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Gradient Schemes for Stokes problem

Jérome Droniou? Robert Eymard’ and Pierre Feron *
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Abstract

We develop a framework, which encompasses a large family of conforming and nonconforming
numerical schemes, for the approximation of the steady state and transient incompressible Stokes
equations with homogeneous Dirichlet’s boundary conditions. This framework provides general con-
vergence proofs, by error estimates in the case of the steady problem and by compactness arguments
in the case of the transient one. Three classical methods (MAC, Taylor-Hood and Crouzeix-Raviart
schemes) are shown to belong to this framework, which also inspires the construction of a novel
scheme, whose advantage is to be Hgiy conforming and to retain a small number of degrees of free-
dom.

1 Introduction

The notion of gradient schemes, designed for linear and nonlinear elliptic and parabolic problems in
[8, 9, 11, 16, 15], has the benefit of providing common convergence and error estimates results, which
hold for a wide variety of numerical methods (finite element methods, nonconforming and mixed finite
element methods, hybrid and mixed mimetic finite difference methods...). Checking a minimal set
of properties for a given numerical method suffices to prove that it belongs to the gradient schemes
framework, and therefore that it is convergent on the aforementioned problems. The aim of this paper is
to extend this framework to the steady and transient Stokes problems:

ni—Au+Vp =f—div(G) inQ

divi =0 in Q (1)
uw =0 on 0f)
and
0t —Au+Vp =f—div(G) inQx(0,7)
divi =0 in Q x (0,7) )
u =0 on 90 x (0,T)
ﬂ(', O) = Uini a.e on 2,

where T represents the velocity field, 7 is the pressure and the domain € is a bounded open set in R?,
d>1.

We may cite (without exhaustivity) separate works done for analyzing different methods, that are among
the most commonly used in many industrial applications. In [1], a first error estimate is given for the
Taylor-Hood approximation of the Stokes problem, further improved in [25]. In [5], the authors analyze
the application of the P'-nonconforming method for the velocity, with piecewise P? approximation for
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the pressure, known as the Crouzeix-Raviart scheme, and they provide an error estimate. In [21], the
author provides, in a pioneering work, the first convergence proof for the famous Marker-And-Cell (MAC)
scheme [18, 22, 26], intensively used in the engineering and fluid numerics frameworks.

In this paper, we exhibit the common principles of all these methods, which are sufficient for proving
their convergence. We define the notion of gradient discretization for the Stokes problem, and we show
how the classical schemes may be included in this framework: this is done in Section 4.1 for the MAC
scheme (see [3] for an extended version of the MAC scheme which also could be included in the present
framework), the Taylor-Hood scheme, the Crouzeix-Raviart scheme and a new method which is Hajy
conforming, and hence satisfies an interesting property regarding pressure-independent errors [19].

The paper is organised as follows. In Section 2, we detail the discrete space and operators used in
gradient discretisations for the Stokes problem, and we provide the common properties that are sufficient
for showing convergence results of the resulting gradient scheme. Then, in Section 3, we give our main
results. These results concern the convergence of the general gradient scheme for the steady and transient
Stokes problems. The steady results are obtained through error estimates: the first one is given in the
most general hypotheses, and the next ones are improved, accounting for more restrictive hypotheses on
the data. The transient results are obtained via compactness tools. In all these results, the pressure plays
a key role. Section 4 is devoted to the proof that standard schemes are included in the general framework.
We first consider the MAC scheme, for which the appropriate tools are those of the discrete functional
analysis, such as the one developed in [12] for the study of finite volume schemes for elliptic problems.
We then consider the Taylor-Hood scheme, which easily enters into the general framework thanks to its
conformity, and we next study the nonconforming Crouzeix-Raviart scheme. This scheme is known to
be useful in many industrial applications, due to the approximation of the velocity at the barycenter
of the faces, which allows for easy couplings with finite volume schemes for more complex situations.
We finally turn to an original scheme, which has a few interesting characteristics. It is an extension
of the MAC scheme to simplicial meshes but, contrary to other extensions, it remains formulated in
velocity /pressure (no use of the vorticity is introduced). Hence this scheme happens to have the same
characteristics as the Crouzeix-Raviart scheme for its domain of application, in addition to the fact that
the number of unknowns is reduced. Moreover, in 2D, a simple change of unknowns (use of the scalar
discrete streamline potential) allows for the elimination of the pressure and the resolution of a much
smaller number of unknowns. Nevertheless, it has the drawback of showing large stencils, and the 2D
change of variable does not easily apply in 3D. A short numerical insight is proposed to enlighten the
comparison between these two last schemes.

The proofs of the results stated in Section 3 are then detailed in Section 5. One shall notice that
these proofs are not straightforward, in particular in the case of the transient problem. Appropriate
compactness tools have to be provided, demanding to define suitable discrete norms.

Notations In the following, if F is a vector space we denote by F' the space F?. Thus, L*(Q) = L?(Q)¢
and H{(Q) = H}(Q)?. The space E(Q) is the space of fields v € H{(Q) such that div(v) = 0. LZ(Q)
is the space of functions in L?(2) with a zero mean value over Q. Finally, H 4;,(9) is the space of fields
v € L*(Q) such that div(v) € L*(Q).

2 Gradient discretisations

Gradient discretisations provide the foundations, in terms of discrete spaces, operators and properties,
upon which the gradient scheme framework is designed.

2.1 Space

Definition 2.1 (Gradient discretisation for the steady Stokes problem) A gradient discretisation
D for the incompressible steady Stokes problem, with homogeneous Dirichlet’s boundary conditions, s de-



fined by D = (Xpo,p,Vp,Yp, xp,divp), where:
1. Xpy is a finite-dimensional vector space on R.
2. Yp is a finite-dimensional vector space on R.
3. The linear mapping llp : Xp o — L*(Q) is the reconstruction of the approzimate velocity field.
4

. The linear mapping xp : Yp — L?(2) is the reconstruction of the approzimate pressure, and must
be chosen such that ||xp - ||2(q) is a norm on Yp. We then set Yp o= {q € Yp, [, xpgdz = 0}.

5. The linear mapping Vp : Xpo — LQ(Q)d is the discrete gradient operator. It must be chosen such
that || - |[p :== |V - [[L2(q)e is a norm on Xp 0.

6. The linear mapping divp : Xp o — L*(Q) is the discrete divergence operator.

Remark 2.2 (Boundary conditions) Gradient discretisations adapted to other boundary conditions
than the homogeneous Dirichlet conditions can be easily designed, see [8].

The coercivity of a sequence of gradient discretisations ensure that a discrete Poincaré inequality, a control
of the discrete divergence and a discrete Ladyzenskaja-Babuka-Brezzi (LBB) conditions can be establish,
all uniform along the sequence of discretisations.

Definition 2.3 (Coercivity) Let D be a discretisation in the sense of Definition 2.1. Let Cp and Bp
be defined by

CD = max ) ||HDU||L2(Q) + max ||diVDUHL2(Q), (3)

veXp ollvllp= vEXDp,o0sllvllp=1

'UEXD,[)7H'U”D:1

Bp :min{ max / Xxpq divpvdx : q € Yp o such that |[xpqllr2() = 1}. (4)
Q

A sequence (Dp)men of gradient discretisation is said to be coercive if there exist Cp > 0 and 8 > 0
such that Cp, < Cp and Bp, > B, for all m € N.

m — m —

The consistency of a sequence of gradient discretisations states that the discrete space and operators “fill
in” the continuous space as the discretisation is refined.

Definition 2.4 (Consistency) Let D be a gradient discretisation in the sense of Definition 2.1, and let
Sp: HY(Q) — [0,400), and Sp : L3(Q) — [0, +00) be defined by

Vo € HYS), Sole) = min (Ibv — gllzaa + V00 = Vollpaaye + [divpe - divel z2(e))

and _
Ve L5(), Sp(p) = min [[xpz — 9|20
z€YD,o

A sequence (Dp,)men of gradient discretisation is said to be consistent if, for all p € H(S), Sp,, ()
tends to 0 as m — oo and, for all ¢ € L3(2), Sp,, (1) tends to 0 as m — oo.

Definition 2.5 (Limit-conformity) Let D be a gradient discretisation in the sense of Definition 2.1
and let Wp : Z(Q) — [0, +00), with Z() = {(¢,1) € L*(Q)? x L*(Q),divy — Vi € L*(Q)}, be defined
by

V(p,9) € Z(), Wop(p,¥) = max (/Q [Vpv: e+ po - (divp — Vi) — ¢divpu] dx) .

A sequence (D) men of gradient discretisation is said to be limit-conforming if, for all (p,v) € Z(Q),
Wp, (p,1) tends to 0 as m — oo.



Remark 2.6 As in [1/, 8], the consistency of a coercive sequence of gradient discretisation only needs
to be checked on dense subspaces of H3(Q) and L2(Q). This is also true for limit-conformity, but we
discuss this particular case in the appendiz (Section 6.1).

2.2 Space-time

The notion of gradient discretisation for transient problems requires the addition of time steps and an
interpolation (not necessarily linear) of the initial condition.

Definition 2.7 (Space-time gradient discretisation) A space-time gradient discretisation D for the
transient Stokes problem, with homogenous Dirichlet boundary conditions, is defined by a family D =
(Xp.0,11p,Vp,Yp, xp,divp, (t™),—o  ~,Jp) where:

o D*=(Xpo,1p,Vp,Yp,xp,divp) a gradient discretisation of Q@ in the sense of Definition 2.1,
e Jp: L*(Q) = Xpo an interpolation operator;
et =0<tM < . <tWN) =1,

We define 6"+ = ¢+ — () for alln =0,...,N — 1 and tp = _ax 1(5tn+%)~

A sequence of space-time gradient discretisation (Dy,)men is coercive (resp. limit-conforming) if its spatial
component (Df)),en is coercive (resp. limit-conforming).

Definition 2.8 (Space-time consistency) A sequence (Dy,)men of space-time gradient discretisations
in the sense of Definition 2.7 is said consistent if

1. (DE))men is consistent in the sense of Definition 2.4,

2. for all p € L*(Q), Ip, Jp, ¢ — ¢ in L*(Q),

m

3. 0tp,, = 0 as m — oo.

3 Gradient schemes and main results

3.1 Steady Stokes problem

Our assumptions for the steady Stokes problem (1) are the following:

) is an open bounded Lipschitz domain of R? (d > 1), (5)
feL*N),G e L*(Q)% and 5 € [0, +00).

Definition 3.1 (Weak solution to the steady Stokes problem) Under Hypotheses (5), (u,Dp) is a
weak solution to (1) if

e HY(Q), 7€ L(9),
n/ﬂ~6dx+/Vﬂ:V@dx7/
Q Q Q

ﬁdivmm:/(f.mc;:w) dz, Yo € Hy(9),
Q

/qdivﬂdsz, quLg(Q)a

Q

(6)

where “” is the dot product on RY, and if & = (&.;)ij=1...a € R™? and x = (Xij)ij=1,..a € R¥*
X = d & ixa. is the doubly contracted product on R4*?,
i,j=1 50:JAL.]



Remark 3.2 Under Hypotheses (5), the existence and uniqueness of a weak solution (@,p) to Problem
(1) in the sense of Definition 3.1 follows from [24, Ch.I, Theorem 2.1].

