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MINIMAL GRADED LIE ALGEBRAS AND
REPRESENTATIONS OF QUADRATIC ALGEBRAS

HUBERT RUBENTHALER

ABSTRACT. Let (go, Bo) be a quadratic Lie algebra (i.e. a Lie alge-
bra go with a non degenerate symmetric invariant bilinear form
By) and let (p,V) be a finite dimensional representation of go. We
define on I'(go, Bo,V) = V" @ go @ V a structure of local Lie alge-
bra in the sense of Kac ([4]), where the bracket between go and V
(resp. V) is given by the representation p (resp. p*), and where
the bracket between V and V™ depends on By and p. This im-
plies the existence of two Z-graded Lie algebras gmaz(I'(go, Bo,V))
and gmin(I'(go, Bo,V)) whose local part is I'(go, Bo,V). We inves-
tigate these graded Lie algebras, more specifically in the case
where go is reductive. Roughly speaking, the map (go, Bo,V) —
gmin(L'(go, Bo,V)) a bijection between triplets and a class of graded
Lie algebras. We show that the existence of ”associated slz-triples”
is equivalent to the existence of non trivial relative invariants on
some orbit, and we define the ”graded Lie algebras of polynomial

type” which give rise to some dual airs.

AMS classification: 17B70(17B20)



2 HUBERT RUBENTHALER

TABLE OF CONTENTS

1. Introduction 2
2. Graded Lie algebras and local Lie algebras 5
2.1. Maximal and minimal algebras 5
2.2, When is dim(g,,in(T)) < +00? 6
3. Local and graded Lie algebras associated to (go, Bo, p) 10
3.1.  The local Lie algebra I'(go, Bo, p) 10
3.2. Isomorphisms of the local parts and dependence on (By, p) 12
3.3.  Graded Lie algebras with local part I'(go, Bo, p) 16
3.4.  Transitivity 20
3.5.  Invariant bilinear forms 24
4.  sly-triples 27
4.1. Associated sl-triple 28
4.2. Property (P), relative invariants and sly-triples 29
5. Lie algebras of polynomial type and dual pairs 34
5.1.  Lie algebras of polynomial type 34
5.2. Prehomogeneous vector spaces and dual pairs 38
References 41

1. INTRODUCTION

In this paper, following [4], a graded Lie algebra is a Lie algebra g = @®;ez g,
such that dim g; < 400, such that [g;, g;] C giyj, for all 4,j € Z, and such that
g is generated by its local part g—1 & go D g1.

If g =@} _,9i is a grading of a (finite dimensional) complex semi-simple Lie
algebra, it is well known that if B denotes the Killing form of g, then B(g;, g;) =
0 if 2 4+ j # 0. This allows us to identify g_; with the dual gj. Moreover as B
is invariant the bracket representation (g, g—1) can be identified with the dual
representation (go, g7)-

It is then a natural question to ask if any finite dimensional representation
(g0, p, V) of a finite dimensional Lie algebra gy can be embedded in a graded Lie
algebra g = ©;7° __g; such that (go, 91) = (g0, p, V) and (g0, 8-1) = (g0, p*, V"),
and such that the bracket between V and V* is non trivial.

The first result of this paper is to give a positive answer to this question for

any representation of a quadratic Lie algebra. A quadratic Lie algebra is a pair
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(g0, Bo) where g is a Lie algebra and By a non-degenerate invariant symmetric
bilinear form on gg. Of course the definition of the bracket between V and V*
will depend on By and p.

We will use a result of V. Kac ([4]) which asserts that in order to construct
a graded Lie algebra g = @;czg; it suffices to construct the local part I' =
g-1D go D g1, which has to be endowed with a partial Lie bracket (see section 2
for details). Therefore once we have build the partial bracket on the local part
I'(go, Bo,p) = V* @ go @V, the existence of the "global” Lie algebra is just an
application of a result of Kac. In fact Kac theory provides us with two such
graded Lie algebras: a maximal one (denoted here gq:(T'(g0, Bo,p))) and a
minimal one (denoted gmin(I'(go, Bo, p))). Any graded Lie algebra with a given
local part is a quotient of the maximal algebra, and has a quotient isomorphic to

the minimal one. Of course, in general, these algebras are infinite dimensional.
Lets us now give a more precise description of the paper.

In section 2.1 we give a brief account of the results of Kac that we will use.

In section 2.2 we prove a general result concerning this construction. Let I' =
g_1 @ go @ g1 be a local Lie algebra and let g, (I') = ©@1Tg; be the minimal
graded Lie algebra whith local part I'. Let |n| > 2. We show that there exists a
universal polynomial P,, defined on the local part I such that g, = {0} if and
only if the identity P, = 0 is satisfied on the local Lie algebra I'.

In section 3.1 we define the local Lie algebra structure on I'(gg, By, p) = V* @
go ® V (see Theorem 3.1.2) . In section 3.2 we give necessary and sufficient
conditions for the algebras I'(g3, B, p1) and T'(g3, B2, p2) corresponding to two
fundamental data to be isomorphic. We also investigate the dependence of the
local structure on By and p and show that any isomorphism between the ”fun-
damental triplets” (g§, Bs, (p1, V1)) and (g3, B2, (p1,V2)) can be extended to an
isomorphism between T'(g§, BY, p1) and T'(g3, B2, p2). In section 3.3 we apply
Kac Theorem to obtain the minimal and maximal Lie algebras associated to
the local Lie algebra I'(go, Bo,p) = V* @ go ® V. We also prove, that under
some conditions, the reductive graded Lie algebras are always minimal graded
Lie algebras (Proposition 3.3.2). Section 3.4 deals with another important no-
tion for graded Lie algebras due to Kac, namely the transitivity (see Definition
3.4.1). We give a necessary and sufficient condition for the local Lie alge-
bra I'(go, Bo, p), or the minimal Lie algebra g,,i»(I'(go, Bo, p)), to be transitive
(Proposition 3.4.3). We also prove that if gg is reductive, then under some con-

ditions including the transitivity of I'(go, Bo, p), the fact that g, (T'(g0, Bo, p))
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is finite dimensional implies that gyin(I'(go, Bo, p)) is semi-simple (see Propo-
sition 3.4.6). In section 3.5 we show that the form By extends uniquely to
an invariant symmetric bilinear form B on g (T (g0, Bo, p)). Moreover if the
local part is transitive then the form B is nondegenerate (Proposition 3.5.2).
This allows us to show that there exists a bijection between some equivalence
classes of fundamental triplets and the equivalence classes of transitive graded
Lie algebras endowed with a non-degenerate symmetric bilinear form B such
that B(gi,g;) = 0if i # —j (Theorem 3.5.4).

In section 4.1 we give a necessary and sufficient condition for the existence of
an sly-triple (Y, Hy, X) where Y € V* X € V and where Hj is the "grading
, = 2ldy (see

Theorem 4.1.2). In section 4.2 we assume that the representation p lifts to a

element” of the center of gy defined by the condition p(Hy)

representation of a connected algebraic group Gy with Lie algebra go. We prove
then that the existence of such an sls-triple is also equivalent to the existence of
a Go-orbit in V supporting a non trivial rational relative invariant (see Theorem
4.2.3). Moreover, if Oy is such an orbit, and if x € Oy, the map = — ¢(x),
where ¢ is the set of y € g_; such that (y, Hy, x) is an sla-triple, can be viewed
as an equivariant section of the cotangent bundle of the orbit of 2 (Proposition
4.2.7).

Section 5 is devoted to the so-called graded Lie algebras of polynomial type.
These algebras are defined in section 5.1 to be the minimal Lie algebras as-
sociated to go = gl(IW) and to the "natural ” representation of sl((W) = gj
on the space V' = CP[IW] of homogeneous polynomials of degree p on W (see
Definition 5.1.1). We classify the finite dimensional Lie algebras of polynomial
type (Proposition 5.1.3) and show that these algebras are always associated to
slp-triples in the sense of section 4 (Theorem 5.1.4). Finally, in section 5.2 we
show, under some assumptions, that if (A, W) is an irregular reductive regular
prehomogeneous vector space, then the semi-simple part a’ of the Lie algebra of
A is the member of a dual pair in the Lie algebras of polynomial type associated
to CP[W], where p is the degree of the fundamental relative invariant of (A, W)
(Theorem 5.2.4).
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2. GRADED LIE ALGEBRAS AND LOCAL LIE ALGEBRAS

In this paper all the algebras are defined over the field C of complex numbers.

2.1. Maximal and minimal algebras.

Recall from the Introduction that by a graded Lie algebra we mean a Z-graded
Lie algebra g = ®;cz g;, such that

a) dimg; < 400, [gi, 9] C gi1j, for all ¢, j € Z,

b) g is generated by g_1 & go ® g1.

If g is a graded Lie algebra, the subspace I'(g) = g_1 ® go @ g1 is called the local
part of g.

Definition 2.1.1.

1) A local Lie algebra is a direct sum I' = g_1 @ go ® g1 of finite dimen-
sional subspaces such that if |i + j| < 1 there exists a bilinear anticommu-
tative operation g; X g; — 8i+j((z,y) — [x,y]) such that the Jacobi identity
[z, [y, z]] = [[=,y], 2] + [y, [z, z]] holds each time the three terms of the identity
are defined.

2) A symmetric bilinear form Br on a local Lie algebra T is said to be invariant
if the identity

BF([xv y]? Z) = Br(x, [y7 Z])

holds for x,y,z € I' each time that the brackets are defined.

Definition 2.1.2.

a) Let gt = ®pezgl and g° = Gnezg? be two graded Lie algebras. A homomor-
phism of graded Lie algebras from g' to g* is a map ¥ : g¢ — g% which is a
homomorphism of Lie algebras such that ¥n € N, ¥(gl) C g2.

b) LetT1 =gt @ g(l) ©glandTy = g%, @ g% ® g% be two local Lie algebras.
A homomorphism of local Lie algebras between I'y and I's is a linear map W :
'y — Ty such that Vn € {—1,0,1},¥(gl) C ¢2, and such that ¥([z,y]) =
[ (z), ¥(y)], for all x,y € 'y such that the bracket [x,y] is defined.

Of course the local part I'(g) of a graded Lie algebra g, endowed with the
bracket of g is a local Lie algebra. A natural question is to know if, for a given
local Lie algebra I', there exists a graded Lie algebra whose local part is I'. The

answer is ”yes”. More precisely we have:

Theorem 2.1.3. (Kac, [4], Proposition 4)
LetT'=9g_1 ® go @ g1 be a local Lie algebra.
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1) There exists a unique graded Lie algebra gmaq.(T') whose local part is T' and
which satisfies the following universal property.

Any morphism of local Lie algebras I' — I'(g) from I into the local part I'(g) of
a graded Lie algebra g extends uniquely to a morphism of graded Lie algebras
Imaz(I') = 8. (And hence any graded Lie algebra whose local part is isomorphic

to T, is a quotient of gmaz(I')). Moreover we have

gmam(r) = F(g—l) ©go® F(gl)7

where F(g_1) (resp. F(g1)) is the free Lie algebra generated by g_1 (resp. g1).
2) There exists a unique graded Lie algebra gmin(T') whose local part is T' and
which satisfies the following universal property.

Any surjective morphism of local Lie algebras I'(g) — I' from the local part of
a graded Lie algebra g into T' extends uniquely to a (surjective) morphism of
graded Lie algebras g — gmin(T'). (And hence gmin(T') is a quotient of any
graded Lie algebra whose local part is isomorphic to T').

