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GRADED LIE ALGEBRAS ASSOCIATED TO A
REPRESENTATION OF A QUADRATIC ALGEBRA

HUBERT RUBENTHALER

Preliminary version

ABSTRACT. Let (go, Bo) be a quadratic Lie algebra (i.e. a Lie alge-
bra go with a non degenerate symmetric invariant bilinear form
By) and let (p,V) be a finite dimensional representation of go. We
define on I'(go, Bo,V) = V* @ go ® V a structure of local Lie alge-
bra in the sense of Kac ([4]), where the bracket between go and V
(resp. V") is given by the representation p (resp. p*), and where
the bracket between V and V* depends on By and p. This im-
plies the existence of two Z-graded Lie algebras gmaz(I'(go, Bo,V))
and gmin(I'(go, Bo,V)) whose local part is I'(go, Bo,V). We inves-
tigate these graded Lie algebras, more specifically in the case
where go is reductive. Roughly speaking, the map (go, Bo,V) —
gmin(I'(g0, Bo, V)) a bijection between triplets and a class of graded
Lie algebras. We show that the existence of ”associated sl>-triples”
is equivalent to the existence of non trivial relative invariants on
some orbit, and we define the ”graded Lie algebras of symplectic

type” which give rise to some dual pairs.

AMS classification: 17B70(17B20)
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1. INTRODUCTION

In this paper all gradings are Z-gradings. If g = ®}__ g; is a grading of a
(finite dimensional) complex semi-simple Lie algebra, it is well known that if
B denotes the Killing form of g, then B(g;,g;) = 0 if ¢ + j # 0. This allows
us to identify g_; with the dual gj. Moreover as B is invariant the bracket
representation (go, g—1) can be identified with the dual representation (go, g7).
It is then a natural question to ask if any finite dimensional representation
(g0, p, V) of a finite dimensional Lie algebra gy can be embedded in a graded Lie
algebra g = @;° __g; such that (go, 81) =~ (g0, p, V) and (go, g-1) = (g0, p*, V"),
and such that the bracket between V and V* is non trivial.

The first result of this paper is to give a positive answer to this question for
any representation of a quadratic Lie algebra. A quadratic Lie algebra is a pair
(g0, Bo) where g is a Lie algebra and By a non-degenerate invariant symmetric
bilinear form on gg. Of course the definition of the bracket between V and V*

will depend on By and p.
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We will use a result of V. Kac ([4]) which asserts that in order to construct
a graded Lie algebra g = @®;czg; it suffices to construct the local part I' =
-1 go D g1, which has to be endowed with a partial Lie bracket (see section 2
for details). Therefore once we have build the partial bracket on the local part
I'(go, Bo,p) = V* @ go @V, the existence of the "global” Lie algebra is just an
application of a result of Kac. In fact Kac theory provides us with two such
graded Lie algebras: a maximal one (denoted here g4, (I'(go, Bo,p))) and a
minimal one (denoted gin(I'(g0, Bo, p))). Any graded Lie algebra with a given
local part is a quotient of the maximal algebra, and has a quotient isomorphic to

the minimal one. Of course, in general, these algebras are infinite dimensional.
Lets us now give a more precise description of the paper.

In section 2.1 we give a brief account of the results of Kac that we will use.

In section 2.2 we prove a general result concerning this construction. Let I' =
g_1® go @ g1 be a local Lie algebra and let g, (T') = @ °g; be the minimal
graded Lie algebra whith local part I'. Let [n| > 2. We show that there exists a
universal polynomial P, defined on the local part I" such that g, = {0} if and
only if the identity P, = 0 is satisfied on the local Lie algebra I'.

In section 3.1 we define the local Lie algebra structure on I'(gg, Bo,p) = V* @
go ® V (see Theorem 3.1.1) . In section 3.2 we give necessary and sufficient
conditions for the algebras I'(g§, BL, p1) and T'(g3, B2, p2) corresponding to two
fundamental data to be isomorphic. We also investigate the dependence of the
local structure on By and p and show that any isomorphism between the ”fun-
damental triplets” (gg, Bg, (p1, V1)) and (g3, B2, (p1, V2)) can be extended to an
isomorphism between I'(g3, By, p1) and T'(g3, B3, p2). In section 3.3 we apply
Kac Theorem to obtain the minimal and maximal Lie algebras associated to
the local Lie algebra I'(go, Bo,p) = V* @ go ® V. We also prove, that under
some conditions, the reductive graded Lie algebras are always minimal graded
Lie algebras (Proposition 3.3.3). Section 3.4 deals with another important no-
tion for graded Lie algebras due to Kac, namely the transitivity (see Definition
3.4.1). We give a necessary and sufficient condition for the local Lie alge-
bra I'(go, By, p) (or the minimal Lie algebra g,:n(I'(g0, Bo, p))) to be transitive
(Proposition 3.4.3). We also prove that if gg is reductive, then under some con-
ditions including the transitivity of I'(go, Bo, p)), the fact that g, (g0, Bo, p))
is finite dimensional implies that ginI' (g0, Bo,p)) is semi-simple (see Propo-
sition 3.4.6). In section 3.5 we show that the form By extends uniquely to

an invariant symmetric bilinear form B on g (I'(go, Bo, p)). Moreover if the
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local part is transitive then the form B is nondegenerate (Proposition 3.5.2).
This allows us to show that there exists a bijection between some equivalence
classes of fundamental triplets and the equivalence classes of transitive graded
Lie algebras endowed with a non-degenerate symmetric bilinear form B such
that B(gi,g;) = 0if i # —j (Theorem 3.5.5).

In section 4.1 we give a necessary and sufficient condition for the existence of
an sly-triple (Y, Hyp, X) where Y € V*, X € V and where Hj is the "grading
element” of the center of go defined by the condition p(Hyp)|, = 2Idy (see
Theorem 4.1.2). In section 4.2 we assume that the representation p lifts to a
representation of a connected algebraic group Gy with Lie algebra go. We prove
then that the existence of such an slo-triple is also equivalent to the existence of
a G-orbit in V supporting a non trivial rational relative invariant (see Theorem
42.3).

Section 5 is devoted to the so-called graded Lie algebras of symplectic type.
These algebras are defined in section 5.1 to be the minimal Lie algebras as-
sociated to go = gl(W) and to the "natural ” representation of s((W) = g
on the space V' = CP[W] of homogeneous polynomials of degree p on W (see
Definition 5.1.1). We classify the finite dimensional Lie algebras of symplectic
type (Proposition 5.1.3) and show that these algebras are always associated to
slp-triples in the sense of section 4 (Theorem 5.1.4). Finally, in section 5.2 we
show, under some assumptions, that if (A, W) is an irregular reductive regular
prehomogeneous vector space, then the semi-simple part a’ of the Lie algebra of
A is the member of a dual pair in the Lie algebras of symplectic type associated
to CP[W], where p is the degree of the fundamental relative invariant of (A, W)
(Theorem 5.2.4).

Acknowledgment: I would like to thank Michel Brion who communicated me
Lemma 4.2.2.

2. GRADED LIE ALGEBRAS AND LOCAL LIE ALGEBRAS

In this paper all the algebras are defined over the field C of complex numbers.

2.1. Maximal and minimal algebras.

Let us first recall various definitions and results from [4].

Definition 2.1.1.
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A Lie algebra g is said to be graded if:

1) g is a direct sum of subspaces: § = Bz 9i, such that dimg; < +oo and such
that [g:,9;] C @it for alli,j € 7Z.

2) g is generated by g—1 ® go D g1-

If g is a graded Lie algebra, the subspace I'(g) = g—1 @ go @ g1 is called the local
part of g.

Definition 2.1.2.
1) A local Lie algebra is a direct sum I' = g_1 @ go @ g1 of finite dimen-
sional subspaces such that if |i + j| < 1 there exists a bilinear anticommu-
tative operation g; X g; — gi+;((z,y) — [z,y]) such that the Jacobi identity
[z, [y, z]] = [[x,y], 2] + |y, [z, 2]] holds each time the three terms of the identity
are defined.
2) A symmetric bilinear form Br on a local Lie algebra T is said to be invariant
if the identity

Br([z,y], 2) = Br(z, [y, 2])
holds for x,y,z € I' each time that the brackets are defined.

Definition 2.1.3. Let g' = @,cz9) and 9> = @202 be two graded Lie alge-
bras. A homomorphism of graded Lie algebras from g* to g* is a map ¥ : g* —
g2 which is a homomorphism of Lie algebras such that ¥n € N, ¥(gl) C g2. Ho-

momorphisms of local Lie algebras are defined similarly.

Of course the local part I'(g) of a graded Lie algebra g, endowed with the
bracket of g is a local Lie algebra. A natural question is to know if, for a given
local Lie algebra I', there exists a graded Lie algebra whose local part is I'. The

answer is "yes”. More precisely we have:

Theorem 2.1.4. (Kac, [4], Proposition 4)

LetT'=g_1 ® go D g1 be a local Lie algebra.

1) There exists a unique graded Lie algebra gma.(T') whose local part is T' and
which satisfies the following universal property.

Any morphism of local Lie algebras T' — T'(g) from T into the local part T'(g) of
a graded Lie algebra g extends uniquely to a morphism of graded Lie algebras
Omaz (L) = 9. (And hence any graded Lie algebra whose local part is isomorphic

to ', is a quotient of gmaz(T")). Moreover we have

gmax(r) = F(g—l) Dgo D F(gl),

where F(g_1) (resp. F(g1)) is the free Lie algebra generated by g—1 (resp. g1).
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2) There exists a unique graded Lie algebra gmin(I") whose local part is T' and
which satisfies the following universal property.

Any surjective morphism of local Lie algebras T'(g) — T from the local part of
a graded Lie algebra g into T' extends uniquely to a (surjective) morphism of
graded Lie algebras ¢ — gmin(L). (And hence gmin(T') is a quotient of any
graded Lie algebra whose local part is isomorphic to I').

In fact gmaz (L) has a unique mazimal graded ideal Jpqp such that Jyee NT =
{0}7 and Imax (F)/Jmam - gmzn(r)

2.2. When is dim(g,,»(T)) < +o0?.

Let ' be a local Lie algebra. Consider the minimal graded Lie algebra g, (T")
associated to I". A natural question is to ask how one can see, only from the
knowledge of the local Lie algebra I', wether or not gy, (I") is finite dimensional.
For example suppose that I is already a (3-graded) Lie algebra, but we do not
know anything about the brackets between two elements of g1 or of g_1. Then

we have surely
Po(Y, X1, Xo) = [[Y, Xa], Xo] + [ X1, [V, X2]] =0 (2—-2-1)
for all Y € g1 and all Xy, Xs € g_1. This is because this element is equal to
Y, [X1,X2]] =0 (2—-2-2)

in gymin (). The first equation makes sense in I', but not the second. Conversely,
if the relation (2 — 2 — 1) holds in the local Lie algebra I', then T' = g, (") is
in fact a 3-graded Lie algebra.

We will show that there exists a ”universal” polynomial identity P, = 0 in
any local Lie algebra I which is a necessary and sufficient condition for having
gn = {0} (see Theorem 2.2.4 below).

Let us denote by V,, = {Y1,..., Y1, X1,..., X,,} a set of 2n — 1 variables. Let
F(V,) be the free Lie algebra on V,.

A Lie monomial of degree one in the variables V, is an element of V,,. By
induction a Lie monomial of degree k in the variables V), is an element of F'(V,)
of the form [u,v] where u is a Lie monomial of degree i (1 < i < k) and v is
a Lie monomial of degree kK —i . A Lie polynomial P in the variables V), is a

linear combination of monomials (in other words it is just an element of F'(V,,)).

Proposition 2.2.1.
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Let n > 2. The Lie monomial [Y1,[Ya,[..., [Yo—1,[X1,[- -+, [Xn—1, X0] .. ] s
equal (as elements of the free algebra F(V,)) to a Lie polynomial of the form

Pu(Y1, . Yoo1, X1, X ZU (Yo, Yoon, X, Xy)

where each monomial U, makes sense in the local Lie algebra I' when Y; €

g-1,i=1,....,n—1 and when X; € g1,7=1,...,n

Proof.

As we have already noticed we have
(Y1, [X7, Xo]] = Pa(Y1, X3, Xo]] = [[Y1, Xa], Xo]] + [X1, [V1, Xo]]

and the right hand side is defined in the local Lie algebra if Y7 € g_1, and
X1, X2 € g1.