The gradient scheme for the steady Stokes problem is based on a discretisation of the weak formulation
(6), in which the continuous spaces and operators are replaced with discrete ones (in (6), we wrote the
property “diva = 0” using test functions to make clearer this parallel between the weak formulation and
the gradient scheme). If D is a gradient discretisation in the sense of Definition 2.1, the scheme is given
by:

u€ Xpo, p€Yppo,

n | lpu-llpvde+ | Vpu:Vpvz
Q Q

—/XDP divadx:/ (f-IIpv+ G : Vpv) dz, Yv € Xp g, (7)
Q Q

/ xpgdivpudr =0, Vg€ Yp.
Q

Our main result on the gradient schemes for steady Stokes problem is the following theorem.

Theorem 3.3 (Error estimates the steady Stokes problem) Under Hypotheses (5), let (u,p) be
the unique solution of the incompressible steady Stokes problem (1) in the sense of Definition 3.1. Let D
be a gradient discretisation in the sense of Definition 2.1 such that Bp > 0 (see Definition 2.3). Then
there exists a unique (up,pp) € Xp o X Yp,o solution of the gradient scheme (7), and there exists C, > 0,
non-decreasing w.r.t. 7, Cp and ﬁ%’ such that

[@ = Ipupllrz(e) + Vi — Vpupl|r2 ()« + IP = XpPllL2(0)
<. (Wo(Vi-G.p) + So(@ +Sp(p)) . (8)

Remark 3.4 As a consequence, if (Du)men is a coercive, consistent and limil-conforming sequence
of gradient discretisations (see Definitions 2.3, 2.4 and 2.5) and if (Um,pm) are the solutions to the
corresponding gradient schemes, then, as m — o0, Ilp_ t,, — @ in L*(Q), Vp, tm — VT in L*(Q)? and
XD, Pm — D in L2(Q).

The constant C, in the preceding estimate explodes if Sp becomes small. For some gradient schemes, we
can obtain an estimate on the velocity which is independent on the constant in the inf-sup condition. For
a gradient discretisation D, we define the space of discrete divergence-free functions (in the dual sense),
discrete version of the space E(Q), by

Ep = {”U EXD70 1 Vg € YD70, /XquiVDvdl’O}. (9)
Q

Theorem 3.5 (Error estimates on the velocity without inf-sup constant) Under the assumptions
of Theorem 3.3, we suppose that

Yv e Xpo, if / xpgdivpvdz =0 for all ¢ € Yp o, then divpv =0 a.e. in 2
Q

(10)
(that is to say, Ep ={v € Xp, : divpv =0 a.e.}).
Then
V@ — Vpuplp2 (e < (nCp +2)Sp.g, (W) + Wp(Va — G,p) (11)
[@ —Tpupllpze) < [Cp(Cp +1) +1] Sp &, (@) + CpW p(Va — G, ), (12)

where SD7ED<E) = minveED (HHD’U — EHLQ(Q) —+ HVD’U — VHHLz(Q)d)



Remark 3.6 Most classical schemes for Stokes problem satisfy (10) and have interpolants E(Q)) — Ep
which ensure that Sp g, (W) — 0 as the mesh size tend to 0. This is for example the case of all schemes
presented in Section 4.1.

Estimates (11) and (12) on the discrete velocity still depend on the continuous pressure p. This means
that even in the case of purely irrotational forces, with the solution to the Stokes equation (u,p) = (0,7),
the pressure terms can lead to errors on the velocity [19]. This dependency on the pressure can be
sometimes be removed.

Theorem 3.7 (Pressure-independent error-estimates on the velocity) Under the assumptions of
Theorem 3.3, we suppose that

Yo e Ep, Vi € H(Q), /HDU-dexz(). (13)
Q

Then, if Vi — G € H gy (Q) (which amounts to asking that p € H'(Q)), we have the following pressure-
independent estimates on the velocity:

||Vﬂ — VDUDHLQ(Q)J < (nCp + Q)SD,ED (ﬂ) + WD(VU - QG) (14)
|z — HDUDHL2(Q) <[Cp(nCp +1)+1]Sp g, (@) + CpWp(Vu — G), (15)

where Wp is given in Definition 6.1.

Remark 3.8 In case of purely irrotational forces (f, G) = (VV,0), then the solution to the Stokes problem
is (w,p) = (0,V) and Estimates (14) and (15) show that the velocity is exactly approximated. In other
words, for such irrotational forces, the discrete velocity provided by the scheme is zero.

Remark 3.9 Assumption (13) is obviously satisfied by conforming methods, such as the Taylor—Hood
scheme (cf. Section 4.2). It is not satisfied in general by non-conforming methods such as the Crouzeiz-
Raviart scheme, when Ip is the “classical” reconstruction of function (see Section 4.3). As suggested
in [19], a way to solve these schemes’ poor mass conservation (arising from the action at the discrete
level of purely irrotational forces on the wvelocity) is to replace Ilp with a non-standard reconstruction
which satisfies (13). The reconstruction proposed in [19] consists in defining Ilp as an interpolation in
the lowest order Raviart-Thomas space of functions in the Crouzeiz-Raviart space: if v is a function in
the non-conforming P{ space and (vs)sce (€ being the set of all faces) are its values at the centers of
gravity of the faces (z4)sce, then llpv = 5T is the function in the lowest order Raviart-Thomas space
which satisfies, for any simplicial cell T and any edge o of T,

(IIpv)(zo) - N7, = v(2s) - D74,

where Ny, is the outer unit normal to T on o. Then (13) is satisfied. Indeed, H%T’U is Hqiy conforming
and satisfies div(ITI¥Tv) = divpv, where divpv is the broken piecewise constant divergence of v. Hence,
if v € Ep we have div(IT¥Tv) = 0 in Q and (13) holds.

3.2 Transient Stokes problem

We consider the transient Stokes problem (2) under the assumptions

2 is an open bounded Lipschitz domain of R? (d > 1), T > 0,

s € L2(Q), f € L2(2 x (0,T)) and G € L2 x (0, T))". (16)

The solution to (2) is initially understood in the following weak sense, in which the pressure is eliminated
by the choice of divergence-free test functions. Existence and uniqueness of this solution is proved in [24,
Ch.ITI, Theorem 1.1].



Definition 3.10 Under Hypothesis (16), T is a weak solution to (2) if
e L*(0,T, BE(Q)),

/ / - - Btgadxdt—k/ulm- (-,O)d:c—i—/T/Vu:Vgodxdt:/ /f pdxdt (17)

/ /G Vedrdt, Vo = 0w with 8 € C([0,T)) and w € E(Q)
It can however be seen, see Section 6.2 in the appendix, that if ui,; € E(€) and @ is the solution to (17),
then there exists a pressure p such that (@, p) is a solution to (2) in the following sense.

Proposition 3.11 Assume Hypotheses (16) and uym; € E(Q) and let @ be the solution to (17). Then
there exists D such that (U,p) satisfies:

e L?(0,T,E(Q))nC([0,T]; L*()), 0 € L*(0, T, H *(Q)),
peL?0,T, L),

/ / (O, ¢ da:dt—l—/ /Vu Vedrdt — / / x, t)divep dx dt (18)

/ /f god:cdtJr/ /G Vedzdt, Vo € L2(0,T; H5(Q))

(-, 0) = Uip; a.e on

where (-,-) denotes the duality pairing between H ™~ (Q) and H(S).

Let D be a space-time gradient discretisation in the sense of Definition (2.7). With the notation

MR (n)
5""'% up = Up —Up
P stz

the implicit gradient scheme for (2) is based on the following approximation of (18):
up = (ugb))nzow_’]v, pp = (p(Dn))n:Lm,N such that ug) = JpUipy; and, Vn =0,..., N — 1:
u%“) €Xpo, png) €Yppo,
/ HD5Z+§UD ~HDvdx+/ VDugH_l) :Vpuvdx — / XngH_l)divad:c
Q Q

1 $(n+1) 1 (1) (19)
=il /w /f 1_[[)vdacdt+5tn+2 /ﬂ /G Vpvdzdt, Vve Xpp.

/ diVD'LL(Dn_H)Xqu:E =0, Vqe YD,O~
Q

It is common to use IIp and Vp to denote space-time functions the following way: if v = (v"),=0,... N €
Xp.o, the functions Hpv : Q x (0,T) — R? and Vpv: Q x (0,T) — R4 are defined by

Vn=0,...,N—1,Vte @t t"+t)] vreQ,
1
Mpv(z,t) = Mpv™t(z), Vpv(z,t) = Vpo+D(z) and dpu(t) = 6g+2v.

Our first convergence result deals only with the velocity.

(20)

Theorem 3.12 (Convergence of the velocity for the transient Stokes problem)

Under Hypotheses (16), let T the unique weak solution of the incompressible transient Stokes problem (2)
in the sense of Definition 3.10 and let (Dy,)men be a sequence of space-time gradient discretisations in
the sense of Definition 2.7, which is space-time consistent, limit-conforming and coercive in the sense of
Definitions 2.8, 2.5 and 2.3. Then for any m there is a unique solution (up,, ,pp,,) to (19) with D = D,
and, as m — 00,



e Ilp up, convergesto @ in L>(0,T; L*(Q)),
e Vp, up, convergesto Va in L*(Q x (0,T))%.

Remark 3.13 Note that since the functions Ilp, up, are piecewise constant in time, their convergence
in L>=(0,T; L*(R)) is actually a uniform-in-time convergence (not “uniform a.e. in time”).

Under slightly more restrictive (but usual) conditions on the initial data, we can also prove a convergence
result on the pressure.

Theorem 3.14 (Convergence of the pressure for the transient Stokes problem) Under the as-
sumptions and notations of Theorem 3.12, we suppose that G = 0, uin; € E(), (||Jp,, Uini||D,, )men s
bounded and, for all m € N, Jp,_uini € Ep,, (where Ep, is defined by (9) with D = Dg,, the spatial
gradient discretisation corresponding to Dy, ). Then

e Ilp, up, converges toa in L=°(0,T; L*(Q)),
e Vp, up, converges to Va in L*(Q x (0,T))4,
® Xp,.Pp,, weakly converges to p in L*(Q x (0,T)),

where (u,p) is the weak solution to (2) in the sense (18).