In fact gmax(T') has a unique mazimal graded ideal Jyay such that Jyae NT =
{0}’ and gmax(F)/Jmax = gmzn(r)

Proposition 2.1.4. (Kac, [4], Proposition 7)

Let g = ®;cz 9i- Let B be a bilinear invariant symmetric form on the local part
I'(g), such that B(g;,9;) =0 wheni+j # 0 (i,j € {—1,0,1}). Then B extends
uniquely to a bilinear invariant symmetric form on g (still denoted B) such that
B(gi,9;) =0 when i+ j #0 (i,j € Z).

2.2. When is dim(g,,;n(T)) < +o0?.

Let T" be a local Lie algebra. Consider the minimal graded Lie algebra g (')
associated to I'. A natural question is to ask how one can see, only from the
knowledge of the local Lie algebra I', whether or not g, (I') is finite dimen-
sional. For example suppose that I' is already a Lie algebra, but we do not
know anything about the brackets between two elements of gy or of g_1. Then

we have surely
Po(Y, X1, X2) = [[Y, X1], Xo] + [X1, [Y, Xo]] =0 (2-2-1)
for all Y € g_1 and all Xy, Xo € g_1. This is because this element is equal to
Y, [X1,X2]] =0 (2-2-2)

in gmin(I'). The first equation makes sense in I', but not the second. Conversely,
if the relation (2 — 2 — 1) holds in the local Lie algebra I', then I' = gy, (I') is
in fact a 3-graded Lie algebra.
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We will show that there exists a ”universal” polynomial identity P, = 0 in
any local Lie algebra I which is a necessary and sufficient condition for having
gn = {0} (see Theorem 2.2.4 below).

Let us denote by V,, = {Y1,..., Y1, X1,..., X,,} aset of 2n — 1 variables. Let
F(Vy,) be the free Lie algebra on V.

A Lie monomial of degree one in the variables V), is an element of V,,. By
induction a Lie monomial of degree k in the variables V,, is an element of F'(V,)
of the form [u,v] where u is a Lie monomial of degree ¢ (1 < i < k) and v is
a Lie monomial of degree k — ¢ . A Lie polynomial P in the variables V, is a

linear combination of monomials (in other words it is just an element of F'(V,,)).

Proposition 2.2.1.
Let n > 2. The Lie monomial [Y1,[Ya,[. .., [Yn-1, [ X1, [ -+, [Xn-1,Xn]...] is
equal (as elements of the free algebra F(V,)) to a Lie polynomial of the form

PulYiseo o Yoo, X1veo s X)) = 3 Ua(Yieo, Yoo 1, X1, X))
(07

where each monomial U, makes sense in the local Lie algebra T' when Y; €

g-1,t=1,...,n—1 and when X; € g1, =1,...,n.

Proof.

As we have already noticed we have
(Y1, [ X1, Xo]] = Pa(Y1, X1, Xo] = [[Y1, Xi], Xo]] + [X1, [Y1, X2]]

and the right hand side is defined in the local Lie algebra if Y7 € g_1, and
X1, X2 € g1.

Suppose now that the result is true for n — 1. We start with the monomial
Y1, [Yo, [ -y [Yoo1, [ X1, [0y [Xno1, X -] (2—-2-3)
Consider also the sub-monomial
Yoo1, [X1, [ o) [Xn—1, Xn] - -]

Using the Jacobi identity we get

Vo1, [ X1, [y [Xn-1, Xn] ... ]
=30 X L Yo Xal (X [ [ Xnm1, X -
Consider again the sub-monomial [[Y,—1, Xi], [Xit1,[. -, [Xn-1,X5]...], and

set U; = [Yn—1,X;] (notice that if Y,,_1 € g_1, and X; € g1, then U; € go).
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From the Jacobi identity we obtain

(Yoot Xl [Xist [y (Xt Xl -]

= [Ui, [Xig1, [ -5 [Xn—1, Xn] - - -]
- ZZ:i+1[Xi+1; [ ) [LUthL [ ) [Xn—laXn] .- ]
= ZZ:Z'+1[XZ'+1’ [ ) [X]i;v [ ) [anlaXn} .- ]

where A;(v,i = [U;, Xi] = [[Yn—-1, Xi], Xk is again a monomial which makes sense

in I'. Hence we have obtained
Yoo1, [ X1, [ [Xn—1, Xn] -] N
= 2?21 ZZ:iH[Xl, [(Xo, [y [Xim1, [Xig1, [ - - [X,i, [ [ X1, X0 ... ]

and finally we get:

o Yoty (X0 [ [ X, Xon] ]

V1, Yoy Yoo, [ X, (Xt [(Xivn [ (X L (X1, X -]

But this last expression is a sum of monomials of type (2 — 2 — 3) with one 7Y

and one ” X" less and therefore

n
— Z Pooa(Y1, .. Yoo, X1, X1, X, .., X0 X)),

As 3(2 = [[Yn-1, Xi], Xi] we obtain by induction that each
Prno1(Y1,..., Yoo, X1, ..., Xio1, Xig1,..., XL, ..., X;) is a sum of monomials
which make sense in I'' if X; € g and Y; € g_1.

]

Denote by grmaz(I') = Dicz(@maz(I'))i the grading in grqe.(I'). Remember that
(gmax(F))z =g for 1 = —17 07 1

Lemma 2.2.2. Letn > 2. The polynomial identity Pp (Y1, ..., Yn-1,X1,...,Xy) =
0 is satisfied in I' for X; € g1 and Y; € g—1 if and only if the vector space

n—2
T = (adg-1)*(®izn(maz(D))s)
k=0

is a graded ideal of @maz(L), contained in ®;>2(Fmaz(T))i

Proof.
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Suppose that the identity P, (Y1,...,Yn-1,X1,...,X,) = 0 is satisfied in T
It is clear from the definition that J;I is stable under ad(®5°(gmaz(T))i. It
remains to prove that ad Y (J;}) C Jf for Y € g_;. We have

[Y, (adgfl)k(GBzZn(gmax(F))z)] - (ad gfl)k+1(@i2n(gmax(lj))i)-

Therefore it is enough to show that

(ad g-1)""" (gmax(T))n = {0} (%)

From the definition of a graded Lie algebra, g,q.(I") is generated by its local
part I, and this implies that (gmae(I"))n is the space of linear combinations of
Lie monomials of the form [Xy,[Xo,...[X,—1,X,]...] with X; € g;. As the
identity Pp (Y1, ..., Y1, X1,.. ., Xn) = [Y1, [Ya, [ [Yoo1, [X1, [X2, [ - [Xoo1, X -]
holds in g, (I"), we obtain condition (k).
Conversely suppose that J is a graded ideal of gy, (T'). Then the identity ()
above holds. This implies that the identity P, (Y1,...,Yp—1,X1,...,X,) =01is
true.
O

Remark 2.2.3.
Of course, symmetrically, if the identity P,(X1,...,Xp-1,Y1,...,Y,) = 0 is
verified for any elements X; € g1 and Y; € g_1, then

n—2
Ty =Y (ad 91)"(@i<—n(gmaz(T)):)
k=0

is a graded ideal of gy,4,(T"), contained in ®i<_2(gmaz (L))

Theorem 2.2.4.

Let T be a local Lie algebra. Denote by gmin(I') = @icz(gmin(L))i the grading
in Gmin(T).

1) The following conditions are equivalent:

a) (gmin(I'))i = {0} fori>n

b) The identity Pn(Y1,...,Yn-1,X1,...,Xpn) = 0 holds in T, for all X; € g1
and allY; € g_1.

2) The following conditions are equivalent:

@) (gmin(T)); = {0} for i < —n

b) The identity Pn(X1,...,Xn-1,Y1,...,Ys) = 0 holds in T, for all X; € g1
and all Y; € g_1.

3) dim gymin(I') < 400 if and only there exist m,n € Z such that the identities
P (Y1, .. Y1, X1,...,Xp) =0 and Pp(Xy,..., Xpn-1,Y1,...,Y,) = 0 hold
in L', for all X; € g1 and all Y; € g_1.
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Proof.

Lets us prove 1).

a) = b): if (gmin(T))n = {0}, then [Xq,[...,[Xpn-1,Xn]...]] = 0. And hence
Pr(Y1,. o Yoo1, X1, o, X)) = [V, [Yo, [ oy [Yoot, (X1, [ [Xne1, X -2 ] =
0.

b) = a): suppose that the identity P, (Y1,...,Yn-1,X1,...,X;) = 0 holds in
T. Let JF = 3722 (ad g-1)*(®i>nGmaz (T))i) the ideal that we considered in

Lemma 2.2.2. Obviously J,7 NT = {0} and @®;>n(gmaz(T)): C J,F

Let Jpqz be the maximal graded ideal of gyq.(I") which intersects T' trivially
(see Theorem 2.1.3). AS ®i>n(gmaz(D))i C J,f C Jimaz, and as gmin(L) =
Omaz (L) /Jmaz, we obtain that (g (T)); = {0} for i > n.

The proof of 2) is similar, using the ideal J,, introduced in Remark 2.2.3.

Assertion 3) is an immediate consequence of 1) and 2).

Example 2.2.5. A direct computation shows that

P3(Y1,Ya, X1, Xo, X3) (Y1, [[Ya2, X1], Xo]], X3] + [[[Y2, X1], Xa], [Y1, X3]]

= ]
+[[Y1, Xo], [[Ya, Xu], X5]] + [ X2, [V1, [[Y2, X2, X5]]]
+[[Y17X1]7 [[Y% X2]7X3H + [Xla [Yh [[Y2,X2],X3H]
+[[Y1, Xa], [Xo, [Yo, X5]]] + [ X1, [Y1, [Xo, [Y2, X5]]]].

Corollary 2.2.6.

Let T' be a local Lie algebra. Suppose that gmin(T') = Dicz is endowed with
a non-degenerate bilinear symmetric invariant form B such that such that
B(gi,g9;) = 0 when i +j # 0. Then dimg; = dimg_; for all i € Z and
dim grin (') < +o00 if and only if there exists an integer n > 2 such that the
identity Pn(Y1,...,Yn_1,X1,...,X,) holds in the local Lie algebra T, where P,
is the Lie polynomial defined in Proposition 2.2.1. More precisely in that case

g; = {0} for |i] > n.

3. LOCAL AND GRADED LIE ALGEBRAS ASSOCIATED TO (go, Bo, p)

3.1. The local Lie algebra I'(go, Bo, p).

A quadratic Lie algebra is a pair (go, Bp) where go is finite dimensional Lie
algebra and where By is an invariant nondegenerate symmetric bilinear form
on go. The most obvious examples of such algebras are the semi-simple algebras
(endowed with the Killing form), the commutative algebras (endowed with any

symmetric nondegenerate bilinear form) or more generally the reductive Lie
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algebras. But there exist more sophisticated examples. In general a quadratic
Lie algebra, which is not a direct sum of two orthogonal ideals, is shown to be
obtained by a finite number of so-called double extensions by either a simple
Lie algebra or a one dimensional Lie algebra. For details see [7].

Let (go, Bo) be a quadratic Lie algebra. Let (p,V) be a finite dimensional
representation of go. Let (p*,V*) be the contragredient representation. We
will often just denote these modules by (go, V) and (go, V™). Similarly, for
Ue€gyXeV,)Y e V* we will often write U.X and U.Y instead of p(U)X and
p*(U)Y. Put g_; = V* and g1 = V. Define also

I'(g0, Bo,p) =g-1 @ g0 @ g1 =V " @go® V.

Our aim is now to define a structure of local Lie algebra on I'(gg, By, p), such
that for U € go, X € g1,Y € g_1, we have [U, X] =U.X and [U,Y]| =U.Y.

Definition 3.1.1.

We call the triplet (go, Bo, (p,V)) a fundamental triplet. It consists of the fol-
lowing ingredients:

a) a quadratic Lie algebra (go, Bo).

b) a finite dimensional representation (p,V') of go on the space V.

