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Note: This supplement includes
1) QML Estimation of a high order MESS [MESS(p,q)];
2) Some lemmas;

3) Proofs of some lemmas;

5) More Monte Carlo results in addition to those in the main paper;
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4) Proofs of some propositions;
)
)

6) Estimation results of the MESS(1,0) model for the application.

1. QML Estimation of a high order MESS [MESS(p,q)]
Consider the following high order MESS:

Wy = XpuB+tn, €™Mru, =¢n, €0 = (n1,. s €nn), (1)
where aW,, denotes oy Wy1 + - - -+ a, Wy, for a vector o = (a1, ..., ;)" and n x n spatial weights matrices
Whyi's, i =1,...,p, and ™M, denotes 1y M1 + - -+ + 74My, for 7 = (11,...,7;)" and n x n spatial weights
matrices M, ’s, j = 1,...,¢. Denote the model as MESS(p,q). We investigate the properties of the QMLE
for this model when the disturbances are i.i.d. as assumed in Assumption 5. The quasi log likelihood function
of the MESS(p,q), as if the €,;’s were i.i.d. normal, is

1

553 (€W yn = X BY M M (X Wy, — X, ),

Ln(6) = —g In(2702) + In [e@Wn | 4 In |e™n | —

awn‘ _ etr(awn)

where 0 = (v/,02%) with v = (e, 7, 8')". Let 8 be the true parameter vector. Since |e and

‘eTMn tr(TM,,)
b

| =e as long as Wy;’s and M,;’s have zero diagonals, the log Jacobians disappear and the

quasi log likelihood function is simplified to

L.(0)= —g ln(27T02) — (eo‘w"yn — Xnﬁ)’e("M")/eTM” (eo‘W“yn - X..0). (2)
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By contrast, for the high order SARAR model corresponding to (1),

(In - Awn)yn = Xnﬂ + Up,, (In - pMn)un = €n, €En = (Enla sy enn)/a

where A = (A1,...,A,) and p = (p1,...,pq) , the quasi log likelihood function involves the log Jacobian
In|(I, — AW,,)(I, — pM,,)| = In|I,, — AW, | + In|I,, — pM,,|. The stationary regions of A and p can be



hard to find and the Jacobian is computationally intensive (Elhorst et al., 2012).
The MESS(p,q) (1) with the notations «W,, and 7M,, resembles the MESS(1,1) presented in (2), thus
we have similar expressions for the QMLE. From (2), the QMLE of « is the minimizer of

Qn(’y) = (eawnyn - X’nﬁ)le(TMn)le‘rMn(eawnyn - Xn6)~ (3)

For fixed ¢ = (a/,7')’, the QMLE of § is

Bu(p) = (X el™™M) ™™ x, ) =LXT (TM) M ga Wy, (4)
Substituting Bn(cﬁ) into @, (), we obtain a function of only ¢:
Qn(¢) — y»/ne(aW")/e(TM")/Hn(T)e‘rMneawnyn7 (5)

where the projection matrix H, (T) = I,, —e™n X,, (X! e(™Mn) ¢™n X )=1 X/ (TMn)" The QMLE of ¢ can
be derived by the minimization of @,,(¢). Corresponding to Assumptions 1, 3 and 4, we make the following

assumptions.

Assumption A.1. Matrices {Wy;} for i = 1,...,p and {M,;} for j = 1,...,q are bounded in both row

and column sum norms. The diagonal elements of Wy;’s and My;’s are zero.

Assumption A.2. There exists a constant § > 0 such that |o;| < § fori=1,...,p, |r;| < forj=1,...,q,

and the true ¢ is in the interior of the parameter space ® = [—4,6]PH4.

e(TMVL

Assumption A.3. The limit lim,_, = X}, ) e™n X exists and is nonsingular for any T € [—6,6]4,

and the sequence of the smallest eigenvalues of (™M) o™ s bounded away from zero uniformly in T €

[—9,d]9.
To find the identification condition for ¢, define

Qn(9) = mBiHEQn(’Y) = (Xnﬁo)/e_(aow"”),e(aw")/e(TM")/Hn(T)eTM”e"W"e_a‘)W"XnBO
(6)

+ 0_8 tr(ef(7'0Mn)'ef(ozown)’e(awn)'e(‘rMn)'eTM71 eawnefaown e*TQMn).
The following condition is assumed for the identification uniqueness.

Assumption A.4. Either (i) lim, .o n= (X, 80) e (@0Wn) e(@Wn) o(TMu)' [ (7)e™n @Wng=coWn X 3 £

. — J— ’ ’ —
0 for any T and a # v, and lim,, .o n~'tr(e (ToMn)" o(TMn)" o TMn ¢ ToMn)

(i) lim,, 0o 0~ tr(e(ToMn) = (@0 Wn)' o(@Wn) o (TM)' o TMn gaWn p=0 W o =ToMn) > 1 for any ¢ # ¢,

> 1 for any T # 19, or

The consistency of the QMLE follows from the uniform convergence of [Q,(¢) — Q,(¢)]/n to zero on

the parameter space ® and the identification uniqueness. The proof of the following proposition is in 4.



Proposition A.1. Under Assumptions 2, 5 and A.1-A.J, the QMLE 4,, of the MESS(p,q) in (1) is con-

sistent.

For the asymptotic distribution of 4,,, a Taylor expansion of the first-order condition ‘%957:%) = 0 at the

true vy, yields

1 82Qn(5'n) 1 1 9Qn(vo)
Al — = —\\—— = a 7
where 7, is between 4, and 7,. Under regularity conditions, %7828%%(3") = C, + op(1) with C,, =

15 29u00)  We assume that C,, is nonsingular in the limit
n oyo~y' - n g .

Assumption A.5. The limit of C,, exists and is nonsingular.

The first-order derivatives of Q, () at v, are

9Qn (7o)

, ae(aown )l

a = 2(Xnﬁ0 + e_TOMnEn)/e_(aown) a e(TUMn)lenu 7i = 17 By 2 (8)
Q &%
9Qn (o) (ron,y DelTOMR)’ .
aTi = 26'/”6 ( OMn) Teny 1= 17 s q, (9)
0Q, /
Qaé%) — _oX! oM (10)

which are linear and quadratic functions of €, and have mean zero by verification. Thus we may apply the
central limit theorem for linear-quadratic forms in Kelejian and Prucha (2001). The proof of the following

proposition is in 4.

Proposition A.2. Under Assumptions 2, 5 and A.1-A.5, \/n(%,, — ¥o) 4, N(0,lim, . C,1,C,;1),

where C,, = %E 828(2/”3(;',0) is a 3 x 3 symmetric block matriz with the (i,j)th element for 1 <i,j5 < p in the
(1,1)th block being

2 , Oe(@oWr)' , HeoWn 952 L 92e(@oW,)
(X, 1, — (o Wy) (toMy)' JToM,, *aowan 0 4 —(aoWy,)
n( Bo)'e Do € € oo, e Bo + - r(e darde
2 oagW,)’ agW,
4 % tr (e*(ToMn)/e*(aown)’ deleo ) e(TOMn),eTOMn dee e*aowne*‘roMn)’
o Oa;

the (i,7)th element for 1 <i <p,1 < j <q in the (1,2)th block being

2 agW,,)’ oM,,)’ 2 aoW,,)’
%tr(e*(ToMn)IB*(aown),ae( "W QelToM:) )ﬁﬂtr(e—mMn)’ef(aown)'ae( W)
n O oT; n O or;

the ith row for 1 < i < p in the (1,3)th block being —2(Xnﬁ0)’e_(o‘ow")/Mzoi:j”e(ToMTL)/e"oM"Xn, the
(i,7)th element for 1 <i,j < q in the (2,2)th block being

e(TOMn), 20-2

% tr(e_(ToMn)' 0 ) 4+ 220 tr( oMY GeroM
07,075 n

e~ (ToMy)’ del™

8%- aTj

e—ToMn)’