4 Examples of gradient discretisations

4.1 The MAC scheme on rectangular meshes

j+3
J
i3

=35 1 1+ 3
Figure 1: Notations for the meshes

The Marker-And-Cell (MAC) scheme [18, 22, 26] can be easily defined on domains where the boundary
is composed of subparts parallel to the axes. Let us assume, for simplicity, that Q = (a,b) x (¢, d), for
given real values a < b, ¢ < d. We introduce, for given N, M € N* the finite real sequences r1=a<

Ty <b=uzyprandyr =c <y 1. <d=yy 1. Wedefine zo = a, wi:%(wi,%ﬂ—mpr%) for
i=1,...,N,znt1 =b,yo = ¢, y; = %(yj_% —|—yj+%) for j =1,...,M, ypr1 = d. We then define a
gradient discretization D = (Xp,o,Yp,IIp,xp, Vp,divp) by:

1. Xpo is the set of families of reals u = ((UH%’]-)i:o ,,,,, N,j=0,...,M+15 (ULH%)i:o,_,,,NH,j:o ,,,,, ) such
that wi j =uyny1; =u;1 =u; 1 =0forallij,

2. Yp is the set of all families of reals p = (p; j)i=1,....N,j=1,....M>



3. llpu = (H%)U,Hg)u) € L?(2)? with Hg)u piecewise constant equal to w1 ; in (24, 2i41) ¥

L
347
(yj_%,yﬁ%) fori =0,...,Nand j = 1,..., M, and Hg)u piecewise constant equal to Ui i1
in (z;_1,@,1) X (y;,yj41) for i = 1,...,N and j = 0,..., M (this definition accounts for the

boundary conditions on the velocity),

4. xpp is piecewise constant equal to p; ; in (xi_%,xi+%) X (yj_%,yﬂ_%) fori=1,...,N and j =
1,..., M,

5. Vpu = (Vg’b)u)mb:lg € L*()* with Vg’b)u the piecewise constant approximation of the b-th
derivative of the a-th component defined by:

U,

(1,1) %l %=L
(a) Vp 'u= T 17
2

on (z; 1 xi+%) X (yj_%,yj+%) fore=1,...,Nand j=1,..., M,

i—

(b) V%’2)u = Dot Tt o (i, Tig1) X (Yj,Yj+1) for i=0,...,Nand j=0,...,M,

Yji+17Y;
v(2,1) Y1+ 3 %+l fori=0 N and 7=0 M
(c) Vp U—Won(iﬂmxiﬂ)x(%ayﬁl) or:=U,...,Nand j=0,..., M,
(2,2) %l % -1 - -
(d) Vi u= W on (mi,%,mH%) X (yj,%,yﬂé) fori=1,...,Nand j=1,..., M,

6. divpu = Tr(Vpu) = V(Dl’l)u + Vg’z)u (constant in (z;_1, @ 1) X (y;_1,y;41) fori =1,....N
and j=1,...,M).
We then denote hp = maxiﬁj(xpr% — T LYl — yjf%) and we have the following result.
Proposition 4.1 (Coercivity, consistency and limit-conformity of the MAC discretization)
Let D, = (Xp,, 0,YD,,»Up,,, XD, s VD,,,divp, ) be defined as in the beginning of this section, with hp,,
tending to 0 as m — oo. Then D,, is a gradient discretisation in the sense of Definition 2.1 and the
family (Dp)men is coercive, consistent and limit-conforming in the sense of Definitions 2.3, 2.4 and 2.5.

Proof

We drop the indices m for legibility.

Coercivity: Since the definition of V corresponds to the discrete gradient of a finite volume scheme
on a mesh satisfying the usual orthogonality property, the bound on C'p is a consequence of the discrete
Poincaré inequality [12, Lemma 9.1 p 765] (the control of divp by Vp is trivial from its definition). The
lower bound on fp is a consequence of Necas’ result [20], see also [2]. Indeed, we can find w € H{(RQ)
such that divw = xpq and [[w[| 10y < Clxp4llL2(0)- Considering then v € Xp o defined by averaging
this function w on all edges and applying [12, Lemma 9.4 p 776] provides the result.

Consistency: The consistency for the pressure stems from the fact that, given a family of meshes whose
size tend to 0, any L? function can be approximated by sequences of piecewise constant functions on the
meshes. The consistency for the velocity is equally immediate, since Taylor expansions show that, for a
regular ¢, the interpolation u € Xp g defined by u; 1 ; = ¢(z;1,y;) and u; ;1 = @(wi,y;,1) has a
reconstruction IIpu and a discrete gradient V pu close respectively to ¢ and Ve if the mesh size is small.

Limit-conformity: We will use Definition 6.1 (and Remark 6.2). We start by taking ¢ € C>(Q)? and
we show that Wp(¢) — 0 as hp — 0. The study is simplified by considering each component of the



gradient separately. For u € Xp o we have

(ui+%,j - Ui—%,j)‘ﬁ(l’l)(% Y)

/ T,y l — T, 1
A (miié,mi+%)x(yj7%,yj+%) i+5 i—3

dx dy

where ; ; is the average of o1 on (xifé,xH%) X (yjfé,y]#%). Using a discrete integration by parts
and the Dirichlet boundary conditions, we may write

Pit1j — i
E (ui+%,j - uifé,j)(pi,j(yj+% - l/jfé) == E Uiyl g #(yﬂ% - yjfg)(mw% - xif%)
i 3 =3

< —/ H%)uaa:cp(l’l) dzdy + Chpllullp
Q

where C only depends on ¢ and C'p. We used the fact that ¢; ; = oV (2, y;) FO((@ipr —m 1) (Y41 —
- 3). which implies £ = 9,60 (0,4, + Oy~ ) = Dup®D) + O(hp) on (1,141 x

1771

(yj_%,yj+%). Combining the last inequation with (??), we finally get
_/Q(Vg’l)u AR Hg)ua(l)go(l’l))dxdy < Chpllu||p.

Using the same idea for each component of Vp, we can conclude that Wp(p) — 0 as m — oo.

We now have to prove that Wp(w) — 0 for all p € C>®(Q). Since divp = V(Dl’l) + V(D2,2), defining
o € C®(Q)2 by 1) = 22 = y and p12 = 2D = 0 we see that Wp(¢)) = Wp(y), and
the previously established limit-conformity of the discrete gradient therefore shows that the discrete
divergence is also limit-conforming. [

4.2 Conforming Taylor-Hood scheme

In this section, we assume that ) is an open bounded domain with a polygonal boundary. We consider
simplicial meshes T, i.e. meshes made of triangles in 2D or tetrahedra in 3D — see Figure 2 for some
general notations.

We let hs = maxgeT hi be the maximum diameter of the simplices in 7. We define 1 = inf{g—’;, K e
T}, where £k is the diameter of the largest ball included in K, and we say that (7,,)men is an admissible
sequence of triangulations if (07, )men remains bounded. This implies in particular hg|o| < C|K|, for
any K € T,, and any edge (face in 3D) o of K, with C not depending on m. Finally, we define £ the set
of the edges/faces of T, Eny = €\ 0N and Ex the set of edges of K.

The Taylor-Hood scheme [23] on a simplicial mesh 7 can be seen as the gradient scheme corresponding
to the gradient discretisation D = (Xp.o,Yp,IIp, xp, Vp,divp) defined by:

1. Xp and Yp are the vector spaces of the degrees of freedom for the velocity and the pressure in
the Taylor—-Hood element (that d-dimension vectors at the internal vertices and edge mid-points for
Xp o, and scalar values at the cell centres for Yp o),

2. IIp and xp are respectively obtained through the P? and P! finite element basis functions,

3. Vp and divp are the conforming operators Vp = VolIlp and divp = divo Il p.

10



K is an element of T,

| K| is the d-dimension measure of K,

o is an edge/face of K,

|o| is the (d — 1)-dimension measure of o,

Z, is the center of gravity of o,

ng , is the unit normal to o, pointing outward K,
hi is the diameter of K.

Figure 2: Notations in a triangle.

Proposition 4.2 (Coercivity, consistency and limit-conformity) Let (7,,)men be an admissible
sequence of triangulations of Q0. We assume that every mesh element has at least d edges in  and
that hr,, — 0 as m — oo. Let Dy, = (Xp,, 0,Yp,.,p,,,XD,., VD,,,divp, ) corresponding to the con-
forming Taylor—Hood scheme for T,,. Then D,, is a gradient discretisation in the sense of Definition 2.1
and the family (Dy,)men is coercive, consistent and limit-conforming in the sense of Definitions 2.8, 2.4

and 2.5.

Proof

Coercivity: Since IIp, (Xp,, o) is the set of continuous, piecewise P? functions, it is a subset of H}(Q)
and the Poincaré inequality |[Ip,, u||2(q) < diam(Q)|[V(Ilp,, u)||L2(q)e is therefore satisfied. Applying
then [10, Lemma 4.24] to estimate 8p,,, we obtain the coercivity of (D, )men-

Consistency: The consistency is proved in [4, Theorem 3.1.6] in the general case of finite element P¥,
thus we just apply this result with & = 2 for the discrete velocity and k = 1 for the discrete pressure.

Limit-conformity: Because of the definition of Vp  and divp,,, Wp,, is identically null. OJ

4.3 The Crouzeix-Raviart scheme

We still consider a simplicial mesh 7. The Crouzeix-Raviart scheme [5] can be seen as a gradient scheme
with the gradient discretisation defined by:

1. Xp o is the vector space of all families of vectors of R? at the center of all internal faces of the mesh,
2. Yp is the vector space of all families of values in the simplices,

3. The linear mapping H%R 1 Xpo — L2(Q) is the nonconforming piecewise affine reconstruction of
each component of the velocity,

4. The linear mapping xp : Yp — L?(f2) is the piecewise constant reconstruction in the simplices,

5. The linear mapping V%R : Xpo— L2(Q)d is the so-called “broken gradient” of the velocity, defined
as the piecewise constant field of the velocity’s gradients in each simplex,

6. The linear mapping divlcjR : Xpo — L?(Q) is the discrete divergence operator, with piecewise
constant values in the cells equal to the balance of the normal velocities over the cell’s faces.

11



Proposition 4.3 (Coercivity, consistency and limit-conformity) Let (7, )men be an admissible
sequence of triangulations of Q. We define D, = (XDWO,YD,W,H%E,XDWV%i,div%li) as above for
T = Tm, and we assume that hy,, — 0 as m — oo. Then D,, is a gradient discretisation in the sense
of Definition 2.1 and the family (Dp)men is coercive, consistent and limit-conforming in the sense of

Definitions 2.3, 2.4 and 2.5.

Proof

Coercivity: Direct consequence of [10, Lemmas 4.30 and 4.31].

Consistency: The consistency for the operators related to the velocity is shown in [17, Theorem 2.1].
The consistency for the interpolation of the pressure is straightforward since, as hy,, — 0, any function
can be approximated in L?(§2) by piecewise constant functions on 7y,.

Limit-conformity: We use Proposition 6.4 in the appendix to establish the limit-conformity through
Wp, and Wp, instead of Wp, . Note that, since smooth functions are dense in H g5, () and in H*(),

we only need to study the convergence of Wp _ and me on smooth functions (see e.g.[8]).

Let us handle Wp,, first. To simplify the notations, we drop the index m. We also only consider one
component of the discrete velocity v € Xp o BLnd we therefore treat IIpv as a scalar function and Vpv
as a function with values in R?. Let ¢ € C*°(Q) and let v € Xp . We have

/ (VSR - o + TTSRudive) do = Z / (VERY - o + TTSRudive) da
Q Ket, VK

> [ ¢ M5 n], dy(z)
0E€Eint

where [I&Rv n], = T vng , +0$% ny, ,, with K, L the cells on each side of o and II{Fv = (H%Rv)‘K.
Noticing that, for € o, IFv(z) = UFv(z,) + Vv - (2 — 2,) (with Vv = (VERv) k) and that
%R v(z,) = ¥R (2,), we may write, with obvious notations,

/Q(V%Rv -+ ORvdivy) do = Z / ¢-n@ VSR, (x — z,) dy(z). (21)

g€&int

The smoothness of ¢ gives, for any z € o, |p(z) — ¢(75)| < ||V¢||ehx. Moreover, since [n ® VGRv], is
constant over o and z, is the center of gravity of o,

/ p(ae) - @ VE ], (2 — 20) dy(z) = ¢(z,) - [0 ® V0], /(f” — z5) dy(z) = 0.