Suppose now that the result is true for n — 1. We start with the monomial
Y1, Yo, [y [Yoo1, (X1, [0 [Xne1, X oo (2—-2-3)
Consider also the sub-monomial
Yoo1, [ X1, [+ [Xn—1, X0] - -]
Using the Jacobi identity we get

Yoo1, (X1, [ [Xn—1, Xn] - -]

== Zyzl[Xla [ ey [[Yn—17Xi]7 [Xi+17 [ ey [Xn—th] .. ]
Consider again the sub-monomial [[Y,,—1, X;], [Xit1,[. -+, [Xn-1,X4]...], and
set U; = [Yn—1,X;] (notice that if Y,,—1 € g_1, and X; € g;, then U; € go).

From the Jacobi identity we obtain
[[Ynfla XZ], [Xi+la [ cey [XTL*D Xn] < ]
= [Us, [ Xit1, [ -+ [Xn—1, Xn] ... ]
= ZZ:i—f—l[ i+1 [ [[UZ’ Xk] [ > [anl’ Xn] . ]

where 3(72 = [U;, Xi] = [[Yn—1, Xi], Xi] is again a monomial which makes sense
in I'. Hence we have obtained

Yoo1, [ X1, [ [Xno1, Xn] -] -

= > Y X (X [ [ X (X [ (X [ [Xnm1, X

and finally if we report in (2 — 2 — 3) we get
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Y3, [, s e (X0, o [, Xl

= Z ‘ V1, [Yo, o Yoo, [X0s oo (X, [Xign, [ X, [ (X1, X ]

But this last expression is a sum of monomials of type (2 —2 — 3) with one 7Y

and one " X” less and therefore

[Yla [Y27 [ L) [Yn—la [X17 [ R [Xn—laXn] . ]
n n

= Z Z Pn—l(Yla <o 7Yn—27X17' . 7Xi—1aXi+17' . 7X]i7' . 7Xn)
1=1 k=i+1

As 3(2 = [[Yn-1, Xi], Xx] we obtain by induction that each
Prno1(Yi, oo Yoo, X1, .o, Xio1, Xy, - - ,X,i, ..., Xp) is a sum of monomials
which make sense in I'if X; € g1 and Y € g1

U

Denote by grmaz(I') = Dicz(@maz ()i the grading in gyee(I'). Remember that
(gmam(r))z = g; for i = —1,0, 1

Lemma 2.2.2. Letn > 2. The polynomial identity Pp(Y1,...,Yn-1,X1,..., Xpn) =
0 is satisfied in I' for X; € g1 and Y; € g—1 if and only if the vector space

n—2

JVJLF = Z(ad 9—1)k(@i2n (gmax (F))Z)
k=0

is a graded ideal of @maz (L), contained in ®;>2(Gmaz(T))i

Proof.

Suppose that the identity P, (Y1,...,Yn-1,X1,...,Xy,) = 0 is satisfied in T
It is clear from the definition that J;I is stable under ad(®5°,(gmaz(T))i- It
remains to prove that ad Y (J;F) C J;F for Y € g_1. We have

Y, (ad g-1)* (©izn(Gmaz (T))i)] C (ad g-1)* T (Bizn (Gmaz (T))2)-

Therefore it is enough to show that

(ad g-1)" " (Bmaz ()0 = {0} (%)

From the definition of a graded Lie algebra, gnq.(I") is generated by its local
part I', and this implies that (gmae(I"))n is the space of linear combinations of
Lie monomials of the form [Xy,[Xo,...[X,—1,X,]...] with X; € g;. As the

ldentlty Pn(Yla s ,Yn71,X17 s aXn) = [Yi? [Yé? [ s [Ynfly [le [XQa [ .. [anlaXn] cee

holds in gyq.(T"), we obtain condition (x).
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Conversely suppose that J is a graded ideal of g,,q.(I"). Then the identity (x)
above holds. This implies that the identity P, (Y7,..., Y1, X1,...,X,) =01is
true.

O

Remark 2.2.3.
Of course, symmetrically, if the identity P, (X1,...,Xn-1,Y1,...,Y,) = 0 is
verified for any elements X; € g1 and Y; € g_1, then

n—2

Iy = Z(ad gl)k(@iﬁ—n (gmaaz (F))Z)
k=0

is a graded ideal of g4z (L), contained in ®i<_2(gmaz(I'))i

Theorem 2.2.4.

Let T be a local Lie algebra. Denote by gmin(I') = @icz(gmin(T)); the grading
n gmin(r)'

1) The following conditions are equivalent:

@) (min(T)); = {0} for i > n

b) The identity Pn(Y1,...,Yn-1,X1,...,Xp) = 0 holds in T, for all X; € T
and all Y; € I'_1.

2) The following conditions are equivalent:

@) (gmin(T)); = {0} fori < —n

b) The identity Pp(X1,...,Xn-1,Y1,...,Y,) = 0 holds in T, for all X; € T
and all Y; € I'_1.

3) dim g,in(T) < 400 if and only there exist m,n € Z such that the identities
P, Y1, X1y, X)) = 0 and Po(X1,..., Xn-1,Y1,...,Y,) = 0 hold
in I', for all X; € 'y and all Y; € T'_4.

Proof.

Lets us prove 1).

a) = b): if (gmin(I'))n = {0}, then [Xi,[...,[Xn-1,X,] = 0. And hence
Pu(Y1, .. Y1, X1, ., X)) = [Y1, [Yo, [ -, [Yoo1, [ X1, [+ -5 [ X1, Xn] = 0.

b) = a): suppose that the identity P, (Y1,...,Yn-1,X1,...,X,) = 0 holds in
. Let JI = Z;g(ad 0-1)%(Piz>nGmaz(T));) the ideal that we considered in

Lemma 2.2.2. Obviously J,;7 NT = {0} and @®;>n(gmaz(T)): C J,F

Let Jpae be the maximal graded ideal of g4, (I") which intersects I' trivially
(see Theorem 2.1.4). As ®i>n(0maz(D))i C JF C Jimaz, and as gmin(l) =
Omaz (L) /Imaz, we obtain that (g (L)); = {0} for i > n.

The proof of 2) is similar, using the ideal J, introduced in Remark 2.2.3.
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Assertion 3) is an immediate consequence of 1) and 2).

Example 2.2.5. A direct calculus shows that

P3(Y1, Y2, X1, X2, X3) = [[V1, [[Ya, Xu], Xo), X5] + [[[Y2, X1], Xal, [Y1, X3]]
+[[Y1, Xal, [[Y2, X1], Xs]] + [X2, [Y1, [[Y2, X2, X3]]]
+[[Y1, X1], [[Ya, Xol, X5]] + [ X1, [V1, [[Y2, X2], X5]]]
Y, [ 1]

+[[Y1, Xu], [ Xz, [Yo, X5]]] + [ X1, [V1, [ X2, [Y2, X5]]]].

X
X

3. LOCAL AND GRADED LIE ALGEBRAS ASSOCIATED TO (go, Bo, p)

3.1. The local Lie algebra I'(go, Bo, p).

Remind that a quadratic Lie algebra is a pair (go, Bp) where go is finite di-
mensional Lie algebra and where By is an invariant nondegenerate symmetric
bilinear form on gg. The most obvious examples of such algebras are the semi-
simple algebras (endowed with the Killing form), the commutative algebras
(endowed with any symmetric nondegenerate bilinear form) or more generally
the reductive Lie algebras. But there exist more sophisticated examples. In
general a quadratic Lie algebra, which is not a direct sum of two orthogonal
ideals, is shown to be obtained by a finite number of so-called double extensions
by either a simple Lie algebra or a one dimensional Lie algebra. For details see
[7].

Let (go, Bo) be a quadratic Lie algebra. Let (p,V) be a finite dimensional
representation of go. Let (p*,V*) be the contragredient representation. We
will often just denote these modules by (go,V) and (gg, V™). Similarly, for
Ue€gyX eV,Y eV* we will often write U.X and U.Y instead of p(U)X and
p*(U)Y. Put g_; = V* and g; = V. Define also

I'(go,Bo,p) =9-1 @ go® g1 =V @ god V.

Our aim is now to define a structure of local Lie algebra on I'(gg, By, p), such
that for U € go, X € g1,Y € g_1, we have [U, X] =U.X and [U, Y] =U.Y.

Theorem 3.1.1.
Let (go, Bo) be a a quadratic Lie algebra go and let (p, V') be a finite dimensional

representation of go. As before we set:
I'(go, Bo.p) =g-1© 00001 =V Sgod V.

For U € go, X € g1,Y € g_1 define an anticommutative bracket by
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) [U,X]=UX, [U,Y]=UY
b) The element [X,Y] is the unique element of gy such that for all U € gq the
following identity holds:

Bo([X,Y],U) =Y (U.X) = —(UY)(X).

(The last equality is just the definition of the contragredient representation).

The preceding bracket defines a structure of a local Lie algebra on I'(go, Bo, p).

Proof. We must prove that the Jacobi identity is verified each times the brackets
make sense. This means that we have to prove the following identities.
a) VUL U € go, VX € g1, [X, [Uy,Us]] = [[X,U1],Us] + [Uy, [X, Us]].
B) VUL, Us € go, VY € g1, [Y,[U1,Us]] = [[Y,U1],Us] + [Un, [Y, Us]].
NVX g, VY €g-1,VZ € g0, [£,[X, Y]] = [[Z, X], Y]+ [X,[2,Y]].
We have:
[X, U1, Us]] = —[[U1,Us], X] = —[U1,Us). X = =U;.(U2.X) + Us.(Uy.X).
On the other hand we have:
[X,U4],Us] = [Us, U1, X]] = Us.(U1.X) and [Uy, [X,Us]] = —[Uy,[Us2, X]] =
—U;.(Uy.X). This proves «). The proof of the identity J3) is similar.
Let us now consider the identity v). We set L = [Z,[X,Y]], R1 = [[Z, X],Y],
Ry = [X,[Z,Y]], and R = Ry + Ry. As L, Ry, R2, R € gg, in order to prove =)
it will be enough to show that for all U € go, we have Bo(L,U) = By(R,U).
Using the invariance of By and definition b) we get:
By(L,U) = Bo([Z,[X,Y]],U) = —=Bo([[X, Y], Z],U) = —Bo([X,Y],[Z,U])
=-Y([Z,U].X)
=-Y(Z(UX)-U.(Z.X)).
On the other hand, using again definition b), we have also:
Bo(R1,U) = Bo([[Z, X}, Y],U) = Y (U.[Z, X)) = Y (U.(Z.X))
and By(Re,U) = Bo([X,[Z,Y],U)=[2,Y](UX)=2YUX)=-Y(Z(UX)).
Hence By(R,U) =Y (U.(Z.X) — Z.(U.X)) = Bo(L,U).
O

Hence we have associated a local Lie algebra to the data go, By, (p, V).
Notation 3.1.2. For convenience we will sometimes denote this local algebra

by T'(go, Bo, V) instead of T'(go, Bo, p)-

3.2. Isomorphisms of the local parts and dependence on (By, p).

We will first determine necessary and sufficient conditions on the data (gg, Bé, 0i)

(1 = 1,2) for the corresponding local Lie algebras to be isomorphic.
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Let W : T'(gd, B}, p1) — (g3, B2, p2) be an graded isomorphism between the
two underlying vector spaces. Set A = \If‘gé : g(l) — g%, v = \I’|V1 Vi — Vs
and 7 = \I’|V1* : V¥ — V5. With these notations we will set U = (7, 4,7).
Our aim is to determine under which conditions on 7, A, 7, the map V¥ is an
isomorphism of local Lie algebras. An obvious condition is of course that A is

an isomorphism of Lie algebras.

Proposition 3.2.1.
Let v : Vi* — V5 and v : Vi — Vi be two isomorphisms of vector spaces and
let A: g} — g3 be an isomorphism of Lie algebras. Then

U = (3,4,7) : T(gg, By, ;1) — (g5, By, p2)
1 an isomorphism of local Lie algebras if and only the following three conditions
hold (for all U € g(l],Xl eV, Y1 € Vi)
1) p2(A(U1)) oy =70 p1(Uh),
2) p5(A(UL)) 07 =70 pi(Uh),
3) Bi(A([X1,Y1]), A(U1)) = B§([" o v(X1), V1], Un).