3

ToMy,
oM,y 9T o,

)



the elements in the (2,3)th block being all zero, and the (3,3)th block being %X,’Le("oM“)/e""’M“Xn, and
Q, = C, + Q,, where Qy,, is a symmetric 3 x 3 block matriz with the (i,j)th element for 1 <i,5 <p in
the (1,1)th block being

agW,,)’ agW,,)’
e (roMa) o—(aow,) W gy y GelooWe)

T[)Mn), 7(00 W,
e
Oa

(pa — 303) veep' ( ) vecp (26’( e(TOMn)')

80éj

(a()wn),
[“)aj

), 6e(aown),
(%zi

)/ 8€(a0w")l
80@
), 8e(a0wn)/

e(TOML) oo (9 (ToML) (~(@o W) 9 (oML

+ 2u3( X, Bp) e (@0 Wn

ToMp) —(ToMn)'e—(aown B(ToM")/),

+ 2#3(Xnﬁo)'8_(°‘°w” el /vecD(2e

8C¥j
the (i,§)th element for 1 <i <p, 1 <j <q in the (1,2)th block being

y 8e(a0wn)/
8041'

y 8€(TOM"),
aTj

(14 — 308) vecp' (26 (ToMn) g (@0 Wn e(ToMn)") yecp (2e(ToMn

, 86(70Mn)l

, He(oWn)’ ,
+ 2,“3(Xnﬂ0>/e_(aown) eie(ToMn) VeCD(Qe_("'"M") 5 :
Ty

80&1‘

the ith row for 1 < i < p in the (1, 3)th block being —2us VecD’(2e’("'“M")/e’(aown)/ We(TOM")’)eTOM" Xn,

the (i,7)th element for 1 <i,j < q in the (2,2)th block being

e(TOMn)/

TOMn)/ 9 e(TOMn)
67’1‘

) vecp (26_(T°M")/ 0 o7, )

(114 — 303) vecp' (2e~¢
the ith row for 1 < ¢ < q in the (2,3)th block being —2us vecD’(Qe_(ToM")/W)eTOM"Xn, and the

elements of the (3, 3)th blocks being zero.

When p3 = pg — 305 =0, Q1,, = 0.
2. Some lemmas

In the following, Lemmas A.1-A.4 can be found in, e.g., Lin and Lee (2010) and Jin and Lee (2012);
Lemma A.4, a central limit theorem, is originated in Kelejian and Prucha (2010); and Lemma A.5 is Lemma
A.6 in Lee (2007). They are provided here for easy reference. Other lemmas are proved in the subsequent

section. Let UB stand for “bounded in both row and column sum norms”.

Lemma A.1l. Suppose that n x n matrices {A,} are UB. Elements of n x k matrices {X,} are uniformly
bounded and lim,, oo n"1 X! X,, exists and is nonsingular. Let M, = I, — X, (X} X,,)"1X/. Then {M,}
are UB and tr(M, A,) = tr(A,) + O(1).

Lemma A.2. Suppose that A, = [an,;] and B, = [by;] are two n x n matrices and €,;’s in €, =
(€nly- .-, €nn) are independently distributed with mean zero (but may not be i.i.d.). Then,
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(1) E(en - €, Anen) = (an11 E(31), ..., annn E(€3,))), and
(2) E(e,, Apey - €, Bre,) = Z?ZI A iibn i [E(e;) — 30k +tr(Z,A,) tr(X,By) + tr[2, A, 20 (B + BL)],

where 3, = Diag(a2,,...,02,) with 02, = E(2,),i=1,...,n.
Lemma A.3. Suppose that n xn matrices {A,} are UB, elements of the n x k matrices {Cy,} are uniformly
2

The sequence {E(ek,)} is bounded. Then €, A€, = Op(n), E(e, Anen) = O(n), n=L[e, Anen — E(€, Anen)] =
op(1) and n=Y2C! A,e, = Op(1).

bounded, and €,;’s in €, = (€n1,...,€nn) are independent random variables with mean zero and variance o

Lemma A.4. Suppose that {A,} is a sequence of symmetric n X n matrices that are UB and b, =
(bnts - bpn) is an n-dimensional column vector such that sup, n=' > 1 |bni|*T™™ < oo for some m; >

0. PFurthermore, suppose that €,1, - ,€nn are mutually independent with zero means and the moments

2

.. be the variance of cy

E(|€n:|*Tm2) for some na > 0 exist and are uniformly bounded for all n and i. Let o
where ¢, = €, Ape, + b€, —tr(A,X,) with X, being a diagonal matriz with E@%i ’s on its diagonal. Assume

that n='o?2 is bounded away from zero. Then <= 4 N(0,1).

Lemma A.5. Suppose that [Q,(Y) — Qn(7)] converges in probability to zero uniformly in v € T which is a
convez set, and {Q, ()} satisfies the identification uniqueness condition at yo. Let 4, and %} be, respectively,

the minimizers of Qn(y) and Q% (v) inT. If Q% (v) — @Qn(y) = op(1) uniformly in v € T', then both 4,, and

Ay converge in probability to 7.

2
In addition, suppose that %557) converges in probability to a well defined limiting matriz, uniformly in

2 *
~ € I, which is nonsingular at vo, and \/ﬁ%y“) = 0p(1). If 883557) — a;?gv(?) = op(1) uniformly in

v €T and \/ﬁaQéy“) - \/ﬁanS") = op(1), then /n(¥: — v) and /n(¥ — 7o) have the same limiting

distribution.

Lemmas A.6—A.8 below summarize relevant matrices of the MESS which possess the essential UB prop-

erty.

Lemma A.6. Suppose that nxn matrices {My},..., {M,,} are UB. The smallest eigenvalue of e(™n)" ¢™n
is bounded away from zero uniformly over the interval [—9,8]? for some finite 6 > 0. Elements of the n X k

/ - . .
(TM) o™ X egists and is nonsingular for any T €

matriz X, are uniformly bounded. The limit of %X;Le

[—6,0]7. Then e™n, Xn(X;le(rMn)feTMan)le;l and H,(T) = _rn_erMnXn(X;LG(TM")/eTM,LXn),lXLe(TMn),

are UB uniformly in T € [—0, §]9.

Lemma A.7. Let Wyi,..., Wyp, Mp1, ..., Mpg, Ay and By, be n x n matrices that are UB, b, be an
n-dimensional vector with uniformly bounded elements, X,, be an n X k matriz with uniformly bounded el-
ements, and €, = (€p1,-.-,€nn)" be a random vector with independent elements that have mean zero and

2 75 Assume that lim,_yeo 2 X/ e(™Mn) e™n X exists and is nonsingular for any T € [—0,0]?

variances o, — X7
5)



and the sequence {E(et.)} is bounded. Then %b’ne(o‘w")/e("M")/Hn(T)e"'M”eo‘WnAnen = op(1) uniformly
on the parameter space ® = [—4§,0]PH4, %b;le(aw"')/e(TM")/BneTM"eaW"Anen = op(1) uniformly on
®, Le) Al e @Wn) o(TM) [ (7)e™neaWn 4, ¢, — tr( Al e(@Wn) e(TMa) [, (1)e™neaWn 4, )] = op(1)
uniformly on ®, %[e;A;e(aW”)/e("'M")/Bne"'M" e“Wn A e, — tr(AL e@Wn) (TMn)' B ™M oW g 53 3] —

op(1) uniformly on ®, and %tr(A'ne(aW")/e("M”)/(In — H,(7))e™nexWn A 3, = o(1) uniformly on @,

where H, (1) = I,, — e™n X, (X e(™Mn) e™n X =1 X7 o(TMn)" 4nd 5 = Diag(o2,,...,02,).

Lemma A.8. Let A, be any n x n UB matriz and a, = op(1). Then |[e™* — ||« = op(1) and

e A — L1y = op(L).

