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GRADED LIE ALGEBRAS ASSOCIATED TO A
REPRESENTATION OF A QUADRATIC ALGEBRA

HUBERT RUBENTHALER

Preliminary version

ABSTRACT. Let (go, Bo) be a quadratic Lie algebra (i.e. a Lie algebra
go with a non degenerate symmetric invariant bilinear form By)
and let (go,p,V) be a finite dimensional representation of go. We
define on I'(go, Bo,V) =V* @ go ® V a structure of local Lie algebra
in the sense of Kac ([2]). This implies the existence of two Z-
graded Lie algebras gmaz(I'(go, Bo,V)) and gmin(I'(go, Bo,V)) whose
local part is I'(go, Bo, V). We investigate these graded Lie algebras,

more specifically in the case where go is reductive.

AMS classification: 17B70(17B20)
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1. INTRODUCTION

In this paper all gradings are Z-gradings. If g = @©}_ g; is a grading of a
complex semi-simple Lie algebra, then it is well known that if B denotes the
Killing form of g, then B(g;,g;) = 0 if ¢ + j # 0. This allows to identify
g—1 with the dual gj. Moreover as B is invariant the bracket representation
(go,9-1) can be identified with the dual representation (go,g7). It is then a
natural question to ask if any finite dimensional representation (g, V') can be
embedded in a graded Lie algebra g = @__ g, such that (go, g1) ~ (g0, V') and
(g0,9-1) ~ (g0, V*). The first result of this paper is to prove that the answer

is "yes” for any representation of a quadratic Lie algebra.

A quadratic Lie algebra is a pair (go, Bo) where go is a Lie algebra and By a non-
degenerate invariant symmetric bilinear form on gg. We use a result of V. Kac
([2]) which asserts that in order to construct a graded Lie algebra g = @®;cz9; it
suffices to construct the local part g_1®go® g1, which has to be endowed with a
partial Lie bracket (see section 2 for details). Therefore once we have build the
partial bracket on the local part I'(gg, Bo, V) = V*@®go®V (see Theorem 3.1.1)
the existence of the ”"global” Lie algebra is just an application of the result of
Kac (see Theorem 3.2.1). In fact Kac theory provides us with two such graded
Lie algebras: a maximal one (denoted here gyqz(I'(g0, Bo, V'))) and a minimal

one (denoted gpmin(I'(go, Bo,V))). Any graded Lie algebra with a given local
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part is a quotient of the maximal algebra, and has a quotient isomorphic to the

minimal one. Of course, in general, these algebras are infinite dimensional.
Lets us now give a more precise description of the paper.
In section 2 we give a brief account of the results of Kac that we will use.

The main result of section 3.1 is Theorem 3.1.1 where we construct the local
Lie algebra structure on I'(gg, Bo, V) = V* @ go @ V. In this section we define
the equivalence of the fundamental triplets (go, Bo, V) and we also investigate
the dependance on By and on the representation (go, V') of the local Lie algebra
structure of I'(gg, Bp, V) = V* @ go @ V. This dependance may be strong.

In section 3.2 we apply Kac Theorem to obtain the minimal and maximal
Lie algebras associated to the local data I'(gg, Bo, V) = V* @ go @ V. We also
prove, that under some conditions, the reductive graded Lie algebras are always
minimal graded Lie algebras (Proposition 3.2.3). We also explore in some detail
the case of the usual "central” grading of sly,(C), viewed as a local Lie algebra,

when the form By varies.

Section 3.3 deals with another important notion for graded Lie algebras due to
Kac, namely the transitivity (see Definition 3.3.1). We give a necessary and
sufficient condition for the local Lie algebra I'(gg, By, V') (or the minimal Lie al-
gebra gmin(I'(g0, Bo, V'))) to be transitive (Proposition 3.3.2 and Remark 3.3.3).
We also prove that if gg is reductive, then under some conditions including the
transitivity of I'(go, Bo, V')), the fact that g, (go, Bo, V)) is finite dimensional
implies that g,ninI' (g0, Bo, V') is semi-simple (see Proposition 3.3.5).

In section 3.4 we show that the form By extends uniquely to an invariant sym-
metric bilinear form B on gmin(I'(go, Bo,V)). Moreover if the local part is
transitive then the form B is nondegenerate (Proposition 3.4.2). This allows
us to show that there exists a bijection between some equivalence classes of
fundamental triplets and the equivalence classes of transitive graded Lie al-
gebras endowed with a non-degenerate symmetric bilinear form B such that
B(gi,g9;) = 0if i # —j (Theorem 3.4.3).

In section 4 we prove a strong relationship between relative invariants and the
existence of certain slo-triples. A rational function R on V is said to be a
relative invariant if there exists a connected complex Lie group Gy with Lie
algebra go such that the representation (go, V') lifts to a representation of G
on V, and such that R(g.x) = x(g)R(x), where x is a character of Gy. We

prove, under some assumptions, that if V' is irreducible, then the existence of
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a non-trivial relative invariant implies that there exists in g, (I (go, Bo, V)))
an slo-triple (Y, Hy, X), where y € g_1,X € g1 and where Hj is the grading
element (i.e. g; = { € gmin(I'(g0, Bo,V))) | Ho, X| = ix}).

Remark: This paper is a preliminary version. Forthcoming versions will in-

clude more examples and applications.

2. GRADED LIE ALGEBRAS AND LOCAL LIE ALGEBRAS

In this paper all the algebras are defined over the field C of complex numbers.

Let us first recall various definitions and results from [2].

Definition 2.1.

A Lie algebra g is said to be graded if:

1) g is a direct sum of subspaces: § = @;ez i, such that dim g; < 400 and such
that [g:,9;] C @it for alli,j € 7.

2) g is generated by g—1 ® go D g1-

If g is a graded Lie algebra, the subspace g = g_1 ® go ® g1 is called the local
part of g.

Definition 2.2.
1) A local Lie algebra is a direct sum T' = T'_y @ T'g @ T'y of finite dimen-
sional subspaces such that if |i + j| < 1 there exists a bilinear anticommuta-
tive operation I'; x I'; — Ty ;i((x,y) — [x,y]) such that the Jacobi identity
[z, [y, z]] = [[x,y], 2] + |y, [z, z]] holds each time the three terms of the identity
are defined.
2) A symmetric bilinear form Br on a local Lie algebra T' is said to be invariant
if the identity

Br([z,y],z) = Br(, [y, 2])
holds for x,y,z € I' each time that the brackets are defined.