Proof.
U = (7, A,7) is an isomorphism if and only if the following three conditions
hold for all U7 € gé,Xl eVi,Y1 e V[

1) y([Ur, Xa]) = [A(U1), v(X1)],

2) 3([Ur,11]) = [A(Uh),7(Y1)],

3) A([Xy, Y] = [v(X1), 7 ()]
But from the definition of the brackets in T'(g}, Bi, p1) and I'(g2, B, p2), con-
ditions 1’) and 2’) are equivalent to conditions 1) and 2) respectively.
Consider now condition 3'). Again from the définition of the brackets it is

equivalent to

Bi(A(X1,11]),U2) = B3 ([v(X1),7(11)], U2)
for all X; € V4,7 € Vl ,Usg € go Set Uy = (Ul) Then
BF(A(X1, 1)), A(Uh)) = B3([v(X1),7(Y1)], A(U7))
=7 (Y1)(p2(AU1))(v(X1))) = Y1("F 0 p2(A(U1)) 0 v(X1))
But from condition 2) it is easily seen that
5o pa(A(UL)) = pr(Ur) o' 5 (*)
Therefore

B§(A(X1,Y1]), A(U)) = Yi(p1(Ur) o' 3 0 y(X1)) = By(['5 o v(X1), Y1], Uh),
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which is condition 3).
Conversely suppose that ¥ = (7, A, ) satisfies conditions 1), 2) and 3). Obvi-
ously 1) & 1) and 2) < 2/). It remains to prove that 3’) holds.
We have then:
Bi(['F o y(X1), V1], U1) = Yi(pr (Un)(* 0 ¥(X1)))
= Y1("Yp2(A(U1)v(X1))) (from (¥))
= 7(Y1)(p2(A(U1)v(X1))
= B ([v(X1),7(11)], A(Uh)).

And as 3) holds, we obtain that, for all X; € V1,Y; € Vi*,U; € g(l), we have:
Bi(A([X1, 1)), A(Uh)) = BF([v(X1), 7 (Y1)), A(UL)).

Therefore we obtain condition 3'): A([X1,Y1] = [v(X1),7(Y1)].
U

Now we give a specific criterion in the case where the representation p; is

irreducible.

Proposition 3.2.2.

Suppose that the representation (g(l],pl, Vi) is irreducible.

Let v : Vi* — V' and v : Vi — Vi be two isomorphisms of vector spaces and
let A: gy — g3 be an isomorphism of Lie algebras. Then

U = (3,4,7) : T(g¢, BS, p1) — T(g5, Bg. p2)

1 an isomorphism of local Lie algebras if and only the following two conditions
hold (for all U € gé,Xl eV, Y1 € V)

1) pa(A(U1)) 0y = v 0 p1(U),
2) There ezists c € C* such that:

a) y=c'(y )
b) BF(A([X1,Y1]), A(Ur) = eB([X1,Y1],Uh).

Proof. We have already remarked that if ¥ = (7, A,) is an isomorphism of
local Lie algebras, then condition 1) and the identity

p5(A(U1)) oy =70 pi(Uh)

hold (this is just condition 2) in Proposition 3.2.1), and this again implies that

5o pa(A(UL)) = p1(Ur) o' 5

Composing on the right by ~ one gets:

50 pa(A(Ur)) oy = p1(Ur) o' o .
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Now, using condition 1) we obtain

5oy 0 pi(Ur) = pr(Ur) o' F o,

and hence t¥ o v is an intertwining operator for the irreducible representation
p1. By Schur’s lemma we obtain now ¢y o~y = cldy,, with ¢ € C*. As ty and
~ are invertible, this is condition 2)a). From Proposition 3.2.1, we have also
B3(A([X1,Y1]), A(Uy) = BY(['30v(X1),Y1],Uy), and hence we obtain condition
2)b), namely

Bi(A([X1,Y1)), A(U1) = eBy([X1, Y1), Uh).

Conversely suppose that conditions 1) and 2) hold. Let us start with condition

1) multiplied by the constant —c:

—cp2(A(Ur)) oy = —ey o pi(Ur).

1

Multiplying left and right by v7* we get

—ey o pa(A(UL) = —p1(Ur) o ey
And hence
—'pa(A(th)) o (v 1) = (v 1) o =1 (Un),

which gives, using condition 2)a)

p3(A(U1)) oy =7 0 pi(U1).

This is condition 2) in Proposition 3.2.1.
Condition 2)b), namely B3(A([X1,Y1]), A(U1) = ¢Bi([X1,Y1],Ur), can be writ-

ten by using condition 2)a) as
Bg(A([Xl’ Yl])a A(Ul)) = Bé([ta © V(Xl)a Yi]a Ul)’

which is condition 3) in Proposition 3.2.1. Therefore ¥ is an isomorphism of
the corresponding local Lie algebras.

O

Definition 3.2.3.

We call the triplet (go, Bo, (p,V')) a fundamental triplet. It consists of the fol-
lowing ingredients:

a) a quadratic Lie algebra (go, Bo)

b) a finite dimensional representation (p,V') of go on the space V.

In order to simplify the notation, we will will sometimes denote the triplet by
(g0, Bo, p) or (go, Bo, V).
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Definition 3.2.4.
Let (g, B, p1) and (g3, B3, p2) be two fundamental triplets. Let A € Hom(gg, g2)
is a isomorphism of Lie algebras and let v € Hom(Vy, Vo) be an isomorphism
of vector spaces. We say that the pair (A,~) is an isomorphism of fundamental
triplets if
a)

YU, YV € g4, B{(A(U),A(V)) = Bj(U,V)

b)
VU € gg, p2(AU)) oy =7yop(U)

Remark 3.2.5. In the definition above, condition a) coincides with the notion
of isometric isomorphism, or i-isomorphism of quadratic Lie algebras introduced

in [1]. This notion of i-isomorphism was already implicit in [7].

Theorem 3.2.6.

Any isomorphism of fundamental triplets
(A,7) : (80, By, p1) — (90, B3, p2)
extends to an isomorphism of local Lie algebras
Uanq) : T80, By p1) — T(g5, Bg, p2)-

Moreover, if the space (p1(g)-V1) generated by the vectors p1 (U)X (X € V1,U €

g(l]) is equal to V1, then the preceding extension is unique.

Proof.
Note first that condition @) in Definition 3.2.4 is exactly condition 1) in Propo-

1

sition 3.2.1. Define 7 : Vj* — V5 by 7 =%~ where ! stands for the transposed

map. Then it is easy to check that
VU € g5, p3(A(U)) 07 =70 pi(U)

and this is exactly condition 2) in Proposition 3.2.1.

As Yoy = Idlvl’ condition b) in Definition 3.2.4 is exactly condition 3) in
Proposition 3.2.1. This Proposition implies then that ¥ 4 ) = (7, A4,7) is an
isomorphism of the corresponding local Lie algebras.

It remains to prove the uniqueness of the extension under the condition (p1 (g3).V1) =
Vi . But if

\II : P(gé7Bé7V1) — P(gg7Bga ‘/2)
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is an isomorphism of local Lie algebras such that Y, = A, \IJ‘VI = ~ and
V). =7: V' — V5, then for X; € V1, 11 € V7', A([X1, 1)) = [y(X1), 7 (Y1)
Therefore

Bi(A([X1,11]), Us) = B3 ([v(X1),7(Y1)], Ua),
for all U € gg, XieVv, g e Vl*' Then for Uy = A(Ul), U, € Vq,

B§(A([X1,11]), A(Uh)) = B;([X1,Y1],Uy) = Yi(p1(U1)X1)
= B ([y(X1),7(Y)], A(U1))  =7(Y1)(p2(A(U1)) o v(X1)) =Y ('3 0 p2(A(U1)) 0 y(X1))
=Y1("y oy o p1(U1)X1)

Then from Y7 (p1(U1)X1) = Y1(*5 0y 0 p1(U1)X1), we obtain that ‘3 o« is the
identity on the space (p1(g3).V1) = V1. Therefore 7 = 41,

O

Notation 3.2.7. The local Lie algebra I'(go, By, p) described in Theorem 3.1.1
depends on By and on p (see Proposition 3.2.8, Proposition 3.2.9 and Ezample
3.3.7 below). If necessary, we will denote by [, |, or [, |B,,p the bracket in

P(907 BOa p)

We will now investigate the dependance of the local Lie algebra I'(go, Bo, p) ,
under a change of the invariant form By on go. We make the following assump-
tions:

There exist quadratic Lie algebras (L;, By;) ¢ = 1,...,k such that
—go=1L1® Ly ®---® Ly (direct sum of ideals)

— the invariant bilinear form By on g is given by By = By,1 © B2 @ - - - © By .
Then for A = (A, ..., \x) € (C*)F we set

AN.By = )\130,1 b---D )\kBO,k

and for u =uy + -+ up € go (u; € L;) we set

Au = Auy + -+ Apug.

Proposition 3.2.8.
1) Using the preceding notations, we have for X € V.= g1 and for Y € V* =
g-1
MNX,Y]xB, = [X,Y]B,
2) For pu € C*, the local Lie algebras T'(go, Bo, p) and T'(go, uBo,p) attached

respectively to By and pBy are isomorphic (here uBy stands for the ordinary

scalar multiplication).
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Proof.

1) From the definition [X, Y]\ p, is the unique element in g such that
ABo([X,Y]xB,,U) =Y (UX) for any U € go. It is easy to see that from the def-
initions we have \.By([X,Y]|r.B,,U) = Bo(A.[X, Y] By, U). Hence A\.[X, Y]\ B, =
(X, Y]BO’

2) Choose a square root /i of p. Define ¢, : I'(go, Bo, p) — I'(go, nBo, p) by

VX €V, 0u(X) = X, VY € V¥, 0,(Y) = aY, YU € go, 0, (U) = U.

A direct computation or the use of the criterion of Proposition 3.2.1 shows
easily that ¢, is an isomorphism of local Lie algebras.
O

We will also investigate the modification of the bracket in I'(gg, By, p) under a
slight change of p.

Suppose that gg = Z& L is a quadratic Lie algebra where Z is a central ideal and
L is an ideal. For v € C* we denote by ~vyop the representation of gy on V' given
by yop(z +u) = vp(z) + p(u), for z € Zand u € L. f U = z4u € go, and if we
set yoU = vz + u, we have yop(U) = p(yoU). If By = By z + By, where By z
and By, are forms on Z and L respectively, we define yoBy = 7By, z + Bo, .-
Of course in the notations of Proposition 3.2.8 yoBy = (v,1).By and yoU =
(v,1).U

The next proposition indicates the dependance of the local Lie algebra I'(go, Bo, p)
if we change p into yop.

Proposition 3.2.9.
1) Let us denote by [, |B,,p the bracket on I'(go, Bo, V') given by Theorem 3.1.1.

Then, using the notations defined above, we have:
[X7 Y]BO,’YDP = ’YD[X7 Y]Bo,p

[U, X]Bynmp = v00(U)X, [U,Y]Byq0p = —y0p" (U)Y
2) Suppose that \, u, o, 5 € C* verify the condition “72 = %2 Then the local Lie
algebras T'(go, AoBy, pop) and T'(go, anBy, fop) are isomorphic. In particular
I'(go, AoBy, p) and T'(go, Bo, %Dp) are isomorphic.

Proof.

1) The element [X,Y]p, 0, is by definition the unique element of gy such
that, for all U € go, Bo([X,Y]Byyop,U) = Y(y0p(U)X) = Y(p(yoU)X) =
Bo([X,Y|By,p,v0U) = Bo(v0[X,Y]By,p, U). Hence [ X, Y]y 0, = v0[X, Y]By p-
The other two identities are just the definitions of [U, X|p 0, and [U,Y]|Byop-



18 HUBERT RUBENTHALER

2) Define ¢ : I'(go, AoBo, pap) — I'(go, anBo, Bop) by
@(U) = 5oU, for all U € go
p(X)=Xforall X e V

eY)=Y forall Y € V*
Again a direct computation or the criterion of Proposition 3.2.1 shows that ¢

is an isomorphism of local Lie algebras.
O

Remark 3.2.10. (inverse isomorphism)

Let (go, Bo) be a quadratic Lie algebra. Consider a finite dimensional represen-
tation (p,V) of go. Set gf = g3 = g0, 01 =V, gt =V, g =V* g*, = V.
Hence T'(g}, Bo,p) = V* @ g5 ® V and T'(g, By, p*) =V @ g3 ® V*. The map

¢ : T'(go, Bo, p) — I'(g0, Bo, p*)

defined by 0(U) = U for all U € g} = g3 = g0, 0(X) = X forall X € gi =V
and 0(Y) =Y for all Y € g3 = V*, is a non graded isomorphism of local Lie
algebras (it sends gi onto g?; and g'; onto g?). Of course the isomorphism
0 extends uniquely to an non graded isomorphism, still denoted 6, between
Imaz(L'(80, Bo, p)) and gmaz(L'(g0, Bo, p*)).