3. Proofs of Some Lemmas

Proof of Lemma 1. The proof is sketched in (23) and (24) in the main paper. By the mean value

theorem,
\/ﬁ[(e;ie—@an 6nj6np - eizre_&nwnensﬂnq) - (e;ie—aoWn enJﬂOp - e;we—aoWn ensﬁoq)]
= Aln\/ﬁ(dn — O, 57747 - /BOpa ﬁnq - ﬁOq)la
and
1w B " ) .
ﬁ[tr(e aan)ﬁnp - tr(e aOWH)ﬁOp] = A2n\/ﬁ[an — Oy, 571;7 - BOp}/a
where Ay, = [—e;ie_&nW”WnenjBnp + e%re_d"W"Wnemﬁnq,e;ie_dnwnenj, —e! e~ Wne 1 and As, =

[—%tr(e_&"W"Wn)Bnp,%tr(e‘d"W")], With [@n, Bnp, Bng] being between [Gn, Bnp, Bng] and [ag, Bop, Bogl-
For the first equalities in (23) and (24) to hold, it is sufficient to show that A, — A1, = op(1) and
Agy, — Ay, = 0p(1). By Lemma A8, ||e(@0=@)Wn _ [ || = op(1). Then |e,;(e~%Wn — e Wi YW, e,,| =
el (el )W T Ne=0oWn i e, | < ||e(@0=@)Wn [ || _|le=®WnW, || = 0p(1). Similarly, e/, (e~ Wn —
e=Wn)e, i = 0p(1). As Bup — Bop = 0p(1), Bng — Bog = op(1) and %, — 7o = 0p(1), A1n — A1n = 0p(1).
By the mean value theorem, L[tr(e=%»WnW, ) —tr(e=*WnW,,)] = op(1) and L[tr(e=0Wn) —tr(e=Wn)] =
op(1), then Ay — Aoy = op(1). The results now follow by Slutsky’s lemma. O
Proof of Lemma A.6. As the smallest eigenvalue of e(™)' ™ i hounded away from zero uniformly
on [—4, ]9, there exists a constant x > 0 such that the smallest eigenvalue of e(T™Mn) o™ g greater or
equal to « for any n and 7 € [—§,8]7. Write (™) e™n — I (7)A,, (7)T,, (), where I',y(7) is an n x n
orthonormal matrix and A, (7) is a diagonal matrix with the diagonal elements being the eigenvalues of
e(™Mn) o™ Thep e(TMn) e™n _ kT — T (7)[An (T) — K1, ] () is positive semi-definite, which implies
that
(%mxgxn)—l — (%X;e(*Mn)’eTMan)—l



is also positive semi-definite. Thus, elements of (%X{le("M“)le"'M“ X,)"tand Xn(%X;Le("'M")/e"M" X)) tXx)

are uniformly bounded in 7 € [—4,d]9. Tt follows that %Xn(%X,’Le(TM"),eTMan)_lX; is UB uniformly

in 7 € [-6,8]9. Let ||.|| be either the row or column sum norm. Since |[e™n|| < 2;20% <
Z;’io q151(max1§_z!§q||Mnj||)‘ _ eqémaxlgquHMnjH’ e™n g UB uniformly in T € [_57 6]1) if an’S are UB.
It follows that H,(7) is also UB uniformly in 7 € [—§, §]%. O
Proof of Lemma A.7. We only show the results for terms involving H,(7), as the results for

terms involving B,, can be shown similarly. By Theorem 21.9 on p. 337 of Davidson (1994), the uni-
form convergence of a sequence of stochastic functions {f,,(¢)} on ® follows from the pointwise convergence
in probability f,(¢) = op(1) for every ¢ € ® and the stochastic equicontinuity of {f,(¢)}. For the
stochastic equicontinuity, by Theorem 21.10 on p. 339 of Davidson (1994), a sufficient condition is that
[fn(@™) = fu(@)] < enh(]|@" — @l|), for any ¢, ¢ € P, where {e,} is a stochastically bounded sequence
not depending on ¢, h(x) is nonstochastic which goes down to 0 as x goes down to 0, and || - || denotes the
Euclidean vector norm.

By Lemma A.6, e*W= and H,,(7) are UB uniformly over their respective parameter spaces. Let T}, (¢) =
e(@Wn) o(TMu) [ (7)e™ne@Wn and Py, (1) = I,, — Hu(7). Then Ly T, (¢)Anen = op(1) for any ¢ =
(@, 7') in ® and X[e, Al T, (¢p)Anen — tr(ALT,($)ArE,)] = op(1) for any ¢ € ® by Lemma A.3, and
%tr(A;Le("‘W") ™)' P (1)e™ne@Wn 4 3 ) = o(1) for any ¢ € ® by Lemma A.1. It remains to show
the stochastic equicontinuity of the sequences {10/ T,,(¢)Anen}, {2 e}, AT () Anen — tr(AL T, () AnS,)]}
and {%tr(Ane(o‘W")/e("'Mn)/Pln(T)e"M"eo‘W"AnEn)}. Let Py (7) = X, (X! e(TMn) ™0 x \=1X/ = By

the mean value theorem,

1, 1 aT 1R, OTn()
=0, To(d")Anen — b, Tn(P)Apen = g / - - E ! A T
nb” () Anen nb” n€n = by, nen(a ;) + - b, o n€n (T — Ti),

i=1

where ¢ is between ¢* and ¢, 82”70((?5) = (e("‘w”)/e("M")/Hn(T)e"M"w)s, and

Bai

oT,(9) (@W,) . (rMy) OHn(T) o (*M,,)’ ™ Lo aw
— n n n n Hn VY
373 € [6 373 ¢ + (6 (T) 373 )

T

with 222() = ™™ Py () (e(TMn) 2220 ) By () (TMn)' — [0 B (1) e(T™M)] " Note that

I(aW,)! - l j—l—-1 - j—1 : j—1
1= Ml =i > (aW,) Wi (@ W) oo < > NaWL 25 Waillse = dllaW o |25 [ Wil | oo
¢ 1=0 1=0
Then
86 L9 QW 25| Wi o
I HOO_ 27 90, Hoo§Z G :eHaW”“wHWmHoo.
—0/ j=1

Thus, ae Sa 1S bounded in row (similarly, column) sum norm uniformly in c. Similarly, 2 M" is bounded

in row and sum norms uniformly in 7. Hence, by Lemma A.6, there exists a finite constant ¢ such that all



elements of %b;mﬂania(@An and %b; 8%;@ A, in absolute value are bounded by c. Therefore,

1 " 1 P+ q)c — .
|Eb;LTn(¢ )Anen - Eb;LTn((b)AnEH < % Z |€m| ’ ||¢ - d’”y
=1

where £ 3" | |€,;| = Op(1) by Markov’s inequality. Then {18/ T}, (¢p) A€, } is stochastically equicontinuous.
For {L1[el Al T, (¢p)Anen — tr(A, T, (¢)A,E,)]}, by the mean value theorem,

[ AL T () Anen — b4 T (8) An )] — 16 A4 T () Ane — (A4} T () An )]

;iem(a@j) + 94 o o ; (P9 Dy e )
- iitrm;ag”j’unzn](a: — ) — ;z_; r[A;, (¢) (7 = 7))
(A IO LS g 8
+ii|trmﬁg<% SR th A/agjf” . n]\)nqb ~4ll

where ¢ lies in between ¢* and ¢. As A’n(ag"ioff) + %)An is symmetric, by the eigenvalue-eigenvector
decomposition, there exists othonormal matrix T',, and eigenvalue matrix A,, = Diag{\,1, -, Ann} such

that

T, (¢ T (¢ 1 1
OTw($) + g n(¢))Anen| = —|e.TuA T e, < — max | M| - €en
oo Jday; n n i=1l,-,n

OT.(3) _ OTL(P) e
. < 1 _
80(1‘ + 8ai )An| |OC €nfn = n €nn OP(1)7

_ A/
e A

1
< Z||A!
< ~|jdi

by the spectral radius theorem, for some constant c;, because A’ (aT”(¢) + OT’L(‘#))AR is UB uniformly in
¢ € ®. Similarly, L|e, A (8T (¢) + (¢))A en] < %€, = Op(1). Furthermore, %tr[A’nag%.ff’)AnZn]
and 1 tr[A, 224 5, ] are bounded uniformly on ®. Then {L[e}, A T,,(#) Anen — tr(ALTo(d) AnSn)]} is

stochastically equicontinuous.