In order to simplify the notation, we will will sometimes denote the triplet by
(80, Bo, p) or (g0, Bo, V).

Theorem 3.1.2.
Let (go, Bo, p) be a fundamental triplet. As before we set:

I'(g0, Bo,p) =9-1 @ go g1 =V @ go @ V.

ForU € go, X € g1,Y € g_1 define an anticommutative bracket by

a) [U,X]|=UX, [U,Y]=UY

b) The element [X,Y] is the unique element of gy such that for all U € gg the
following identity holds:

Bo([X,Y],U) =Y (U.X) = —(U.Y)(X).

(The last equality is just the definition of the contragredient representation).

The preceding bracket defines a structure of a local Lie algebra on T'(go, Bo, p)-

Proof. We must prove that the Jacobi identity is verified each time the brackets
make sense. This means that we have to prove the following identities.

a) VUL Us € go, VX € g1, [X, [U1,Us]] = [[X,U4], Us] + [Uy, [X, Us]].

B) YU, Uz € go, VY € g1, [Y, [U1, Ua]] = [[Y, Ur], U] + [Uy, [Y, U2]].

Y VX € VY €91,V Z € go, [Z,1X,Y]] = [[2.X].Y] + X, [Z,Y]).
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We have:

[X, [Ul,UQH = —[[Ul,UQ],X] = —[Ul,UQ].X = —Ul.(UQ.X) + UQ.(Ul.X).

On the other hand we have:

[[X, Ul],UQ] = [UQ,[Ul,X]] = UQ.(Ul.X) and [Ul,[X, UQH = —[Ul,[UQ,XH =

—U;.(Us.X). This proves «). The proof of the identity ) is similar.
Let us now consider the identity v). We set L = [Z,[X,Y]], R1 = [[Z, X],Y],
Ry = [X,[Z,Y]], and R = Ry + Ry. As L, Ry, R2, R € gg, in order to prove 7)
it will be enough to show that for all U € g, we have By(L,U) = By(R,U).
Using the invariance of By and definition b) we get:
By(L,U) = Bo([Z,[X,Y]],U) = -Bo([[X,Y], Z],U) = = Bo([X, Y], [Z,U])
=-Y([Z,U].X)
= Y(Z.(U.X) - U(Z.X)).
On the other hand, using again definition b), we have also:
By(R1,U) = Bo([|Z,X],Y],U)=Y(U.[Z,X]) =Y (U.(Z.X))
and By(Ry,U) = Bo([X,[Z, Y]], U) = [2,Y|(UX) = ZY (U.X) = ~Y (Z.(U.X)).
Hence By(R,U) = Y (U.(2.X) — Z.(U.X)) = Bo(L,U).
O

Hence we have associated a local Lie algebra to the data go, Bo, (p, V).

Notation 3.1.3. For convenience we will sometimes denote this local algebra
by F(QO? BO7 V) instead Ofr(g(h BOa p)

3.2. Isomorphisms of the local parts and dependence on (By, p).

We will first determine necessary and sufficient conditions on the data (g, BY, p;)
(i = 1,2) for the corresponding local Lie algebras to be isomorphic.

Let W : I'(g3, By, p1) — T'(g3, B2, p2) be an graded isomorphism between the
two underlying vector spaces. Set A = \I/|gé cg — gt v = \I/|V1 Vi — W
and 7 = \I/|V1* : V¥ — V5. With these notations we will set ¥ = (7, A4, 7).
Our aim is to determine under which conditions on %, A,~, the map ¥ is an
isomorphism of local Lie algebras. An obvious condition is of course that A is

an isomorphism of Lie algebras.

Proposition 3.2.1.
Let v : V¥ — V5 and v : Vi — Vi be two isomorphisms of vector spaces and
let A : g(l) — g% be an isomorphism of Lie algebras. Then

U= (3,A,7): (g9, Bg, p1) — T'(g5, B, p2)

s an isomorphism of local Lie algebras if and only the following three conditions

hold (for all Uy € g}, X1 € V1,Y1 € Vi) :
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1) p2(A(Ur)) oy = o p1(Uh),
2) p3(A(Uh)) oy =70 pi(Uh),
3) Bg(A([X1,Y1]), A(U1)) = By(['7 0 v(X1), Y1), Un).

Proof.
U = (4,A,7) is an isomorphism if and only if the following three conditions
hold for all U; € g}, X1 € V4,V € V}:

1) A([Ur, X1]) = [A(U1),v(X1)],

2) 3([Ur,11]) = [A(U1),7(V1)],

3) A([Xy, 1) = [y(X1), 7 ()]
But from the definition of the brackets in T'(g}, Bi, p1) and I'(g2, B, p2), con-
ditions 1’) and 2’) are equivalent to conditions 1) and 2) respectively.

Again from the definition of the brackets 3') is equivalent to
B (A[X1, Y1), Uz) = B ([v(X1),7(11)], U2)

for all X; € V1,Y7 € V", U € g%. Setting Uy = A(U;) and using the transpose
of condition 2) leads to condition 3).
U

Now we give a specific criterion in the case where the representation pp is

irreducible.

Proposition 3.2.2.

Suppose that the representation (g(l), p1, V1) is irreducible.

Let v : V¥ — V5" and v : Vi — Vi be two isomorphisms of vector spaces and
let A: g} — g3 be an isomorphism of Lie algebras. Then

U= (Wa A?V) : F(g(llv B(1)7 Pl) — F(ggv B(2)7 PQ)
is an isomorphism of local Lie algebras if and only if the following two conditions
hold (for all U; € g(l),Xl eV,Y1€Vy):

1) p2(A(U)) oy = v o pr(Uh),
2) There exists ¢ € C* such that:

a) Yyory=cldy
b) Bi(A([X1,Y1]), A(U1)) = eBy([X1, Y1), Un).

Proof. Condition 1) appears already in Proposition 3.2.1. Composing by ~ on

the right condition 2) in this previous Proposition leads to
Foryop(Uh) =pi(U1) o' For.

By Schur’s lemma we get ‘4 oy = cldy,;, with ¢ € C*. Then condition 2)b)

above is just a rewriting of condition 3) of Proposition 3.2.1.



14 HUBERT RUBENTHALER

Conversely assuming conditions that 1) 2)a), and 2)b) above hold it is easy to
recover conditions 1), 2) and 3) in the previous Proposition (for example from
2)a), condition 2) of 3.2.1 is just the transpose of 1)). O

Definition 3.2.3.
Let (g5, BS, p1) and (g3, B2, p2) be two fundamental triplets. Let A € Hom(g}, g2)
is a isomorphism of Lie algebras and let v € Hom(Vy, Vo) be an isomorphism
of vector spaces. We say that the pair (A,~) is an isomorphism of fundamental
triplets if
a)

YU, VYV € g4, B{(A(U),A(V)) = By(U,V)
b)

VU € g5, p2(A(U)) oy =70 pi(U)

Remark 3.2.4. In the definition above, condition a) coincides with the notion

of isometric isomorphism, or i-isomorphism of quadratic Lie algebras introduced

in [1]. This notion of i-isomorphism was already implicit in [7].

Theorem 3.2.5.

Any isomorphism of fundamental triplets
(A,7) : (89, By 1) — (90, B3, p2)
extends to an isomorphism of local Lie algebras
W4 : Tag: Bgs p1) — L(g5, B, p2)-
Moreover, if the space (p1(g)-V1) generated by the vectors p1 (U)X (X € V1,U €

gé) 1s equal to Vi, then the preceding extension is unique.

Proof.
Note first that condition b) in Definition 3.2.3 is exactly condition 1) in Propo-
sition 3.2.1. Define 7 : Vj* — V5 by 7 =ty~L.

that

Then it is easy to check

YU € g5, p3(AU)) 07 =70 pi(U)
and this is exactly condition 2) in Proposition 3.2.1.
As 'y oy = Id|v17 condition a) in Definition 3.2.3 is exactly condition 3) in
Proposition 3.2.1. This Proposition implies then that ¥ 4 ) = (7,A,7) is an

isomorphism of the corresponding local Lie algebras.

It remains to prove the uniqueness of the extension under the condition {p1(g}).V1) =

Vi . But if
v F(géaB[%?VI) — F(g(QbB[%a V2)
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is an isomorphism of local Lie algebras such that \Il‘go = A, \Il‘vl = ~ and
\I/|V1* = ? : Vi* — V2*, then for X; € V1,Y] € ‘/1*, A([Xl,)/i]) = [’y(Xl),?(Yl)]
Therefore

Bi(A([X1,Y1]), Us) = BF([v(X1),7(Y1)], Ua),

for all Uy € g%, X1eVv, Y, e Vl*' Then for Uy = A(Ul), U, € Vq,

B (A([X1, Y1), A(Uh)) = By([X1,Y1], ) = Yi(p1(U1)X1)
= Bi([v(X1), ()], A1) =F(Y1)(p2(A(U1)) 0 v(X1)) =Y (" 0 p2(A(U1)) 0 7(X1))
=Y1(Foyop(th)X1)

Then from Y7 (p1(U1)X1) = Y1(*5 0y 0 p1(U1)X1), we obtain that ‘4 o v is the

identity on the space (p1(g3).Vi) = V4. Therefore ¥ = ty~1.

0

The local Lie algebra I'(go, By, p) may depend strongly on the fundamental
triplet, see Example 3.3.5 below.

To illustrate this, we will now investigate the modification of the bracket in
I'(go, Bo, p) under a slight change of p.

Suppose that go = Z @ L is a quadratic Lie algebra where 7 is a central ideal
and L is an ideal. For v € C* we denote by yop the representation of gg on V'
given by yop(z +u) = vp(z) + p(u), for z € Zandu € L. If U = z+u € go, we
also set yoU = yz+wu. Then yop(U) = p(yoU). If By = By, z + By 1, where By z
and By 1, are forms on Z and L respectively, we define yoBy = vBy,z + Bo,r.-
The next proposition indicates the dependance of the local Lie algebra I'(go, By, p)

if we change p into yop.

Proposition 3.2.6.
1) Let us denote by [ , |B,,p the bracket on I'(go, Bo, V') given by Theorem 3.1.2.

Then, using the notations defined above, we have:
[X, Y]BONDP = ’YD[Xv Y]B(hp

[U, X]Bynop = 10p(U)X, [U,Y]ByA0p = —0p" (U)Y
2) Suppose that A\, p, o, 8 € C* wverify the condition ”—/\2 = %2 Then the local Lie
algebras T'(go, A\oBy, uop) and T'(go, aoBy, Bop) are isomorphic. In particular
I'(go, A\oBy, p) and I'(go, Bo, %Dp) are isomorphic.

Proof.

1) The element [X,Y]p; 0, is by definition the unique element of go such
that, for all U € go, Bo([X,Y]Byy0p,U) = Y(yop(U)X) = Y(p(yoU)X) =
Bo([X, Y] By.p» ¥0U) = Bo(70[X, Y]y, U). Hence [X, Y5, 400 = 191X, Y] 5o 0.
The other two identities are just the definitions of [U, X|p o, and [U, Y]p yop-
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2) The criterion of Proposition 3.2.1 shows that the map ¢ : I'(go, A\oBy, pop) —
I'(go, anBy, Bop) defined by ¢(U) = 5oU (U € go), p(X) = X (X € V), (V) =
Y (Y € V*) is an isomorphism of local Lie algebras.