Of course the local part § of a graded Lie algebra g, endowed with the bracket
of g is a local Lie algebra. A natural question is to know if, for a given local Lie
algebra I', there exists a graded Lie algebra whose local part is I'. The answer

is ”yes”. More precisely we have:

Theorem 2.3. (Kac, [2], Proposition 4)
LetI'=T_16® Ty ®TI'1 be a local Lie algebra.
1) There exists a unique graded Lie algebra gma. (L") whose local part is T' and

which satisfies the following universal property.
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Any morphism of local Lie algebras T' — g from T' into the local part g of
a graded Lie algebra g extends uniquely to a morphism of graded Lie algebras
Omaz (L) = 9. (And hence any graded Lie algebra whose local part is isomorphic

to T, is a quotient of §max(T)). Moreover we have

Omaz(I') = F(g-1) ® go ® F(g1),

where F(g_1) (resp. F(g1)) is the free Lie algebra generated by g—1 (resp. g1).
2) There exists a unique graded Lie algebra gmin(I") whose local part is T' and
which satisfies the following universal property.

Any surjective morphism of local Lie algebras g — I' from the local part of
a graded Lie algebra g into T extends uniquely to a (surjective) morphism of
graded Lie algebras ¢ — gmin(L'). (And hence gmin(T') is a quotient of any

graded Lie algebra whose local part is isomorphic to I').

3. LOCAL AND GRADED LIE ALGEBRAS ASSOCIATED TO (go, Bo, V)

3.1. The local Lie algebra I'(gg, By, V).

Remind that a quadratic Lie algebra is a finite dimensional Lie algebra endowed
with an invariant nondegenerate symmetric bilinear form. The most obvious ex-
amples of such algebras are the semi-simple algebras (endowed with the Killing
form), the commutative algebras (endowed with any symmetric nondegenerate
bilinear form) or more generally the reductive Lie algebras. But there exist
more sophisticated examples. General quadratic Lie algebras are obtained by
a finite number of so-called double extensions of either a simple Lie algebra or
a commutative Lie algebra. See [3].

Let go be a quadratic Lie algebra. Let (go,p, V) be a finite dimensional rep-
resentation of gg. Let (go,p*, V*) be the contragredient representation. We
will often just denote these modules by (go,V) and (gg, V™). Similarly, for
Ue€gypXeV,Y e V" we will often write U.X and U.Y instead of p(U)X and
p*(U)Y. Put g_1 = V* and g; = V. Define also

I'(go,Bo,V)=g-1®go@g =V ®goa V.

Our aim is now to define a structure of local Lie algebra on I'(gg, By, V'), such
that for U € go, X € g1,Y € g_1, we have [U, X] =U.X and [U,Y]| =U.Y.

Theorem 3.1.1.
Let (go, V) be a finite dimensional representation of a quadratic Lie algebra gg.

Let us denote by By a symmetric invariant nondegenerate bilinear form which
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is given on go. As before we set:
I'(go,Bo, V) =g-1® g0 =V @®go® V.

For U € go, X € g1,Y € g_1 define an anticommutative bracket by

a) [U,X]=UX, [U,Y]|=UY

b) The element [X,Y] is the unique element of gy such that for all U € gq the
following identity holds:

Bo([X,Y],U) =Y (UX) = —(UY)(X).

(The last equality is just the definition of the contragredient representation).

The preceding bracket defines a structure of a local Lie algebra on T'(gg, Bo, V).

Proof. We must prove that the Jacobi identity is verified each times the brackets
make sense. This means that we have to prove the following identities.
a) VUL U € go, VX € g1, [X, [Uy,Us]] = [[X,U1],Us] + [Uy, [X, Us]].
B) YU, Us € go, VY € g1, [Y, [U1,Us]] = [[Y,U1],Us] + [Un, [Y, Us]].
NVX €9, VY €g-1,VZ €0, [£,[X, Y]] =[[Z, X], Y]+ [X,[2,Y]].
We have:
(X, [Uy,Us]] = —[[Uy,Us], X] = —[U1,Us]. X = —=U;.(Uy.X) + Us.(U1.X).
On the other hand we have:
[X,U4],Us] = [Us, Uy, X]] = Us.(U1.X) and [Uy, [X,Us]] = —[Uy,[Us2, X]] =
—U;.(Uy.X). This proves «). The proof of the identity ) is similar.
Let us now consider the identity v). We set L = [Z,[X,Y]], R1 = [[Z, X],Y],
Ry = [X,[Z,Y]], and R = Ry + Ry. As L, Ry, R2, R € gy, in order to prove =)
it will be enough to show that for all U € go, we have By(L,U) = By(R,U).
Using the invariance of By and definition b) we get:
By(L,U) = Bo([Z,[X,Y]],U) = —=Bo([[X.,Y], Z],U) = —Bo([X,Y],[Z,U])
=-Y([Z,U].X)
=-Y(Z(UX)-U.(Z.X)).
On the other hand, using again definition b), we have also:
Bo(R1,U) = Bo([[Z,X),Y],U) = Y (U.[Z, X)) = Y (U.(Z.X))
and By(Re,U) = Bo([X,[Z,Y],U)=[2,Y|(UX)=2YUX)=-Y(Z(UX)).
Hence By(R,U) =Y (U.(Z.X) — Z.(U.X)) = Bo(L,U).
O

Notation 3.1.2. It must be noted that the local Lie algebra described in Theo-
rem 3.1.1 depends on By and on p (see Proposition 3.1.7 and Proposition 3.1.8

below). In order to avoid confusion we will sometimes denote by I'(go, Bo, p)
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this local Lie algebra. Also, if necessary, we will denote by [, |, or [, |By,p
the bracket in T'(go, Bo, p)-

Definition 3.1.3. We call the triplet (go, Bo, V') a fundamental triplet. It con-
sists of the following ingredients:

a) a quadratic Lie algebra g

b) a non degenerate symmetric invariant bilinear form By on g

c) a finite dimensional representation (p, V') of go on the space V.

