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Abstract

This paper studies large sample properties of the matrix exponential spatial specification (MESS). We find
that the quasi-maximum likelihood estimator (QMLE) for the MESS is consistent under heteroskedasticity,
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best GMME that is as efficient as the maximum likelihood estimator under normality and can be asymptot-
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can be more efficient than the QMLE asymptotically. The QML approach for the MESS model has the
computational advantage over that of a SAR model. The computational simplicity carries over to MESS
models with any finite order of spatial matrices. No parameter range needs to be imposed in order for
the model to be stable. Results of Monte Carlo experiments for finite sample properties of the estimators
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1. Introduction

The Matrix Exponential Spatial Specification (MESS) has been initially proposed by LeSage and Pace
(2007) as a substitute to the well-known spatial autoregressive (SAR) specification. The difference between
the two rests on the type of decay which characterizes the influence of space. The MESS uses an exponential
decay while the SAR specification is based on a geometrical decay. The motivation of these authors to use
the MESS is its computational simplicity. Indeed, in contrast to the SAR, the quasi-maximum likelihood
(QML) function of the MESS does not involve any Jacobian of the transformation and thus reduces to a
nonlinear regression estimation. This is so even for its extension to models with a finite number of spatial
weights matrices. A second advantage of the MESS is the absence of constraints on the parameter space of the
coefficient that captures interactions between observations since the reduced form of the MESS always exists
(see Chiu et al., 1996). Furthermore, no positivity constraint on the Jacobian of the transformation needs
to be imposed as it does not appear in the quasi log-likelihood function. In Section 2, we nevertheless show
that MESS and SAR models cannot be seen as perfect substitutes since neither a one-to-one correspondence
between the parameters capturing interactions nor between impacts (except in some specific cases) can be
derived. Furthermore, a MESS model is always a stable spatial process, but a SAR model with strong
spatial interaction might be unstable.?

A third advantage of the MESS, proved in this paper, is that the quasi-maximum likelihood estimator
(QMLE) is consistent even in the presence of unknown heteroskedasticity, a feature not shared by the SAR
model (see Lin and Lee, 2010, p. 36). These two authors have however shown in this SAR context that a
Generalized Method of Moments Estimator (GMME) with properly modified quadratic moment conditions
could still be consistent in presence of unknown heteroskedasticity.? Using quadratic moment conditions
similar to those in Lin and Lee (2010), we derive an optimal GMME consistent in presence of unknown
heteroskedasticity and also generally more efficient with respect to the QMLE (with either normal or non-
normal disturbances). The relative efficiency of the optimal GMME results from the optimal weighting of the
GMM estimation method which uses the same moments that the QMLE integrates. In the homoskedastic

case, we derive a best (optimal) GMME that is as efficient as the MLE under normality and can be more

efficient than the QMLE under non-normality.* The best GMME takes a much simpler form than that for

2From this view, we may argue that the MESS would be useful only when observed outcomes do not show unstable
phenomena.

3Kelejian and Prucha (2010) also develop a GMME robust to the presence of heteroskedasticity but their main focus is on
spatial autocorrelation in the error terms.

4Lee (2007) derives the best optimal GMME for the SAR model with normal i.i.d. disturbances, which is as efficient as
the QMLE. Liu et al. (2010) consider the best optimal GMME for the SAR model with SAR disturbances that can be more
efficient than the QMLE under non-normality, which is extended to high order SAR models in Lee and Liu (2010).
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the SAR model and the optimal orthogonal conditions do not involve any estimated parameters®.

Even though LeSage and Pace (2007) present the maximum likelihood and Bayesian estimators of the
MESS, no asymptotic theory has been derived for this specification. In this paper, we focus our attention on
the general model where a MESS is present in both the dependent variable and in the error terms (MESS(1,1)
for short), and develop large sample properties for QML and GMM methods under both homoskedastic and
heteroskedastic cases.® In the homoskedastic case, the best GMME for models with normal disturbances
or commutative spatial weights matrices in the MESS(1,1) is as efficient as the QMLE but generally more
efficient than the QMLE for other ones. In the (unknown) heteroskedastic case, the QMLE for the MESS(1,1)
can be consistent only when the spatial weights matrices for the MESS in the dependent variable and in
disturbances are commutative, but it is less efficient than an optimal GMME. If different variances in the
heteroskedastic case could be estimated consistently, a best GMME could also be implemented.” We also
perform Monte Carlo experiments to assess the small sample performance of our proposed estimators.