]

Remark 3.2.7. (inverse isomorphism)

Let (go, Bo) be a quadratic Lie algebra. Consider a finite dimensional represen-
tation (p,V) of go. Set gf = g5 = g0, 91 =V, gL, =V*, g = V*, g>, = V.
Hence I'(g3, Bo,p) = V* @ g ® V and T'(g3, Bo, p*) = V @ g2 ® V*. The map

0 : F(QOvB(]vp) — F(g()?BOvp*)

defined by (U) = U for all U € g} = g2 = go, 0(X) = X for all X € g{ =V
and O(Y) =Y for all Y € g3 = V*, is a non graded isomorphism of local Lie
algebras (it sends gi onto g?; and g', onto g?). Of course the isomorphism

0 extends uniquely to an non graded isomorphism, still denoted 6, between
Omaz(L'(80, Bo, p)) and gmaz(I'(90, Bo, p*)).

3.3. Graded Lie algebras with local part I'(go, Bo, p).

Let (go, Bo, p) be a fundamental triplet. Let I'(go, Bo, p) be the local Lie algebra
constructed in Theorem 3.1.2. From Theorem 2.1.3 we can associate two graded

Lie algebras gpas(I'(g0, Bo, p)) and gmin(I'(g0, Bo, p)) to these data.

Remark 3.3.1. Let I and I be two local Lie algebras. Then I' x I is naturally
a local Lie algebra, and is is easy to see from Theorem 2.1.3 that g, (I x IV) ~
min (L) X gmin (). The same statement for the maximal algebras is not true in
general. However if IV = g, is concentrated in degree 0, one has g4 (I X I'") =~
Omaz (L) X TV.

Let (go, Bo) be a quadratic Lie algebra. Suppose that go = g§ @ g3 is an

orthogonal decomposition into ideals. Define Bl = BOI L and B(Q) = BOI o
95X 8; a5 xaf

Suppose also that the representation (g,p,V) is a direct sum (g(l] @ 93,01 @
p2, V1 @ Vz2). From the definitions we obtain that I'(go, Bo, V) = I'(g}, Ba, Vi) X

['(g3, B2, Vk), and then from the previous discussion we get:

Imin(1(80, Bo, ) = min(L(90, By, p1)) X 8min(T'(88, BG. p2))-

As an example let us show that graded reductive (finite dimensional) Lie alge-

bras are always minimal graded Lie algebras.
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Proposition 3.3.2.

Let g be a graded Lie algebra. Let Br(g) be a nondegenerate invariant symmetric
bilinear form on I'(g) such that Br)(gi,9;) = 0 when |i + j| # 0. Then, using
Br(q), the contragredient representation (go, 97) can be identified with (go, g-1)-
If By denotes the restriction of Br(g) to go, then we have:

Imin(1'(9)) =~ gmin(I'(80, Bo, 91))-

Moreover suppose that g is a reductive (finite dimensional) Lie algebra. Suppose
that we are given a Z-grading g = ®;cz8; such that g is generated by its local
part T'(g) = g-1 ® go ® g1. Then

82 gmin(L'(9)) = gmin(T(g0, Bo, 91))-

Proof.
From the definition we can identify g with g_1 by using Br(g). Then for U € gy,
Y € g—1 and X € g1 we have, from the invariance of Bp(g):

BF(g)(U}/v X) = _BF(g) (Y7 [U’ X]) = BF(g)([U> YLX)

and hence [U,Y] = U.Y (here U.Y stands for the contragredient action of U € gg

on g1 ~ gj).
Similarly, we have also:

Bo([X,Y],U) = Br)([X,Y],U) = Br) (Y, [U, X]) = Y(U.X).

Hence the original bracket in I'(g) is the bracket constructed in Theorem 3.1.2.
Therefore gmin(I'(g)) ~ gmin(I'(g0, Bo, 91))-
Suppose now that g is reductive graded. From the universal property of g,in(I'(g))
there exists a graded ideal I C g such that g/I ~ gmin(I'(g)). As g is reductive
there exists an ideal U C g such that g = U & I. Hence U =~ gpnin(I'(g)). But
then the local part of U is I'(g), and this contradicts the fact that g is generated
by I'(g) unless I = {0}.

O

Example 3.3.3. (Prehomogeneous vector spaces of parabolic type)

It must be noticed that if g = @®__, g; is an arbitrary Z-grading of a semi-simple
Lie algebra g then g is in general not generated by its local part, and is therefore
not a graded Lie algebra in the sense of section 2.1. Let us explain this briefly.
It is well known that there exists always a grading element, that is an element
H € g such that g; = {X € g|[H, X] =iX}. Let h be Cartan subalgebra of go
(which is also a Cartan subalgebra of g), containing H. Let W be a set of simple

roots of the root system (g, h) such that o(H) € N (such a set of simple roots
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always exists). Hence we have associated a "weighted Dynkin diagram” to a
grading . The subdiagram of roots of weight 0 corresponds to the semi-simple
part of the Levi subalgebra gg. But if the weighted Dynkin diagram has weights
equal to 1 and to n > 1, then it is easy to see that g cannot be generated by
the local part g_1 & go @ g1.

n
=N

We explain now how to construct gradings g = & g; such that g is generated
by the local part. Let §h be an arbitrary Cartan subalgebra of g. As before
Y(g,b) is the set of roots of the pair (g,h) and ¥ is a set of simple roots. Let
6 C U be a subset and let < 6 > denote the subset of roots which are linear
combinations of elements of 8. Let gg = Iy be the Levi subalgebra corresponding
to 6. That is go = h @ (Dac<p>g") where g« is the root space corresponding
to a. Let H be the unique element in b such that a(H) = 0 if « € 0 and
a(H) =1if a € U\ 6. Define then g; = {X € g|[H, X]| = iX} (this definition
of go is coherent with the preceding one). One obtains this way a grading
g = @& _,08;- The representations (go,g1) are prehomogeneous vector spaces
called prehomogeneous spaces of parabolic type. It is easy to see that they
correspond to gradings whose weights in the sense above are only 0 and 1. From
Proposition 3.3.2 we obtain that in this case g = gmin(I'(g0, Bo, g1)) where By

is the restriction of the Kiling form of g to go.

Example 3.3.4. (Principal gradings of symmetrizable Lie algebras)

We adopt here the same definitions and notations as in [6]. Let A = (a; ;) be a
n X n matrix with complex coefficients and of rank ¢. Let (b, II,1I) be a realiza-
tion of A. This means that b is a complex vector space, Il = {a1,...,a,} C b*
and IT = {dy,...,d,} C b are subsets of h* and b respectively, satisfying the
following conditions: II and II are linearly independent, (&, ) = a;; and
n — ¢ = dimb — n. The Lie algebra g(A) is the Lie algebra with generators b,

ei, fi (i1 =1,...,n) and the relations:
[eia f]] = 5i,jdi7 [hv 62'] = ai(h)eia [ha fl] = _ai(h)fi7 [h‘? hl] =0, (h7 n e h)

Then the Lie algebra g(A) is defined by g(A)/v where v is the maximal ideal
intersecting b trivially. And then g(A) = @,., 9; where g; = @ht(a):i ga, and
where g, is the root space of a (if @ =" | mjcy, ht(a) = >, m;). This is the
principal grading of g(A). We have g_1 = @ ;Cf;, go = b, g1 = ®";Ce;, and
it is easy to see that g(A) = gmin(T'(A)) where I'(A) = g—1 ® go D g1.

We suppose further that the matrix A is symmetrizable. This means that
there exist a symmetric matrix B = (b; ;) and an invertible diagonal matrix
D = diag(ey,...,€,) such that A = DB. The Lie algebra is then called a
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symmetrizable Lie Algebra. Then, according to Theorem 2.2. of [6], there
exists a non-degenerate invariant symmetric bilinear form (.,.) on g(A) such

) = 0 if
i+j # 0. Therefore g_; can be identified to g} and the representation (go, g—1)

that the restriction of this form to b is non-degenerate and (g, g;

is the contragredient representation of (go, g1). Let p denote the representation
(g0,91) and let By be the restriction of the form (.,.) to go = h. Then, in the

notations of section 3.3 we have
9(A) = gmin(T (g0, Bo, p))-

Example 3.3.5. We will now examine the case of sly, (C) which will be consid-
ered both as a graded Lie algebra and a local Lie algebra. This will show that
the local Lie algebras I'(go, Bo, p) and the corresponding minimal Lie algebra
Imin(I'(g0, Bo, p)) depend strongly on the choice of By.

Consider first the classical grading of sla,(C) (of length 3) defined by:

g1=V" = { 8) Y € My(C)}

g = { ;) ,A,B € M,(C), Tr(A+ B) =0}

©S o x <o

w=v = §>7X6Mn<<c>}

As an invariant form on sy, (C) we will take B(a, 8) = Tr(af), (o, € slo,(C)).
This is just a multiple of the Killing form. Let us call By the restriction of B
to go. The form By is of course nondegenerate. The representation (go, p, V) is
defined by the bracket. Therefore we have

A 0\, (o x 0 AX — XB
(5 oG )=o)

If we consider sly,(C) as the local Lie algebra I'(go, Bo, p) we now from Propo-

sition 3.3.2 that gmin(I'(g0, Bo, p)) = 5120 (C).

Next we will modify the form By in the following manner. Let A = (A1, A2) €
/

(C*)Q and set BS‘( (1;1 g) , (13 B?,)) = MTr(AA") + X\ Tr(BB').

An easy computations shows that By is non degenerate if and only if A\; # 0,

A2 # 0 and A + A2 # 0.

It can also be shown (see Lemma 3.5.1) that B extends to an invariant non

degenerate symmetric bilinear form on T'(go, By, p). If A1 # A2, By and By are

not proportional. Therefore the algebra gpmin(I'(g0, B}, p)) is not isomorphic to
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sl2,(C) =TI'(go, Bo, p) (uniqueness of the Killing form up to constants). In fact,
using Proposition 3.4.6 below, one can prove that actually g, (I'(go, By, p)) is
infinite dimensional if A\; # Ay

3.4. Transitivity.

Let us recall the notion of transitivity introduced by V. Kac.

Definition 3.4.1. (Kac [4], Definition 2)

Let g (resp. T') be a graded Lie algebra (resp. a local Lie algebra). Then g (resp.
') is said to be transitive if

-forzeg,i>0,[x,9-1]={0}=2=0

-forxeg,i<0, [z,g1] ={0} =2 =0.

In particular if g (or I') is transitive, then the modules (go, g—1) and (go, g1) are
faithful.

Remark 3.4.2.
It is easy to see that if a graded Lie algebra g is transitive then its center Z(g)

is trivial.

If A is a subset of a vector space V, we denote by (A) the subspace of V
generated by A.

Proposition 3.4.3.

Let (go, Bo, (p,V)) be a fundamental triplet.

1) The local Lie algebra T'(go, Bo, p) (or the minimal algebra gmin (T (g0, Bo, p)))
is transitive if and only if (p, V') is faithful and (go.V) =V and (go.V*) = V*.
2) If the representation (p, V') is completely reducible, then the local Lie algebra
I'(go, Bo, p) (or the minimal algebra gmin(T'(g0, Bo, p))) is transitive if and only
if (p, V) is faithful and V' does not contain the trivial module.

Proof.

As a minimal graded Lie algebra with a transitive local part is transitive ([4],
Prop. 5 page 1278), it is enough to prove the proposition for the local part.