3.3. Graded Lie algebras with local part I'(gg, By, p).

Let us now translate the result of Kac (Theorem 2.1.4) in the context of Theo-

rem 3.1.1:

Theorem 3.3.1.

Let (go, Bo, p) be a fundamental triplet. Let T'(go, Bo, p) be the local Lie algebra
constructed in Theorem 3.1.1.

1) There exists a unique graded Lie algebra gma.(T'(go, Bo, p)) whose local part
is T'(go, Bo, p) and which satisfies the following universal property.

Any morphism of local Lie algebras T'(go, Bo, p) — I'(g) from T'(go, Bo, p) into
the local part T'(g) of a graded Lie algebra g extends uniquely to a morphism of
graded Lie algebras gmax(T(g0, Bo,p)) — 8. (And hence any graded Lie algebra
whose local part is isomorphic to I'(go, Bo, p), is a quotient of §maz(T'(80, Bo, p))).

Moreover we have

gmax(r(g(]a BO’p)) = F(V*) DgoD F(V)a

where F'(V*) (resp. F(V')) is the free Lie algebra generated by V* (resp. V).
2) There ezists a unique graded Lie algebra gmin (I (g0, Bo, p)) whose local part
is T'(go, Bo, p) and which satisfies the following universal property.
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Any surjective morphism of local Lie algebras T'(g) — T'(go, Bo, p) from the
local part of a graded Lie algebra g into I'(go, Bo, p) extends uniquely to a
(surjective) morphism of graded Lie algebras § — @min (T (g0, Bo,p)). (And
hence gmin(T(go, Bo, p)) is a quotient of any graded Lie algebra whose local part
is isomorphic to I'(go, Bo, p))-

Remark 3.3.2. Let (go, Bp) be a quadratic Lie algebra. Suppose that gy =

g(l] ® g% is an orthogonal decomposition into ideals. Define Bé = BO‘ L and
90X 9p

Bg = BO‘QQXQQ‘ Suppose also that the representation (g, p, V) is a direct sum
0 0

(9093, p1®pa, Vi®Va). Then from the definitions we obtain that I'(go, Bo, V) =
[(gd, BS, Vi) @ I'(g2, B2, V4), and therefore

gmax(F(QOa BO, P)) = gmax(r(gtl)’ Bol’ pl)) EB gmar(r(g%’ Bg’ p2))
and

As an example let us show that graded reductive (finite dimensional) Lie alge-

bras are always minimal graded Lie algebras.

Proposition 3.3.3.

Let g be a reductive (finite dimensional ) Lie algebra. Suppose that we are
giwen a Z-grading g = & _, g; such that g is generated by its local part T'(g) =
g-1DgoD g1 (in other words g is a graded Lie algebra in the sense of Definition
2.1.1). Let Bry) be a nondegenerate invariant symmetric bilinear form on
I'(g) such that Brg)(9:,9;) = 0 when [i + j| # 0. Then, using Br, the
contragredient representation (go,g;) can be identified with (go,9-1). If Bo
denotes the restriction of Brg) to go, then we have:

g= gmin(r(g)) = gmin(F(QOa BOa 91))

Proof.
From the definition we can identify g7 with g1 by using Br(g). Then for U € go,
Y € g—1 and X € g; we have, from the invariance of Bp(g):

Brg)(U.Y, X) = = Br) (Y, [U, X]) = Br)([U,Y], X)

and hence [U,Y] = U.Y (here U.Y stands for the contragredient action of U € gg
on g1 =~ g7).

Similarly, we have also:

By([X,Y].U) = BF(g)([X7 Y].U) = BF(g)(Y7 U, X]) =Y(U.X).
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Hence the original bracket in I'(g) is the bracket constructed in Theorem 3.1.1.
Therefore gmin(I'(g)) ~ gmin(I'(g0, Bo, 91))-
From the universal property of g,,i»(I'(g)) there exists a graded ideal I C g
such that g/I ~ gin(I'(g)). As g is reductive there exists an ideal U C g such
that g = U @ I. Hence U =~ g;in(I'(g)). But then the local part of U is I'(g),
and this contradicts the fact that g is generated by I'(g) unless I = {0}.

U

Remark 3.3.4.

It must be noticed that if g = @} _ g; is an arbitrary Z-grading of a semi-
simple Lie algebra g then g is in general not generated by its local part, and
is therefore not a graded Lie algebra in the sense of Definition 2.1.1. Let us
explain this briefly. It is well known that there exists always a grading element,
that is an element H € g such that g; = {X € g|[H, X] = iX}. Let h be Cartan
subalgebra of gy (which is also a Cartan subalgebra of g), containing H. Let W
be a set of simple roots of the root system (g, ) such that «(H) € N (such a
set of simple roots always exists). Hence we have associated a ”weighted Dynkin
diagram” to a grading . The subdiagram of roots of weight 0 corresponds to
the semi-simple part of the Levi subalgebra go. But if the weighted Dynkin
diagram has weights equal to 1 and to n > 1, then it is easy to see that g

cannot be generated by the local part g_1 @ go & g1.

Example 3.3.5. (Prehomogeneous vector spaces of parabolic type)
Let g be a semi-simple complex Lie algebra. Let h be Cartan subalgebra.
Denote as before by (g, h) the set of roots of the pair (g,h). Let ¥ be a set
of simple roots for (g,h). Let # C ¥ be a subset and let < 6 > denote the
subset of roots which are linear combinations of elements of 8. Let gg = Iy
be the Levi subalgebra corresponding to 6. That is go = h @ (Dac<p>9%)
where g® is the root space corresponding to a. Let Hy be the unique element
in b such that a(Hp) = 0 if « € € and a(Hp) = 1 if @« € ¥\ 6. Define then
g; ={X € g|[Ho, X] = iX} (this definition of gg is coherent with the preceding
one). One obtains this way a grading g &, g;. The representations (go, g1)
are prehomogeneous vector spaces called prehomogeneous spaces of parabolic
type. It is easy to see that they correspond to gradings whose weights in the
sense of the the preceding Remark are only 0 and 1. From Proposition 3.3.3
we obtain that in this case g = gmin(I'(g0, Bo, 1)) where By is the restriction
of the Kiling form of g to go.

Example 3.3.6. (Principal gradings of symmetrizable Lie algebras)
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We adopt here the same definitions and notations as in [6]. Let A = (a; ;) be
a n X n matrix with complex coefficients. Let (h,II,II) be a realization of A.
The Lie algebra g(A) is the Lie algebra with generators b, ¢;, f; (i =1,...,n)

and the relations:
leis fi] = 0i i, [hyei] = ai(h)es, [, fi] = —ai(h)fi [h,h'] =0, (h,h' €B).

Then the Lie algebra g(A) is defined by g(A)/v where v is the maximal ideal
intersecting b trivially. Then g(A) = @,c;, 9; where g; = @ht(a):i go (if @ =
S micy, ht(a) = Y. m;). This is the principal grading of g(A). We have
g1 = & ,Cfi, g0 = b, g1 = @ Ce;, and it is easy to see that g(A) =
Imin(T'(A)) where T'(A) = g1 ® go D ¢1-

We suppose further that the matrix A is symmetrizable. This means that
there exist a symmetric matrix B = (b; ;) and an invertible diagonal matrix
D = diag(ey,...,€e,) such that A = DB. The Lie algebra is then called a
symmetrizable Lie Algebra. Then, according to Theorem 2.2. of [6], there
exists a non-degenerate invariant symmetric bilinear form (.,.) on g(A) such
that the restriction of this form to b is non-degenerate and (g;,g;) = 0 if
i+j # 0. Therefore g_; can be identified to g and the representation (go, g—1)
is the contragredient representation of (go, g1). Let p denote the representation
(g0, 01) and let By be the restriction of the form (.,.) to go = h. Then, in the

notations of section 3.3 we have

9(A) = gmin(L'(90, Bo, p))-

Example 3.3.7. We will now examine the case of sly, (C) which will be consid-
ered both as a graded Lie algebra and a local Lie algebra. This will show that
the local Lie algebras I'(gg, By, p) and the corresponding minimal Lie algebra
9min (L' (g0, Bo, p)) depend strongly on the choice of By.

Consider first the classical 3-grading of sly,(C) defined by:

g =V = { 3 8>,Y€Mn(<€)}
g = { 1(4)1 ;) LA, B € M,(C), Tr(A+ B) =0}
a=V = { 8 )0(> , X € M,(C)}
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We will use the letter U for elements in gy and the letters X,Y for elements

in g1 and g_; respectively. And in order to simplify notations we will set

X
X = 0 and Y = 0 0.
0 0 Y 0

As an invariant form on sls, (C) we will take B(«, 8) = Tr(af), (a, B € sl2,(C)).
This is just a multiple of the Killing form. Let us call By the restriction of B

to go. The form By is of course nondegenerate. The representation (go, p, V) is

A 0
defined by the bracket. Therefore if U = (0 gl e have p(U)X = [U, X] =

AX — XB
(8 0 )zAX—XB.

If we consider sly,(C) as the local Lie algebra I'(go, Bo, p) we now from Propo-
sition 3.3.3 that gin(T'(g0, Bo,p)) = sla,(C).
Next we will modify the form By in the following manner. Let A = (A1, \2) €

A A’
(C*)Q and set Bé‘( <0 g) , <0 ;3/)) = MTr(AA")+XoTr(BB') (remember

was o () 0). (3 )= rrias) v onem)

We will decompose the form BS‘ according to the decomposition of gg into ideals.

Obviously

go=CHyDa; ®ag (%)

Id, O A0
where Hy = < > and where a; = {( 0) ,A € s1,(C)} and ag =

0 -Id, 0
0 0
,B e sl,(C)}.
{(O B) ©}
The decomposition of [Y, X]|p, according to (x) is as follows:
Id, O
Y, X]p, = —1Tr(YX) 1

N —XY +1iTr(YX)Id, 0 N 0 0
0 0 0 YX—1iTr(YX)ld,

An easy computation shows that Bé‘ = %Bo\w + )\130‘ ) + )\QBO‘ , (hence
0 a a

the form B is nondegenerate if and only if Ay # 0,\a # 0,A\; + Ay # 0).

Therefore B} = p.By, where i = (AIJQFAQ,)\l,)\g) (and with the definition of

u.By given just before Proposition 3.2.8). From Proposition 3.2.8 we obtain

that
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Id 0
2 n
Y. X]py = —aon [r(YX) ( 0 —Idn>
N (XY + L1Tr(Y X)1d,) 0
0 (VX — +Tr(Y X)Id,)
—1 A2—A
= (TlXY Fanin T Ol A 2 ) (%)
1 —
0 BY X + it Tr (Y X)Id,

Suppose now that the local Lie algebras I'(go, Bo, p) and I'(go, By, p) are iso-
morphic. Then as I'(go, Bo, p) = @min(I'(80, Bo, p)) = sla,(C), we should have
that gmin(L(g0, B, p)) = 5o, (C), and hence for Y € V* and X, X' € V we
have [Y, [X, X'] Bé] B = 0 And then from the Jacobi identity the following
identity should hold in T'(go, By, p):

Y, X5y, X' gy + X, [V, X' gal gy = 0 (3 )
(This is just the identity Py = 0 seen in section 2.2).

A calculation, using (xx) shows that the left member of (x x x) is equal to

11 A2 — M
— — ) ((XYX' - XYX)4+ —
()\2 )\1)<( ) n()\l + )\2)

(Tr(YX')X — TT(YX)X’))

(in the simplified notation explained at the beginning of the example).

It is easy to see that if Ay # A9 this element is not equal to zero for general
Y, X, X" € M,(C). Therefore the local Lie algebra gin(I'(go, By, p)) cannot
be isomorphic to gmin(I'(go, Bo, p)) = sl2,(C). In fact, using Proposition 3.4.6
below, one can prove that actually gn(I'(go, B}, p)) is infinite dimensional if

A # o

3.4. Transitivity.

Let us also recall the notion of transitivity introduced by V. Kac.

Definition 3.4.1. (Kac [4], Definition 2)

Let g (resp. T') be a graded Lie algebra (resp. a local Lie algebra). Then g (resp.
') is said to be transitive if

-forxeg,i>0, [z,9-1]={0}=2=0

-forxeg;, i <0, [x,g1]={0} =x=0.