Definition 3.1.4. Let (g}, B3, V1) and (g3, B3, Va) be two fundamental triplets.
Let A € Hom(g}, g2) is a isomorphism of Lie algebras and let v € Hom(Vy, Va)
be an isomorphism of vector spaces. We say that the pair (A,~) is an isomor-

phism of fundamental triplets if
a) We have

VU, VV € go, Bo(A(U), A(V)) = By(U, V) (B-1-1)
b) The map v intertwines the representations (p1, V1) and (p2 o A, Vi) of go, in

other words
VU € g5, pa(A(U)) oy =70 pi(U) (3-1-2)

Remark 3.1.5. In the definition above, condition a) coincides with the notion
of isometric isomorphism, or i-isomorphism of quadratic Lie algebras introduced

in [1]. This notion of i-isomorphism was already implicit in [3].
Theorem 3.1.6.
Any isomorphism of fundamental triplets
(A,,y) : (g(l]a Bé’ Vl) — (g%’ Bga VYQ)
extends uniquely to an isomorphism of local Lie algebras
qI(A,’y) : F(g(l)a Béa VYI) — F(gga Bga ‘/2)
Proof. Define v* : Vj* — V' by v* ='y~1 where ! stands for the transposed
map. Then it is easy to check that
VU € gg. p3(A(U)) ov" =" 0 pi(U) (3-1-3)
Define now W4 .y by setting:
VYU € g(l] : \II(A;\/)(U) = A(U)
vX eV \I’(A7,y)(X) =v(X)
VY € Vl* : \II(AK‘/) (Y) = ’y*(Y)

It remains to prove that W4 .y is an homomorphism of local Lie algebras.
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Let X € V4 and Y € Vi*. Let us denote by [, |1 (resp. [, ]2) the bracket in
['(gd, Bg, Vi) (resp. T'(g3, B2, V2)). From the definition, we see that the identity

VX e V,Y € Vs, \I’(A7,y)([X, Y]l = [\I](A,’y)(X)7\II(A7’y)(Y)]2 (3 o 4)
is the same as
VX e V1,Y € Vo, A([X,Y]1) = [7(X),7" (V)] (3—-1-5)

For all U € gg we have:

Bg(A([Xv Y]1)7 U)

(A(X, ] ), AATH(U))

(X, Y]y, A7HU)) (using (3 —1—1))
p1(AH(U)(X))
Y p2(U)y(X))

“(Y)(p2(U)v(X))
2([v(X),7*(Y)]2,U) (from Theorem 3.1.1)

(from Theorem 3.1.1)
(using (3 —1—2))

~ <3 W

2
0
1
0
(
(

Il
o =

=)

This proves (3 —1—15). We must also prove:

a) YU € g vX el \IJ(A,,Y)([U, X]l) = [\I/(A,fy)(U)7\II(A,7)(X)]2 and

b) VU € g5, VY € V' Wiy ([U, Y1) = [¥(a4)(U), aqm (V)2
From the definition of W, ), a) is equivalent to v(p1(U)X) = p2(A(U))v(X)
and this is nothing else but (3 — 1 — 2). Similarly b) is just (3 —1 — 3).

It remains to prove the uniqueness of the extension. But if
& F(g(l]’Bé’ Vl) — F(Gg,Bga V2)

is an isomorphism of local Lie algebras such that \If‘go = A, ¥, = v and
V. =7 : V" — V¥ then for X € VY € V*, A([X,Y]1) = [7(X),7(Y)]a.
Therefore B3(A([X,Y11),U) = B3([7(X),5(Y)]2,U), for all U € go. And then
the computation above proves that v = v*.

O

We will now investigate the dependance of the local Lie algebra I'(go, Bo, p) ,
under a change of the invariant form By on go. We make the following assump-
tions:

—go=L1P Ls®--- D Ly, where the L;’s are quadratic ideals.

— we denote by By ; a nondegenerate invariant bilinear formon L; (i = 1,..., k).
— the invariant bilinear form By on g is given by B = By 1 © Bo2 @© - - - @ By .
—for A= (A1,..., M) € (C*)* we set

ANBy = )\130,1 - D AkBO,k

and for u =wuj + -+ +ur € go (u; € L;) we set
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AU = Mug + -+ A\pug.

Proposition 3.1.7.
1) Using the preceding notations, we have for X € V.= gy and for Y € V* =
g-1

ANX, Y B, = [X,Y]B,

2) For p € C*, the local Lie algebras T'(go, Bo, p) and T'(go, uBo, p) attached
respectively to By and puBy are isomorphic (here uBy stands for the ordinary

scalar multiplication).

Proof.

1) From the definition [X, Y]y g, is the unique element in gy such that
ABo([X,Y]xB,,U) =Y (UX) for any U € go. It is easy to see that from the def-
initions we have \.By([X,Y|r.B,,U) = Bo(A.[X, Y] By, U). Hence A\.[X, Y]\ g, =
(X, Y5,

2) Choose a square root /i of p. Define ¢, : I'(go, Bo, p) — I'(go, nBo, p) by

VX € V,pu(X) = /pX, VY €V, 0u(Y) = /uY, VU € go, pu(U) = U.

Then [QDM(X)’QDM(Y)];LBO = [\/ﬁX’ \/IU’Y],U«BO = M[X’ Y],uBo = [X’ Y]BO (this
is the particular case of 1) where go = Li). Hence [¢,(X),pu(Y)]uB, =
ou([X, Y]By)-

As (U, X, = [U,X]B, =U.X and [U,Y],B, = [U,Y]p, =U.Y forall X €V,
Y € V¥ and U € gy, we have also ¢,([U,X]B,) = [¢u(U),0u(X)]uB, and
0, ([U,Y]By) = [¢u(U), ¢u(Y)]uB,- Therefore ¢, is an isomorphism of local Lie
algebras.

O

We will also investigate the modification of the bracket in I'(gg, By, p) under a
slight change of p.