Introducing ¢(z,) into (21) and using hx|o| < C|K]| for all K € T,, and all 0 € Ex (consequence of the
admissibility of (7;,)men), we infer that

/ (VSR o+ IRudivg) de| < [Vl 3 Jol(h&IVico] +h3|Vro])
Q dE€Eint
< ClIVellshr, D IVko| D K]
KeTm c€EK

= ([d+1D)ClVollochT, |[VDol[L1 ()t

This shows that Wp,_ (¢) — 0 as m — co. We now turn to WDM. If » € C°°(Q) and v € Xp o, we have

/ TSRy - Vi + diveRe) da = Z (/ (divERv — div(ITERv))ep da + Z YIS - nl, d’y(x)) .
Q K

KeTy, cclk V9

12



By definition of the piecewise affine reconstruction IE®v and of div%R7 we have

1

div(II§Rv) = —
D ) |}(‘

Z lojv(ze) - nK e = diV%RU in K.
c€lk

Hence, fQ(H%Rv~Vw+wdiv%Rv) dz =Y ce [ MR 0], dy(z) and, following similar computations
as for Wp,,, we conclude that me () = 0asm — oco. O

4.4 An Hg, conforming scheme

We now turn to a scheme which, in some way, is a synthesis of the MAC scheme and of the Crouzeix-
Raviart scheme. On a simplicial mesh, we only keep as velocity unknowns the normal velocities at the
barycenters of the faces, instead of all the components. Then the velocity is reconstructed using the
Raviart-Thomas Hg;, conforming. The interest of this scheme is multiple.

1. Since it is Hgjy conforming, the velocity field is continuously divergence free, which prevents the
method from introducing error terms in the velocity when the source terms are gradients.

2. The number of unknowns is largely reduced compared to the Crouzeix-Raviart scheme.

3. One can change unknowns in the 2D case, using the discrete streamline potential unknown, to
eliminate the pressure. This is also possible in the Navier-Stokes framework and it leads to systems
of equations that are easier to solve.

The mesh T is still 2D or 3D simplicial. For each edge (face in 3D) o, we select one unit normal n, to
o and we make the following assumption.

Assumption 4.4 [Construction of R,] We assume that for any o € Eng between two cells K and L,
there exists a set €, of 6 edges (in 2D) or 12 faces (in 3D) such that

1. 0 €&,
2. the sets Ex \ €, and € \ €, contain at most one element,

3. for any real family (us')orce, , there exists one and only one affine function ¥y : Q — R? such that
¢a($00 Ny = Ug' .

Note that a linear function v, can always be written ¥, (2) = vy + A, (z — z,) with v, € R? and
A, € R4 and Assumption 4.4 means that the linear system

Vo (o) Ny = (Vo + Ag(Tor — o)) Ny = uy for all o’ € &,
is uniquely solvable for (v, A,). We then define the operators R,u and D,u by
Rou=vy =s(xs) and Dyu= A,.
Let a, > 0 be the minimal real value such that, for all real family (u,/, 0’ € &),

a
|Roul| < ao Z [uor| s [Doul < WU(U) Z lug:| and Vo' €&, , dist(z,,0") < a,diam(o).
o'e€€,

o'€€,
We define R = max{ay, o € Eint }-

Then an H g4;, conforming scheme can be defined as a gradient scheme through the following gradient
discretisation:

13



1. Xp o is the vector space on R of all families of real values approximating the normal component
(with respect to the chosen orientations (ny)sce,,) of the velocity at the center of gravity z, of
all internal faces o € &yt of the mesh (the normal components of the velocity are 0 for all external
faces).

2. Yp is the vector space on R of all families of constant values in the simplices.

3. The linear mapping Ilp : Xpo — L2(Q) is the Raviart-Thomas reconstruction of the velocity,
obtained from the normal components (and taking into account the orientation of n,). We then
have that Ilpu € Hg;,(§)) with zero normal trace at the boundary. Note that this reconstruction
is not conforming in H ().

4. The linear mapping xp : Yp — L?(f2) is the piecewise constant reconstruction in the simplices.

5. The linear mapping Vp : Xp g — L*(Q)¢ is the so-called “broken gradient” (Crouzeix-Raviart) of
the velocity, defined in the following way: if u € Xp g, we reconstruct in each simplex K an affine
velocity equal to R,u at all points z, for o € Ex N & e, and equal to 0 at all z, for o € Ex N Eext,
and Vpu is equal in K to the gradient of this (Crouzeix-Raviart) reconstruction.

6. The linear mapping divp : Xp g — L?(2) is the discrete divergence operator defined by divpu =
div(IIpu), that is to say divpu is the piecewise constant function given on each cell by the balance of
the outer normal components of u on the edges/faces of the cell: (divpu)x = ﬁ Yoveer 110K oo
where dx » = 1 if n, points outside K, 0 » = —1 otherwise, and u, = 0 if 0 € Ex N Eext-

We prove in the following proposition that this gradient discretisation satisfies all the required properties.

Proposition 4.5 (Coercivity, consistency and limit-conformity) Let (7;.)men be an admissible
sequence of triangulations of 2, such that Assumption 4.4 holds for all T,. We define the family
Dy, = (Xp,,.0:YD,,.Up,,, XD,.s VD,,,diVp,,) as in the introduction of this section, with T,, instead of
T. We assume that hr, — 0 as m — oo and that (R, )men remains bounded. Then D, is a gra-
dient discretisation in the sense of Definition 2.1 and the family (Dp,)men is coercive, consistent and
limit-conforming in the sense of Definitions 2.3, 2.4 and 2.5.

Proof

Coercivity

As is usual, in the following proof the notation C' (without index) is used to designate various positive
constants which do not depend on the mesh or the selected functions.

Step 1: estimate on Cp,,.

Let v € Xp_, o and let v, be the value of IIp v at z, for all 0 € £. We let Rv = (Ryv)pcs,,, and we
denote by H%i Ruv the Crouzeix-Raviart reconstruction from the edge values of Ruv.

We drop the index m to simplify the notations. Let K € T. If we set Z = (Ryv)scg, then, with the
notations of Lemma 4.6 below, IR Z = H%RRU, V(HCRZ) = Vpv and, since R,v - Ng o = 0K oV0,
RT(Z -n) = IIpv. Hence, taking the square of the estimate in Lemma 4.6, integrating over K and
summing on K, we find

|G Ry — T pvl|g2(0) < Chr||Vpollp2)a, (22)
which implies
[Mpv|[p2) < HH%RRUHLQ(Q) + Cl|Vpv|p2(g)a- (23)
We also notice that, on K € T,
diveR |K| Z |o|Rov - nfc, o = % Z |0k, ove = divpu. (24)
c€EK o€k
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We now recall that, from Proposition 4.3,
ISR Ro|| 2oy + |divE o[ r2) < CIVERRY| L2ya = C|IV ool L2(aya-
Combined with (23) and (24), this concludes the proof that (Cp,, )men is bounded.

Step 2: estimate on fp, , i.e. discrete inf-sup (or LBB) condition.

Once more, we drop the index m. Let ¢ € Yp o be given. Thanks to Necas’ result [20, 2], we can find
w € H§(Q) such that divw = ypg and |wll 3@y < ClixpallL2(a)- We then consider v € Xp o such that
Vg = |71| fa w - Ny, which gives divpv = xpq and thus fQ xpgdivpvder = HXD(I||2L2(Q)- A lower bound on
Bp ensues if we can establish that

[IVpvllr2ye < CllxpallL2 ) (25)

We set vg = ﬁ ZJGSK 0k 0Vs(To — T )|o|, where zk is the centre of gravity of the simplex K. We

denote by 1, the basis function of the Crouzeix-Raviart space associated with o € £. On K we have
Y ovcer Vo =0 and [Vih,| < C/hy, and thus

2

/|VDU|2dm: Z/ |Vpo?de = Z/ Z Rov®@ Vi,| dz
Q2 KeT/K KeT /K |secy
2
K
= Z/ > (Rov —vk) @ Viby| do < C*d+1) ) |}7| > |Rov —vk]?. (26)
KeT 'K |seek KeT K oecex

We then write

1
|RO—'U — ’UKl = RJU - m Z 5K,U’Ua/(xa” — QCK)|O'/|
o'€lk
1 , 1 "
= |R,v — ? Z 6K,0"Uo"(xa’ - JTK)|0' | - ? Z 6K,a”vo”(-ro"' - xK)|O- | :
‘ | o'€EKNES | |O’”€5K\5a

Let us first assume that there exists 0” € £k \ &, (thanks to Assumption 4.4, there is at most one such
a"). We deduce from (divpv) g = gk that 6k onvor|0"| = qr|K| = Y ice.ne, OK,0Vor|0”|, which leads
to

1
Rov = ? Z 6K,U’UU’ (xa/ - SCJ//)‘O'/| : (27)
| | g’ €EKNEs

This estimate is also valid if Eg\&E; = O (just fix any o’ € i in the reasoning above, and notice that
the term involving ¢’ = ¢” in the last sum vanishes). For all ¢/ € Ex N E, we have

|R,v — vk | < |gi |hi +

Vor = (Rov + Dov(Xgr — Xg)) + Ny

and, using [6, Lemma 6.1],

1 1
RUU =y Z RU’U . nK70-,(xo-/ - xg//)|0,| = T Z RU’U . nJI(SK’g/(xg/ - .’EU//)‘O'/|.

‘K| o' €€k |K| o' €EKNE,
o

Equation (27) thus gives

|Rov —vk| < |gi|hi + Z Dov(2gr — 25) * Ngr (Tgr — xor)|0]] .

o'€ExNEs

1
K]
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Along an admissible sequence of triangulations we have, for all o’ € €k, |0'|hx < C|K|, which leads to
|Ryv —vk| < |gx|hx + Cd|Dyv|hk. Plugging this estimate into (26), we infer

/|VDU|2 x<CZ Z (2q%h3 4 2C?d*| D, v|?h3,)
KGT’ K gegx

< ClIxpallizq) +C Z || Z |Dyvl?. (28)

KeT oc€lk
For o € SK, we deﬁne the family V(o) = (V(0)5)oree, by V(o)s = |71| J,w-ng. Then D,V (o) =0
(and R,V (o |G| f , and therefore, by definition of a,,
Vgt — /w ng )
2 7 Tl

7)
I AR
w-Ng/ — 77— w - Ny
o] Jo

(recall that Card(&,) = d+d?). Using [12, Equation (9.38) p 777] or [6, Lemma 6.3] and the admissibility
of the sequence of triangulations (which implies |o| < C|o’| for all 0,0’ € i), we have

N L ey R g Ly e o
— W Ny —— [ W+ Ny — w—— | wdz — | w—— [ wdx
o] Jor ol Jo o] K| lol Jo  |IK]Jk

ChK/ |Vwl|? dz.