In particular if g (or T') is transitive, then the modules (go,g—1) and (go, g1) are
faithful.
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Remark 3.4.2.
It is easy to see that if if a graded Lie algebra g is transitive then its center

Z(g) is trivial.

If A is a subset of a vector space V, we denote by (A) the subspace of V
generated by A.

Proposition 3.4.3.

Let (go, Bo, (p, V') be a fundamental triplet.

1) The local Lie algebra T'(go, Bo, p) (or the minimal algebra gmin(T'(go, Bo, p)))
is transitive if an only if (p, V') is faithful and (go.V) =V and (go.V*) = V*.
2) If the representation (p, V') is completely reducible, then the local Lie algebra
I'(go, Bo, p) (or the minimal algebra gmin(I'(go, Bo, p))) is transitive if an only
if (p, V') is faithful and V' does not contain the trivial module.

Proof.
As a minimal graded Lie algebra with a transitive local part is transitive ([4],
Prop. 5 page 1278), it is enough to prove the proposition for the local part.
1) Suppose that I'(go, By, p) is transitive. We have already remarked that then
the representation (p, V') is faithful (and hence (p*, V*) is faithful too). If
(g0.V) # V, then there exists Y € V*|Y # 0 such that Y (go.V) = 0. From the
definition of the bracket we obtain that By([V,Y],g0) = 0. Hence [Y, V] = {0}.
This contradicts the transitivity. Similarly one proves that transitivity implies
(g0.V*) = V*. Conversely suppose that (p, V') is faithful and (go.V) = V and
(g0.V*) = V*. The first of these assumptions is one of the conditions needed
for the transitivity. Suppose also that [X,V*] = {0} for an X € V. Then
By([X,Y],U)=0forallU € gp and all Y € V*. Hence Y(U.X) = -U.Y(X) =
0. Therefore, as (go.V*) = V*, we have V*(X) = 0 and hence X = 0. The same
proof, using the identity (go.V) = V, shows that [Y,V] = {0} implies Y = 0.
Hence T'(go, Bo, p) is transitive.
2) Let V = EBfZIVi be a decomposition of V into irreducibles. If V; is not
the trivial module we have of course (go.V;) = V;. It is then easy to see that
the preceding condition ”(go.V) = V and (go.V*) = V*” is equivalent to the
condition "V does not contain the trivial module”.

]

Remark 3.4.4.
1) Suppose that there exists an element H € g such that H.X = X for all X €

V. Such an element is called grading element. Then obviously the conditions
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(g0.V) =V and (go.V*) = V* are satisfied. In this case the local Lie algebra
I'(go, Bo, V) is transitive if an only if (p, V') is faithful.

2) Suppose that the representation (p, V') is faithful and completely reducible.
Let V = @levi be a decomposition of V' into irreducibles. Then by Schur’s
Lemma we obtain that dim Z(gg) < k (Z(go) denotes the center of gy). Hence if
the local Lie algebra I'(go, By, p) is transitive, then dim Z(gg) < k. In particular
if V' is irreducible, then dim Z(go) < 1.

The next proposition describes the structure of the algebra g, (I'(g0, Bo, p))

in the non transitive case, under some assumptions.

Proposition 3.4.5. (see Notation 3.1.2)

Let go be a reductive Lie algebra, and let By be a mon degenerate invariant
symmetric bilinear for on go. Let (p,V) be a finite dimensional completely
reducible representation. Denote by g’é the kernel of the representation. We
suppose also that the restriction of By to Z(gk) = Z(go) Ngk is non-degenerate.
Then if we denote by gg the ideal of go orthogonal to gk we have go = gk @ gg.
Denote also by Vi the isotypic component of the trivial module in V and by Vi
the go-invariant supplementary subspace to Vo (V =V, @ V).

Then:

1) a)
gmax(r(907 By, V)) = Omax (F(gga BO'gf V)) D 918 and
0

b)
gmin(F(QOa By, V)) = gmin(r(gga BO\gf V)) ©® glg'
0
2) Moreover

min(T(90, Bo, V) 2 Gmin (T (g}, BO\gf i) e (Ve Vy) @ g6
0

where gmin(F(gg,Bmgf,Vl)) is transitive and where the non defined brackets in
0

(9min(T(g9, Boj V1)) © (Vo © V")) are given by
0

[V07V0*] = [gmin(r(ggaBO\ngl))?VO] = [gmin(r(g£730\gf7vl))vVE)*] = {O} )
0 0

and [Vo, Vol = [V, Vil = {0} .
3)
Z(gmin(T (g0, Bo, V) = Vo ® V5" @ Z(g6)
Proof.
1) Define Z(gg) = (Z(gk))* N Z(go). From the assumptions we obtain that

Z(g0) = Z(gt) © Z(g})
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and

a0 = Z(g) @ (90)’
(where (gj)f = gj N gg is a product of some of the simple ideals of gj).
Let X € V, Y € V* U € gk. The bracket [X,Y] in T'(go, By, V) verifies the
identity Bo([X,Y],U) = Y(U.X) = 0. Hence [X,Y] € gJ. This shows that the
bracket of X and Y is the same in I'(gg, By, V) and in I’(gg,Bmgf,V). This

proves that we have the following isomorphism of local Lie algebrag:
T'(go, Bo, V) ~ (g}, Bo| ,,V) & 90
0
But then, from Theorem 2.1.4, we have

gmax(r(gga BO|gf ) V) 2] 915) = gmax(r(gga BO\gf V)) %) 9]5 and
0 0

Gmin (D(58, Bo| ,» V) © 05) = Gmin(T (84, Boj ,V)) & g
0 0

This proves a) and b).

2) As the representation (gg , V1) is faithful and as V7 does not contain the trivial

module, Proposition 3.4.3 implies that gmm(I’(gg, By f,Vl)) is transitive.

Let X € V, Y € V. Then the bracket of X and Y in fg(go, By, V) is the unique

element [X,Y] € go, such that for any U € go, Bo([X,Y],U) = Y(U.X) = 0.

Hence [X,Y] = 0.

This proves that, with the given brackets, (gmin (F(gg, Bo‘gf ))e (Ve Vy) et
0

becomes a graded Lie algebra, whose local part is
I'(go, Bo, V) = F(Gg,Bmngﬁ e(VoeVy) e
0

This is a direct sum of local Lie algebras where Vy @ V" and glg are already Lie
algebras. This proves that

@i (1(80, Bo, V) = min (I(0 Boy V1)) & (Vo @ V) @ g
0

3) As the center of gpmin(I'(go, Bo, V')) is trivial (Remark 3.4.2), the third asser-
tion is now clear.

O

Proposition 3.4.6.

Let (go, Bo, p) be a fundamental triplet where go is reductive and where p is
completely reducible. Suppose that the local Lie algebra I'(go, Bo, p) is transitive
(see Proposition 3.4.3 above). Then if dim(gmin (I (g0, Bo, p))) is finite, the Lie
algebra gmin(T'(g0, Bo, p)) is semi-simple.



GRADED LIE ALGEBRAS 27

Proof.

It suffices to prove that if I'(go, By, p) cannot be decomposed as in Remark
3.3.2, then gmin(I'(g0, Bo,p)) is simple. We know from [4] (Prop. 5, p.1278)
that gmin(T(g0, Bo, p)) is transitive. Denote by gmin(T'(g0, Bo, p)) = ®iczg; the
grading. Let a be a non zero ideal of g, (I'(g0, Bo,p)). Let a € a, a # 0.
Let @ = a—; + a—iy1 + --- + a; be the decomposition of a according to the
grading of g, (L (go, Bo, p)), where either —i < 0 and a—_; # 0, or j > 0, and
a; # 0. Suppose for example that — < 0 and a—; # 0. From the transitivity
of gmin(T (g0, Bo, p)), we know that there exists x{ € g; such that [a_;,x%] # 0.
Then [a,2}] = [a—;,2%] + -+ + [a;,2}] € a therefore there exists an element
a' € a, such that ' =a’ ; ; +---+aj (a; € gx) and @', | # 0. By induction
we prove that there exists an element x = xg+x1+--- € a such that xy # 0 and
also an element y = y; + --- € a such that y; # 0. Let T = ©,>10: (K > 0).
Denote by ag (resp. a;) the projection of a N7y on gg (resp. the projection of
an7yongp).

The preceding considerations show that ap # {0} and a; # {0}. As ais an ideal,
ag is an ideal of gg and a; is a sub-gg-module of g1 = V. Let EO be the orthogonal
of ap in go with respect to By, and let El be a gp-invariant supplementary space
to a; in g;. That is g1 = &1 @ by. As ais an ideal we obtain [50,51] = {0}.
Let now B be the extended form as defined in Proposition 3.5.2 below. Then,
as [d,g_1] C do, we have for all Y € g_y, B([bo,d1],Y) = B(bo, [a1,Y]) = {0}.
This shows that [bg,d;] is orthogonal to g_;. Therefore [bg,d;] = {0}. Let
2 € G Nbg. Then [z,d; + by] = [z,91] = {0}. As I'(go, Bo, p) is transitive we
obtain that = 0. Hence gg = ap ® bo.

We have supposed that I'(gg, By, p) is not decomposable in the sense of Remark
3.3.2. Then by = {0} and by = {0}, and gy = 4o and g; = a;.

As gmin(T(go, Bo, p)) is finite dimensional we can write gpin(I'(g0, Bo,p)) =
@ _,.8i- AS gmin(I'(g0, Bo, p)) is generated by its local part, we obtain that
any X, € g, is a linear combination of elements of the form [... [X{, X?]...] X7}
where Xll, ..., X]" € g1. But as g; = a;, we obtain that X,, € g, Na, and hence
gna=gn

From the transitivity, we know that there exist Yj!,...,Y{* € g_1 such that
Y7, (Y7t Y, X)) ...] # 0. This proves that a; = ang; # {0} and
ap = ango # {0}. Then the same reasoning as above shows that ay = go and
a; = g1. As [go,9-1] = g1 (this is again the transitivity condition), we have
also that a_y =anNg_;1 =g_1.

Finally we have proved that I'(go, By, p) C a. Hence gyin(I(go, Bo, p)) = a.
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Corollary 3.4.7.

Suppose that gy is reductive and that (p,V') is a faithful completely reducible
go-module which does not contain the trivial module.

Let k denote the number of irreducible components of V.

If dim Z(go) < k, then dim g,min(T'(g0, Bo, p)) = +00.

Proof.
First remember from Remark 3.4.4 2) that, as the representation is faithful, we
have dim Z(go) < k.
From Proposition 3.4.6 we know that if dim gy, (I(go, Bo,p)) < +oo then
the Lie algebra gomin(IT(go, Bo, p)) is semi-simple. Then, if gnin(T(go, Bo, p)) =
@I=" g; is a grading, the Lie algebra gg is a Levi sub-algebra of gmin(I'(g0, Bos p))
(see Remark 3.3.4 and Remark 3.3.5). But then dim Z(go) = k (see for example
Proposition 4.4.2 d) in [9]).

]

3.5. Invariant bilinear forms.

Consider again a general quadratic Lie algebra gy with a non degenerate symet-
ric bilinear form By. We will first show that By extends to an invariant form
on the local Lie algebra I'(go, Bo, p)-

Define a symmetric bilinear form B on I'(go, By, p) by setting:

— Yu,v € go, B(u,v) = By(u,v)

—Vueg,VXeg=V,VYeg =V"

B(u,X)=B(X,u) =B(u,Y)=B(Y,u) =0 (%)
VX Cag=V,VY Cgq=V* B(X,Y)=B(Y,X) = Y(X) (%)

Lemma 3.5.1.

a) The form B is a non degenerate invariant form on I'(go, Bo, p) (the definition
of an invariant form on a local Lie algebra is analogous to the Lie algebra case).
b) Suppose that there exists a grading element in I'(go, Bo, p), that is an element
Hy € go such that [Hy,x] = iz for x € g;, i = —1,0,1, then the preceding form
B is the only invariant extension of By to I'(go, Bo, p)-

Proof.

a) Of course as B\gomo = By, the invariance is verified on gg. Let X €
01,Y € g_1,u,v € go. From the definition of [X,Y] (see Theorem 3.1.1),
we have B([X,Y],u) = Y(u.X). On the other hand we have B(X,[Y,u]) =
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B(X,-uY) = —u.Y(X) = Y(u.X). Hence B([X,Y],u) = B(X,[Y,u]). We
have also B([u,v],X) =0 = B(u,v.X) = B(u, [v, X]). Similarly B([u,v],Y) =
B(u,[v,Y]) =0.
b) Suppose that z € g; and y € g; with ¢ + j # 0. Then B([Hp,z],y) =
B(iz,y) = iB(z,y) = —B(x,[Ho,y]) = —jB(z,y). Therefore (i+j)B(z,y) =0,
and hence B(z,y) = 0. We also have for X € V =g and Y € V* = g_g:
B([X,Y],Hy) = Y(X) = B(X,[Y,Hy]) = B(X,Y). Hence conditions (x) and
(xx) are satisfied.