1) Suppose that I'(go, Bo, p) is transitive. We have already remarked that then
the representation (p,V’) is faithful (and hence (p*,V*) is faithful too). If
(g0.V) # V, then there exists Y € V*| Y # 0 such that Y (go.V) = 0. From the
definition of the bracket we obtain that By([V,Y],g0) = 0. Hence [Y, V] = {0}.
This contradicts the transitivity. Similarly one proves that transitivity implies
(g0.V*) = V*. Conversely suppose that (p, V') is faithful and (go.V) = V and

(g0.V*) = V*. The first of these assumptions is one of the conditions needed
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for the transitivity. Suppose also that [X,V*] = {0} for an X € V. Then
Bo([X,Y],U)=0forallU € gpand all Y € V*. Hence Y(U.X) = -U.Y(X) =
0. Therefore, as (go.V*) = V*, we have V*(X) = 0 and hence X = 0. The same
proof, using the identity (go.V) = V, shows that [Y,V] = {0} implies Y = 0.
Hence I'(go, Bo, p) is transitive.
2) Let V = @F_ |V; be a decomposition of V into irreducibles. If V; is not
the trivial module we have of course (go.V;) = V;. It is then easy to see that
the preceding condition ”(go.V) = V and (go.V*) = V*” is equivalent to the
condition "V does not contain the trivial module”.

U

Remark 3.4.4.

1) Suppose that there exists an element H € g such that H.X = X forall X €
V. Such an element is called grading element. Then obviously the conditions
(g0.V) =V and (go.V*) = V* are satisfied. In this case the local Lie algebra
I'(go, Bo, V) is transitive if an only if (p, V') is faithful.

2) Suppose that the representation (p, V') is faithful and completely reducible.
Let V = @levi be a decomposition of V into irreducibles. Then by Schur’s
Lemma we obtain that dim Z(gg) < k (Z(go) denotes the center of gy). Hence if
the local Lie algebra I'(go, Bo, p) is transitive, then dim Z(gg) < k. In particular
if V' is irreducible, then dim Z(go) < 1.

The next proposition describes the structure of the algebra g, (I'(g0, Bo, p))

in the non transitive case, under some assumptions.

Proposition 3.4.5.
Let go be a reductive Lie algebra, and let By be a non degenerate invariant
symmetric bilinear on go. Let (p, V') be a finite dimensional completely reducible
representation. Denote by glg the kernel of the representation. We suppose also
that the restriction of By to Z(gf) = Z(go) N gt is non-degenerate. Then if we
denote by gé the ideal of go orthogonal to glg we have gy = glg @ gg. Denote
also by Vy the isotypic component of the trivial module in V and by Vi the
go-invariant complementary subspace to Vo (V =V @ Vj).
Then:
1) a)

Fmaz(I'(g0, Bo, V) ~ Gmax(F(gg7BO|g£,V)) x gg  and

gmin(r(gov By, V)) = gmln(r(gga BO\gf ’ V)) X glg
0
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2) Moreover
gmin(r(goaB()?V)) = gmin(r(g(])c?BO\gf7V1)) X (‘fO S5 ‘/0*) X glg
0

(gmm(I’(gg,Bmgf,Vl)) is transitive and [V, Vol = [V, Vil = [Vo, V] = {0}).
0
3)

Z(gmin(T(80 Bo, V))) = (Vo © Vi) x Z(g5)

Proof.
1) From the assumptions we obtain that we have the following isomorphism of

local Lie algebras:
I'(go, Bo, V) ~ F(g(]]CvB0|gfaV) X 8-
0

Then Remark 3.3.1 implies a) and b).
2) Proposition 3.4.3 implies that gmm(F(gg, By| ,, V1)) is transitive.
90

It is easy to see that

T(go, Bo, V) =T(a§, Boj , Vi) x (Vo @ V) x g
0

This is a direct sum of local Lie algebras where Vy @ V" and glg are already Lie
algebras. Again Remark 3.3.1 implies

Gmin (D(80, B0, V) = Gmin(T (0. Boj V1)) x (Vo ® Vi) x g
0

3) As the center of g,,in(I'(g0, Bo, V')) is trivial (Remark 3.4.2), the third asser-
tion is now clear.
]

Proposition 3.4.6.

Let (go, Bo, p) be a fundamental triplet where go is reductive and where p is
completely reducible. Suppose that the local Lie algebra T'(go, Bo, p) is transitive.
Then if dAim(gmin(T(go, Bo, p))) is finite, the Lie algebra gmin(T'(go, Bo,p)) is

semi-simple.

Proof.

It suffices to prove that if I'(go, By, p) cannot be decomposed as in Remark
3.3.1, then gmin(T(go, Bo,p)) is simple. We know from [4] (Prop. 5, p.1278)
that gmin(T'(g0, Bo, p)) is transitive. Denote by gpmin(T'(g0, Bo, p)) = ®iczgi the
grading. Let a be a non zero ideal of gpmin(I'(g0, Bo,p)). Let a € a, a # 0.
Let a = a—; + a—jy1 + --- + a; be the decomposition of a according to the
grading of gin(T'(g0, Bo, p)), where either —i < 0 and a—; # 0, or j > 0, and
a; # 0. Suppose for example that —i < 0 and a—_; # 0. From the transitivity
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of gmin(T (g0, Bo, p)), we know that there exists x{ € g; such that [a_;, x%] # 0.
Then [a,2}] = [a—;, 2] + -+ + [a;,2}] € a therefore there exists an element
a’ € a,such that a’ =a’; ; +---+a} (a; € gx) and @', ; # 0. By induction
we prove that there exists an element x = xg+x1+--- € a such that z¢ # 0 and
also an element y = y; + --- € a such that y; # 0. Let T = ®p>10: (K > 0).
Denote by ag (resp. a1) the projection of a N 7Ty on gg (resp. the projection of
an7ion gp).
The preceding considerations show that ag # {0} and a; # {0}. As ais an ideal,
ap is an ideal of gg and a; is a sub-gg-module of g1 = V. Let Eo be the orthogonal
of ap in gg with respect to By, and let El be a go-invariant complementary space
to a; in g;. That is g1 = &y @ by. As a is an ideal we obtain [ﬁo,gl] = {0}.
Let now B be the extended form as defined in Proposition 3.5.2 below. Then,
as [d1,g_1] C do, we have for all Y € g_y, B([bo,d1],Y) = B(b, [d1,Y]) = {0}.
This shows that [bg,d;] is orthogonal to g_;. Therefore [bg,d;] = {0}. Let
2 € dy N bg. Then [z,d; + by] = [z, g1] = {0}. As I'(go, Bo, p) is transitive we
obtain that z = 0. Hence gy = ao & bo.
We have supposed that I'(go, By, p) is not decomposable in the sense of Remark
3.3.1. Then by = {0} and b; = {0}, and go = 4y and g = a;.
As gmin(T(go, Bo, p)) is finite dimensional we can write gpmin(I'(go, Bo,p)) =
@7 _,8i- AS gmin(I'(g0, Bo, p)) is generated by its local part, we obtain that
any X, € g, is a linear combination of elements of the form [... [X{, X?]...] X}
where Xll7 ..., X7 € g1. But as g; = a;, we obtain that X,, € g, Na, and hence
gnNa=gpy.
From the transitivity, we know that there exist Y{!,...,¥]® € g_1 such that
Y, Y7t . Y, X,)...] # 0. This proves that a; = ang; # {0} and
ap = ango # {0}. Then the same reasoning as above shows that ay = go and
a; = g1. As [go,9-1] = g1 (this is again the transitivity condition), we have
alsothat a_; =anNg_1 =g-1.
Finally we have proved that T'(go, Bo, p) C a. Hence gyin(T(go, Bo, p)) = a.

O

Corollary 3.4.7.

Suppose that go is reductive and that (p,V') is a faithful completely reducible
go-module which does not contain the trivial module.

Let k denote the number of irreducible components of V.

If dim Z(go) < k, then dim gpmin(I'(g0, Bo, p)) = +00.

Proof.
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First remember from Remark 3.4.4 2) that, as the representation is faithful, we
have dim Z(go) < k.
From Proposition 3.4.6 we know that if dim gyin(T' (g0, Bo,p)) < +oo then
the Lie algebra gmin(I'(go, Bo, p)) is semi-simple. Then, if gymin(T'(g0, Bo, p)) =
@®I=", gi is a grading, the Lie algebra g is a Levi sub-algebra of gmin(I'(g0, Bo, p))
(see Example 3.3.3). But then dim Z(go) = k (see for example Proposition 4.4.2
d) in [9]).

]

3.5. Invariant bilinear forms.

Consider again a general quadratic Lie algebra gy with a non degenerate symet-
ric bilinear form By. We will first show that B extends to an invariant form
on the local Lie algebra I'(go, Bo, p)-

Define a symmetric bilinear form B on I'(gg, Bo, p) by setting:

— Yu,v € go, B(u,v) = By(u,v)

—VYueg,VXeg=V,VYeg 1 =V"

B(u,X)=B(X,u) =B(u,Y)=B(Y,u) =0 (%)
WX Cg=V,¥Y Cg_y =V* B(X,Y) = B(Y,X) = Y(X) (%)

Lemma 3.5.1.

a) The form B is a non degenerate invariant form on I'(go, Bo, p) (the definition
of an invariant form on a local Lie algebra is analogous to the Lie algebra case).
b) Suppose that there exists a grading element in I'(go, By, p), that is an element
Hy € go such that [Hy,x] = iz for x € g;, i = —1,0,1, then the preceding form
B is the only invariant extension of By to I'(go, Bo, p)-

Proof.

a) Of course as B|goxgo = By, the invariance is verified on go. Let X €
91,Y € g_1,u,v € go. From the definition of [X,Y] (see Theorem 3.1.2),
we have B([X,Y],u) = Y(u.X). On the other hand we have B(X,[Y,u]) =
B(X,—u.Y) = —u.Y(X) = Y(u.X). Hence B([X,Y],u) = B(X,[Y,u]). We
have also B([u,v], X) =0 = B(u,v.X) = B(u, [v, X]). Similarly B([u,v],Y) =
B(u, [v,Y]) = 0.

b) Suppose that z € g; and y € g; with ¢ + j # 0. Then B([Hp,z],y) =
B(iz,y) = iB(x,y) = —B(z,[Ho,y]) = —jB(z,y). Therefore (i+j)B(z,y) =0,
and hence B(z,y) = 0. We also have for X ¢ V =g and Y € V* = g_;:
B([X,Y],Hy) = Y(X) = B(X,[Y,Hy]) = B(X,Y). Hence conditions (x) and

(#) are satisfied.
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Proposition 3.5.2.

1) If I'(go, Bo, p) is transitive, then the extended form B on gmin(I'(g0, Bo, p))
defined in Proposition 2.1.4 is non-degenerate.

2) The extended form B on gmin(T'(g0, Bo, p)) is also non-degenerate in the
case where gg is reductive, the representation V is completely reducible, and the

restriction of By to Z(go) N (ker p) is non degenerate.

Proof.
1) Suppose that I'(gg, By, p) is transitive. Let us denote the grading by gmin(I'(go, Bo, V)) =
Diczgi- We must prove that if X € g; is such that B(X,Y)=0forall Y € g_,,
then X = 0. We will first prove the result by induction for ¢ > 0.
From the definition of B on I'(go, Bo, p) we see that the result is true for i = 0
and ¢ = 1. Suppose now that the result is true for ¢ < k. Let zp € gi
such that B(xg,g—r) = 0. Then for all x_y € g_; and all z_p41 € g_p41 we
have B(xg,[r—1,2_k+1]) = 0. And hence B([zk,z_1],2—k+1) = 0. From the
induction hypothesis we get [z, z_1] = 0 for all z_; € g_;. But we know from
[4] (Prop. 5, p. 1278) that a minimal graded Lie algebra with a transitive local
part is transitive. This implies that x; = 0. The same proof works for i < 0.
2) This is a consequence of 1) and the explicit form of g, (I (g0, Bo, p)) given
in this case in Proposition 3.4.5 2).

O

Definition 3.5.3.