For {1 tr(A},e@Wn)'e(™™Mu) Py (7)e™neaWn 4,5, )} as

1 1 / /
—tr(Ale (@Wn) o (TMy)’ Pp(1)e™ne@Wn g, 20 ) = = tr(A;le(o‘w") e(TMn) e™MneaWn g 31)
n

n

- (AT ()4,



by the mean value theorem,

1 * ’ * ’ * * 1 ’ ’

—tr(AL e W) (TTM) Py (25)eT Mn o™ Wa g 5 ) — (AL e(@WR) o (TMR) Py (1) ™n W 4 50 )
n

1 0

n o¢’

2 P - , - ;) - a aW,

2N (AL (W) (TMn)  TMy A ApSn) (el — o)

n [o%
i=1 v

tr(A;Le(&w")/e(iM")/PM(%)e‘T—M" B&W"Anzn) : ((z) - ¢)

S tr( AL e(@Wn) (ML) demMr eV A S ) (T = T)
n aTi n<n P 7

q

Iy s 0 - 23w P )6,

=1 i=1

where ¢ is between ¢* and ¢o- By an argument similar to above ones,

1 0 / ,
Hf&p’ tr(Al e @Wn) (M0 Py (7)™ W 4 33 ||
n

is bounded by a constant not depending on ¢. Thus %tr(A;le("‘W")/e("'M”)/Pln(r)e"'M"eaW"AnZn) is

equicontinuous. The results in the lemma then follow from the pointwise convergence and stochastic equicon-

tinuity. O
Proof of Lemma A.8. |[le®4n — [, || = || Z;il %Q%Azl”oo < Z]Oil %|an|J||An||{x3 = elanlllAnlle —1 =
op(1). Similarly, |[e®»4» — I, ||; = op(1). O

4. Proofs of Some Propositions

Proof of Proposition 1. The consistency of the QMLE #,, will follow from the uniform convergence of
[Q1.(¢) — Qn(#)]/n to zero and the identification uniqueness condition (White, 1994, Theorem 3.4).
We first show the uniform convergence that supgcg =|Qn(¢) — Qn(¢)| = op(1). As yn, = e=*"» (X, 5o+

€_T°M"€n),

1 = 2 / ,
E[Qn(d)) _ Qn(¢)] — ﬁ(Xnﬂo)/e(afao)wne‘rMan (T)e‘rMne(oz*(lo)Wnef‘roMn €n

1 _ ! _ ’ ’ _ _
+ 76;6 ToMne(D‘ aU)W"BTM"Hn(T)eTM"G(a ao)Wne T()J\/[nen

2
g, _ / _ ’ ’ _ _
7*0t1‘[6 T()Mne(a ao)Wne‘rMan(T)eTMne(a Oéo)Wne -roMn]
n

2
_ @ tr{ef‘roM;e(afao)WT'L eTM; [In —H, (T)}efr]wne(afag)wnef‘roMn }

By Lemma A.7, £[Qn(¢) — Qn(¢)] = op(1) uniformly on ®.



We now show that %Qn(qﬁ) is uniformly equicontinuous. By the mean value theorem, for ¢, ¢o € @,

[Qn(61) — Qn(¢2)] = 2(XB0) e G IWaW! TMu H, (7)™ MnelG—a0)Wn X B0 () — ap)

1 ~ Yy aHn T - -
+ g[(Xnﬁo)/e(a_%)W"eTM" (2M} H,,(7) + #)eTMne(a_ao)W"Xnﬂo](ﬁ —T)

1
n

20’2 _ ’ ~ ’ ~ag! = ~ _
+ “Y0 tr[e TOMne(O‘ ao)WnW;leTM"e‘rMne(a ao)Wne TOJV[n](al _ 042)

2
n 204 tr[e—mM;e(&—ao)W;Le%M,,gMne%Mne(a—ao)Wne—mMn](

71 — 7—2)7
n

where & is between ay and g, 7 is between 71 and 72, and %T(T) = —M, P, (1) — P,(T)M], + P, (7)(M], +
M) P, (7) with P,(7) = I, — H,(7). Since P,,(7) is UB uniformly over the parameter space by Lemma A.6,

aW,

and so are e and e™M» there exists some constant ¢ such that

L1Qu(61) ~ Q)] < elln — ol + I — 7).

Thus %Qn((b) is uniformly equicontinuous.

Finally, we show that the identification uniqueness condition holds. Let Aq,..., A, be the eigenvalues of
A, () = e~ oM, o(a—a0)W, oM, o7 Mn o(a—a0)Wn e=ToMn  Gince A, (¢) is positive definite, A;’s are all positive.
Then by the inequality of arithmetic and geometric means,

1 n n

Do) = = x> [0 = 1A 0)

n : .
i=1 =1

_ [677—0 tr(M;l)e(ocfao) tr(W,’L)er tr(M;)e'r tr(Mn)e(ozfao) tr(Wn)efro tr(Mn)]l/n =1,

because tr(M,) = tr(W,) = 0. In addition, (X,30) e~ ®WaW! ™M H, (1)emMrela=00)Wn X 3y > (),
Thus, %Qn(d)) > o3. When ¢ = ¢, %Qn(qb) = o2. Assumption 6 implies that whenever ¢ # ¢y,
lim,, o0 %Qn (¢) # o3. Thus, with uniform equicontinuity, the identification uniqueness condition holds.
With the uniform convergence and identification uniqueness condition, the consistency of én follows.
Using the formula Bn(d)) as a function of ¢ in the main paper, the consistency of Bn follows by plugging g{)n
into the function. O
Proof of Proposition 2. Applying the mean value theorem to the first-order condition %ﬁj“) =0 at

the true 7, we have
1 aan(:)’n) -1 1 aQn(’YO)
Yn — =—(-———F) ——F——, 11
where 4, is between 4, and 9. To obtain the asymptotic distribution, we first show that %% =

%% +op(l)=1E % +o0p(1) = C,, + op(1). The second-order derivatives of @, (7) are

02 , , / /
ngQ(IY) - Qy;eawn WTI?eTMn eTM” (eOthyn - Xnﬂ) + 2y;6aWn WylLeTMn eTMn WneaW1Lyna

92Q,, / ,
732 a(:) =2y, eV W) e™n (M), + M,,)e™ (e* Wy, — X, ),

10



°Qn (v)

1 ’
= _9X! e MueTMuyy, Wiy

dadp
82@”(7) « T 4 T o
Cor2 =2(e Wnyn - Xnﬂ)/e Mn (M'I/LM"L + Mz)e M (e Wnyn — Xnf),
Qn(v) /
n _ 72X/ TM,, Mn M/ TMy (oW, n*Xn
Qn(v) /
n _ QX/ TM,, TMan.
9500 e Ve
We may first write e®nWn — (eann _ eaoVVn) + eaOWn’ eTnMn — (e‘FnMn _ eTOMn) + eoMn gpd Bn —
(Bn — Bo) + Bo, and then expand the terms for %%. By Lemma A.3 and the reduced form of y,,
Lyr Anyn = Op(1) and X/ Ay, = Op(1), where A, is an n x n matrix that is UB. We also note that
et —oaa| o = [[(el@n=0Wn 1, )eroWa |, < [e(n=00Wo — I, [e%0W» o = 0p(1) by Lemma A8,
and similarly |[eT»Mn — eToMn|| = 0p(1). Then from the expanded forms of the terms for 1%7 we
n 9ydy

have 1 £Qu(n) _ 19°Qn(0) +0p(1). The equality &9 (0) _ 1E 9°Qn(0) +op(1) follows by Lemma A.3

n  0yoy' n  0yoy’ n 0yoy’ Oyoy'
as each element of 19°Qn(y0) _ 1, 8°Qulbo) is a linear-quadratic function of ¢, by the reduced form of
n  Oyoy' n vy’ q n DY Yn-

We now show that lim,,_, . C,, is invertible under Assumption 7. Let 1 = (11,72, 75)" be a vector whose
length is equal to the column dimension of C),, where 7; and 7, are scalars. Consider the linear equation
system lim,, ,., C,n = 0. It is sufficient to show that n = 0. Since lim, . %(eToM”Xn)’(eToM”Xn) is
nonsingular, from the third row block of lim, ., C,n = 0, we have

1 1
N3 = lim [—(eTOM"Xn)’(eTOM"Xn)]71—(eTOM"Xn)’WneTOM"XnﬁOm.
n

n—oo n

As lim,,, tr(M3MZ) # 0, the second row block of lim,,, C,,n = 0 implies that
nz = —m lim tr(W3 M)/ tr(M;My).
n— o0

Substituting the expressions for 7, and n3 into the first row block of lim,,_, ., C,,n = 0, we have
2

: 1 T T o
lim [—(W,e™M" X, 80) Hy (7o) (Wre™Mr X, 8) + 0

ol S L Wa W) (M)~ (W) | = 0.