Suppose that go = Z @ L is a quadratic Lie algebra where Z is a central ideal
and L is an ideal. For v € C* we denote by yop the representation of gg on V'
given by yop(z+u) = yp(2) +p(u), for z € Zandu € L. If U = z+u € go, and
if we set yoU = vz + u, we have yop(U) = p(yoU). Of course in the notations
of Proposition 3.1.7 y0By = (vy,0).By and yoU = (v,0).U

It By = Bo,z + Bo,1, where By z and By, are forms on Z and L respectively,
we define yoBy = vBy,z + Bo,r.-
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The next proposition indicates the dependance of the local Lie algebra I'(go, By, V)
if we change p into yop.

Proposition 3.1.8.
1) Let us denote by [, |B,,, the bracket on I'(go, Bo, V') given by Theorem 3.1.1.

Then, using the notations defined above, we have:
(X, Y]BO,’YDP = yo[X, Y]Boﬁ

U, X]Byrop = 10p(U) X, [U,Y]By0p = —y0p"(U)Y

2) Suppose that \, u, o, 5 € C* verify the condition “72 = %2 Then the local Lie
algebras T'(go, AoBy, pop) and T'(go, anBy, fop) are isomorphic. In particular
I'(go, AoBy, p) and T'(go, Bo, %Dp) are isomorphic.

Proof.
1) The element [X,Y]p, 0, is by definition the unique element of gy such
that, for all U € go, Bo([X,Y]Byyop,U) = Y(y0p(U)X) = Y(p(yoU)X) =
Bo([X,Y]By,p,70U) = Bo(vo[X,Y]B,,p, U). Hence [X,Y]p; v0p = v0[X, Y]B, p-
The other two identities are just the definitions of , [U, X|p 0, and , [U, Y] B 4op-
2) Define ¢ : I'(go, A\oBy, uop) — I'(go, anBy, Bop) by

p(U) = 50U, for all U € go

p(X)=Xforall X e V

eY)=Y forall Y € V*
We have ¢([U, X|xapyunp) = nop(U)X = p(polU) X and [p(U), ¢(X)]anp,,0p =
(50U, X]ans,,p0p = Bop(5oU)X = p(usU)X.
Hence ¢([U, X|xaBy,u0p) = [¢(U), o(X)]anB,,s0p- Similarly one can prove that
P([U, Y xoBo.u0p) = [0(U), o(Y)]anBy,pop-
We have also @([X, Y |xonyump) = 401X, Y xospmume = % 01X, Y]ran, (use 1))
= %D[X, Y]B,,, (use Proposition 3.1.7).
On the other hand we have [¢(X), p(Y)]anB,,80p0 = [X, Y aoB,,80p
= 10X, Y], g0, (use Proposition 3.1.7) = gm[X, YRy, (use 1)). As “)\—2 =
% we obtain that ¢([X, Y| xqB,,u0p) = [©(X), ©(Y)]aoBy,s0p- Finally we have
proved that ¢ is an isomorphism of local Lie algebras.

U

3.2. Graded Lie algebras with local part I'(gg, By, V).

Let us now translate the result of Kac (Theorem 2.3) in the context of Theorem
3.1.1:
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Theorem 3.2.1. Let (go,p, V) be a finite dimensional representation of a qua-
dratic Lie algebra go. Let T'(go,p, V) be the local Lie algebra constructed in
Theorem 3.1.1.
1) There exists a unique graded Lie algebra gmax (T (g0, Bo, V') whose local part
is T'(go, Bo, V) and which satisfies the following universal property.
Any morphism of local Lie algebras T'(go, Bo, V') — @ from T into the local part §
of a graded Lie algebra g extends uniquely to a morphism of graded Lie algebras
Omaz(L(g0, Bo, V) — g. (And hence any graded Lie algebra whose local part is
isomorphic to I'(go, Bo, V), is a quotient of gmaz(T'(g0, Bo,V))). Moreover we
have

Imaz(I'(g0, Bo, V) = F(V*) @ go & F(V),
where F(V*) (resp. F(V)) is the free Lie algebra generated by V* (resp. V).
2) There exists a unique graded Lie algebra gmin (T (go, Bo,V')) whose local part
is T'(go, Bo, V) and which satisfies the following universal property.
Any surjective morphism of local Lie algebras § — T'(go, Bo, V') from the local
part of a graded Lie algebra g into I'(go, Bo, V') extends uniquely to a (surjective)
morphism of graded Lie algebras g — @min(T'(g0, Bo,V)). (And hence gmin(T(go, Bo, V)
is a quotient of any graded Lie algebra whose local part is isomorphic to I'(go, Bo, V)).

Remark 3.2.2. Let (go, Bp) be a quadratic Lie algebra. Suppose that go =
gé & g% is an orthogonal decomposition into ideals. Define Bé = B, ) and

o %}
Bg = Bo‘ o Suppose also that the representation (g, p, V) is a direct sum
909 %90
(9593, p1®pa, Vi®V2). Then from the definitions we obtain that I'(gg, By, V) =

I'(gd, BL, Vi) @ (g3, B2, V2), and therefore

gmam(r(g()yBOa V)) = gmax(r(g(l)a Bé7 Vl)) @ gmax(r(gga Bg, sz))

and

Imin(T(80, Bos V) = min(T(86, B, V1)) © gmin(T(83, BS, V2)).

As an example let us show that graded reductive (finite dimensional) Lie alge-

bras are always minimal graded Lie algebras.

Proposition 3.2.3. Let g be a reductive (finite dimensional ) Lie algebra. Sup-
pose that we are given a Z-grading g = @ _,,9; such that g is generated by its
local part T'(g) = g—1 @ go ® g1 (in other words g is a graded Lie algebra in
the sense of Definition 2.1). Let By be a nondegenerate invariant symmetric

bilinear form on I'(g) such that Brg)(8:,9;) = 0 when |i + j| # 0. Then using
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Br(q), the contragredient representation (go,g7) can be identified with (go,g-1)-
If By denotes the restriction of Br(g) to go, then we have:

9~ Gmin(1'(9)) =~ gmin(T'(g0, Bo, 91))

Proof.
From the definition we can identify g7 with g1 by using Br(g). Then for U € g,
Y € g—1 and X € g; we have, from the invariance of Bp(g):

BF(g)(U-K X) = _BF(g) (Y’ [U’ X]) = BF(g)([U’ Y]’ X)

and hence [U,Y] = U.Y (here U.Y stands for the contragredient action of U € gg

on g =~ gj).
Similarly, we have also:

Bo([X,Y],U) = Brg([X,Y],U) = Bp (Y, [U, X]) = Y (U.X).