Combined with (29) and (28), this leads to

Wwﬁuxwvwnﬁsc<“’

diam(

(29)

< %) a
< Cld+d) d1am02 Z

o’'€ls

hi|K]|

2 2 2

KET' cEEK

The admissibility of the sequence of triangulations ensures that #ﬁf)ﬂm < C, which allows us to
conclude, by choice of w, that

/ Vpul?dz < C||XDQ||L2(Q +CR3 TIVwl[p20) < C(1 +RT)||XDC]HL2(Q

Estimate (25) is therefore established and the proof of the coercivity of (D, )men is complete.

Consistency: the consistency for the pressure is straightforward, as for the Crouzeix-Raviart method
(see the proof of Proposition 4.3). To establish the consistency for the velocity, we use Lemma 4.7
below. Following Remark 2.6, we just have to prove that Sp_ (¢) — 0, as m — oo, for all ¢ € C(0).
We will prove that, for such a function and defining v,, = Zp,,¢ € Xp,, o as in Lemma 4.7, we have
p, vm — ¢ in L*(Q), Vp, vm — Ve in L*(Q)% and divp, v, — divg in L2(Q) as m — oo (which
implies Sp, (¢) — 0).
By construction, on K we have divp, vy, = \%I degK fa ¢ -ng.ds = ﬁ fK divip. In other words,
divp, vy is the L? projection of divp on the set of piecewise constant functions on 7,,. Hence the
convergence divp, v, — divy in L?(Q) as m — co.
To study the convergence of the reconstructed function and gradients, we recall the following formula, a
vector-value version of [13, Equation (2.16)] (see also [8, Lemma 9.6]): for any linear mapping £ : R? — R4,
the constant gradient V& € R4¥9 satisfies
VE=—= > |olé(z,) ®nk,o (30)
o€k

IKI
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(in applying [13, Equation (2.16)] we use the fact that > .. |olnk, = 0). Let us take 7 € K and let
us consider the linear mapping @(z) = ¢(T) + Vo(Z)(x — T). Then by smoothness of ¢ we have, for any
0 €&k, [p(zs) — p(xq)] < Ch¥||ollw2e(q). Combined with (35), this gives

|H%1:Rvm(mg) —P(z,)| < Chkllgllwee(q) for all o € Ek. (31)

We then consider the linear function & = (IIZ} Ruy,)jx — @. We have just established that [£(z,)] <
Chi||¢l|w2(q) for all o € £k, and (30) therefore gives

Ch2

(Vo) — Vi) = V€] <

lellwze<@) D lol < Chr llellwae oy (32)

o€fK

(we used the admissibility of (7 )men to write hi|o| < C|K| for all o € £k). Since the preceding
estimate is valid for any T € K, this means that ||Vp,,vm — V@l|pe(@ye < Chrllp|lw2e (), which
proves that Vp,_ v, — Ve in L*(Q)? as m — oc.

The convergence of the Raviart-Thomas reconstruction Ilp v, is well-known, but it can also be easily
inferred from the previous results. For any = € K and any o € £k, we have

[@(z0) — ¢(2)] < Chillellwr=()

and
TSR Rup (20) — HEE R (2)| < Chie | V(ISR Rom) | < Chicllollwe= ()

(we used (32) and V(IIZR Rvy,) = Vp,, vy). Injecting these estimates into (31) we infer that

05, Rom — ¢llL=(0) < Chr,|l¢llwe (0

and the convergence in L*(Q) of IIp v, to ¢ therefore follows from (22) and from the fact that
(V b, Um)men remains bounded in L*(Q)¢ (it converges in this space to V).

Limit-conformity: we use the equivalent characterisation given in Proposition 6.4. We start by noticing
that Wp, = 0 since divp, v = div(llp, v) for any v € Xp_ o. To estimate Wp,_ we write, for ¢ €
Hdiv(Q)d and v € XD"“() \ {O}7

/Q(mev s p+1p, v-divp)de = /Q(V%IZRU : gp—l—H%iRv-divcp) dx—l—/ﬂ(HDmU—H%f:Rv)~div<pdx.

Invoking (22), we infer

CR p,. . CR p.. .
/Q(VDmRv s+ 115, R - divp) dx ITp, v — TICE Ro[ 12

m m

0<Wp, () < max | |divg| | 20

vEXDp,,0 HvaUHL2(Q)d

Vb, vl|L2 )

/ (VERRv : o + TIFE Ru - divy) da
Q

+ Chy ||div .
R V5 Rullzs(ae el
The first term in this last right-hand side is precisely the function Wp,_ corresponding to the Crouzeix-
Raviart method. By Proposition 4.3, we now that this term tends to 0 as m — oo, and we conclude that
Whp,, (¢) — 0 as required. O

Lemma 4.6 Let K be a simplex in R? and let Z = (Zy)gece, be a family of vectors in RY. We denote by
[I°RZ is the Crouzeiz-Raviart Py reconstruction in K from the values Z, and by IR (Z -n) the Raviart-
Thomas Py reconstruction in K from the fluzes (Z, - N o )oeg, - Then there exists C only depending on
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the shape regularity of K (i.e. on an upper bound of the ratio between the diameter of K and the diameter
of the largest ball included in K ) such that, for all x € K,

MR Z(2) = I¥(Z - n)(2)| < Chg|V(TIOZ))|
where V(II°R Z) is the constant gradient of I°RZ in K.
Proof By definition, (II°?2)(z,) = Z, for all 0 € £k and, for z € K,

r— S,
HRT(Z . n)(.f) = E Zo' . HK7UW = E (HCRZ(Z:O_)) ‘NK 5
ocefk 7 ocelk

T — S,
d(Sy,0)’

where S, is the vertex of K opposite to o. Since [I°RZ is linear, we also have I°RZ(z,) = TI°RZ(z) +
V(IR Z)(x, — ). Hence,

r— S, r— S,

RT _ CR CR
Iz -n)(x) = > (I"Z(x)) T + > VARZ) (2 — ) - DKo S (33)
0€EK 0€EK
We then notice that, for all ¢ € R% and all z € K,
r—S,
Z 5'“K,am—§- (34)

o€fK

Indeed, the left-hand side of this relation is the Raviart-Thomas reconstruction from the fluxes (£ -
Nk, )ocs,- But the constant function £ belongs to the Raviart-Thomas space, and has the same fluxes.
Hence the equality in (34).

We use ¢ = II°"Z(z) in (34) and we plug the result in (33). Since (lj(c;f;') < C with C only depending
on the shape regularity of K, we infer

(2 ) () =12 ()] = | 3 TARZ) ey )i s

c€EK

< O(d+1)|V(IRZ)|h,
and the proof is complete. [

Lemma 4.7 For all ¢ € Hy(Q), we define Ipy € Xpo by Ipp = (ﬁ [, o(x) -n,ds(x))see,, . Then,
for all p € C(Q), there exists C > 0 only depending on Ry such that

Vo € CX(Q), Vo € Ent, |ReIpp — 0(z5)| < Cllollwe.e(oydiam(c)?. (35)

Proof
All constants C' in this proof only depend (in a non-decreasing way) on Ry. We first notice that, for all
o’ € &,, since x, is the center of gravity of o we have

(Zpp)or = (wer) - or| < Cllpllwe.o= oy diam (o). (36)

Take 0 € &y and define the linear mapping @, (x) = ¢(z,) + Do(xs)(x — x,), and the family u =
(Ug')ores, BY Ugr = (Zp@)or — B, (Tor) - Nyr. The regularity of ¢ and the definition of Ry ensure that,
for all o/ € &, [, (z4) — p(2or)| < Cl|¢|lwz.e(@diam(c)?. Combined with (36), this leads to |uy| <
Cll¢llwz @ diam(c)? and therefore to |Rou| < C|l¢l|lwz.)ydasdiam(o)? < Cf|p||lw2 = (o)diam(o)?.
The proof is complete by noticing that, by definition of ., Rou = ReZpp — ¢(xy). O

18



Short numerical glance

Although providing numerical results on complex situations is the main aim of this work, we give here
a brief comparison between the schemes presented in Sections 4.3 and 4.4. Table 1 presents a series of
characteristics of these two schemes, and we provide a simple computation of the lid-driven cavity. The
mesh used is depicted in Figure 3. The results are similar, with both methods (see Figure 4). Note that
more significant differences — in favour of the Hg; conforming scheme — are expected for the Navier-Stokes
equations (a work in progress), and that the computing times of both schemes have to be compared in
more realistic situations in 3D.

Crouzeix-Raviart Hg;y conforming
number of d.o.f. #faces X d + #simplices #faces 4+ #simplices
implementation simple complex

. limited, efficient methods extended, linear systems
stencil . .
for linear systems more difficult
2D resolution standard facﬂltatec.l by streamline
potential unknown
continuous divergence free no yes

Table 1: Comparison between the Crouzeix-Raviart scheme and the new Hg;, conforming scheme
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Fal
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Figure 3: Mesh for the lid driven cavity test case.
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Figure 4: Lid driven cavity, streamline potential. Left: Crouzeix-Raviart, right: H 4;, conforming .

5 Proof of the convergence results

5.1 Steady problem

Proof of Theorem 3.3

Once established, Estimate (8) shows that if the right-hand of the linear system (7) on (up,pp) is
zero (i.e. f = 0, G = 0, which implies w = 0 and p = 0), then the solution (up,pp) is also zero.
Hence, this square system is invertible, which ensures the existence and uniqueness of its solution for
any right-hand side. We now have to show Estimate (8). Under the hypotheses of the theorem, since
div(Va) — VP = — f +div(G) + 7 in the distribution sense, we get div(Va — G) — Vi = nu — f € L*(Q).
Using this relation in Wp(Va — G, p) we write

Wp(Vu —G,p) = max [Vpv: (Vu—G)+1Ipv- (nu— f) —pdivpv] de.
v D,0 JO
ol p=1

Invoking the gradient scheme (7) to replace / —(pv- f+Vpv: G)dz, we can write, for any v € Xp g,
Q

/ (n(ﬁ— Mpup)-Upv+ (Vu—Vpup) : Vpv+ (xppp — D) diva) dx < WD(Vﬂ— G,p)||v||p. (37)
Q

Let us introduce Ip : H(l)(Q) — Xp,o and Ip: L3(Q) — Yp o defined by
Ipp = argmin (|[IIpv — ¢llg2) + [[Vov — Vel g2 () + [divpy — dive||2q))
v€Xp,o (38)

Ipy = argmin ||[xpz — Y| 2(q).
2€YDp,o

We also define ep (@, p) = Wp(Vi — G,B) + Sp (@) + Sp(p). We may then write
/ (W(HDIDE— HD’LLD) -Ilpv + (VDIDE - VDuD) : VDU) dx
Q

+ / (xppp — XxpIpp) divpvde < (1+ (14+1)Cp)ep (@, p)llv]p. (39)
Q
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Thanks to Definition 2.3, let us now take v € Xp o such that ||v||p =1 and

/ Xp(pp — Ipp) divpvdz > Bpllxp(pp — InB)| 12 (0)-
Q

We then get, from (39),

1 1 C 1 C
+ (1 +n) DED(@?)*’ +nCp
Bp Bp

Choosing v = Ip@ — up in (39) and using fQ divpup xpg =0 for all ¢ € Yp o, we can write