U

Proposition 3.5.2.

1) Let (p, V) be a representation of the quadratic Lie algebra go. The bilinear
form B on T'(go, Bo, p) defined in Lemma 3.5.1 extends uniquely to a invariant
symmetric bilinear form (still denoted B) such that B(g;,9;) =0 if i # —j on
any graded Lie algebra whose local part is T'(go, Bo, p) -

2) Moreover if T'(go, Bo, p) is transitive, then the extended form B on
min (L (g0, Bo, p)) is non-degenerate.

3) The extended form B on gmin(I'(g0, Bo,p)) is also non-degenerate in the
case where gg is reductive, the representation V is completely reducible, and the

restriction of By to Z(go) N gk is non degenerate.

Proof.
1) is due to V. Kac: see Proposition 7 p. 1279 of [4].
2) Suppose now that I'(gg, By, p) is transitive. Let us denote the grading by
min(T(g0, Bo,V)) = @iczgi. We must prove that if X € g; is such that
B(X,Y) = 0 for all Y € g_;, then X = 0. We will first prove the result
by induction for ¢ > 0.
From the definition of B on I'(gg, By, p) we see that the result is true for i = 0
and ¢ = 1. Suppose now that the result is true for ¢ < k. Let xp € gi
such that B(xg,g_x) = 0. Then for all z_; € g_1 and all z_j41 € g_j11 we
have B(zg,[r—1,2_k+1]) = 0. And hence B([zk,z_1],2—k+1) = 0. From the
induction hypothesis we get [z, z_1] = 0 for all z_; € g_;. But we know from
[4] (Prop. 5, p. 1278) that a minimal graded Lie algebra with a transitive local
part is transitive. This implies that x; = 0. The same proof works for 7 < 0.
3) This is a consequence of 2) and the explicit form of gy,in(I'(g0, Bo, p)) given
in this case in Proposition 3.4.5 2).

]

Corollary 3.5.3.
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Let (go, Bo) be a quadratic algebra where go is reductive. Suppose also that
the restriction of By to Z(go) N gk is non degenerate. Let (p,V) be a com-
pletely reducible representation of go. Recall that we denote the grading in
Imin(I'(90, Bo, p)) by gmin(L'(g0, Bo, p)) = @iczgi- Then

a) dimg;, = dimg_; for all i € Z.

b) dim gpin(T'(go, Bo, p)) < +oc if and only if there exists an integer n > 2
such that the identity P (Y1,...,Ya—1,X1,..., X,) holds in the local Lie algebra
I'(go, Bo, p), where P,, is the Lie polynomial defined in Proposition 2.2.1. More
precisely in that case g; = {0} for |i| > n.

Proof.

a) From Proposition 3.5.2 3) we know that the extended form B defines a
non-degenerate duality between g; and g;. Hence dimg; = dimg_;.

b) We already know from Theorem 2.2.4 that the identity

’Pn(YVla---aYnflaXla---,Xn) =0

implies g; = {0} for ¢ > n. Then the result follows from a).

Definition 3.5.4.

1) A quadratic graded Lie algebra is a pair (g, B) where g = @;ecz0; is a graded
Lie algebra, and where B is a non-degenerate symmetric invariant bilinear form
on g such that B(g;,g;) =0 if i # —j.

2) Let (g', BY) and (g%, B%) be two quadratic graded Lie algebras. An isomor-
phism from (g', B') onto (g2, B?) is an isomorphism of graded Lie algebras
U : g — g2 such that:

Vo,y € g', B*(V(z),¥(y)) = B'(z,y).

Theorem 3.5.5.

Let T be the set of equivalence classes of fundamental triplets such that the rep-
resentation (p,V') is faithful and such that (go.V) =V and (go.V*) = V*. Let
G be the set of isomorphism classes of transitive quadratic graded Lie algebras.

The map
T:T —G
defined by 7((80, Bo, p)) = (9min (L (g0, Bo, p)), B) is a bijection (here B is the

form defined in Proposition 3.5.2 and the ”overline” denotes the equivalence

class).

Proof.
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If T'is a fundamental triplet satisfying the given assumptions, then its local part
I'(T") is transitive from Proposition 3.4.3. And hence gy, (I'(T")) is transitive
from [4], Prop. 5 b), p. 1278. Moreover, with the form B defined in Proposition
3.5.2, the Lie algebra g,i»(I'(T)) becomes a quadratic graded Lie algebra.

Let Ty and T be two fundamental triplets and let I'(7}) and I'(7T%) be the
corresponding local Lie algebras. Suppose that 77 ~ T5. Then from Theorem
3.2.6, we have I'(T7) ~ T'(1%), and hence gmin(11) ~ gmin(T2) (isomorphism of
graded Lie algebras).

Let Ty = I'(gd, B, p1), and Ty = I'(g3, B2, p2) the explicit triplets we consider.
Let W : gmin(T(gd, Bg, p1)) — 9min(T(g3, B3, p2)) be the preceding isomor-
phism. We will prove that W is in fact an isomorphism of quadratic graded Lie

algebras. Therefore we must prove that if x € gmm(l“(gtl), Bol, p1)); (i >0)) and
Y € gmin(L(g8, BY, p1))—i, then

B*(¥(x),¥(y)) = B'(z.y) (%)

where B! and B? are the extended forms defined in Proposition 3.5.2. We will
prove (x) by induction on 7. It is clear that (x) is true for i = 0 (see condition
a) in definition 3.2.4). We need also to prove this for i = 1. Set W}, = 1.
Then from the proof of Theorem 3.2.6 we have \I’|V71 =ty~1. Therefore for

x € Vi,y € V", we have:

B2 (¥(x), ¥ (y)) = B*(v(2),5 () =" () (v(x)) = y(2) = Bl(z,y)

This proves (x) for i = 1.

Suppose now that (x) is true for 0 < ¢ < k. In the rest of the proof the elements
z; or y; belong always to gmin(T(88, Bs, p1))i- Any € grmin(T(ad, B, 1))k is a
linear combination of elements of the form [z),_1, 71] and any y € gmin(T(a, B, p1))—k
is a linear combination of elements of the form [y_j11,y—1]. Then from the proof

of Proposition 7 p. 1279 of [4] the extended form is defined inductively by

BY([wr—1, 1], [y—r+1,y-1)) = B ([[2h—1, 21], Y—pt1], y—1)

and the same is true for B2.

Therefore

BQ(‘I’([Cﬂk—la 1)), U([Y—kt1,9-1])

B2([W (1), ¥ (21)], [¥(y—py1), U(y-1)])
B([[W(z—1), O (1)), U(y—ky1)], U(y-1))
B*(Y([[zg—1,21), y—k41]), U(y-1))
BY(
BY(

! [x—1,21] y—kr1), y-1)
Y[zr—1, 2], [y—r>y-1])

(by induction:)
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Therefore (%) is proved. Hence if 77 ~ T5, then the algebras g, (71)and
Omin(T2) are isomorphic as quadratic graded Lie algebras. In other words the
map 7 is well defined.

Let (g,B) be a transitive quadratic graded Lie algebra, whith local part I'(g) =
g-1DgoDg1. As a transitive graded algebra is minimal ([4], Prop. 5 a), p. 1278)
and has of course a transitive local part, we have g = gynin(I'(g)). Moreover the
properties of B imply immediately that if V' = g; denotes the corresponding
go-module then g_; = V*, the dual go-module. And then, from the transitivity
we obtain that the representation (p, V') is faithful and that (go.V) = V and
(g0.V*) = V* (Proposition 3.4.3). This proves that the map 7 is surjective.
Suppose now that ¥ : guin(T(88, BS, p1)) — min(L(g3, B2, p2)) is now an
isomorphism of quadratic graded Lie algebra. Set \11‘08 = A and \IJ‘g(l) = . Then
A is a Lie algebra isomorphism from g(l) onto g% and -~ is an isomorphism fron
g1 onto g? which satisfy:

~- VU,V € g}, BXAU),A(V)) = BYU, V) and

~ VU, € g} and X € gi, U([U, X)) = [¥(U),¥(X)] = [A(U),7(X)] and this
means exactly, that in the usual notations, v o p1 (U)X = pa(A(U)) o y(X).
Hence (A, ) is an isomorphism of fundamental triplets (see Definition 3.2.4).
This proves that the map 7 is injective.

O

4. sly-TRIPLES
Let us consider the following assumption on the fundamental triplet (go, By, (p, V).

Assumption (H):

a) The Lie algebra g is reductive with a one dimensional center: go = Z(go) P9y
where g(, = (g0, go] and dim Z(go) = 1.

b) We suppose also that Z(gg) acts by a non trivial character (i.e. p(Z(go)) =
Cldy).

Then there exists Hy € Z(go) such that p(Hy) = 2Idy (and p*(Hy) = —2Idy~).
Recall also that in a Lie algebra, or in a local Lie algebra, a triple of elements

(y,h,x) is called an slo-triple if [h, z] = 2z, [h,y] = —2y and [y, x| = h.
4.1. Associated sly-triple.

Definition 4.1.1. Let (go, Bo, p) be a fundamental triplet satisfying assumption
(H). We say that the local Lie algebra T'(go, Bo, p), or the graded Lie algebra
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min (L (g0, Bo, p)), is associated to an sly-triple if there exists X € V \ {0},
Y € V*\ {0} such that (Y, Ho, X) is an sly-triple.

Theorem 4.1.2.

Let (go, Bo, p) be a fundamental triplet satisfying assumption (H). Then T'(go, Bo, p)
is associated to an sly-triple if and only if there exists X € V such that X ¢ g{.X
where gy. X ={U.X, U € gj}. The set {X €V, X ¢ g(.X} is exactly the set of

elements in V' which belong to an associated sly-triple.

Proof.
Recall from Lemma 3.5.1 that the form By extends to an invariant form B on
F(QO,BO,/))-
Suppose that I'(go, By, p) has an associated sly-triple (Y, Hy, X). Then Y (g,.X) =
B(Y,g(.X) = B(Y, [g), X]) = B([Y, X],9() = B(Ho, g,) = {0}. Hence the form
Y is zero on g(.X. On the other hand B(Y,X) = Y (X) = $B(Y,[Ho, X]) =
—1B([Y, X],Hy) = —3B(Hy, Hy) = —3Bo(Ho, Hy) # 0. Therefore X ¢ g{,.X.
Conversely suppose that X ¢ gj.X. We choose Y € V* such that Y (g(.X) =
{0} and Y(X) # 0. Then B([Y, X, g) = B(Y,g(-X) = Y(gy.X) = {0}. There-
fore [Y, X] € (gh)* = CHy. Set [V, X] = AHp. We have also Y(X) = B(Y, X) =
%B(Ya [H07X]) = _%B([Y7X]7HO) = _%B()‘HmHO) = —%)\B(Ho,Ho) 7& 0.
Hence A # 0. Define Y = 1Y. Then (Y, Hy, X) is an sly-triple.

]

Corollary 4.1.3.

a) Let (go, Bo, p) be a fundamental triplet satisfying assumption (H). The ex-
istence of a sly-triple associated to the local Lie algebra T'(go, Bo, p) does not de-
pend on the invariant form By on go, but only on the representation (g, Ploy V).
b) Suppose that the module (p, V') satisfies the following property (P):

(P) There exists X € V such that X ¢ g;.X.
Then the dual module (p*, V™) satisfies the same property.

Proof.

Assertion a) is an immediate consequence of Theorem 4.1.2. For assertion
b) it is enough to remark that for a given representation (p,V) of a semi-
simple Lie algebra g, one can add a one dimensional center CHy, with an
obvious action on V, such that the fundamental triplet (g0 = CHp @ g, p, V)
satisfies assumption (H). Hence there exists an associate sla-triple, and this is
a symmetric condition.

O
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4.2. Property (P), relative invariants and sly-triples.

In this section we will assume that the fundamental triplet (go, Bo, (p,V')) sat-
isfies assumption (H). (But of course any finite dimensional representation
(p, V) of g, can be extended to a fundamental triplet (go, Bo, (p, V')) satisfying
assumption (H)).