Hence the original bracket in I'(g) is the bracket constructed in Theorem 3.1.1.
Therefore gmin(I'(g)) 2 gmin(I'(g0, Bo, 91))-
From the universal property of g,,i»(I'(g)) there exists a graded ideal I C g
such that g/I ~ gin(I'(g)). As g is reductive there exists an ideal U C g such
that g = U @ I. Hence U ~ gpnin(I'(g)). But then the local part of U is I'(g),
and this contradicts the fact that g is generated by I'(g) unless I = {0}.

O

Remark 3.2.4.

It must be noticed that if g = @] g; is an arbitrary Z-grading of a semi-
simple Lie algebra g then g is in general not generated by its local part, and is
therefore not a graded Lie algebra in the sense of Definition 2.1. Let us explain
this briefly. It is well known that there exists always a grading element, that
is an element H € g such that g; = {X € g|[H,X]| = iX}. Let h be Cartan
subalgebra of gy (which is also a Cartan subalgebra of g), containing H. Let W
be a set of simple roots of the root system (g, ) such that «(H) € N (such a
set of simple roots always exists). Hence we have associated a ”weighted Dynkin
diagram” to a grading . The subdiagram of roots of weight 0 corresponds to
the semi-simple part of the Levi subalgebra go. But if the weighted Dynkin
diagram has weights equal to 1 and to n > 1, then it is easy to see that g
cannot be generated by the local part g_1 ® go ® g1-

Example 3.2.5. (Prehomogeneous spaces of parabolic type)
Let g be a simple complex Lie algebra. Let §h be Cartan subalgebra. Denote as
before by (g, h) the set of roots of the pair (g, h). Let ¥ be a set of simple roots
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for 3(g,h). Let # C ¥ be asubset and let < § > denote the subset of roots which
are linear combinations of elements of 6. Let gy = [y be the Levi subalgebra
corresponding to €. That is gy = h @ (Bac<g>0*) where g is the root space
corresponding to .. Let Hy be the unique element in b such that a(Hp) = 0 if
a € 60 and a(Hp) = 1if a € ¥\ 0. Define then g; = {X € g|[Ho, X] = iX}
(this definition of gg is coherent with the preceding one). One obtains this way
a grading g @ _ g;. The representations (go, g1) are prehomogeneous vector
spaces called prehomogeneous spaces of parabolic type. It is easy to see that
they correspond to gradings whose weights in the sense of the the preceding
remark are only 0 and 1. From Proposition 3.2.3 we obtain that in this case

9 = Omin(T'(80, Bo,g1)) where By is the restriction of the Kiling form of g to go.

Example 3.2.6.

We will now examine the case of sl,(C) which will be considered both as a
graded Lie algebra and a local Lie algebra. This will show that the local Lie alge-
bras I'(go, Bo, V) and the corresponding minimal Lie algebra g, (I'(g0, Bo, V))
depend strongly on the choice of By.

Consider first the classical 3-grading of sly,(C) defined by:

g =V = { 3 8>,Y€Mn(<€)}
o = | ‘;1 g),A,BeMn(C),Tr(A—i-B):U}
n=v = {, §>,X6Mn<©}

We will use the letter U for elements in gy and the letters X,Y for elements

in g1 and g_; respectively. And in order to simplify notations we will set

Xz(o X and Y = 00 .
0 0 Y O

As invariant form on sls,(C) we will take B(a, 8) = T'r(af), (o, 8 € sl2,(C)).

This is just a multiple of the Killing form. Let us call By the restriction of B

to go. The form By is of course nondegenerate. The representation (go, p, V') is
A 0
defined by the bracket. Therefore if U = (0 B)’ we have p(U)X = [U, X] =

(0 AX — XB

=AX — XB.
0 0

If we consider sly,(C) as the local Lie algebra I'(go, Bo, p) we now from Propo-
sition 3.2.3 that gmm(l“(go, By, p)) = HIQn(C).
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Next we will modify the form By in the following manner. Let A = (A1, \2) €

A A
(C*)? and set By( <O g) , <0 B?'>) = MTr(AA") 4+ XoTr(BB’) (remember

/
that By( (gl g) , <13 §,>) =Tr(AA") + Tr(BB')).
We will decompose the form BS‘ according to the decomposition of gg into ideals.
Obviously
go=CHy®a; @ ay (%)
Id, 0

A0
where Hy = and where a; = A € s0,(C)} and ay =
"~ Lo -Idn> ' {<0 0) (©)} and 0,

{(8 g) B € sl,(C)}.

The decomposition of [Y, X]|p, according to (x) is as follows:

Id, 0
Y, X|p, = —iTr(YX) ( . _Idn>

N ~XY +17r(vX)Id, 0 (0 0
0 0 0 YX-—iTr(YX)ld,

An easy computation shows that Bé‘ = %BO‘CHO + AlBO\al + )\QBO‘QQ (hence
the form By is nondegenerate if and only if \; # 0,\y # 0,A; + \g # 0).
Therefore B} = p.By, where p = (%,)\1,)\2). From Proposition 3.1.7 we
obtain that

Id 0
2 n
N (= XY + LTr(Y X)Id,) 0
0 L (YX — +Tr(Y X)Id,)
—1 A2—A
— (TlXY * ”(’\12+’\21)’\1TT(YX)Idn A 2 > (%)
1 —
0 BY X 4 it Tr (Y X)Id,

Suppose now that the local Lie algebras I'(go, Bo, p) and I'(go, By, p) are iso-
morphic. Then as I'(go, Bo, p) = Gmin(I'(80, Bo, p)) = sla,(C), we should have
that gymin(L(g0, B, p)) = 5o, (C), and hence for Y € V* and X, X' € V we
have [Y, [X, X'] Bé] B = 0 And then from the Jacobi identity the following
identity should hold in T'(go, B{, p):

[[Y7 X]B6\7X/]B6\ + [X7 [Y7 X/]Bé\]Bé =0 (* * *)
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A calculation, using (**) shows that the left member of (x % *) is equal to

1 1 A2 — A1

(= — —)<(XYX’ - XYX) + R i (Tr(Y X)X — Tr(YX)X’))

A2 A

(in the simplified notation explained at the beginning of the example).