Ixp(Pp — IpD)||12(0) < [1p% — up| p- (40)

| Ipu — uplh +/ Xp(Pp — fDﬁ) divpIpudz < (1+ (1+n)Cp)ep(@,p)||Ipu — up||p,
Q
which implies, since divu = 0,
11p% — upl3 < (14 (14 n)Cp)ep(@ D)% — uplp + Sp@|xp(Pp — IpB)|L2(0)-

Thanks to (40) and to the Young inequality ab < %aQ + %bz, the above estimate yields the existence of
C1, non-decreasing w.r.t. 1/8p, Cp and 7, such that ||[IpT—up||p < Ciep(w,p). The conclusion follows
from the definitions of Ipu, Ipp and Cp, the triangle inequality and (40). O

Proof of Theorem 3.5 The proof follows the same idea as the proof of Theorem 3.3, but considering
only functions v € Ep. For such functions, owing to (10), Equation (37) can be written

/ (n(@ — Tpup) - Tpv + (Vi — Vpup) : Vo) de < Wp(Va — G,p)|v] p. (41)
Q
We introduce Ip g, : E(2) — Ep defined by
Ip g, = ar%r;in (IMpv — @llz2() + IVov — Vel 2 ()e)
vEED

and from (41) we deduce, by definition of Sp g,,,

/ (n(HDID,EDﬂ — HDuD) -1lpv + (VDID,EDH — VDUD) : VDU) dz
Q
< [(UCD + 1)SD,ED(U) +WD(VE— G,f?)] ||U||D
Choosing v = Ip g,u — up € Ep leads to
IVpIp,p,@— Vpup| e < (nCp +1)Sp, g, (@) + Wp (Vi — G,p) (42)

and the proof of (11) is complete since ||V pIp g, — Vil 2oy < Sp g, (W). Estimate (12) follows from
the definition of Cp, (42) and ||HDID,EDE — ﬂHLz(Q)d < SD,E'D (ﬂ) [l

Proof of Theorem 3.7
The proof starts from the definition of Wp (Definition 6.1). Since Vi — G € H 4;,(2) and div(Vu— G) =
VP + nu — f, we can write, for any v € Ep,

/Q(va :(Vu—G) +1lpv- (Vp+nu— f))de < Wp(Vu - G)|v|p.

Owing to Assumption (13) and since v € Ep, we can remove the term Vp. Using the gradient scheme
(7) to replace the terms involving f and G, we deduce

/ (Vpv: (Vu—Vpu)+nllpv - (uw—Tpu)) de < Wp(Vu — G)|jv||p.
Q

Hence, (41) is satisfied with Wp(Vu — G) instead of W p(Vu — G,p), and the conclusion follows as in
the proof of Theorem 3.5. (I

21



5.2 Transient problem

The existence and uniqueness of the solution to the gradient scheme for the transient Stokes problem is
a straightforward consequence of the study of the gradient scheme for the steady problem.

Lemma 5.1 (Existence and Uniqueness of the discrete solution) Under Hypothesis (16), let D
be a space-time discretisation in the sense of Definition 2.7. Then there exists a unique solution (up,pp)
to the gradient scheme (19).

Proof We remark that the equation on (u(™*D p(»+1)) in (19) is the gradient discretisation (7) of
the steady Stokes problem, with n = 6t"t2 and a right-hand side depending on (™). Existence and
uniqueness of the solution therefore follows from Theorem 3.3. O

Let us now establish some a priori estimates on the solution to the scheme.

Lemma 5.2 (Estimates) Under Hypotheses (16), let D be a space-time discretisation in the sense of
Definition 2.7 and let (up,pp) be the solution to Scheme (19). Then, for allm =0,..., N,

o 2 1 m) ©
; Q|VDuD| dxdt—|—§ ‘HDUD ’ Ipuy, ’ dz <
/ /f HDuDdxdt—l-/

Moreover, if Cy > 0 is such that Cy > ||HDU(O)HL2(Q), then there exist C3 > 0 only depending on €, d,
Csy, f, G and Cp such that

f(m) f(m)

/ G: VDUD dz dt. (43)

ITIpuplLe(o,7,L2(2)) + IVDunllL2@x(0.1))e < Cs. (44)
Proof Putting v = §t”+%u(g+1) and g = ngH) in (19) we get

£(n+1)

/ (HDU%H_I) — HDu(g)) . HDU%H_U dzr + / |VDugH_1)|2 dz dt =
Q

)
/ /f II u("H)dxdt—i-/

£(n+1) $(n+1)

/G Vb u("H)dxdt

t('b+1)

/ /|V un+1 |>dedt <
)

Using the inequality (a — b) - a > (|a? — [b|?) (valid for any a,b € R?) on the first term, it comes:
Lt 1) L+ 1)

/ “H <n+1) ’H ) 2}
/() /f I u(;“)dxdwr/() /QG:VDU(;“)dxdt.
tTL n

We take m € {0,..., N} and sum the obtained equation over n =0,...,m — 1. This gives

(m)
1 m 1 K
§||HDU5:> )||2L2(Q) - §||HDU(O)H%2(Q) +/0 IV pup|Z2qya dt <

t(m)
/ /f-HDuDdxdt—i-/
0 Q

and the proof of (43) is complete. Estimate (44) is a straightforward consequence of the definition of Cp
and Young’s inequality applied to (43) with m = N. O

t(m)

/ G: VD’U,D dz dt
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Definition 5.3 The semi-norm |- |« p is defined on Xp o by

lwl«, p :sup{/ Mpw-Mpvdx :v e Ep,|v|p = 1}’
Q

where we recall that Ep is defined by (9).

Lemma 5.4 (Estimates on [6pupl«,p) Under Hypotheses (16), let D be a space-time discretisation in
the sense of Definition 2.7, and let (up,pp) be the solution to Scheme (19). We take Cy > [[ILpu'® || 12(q).
Then there exist Cy > 0 only depending on 2, d, Cs, f, G and Cp such that

T
/0 Spupl? pdt < Ci. (45)

Proof Taking a generic v € Ep in Scheme (19) and using the definition of | - |, p gives an estimate on

n+3 (n+1
D

|05 2upls,p in terms of |[IIpu )HLz(Q) and HVDu(DnH)HLz(Q)d. Squaring this estimate, multiplying

by §t"+3 and summing over n gives the desired estimate, thanks to (44). O
We can now prove the first convergence result of gradient schemes for the transient Stokes problem.

Proof of Theorem 3.12

Step 1: existence of a weak limit of a subsequence of approximations.

Estimate (44) gives the existence of @ € L>(0,T; L*(Q)) and ¢ € L*(Q x (0,T))* such that, up to a
subsequence (still indexed by m), IIp_up, — T weakly-x in L>(0,T; L*(Q)) and Vp, up, — ¢ in
L*(Q x (0,T))%. Taking ¢ € C®(Q)? and § € C>(0,T), we then see that, for all n =0,..., N — 1, and
all t € (¢ ¢ty

/ VDmuSJJH) cpf+ HDmuEJJH) ~divpfdr < Wp, (p,0)0 IV, up, |20y
Q

Integrating this over ¢ € (¢, t(»*+1) summing on n = 0,..., N — 1 and using Estimate (44), we find C5
not depending on m such that

T
/ / vaqu Z<p9+HDmqu -diV(pedl‘dtSCg,WDm(gD,O).
0 Q

We can then pass to the supremum limit as m — co and apply the resulting inequality to £¢ to see that

T
/ /C:(¢9)+H~div(¢9)dxdt:0.
o Jo

This relation first shows, with ¢ € C®(Q)%, that ¢ = V7, and therefore that @ € L*(0,T; H'(Q)).
Taking then ¢ which does not vanish on 0f2, we also infer that the trace of @ on 952 is zero and therefore
that @ € L2(0,T; H(Q)).

Let us now prove that u is divergence-free. From Estimate (44) and the coercivity of the sequence of
gradient discretisations, we see that (divp, up,, )men (with the same space-time notations as in (20)) is
bounded in L?(Q2 x (0,T)) and therefore converges weakly in this space, up to a subsequence, to some \.
Taking ¢ € H(Q)) with zero mean value and § € C*°(0,T), we have, for any n =0,..., N — 1 and any

te (t(n)7 t(n+1))7

L2 (Q)d .

m m m

/HD Wt g6+ divp, uly T wede < Wp, (0,4) 0]V b, up,,
Q
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As above, we integrate this over ¢ and sum over n to find

T
/ / Op, u-VyO+divp, up, ¥ 0dzdt < CsWp, (0,1)
0o Jo

with C’(; not depending on m. Using the last equation in the gradient scheme (19), we can introduce
XD, Ip,, 1 in the second term of the left-hand side (where I, is defined as in (38)) and we get

T
/ /HDmuvad:cdtg HdiVDmqu
0 Q

2@x 1) 1XDn 1D, % — Yllr2(0y 10|20,y + CsW b, (0,%).

Passing to the supremum limit m — oo, thanks to the limit-conformity and the consistency of the gradient
discretisations, and applying the resulting inequality to +v, we deduce that fOT fQ w-Vy@dxdt = 0. This
relation is true for any ¢ € H'(Q2) with zero mean value, and hence also for any function in H'(2). The
proof that divz = 0 is therefore complete.

Step 2: @ is the solution to (17).

To simplify notations, we drop the indices m. Let § € C°([0,T)) and let w € E(Q). As (w,0) is the
solution of the incompressible steady stokes problem (Problem (1)) with f = nw and G = Vw, we can
find wp € Xp o such that fQ xpqdivpwp =0 for all ¢ € Yp o, [Ipwp — w in Lz(Q) and Vpwp — Vw
in L2(Q)? (Theorem 3.3 and Remark 3.4). We take v = §¢("+2)0(t(")wp as test function in Scheme (19)
and we sum the resulting equation on n =0,..., N — 1 to get T1 + 15 + T5 = T, with

N-1
T1 = Z 6tn+%9(t(n))/ HD(S(TH_%)UD . HD’U}D d.’[:,
Q
N-1
Ty= sttt /v WV pwp da,
n=0
Z 5tn+29 t(n) / 1)diVD’U}D d.’E,
N— ¢(n+1) $(n+1)
Z ¢) / /f HDwaxdt+Z / /G:VDwaxdt.
n=0 ™ n=0 ) Q

First, we remark that T5 = 0 since fQ xpqdivpwp = 0 for all ¢ € Yp . Using discrete integration by

(n+1)
parts and writing §(t(*+1) — g(¢(M) = [{) @', we find

T
T :—/ /QIHD’U,D-HDwaxdt—e(O)/HDU([()))‘HDwax'
Q Q

Recall that u(DO) = Jpuini, so that the space-time consistency (Definition 2.8) gives HDu(g)

L?(Q) as m — co. Thus, by strong convergence in L*(Q) of IIpwp to w,

T
Tlﬁf/ /Q’HOwdzdth(O)/ﬂi,1i~wdx.
0 Q Q

It also comes easily, using the regularity of 6 and Estimate (44), that

T T T
T2—>/ G/Vﬂ:dewdt and T4—>/ 9/f~wdxdt+/ H/G:dexdt.
0 Q 0 Q 0 Q
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Passing to the limit in 77 + T3 + T3 = T4 concludes the proof that u satisfies (17).