We will also suppose that the representation (p, V') of gy lifts to a representation
7 of a connected algebraic group Gy whose Lie algebra is g (in other words p

is the derived representation dr).

Definition 4.2.1. Let (Go, 7, V) be a finite dimensional representation of a
connected complex algebraic group Go. Let X € V and consider its Gg-orbit
Ox = Go.X. Then Ox is open in its closure Ox which is an irreducible affine
variety. Let R be an element of the field C(Ox) of rational functions on Ox.
The function R is called a relative invariant on Ox if there exists a rational

character x of Gy such that

Vo € Ox, R(n(g)x) = x(g9)R(z) (4-2-1)

For convenience we will often write g.z (¢ € Go,z € V) instead of 7(g)z and
also A.z (A € go,z € V) instead of p(A)z.

We will now prove that for a fundamental triplet satisfying assumption (H) the
existence of an associated sly-triple (X, Hp,Y') is equivalent to the existence of
a non-trivial relative invariant on the Ggy-orbit of X.

It will be easier to specialize the property (P) at a point x. For x € V, the
property (P), is defined as follows:

(P),:z ¢ gyo

Lemma 4.2.2. (M. Brion) !
Let (go, Bo, (p,V)) be a fundamental triplet satisfying assumption (H), and
let Gy be a connected reductive group whose Lie algebra is gg on which the

representation p lifts to w. Let G{, = [Go, Gy] be the commutator subgroup of
Go. Then:

non(P), <= the Gj-orbit Gj.z is stable under scalar multiplication. (%)

or equivalently:

non(P), < Gh.o = Go.x (%)

1This lemma was communicated to me by Michel Brion
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Proof.
Let us consider the property

non(P), : z € gy.z.

Let N, = {g € G, 7(9)(Cz) C Cz} be the normalizer of the line Cz in Gf,.
Condition non(P)

that z.z = x, and hence there exists z € n, such that z.x = tz, for any t € C

, means that there exists z in the Lie algebra n, of IV, such
(just by replacing z by tz). Therefore non(P), is equivalent to: for any t € C*,
there exists g € G|, such that g.x = tz. So (x) is proved. But as the one
dimensional center of G acts by a surjective character (assumption (H)), the
equivalence of (%) and (k) is clear.

O

Theorem 4.2.3.

Let (p,V) be a finite dimensional representation of a semi-simple Lie algebra
g0- Extend this representation to a fundamental triplet (go,Bo,p) satisfying
assumption (H), and let Gy be a connected reductive group whose Lie algebra
s go, on which the representation p lifts.

Let X € V. The following three conditions are equivalent:

1) (P)x : X ¢ g5.X.

2) There exists a non trivial relative invariant on the Go-orbit Ox = Gop.X.

3) X belongs to an associated sly-triple (X, Ho,Y) € gmin(I'(g0, Bo, p))-

Proof.

The equivalence of 1) and 3) has already been proved in Theorem 4.1.2.
Assume that condition 2) holds. Let R a non trivial relative invariant on Ox.
Let t; = R(X) and t2 be two distinct values taken by R. Define O; = {x €
Ox |R(z) = t;} for i = 1,2. Then O; and Oy are two G{-stable subsets of
Ox such that O; N Oy = 0. Hence G{.X # Go.X. From Lemma 4.2.2 (*x) we
obtain that 2) = 1).

Conversely, let us assume that (P), holds. Then from Lemma 4.2.2 we know
that the Go-orbit Ox splits into several Gj-orbits.

Suppose that one of these, say G{.v, is open in Ox. Denote by Go, be the
stabilizer of v in Go and by G, = Go, N Gy the stabilizer of v in Gf. Then
the subgroup G{.Gy, is open in Go as the inverse image of G{.v under the
orbital map g — g.v. As Gp is connected we have Gy = G{.Go,. Then
Ox = Go.v = G{.Go,.v = G{.v and this is not possible as we should have

several G{-orbits in Ox. Hence if we assume that (P)y holds, there is no open
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G{-orbits in Ox. In particular dim Ox — dim G{,.X > 0. Therefore

dimOx —dim G{.X =dimGo — dim Gy, — dim G{.X
= dim Gy — dim Gy, — dim G + dim Gy,
= dim(Go/Gp) — dim(Goy /G )
=1—dim(Go, /Gp, ) >0
This implies that dim(Goy /Gp, ) = 0 (hence at the Lie algebra level we have
gox = 80, ). Then det(m(Goy ) is a finite group. Therefore there exists p €
N such that det?(w(Go,)) = 1, but from assumption (H) we know that the
character g — det?(m(g)) is non trivial. Then the function R : Ox — C
defined by
Vg € G , Rin(g)X) = det?(n(g))
is a non-trivial relative invariant on Ox, and this is condition 2).

n

Remark 4.2.4. It is known that for irreducible prehomogeneous vector spaces
of parabolic type the existence of a relative invariant on the open orbit is equiv-
alent to the existence of an associated sla-triple (see [10] or [9]). But in the pre-
ceding Theorem the representation does not need to be irreducible and there is

no assumption of prehomogeneity. It works for any representation of g.

Corollary 4.2.5.

Consider the particular case where g = @2271”91- is a grading of a semi-simple
(finite dimensional) Lie algebra g (see example 3.3.5) such that the represen-
tation (go,g1) is irreducible. Then the representation (Go,g1) is known to be
prehomogeneous. Denote by ) its open orbit. Let x € g.

If the prehomogeneous vector space is reqular, then
T € gyr = [gy, 7] =1 & Q (%)

If the prehomogeneous vector space is not reqular, then for each x € g1, we have
x € [g), z]. Moreover except for the open orbit in the regular case, all Gy-orbits

are G{y-orbits.

Proof.

Suppose that © € gj.z = [g{,2z]. This means that property non(P), holds.
According to Theorem 4.2.3, this is equivalent to the fact that  does not belong
to an associated sly-triple. From [10] (Corollaire 4.3.3 p. 134), or from[9], the
only elements which belong to an associated sls-triple are those in the open
orbit in the regular vase. This proves the two first assertions. If z € gy is not

an element of the open orbit in the regular case, then z does not belong to an
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associated slp-triple, and therefore z € gj.x = [g(, «] (Theorem 4.2.3). Then,
from Lemma 4.2.2, we obtain Gj.z = Gy.x. ]

Remark 4.2.6. The equivalence (x) in Corollary 4.2.5 was first proved in the
the particular case of so-called ”Heisenberg gradings” of a simple Lie-algebra
(over any field) by M. Slupinski and R. Stanton (see [11], Lemma 3.3 p. 164).
These gradings are special gradings of length 5. It is worth noticing that it is
also possible to prove (x) by combining results of V. Kac [5] (more specially
Lemma 1.1 p.193) and of the author ([10] or [9]).

Let X € g1 = V satisfying condition (P)x : X ¢ g{.X. Then any element z
belonging to the orbit Ox = G.X satisfies condition (P), and therefore belongs
to an associated sly-triple. Let T, = go.z = [go, ] denote the tangent space at
r to Ox. Using the canonical isomorphism 77 ~ V*/(T,)*, any element of T}

can be considered as a class modulo (T})* in V* = g_;.

Proposition 4.2.7. (notations as before).
Define, for x € Ox:

o) ={y € 9-1, (y, Ho, x) is a sly-triple}.

Then
a) p(z) is a class modulo (Ty,)* in V* = g_1. Hence the map

2 (@) € V/(T)" = T

is a section of the cotangent bundle T*(Ox).

b) The preceding section is equivariant:

Vg € Go, p(r(9).x) = 7" (g9)p(z)

Proof.

a) Let yo € ¢(x) and let z € (T,)*. Then for u € go, we have By([z,z],u) =
—2([u,x]) = 0, as [u,z] € T. Hence yo + (T,)* C o(z).

Conversely let y € ¢(x). Then [y — yo, x] = 0, and therefore By([y — yo, z],u) =
—(y —yo)([u,z]) = 0 for all u € go. Hence y € yo + (Ty)™*.

b) Suppose that (y, Ho, ) is a sly-triple. Then for u € go:

Bo([7*(9)y, m(9)z],u) = —7"(g9)y(u.7(g)z)
= —y(n(g Yu.r(g)r)) = —y((Adg'u).z)
= Bo([y, z], Adg_lu) = Bo(Ho, u).
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Hence [7*(g)y,7(g)x] = Hy. Therefore 7*(g)y € ¢(n(g)x) or equivalently
(0)p(x) C P(m(g)z) . As T()(Te)t = (Toigymy)- and p(n(g)z) is a class
modulo (7})*, we obtain 7*(g9)¢(z) = ¢(7(g).z).

O

Let X € V = g; which belongs to an associated sly-triple. Then the orbit
Gy.X = Ox has a non trivial relative invariant R by Theorem 4.2.3. The next
proposition shows how one can built an associated sls-triple containing z € Ox
from the knowledge of R.

For this we will now consider the ” logarithmic differential” (or ”gradlog”)

d
of R given by pgr(x) = }lj((x)) € TF as a class in V*/(T,)*. In particular
x
dR
vr(x) = R((;)) is a subset of V*.

Proposition 4.2.8.

Let (p,V) be a finite dimensional representation of a semi-simple Lie algebra
gy FEaxtend this representation to a fundamental triplet (go, Bo,p) satisfying
assumption (H), and let Gy be a connected reductive group whose Lie algebra
s go, on which the representation p lifts.

Suppose that the orbit Ox = Go.X has a non trivial relative invariant R. Let

B(Hy, H
x € Ox. Then, for any element y in the class pr(x), (z, Hy, — (Sl (01;[ )O)y)
X\{10
18 an associated slo-triple. Therefore, in the notation of Proposition 4.2.3, we
B(H07 HO)
have p(x) = ———""L op(x
o) = ) £
Proof.

For A € gp and x € Ox, let us derive the identity R(mw(exptA)z) = x(exptA)R(zx)
with respect to t, at t = 0. We obtain

dR(z)dn(A)x = dR(z)p(A)x = dx(A)R(x).

Using the extended form B defined in Proposition 3.5.2, we observe that B(y, [A, x])
does only depend on the class pr(z) of y. Therefore the preceding equation
can be written:

B (dR(x)
R(x)

And as B is invariant we obtain:

,p(A)x) = B(er(x), [A, z]) = dx(A).

VA € go, _B([@R(x)7x]7’4) = dX(A)
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As B is non-degenerate and as dx(g() = 0, [pr(z),2] is a fixed vector (as z
varies) orthogonal to g,. Hence [¢pr(z),z] = cHy (c € C). If A = Hy, one
obtains —B([pr(x),x], Hy) = dx(Ho) 7& 0 (because X is non trivial). Therefore

—cB(Hy, Hy) = dx(Hp) and ¢ = — # 0.

B(Hy, Hy)

dx(Ho)
B(Hy, Hy)
dx(Ho)

B(HOaHO)

Then (— vr(z), Hp,x) is an sly-triple (this means that for y in the

or(x) in V*/(T,)*, (y, Ho,x) is an associated slo-triple).
U

class of —

Remark 4.2.9.

It is worth noticing that from the preceding result, the ”gradlog” section x ——
dR(zx)
R(x)

= pr(x) satisfies the same equivariance property as ¢:

er(m(9)z) = 7" (9)(pr(2)).

5. LIE ALGEBRAS OF SYMPLECTIC TYPE AND DUAL PAIRS

5.1. Lie algebras of symplectic type.
In this section we will deal with a particular kind of minimal graded Lie algebras
of the form g, (I'(g0, Bo, p))-

Definition 5.1.1.

Let W be a finite dimensional vector space over C, and let gl(W') be the Lie alge-
bra of endomorphisms of W. Let also CP[W] be the vector space of homogeneous
polynomials of degree p on W. We set go = gl(W) and V = CP[W]. For A € C*
we define the representation py of gl(W') on CP[W] by saying that P oy is the
natural representation of si(W) on CP[W] and px(Idg ) = Mdeepw). Let Bo
be a non degenerate bilinear symmetric form on gl(W). With these notations,

the Lie algebra of symplectic type sp?(W, By) is defined by

sp? (W, By, ) = gmin(I' (90, Bo, pr))-

Remark 5.1.2.
1) Note that from Proposition 3.2.9, we have sp? (W, By, \) ~ sp? (W, uoBy, ﬁ)
2) Note from Lemma 3.5.1 and Proposition 3.5.2 that the form By extends

uniquely to a non-degenerate invariant form B on sp?(W, By, A\) such that
B(gi,g;) =01if i+ j #0.
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3) Remember also that g_; = (CP[W])* ~ CP[WW*]. Let Q € CP[W*]. Define a
differential operator Q(9) on W by setting:

QD)) = Q(y)e!™¥) for all z € W and y € W*.