It is easy to see that if Ay # Ao this element is not equal to zero for general
Y, X, X' € M,(C). Therefore the local Lie algebra gy (I'(go, B, p)) cannot
be isomorphic to gmin(I'(go, Bo, p)) = slo,(C).

3.3. Transitivity.

Let us also recall the notion of transitivity introduced by V. Kac.

Definition 3.3.1. (Kac [2], Definition 2)

Let g (resp. §) be a graded Lie algebra (resp. a local Lie algebra). Then g (resp.
g) is said to be transitive if

-forzeg,i>0,[r,9-1]={0}=2=0

-forx e g, i<0, [z,91] ={0} =2 =0.

In particular if g (or g) is transitive, then the modules (go,g—1) and (go, g1) are
faithful.

If A is a subset of a vector space V, we denote by (A) the subspace of V
generated by A.

Proposition 3.3.2.

1) Let (go, V) be a representation of the quadratic Lie algebra go. The local Lie
algebra T'(go, Bo, V') is transitive if an only if (go, V') is faithful and (go.V) =V
and (go.V*) =V* .

2) If the representation (go, V') is completely reducible, then the local Lie algebra
I'(go, Bo, V) is transitive if an only if (go, V') is faithful and V' does not contain

the trivial module.

Proof. 1) Suppose that I'(gg, Bo, V') is transitive. We have already remarked
that then the representation (go, V) is faithful (and hence (go, V™) is faithful
too). If (go.V) # V, then there exists Y € V*|Y # 0 such that Y (go.V) = 0.
From the definition of the bracket we obtain that By([V,Y],g9) = 0. Hence
[Y,V] = {0}. This contradicts the transitivity. Similarly one proves that tran-
sitivity implies (go.V*) = V*. Conversely suppose that (go, V) is faithful and
(g0.V) = V and (go.V*) = V*. The first of these assumptions is one of the
conditions needed for the transitivity. Suppose also that [X,V*] = {0} for
an X € V. Then By([X,Y],U) = 0 for all U € gp and all Y € V*. Hence
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Y(U.X) = -UY(X) = 0. Therefore, as (go.V*) = V*, we have V*(X) = 0
and hence X = 0. The same proof, using the identity (go.V') = V, shows that
[Y,V] = {0} implies Y = 0. Hence I'(go, Bo, V) is transitive.

2) Let V = @levi be a decomposition of V into irreducibles. If V; is not
the trivial module we have of course (go.V;) = V;. It is then easy to see that
the preceding condition ”(go.V) = V and (go.V*) = V*”? is equivalent to the

condition 7V does not contain the trivial module”. O

Remark 3.3.3.
As a minimal graded Lie algebra with a transitive local part is transitive ([2],
Prop. 5 page 1278), the Proposition above gives also necessary and sufficient

conditions for the transitivity of g, (I'(go, Bo, V)).

Remark 3.3.4.

1) Suppose that there exists an element H € gy such that H.X = X for all X €
V. Such an element is called grading element. Then obviously the conditions
(g0.V) =V and (go.V*) = V* are satisfied. In this case the local Lie algebra
I'(go, Bo, V) is transitive if an only if (gg, V') is faithful.

2) Suppose that go is reductive and that the representation (gg, V') is not faith-
ful. Then gy = g(l) <) g%, where gg are ideals and where gg is the kernel of the
representation. Then from the universal property of gna. (I (g0, Bo,V)) and
min(L'(g0, Bo, V) (see Th.2.3) is is easy to see that

Ymaz (F(QO, By, V)) = gmax(r(g(l]a BO\gé V)) 52 93 and

Imin (L'(80, Bo, V) 2 gmin (I (g0, BO|E(1) V))& g

3) Suppose that (go, V') is completely reducible and that the representation
(go, V) is faithful. Let V = @levi be a decomposition of V into irreducibles.
Then by Schur’s Lemma we obtain that dim Z(gg) < k (Z(go) denotes the
center of go). Hence if the local Lie algebra I'(go, By, V') is transitive, then
dim Z(go) < k. In particular if V' is irreducible dim Z(go) < 1.

Proposition 3.3.5.

Let go be a reductive Lie algebra. Let By be a non-degenerate invariant sym-
metric bilinear form on go and let (p,V) be a finite dimensional completely
reducible representation of go. Suppose that the local Lie algebra T'(go, Bo, V)
is transitive (see Proposition 3.3.2 above). Then if dim(gmin(I' (g0, Bo,V))) is
finite, the Lie algebra gpmin(I'(go, Bo, V') is semi-simple.

Proof.
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It suffices to prove that if T'(go, By, V) cannot be decomposed as in Remark
3.2.2, then gmin(I'(go, Bo,V)) is simple. We know from [2] (Prop. 5, p.1278)
that gmin(T'(g0, Bo,V)) is transitive. Denote by gmin(T (g0, Bo,V)) = ®iczdi
the grading. Let a be a non zero ideal of g, (I'(go, Bo,V)). Let a € a, a # 0.
Let @ = a_; + a_jy1 + --- + a; be the decomposition of a according to the
grading of g,nin(I'(g0, Bo,V)), where either —i < 0 and a; # 0, or j > 0, and
a; # 0. Suppose for example that —i < 0 and a; # 0. From the transitivity of
dmin(L(g0, Bo,V)), we know that there exists #{ € g1 such that [a_;, 2] # 0.
Then [a,z%] = [a;,2%]+- - +[a;, 2] € a therefore there exists an element o’ € a,
such that o’ =a’; .y + - +aj (a) € g) and @', ; # 0. By induction we
prove that there exists an element x = xg + x1 + -+ € a such that zy # 0
and also an element y = y; + --- € a such that y; # 0. Let T = ®p>10
(k > 0). Denote by ag (resp. ajp) the projection of a N7y on gg (resp. the
projection of a N7y on g1). The preceding considerations show that ay # {0}
and a; # {0}. As ais an ideal, a is an ideal of gy and a; is a sub-gp-module
of g1 =V. Let EO be the orthogonal of ay in go with respect to By, and let El
be a go-invariant supplementary space to a; in g;. That is gy = a1 ® El. And,
as go is reductive, we have also gg = ag @ Eg and EO is an ideal of gg. As a
is an ideal we obtain [dg, bi] = {0}. Let now B the extended form as defined
in Proposition 3.4.2 below. Then, as [a;,g-1] C ag, we have for all Y € g_1,
B([bo,d1],Y) = B(bg,[d1,Y]) = {0}. This shows that [by,d,] is orthogonal
to g_1. Therefore [bg,d] = {0}. We have supposed that T'(gg, Bo, V) is not
decomposable in the sense of Remark 3.2.2. Then by = {0} and b; = {0}, and
go = dp and g1 = d;.
As gmin(T'(g0, Bo, V)) is finite dimensional we can write gmin(I'(go, Bo,V)) =
@ _,.8i- AS gmin(I'(go, Bo,V)) is generated by its local part, we obtain that
any X, € g, is a linear combination of elements of the form [... [X{, X?]...] X7}
where Xll, ..., X7 € g1. But as g; = a;, we obtain that X,, € g,,Na, and hence
gn1a=gn
From the transitivity, we know that there exist Yj!,...,Y{* € g_1 such that
Y7, (Y7 Y, X)) ...] # 0. This proves that a; = ang; # {0} and
ap = ango # {0}. Then the same reasoning as above shows that ay = go and
a; = g1. As [go,9-1] = g1 (this is again the transitivity condition), we have
also that a_y =anNg_1 =g_1.
Finally we have proved that I'(go, Bo, V) C a. Hence gpin(I'(g0, Bo,V)) = a.
]