Analysis of significance of determinants’ causal effects on the dependent variable is of interest for
economists. In this paper, we derive a lemma allowing to perform inference on the elements of the ma-
trix of impacts implied by the reduced form of the MESS(1,1). The lemma is based on an adapted version
of the Delta method and can be used to test the significance of (functions of) impacts as long as the number
of constraints is not dependent on the sample size. This lemma is valuable for applied economists since until
now, with the exception of LeSage and Pace (2009) who provide inference for scalar summaries of these
impacts in the SAR model either by simulating the distributions or estimating them via Bayesian methods,®
there does not exist any classical statistical test to assess the significance of (functions of) individual impacts.

The developed estimators are finally applied to a modified gravity equation aimed at explaining Belgium’s
outward FDI. Blonigen et al. (2007) propose four different classifications of FDI which can be distinguished
based on the sign of spatial autocorrelation and market-potential of host countries. In addition to obtain-
ing significant and expected signs for the traditional variables included in the gravity model when spatial
autocorrelation is accounted for, namely GDP, population and bilateral distance, we find a significant neg-
ative spatial autocorrelation and a positive but non-significant market potential effect for hosts countries.

Thus vertical FDI is the dominant type of outward FDI for Belgium. We further compare MESS(1,1) and

5See Lee (2003, 2007) for further details.

6In a supplementary file, we consider the QML estimation of a high order MESS, namely MESS(p,q), with p and ¢ being
the orders of the MESS in the dependent variable and in the errors respectively. While the parameter spaces for high order
SAR models can be hard to find (Lee and Liu, 2010; Elhorst et al., 2012), high order MESS models have the advantage that
the parameter spaces are not restricted.

"For the SAR model under unknown heteroskedasticity, Lin and Lee (2010) have not discussed the possible best GMME.

8See Elhorst (2010) for a step-by-step explanation on how to simulate the distributions.
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SARAR results and show that their economic conclusions in terms of impacts are very similar. However, the
MESS, for several reasons, namely computational, technical and statistical, can be more appealing. Finally,
statistical significance on impacts is analyzed through the application of the derived lemma for inference.
The rest of the paper is organized as follows. Section 2 compares MESS and SAR models in a more
formal way. Section 3 considers the large sample properties the QML and GMM estimators under both
homoskedasticity and unknown heteroskedasticity. It also derives a lemma to perform inference on the
elements of the matrix of impacts of explanatory variables obtained from the reduced form of the MESS(1,1).
Section 4 presents Monte Carlo experiments while Section 5 presents the application of our estimators and
applies the lemma for inference on the determinants of Belgium’s outward FDI. Section 6 concludes. Some

lemmas and proofs are collected in Appendix A.°
2. Comparison of MESS and SAR Specifications

The MESS in LeSage and Pace (2007) is

!’

eaWnyn :Xnﬂ"’_enu €En = (6n17"‘76nn) ) (1)

where n is the sample size, y,, is an n-dimensional vector of observations on the dependent variable, X, is an
n X k matrix of exogenous variables with corresponding coefficient vector 5, W,, is an n x n spatial weights
matrix modeling interactions among observations (with zero diagonal elements), €,;’s are independent with
mean zero, and « is the parameter measuring the intensity of interactions between observations. For any
n x n square matrix A,, let A% be the n x n identity matrix I,,. The matrix exponential e*“» defined as
eAn = >do %, is always invertible, with the inverse being e=*4» (Chiu et al., 1996). As a result, the
variance-covariance (VC) matrix of y,, which equals to e=*"n E (e,¢/,) e=*Wn with aq being the true value
of a, is always positive definite. No restriction on the parameter space of « needs to be imposed.

In this paper, we consider a general model that has MESS in both the dependent variable and the
disturbances that we label MESS(1,1) (which should be viewed as an analog of the SAR model with SAR
disturbances, i.e., SARAR model):'°

eaW”yn = Xnﬁ + Un, eTMnun = €n, €n = (Enly ceey Enn)/y (2)

9Except the proof of Proposition 8 which is presented in Appendix A, proofs of remaining propositions are similar to those
in Lee (2004) and Lee (2007). Those proofs are provided in a supplementary file, which is available upon request.