Step 3: convergence in L>(0, T; L*(12)).

The proof of the uniform-in-time convergence follows the same idea as in [7]. Using Lemma 5.5 below
and the generalised Ascoli-Arzela theorem [7, Theorem 6.2], we see that for any ¢ € E(Q) the se-
quence ((IIp, up,, (+), ¥) 2 )men is relatively compact in L°>°(0,T"). Since this sequence already converges
weakly in L2(0,T) towards (7(-), ) > (because Ilp up — @ weakly in L*(Q x (0,T))), we deduce that
(IIp, up,, (-),¢)r2 = (@(-), )2 uniformly with respect to ¢t as m — oo.

Let ¢ € L*(Q2) and ¢ € E(Q). By Estimate (44), for any ¢ € [0, T],

|(Up,, up,, (t),¥) 2 — (@(t),¥) 2| < [(Ip,,up,, (), o)Lz — (@), p) 2| + Clle — ¥l|L2(q)

where C' does not depend on m, t, ¢ or 1. Assuming that 1 can be approximated in L?(Q) by functions
in E(Q) (see [24, Ch. I, Theorem 1.4] for a characterisation of such functions ), then the preceding
estimate and the uniform-in-time convergence of ({(Ilp, up, (+), ¥)r2 )men show that (Ilp_up, (), ¥)r2 —
(u(+),v) p2 uniformly-in-time as m — co. It is known (see Proposition 6.5 in the appendix) that, for any
Ty € [0,T], @(Tp) can be approximated in L*(2) by functions in E(Q); hence, we can apply the preceding
result to ¢ = w(Tp). This allows us to see that, for any (s,,)men converging to To,

[@(To) 22 () = lim (a(sm),W(Tn))z2 = lim (Ip, up,, (sm) 7(To)) g2 (46)
(we used the continuity of @ : [0, T] — L?*(), see (55)). Thus, it comes
1@(To)ll L2y < %giglof ITp,, up,, (8m)llL2(0)- (47)

Let k(m) such that s,, € (t#0) =1 (k)] where (t'); are the time steps of the discretisation. Definition

(20) gives TTp,, up,, (s;m) = Tp, uli™

1 1
§/Q|HDmqu(sm)|2dx§§/ Mp, uly |*dz — /
£(k(m))
/ /f HDmquda:dt—&-/

We notice, by weak convergence in L*(Q x (0,T))% of Vp, up,, to V@ and strong convergence in L*(€ x
(0,7))% of 1,4 (k(m) VU toward 1jg 77V (notice that tk(m) — Ty), where 1 4 is the characteristic function

of A,
T
/ / 1[0,TO]VE : Vude dt
0 Q

To
/ / \val? dz dt
0 Q
T
= lim / /l[ojt(k(m))]Vﬂivaqu dzdt

. The discrete energy estimate (43) therefore leads to

$0e(m))

/ |Vp,, up,,|* dzdt
Q

£(k(m))

/ G va up,, dz dt. (48)

m—0o0
< lﬂlnf <||1 0,£(k(m)) VUHL2 (@x(0.7)) H]-[O t(k(m))]vD quHLZ (@x (0, T))d)
= Hl[o T0 VUHL2 Q><(O T))d llmlan]_[O t(k(m))]VD uD”’HLz(QX(O,T))d .
Hence,
T £0e(m))
/ / |Va|? do dt < lim inf |Vp,, up,,|* dzdt
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and we can pass to the limit superior in (48), using the weak convergences of Ilp,_up,, and Vp, up,,:

To
hmsuprHD up,, (Sm) ||L2(Q) /|u1m| dx—/ /|Vﬂ|2dxdt
o Jo

m—r o0
To To
+/ f~ﬂdxdt+/ G :Vudxdt. (49)
o Jo o Jo

Plugging ¢ = U1y 7] in Problem (55) and integrating by parts, we obtain the continuous energy estimate

1 1 To To To
fHH(TO)Hf-ﬁ(Q) = f/ |Eini\2dx—/ /|Vﬂ|2dxdt+/ /f~ﬂdxdt—|—/ /G:Vﬂdxdt. (50)
2 2 Ja 0o Jo 0o Jo

Combined with (49), this leads to limsup,, . [|IIp,, up,, (sm)||L2 @ < < ||u(To) 2L2(Q). Using (47), we
deduce limy, o0 [|Ip,, up,, (5m)|3: 2 = ||u(T0)HL2(Q) Recalling (46), this allows us to conclude that
|Ip,, up,, (Sm) — H(TO)Hi2 @ 0 (just develop the square). Since @ : [0,T] — L*(Q) is continuous, we
can apply [7, Lemma 5.1] and finally get that ITp up, — @ in L*() uniformly-in-time.

Step 4: strong convergence of Vp up

m m*

We write the discrete energy estimate (43) with t(™) = T and use the convergence in L*()? of
Ip, up,, (T) to w(T) to see that

. 1 r
fmsup |V o, 0, e oirye < 5 [ (WD) = ) do = [ [ va ds s
m— o0 Q 0 Q

T To
+/ /f-ﬂdxdt—i—/ /G:Vﬁdxdt.
0 Jo 0o Jo

hmjupHvD up, |[220x0.17y¢ < VA T2 (@ (0.7

The energy estimate (50) with Ty = T' then shows that

which allows us to conclude that the weak convergence of Vp_up, to V@ in L*(Q x (0,7))% is in fact
strong. [J

The following lemma was the initial key to obtain the uniform-in-time convergence result in the previous
proof (Step 3).

Lemma 5.5 Under the assumptions and notations of Theorem 3.12, for all ¢ € E(Q) the sequence of
functions t — (Ip, up,, (t), @) satisfies the following quasi-equi-continuity property: there exist Cr, not
depending on m, and a sequence of real numbers (wy, p,, )men converging to 0 such that, for allt,s € [0,T7],

1

— — sl2
m m m m — P m
|(p,,up, (t) = Up,up,,(s),p)r2| < Crlt — s|> + wy D

Proof As in the proof of Theorem 3.12, we drop the index m. Let ¢ € E(Q) and, as in Step 2 of the
proof of Theorem 3.12, consider the solution ¢p to the steady gradient scheme (7) with f = ny and
G = Vy; then lIpp — ¢ in L*(Q) and Vppp — Ve in L*(Q)%. Since ¢p € Ep, the definition 5.3 of
|- |«,p gives

n+1
(Mpun(t) — Mpup(s), Tpen) | = Z 5t(n+%)/ HD(SDJWUD lpppdx
n s.t. Q
s<t(n)<¢
< > 5t D165 2 up . pllen| p-
sgt(s’.”t).gt
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Since Vpyp — Ve in L*(Q)%, |l¢pl|lp is bounded and so, using Cauchy-Schwarz inequality, we may
write

2

T
|(Ipup(t) —Hpup(s),Mpep)rz| < C (/ bpuplip dt) (It —s[ +01)2
0
with C' not depending on D. Finally, thanks to Lemma 5.4, we infer
1
|<HDuD(t) — HD’U,D(S),HDQOD>L2‘ < C(|t - S| + 5t)2 .
We then write, using Estimate (44),
[(Tpup(t) —Mpup(s), p) 2| < [(Upup(t) —Mpup(s), ¢ —Mpyp) 2|
+ [(Hpup(t) = Upup(s), Ipep)Le|
1
< Clle —Tpppllrz(a) + C (|t — s +0t)2

< Cylt — 8|2 + C8t2 + Cllg — Uppp| 2

The limit-conformity of the sequence of gradient discretisations ensures that wy, p := Cétz + C lle —
HpypllL2(n) tends to 0, and the proof is complete. (]

Let us now turn to the proof of the convergence of the pressure (Theorem 3.14).
Lemma 5.6 (Estimates on discrete time-derivative of velocity) Under the assumptions of The-

orem 3.14, let (up,pp) be the solution to Scheme (19). Let R > Cp + ||Jpumil|p. Then there exists
Cg > 0 only depending on ), d, R, f and G such that

n+1
IIpdp *upllL2(ax(o,r) < Cs- (51)

n 1 n . .
Proof Put v = 5D+2uD and ¢ = pSDH) in Scheme (19). Since u%))

if n = 0 and therefore

= JpUin; € Ep we have v € Ep even

¢(n+1)

n+g n+3 1
||HD5D+QUDH2L2(Q) Jr/ VDU(;H) : VD5D+2uD de = ﬁ/
Q ot ta t

/ Folpdn updzdt  (52)
(n) (9]

(recall that G = 0 here). On the other hand, using a : (a —b) = £(|a|? — |b]?) + £a — b|*> > 1(lal® — |b]?)
for any tensors a, b,

/ VDUS:;H_I) : VD5Z+%UD dz > / [\VDUS;-H)V — |VDugl)|2} dx.
Q Q

25"+ 3
Plugging this into (52) and multiplying by 5tz it comes
t(n+1)

n+i 1 n n
/( ) ||HD6D+2uD||%Z(Q) dt+§/Q |:|VDU(D+1)‘2 _ ‘VDU(D)|2:| d-T S/
t(n

t(n)

¢(n+1)

/ FIpd™ 2 up de dt.
Q

Wesumonn=20,...,m—1foragivenm=1,..., N to get

J

The Cauchy-Schwarz’ and Young’s inequalities conclude the proof. [J

t(m) t(m)

n+1 1 ntl
IlHD5D+2’U’D||i2(Q) dt < 5/ |VDU(£)‘2dx+/ /f'HD5D+2uD dx dt.
Q 0 Q
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Lemma 5.7 (Estimates on discrete pressure) Under the assumptions of Theorem 3.14, let (up,pp)
be the solution to Scheme (19). Let R > Cp+||Jpumillp —|—,6’51. Then there exists Cy > 0 only depending
onQ,d, R, f and G such that

IxpPD L2 (2x (0,7)) < C9 (53)
Proof Let v € Xp g such that ||v][p = 1 and ﬁDHXng’H)HLz(Q) < fQ Xng"H)
definition of Sp in Definition 2.3). Plugging v in Scheme (19), we obtain

divpvda (see the

Bolxop% ™ L2 @)
£(n+1)
<

n+i n 1
/HD6D+2uD~HDvdx+/VDuSDH) :VDvdx—il/
Q Q Stz Sy

/ f-Tpvdxdt
Q

Using Cauchy-Schwarz and the discrete Poincaré inequalities, we deduce

t("+1)

n+1 n+% n+1 1
Bolxops ™ ey < Colllndy" up | + Juf ™o+~ / Cpll fllz2 (o) dt.
tTL

We take the square of this estimate, multiply the result by 5t"*t2 and sum over n. Estimate (44) and
(51) then show that (53) holds. O