3.4. Invariant bilinear forms.
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Consider again a general quadratic Lie algebra gy with a non degenerate symet-
ric bilinear form By. We will first show that By extends to an invariant form
on the local Lie algebra I'(gg, By, V).

Define a symmetric bilinear form B on I'(gg, Bo, V') by setting:

— Yu,v € go, B(u,v) = By(u,v)

—Vueg,VXeg=V,VYecg 1 =V*

B(u,X) = B(X,u) =B(u,Y)=B(Y,u) =0 (%)
VX Cg=V,VY Cg =V B(X,Y) = B(Y,X) = Y(X) (%)

Lemma 3.4.1.

a) The form B is a non degenerate invariant form on I'(go, By, V') (the defini-
tion of an invariant form on a local Lie algebra is analogous to the Lie algebra
case).

b) Suppose that there exists a grading element in I'(go, Bo, V), that is an element
Hy € go such that [Hy,x] = iz for x € g;, i = —1,0,1, then the preceding form
B is the only invariant extension of By to I'(go, Bo, V).

Proof.
a) Of course as B\gomo = By, the invariance is verified on gyg. Let X €
g1,Y € g_1,u,v € go. From the definition of [X,Y] (see Theorem 3.1.1),
we have B([X,Y],u) = Y(u.X). On the other hand we have B(X,[Y,u]) =
B(X,-uY) = —uY(X) = Y(u.X). Hence B([X,Y],u) = B(X,[Y,u]). We
have also B([u,v],X) =0 = B(u,v.X) = B(u, [v, X]). Similarly B([u,v],Y) =
B(u, [v,Y]) = 0.
b) Suppose that z € g; and y € g; with ¢ + j # 0. Then B([Hp,z],y) =
Bliz,y) = iB(z,y) = —B(x,[Ho,y]) = —jB(z,y). Therefore (i+j)B(z,y) =0,
and hence B(z,y) = 0. We also have for X € V =g and Y € V* = g_;:
B([X,Y],Hy) = Y(X) = B(X,[Y,Hy]) = B(X,Y). Hence conditions (x) and
(xx) are satisfied.

U

Proposition 3.4.2.

1) Let (go,V) be a representation of the quadratic Lie algebra go. The bilinear
form B on T'(go, Bo, V') defined in Lemma 3.4.1 extends uniquely to a invariant
symmetric bilinear form (still denoted B) such that B(gi,g;) =0 if i # —j on
any graded Lie algebra whose local part is T'(go, Bo, V) .

2) Moreover if T'(go, Bo, V) is transitive, then the extended form B on
min (L (g0, Bo, V') is non-degenerate.
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Proof. 1) is due to V. Kac: see Proposition 7 p. 1279 of [2].
2) Suppose now that I'(go, By, V) is transitive. Let us denote the grading by
Omin (80, V) = ®ieczg;. We must prove that if X € g; is such that B(X,Y) =0
for all Y € g_;, then X = 0. We will first prove the result by induction for
1> 0.
From the definition of B on I'(go, Bo,V) we see that the result is true for
i =0 and 7 = 1. Suppose now that the result is true for ¢ < k. Let xp € gi
such that B(zg,g-x) = 0. Then for all 1 € g_; and all x_j11 € g_g41 We
have B(zg,[r—1,2_k+1]) = 0. And hence B([zk,z_1],2—k+1) = 0. From the
induction hypothesis we get [z, z_1] =0 for all z_; € g_;. But we know from
[2] (Prop. 5, p. 1278) that a minimal graded Lie algebra with a transitive local
part is transitive. This implies that x; = 0. The same proof works for 7 < 0.
]

Theorem 3.4.3.

Let T be the set of equivalence classes of fundamental triplets such that the rep-
resentation (go, p, V') is faithful and such that (p(go)V) =V and (p*(go)V*) =
V*. Let G be the set of equivalence classes of transitive graded Lie algebras
g = Ppezg; which are endowed with a non-degenerate symmetric invariant bi-
linear form B such that B(g;,9;) =0 if i # —j. The map

T:T —G

defined by 7(go, Bo, V') = gmin(IT'(80, Bo, V) is a bijection.

Let Ty be the set of equivalence classes of fundamental triplets such that the
representation (go,p, V') is completely reducible and faithful and such that V
does not contain the trivial module.

Let Gy be the subset of G consisting of graded algebras where the representation
(g0, 01) is completely reducible.

By restriction the map T defines also a bijection between T and Gy.