Thus Assumption 7 implies that 17, = 0. Therefore, lim,,_,, C,, is nonsingular.

As lim,,_,» Cy, is nonsingular, by (11), for large enough n,

L 8Qn (70)
vn o 9y

is a linear-quadratic form of €,, as shown in (8) in the main paper. Applying

V(3n —v0) = —C; ! +op(1),

where each element of %ﬁw)

the central limit theorem in Lemma A.4, we have

V(3 = 7o) % N(0, lim C;'Q,C1),
n— o0

11



where Q,, = + E(anyo) aQ"(A’O)), whose explicit expression can be derived by Lemma A.2. When ¢, ~
N(Qa%]n), 70 = 0 or W,, and M, can commute, §2,, = 20(2)Cn, thus the asymptotic VC matrix of 4,
simplifies to 202 lim,, o C,; 1. O
Proofs of Proposition 3 and Proposition 4. The proofs resemble those for Propositions 1 and 2
respectively, even though the identification conditions are slightly different, thus they are omitted. O
Proof of Proposition 5. To prove the results in this proposition, it is sufficient to show that (i)

Lir(S,Wes, M) — L tr(2, Wi, M3) = op(1), (i) Ltr(WM,3,) — L tr(WM,3,) = op(1),

. 1
(iii) —r! emMugfnMng . Zp! gToMyeToMng — 6,(1),
n n

and (iv) Lyr e Musy efnMng %r;eTonll SeMng, = op(1), where the n-dimensional vectors 7, and s,
have uniformly bounded elements.

We first show that (i) holds. Note that tr(X,W:X,MS) = Y0 | Zj L0200 i 2 (Wnij + Wnji)(Mpij +
My, ji), Where wy, ;; and m,, ;; are, respectively, the (7, j)th elements of W,, and M,,. Let H, be an n x n
symmetric matrix with the (i, j)th element h,, ;; being (wp ij + Wy ji)(Mn,ij + My ji). Then H,, is UB, as

Yo bl < CZ?_1(|wnﬂj| + |wy, ;i) for some constant c¢. To show that (i) holds, we may show that

( ) Zz 1 Z] 1( ni nj - U?ngij)hnaij = OP(l) and (2) Bn —n =1 Z] I(AngA%j fiieij)hn,ij = OP(I)'
It has been shown in the proof of Proposition 2 in Lin and Lee (2010) that (1) holds. Thus we only
show that (2) holds. As €267, — eer; = (&2, — en)en; + eni(én; —en) + (65, — €2,) (€2, — €55), By =

B,1+ Bya +Bn37 where By = n E?:l Z;L:I(é?u - G%i)eijh’",ij’ Bpa = n Ez 1 Zg 1 nz( €nj €$1j)hn,ij and
B3 = %Z?Zl Z;‘zl(éii —e2)(e . — efw) nij- We shall show that B,; = op(1) for ¢ = 1,2,3. From the

ni nj

model, we have

é‘n — e"A—nMn (e&nwnyn _ Xan)

Tn M,

=le ne(Bn—=00)Wn o —=ToMn _ L)en + e Mn (e(dnfal))wn — 1) XnBo + 6%"M"Xn(50 _ Bn) + €.

Then é,; = @i +bni+Cpiteni, where a,; = ey[e™Mrel@n=c0)Wne=roMn T 1e b = e,;e™Mn(e(dn=a0)Wn _

1) X, B0, and cp; = enie™Mn X, (By — Bn), with e,; being the ith row of the n x n identity matrix. Thus

1 n n
B3 = E Z Z(afm + b%z + C%i + 2anibni + 2aniCni + 2ani€ni + 2bnicni + 2bni€n; + QCnieni)Zhn,ij-
i=1 j—1
Since |bpi| < |l Mn||oo||el@n @0 Wn T, || o|| X 0nBollso = 0p(1) by Lemma A.8, and |cni| < |7 ||oo || X (Bo—

Be)llose = 0p(1), % > Z?:1 dpnihn,ij = op(1) with d,,; being the cross products of b2;, ¢2;, 2biCni, 2bpi€ni

TL’L’

and 2c¢pi€,;, by Markov’s inequality. We now show that % Zz 1 Z] 1 amemhn ij = op(1). By asecond order
Taylor expansion of a,;, we have a,; = en; Mpée, (Tn—70)+€niWhen (an—ao)—|—§emM,2Le(%"_TO)M"e(é‘“_ao)w” €n(Tn—
7-0)2 + %eniwge(‘;n_TU)Mne(&n_(XU)Wnen(d’n _ ao)z + eniMane(%n_TO)Mne(&n_O‘O)Wnen(f-n _ 7—0)(&” _ ao),

where 7, is between 7,, and 7y, and @, is between &, and ag. By the C; and Cauchy-Schwarz inequalities,

12



7” < 5( nl T tn2 +tng + tha + tn5)7 where th1 = (eniM En)g(%n - 7—0)27 tna = (enZW en)Q(dn - a0)27 tn3 =
1(eniM2eln —70)Mn g(Gn—00)Wne V2(7, —70)%, tpy = 4(6mW2€(T“ —70)Mn g(Gn—00)Wne V2(&, —ag)?, and t,s5
(eni MW, elTn 7o) Mn g@n=a0)Wn e )2(7, — 70)2(4y, — ag)?. We shall show that 2 377" | >0 | torel hnij =
op(1) for k=1,...,5. For t,1,

1 n n 1 n n
2 2
E E E enzM en n 4 = n E § Mp,ikTn llenkenlenzhn ij -
=1

i=1 j=1 =1 j=1 k=1

n

By the Cauchy-Schwarz inequality, E(|enrenies;|) < E'Y2(e2,¢2) EY? (et i) < EY4(ed, ) EYA () BY2 (e i)
Then by Markov’s inequality, for any n > 0,

for some constant ¢, as M,, W,, and H, are all UB. Thus > " | Z;L:l(eniMnen)Qeiihn,ij = Op(1) and
Y Y tmen by = op(1). Similarly, £ 37 | tnoen;hn i = op(1). For tng, by the Cauchy-

Schwarz inequality,

1 . 5 5 r s
2 (Tn—To) My (Gn—ao)Wy (&n—ao)W,, (Th—T A2 4 ! A 4
tns < ZeniMne( 0) 6( 0) 6( o) e( M Mn enienen('rn - 7—0) < Cenﬁn(’rn - TO)

for some constant c. Then L7 3" | tnzen;|hnij| < le 1 D=1 €n€n€nilhn ij], where, by

Markov’s inequality, > >°7" > i €hen€2;|hn.ijl = Op(1). As /n(#, — 70) = Op(1),

1 n n
E Z Z tn3€iih’n,ij = Op(l).

i=1j=1
Similarly, & > Y% tuken;hnij = op(1) for k = 4,5. Hence, + >0 >0 1 a2;€2,hnij = op(1). Simi-
larly, we have - 3% | Z?Zl dnihnij = op(1) with d,,; being any term involving a,; in the expanded form
of (a2, + b2, + 2, + 2anibn;i + 2aniCni + 2ani€ni + 2bpiCni + 2bni€n; + 2¢ni€ni)?. Then B,z = op(1). With a
similar argument, B,; = op(1) and B,2 = op(1). As a result, (i) holds.
The (ii) follows by a similar argument.
For (i),