10 As pointed out by an anonymous referee, on the r.h.s. of the main equation of (2), to reflect local spatial dependence as in
a spatial Durbin model, we may include an additional term Wy, X,, or W, X1, if Wy, is row-normalized and X, contains an
intercept term so that X, = [ln, X1n]. However, as W, X,, or W, X1,, has the same properties as X,,, the asymptotic analyses
below will be similar. Thus, the additional term is not included for simplicity.



where W,, and M,, are n x n spatial weights matrices. The M, may or may not be different from W,,. For
purposes of comparison and later reference, we put down the SARAR model with the same W,,, M,,, X,,
Yn and €,:

(In - /\Wn)yn = X8+ up, (In - PMn)un = €n. (3)

The parameter spaces of A and p should be restricted so that the VC matrix of y,,, namely (I,, — AW,,)~*(I,, —
pM,) " E (en€l,) (In — pM}) "1 (I, — \W)) 7! exists. For the QMLE of the SARAR model with a normalized
W,, matrix, the parameter space for A is typically considered to be (—1,1).!!

The quasi log likelihood function of the MESS(1,1) presented in (2), as if the €,;’s were i.i.d. normal, is

L,(0) = —g In(276?) + In |[e*Wn | + In|e™™n | — (eWry, — X, 8) e™MnemMn (eWny  — X, B),

1
202
where 0 = (7/,02)" with v = (a,7,8")". Let 6y be the true parameter vector. Since [e®Wr| = e (Wn) and
le™Mn| = €7 tr(Mn) a5 long as W, and M, have zero diagonals, the Jacobian of the transformation disappears

and the quasi log likelihood function is simplified to

1

ﬁ(eawn Yn — AXTLB)IQHVI:L emMn (eaW" Yn — Xnf). (4)

Ln(0) = fg In(2r0?) —

By contrast, the quasi log likelihood function of the SARAR model shown in (3) involves the log determinant
of the Jacobian In |(I,, — AW,,)(I,, — pM,,)| = In|IL,, — AW,,| + In|I,, — pM,,|, which may make the QMLE
computationally intensive for large sample sizes.

Another difference between these two specifications is that one does not need to normalize the interaction
matrices in the MESS. In the SARAR model, the purpose of normalizing the interaction matrices is to
standardize the parameter spaces for A and p so that they correspond to (—1,1), which facilitates the
interpretation of these parameters. However, in the MESS, since no parameter constraint is involved, the
normalization of the interaction matrices may not play a special role.

LeSage and Pace (2007) present the MESS as a computationally simpler substitute for the SAR model.!?
Using a row-normalized interaction matrix W,,, they propose the approximated relation A = 1 — e®. They
argue that this approximation is derived by equating the length of ||e®"" ||, and ||I,, — AW, ||, With ||.]|

being the maximum row sum matrix norm. However, this approximation is not always right since the matrix

1 See Kelejian and Prucha (2010) for a detailed discussion about the parameter space for A. For high order SARAR models,
finding the parameter spaces can be hard. Elhorst et al. (2012) have outlined a procedure for finding the stationary region, but
the parameter spaces can be complicated even for a SAR model with two spatial weights matrices for the dependent variable.
By contrast, parameters in high order MESS models, labeled MESS(p,q), where p and ¢ are the orders of the MESS in the
dependent variable and disturbances respectively, do not need to be restricted and the effort to find the parameter spaces is
saved. The supplementary file considers the QML estimation of these high order MESS models.

2Han and Lee (2012) consider the J-test procedure to choose between MESS and SAR models.
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norm should be taken over the absolute value of matrix elements. By contrast, if one turns to the impact
analysis, an equivalence between the two specifications can be traced back at least in some specific cases.

Before presenting this correspondence, it is important to discuss the features of impact analysis in spatial
autoregressive (SAR or MESS) regressions. Impact analysis, which is one of the main focuses for economists,
is based on the reduced form of the estimated econometric specification. For the MESS(1,1) case, the reduced
form is y, = e *Wn (X, 8 + e "Mn¢,). One then computes the matrix of impact for each regressor X,
k = 1,---  k, by calculating the partial derivative of y, with respect to the concerned regressor. For a
continuous regressor X, , this matrix is

—un OE (yn| X, —a
=, = Tt = e, ®)

The diagonal elements of this matrix contain the direct effects including own-spillover effects, which are
inherently heterogeneous in presence of spatial autocorrelation due to differentiated friction terms in the
interaction matrix. This is what Debarsy and Ertur (2010) call interactive heterogeneity. Off-diagonal
elements of this matrix represent indirect effects, meaning the impact of a change in explanatory variable for
individual j on the dependent variable for individual 7. These direct and indirect effects are, respectively,
%@Xiw = (Eg(nm)n and %\kxj)z = (Eg("nk)ij. For the SARAR model, its associated reduced form is

Yn = (I, — A\W,) "X, 8 + (In — pM,,)"te,], and the implied impact matrix for regressor X, is

—=Yn  _ aE(yan’ﬂ)
N

= Bie(ln = AW,) 7 (6)

To summarize the information conveyed by these matrices of impacts, LeSage and Pace (2009) propose
extracting several scalar measures, as the average direct effect (mean of the diagonal elements), average
total effect (average of the row or column sums) and average indirect effect (average of the column or row
sums excluding the diagonal element).