Proof. This is a consequence of Theorem 3.1.6, Proposition 3.3.2, Proposition
3.4.2 and of the fact that a transitive graded Lie algebra is minimal ([2], Prop.
5 a), p. 1278). O

4. slo-TRIPLES

In this section we will make the following assumptions. The Lie algebra gg is

reductive with a one dimensional center: go = 3 @ g(, where g{, = [go, go] and
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dim 3 = 1. Moreover V is an irreducible go-module on which 3 acts non trivially.
Then there exists Hy € 3 such that p(Ho) = 21d},, (and p*(Ho) = —2Id|,,. ).
Recall also that in a Lie algebra, or in a local Lie algebra, a triple of elements

(x,h,y) is called an slo-triple if [h, 2] = 2z, [h,y] = —2y and [y, x] = h.

4.1. Associated slo-triple.

Definition 4.1.1. We say that the local Lie algebra T'(go, Bo, V'), or the graded
Lie algebra gmin(T'(g0, Bo,V')), is associated to an sly-triple if there exists X €
VA\A{0}, Y € V¥ \ {0} and Hy € Z such that (X, Hp,Y) is an sly-triple.

Theorem 4.1.2. Let gy ve a reductive Lie algebra with a one dimensional
center, and let V' be an irreducible go-module. We suppose that the center does
not act trivially on V.. ThenI'(go, Bo, V') is associated to an sla-triple if and only
if there exists X € V' \ {0} such that X ¢ g(.X where g;.X = {U.X, U € g,}.
The set {X € V, X ¢ g(. X} is exactly the set of elements in V which belong to

an associated sla-triple.

Proof.
Recall from Lemma 3.4.1 that the form By extends to an invariant form B on
F(GO,BOa V)
Suppose that I'(go, By, V') has an associated sla-triple (X, Hp, Y). Then Y (gj.X)
B(Y,g,.-X) = B(Y, g7, X]) = B([Y, X],9) = B(Ho, 9y) = {0}. Hence the form
Y is zero on gj.X. On the other hand B(Y,X) = Y(X) = %B(Y, [Ho, X]) =
—3B(Y, X|, Hy) = —3B(Hy, Hy) = —3Bo(Ho, Hy) # 0. Therefore X ¢ g{.X.
Conversely suppose that X ¢ g(.X. We choose Y € V* such that Y (g(.X) =
{0} and Y(X) # 0. Then B([Y, X],g;) = B(Y,90.-X) = Y(gy.X) = {0}. There-
fore [Y, X] € (gh)* = CHy. Set [V, X] = AHy. We have also Y(X) = B(Y, X) =
%B(Ya [H07X]) = _%B([Y7 X]a HO) = _%B()‘HmHO) = —%)\B(Ho, HO) 7& 0.
Hence A # 0. Define Y = 1Y. Then (Y, Hy, X) is an sly-triple.

O

Corollary 4.1.3.

a) The existence of a sly-triple associated to the local Lie algebra T'(go, Bo, V')
does not depend on the invariant form By on go, but only on the representation
(g0, V).

b) If the irreducible module (go, V') has the property that there exists X € V\{0}
such that X ¢ g(.X, then the dual module (go, V*) has the same property.
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4.2. Relative invariants and sl,-triples.

Definition 4.2.1. Let (Go,p,V) be a finite dimensional representation of a
connected complex Lie group Go. We denote by dp the corresponding derived
representation of the Lie algebra go of Go. Let R be a rational fraction on
V. The function R is called a relative invariant of (Go,p, V') if there exists a
Zariski open subset Q) of V', which is Go-invariant, and a rational character x

of Gy such that
Vg € Go,VX € Q, R(p(9)X) = x(9)R(X) (4-2-1)

We will now prove that under some conditions, the existence of a relative in-

variant implies the existence of an associate sls-triple.

Theorem 4.2.2.

Let (go,dp, V') be a finite dimensional irreducible representation of a reductive
Lie algebra go. We suppose that go has a one dimensional center 3 which acts
non trivially on V. Let Hy be the unique element of 3 such that dp(HO)‘gi =
2ildg, (where the g;’s are the homogeneous components of gmin(I'(g0, Bo, V))).
Let Gy be a connected complex Lie group such the representation dp lifts to a
representation p of Gg.

Then, if (Go, p, V') has a relative invariant R with a non trivial character, there
exists an associated sla-triple (Y, Hy, X), (Y € g_1,X € ¢1).

Proof.
Let us first remark that as the center 3 acts by multiplication by a scalar, the
function R is homogeneous of degree k € Z*.

If we derive equation (4 — 2 — 1) we obtain

dR(p(g)x) o p(g) = p*(9~") o dR(p(g)z) = x(9)dR(x).
(Here dR : @ — V*) Hence
dR(p(g)x) _ 7(9)

R(p(g)z)

Hence if we define pr(z) = d}f(%)

x(g9)dR(x)
R(p(g)z)

(pr : 2 — V*), we have:

dR(zx)

=p"(9) Rir) "

er(p(9)z) = p*(9)pr(T)

For A € gp and z € Q, we will now derive the identity R(p(exptA)z) =
x(exptA)R(x) with respect to ¢, at t = 0. We obtain

dR(z)dp(A)x = dx(A)R(x).
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Using the extended form B defined in Proposition 3.4.2 this can be written
B(dR(z),dp(A)x) = dx(A)R(z)
Dividing by R(z) gives
VA € go, B(er(w),[A,x]) = dx(A).
And as B is invariant we obtain:
VA € go, —B([¢r(x), 2], A) = dx(A).

As B is non-degenerate and as dx(g;) = 0, [pr(z),z] is a fixed vector or-
thogonal to g. Hence [pr(z),2] = cHy (¢ € C). If A = Hp, one ob-
tains —B([pr(x),z], Hy) = dx(Hp) # 0 (because x is non trivial). Therefore
—cB(Hy, Hp) = dx(Hp) and ¢ # 0. But from the Euler equation we get:

—B([¢r(z), ], Hy) = —cB(Ho, Ho) = B(¢r(z),[Ho,z]) = 2B(¢r(r), ) = 2k

(remember that & is the homogeneity degree of R).
But then (—Z2Wo.Ho) r(x), Hp, ) is an sly-triple.
2% P

O

Remark 4.2.3. It is known that for irreducible prehomogeneous vector spaces
of parabolic type the existence of a relative invariant implies the existence of
an associated sly-triple (see[5] or [4]). But in the preceding Theorem there is

no assumption of prehomogeneity. It works for any irreducible representation.
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