/ TOM To M,

|7 / Tn TnMnsn 17« e
n

Lsn‘

|7 ! ofnM ( (Tn—T0) Mp _In)eToMnSn + %T;LBTOM*,L(e(%"_TO)M’/" —In)eTOM"Sn‘

1 s 1 _

< o™ Moo [T 7m0 — I oo [le™ M s loo 4 1= 77,67 M oo [T 7700 — I [|e™ M 51|
n n

=op(1),

by Lemma A.8.
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For (iv), write

1 Aol A A 1 /
Er;eT"M" Do Mg Er;eT"MﬂEneT‘)M"sn

1 - 1 - .
= ET;eTOM;L (En - En)eTOMn Sn + ET;eTOM;L (E’ﬂ - Zn)(eTnMn - eTOMn)Sn

1 ~ ’ ’ A - 1 - / ’ ~
+ gT;(eT"'M" _ eToM”)(Zn _ En)erﬂ,Mﬂ,Sn + ET;(eann _ eTokIn)EnernMnsn
1 / .
/ M n M, My,
+ Ernem nY,(e” — M) g,

The first term on the r.h.s. of the above equation can be shown to be op(1) as the term in (ii). For the
second term, note that [|e™Mn — eToMn||_ < ||eToMn || ||e(Tr=T0)Mn _ [ || o = op(1), then |%r§L670M5L(2A]n -
) (e Mn —eToMn)s, | < 2||eTn M —eToMn|oo ST |éni—onl < glleT M —emoMn]|oo 3T (|€h; —enil+len; —
02,]) for some constant ¢, where = 37" | |2, —02,| = Op(1) by Markov’s inequality, and 2 37" | |2, —€2,| =
op(1) which can be shown as in the proof for (i). Thus the second term is op(1). Similarly, the third term is
op(1). The last two terms are op(1) by using the sub-multiplicative property of the row sum matrix norm.
Therefore, (iv) holds.

The results in the proposition follow from (i)—(iv). O

Proof of Proposition 6. Using the reduced form for y,,, we have

€, (7) Pai€n(7) — Ble, () Pien(7)] = €, e 0 Muelom0olWa ety p i omMn gla=co)Wn g =roMue,

! ’ !
_ 0_8 tr[e—ToMne(a—ag)Wn eTMn PnieTMne(a_ao)Wne_TOJV["]
+ [e‘r]\/fn (e(a—ao)WanﬂO _ Xnﬁ)]lpsieTM"6(a_a0)W"6_TOM" €n,s

Fqlm len(v) —Een(v)] = FT/LeTMne(aiaO)W"eiTOMn €n-

By Lemma A.7, L€/, () Pricn () — L Ele), () Puien(7)] = 0p(1) and L F)[e,,(7) — E€n(y)] = op(1) uniformly
on I'. Thus, al,g,(v) — E[al,gn(7)] = 0p(1) uniformly on I'. Similar to the proof for the uniform equiconti-
nuity of 2Q,(¢) in the proof of Proposition 1, there is some constant ¢ such that 1| E[e}, (y1)Pni€n(71)] —
Ele,(v2) Pi€n(12)]] < clly1 — 2]l and Sl E[Fe(m)] — E[Fe(v2)]ll < clln — 2| for any 71,72 € T, by
the mean value theorem. Then a}, Eg,(v) is uniformly equicontinuous on I'. The identification condi-
tion and the uniform equicontinuity of a!, E g,(y) imply that the identification uniqueness condition for
E g, (7)anal, E g, () holds. The consistency of 4, follows from the uniform convergence and the identifica-
tion uniqueness condition.

By the mean value theorem,

99,,(4n) / AN 99y, () / 9gn () ,
8’}/ anangn('}/n) - O - a,y anan[gn(’yo) + 8’)’/ (’YTL - ’YO)];
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where 7,, is between %,, and 9. Thus

N _ 99, (4n) + 99n(Yn) 121995, (n) /
V(in =) = = L ] > anap,V/1gn(Y0)-

We may show that ag"(%) ag"(%) +op(l) =E aggiyo)+0p( ). The proof is similar to that for 1 & G9nGn) gi’b(ﬂj") =

%%&E}O) +op(1) = E(Tll 6;?;590)) + op(1) in the proof of Proposition 2, thus it is omitted. Then

. aq, Ogn(10)-_, .. O,
Vi =) = ~[8 2800, 5 20200 1 G0 g, () + 0p(1).

8!]” ('70) and
9’

The asymptotic distribution of 4, now follows from Lemma A.4. The explicit expressions for E
E[ngn(70)g,(70)] are derived by Lemma A.2. O
Proof of Proposition 7. The generalized Cauchy-Schwarz inequality implies that the optimal weighting

matrix a/,a,, in Proposition 6 is V1. For the consistency, consider

90NV gn (V) = 90 (Vi gn(7) + 90 (N Vit = Vi D ga ().

1/2 —1/2

With a, = Vi, 77, ag = lim,, o0 Vi exists by Assumption 15. The uniform convergence of al g, (v) —
a,, E g, (7) can be shown similarly as that in the proof of Proposition 6 and the identification condition is given
in Assumption 13. Then for the consistency, it only remains to show that ¢/, (y)(V,7' — Vim Dgn(y) = op(1)

uniformly on T'. Let || - || be the Euclidean norm for vectors and matrices. Then,

9NVt =V Dga I < llgnIPIV = Vi
It is shown in the proof of Proposition 6 that g,(v) — Egn(y) = op(1) uniformly on T', and there is
some constant ¢ such that L|E[e), (v1)Pien(71)] — El€), (72) Prien(72)]] < ¢|l71 — 72|| and L||E[FLe(v1)] —
E[Fe(2)]ll < cllv1 — 2|| for any 71,72 € I'. Then Eg,(y) = O(1) uniformly on I' and g.(7) = Op(1)
uniformly on T'. Since V,, — V,, = op(1) and Vj, is nonsingular, |[V;;* — V.|| = op(1) by the continuous

mapping theorem. Therefore, ¢/, (7)(V,7' — Vi gn () = op(1) uniformly on T.

For the asymptotic distribution, from the proof of Proposition 6, ag"a(jf&) —-E 095570) =op(1l) and

\/ﬁ(ﬁ/n,o _ ’70) _ _[ag;z(?yn,o) Vn_l 8gn(§’n,o)} agn<'7n o) 1fgn(’Yo)

2l ' 2}l
dg, 09n 5 " _
— (5 200y p 20200y OO0y g, () + 0 (1),

where 4, , is between 4, , and 7. The asymptotic distribution of \/n(%,,, — o) follows from this expansion
and Lemma A.4. O
Proof of Proposition 9. Let Q%(v) = g (7)V* g% (v) and Q%(7) = 3 (v)V,* 1§ (). We shall verify
that Q* (v) and Q7 (v) satisfy the conditions in Lemma A.5.

First, we show that [|g%(7) — ¢%(7)|lcc = op(1) uniformly in v. To show this result, it is sufficient
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to show that (a) %62(7)(@’” — W,)en(v) = op(1) uniformly in v; (b) el (v) Diag(W,, — W,)en(y) =
op(1) uniformly in v; (c) Le), (v) Diag(e™Mn WX B — €™M W, X, 80)Den () = op(1) uniformly in ~; (d)
Ler () Diag(ef Mn X3 —e70M0 X2) O (7) = 0p (1) uniformly in ; (6) L (e M —emoMn) X2, e () = op (1)
uniformly in 7; (f) & (e™Mn WX B — ™MW, X, 80) €n(7) = 0p(1) uniformly in v; and (g) L vecp’ (W, —