1) A quadratic graded Lie algebra is a pair (g, B) where g = @;cz8: is a graded
Lie algebra, and where B is a non-degenerate symmetric invariant bilinear form
on g such that B(gs,g;) =0 if i # —j.

2) Let (g', BY) and (g%, B?) be two quadratic graded Lie algebras. An isomor-
phism from (g', B') onto (g2, B?) is an isomorphism of quadratic graded Lie
algebras W : g — g2 such that:

Vz,y € g', B*(¥(x),¥(y)) = B'(z,y).

Theorem 3.5.4.
Let T be the set of isomorphism classes of fundamental triplets such that the
representation (p, V') is faithful and such that (go.V) =V and (go.V*) = V*.
Let G be the set of isomorphism classes of transitive quadratic graded Lie alge-
bras.
The map

T:T —G
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defined by 7((g0, Bo, p)) = (gmin(L(g0, Bo, p)), B) is a bijection (here B is the
form defined in Proposition 3.5.2 and the ”overline” denotes the equivalence

class).

Proof.

If T is a fundamental triplet satisfying the given assumptions, then its local part
['(T) is transitive from Proposition 3.4.3. And hence g, (I'(T)) is transitive
from [4], Prop. 5b), p. 1278. Moreover, with the form B defined in Proposition
3.5.2, the Lie algebra gy, (I'(T)) becomes a quadratic graded Lie algebra.

Let T1 and T, be two fundamental triplets and let I'(77) and I'(7%) be the
corresponding local Lie algebras. Suppose that 71 ~ T5. Then from Theorem
3.2.5, we have I'(Th) ~ I'(T»), and hence gmin(711) = Gmin(T2) (isomorphism of
graded Lie algebras).

Let Ty = T'(gd, B, p1), and Ty = I'(g3, B2, p2) the explicit triplets we consider.
Let W @ gomin(T(gd, Ba,p1)) — 8min(L(g3, B2, p2)) be the preceding isomor-
phism. We will prove that V¥ is in fact an isomorphism of quadratic graded Lie

algebras. Therefore we must prove that if € gpin(T(g8, Bs, p1))i (i > 0)) and
y e gmin(r(g(lp B(%a pl))*h then

B*(¥(z),¥(y)) = B'(z,y) (%)

where B! and B? are the extended forms defined in Proposition 3.5.2. We will
prove (x) by induction on 7. It is clear that (x) is true for i = 0 (see condition
a) in definition 3.2.3). We need also to prove this for i = 1. Set \II‘V1 = 7.
Then from the proof of Theorem 3.2.5 we have ¥, =ty

x € Vi,y € V', we have:

Therefore for

B(¥(x), U (y)) = B*(y(2),5 " () = (y)(v(2)) = y(x) = B'(z,y)

This proves (x) for i = 1.

Suppose now that (x) is true for 0 < i < k. In the rest of the proof the elements

x; or y; belong always t0 gmin (T(g5, B, p1))i- Any = € gmin(T(gd, By, p1))k is a
linear combination of elements of the form [z_1,71] and any y € gmin(T(0, B, 1)) —k
is a linear combination of elements of the form [y_11,y—1]. Then from the proof

of Proposition 7 p. 1279 of [4] the extended form is defined inductively by

Bl([xkflvxl]v [y*k%i*l?y—l]) = Bl([[mk*h x1]7yfk+1]7y—1)

and the same is true for B2.
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Therefore

B*(U([zg—1,21]), U([y—ps1,9-1]) = B([¥(xp—1), U(z1)], [¥(Y—rt1), U(y-1)])
= B*([[(z-1), (1)}, U(y—k+1)], ¥(y-1))
= B> (Y ([[zx—1, 21],y—k41]), U(y-1))

([zk—1, 21], y—k41]s y-1)

([zr—1, 21, [Y—r> y-1])

(by induction:) =

Therefore (x) is proved. Hence if T7 ~ Ty, then the algebras gmin(7T1)and
Omin(T2) are isomorphic as quadratic graded Lie algebras. In other words the
map 7 is well defined.
Let (g,B) be a transitive quadratic graded Lie algebra, whith local part I'(g) =
g-1DgoDg1. As a transitive graded algebra is minimal ([4], Prop. 5 a), p. 1278)
and has of course a transitive local part, we have g = gnmin(I'(g)). Moreover the
properties of B imply immediately that if V = g; denotes the corresponding
go-module then g_; = V*, the dual gg-module. And then, from the transitivity
we obtain that the representation (p, V') is faithful and that (go.V) = V and
(g0.V*) = V* (Proposition 3.4.3). This proves that the map 7 is surjective.
Suppose now that ¥ : guin(T(85, By, p1)) — min(L(g3, B2, p2)) is now an
isomorphism of quadratic graded Lie algebra. Set \I/|98 = A and \Il‘gé = . Then
A is a Lie algebra isomorphism from g} onto g2 and « is an isomorphism fron
gl onto g? which satisfy:
~VU,V € g}, BXA(U),A(V)) = BY(U,V) and
~ VU, € g} and X € g1, U([U, X]) = [¥(U),¥(X)] = [A(U),v(X)] and this
means exactly, that in the usual notations, v o p1 (U)X = p2(A(U)) o y(X).
Hence (A, ) is an isomorphism of fundamental triplets (see Definition 3.2.3).
This proves that the map 7 is injective.

O

4. sly-TRIPLES

In this section we will suppose that the pair (go, p) satisfies the following as-

sumption.

Assumption (H):

a) The Lie algebra go is reductive with a one dimensional center: go = Z(go) gy,
where g, = [go, go] and dim Z(go) = 1.

b) We suppose also that Z(go) acts by a non trivial character (i.e. p(Z(go)) =
Cldy).
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Then there exists Hy € Z(go) such that p(Hp) = 2Idy (and p*(Hp) = —2Idy~).
Recall also that in a Lie algebra, or in a local Lie algebra, a triple of elements
(y, h,z) is called an sly-triple if [h, z] = 2z, [h,y] = —2y and [y, x| = h.

4.1. Associated slo-triple.

Definition 4.1.1. We say that the local Lie algebra T'(go, Bo, p), or the graded
Lie algebra gmin(T' (g0, Bo, p)), is associated to an sly-triple if there exists X €
V,Y € V* such that (Y, Hy, X) is an sly-triple.

Theorem 4.1.2.

The local Lie algebra T'(go, Bo, p) is associated to an sla-triple if and only if
there exists X € V such that X ¢ g(.X where g5.X = {UX, U € g3}. The
set {X € V, X ¢ g,.X} is exactly the set of elements in V which belong to an

associated sly-triple.

Proof.
Recall from Lemma 3.5.1 that the form By extends to an invariant form B on
I'(go, Bo, p)-
Suppose that I'(go, Bo, p) has an associated sly-triple (Y, Hy, X). Then Y (g,.X) =
B(Y,g,-X) = B(Y, [g, X]) = B([Y, X],9,) = B(Ho, gj) = {0}. Hence the form
Y is zero on gj.X. On the other hand B(Y,X) = Y(X) = %B(Y, [Ho, X]) =
—1B([Y, X], Hy) = —3B(Ho, Hy) = —3Bo(Ho, Ho) # 0. Therefore X ¢ g{.X
Conversely suppose that X ¢ gj.X. We choose Y € V* such that Y (g(.X) =
{0} and Y'(X) # 0. Then B([Y, X], gp) = B(Y,g0.X) = Y (g5-X) = {0}. There-
fore [V, X] € (g})~ = CHp. Set [Y, X] = AHy. We have also Y (X) = B(Y, X) =
3B(Y, [Hp, X]) = —%~B([Y,X],Ho) = —3B(A\Hy, Hy) = —3\B(Hy, Hy) # 0.
Hence A # 0. Define Y = }Y. Then (Y, Hy, X) is an sly-triple.

O

Remark 4.1.3.

a) The existence of a sly-triple associated to the local Lie algebra I'(go, Bo, p)
does not depend on the invariant form By on gg, but only on the representation
(967 p|56’v)'

b) Suppose that the module (p, V') satisfies the following property:

(P) There exists X € V such that X ¢ gj. X

Then the dual module (p*, V*) satisfies the same property. This is due to the
fact that one can always suppose that the center acts non trivially, and then

observe that the existence of an associate slao-triple is a symmetric condition.
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4.2. Property (P), relative invariants and sly-triples.

Definition 4.2.1. Let (Go, 7, V) be a finite dimensional representation of a
connected complex algebraic group Go. Let X € V and consider its Gg-orbit
Ox = Go.X. Then Ox is open in its closure Ox which is an irreducible affine
variety. Let R be an element of the field C(Ox) of rational functions on Ox.
The function R is called a relative invariant on Ox if there exists a rational

character x of Gy such that

Vz € Ox, R(w(g)r) = x(9)R(z) (4-2-1)

In the sequel we will suppose that the representation (p,V) of go lifts to a
representation m of a connected algebraic group Gy whose Lie algebra is go (in
other words p is the derived representation dr).

For convenience we will often write g.z (¢ € Go,x € V) instead of 7(g)z and
also A.xz (A € go,z € V) instead of p(A)z.

We will now prove the existence of an associated sla-triple (X, Hy,Y') is equiv-

alent to the existence of a non-trivial relative invariant on the Gg-orbit of X.

It will be easier to specialize the property (P) at a point . For x € V, the
property (P), is defined as follows:

(P),:x ¢ gy.x

Lemma 4.2.2. !
Let V' be a representation of an algebraic group H, and let h = Lie(H). Then
for x € V, the orbit H.x is a cone if and only if x € h.x.

Proof.
Set N, = {h € H,hax € Cz}, C, = {h € H,h.x = x}, n, = Lie(N,) and
¢, = Lie(C;). Considering the orbital map h —— h.z from N, to Cx we obtain

C'xCc Hx < dimN,/C, =14 dimn, /¢, =1 Cx C ha

Theorem 4.2.3.
Let G}y = [Go, Go] be the commutator subgroup of Gy. Let X € V.. The following

three conditions are equivalent:

IThis lemma was first communicated to me by Michel Brion, the proof given here is due

to the referee.
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1) (P)y s X ¢ g X.

2) The orbit G,.X is non conical.

3)
)

4) X belongs to an associated sly-triple (X, Ho,Y) € gmin(T'(80, Bo, p))-

There exists a non trivial relative invariant on the Gg-orbit Ox = Gy.X.

Proof.

The equivalence of 1) and 2) is Lemma 4.2.2. The equivalence of 1) and 4) has
already been proved in Theorem 4.1.2.

Assume that condition 3) holds. Let R a non trivial relative invariant on Ox.
Let t; = R(X) and t2 be two distinct values taken by R. Define O; = {z €
Ox | R(z) = t;} for i = 1,2. Then O; and O3 are two G{-stable subsets of Ox
such that O; N Oy = 0. Hence Gj.X # Go.X. From Lemma 4.2.2 we obtain
that 3) = 2).

Conversely, let us assume that (P)y holds. Then from Lemma 4.2.2 we know
that the Go-orbit Ox splits into several G{j-orbits.

Suppose that one of these, say Gj.v, is open in Ox. Denote by Gg, be the
stabilizer of v in Gy and by Gy = Go, N G the stabilizer of v in Gf. Then
the subgroup Gf.Go, is open in Gq as the inverse image of G{.v under the
orbital map g — g.v. As Gp is connected we have Gy = G{.Go,. Then
Ox = Go.v = G{.Go,.v = G{.v and this is not possible as we should have
several G{-orbits in Ox. Hence if we assume that (P)y holds, there is no open
G{-orbits in Ox. In particular dim Ox — dim G{.X > 0. Therefore

dimOx —dimGj.X =dimGo—dim Gy, — dim G{.X
= dim Gy — dim Go,, — dim Gy + dim G,
= dim(Go/Gjp) — dim(Goy /Gy, )
=1- dim(Gox/G'OX) >0
This implies that dim(Goy /G, ) = 0 (hence at the Lie algebra level we have
goy = 00, ). Then det(m(Goy)) is a finite group. Therefore there exists p €
N* such that det?(m(Gp,)) = 1, but from assumption (H) we know that the
character g — det?(m(g)) is non trivial. Then the function R : Ox — C
defined by
Vg € Go , R(n(9)X) = det?(n(g))
is a non-trivial relative invariant on Ox, and this is condition 3).

