that

Lepax 7Y, (2) = L max VY.(rz) and Vz,2' € B(0,16), E[(Y,(rz) —Y.(rz")?] < Clz - #/|.

Using for example [21](Thm. 7.1, Eq. (7.4)), one can then deduce

Ve>1, supP( max Y.(z)>2x)< Ce e
r z€B(0,167)

for some constants C, ¢ > 0 which does not depend on r (a similar relation holds for the left tail distribution
of the minimum).

Now we gather the previous relations and to fix the values of the parameters ¢, d1, d2, a, g. Let us choose
a’ such that

4
0<a <(2++%/2)n and a'? > 2.
(This is possible since i > 7..) By continuity, we can find 1, d2, a, ¢ > 0 such that
2

(2+%)n—(1—n)752—~y51—a>0 and aq > 2.

By gathering (A.3)+(A.4)+(A.5) and standard estimates on the asymptotic behaviour of F for large x, we
get for some ¢ > 0

ﬁ7 — — —a)2
M'Y(B(Oa 16T>) >1) <ece Crz -« 2w7)21;622 017) (Inr)? + ertd 4 e—céf(ln )2 + 6_063(111 r)?
M, (B(0, 7))t =)

in such a way that that for some ¢’ > 0

M., (B(0,16r))

—2-¢'
rP{——~~ 77
S VAN

> 1) < . (A.6)
r€]0,1]

It remains to conclude. Let us consider the square S = [0, 1]? and let us denote by D,, the dyadic numbers

of the square of order n, i.e. of the form z = (£, 5—;) for some k, k" € [0,2"] N N. We have by invariance
under translations of M., and (A.6)

M, (B(z,16 x 27™) M,(B(z,16 x 27™))
P max M, (Blz,2 )1~ < e M, (B, 2 )1~ 1)

anp ( My(B(0,16 x 277))
2 IP(MV(B(O,2—”))1—77 >1)



By using the Borel-Cantelli lemma, we deduce that there exists a random constant C' such that

< C.

s . Ma(B(,16 x 271))
up max
o 2eDy M (B(w,2- 7))L

Finally we consider any y € S and = > 0. Let us consider n such that 2=("+1) <7 < 27", Let us denote by
x the point in D,, 5 which is the closest to y (in particular, notice that |z —y| < 27("*2)). We have

which completes the proof of the second relation. O

We will prove now that the threshold given in Theorem A.1 is sharp in the context of lognormal mul-
tiplicative cascades (see [17] for further details). Let us recall briefly the setup. If « € [0, 1], we will denote
by (z)k > 1 € {0; 1} its dyadic decomposition, i.e.

o0
Lk
T = E .
2
k=1

D,, C [0,1] stands for the set of dyadic numbers of order n D,, = {2%, k=0,...,2"}. We set D = J,, Dn.
We denote by , : [0,1] = D,, the projection of [0, 1] onto D,, i.e.

B

T

Vo e0,1], m(z)=) 2—,’5
k=1

Let us set IF = [£ EH[for k = 0,...,2" — 1 and for € [0, 1], we denote by I,(z) the unique interval
among the family (Iﬁ)k:07,,,72n_1 containing x.

Consider a sequence of i.i.d. random variables (X;);ep indexed by the set D = J,, D,, of dyadic numbers
of [0,1] with common law that of a standard Gaussian random variable.

Finally, for v > 0 such that v? < 2In2, we consider the multiplicative cascade measure u defined by

2
p(dz) = lim e Xmi@+F7 X @ =77/20 g
n—oo

For n > 0, we want to study the maximum of % for y € [0, 1].

Theorem A.3. Ifn < then for all R >0

72
7123
I,
lim IP( max Ly)k 2R) =1.
vel0.1] p(Lnt1(y))' =7

Proof. In the context of multiplicative cascades, there exists an independent family of random variables
(ngnJrl))ye,:;n+1 with law [0, 1] and such that for all = € [0, 1]

1 2
n+1 — YXor (2 +"'+’YX7rn z) Y /2(n+1) (’ﬂ-‘rl)
p(I" " (2)) = DYESEC L) 1) 2 ir ()
The total mass p[0, 1] is such that there exists o > 0, more precisely a = 2532 such that P(u[0,1] > u) ~ &

for 4 — oco. Hence, from the Borel-Cantelli lemma, we get that for all § > 0, there exists a random constant
c such that
lim P( max Z{"Y >2n/e=%) =1, (A.7)

n—o00 YEDp 11

20



For y € D,4+1 we denote by y° the unique element of D, such that m,(y) = m(y°) and y # y°.
Furthermore, for y € [0, 1], we set Z,(y) = Q%eVXﬂ(y)Jr”*WX”n(w_72/2". Then we have for all R > 0

I
IP( max H(—(y))l > R)
v€Dn i1 fi(Ing1(y©)) ="
e’YXmlJrl(y)—V2/QZ("+1) + e’YXTrn+1(yC)_’Y2/2Z(n+1)
—P( max 27Z,(y)" 1 (9) mus) ; )
yED 11 " ( (n+1) )1=n z
l Trn4+1(y°)

2
e’YXwnJrl(y) -y /22n/a—5

>IP( max Z,(y)"
N N

> 271R2 ) — P max Z{D <2/,
YEDn 41

A simple computation on the maximum of Gaussian random variables (similar to the proof of Theorem A.1)
shows that for n such that n <

1 _ 72
a(l+v2/(21In2)) = ~42+42In2> we have

VX1 (W) _V2/22n/oz—5

. 77 e
Jim P( ma Zu(y) 2

> 27RO )~ 1,
We conclude with (A.7). O
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