Then the isomorphism between CP[W*| and (CP[W])* sends @ on the linear
form P +— Q(0)P(0) = Q(0)P.

Proposition 5.1.3.

Up to isomorphism the only finite dimensional Lie algebras of symplectic type
are:

1) sl(n+1,C) ~ sp' (C", By, n), where, up to a multiplicative constant, Bo(U, V) =
tr(U) tr(V) + tr(UV) (U, V € gl(C™)), and where the grading of sl(n + 1,C) is
defined by the diagram.:

o —O - o —o—©o - o—o An

(see Remark 3.3.4 for the definition of the corresponding grading).
2) sp(n, C) ~ sp(C", By, 2), where, up to a multiplicative constant, Bo(U,V) =
tr(UV), (U, V € gl(C")), and where the grading of sp(n,C) is defined by the

diagram:

oo @ *—e——o c,

3) Gy ~ sp3(C? By,1) where, up to a multiplicative constant, Bo(U,V) =
3tr(UV) — tr(U) tr(V) (U, V € gl(C?)) and where the grading of Go is defined
by the diagram:

= e

Proof.

We know from proposition 3.4.6 that if dim(sp? (W, By)) < 400, then sp? (W, By)
is semi-simple. Hence the grading of dim(sp?(W, By)) is defined by a weighted
Dynkin diagram with weights equal to 0 or 1, see Remark 3.3.4. As the rep-
resentation is irreducible there must be only one 1 among the weights (see
Example 3.3.5). Remember also from Example 3.3.5 that g{, corresponds to
the sub-diagram of roots of weight 0. As in our case g, = sl[(W), we are look-
ing here for a connected Dynkin diagram whith dim W vertices, and where the
subdiagram of vertices of weight 0 is of type A(gimw)—1- Hence the weighted
Dynkin diagram of sp?(W, By, ) must be of the following type:

*— @ e *——0 | d Adim w
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where the boldface edge stands for one of the standard allowed edges (possibly
with an arrow) in the Dynkin diagram.

Let us denote by w the fundamental weight corresponding to the ”last root
on the right” in the sub-diagram of type A(qiymw)—1, which is the last root on
the right with weight 0. Then the representation (g, V) = (sl(W), CP[W]) has
lowest weight —pw. This implies that the boldface edge in the diagram above
consists of p lines. (for the general calculation of the lowest weight of (g, V)
from the Dynkin diagram in prehomogeneous vector spaces of parabolic type
we refer to [10] p. 135). From the list of the Dynkin diagrams we obtain exactly
the three cases in the Proposition.

We must now determine a possible representation py and a possible form By
which correspond through an isomorphism to the graded algebras sl(n + 1, C),
sp(n,C) and G2 (remember that we have always several choices due to the
isomorphisms (sp?(W, By, A) ~ sp? (W, uoBy, ﬁ)) For the two first cases the
usual matrix realizations of sl(n 4+ 1,C) and sp(n,C) lead to the indicated By
and A.

For the Gg case one can proceed as follows. Let K¢, (resp. K%) be the
Killing form of Gy (resp. g;). We know from Proposition 3.3.3 that Go =~
min(T'(g0, Kay, 91)). If ais the simple root of weight zero in Gg, then one shows
easily that K¢, (Ha, Ho) = 48 and Ky (Hqa, Ho) = 8. Hence KGQ%XQ& = 6Ky .
Let Hy be the grading element in G5 for the grading corresponding to the given
diagram (see Remark 3.3.4 and Example 3.3.5). As dimg; = 4 and dim gy = 1,
we have K¢, (Hy, Hy) = 16. Due to the choice "\ = 1”7 we have made in the
proposition, the grading element in sp3(C?, By, 1) is the identity matrix Ids.
Now if ¥ : 5p3(C?, By, 1) — Gy is a graded isomorphism, it is easy to see that
U(Idg) = Hy. Moreover, as we can choose By up to a constant, and as in both
algebras we have [g_1,g1] = go, Proposition 3.2.2 implies that we can suppose
K, (Y (U),¥(V)) = Bo(U, V), for all U,V € gl(2).

If U=U"+ Ndz and V = V' + plda, with U’, V' € 51(2), and if K(9) denotes

the Killing form on sly, we obtain

By(U,V) = Ka,(¥(U),¥(V))
= K, (W(U"), ¥ (V")) + AuKe, (Ho, Ho)
= 6Ig,, (W(U), (V")) + 16Mu
= 62y (U, V') + 167

(Because the pullback of the Killing form by an isomorphism is the Killing
form). As U’ = U — L tr(U)lda, A = 3tx(U), V/ =V — 1 tx(V)Ids and p =
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3tr(V), and as Ky)(., .) =4tr(., .) we obtain finally that
By =24tr(UV) — 8tr(U) tr(V).

As the algebra sp?(W, By, \) ~ spP (W, eBy, \) for € # 0 (Proposition 3.2.8, 2)),
we can take for By the form given in the Proposition.
O

Theorem 5.1.4.
Let dim W > 1. Then, except for the case p = 1, all graded Lie algebras of
symplectic type spP (W, By, \) are associated to an sla-triple.

Proof.

Remember from Theorem 4.1.2, that there exists an associated sls-triple if and
only if there exists X € V' \ {0} such that X ¢ g;,.X. We identify W with C",
where n = dim W. Define P € CP[C"] by

Px)=a +ab+-- +ab.

By the natural representation, sl(n) acts on CP[C"] by the classical vector fields:

0
U= (ai,j) — Zai’jxiaTj'

0]

If U.P = P, for some U € sl(n):

g awxz : E awxl g zy)
1
= a; ]xl Q; szpxk j,k

1,5,k 1,5,k

_ p—1
= CLZ'J'CCZ'pCCj = xk.
0, k

For p > 1, this implies that a;; = % fori=1,...,n, and then U cannot be in
s[(n). Therefore the Lie algebras of symplectic type sp?(W, By, \) are associated
to an slo-triple for p > 1.

Suppose now p = 1. From Corollary 4.1.3 b) it is enough to prove that for any
X € C™\ {0}, there exists U € sl(n) such that U.X = X. But as C"\ {0} is a
single orbit under the group SL(n,C), the map U — U.X from sl(n) to C" is

surjective.
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5.2. Prehomogeneous vector spaces and dual pairs.

In Theorem 5.1.4 we have shown that if n = dimW > 1 and p > 1, then
the polynomial X = zf + --- 4+, is the nil-positive element of an s[(2)-triple
associated to the algebra sp?(W, By, \). We will now show that, under some
assumptions, if W is the space of an irreducible regular prehomogeneous vector
space, and if P is the corresponding fundamental invariant, then if p = 9°(P),
the nil-positive element of an associated sl(2)-triple of sp?(W, By, \) can also
be taken to be P.

Proposition 5.2.1.

Let W be a finite dimensional vector space over C. Let A C GL(W) be a
connected reductive algebraic group with a one dimensional center. Denote by
a its Lie algebra. Suppose that (A, W) is an irreducible regular prehomogeneous
vector space. Let P be the corresponding fundamental invariant. Let p = 0°(P).

We also make the following assumption

a={U e€gl(W)|UP=pU)P, p€a*}
or equivalently 5—-2-1)
o ={U egl(W)|U.P =0}

Then, for any By, P is the nil-positive element of an associated sl(2)-triple in
spp(W, By, )\) .

Proof.

Suppose that there exists U € sl(W), such that U.P = P. Then, if H = %Idw
is the grading element we would have (H — U).P = 0. Then from (5 —2 — 1),
we obtain that (H — U) € o/ and therefore H € o/ C sl[(W). This is not true.

Then the proposition is a consequence of Theorem 4.1.2.

O

Remark 5.2.2.

Condition (5 — 2 — 1) is allways satisfied if A is the structure group of a simple
Jordan algebra W over C. See [2], Chapter VIII, exercise 5 p. 160-161. This
case corresponds to the so-called prehomogeneous vector spaces of commutative
parabolic type (see [10], ch. 5 or [8]).

But it is also satisfied for many others prehomogeneous vector spaces.

Definition 5.2.3.
Let g be Lie algebra. A pair (g1,92) of Lie subalgebras of g is called a dual pair

if g1 is the centralizer of go in g and vice versa.
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Let P* be the fundamental invariant of the dual prehomogeneous vector space

(A, W*). Of course P* is only defined up to a multiplicative constant.

Theorem 5.2.4.

The notations are as in Proposition 5.2.1, and we suppose X\ # 0 and that
condition (5 — 2 — 1) is satisfied.

Let b= Zgwr(w,Bo,\) (@) e the centralizer of a in sp? (W, By, ).

1) One can choose P* such that (P*, Hy = 31dw, P) is an sl(2)-triple (associated
to the graded Lie algebra spP(W, By, \)). Then, if b is the Lie subalgebra of
spP (W, By, \) isomorphic to sl(2) generated by this triple, we have

b =bNT(sp?(W, By, N))
2) Moreover (@, b) is a dual pair in spP(W, By, \).
Proof.
1) As b = Zgpo(w,Bo,x) (@) and as o' C gl(W) = go, we see that b is a graded
subalgebra of sp? (W, By, \).
Hence
b N (sp?(W, By, \)) =bNg_1 ®bNgo®bNgs.
But as W is irreducible under a, we obtain that
Eﬂgl =C.P and Eﬂg_l =C.P".
From the Schur Lemma we get also
bNgo={U €gl(W),[U,d] =0} = C.Idy.

As [P*, P] € b go, we have [P*, P] = 41dy, 7 € C.
Suppose that [P*, P] = 0. Let B be the non-degenerate invariant bilinear form
which extends B (see section 3.4). Then

0= B([P*, P],1dy) = B(P*,[P,1dw]) = —AB(P*, P) = —AP*(9)P(0)

But it is well known from the theory of prehomogeneous space that P*(9)P(0) #
0 (see for example the computation on p. 19 in [10]). Hence (%P*, 21dyy, P)
is an s[(2)-triple and b = b N I'(sp? (W, By, \)).

2) For the second assertion, we have just to prove that Zg»w,p,,x)(b) C a’. As
b=0bnNT(sp?(W, By, A)), we have

~ 2
Zggr(w,Bo,0) (0) C Zgppw, By, 1) () C ZspP(W,BO,A)(XIdW) = gl(W).
Therefore Zg»(w,5,,x) (b) C Zgowy(P) = @ (condition (5 —2 — 1)).
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Example 5.2.5. The dual pair (o(n),sl((2))

Let O(n) be the orthogonal group over C of size n and let o(n) be its Lie algebra.
Define A = C* x O(n) and W = C™. The natural representation (A, W) is an
irreducible regular prehomogeneous vector space whose fundamental relative
invariant can be chosen to be the quadratic form P(x) = 2+ --+22. Condition
(5—2—1) is satisfied as A is the structure group of the Jordan algebra C" (cf.
Remark 5.2.2). Consider the trace form on gl(n) defined by By(U, V) = tr(UV).
Then, in the preceding notations, the algebra sp?(W,tr, —2) is the ordinary
symplectic algebra sp(n,C) with the grading defined as follows (here S, (C)

stands for the n x n symmetric matrices):

V¥~ CY(C")*] ~ Sp(C)~g 1 = { 8) Y € 5,(C)}

gl(n) ~g0 = {

0
Y
A 0

0

0

V~CC ~S,(C~gy = | ‘g) , X € S,(C)}

0 Id
Here the quadratic form P can be identified with the matrix (0 0n> €g:. In

this case, keeping the preceding notations, we obtain the dual pair (a’,E) where

A 0 ~ Id bld

a ={ ,Aco(n)} ~o(n), and whereb = b = { 4n " ),a,b,ce
0 A cd, —ald,

C}. This is the archetype of a dual pair in sp(n,C) (see [3], p. 556).

Through our construction this pair appears to be associated to the prehomoge-

neous vector space (O(n) x C*,C").

Remark 5.2.6. In the notations of the preceding example, we could now take
(g0, 91) as the starting prehomogeneous space (a, W), and do the same construc-
tion as in Theorem 5.2.4. But then, as the degree of the fundamental relative
invariant (the determinant of the symmetric matrices) is of degree n, we are led
to the algebras ﬁp"(g[(W), By, \) , which are of infinite dimension, according

to Proposition 5.1.3.
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