0

Remark 4.2.4. Let us recall that a prehomogeneous vector space (G, V) is said
to be regular if there exists a relative invariant P such that the corresponding

Hessian matrix Hp is generically non degenerate (for the general theory of
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prehomogeneous vector space due to M. Sato see [11] or [10]). It is known that
for irreducible prehomogeneous vector spaces of parabolic type the regularity is
equivalent to the existence of a non-trivial relative invariant on the open orbit
and also to the existence of an associated sla-triple (see [10] (Corollaire 4.3.3.
p.134) or [9] (Corollaire 1)). But in the preceding Theorem the representation
does not need to be irreducible and there is no assumption of prehomogeneity.

It works for any representation of gj.

Corollary 4.2.5.

Consider the particular case where g = @éiﬁngi is a grading of a semi-simple
(finite dimensional) Lie algebra g (see example 3.3.3) such that the representa-
tion (go, g1) is irreducible. Then the representation (Go, g1) is prehomogeneous.
Denote by 2 its open orbit. Let x € g;.

If the prehomogeneous vector space is regular, then
T € gy.w = [g), 7] =1 ¢ Q (%)

If the prehomogeneous vector space is not reqular, then for each x € g1, we have
x € [gy,z]. Moreover except for the open orbit in the regular case, all Gy-orbits

are G{-orbits.

Proof.

Suppose that x € gj.z = [g(,z]. This means that property non(P), holds.
According to Theorem 4.2.3, this is equivalent to the fact that  does not belong
to an associated sly-triple. From [10] (Corollaire 4.3.3 p. 134), or from[9], the
only elements which belong to an associated sla-triple are those in the open
orbit in the regular case. This proves the two first assertions. If x € g; is not
an element of the open orbit in the regular case, then x does not belong to an
associated slp-triple, and therefore = € gj.z = [g(, ] (Theorem 4.2.3). Then,

from Lemma 4.2.2, we obtain Gfj.z = Gy.x. O]

Remark 4.2.6. The equivalence (x) in Corollary 4.2.5 was first proved in the
the particular case of so-called ”Heisenberg gradings” of a simple Lie-algebra
(over any field) by M. Slupinski and R. Stanton (see [12], Lemma 3.3 p. 164).
These gradings are special gradings of length 5. It is worth noticing that it is
also possible to prove (%) by combining results of V. Kac [5] (more specially
Lemma 1.1 p.193) and of the author ([10] or [9]).

Let g = @©}_,9; be the grading corresponding to an irreducible prehomoge-

neous vector space of parabolic type. It is easy to see that if there exists an
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associated sly-triple, then for x belonging to the open Gg-orbit Q C gi, the
map x — y (such that (y, Ho,z) is a sly-triple) is Gp-equivariant from € to
g-1 ~ gj. It is also known (see [10] Th. 4.3.2 p.132, or [9]) that if R is a
non trivial relative invariant on g;, then there exists a constant ¢ # 0 such

dR(zx)
that (¢

R(z)
propositions is to generalize these facts.

Hy, z) is an associated slo-triple. The purpose of the next two

Let X € g1 = V satisfying condition (P)x : X ¢ g(.X. Then any element z
belonging to the orbit Ox = G.X satisfies condition (P), and therefore belongs
to an associated slo-triple. Let T, = go.x = [go, x] denote the tangent space at
)J_

x to Ox. Using the canonical isomorphism 7} ~ V*/(T. any element of 77

can be considered as a class modulo (T})* in V* = g_.

Proposition 4.2.7.
Define, for x € Ox:

o(x) ={y € 9-1, (y, Ho, ) is a sly-triple}.
Then p(z) is a class modulo (Ty,)* in V* = g_1. Hence the map
v pla) € V(L) = T

is a section of the cotangent bundle T*(Ox).

Moreover this section is equivariant:
Vg € Go, ¢(m(g).x) =7"(g)e(z).

Proof.

Let yo € ¢(x) and let z € (T,)*. Then for u € go, we have By([z,x],u) =
—2([u,z]) = 0, as [u,x] € T,. Hence yo + (T,,)* C ¢(x).

Conversely let y € ¢(x). Then [y — yo, z] = 0, and therefore By([y — o, z],u) =
—(y —yo)([u,z]) = 0 for all u € go. Hence y € yo + (T)*.

Suppose that (y, Hy, x) is a sla-triple. Then for u € go:

Bo([7*(g)y, m(g)z],u) = —7"(g9)y(u.7(g)x)
—y(r(g~ ) (ur(9)z)) =—-y(Adg 'u).x)
= Bo([y, =], Adg_lu) = By(Hp, u).

*

(
Hence [1*(g)y,m(g9)x] = Hpy. Therefore 7*(g)y € ¢(n(g)x) or equivalently
m(g)p(x) C p(r(g)r) . As 7(9)(Te)" = (Tr(g)e))" and @(m(g)z) is a class
modulo (T},)*, we obtain 7*(g)¢(z) = ¢(m(g).2).
O
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Let X € V = g1 which belongs to an associated slo-triple. Then the orbit
Go.X = Ox has a non trivial relative invariant R by Theorem 4.2.3. The next
proposition shows how one can built an associated sla-triple containing x € Ox
from the knowledge of R.

For this we will now consider the ” logarithmic differential” (or ”gradlog”)

dR
of R given by ¢r(z) = R((::)) € T¥ as a class in V*/(T,)*. In particular
d
vr(x) = ]f((xx)) is a subset of V*.

Proposition 4.2.8.

Let (p, V) be a finite dimensional representation of a semi-simple Lie algebra
gy- Extend this representation to a fundamental triplet (go, Bo,p) satisfying
assumption (H), and let Gy be a connected reductive group whose Lie algebra
is go, on which the representation p lifts.

Suppose that the orbit Ox = Go.X has a non trivial relative invariant R
with character x. Let B be the extended form on gmin(I'(g0, Bo,V)) defined
in Proposition 3.5.2. Let x € Ox. Then, for any element y in the class pr(x),

B(Hy, H,
(z, Hy, —My) 1s an associated sly-triple. Therefore, in the notation of
dx(Ho) ( )
. B(Hy, Hy
Proposition 4.2.3, we have p(x) = —————— T
p 4 p(x) dx(Ho) wr(z)

Proof.
For A € gp and = € Ox, let us derive the identity R(w(exptA)z) = x(exptA)R(z)
with respect to t, at t = 0. We obtain

dR(z)dn(A)z = dR(z)p(A)x = dx(A)R(x).

We observe that B(y, [A, x]) does only depend on the class ¢r(z) of y. Therefore

the preceding equation can be written:

B(Cf(f)), p(A)z) = Blgr(a),[A,2]) = dy(A).

And as B is invariant we obtain:
VA € go, —B([¢r(®),z], A) = dx(A).

As B is non-degenerate and as dx(g;) = 0, [pr(z),z] is a fixed vector (as z
varies) orthogonal to gj,. Hence [pr(z),z] = cHy (c € C). If A = Hy, one
obtains —B([pr(x), ], Hy) = dx(Hp) # 0 (because x is non trivial). Therefore

—cB(Hy, Hp) = dx(Hp) and ¢ = _lm £0.
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B(Hy, H

Then (—MQOR(.%),H(), x) is an sly-triple (this means that for y in the
dx(Ho)
B(Hy, H

class of —C(i(O’H)O)goR(x) in V*/(T,)*, (y, Ho,x) is an associated sla-triple).
X410

0

Remark 4.2.9.

It is worth noticing that from the preceding result, the ”gradlog” section x —
dR(x)
R(x)

= ¢p(x) satisfies the same equivariance property as (:

er(m(9)z) = 7" (9)(¢r(2)).

5. LIE ALGEBRAS OF POLYNOMIAL TYPE AND DUAL PAIRS

5.1. Lie algebras of polynomial type.
In this section we will deal with a particular kind of minimal graded Lie algebras

of the form gmm(r(GO, BOa p))

Definition 5.1.1.

Let W be a finite dimensional vector space over C, and let gl(W') be the Lie
algebra of endomorphisms of W. For p € N*, let CP[W] be the vector space
of homogeneous polynomials of degree p on W. We set go = gl(W) and V =
CP[W]. For \ € C* we define the representation py of gl(W) on CP[W] by saying
that px,, ., 18 the natural representation of s[(W) on CP[W] and px(Idw) =
Aldcppy). Let By be a non degenerate bilinear symmetric form on gl(W). With
these notations, the Lie algebra of polynomial type p? (W, By) is defined by

PP (W, By, A) = gmin (L (gl(W), Bo, p))-

Remark 5.1.2.

1) Note that from Proposition 3.2.6, we have p?(W, By, A) ~ p?(W, uoBy, ﬁ)

2) Note from Lemma 3.5.1 and Proposition 3.5.2 that the form By extends
uniquely to a non-degenerate invariant form B on p?(W, By, A) such that B(g;, g;) =
Oifi+7#0.

3) Remember also that g_; = (CP[W])* ~ CP[W*]. Let Q € CP[W*]. Define a
differential operator Q(9) on W by setting:

QD)™ = Q(y)e™¥ forallz € W and y € W*.

(Here (z,y) denotes the value of the linear form y on x).
Then the isomorphism between CP[W*] and (CP[W])* sends @ on the linear
form P — Q(0)P(0) = Q(9)P.
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Proposition 5.1.3.

The only finite dimensional Lie algebras of polynomial type are:

1) sl,41(C) ~ p(C", By, 1), where Bo(U,V) =2(n + 1) tr(UV) — 2tr(U) tr(V)
(U, V € gl(C"™)), and where the grading of sl(n+1,C) is defined by the diagram:

o —@ - o —o—e o—0 An
0 O 0 0 O 0 1

(see Example 3.3.3 for the definition of the corresponding grading).
2) 0(2n+1,C) =~ p(C", By, 1), where By(U, V) = 4(n—1) tr(UV)+2 tr(U) tr(V),
(U,V € gl(C™)), and where the grading of 0(2n+1, C) is defined by the diagram:

o—o @ o—eo—e p
0O 0 0 0 0 1

3) sp(n,C) ~ p*(C", By, 1), where By(U, V) = 4(n+1) tr(UV)—32EL tx(U) tr(V),
(U,V € gl(C™)), and where the grading of sp(n,C) is defined by the diagram:

o—o @ —eo—=e (O
0O 0 0 0 0 1

4) Go ~ p3(C?, By, 1) where, up to a multiplicative constant, Bo(U, V) = 24tr(UV)—
8tr(U)tr(V) (U, V € gl(C?)) and where the grading of Gz is defined by the di-

agram:

«—= G
0 1 2

5) Go ~ p'(C2, By, 1) where, up to a multiplicative constant, Bo(U,V) = 8tr(UV )+
8tr(U)tr(V) (U,V € gl(C?)) and where the grading of Gy is defined by the di-

agram:

«—» G
1 0 2

(The isomorphisms occuring above are isomorphisms of graded quadratic graded

Lie algebras, the simple algebras being endowed with the Killing form.)

Proof.