Consider a row-normalized interaction matrix W,, in the MESS(1,1) model. Suppose that a shock of the
same magnitude Az is applied on the kth explanatory variable X, to all spatial units. The new explanatory
variable is now X, + l,,Az, with [,, being the n-dimensional vector of ones. For the MESS(1,1), from its
reduced form, one calculates a total impact of Ay, = e *"»[,AxzfB,. The average total effect is thus
equal to %l;Ayn = e “Axf."? Correspondingly, the average total impact of X,,;, in the SARAR model
is %l;Ayn = ﬁAmﬁk. Equating the two gives the relation « = In(1 — X) or A = 1 — e®. Thus, there

is a negative relation between A\ and a. A = 0 if and only if @« = 0. When 0 < A < 1, a will take on

negative values and vice-versa. When the normalization used for W,, differs from the row-normalization,

13 As W), is row-normalized, Wk, = Wylp = ln, k € N.



such a relation does not exist.

Even though a relation between A and « can be found for a row-normalized W,,, we nevertheless cannot
consider these two models as substitutes of each other. The underlying reason lies in the comparison of
parameter spaces. As mentioned above, for the SARAR model with normalized W,,, A is usually restricted
to the range (—1,1). However, in the MESS(1,1), a € (—o0, o0). So, while A < —1 is not allowed for a
SARAR model, a can be greater than In(2), meaning that parameter spaces of @ and A do not correspond.
So, for high negative spatial autocorrelation, we could observe substantial difference between these two
models.'* Furthermore, in a SAR model, if A > 1, it would be an unstable model, while unstability does

not occur for the MESS with any finite value of a.
3. Estimations of the MESS(1,1) Model

We consider the QML estimation as well as the GMM estimation of the MESS(1,1) in this section. From

(4), it is apparent that the QMLE of + is the minimizer of the function
Qn (’Y) _ (eaWn Y — Xnﬂ)leTM:l e™Mn (eaWn Un — Xnﬂ) (7>

The derivatives of @Q,,(y) with respect to o, 7 and § at 7o are, respectively,

LQS(E;YO) = 2(X,.50 +6770M"en)/W7’LeT"M;Len, 76.@57(_70) =2¢, Myep, 75.@5;%) = fZXT/leTOM;en. (8)
When €,;’s are i.i.d. with mean zero and variance o3, as E(e, Mpe,) = tr[M, E(e,el,)] = o2 tr(M,) = 0

and E(e/, e ™MW/ e Mg ) = g2 tr(W.e™Mue= ™M) = g2 tr(W!) = 0, the expected value of mgi,(ﬂo) is

zero, which verifies that the minimizer of E @, () can be 79. When ¢,;’s are independent with mean zero

2

but different variances o2,’s, E(e, My€,) = tr(M,3,) = 0 since the diagonal elements of M,, are all zero,

and ¥, = Diag(c2,,...,02,) is a diagonal matrix containing the different variances as diagonal elements.
In addition, E(e,e ™MW/ e™Mne,) = tr(e"™Ma W/ e™Mny,)), which may not be zero in general. But if
WoM, = M,W,, then W/e™Mn = ¢™M ! and BE(e,e"™MaW!e™Mne,) = tr(W/%,) = 0. Therefore,
when the matrix W, in the spatial lag process can be commutative with the matrix M, in the spatial error
process, the QMLE for +, derived from the minimization of @, (), can be consistent even under unknown
heteroskedasticity. This includes the special cases that there is no MESS process in the disturbances or that

M,, = W,,. This robustness of the QMLE for the MESS(1,0) and MESS(1,1) to unknown heteroskedasticity
is a nice feature not shared by the QMLE for the SARAR model.