n

Wp,)en () uniformly in v. For (a), by the mean value theorem,

1 A 1 N _z N
*6/(7)(Wn - Wn)en('y) = *EZ(V)GT”M” (M, Wy, — Wy, My, e nMnEn('Y)(Tn —70),

n n

where 7 is between 7,, and 7. As in the proof of Lemma A.7, by the spectral radius theorem, L|e/, (v)e™» (M, W, —
WoMy)e T Mrey (7)) < g l|[e™ M (MW — Wo M) ™M ]#| e, (Ven(y) < el (7)en(y) for some con-
stant c. The L€/, (7)en(v) can be expanded by using €,(v) = emMnela—a0)Wne=ToMne | oTMn (g(a—co)Wn x 3
X,8). Let P, (¢) = e~ 0Mnelam o)W, o7, o7 Mn g(a—a0)Wn g=70Mn By [emma A.7, %e’nPn(qS)enf%g tr[ P (¢)] =
op(1) uniformly in ¢. As e*?» is UB uniformly in a € [—6, 6] for any n xn UB matrix A,, L tr[P,(¢)] = O(1)
uniformly in ¢. Thus L¢P, (¢)e, = Op(1) uniformly in ¢. Other terms in the expanded form of L€/, (7)€, ()

are either op(1) uniformly in 4 by Lemma A.7 or O(1) uniformly in v because e*4» is UB uniformly

in a € [-4,6] for any n x n UB matrix A,. Thus 1€, (v)e,(y) = Op(1) uniformly in v. It follows
that %e’('y)(wn — Wo)en(y) = op(1) uniformly in ¢ as 7, — 70 = op(1). For (b), ||[W,, — Wy||oe =

| (eFn=70)Mn _ [ YW, (e(o—Fn)Mn _ [} 1 (e(Fn=T0)Mn _ [ YW, + W, (e(o=)Mn _ [ Y[|o0 < [Je(Fn=T0)Mn _
oloe IVl o™= 700305 — Ty 4 [P0 — I, o[ W, WLl 0= — Iy Joe = 0p(1),

by Lemma A.8. Then 1l|e/ () Diag(W,, — W,))e, ()| < ||[W,, — Wl el (7)en(v) = op(1) uniformly in

7. For (c), we have L€/ (v) Diag(e™» WX B — €™M0 W, X, 80) Dep () = Le! () Diag(e™Mn WX —

e Me WV, X, Bo)en () — %eg(y)en(v)%l;(e%"M" Wi X B — 70 Mn W, X B0), where the first term can be shown

to be op (1) uniformly in 7 similarly to (b), and %|l;(e%"M"WananeTﬂM" WnX.60)| < %|l;|m\|e%"M"Wanan
e™Me W, X, Bollsoc = op(1). Thus (c) holds. (d) holds by an argument similar to that for (c). (e) holds

since L[((€Mn — M) X7 Ven(7)] < /X3 (R M — M) (e — emoMa) X7y [ Ll (1)en () by the

n

Cauchy-Schwarz inequality. (f) holds by an argument similar to that for (e). For (g), by the cauchy-
Schwarz inequality, L | veep (W, =W, )en (7)] < \/% veep!(W,, — W,,) veep (W, — Wn)\/%e;l (7)en(7y), where
%vecD'(Wn — W,,) veep(W,, — W,,) < |[W,, — W,||2, = op(1). Thus (g) holds. Consequently, ||g%(y) —

95 (Y)|leo = op(1) uniformly in +.

Next we show that V* — V.* = op(1). For this purpose, the following results are helpful: (h) ||P* —
P*illee = op(1) and ||P;, — P%|1 = op(1) for i = 1,...,k* +4 and (i) ||F*, — F%llee = op(1) for
i =1,...,4. For (h), we have shown above that ||[P*, — P%|||cc = ||[W* — W%||.c = op(1), which im-
plies that [|By, — Pille = || Diag(W}, — W;)lleo < [[W}, — Wy|loe = op(1). For Py, we have [|Py; —

Pillee = || Diag(e™ MW, X8, — €™M W, X,,80) — 11,0 (e MW, X, B, — €™M0 W, X, 80)||oe < (1 +

%HZ’HOO)He%"M"WanBn — e Mul, X, Bollee = op(1). Similarly, we have |\15:L‘,l_~_4 — P*,l+4HOO = op(1)

n
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for I = 1,...,k*. The results for the column sum matrix norm are similarly proved. (i) is obvious given
the proof of (h). With (h) and (i), we have L|tr(PiPrs — PisPrs)| = Ltx[(Prs — P3,)(Pis — Pr3) +
Pii(Pys = Pi5) + (Byf = Pa)Pisll < 1P = Prilloll By = Pislle + 11 Piillscl| By = Pisllee + 11 —
Piillool| Pi3lloo = 0p(1); L|vecn' (Py;) veen' (Py;) — veep! (Py;) veen (Pr;)| = L|veep (P, — Py;) veep/ (P, —
Pyj)+veen' () veep! (B = Pij)tveen! (B —Prg) veen! (Piy)| < || By = Puillool 1P = Pl oo+ Pail loo| | By —
Pjlloot1Bii=Puil ool Pjllso = 0P (L); I Ei Fry = FriFrlloo = 11 (Eyii—Fy) (= )+ i (B — )+
(Bt = F) Fijlloo < NEY: = Fillool 1725 = Flloo + il 535 — Fjlloo + 11555 = Bl oo 175 oo = 0P (1);
and || veen () =y veep (Bi)lloo < 5l1(Fyi = F)' veen (P = Pyl + 5115 veen (P = Bjlloo +
Sl(Ey = F) veen (Prg)lloo < I1E = Frllool By = Pislloo + 1 Ex ool P = Prllos + 1 s = Fi ool | Pyl =
op(1). Therefore, ‘A/Tf —V¥=op(1).

As V; —V* =o0p(1) and V,, is nonsingular, f/,;"*l —V*~! = 0p(1) by the continuous mapping theorem. As
in the proof of Proposition 7, g% (y) = Op(1) uniformly on I'. Therefore, Q% (v) — QZ(V) = op(1) uniformly
on I'. It follows that 47, , is a consistent estimator of 7o as the minimizer of Q: (7) is a consistent estimator

of vg.

*
n

uniformly on I'. Furthermore, \/ﬁaQéy‘)) = 28g:§;§7°) Vi =ty/ng: (v0) and /n anyO) =2% %iﬂm) VELy/ngk (o).
By Lemma A.3, v/ng (y0) = Op(1) and %W = Op(1). By asimilar argument as for ¢} (v)—g.: () = op(1)
uniformly on T, 20020) — 99.00) — o,(1) and y/ngs(v0) — vigs (v0) = 0p(1) as V(7 — 7o) = Op(1) and
V(Bn — Bo) = Op(1). Hence, \/ﬁw = Op(1) and \/ﬁ%y”) — \/ﬁ%f/’m) = op(1). Therefore, 4, ;

has the same limiting distribution as the minimizer of Q7 (). O

’Qr(v) _ 2°Qp () _ op(1)

By a similar argument as for Q* () — Q* (v) = op(1) uniformly on I', we have o8y 5B

Proof of Proposition 10. The proof resembles that for Proposition 6, thus it is omitted. O
Proof of Proposition 11. Note the the (4,j)th element of V,,, for 1 < i < k, and 1 < j < kp,
is o vec! (B2 Py S %) vee(S1 2Py, %) = o (S PSR PP s?) = Bk te(Py TPy E,). By a
similar argument to that in the proof of Proposition 5, V;, — V,, = op(1). The rest of the proof resembles
that for Proposition 7. O
Proof of Proposition A.1. The consistency of the QMLE 4, will follow from the uniform convergence
that supyee +|Qn (@) — Qn(@)| = op(1) and the identification uniqueness condition.

We first show the uniform convergence. As y, = e~ W= (X, By + e~ ToMn¢, ),

1 - 2 / , /
7[Qn(¢) . Qn(¢)] _ —(Xnﬂo)/ef(aow") e(awn) e(TM") Hn(T)GTM"eaW"€70‘0W"€7T0M" €n
n n

1 _ ro_ ’ ’ ’ _ _
+ 76%6 (ToMn) e (aown) e(awn) e(TMn) Hn(T)eTMneawne Otowne ToM,, €n
n
2
_ 0'70 tr[e_(TOMn)/6_(aown)/e(awn)/e("'Mn)/Hn (T)eTMn eawn e_aown e_TOMn]
n

2
_ 0'70 tr{e_(TOMn)/e_(O‘OWn)le(awn)/e(TMn)/ [In _ Hn (T)]eTMn eawn e_aown e_TOMn }
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By Lemma A.7, 1[Q,(¢) — Qn(¢)] = op(1) uniformly on ®.