As the representation p) is faithful, we know from Proposition 3.4.6 that if
dim(p? (W, By, A)) < 400, then p?(W, By, \) is semi-simple. Hence the grading
of dim(p? (W, By)) is defined by a weighted Dynkin diagram with weights equal
to 0 or 1, see Example 3.3.3. As the representation is irreducible there must
be only one 1 among the weights. Remember also from Example 3.3.3 that gj,
corresponds to the sub-diagram of roots of weight 0. As in our case g ~ sl,
(n = dim W), we are looking here for a connected Dynkin diagram whith n

vertices, where the subdiagram of vertices of weight 0 is of type A,,_1. Moreover,
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from Definition 5.1.1, the representation of sl, ~ A, 1 on g; must be one of
the natural representations of sl,, on the space of polynomials of a given degree
k on C™ or (C™)*. These representations have highest weight either kA; or
kAn—1, where A1 and \,_; are the fundamental weights corresponding to the
”end roots” of the Dynkin diagram A,_i. This implies that the removed root
is connected to one of the "end roots” of A,_;. Hence the weighted Dynkin

diagram of pP(W, By, A\) must be of the following type:
ap a2 Qp—1 Qp

where the boldface edge stands for one of the standard allowed edges (possibly
multiple) in a Dynkin diagram.

Let w be the fundamental weight for g{, corresponding to the root a,,_; in the
sub-diagram of type A,_1 (picture above). Denote by p the number of edges
between a1 and ;. Then the representation (g, g1) has lowest weight —pw
when ||ay|| > ||an—1]] and has lowest weiht —w when ||, || < ||apn—1]| (for the
general calculation of the lowest weight of (g(, V) from the Dynkin diagram
in prehomogeneous vector spaces of parabolic type we refer to [10] p. 135).
From the list of the Dynkin diagrams we obtain exactly the five cases in the
Proposition.

For each case we will prove that the fundamental triplets corresponding to
the graded simple algebra and to the given Lie algebra of polynomial type are
isomorphic. Then Theorem 3.5.4 implies that this isomorphism extends to a
graded isomorphism of the minimal algebras.

Let us first make some general computations. Let g = @i?:_kgi be a simple
graded Lie algebra, such that go ~ gl,, and such that (g(,g1) is isomorphic
to (sl,, CP[C"]), in the sense that there exists a Lie algebra isomorphism A :
sl, — go and a isomorphism v : CP[C"] — gy such that for U € sl,, P €
CP[C™], we have v(U.P) = [A(U),v(P)]. Of course this is the case for the
gradings defined by the diagrams occuring in the proposition.

Let us extend A to an isomorphism (still denoted A) from gl,, to go by setting
A(Id,,) = H where H is the grading element. We also impose that Id,, acts by
the identity on CP[C"]. Let Ky be the Killing form of g. Define a form By on
gl, by Bo(U,V) = K4(A(U),A(V)) (U, V € gl,). Of course U = U’" + Ald,,
V = V' 4 uld,, where U’, V' € sl,, and A = (0). = (V).

There exists a constant ¢ # 0 such that KZ% = chZ. Define also d =

Sk i%dimg,. Then:
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Bo(U,V) = Kg(A(U"), A(V')) + AuKy(A(ldn), A(Idy))

ey (A(U"), A(V")) + \uEy(H, H)

cKg,, (U, V') + 2X\ud

= 2ntr((U — ™14, (v — "001q,)) + 24 tr(U) tr(V)
(UV) + (24 — 2¢) tr(U) tx(V).

=c2ntr

The pair (A, 7) is an isomorphism between the fundamental triplets (gl,,, Bo, (p1, CP[C"]))
and (go, Kglgo’ g1). And this isomorphism extends to an isomorphism (in fact
an isomorphism of quadratic graded Lie algebras) between g and p(C™, By, 1).
It remains to compute the constants ¢ and d in our cases. For the classical cases
this can be done by using explicit realizations of the algebras and the expression
of the Killing form by means of the trace. For the two (G2 cases one can use a
root table.

The results are the following:

Case 1): Ky, () =2(n+1)tr, c= ntl g =n.

Case 2): Kyont1,0) = (2n — 1)tr, c = 2= d=n(2n-1).

Case 3): Kypnc) = (2n+2)tr, c =22 d = w

Case 4): ¢ =6,d =38.

Case b): ¢ =2, d = 24.

This leads to the given form By for the polynomial algebras.

Theorem 5.1.4.
Let dim W > 1. Then, except for the case p = 1, all graded Lie algebras of
polynomial type pP(W, By, ) are associated to an sla-triple.

Proof.

Remember from Theorem 4.1.2, that there exists an associated slo-triple if and
only if there exists X € V'\ {0} such that X ¢ g,.X. We identify W with C",
where n = dim W. Define P € CP[C"] by

Px)y=a)+ab+-- +ab.

By the natural representation, sl(n) acts on CP[C"] by the classical vector fields:

0
U= (ai,j) — Zai,jxi%.
i.j J
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If U.P = P, for some U € 5[(n):

E a”xl : E a”xl E )
1
az,jZUz a; ]xszk j,k

.5,k 0,5,k
-1
iy k
For p > 1, this implies that a;; = % fori =1,...,n, and then U cannot be in

s[(n). Therefore the Lie algebras of polynomial type p?(W, By, A) are associated
to an slo-triple for p > 1.

Suppose now p = 1. From Remark 4.1.3 b) it is enough to prove that for any
X € C"\ {0}, there exists U € sl(n) such that U.X = X. But as C" \ {0} is a
single orbit under the group SL(n,C), the map U —— U.X from sl(n) to C" is

surjective.

5.2. Prehomogeneous vector spaces and dual pairs.

In Theorem 5.1.4 we have shown that if n = dimW > 1 and p > 1, then
the polynomial X = af + --- + , is the nil-positive element of an s[(2)-triple
associated to the algebra p?(W, By, A). We will now show that, under some
assumptions, if W is the space of an irreducible regular prehomogeneous vector
space, and if P is the corresponding fundamental invariant, then if p = 9°(P),
the nil-positive element of an associated sl(2)-triple of p?(W, By, A) can also be
taken to be P.

Proposition 5.2.1.

Let W be a finite dimensional vector space over C. Let A C GL(W) be a
connected reductive algebraic group with a one dimensional center. Denote by
a its Lie algebra. Suppose that (A, W) is an irreducible reqular prehomogeneous
vector space. Let P be the corresponding fundamental invariant. We also make

the following assumption

a={Uegl(W)|3ueC,UP=uP}
or equivalently (5—-2-1)
o« = {U € gi(W)|UP =0}

Then, for any By, P is the nil-positive element of an associated sl(2)-triple in
p?°(P)(W, By, \) .

Proof.
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Let H = %Idw be the grading element of p?°(P) (W, By, ). Suppose that there
exists U € sl(W), such that U.P = P. Then we would have (H —U).P = 0.
Then from (5 —2— 1), we obtain that (H —U) € o’ and therefore H € ¢’ + U C
s[(W). This is not true. Then the proposition is a consequence of Theorem
4.1.2.

O

Remark 5.2.2.

Condition (5 — 2 — 1) is always satisfied if A is the structure group of a simple
Jordan algebra W over C. See [2], Chapter VIII, exercise 5 p. 160-161. This
case corresponds to the so-called prehomogeneous vector spaces of commutative
parabolic type (see [10], ch. 5 or [8]).

But it is also satisfied for many others prehomogeneous vector spaces.

Definition 5.2.3.
Let g be Lie algebra. A pair (g1,92) of Lie subalgebras of g is called a dual pair

if g1 is the centralizer of go in g and vice versa.

Let P* be the fundamental invariant of the dual prehomogeneous vector space
(A, W) (as (A, W) is regular, the dual representation has a non trivial relative

invariant). Of course P* is only defined up to a multiplicative constant.

Theorem 5.2.4.

The notations are as in Proposition 5.2.1, and we suppose X # 0 and that
condition (5 — 2 — 1) is satisfied.

Let b= Zoo(w,Bo\) (@) be the centralizer of a’ in pP(W, By, ).

1) One can choose P* such that (P*, Ho = 3 Idy, P) is an s1(2)-triple (associated
to the graded Lie algebra p?(W, By, \)). Then, if b is the Lie subalgebra of
pP (W, By, \) isomorphic to sl(2) generated by this triple, we have

b = b NT(p?(W, By, A))

2) Moreover (o, b) is a dual pair in p?(W, Bo, \).
Proof.
1) As b = Zwo(w,Bo,n) (@) and as o’ C gl(W) = go, we see that b is a graded
subalgebra of p? (W, By, A).
Hence

bNT(p?(W, By, A)) =bNg_1©&bNgo@bNgi.
But as W is irreducible under a, we obtain that

bNg =C.Pand bng_; = C.P*.



40 HUBERT RUBENTHALER
From the Schur Lemma we get also
bNgo={U € gl(W),[U,d'] =0} = C.Idy.

As [P*, P] € b go, we have [P*, P] = 41dy, 7 € C.
Suppose that [P*, P] = 0. Let B be the non-degenerate invariant bilinear form
which extends B (see section 3.4). Then

0 = B([P*, P],1dw) = B(P*,[P,1dw]) = —AB(P*, P) = —AP*(3)P(0)

But it is well known from the theory of prehomogeneous space that P*(9)P(0) #
0 (see for example the computation on p. 19 in [10]). Hence (/\%P*, %Idw, P)
is an s[(2)-triple and b = b N T (pP (W, By, ).

2) For the second assertion, we have just to prove that Zy w1 (b) C a'. As
b=0bnN ['(pP(W, By, A)), we have

2
Zyo(w,B0,) (8) € Zpo(w,80,3) (0) © Zpw (w30 ) (S 1dw) = gl(W).

Therefore Zy»(w,5,,x) (b) C Zgw)(P) = a’ (condition (5 —2 — 1)).

Example 5.2.5. The dual pair (o(n),sl(2))

Let O(n) be the orthogonal group over C of size n and let 0(n) be its Lie algebra.
Define A = C* x O(n) and W = C". The natural representation (A, W) is an
irreducible regular prehomogeneous vector space whose fundamental relative
invariant can be chosen to be the quadratic form P(x) = 23+ - -+x2. Condition
(5 —2—1) is satisfied as A is the structure group of the Jordan algebra C™
(cf. Remark 5.2.2). Consider the trace form on gl(n) defined by By(U,V) =
tr(UV). Then, in the preceding notations, the algebra p?(W,tr, —2) is the
ordinary symplectic algebra p(n,C) with the grading defined as follows (here
Sp(C) stands for the n X n symmetric matrices):

V* >~ CH(C")*] = Sp(C) ~g_1 = { 8) Y € 5,(C)}

glln) ~go = {

o A) (A€ gi(n))

V~CC~S,(C~g1 = {

S e

if) X € 5,(C)}

0 Id
Here the quadratic form P can be identified with the matrix (0 O”) €g1. In

this case, keeping the preceding notations, we obtain the dual pair (a’ ,E) where
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A 0 ~ 1d bld

o ={ ,A€o(n)} ~o(n),and whereb = b = { 42n " ],a,b,ce
0 A cd, —ald,

C}. This is the archetype of a dual pair in p(n,C) (see [3], p. 556).

Through our construction this pair appears to be associated to the prehomoge-

neous vector space (O(n) x C*,C").

Remark 5.2.6. In the notations of the preceding example, we could now take
(g0, 91) as the starting prehomogeneous space (a, W), and do the same construc-
tion as in Theorem 5.2.4. But then, as the degree of the fundamental relative

invariant (the determinant of the symmetric matrices) is of degree n, we are led

to the algebras p”(g[(n(”TH)), By, ) , which are of infinite dimension, according

to Proposition 5.1.3.
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