MFor a non-negative and row-normalized symmetric interaction matrix Wy, the parameter space for A may be taken as

the interval (Mmiln - 1) with pimin,n being the minimal real eigenvalue of W,,. However, it does not change the conclusions

regarding the difference between parameter spaces for A and a.
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The function Q,,(y) may be written as Qn(7) = (yn — e~ *Vr X, 8) (e~ *Wre=™Mn =My g=aWpn)=1(y
e~ *Wn X, B). Using the reduced form of the MESS(1,1), namely y, = e~ *Wn(X, 3y + e 7Mn¢,), and
assuming that E(e,€,) = 021, the VC matrix of y,, is o3¢~ Wne=0Mne=m0M, c=a0Ws and the QMLE can
be seen as a continuously updating version of the generalized nonlinear least squares (GNLS). The similarity
between the QML and GNLS is due to the special structure of the matrix exponential specification. By
contrast, there is no such a similarity for the SARAR model (3).'°

In addition to the QML estimation, we may also consider the GMM estimation of the MESS(1,1) using
both linear and quadratic moments, as for the SARAR model. The linear moments would be of the form
Flen(v) = 0, where €,(y) = e™n(e?Wny,, — X,,8) and F, is an n x k; matrix of instruments constructed
as functions of W,, and X,,, as in the two-stage least squares (2SLS) approach. The quadratic moments
have the form €, (vy)Pnicn(y) = 0; 4 = 1,--- , kp, where P,; has trace zero when ¢,;’s are i.i.d., implying
that Ele], (70) Pri€n(70)] = 02 tr(Pn;) = 0. On the other hand, if the diagonal elements of P,; are all zero
when €,;’s are independently distributed with possibly different variances, we get E[e] (70)Pni€n(70)] =
tr(Pp;X,) = 0.

The basic regularity conditions for estimation are assumed below. The specific sets of hypotheses required

for both methods will be given subsequently.

Assumption 1. Matrices {W,} and {M,} are bounded in both row and column sum norms. The diagonal

elements of W,, and M,, are zero.

Assumption 2. FElements of X,, are uniformly bounded constants, X, has full column rank, and besides,
lim,, 00 X, X, /0 exists and is nonsingular.

Assumptions 1 and 2 follow from the literature, see, e.g., Kelejian and Prucha (1998) and Lee (2004).
3.1. QMLE

For the QMLE from (4), we may just investigate the minimizers of the functions {@,(v)}. For a fixed
¢ = (a,7), minimizing Q,,(7) yields 3, (¢) = (X, e™Mnem™n X, ) "1 X! e™MnemMneaWny, - Substituting 3, (¢)

into @, (7), we obtain a function of only ¢:

Qn() = g™V ne™Mn Hy (7)em e Wy, (9)

15A function for the SARAR model with a structure similar to Qy () is Q% () = [(In — AWn)yn — XnB) (In — pML) (I, —
PM)[(In = AWa)yn — Xnf] with & = (A, p, 8. At v, B(Z250) = 202 tx[Wi (I — AgWn) '] and B(225(0)) —

—202 tr[Mn (In — poMn) "], where tr[Wy (In — AoWn) 1] # 0 and tr[Mp (In — poMp) "] # 0 in general. Thus the minimizer
of QF (v) is not expected to be a consistent estimator of ¢ in the SARAR model (3).



where H,, (1) = I, —e™n X, (X!, e™Mne™n X, )1 X! ey is a projection matrix. The function Q,,(¢) can be

used for the analysis of the consistency of the QMLE. Although we may not need to restrict the parameter

aW, M,

space of ¢ in practice, ¢ should be bounded in analysis so that e and e would be bounded in both row

and column sum norms, since [|e®V=|| = || 3272 alf_v’l <>, ‘O‘HLM = elol Wil which is bounded if

TMn||

« is bounded, and so is ||e if 7 is bounded, where || - || denotes either the row or column sum matrix

norm.

Assumption 3. There exists a constant 6 > 0 such that |a| <6, |7| < § and the true ¢o is in the interior

of the parameter space ® = [—6,0] x [0, 0].

For consistency of the QMLE, we need to show that the difference between @, (¢)/n and some non-
stochastic function Q,,(¢)/n converges to zero uniformly over the parameter space ®.'9 The Q,,(¢) will have
different forms in the homoskedastic and heteroskedastic cases. By Assumptions 2 and 3, %X;LeTM; eMn X,
is bounded. The @, (¢) is a well-defined function for large enough n if the limit of %X;LeTM; e™Mn X exists
and is nonsingular. In addition, we require that the sequence of the smallest eigenvalues of e™Mnem™Mn he
bounded away from zero uniformly in 7, so that H,(7) is bounded in both row and column sum norms
M), ;M

uniformly in 7. As e n is positive definite, its smallest eigenvalue is positive. The condition further

limits all the eigenvalues to be strictly positive uniformly over the parameter space for all n.