We now show that %Q_n((ﬁ) is uniformly equicontinuous. By the mean value theorem, for ¢, ¢* € ®,

1 .
~1Qn(9") ~ Qu(9)
p ~W7l
_ 22 5 / —(aoW ) e(OLWn) e("'Mn) H, ( ) FM,, Oe® —aoW, x B (o[f< —Oé)
2 n O 80(1' 0\, 1
203 & M, W) (GW,) (7M. #M, 0eVr W M
4 220 37 trfe (oM W) (W) (A M S W roMa o7 — )
i=1
LSS e (oW @ o oy (212 OHAT) na ) aw, e :
+ﬁ; X,.50)" oW) (GW ) (FM) (2H,,(7) o + aj—f )e M")e W OW"XnﬂO(Ti —7)
2 2 4 ’ ’ ~ / = ’8 TMn o
+ % Ztr[e—("oM") e (CoWn) o (GWn) o (TMy) eaTeaW"e_aowne_TOM"](Ti* — i),
i=1

where (}b is between ¢* and ¢. By Lemma A.6, H,(7), e*W» and ¢™=» are UB uniformly over their

cWn  §eT™Mn daHn("')
da; O OT; orT;

respective parameter spaces. By the proof of Lemma A.7, ‘% are UB uniformly over

their respective parameter spaces. Then there exists some constant ¢ such that
1~ o = . .
—1@n(87) = Qn(@)] < cllla” —all + |77 — 7).

Thus %Qn (¢) is uniformly equicontinuous.
Finally, we show that the identification uniqueness condition holds. Let Aq,..., A, be the eigenvalues of

—TOM

An(¢) _ e—(ToMn)’e—(aown)’e(awn)/e(‘rMn)/e‘rMn eaWne—agwne

n. Since A, (¢) is positive definite,

A;’s are all positive. Then by the inequality of arithmetic and geometric means,

= 3 on = ([ = A
i=1 i=1

— [6_ tr(‘roMn)e— tr(aown)etr(aWn)etr(TMn)etr(TMn)etr(awn)e— tr(aown)e— tr(‘roMn)]l/n

1
—tr
n

3\'—‘

=1

)

because tr(aM,,) = tr(tW,,) = 0. In addition,
(Xnﬂo)/ef(aown)/e(awn)/e(-rM")/Hn (’T)eTM" eaW,,LefaOWanﬂo > 0.

Thus, 1Q,(¢p) > 03. When ¢ = ¢y, 1Q,(¢p) = 03. Assumption 6 implies that whenever ¢ # ¢y,
lim,, o0 %Qn (¢) # o2. Thus the identification uniqueness condition holds.

With the uniform convergence and identification uniqueness condition, the consistency of &)n follows.
The consistency of ,, follows by plugging (ibn into the function Bn(qS) in (4). O
Proof of Proposition A.2. To obtain the asymptotic distribution, we use (7) for /n(%,, — v,) derived

2
from a Taylor expansion of the first-order condition. We first show that }La gy’b(;’") = %a 3%%(:/0) +op(l) =
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1 Eaa%é(]‘)) + op(1) = C, + op(1). Noting that for any a*,a € [—6,d]P, by expanding (a*W,,)! =

[(a* — )W, + aW,,]%, we have

* i ] : i i — * c
1@ W)~ @W,) e < 3 () laWa ¥ - cpWa &
k=1

. " 1/:1—1 - "
— il -~ Wl Y- 1 (e Wl e - w1

<ill(a” — )Wl ([aWo oo + [[(0" — @)W [o) ™

Then |[e® Wr — ¢@Wn

o <l = ) Wallool | 271 o (leWallo + [|(0* — ) Wi[Joo) ™! = [l(e* —

Q)W eIl 16 =Wl < [[or" —ax]| mases ([ W ol 1599 1167 =Wl Ty [

2
e*Wn||, = op(1). With this result, we can show that % 66("2,;5(;”“) = %aa%’é(,;y,o) + op(1).!  Further-
2
more, each element of 71188%“73(,70) — E E % is a linear-quadratic function of €,, then %% =

1g 833%(70) +op(1) by Lemma A.3. Hence, %% —1g 68%(7,0) + op(1). It follows that

Vi =) = =t 2= ) 1 o),

is a linear-quadratic form of ¢, as shown in (8)—(10). We now show that

where each element of %’(ﬂo)

E aQn('Yo)
Oy
tr(%e’aow") = 0 and tr (Me*"'oM") = 0. W.lLo.g., we show that tr(%j,”e’aown) =0. As
agWqp, . . .
Qe =2 Sy (W) Wi (oW, ) 717K, (g W, ) em@oWn = e= oW (g W, )J and tr(AB) =

tr(BA) for any two conformable square matrices A and B, we have

GexoWn —a oWy, —a oWy, BN
tr(Te ) = tr(Wye i Z ayW,,)
¢ Jj= 1 k=0
— tI‘(Wnie_QOWn Z %'(a()Wn)J_l)
= G-

= tI‘(Wm') =0.
Applying the central limit theorem in Lemma A.4, we have
Vid, =) % N0, lim C'€,C.Y),
n—oo

where Q,, (aQn('Yo) 9Qn (v0)

By 7 ) The explicit expressions for C,, and 2, can be derived by Lemma A.2.

O

IPlease see the proof of Proposition 2 for a similar argument.
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= 0. As €,;’s are i.i.d. with mean zero, it remains to show that tr(e=(ToMn) = (0 Wn) aea#e("UM") ) =



5. More Monte Carlo Results

Tables 1 — 8 report the simulation results for 5, and By when n = 100 for GMM in the homoskedatic
case and for heteroskedastic errors, and all Monte Carlo results for n = 254. The results are similar to those
for n = 100. We observe that bias, standard errors and thus RMSE are lower when the sample size becomes

larger.

6. Estimated results for MESS(1,0) for the application

Table 9 contains estimation results of the MESS(1,0). The obtained results are qualitatively the same
as those obtained for MESS(1,1).
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Table 9:

Estimation results for different specifications

(1) (2) (3) (4) (5) (6)
Cons. —2.048 —3.013 —4.618 —2566 —3.013 —3.093
(4.628)  (4.660)  (4.474)  (4.093)  (4.280) (3.330)
LGDP 1107 1.114™° 1.285""  1.106™°  1.114™ 1.117°
(0.243)  (0.246)  (0.236)  (0.231)  (0.240) (0.196)
LPOP —0.584™  —0.585"" —0.763"" —0.580"" —0.585"" —0.589"""
(0.243)  (0.246)  (0.236)  (0.246)  (0.253) (0.205)
OECD 1.065" 1.037" 0.962" 1.079" 1.037" 1.059"
(0.545)  (0.551)  (0.531)  (0.597)  (0.608) (0.584)
LDIS —1.244™" —1.200"" —1.216""" —1.241""" —1.200"" —1.200"""
(0.222)  (0.220)  (0.211)  (0.201)  (0.200) (0.150)
TARIFFS 0.107 0.106 0.149 0.106 0.106 0.107
(0.112)  (0.113)  (0.109)  (0.084)  (0.084) (0.075)
MP 1.280 1.211 1.433 1.312 1.212 1.301
(1.052)  (1.105)  (1.068)  (1.122)  (1.152) (1.092)
Spat auto | —0.331"7° 0265 0.280"" —0.334""  0.265" 0.275""
iny (0.147)  (0.109)  (0.104)  (0.164)  (0.117) (0.111)
n 35 35 35 35 35 35

Standard errors between brackets; (1) is homoskedastic SARAR, (2) is homo.
MESS(1,1) by QML, (3) is homo. MESS(1,1) by GMM, (4) is heteroskedastic
SARAR, (5) is hetero. MESS(1,1) by QML and (6) is hetero. MESS(1,1) by
GMM; *, ** and *** correspond to significance at the 10%, 5% and 1% respectively.
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