Proof of Theorem 3.14

We first apply Theorem 3.12 to get the strong convergence of IIp up, to @ in L*(Q x (0,T)) and
of Vp, up, to V@ in L*(Q x (0,T))¢, where @ € L?*(0,T; E()). Thanks to Estimate (53), we can
find a function p € L2(0,T, L3(£2)) such that, up to a subsequence, xp,,pp,, weakly converges to P in
L2(2 x (0,T)). We then take § € C°([0,T)), w € H}(Q) and use v = 5t T2t Ip w as a test
function in Scheme (19), were I is defined by (38). Since Ip, Ip, w — win L*(Q), Vp, Ip, w — Vw in
L*(Q)? and divp, Ip, w — div(w) in L?(Q) as m — oo, we can pass to the limit in all terms 77, ..., Tj.
Note that 75 is no longer equal to 0, but it converges thanks to the weak convergence of xp, pp,, to p.
We then see that (u,p) satisfy

ue L*0,T,E(Q), p € L*(0,T; L§(2)),

T T
/ /—U-Btgoda:dt—&—/ﬂini-gp(-,O)dx—F/ Vi : Vodzdt 54
o Ja Q 0 Jo (54)
—/ /T)diwpd:cdt:/ /f-god:l:dt, Vo = w with € C°([0,T)), w e HY(S).
o Jo 0o Jo
The density of tensorial functions in L?(0,T; Hy(f2)) ensures that this relation is actually satisfied for
any o € L2(0,T; Hy(S)). Tt therefore shows that dyu € L2(0,T; H'(£)). In combination with the fact

that @ € L2(0,T; Hy(R)), this classical implies u € C([0, T]; L*()). This regularity of @ then allows to
perform an integration by parts in order to see that (54) is equivalent to (18). O

6 Appendix

6.1 An alternative definition of limit-conformity

The definition 2.5 of the limit-conformity, based on W p, is the natural one for the Stokes problem. It
is however different in spirit from the definition used in other analyses of gradient schemes, which would
rather correspond to splitting the velocity and the pressure as follows.
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Definition 6.1 (Limit-conformity for gradient schemes) Let D be a gradient discretisation in the
sense of Definition 2.1, and let Wp : Haiy(Q) — [0,+00) and Wp: HY(Q) — [0,+00) be respectively
defined by

Voo € Hai ()4, Wp(p) = ex hax (/Q (Vpv: @ +1pv - divy) dﬂ?) ;

Vi € HY(Q), Wp(y) = /(HDU Vi + 1 divm})dm) .

max
v€Xp,0,|lvlp=1 Q

A sequence (Dp)men of gradient discretisation is said to be limit-conforming if, for all p € H 4;,(Q2),
Whp,, () tends to 0 as m — oo and if, for all p € HY(Q), Wp,, (1) tends to 0 as m — oo.

Remark 6.2 For coercive sequences of gradient discretisations, this limit-conformity can be established
by only checking that Wp,, and Wp,, tend to 0 on dense subsets of Haiy(Q)? and H'(Q) respectively.

The convergence of the scheme (7) could be proved by compactness arguments using Definition 6.1,
without any other hypothesis other than (5). However, to establish error estimate using Definition 6.1
we would need p € H(Q) and Vu € H 45, (). This assumption is more restricting than (Va,p) € Z(1Q).
We can nevertheless prove that Definition 2.5 and Definition 6.1 are equivalent, under the non-restrictive
additional hypothesis that € is locally star-shaped. We first establish a density result, and then use it to
prove the equivalence of the definitions of limit-conformity.

Lemma 6.3 Let Q be a locally star-shaped open bounded domain in R?. Then the set C>° ()% x C>=(Q)
is dense in Z(S2) (see (2.5)) for the topology of Z(S2) defined by ||(v, V)|l z) = ll¢llL2@)e + 1¥llL2 (@) +
[dive — Vi L2(q)

Proof The proof follows the ideas of [24, Ch.1, Theorem 1.1, (iii)]. If U is an open set of R¢, we define
L : L*(U) x L*(U) — D'(U)% by L(f,g) = divf — Vg. We have Z(U) = {(f,g) € L*(U)% x L*(U) :
L(f,9) € L*(U)} and [|(f, 9)llzw) = If L2yt + Nlgllzw) + [IL(f: 9l L2 -

Step 1: Stability of Z(U) by localisation.

Let € C=(U) and (f,g) € Z(U). Then L(8f,0g) = div(6f) — V(0g) = OL(f,g) + fVO + gVl € L*(U)
and therefore (8f,0g) € Z(U) (f is considered here as a matrix, and fV#@ is therefore a matrix-vector
product, whereas gV0 is a scalar—vector product). We also see from this formula that 6 — (6f,0g) is
continuous Z(U) — Z(U).

Step 2: Stability of Z(-) by dilatation.

Let A > 1 and define, for h € L*(U), hy € L*(A\U) by hx(z) = h(%}) Let (f,g9) € Z(U). We have
L(fr.gx) = divfy = Vg = 5 L(f,9)(5) € L*(\U).

It is also well-known that, for any h € L?(U), (ha)jy — h in L?(U) as A\ — 1. Hence, the previous
formula for L(fx, gx) shows that (fx,,9x,) — (f,9) in Z(U) as A — 1.

Step 3: If U is star-shaped, approximation of elements in Z(U) by elements in Z(R?).

Let A > 1. Since U is star-shaped, we have that U CC AU and therefore we can find v € C2°(AU) such
that v = 1 on a neighborhood of U. Then, by combining Steps 1 and 2, we see that (yfx,vgx) € Z(A\U)
Since 7 has a compact support in AU, extending these functions to 0 outside AU gives (vfx, vgr) € Z(R?).
Moreover, if A is close to 1, combining the previous step and the fact that v = 1 on U (which shows, by
Step 1, that L(vfx,vgx) = L(fx,gx) on U) we see that (vfx,vgx)v is close to (f,g) in Z(U).

Step 4: Approximation by smooth functions in Z(R%).
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Let (f,g) € Z(RY). let p € C°(R?) be such that p > 0 and [, p = 1. For n € N, let p, denote the
function  — np(nz). Then (f * pp, g * pn) € C°(RH)? x C®(R?) and || f * pp — flle2aya + llg * pn —
9gllL2(ray — 0 as n — oo. Moreover,

L(f * pn, g * pn) = div(f * pp) — V(g * pp) = div(f) * pn — Vg * pp = L(f, g) * pn.

Hence, L(f * pn, g * pn) = L(f,g) in L*(R%) and therefore (f * ppn, g * pn) = (f,g) in Z(R%) as n — oco.

Step 5: Conclusion. B
Now, let (p,v¢) € Z(Q2) and (O;);es be an open cover of §) such that, for all j € J, QN O; is star-shaped.
Let us consider a partition of unity (6;);cs subordinated to this cover: §; € C(0;) and 1 =" ._ 6,

jeJ
on 2. We have ¢ = Eje] Ojp and ¢ = > ._;0;1. Let us define, for n € N and X > 1,

jeJ

Pn A = Z(%@)A *pp o and Py \ = Z(gjw))\ * Pn-

jeJ JjeJ

The four previous steps show that (pn, %) = (v, %) in Z(€2), and the proof is complete since (¢, ¥y) €
C>(Q) x C>(Q). O

Proposition 6.4 Let (Dy,)men be a sequence of gradient discretisation in the sense of Definition 2.1
such that (Dp,)men 15 coercive. We assume that ) is a locally star-shaped open bounded domain of R%.
Then the two following propositions are equivalent

1. (Dp)men is limit-conforming in the sense of Definition 6.1,
2. ¥(p,¥) € Z(Q), Wp, (¢,%) — 0 as m — oc.

Proof Let (¢,v) € Z(Q), the definition of Wp, gives:

vEXp,. 0
01l Dy, =1

Whp,, (¢,%) = max (/Q [Vp, v:p+1p, v (divp — Vi) — ¢divp, v] dx)

Using the previous lemma, we can find (%, P) € C®(Q)4 x C(Q) and £ > 0 such that ||(p — 7,1 —
¥)|lz@) < e. Thanks to the coercivity of the sequence of gradient discretisations, we may write

Wo, (0,4) W, (3,9) + (1 +2Cp).

Moreover, % and v are now enough regular to split divg — V4 in the definition of Wp, (¢,%), which
gives o N
Wop,,(p,1) < Wb, (@) + Wp,, (¢) + O(e).

Since the sequence (D, )men is limit-conforming in the sense of Definition 6.1, we have Wp_ (¢) — 0 and
Wp,, (1) = 0 as m — co. Passing to the limit, this shows that Wp, (¢,%) — 0 as m — oo.

The converse (Item 2 of the proposition implies Item 1) is trivial since for all ¢ € H 4;,(£2) we have (p,0) €
Z(Q) with Wp, (p,0) = Wp, (¢), and for all v € HL(2) we have (0,7) € Z(Q) with Wp, (0,7) =

Wp,, (¥). O

6.2 About the solution to the transient Stokes problem

The theoretical study of the transient Stokes problem, and in particular of the notion of pressure in this
model, is significantly more complex than for the steady problem. The initial sense of weak solution
for (2), that is the one given by Definition 3.10, only involves the velocity unknown as the pressure has
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been eliminated by the choice of divergence-free test functions. The interest of this formulation is that it
provides an existence and uniqueness result based on classical variational arguments [24, Ch.III, Theorem
1.1].

An equivalent and useful formulation of (17) is the following:

e L*(0,T; E(Q)) mC([o T); L*(Q)), 0 € L*(0,T; E(Q)),
T
/ (Ovu, @) dtJr/ /Vu Vpdadt 55)

f- gad:z:dt+ G:Veodrdt, Vec L*(0,T;E(Q)),
/ i / A

= Uip; 10 L

where (-, -) denotes the duality pairing between E(Q2)" and F(). See for example the discussion at the
end of the proof of Theorem 3.14 on the equivalence between (54) and (18).

The pressure can be recovered, in a very weak sense. Proposition 1.1 in [24, Ch.III] establishes the
existence of a distribution p on © x (0,T) such that, if @ is the solution to (55) then (@, p) satisfies the
PDEs in (2) in the sense of distributions. Additional regularity results on p can be obtained if we assume
that ui,; € E(Q)

Proposition 6.5 (Regularity result) Let us assume Hypothesis (16), and that Uin; € E(2). We de-
note by H the closure of {p € C(Q)¢ : div(p) = 0} in L*(Q). Then the weak solution (T, D) to (2) in
the sense of Definition 3.10 (and D as in the discussion above) satisfies: u € L*(0,T, E(2))NC([0,T]; H),
o€ L*(0,T,E(Q)) and p € L*(0,T, L3()).

Proof This is essentially contained in the proof of [24, Ch.III, Theorem 1.1 and Proposition 1.2]. Propo-
sition 1.2 in this reference is proved under more regularity assumption on €2 and the right-hand side
(the term G must not be present and f must be divergence-free, in particular), but this is just useful to
recover higher regularity on the solution (H? on 7 and H! on p). Under our assumptions, the proof of
[24, Ch.III, Proposition 1.2] gives Proposition 6.5. O

These additional regularity results on (@, p) make the proof of Proposition 3.11 obvious. Indeed, testing
Ou— Au+Vp = f—div(G) (satisfied in the sense of distributions, see above) against ¢ € C2°(0,T") x §2)
and using the regularity of (u,p), we see that the equation in (18) holds for any smooth ¢ with compact
support. The general case is deduced by density of these functions in L?(0,T; H(Q)).
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