Assumption 4. The limit lim,,_, oo %X;LeTM;L e™™Mn X, exists and is nonsingular for any T € [—6, 6], and the

M,

sequence of the smallest eigenvalues of e™Mne is bounded away from zero uniformly in T € [—4,d].

3.1.1. QMLE: Homoskedastic Case
In this part, we establish consistency and asymptotic normality of the QMLE for the MESS(1,1) with

i.i.d. disturbances.

Assumption 5. The €,;’s are i.i.d. with mean zero and variance o3 and the moment E lens|*17 for some

n > 0 exists.
Define Q,,(¢) = ming E Q,,(7), then

Qu(9) = (XnfBo) @™ Wne™Mu H, (7)emMrelo—20)Wn X, 5,
(10)
+ 03 tr(e—TOJVI;Le(a—aO)W;l eTM;l eTMne(a—ao)Wne—mMn).

The identification of ¢ can be based on the minimum values of {Q,(¢)/n}. To ensure the identification

uniqueness, the following condition is assumed.

16The main purpose for Assumption 3 is to guarantee that uniform convergence of relevant objects is possible on a compact
parameter space.



Assumption 6. Either (i) lim, oo n~ (X, 80) @0 Wne™Mn { (7)e™Mnela—00)Wn X 80 £ 0 for any T
and o # ag, and lim, oo n~! tr(e(T_TO)Mv/Le(T_TO)M”) > 1 for any T # 19, or

(”) lim,, o0 n-! tr(e—TgM;e(CE—O(())W;LeTM;.LeTMne(Ol—OCU)Wne—TOMn) > 1 for any ¢ # ¢o.

The identification of ag can come from the first term on the r.h.s. of (10). As H,(7)e™" X, = 0,
the first term at «q is zero for any 7. Thus the first term is not sufficient to identify 75. Given the
identification of g, 79 can be identified from the second term. As lim,_, n’lX,’meTM;LeTM"Xn is non-
singular, by the partition matrix formula, lim, . nil(Xnﬂo)’e(a’o‘ﬂ)wéeTM;an(T)eTM"e(o‘*”“’)W"Xnﬂo
is non-zero if and only if lim,, . 271 (X, e(o‘*a‘o)wﬂXnﬂo)’eTM:me”V[n (X, el@=20)Wn X 54 is nonsingular.
Thus, the first part of (i) in Assumption 6 relates to asymptotic non-multicollinearity of e(®=*0)W= X, 3
with X,,. In the proof of Proposition 1, it is shown by the inequality of arithmetic and geometric means that
n~ L tr(e(T=T0) My e(T=70)MnY) > 1 holds for any 7. The second part of (i) further requires n ! tr(e(™=70)My (7 =70)Mx )
to be strictly greater than 1 in the limit when 7 # 7. For a finite n, the arithmetic and geomet-
ric means are equal if and only if all the eigenvalues of e(T=m) M, o(T=T0) M are equal to each other,
which implies that e(T=T0)M;, o(T=T0) M ig proportional to I,. This assumption rules out this possibil-
ity in the limit whenever 7 # 7y. The identification of ¢y can come only from the second term on the

r.h.s. of (10), which is given in (ii) of Assumption 6. This relates to the uniqueness of the VC matrix

—ToM,, o~ W}, (e—TOMfle(a—ag)W,’L e™p eTMne(Oé—ao)Wne—ToMn) —

of y,, namely g2e~Wne=ToMne , since tr

tr[e_aown e_TOMn e_TOM;z e—CVOW,/L (e_aW”€

— My =M, g—a W )=1],

It is obvious that Assumption 6 (i) fails to hold when Sy = 0. In this case, the identification will rely
solely on (ii). Another case of the failure of (i) even if Sy # 0 occurs is when X, contains only an intercept
term, i.e., X,, = l,, and W,, is row-normalized. In this case, Hn(T)eTM”ln = 0. Other cases might be
due to very special structures on W,, or M,,. For example, elements of W,, and M,, except the diagonal
ones are all equal to a constant and X,, contains an intercept term. Let W,, = M,, = (n — 1)"Y(I,,l!, — I,,)
for instance. Then H, (7)e™ Wk = (=1)k(n — 1)"*H,, (7)e™~. By the expansion form of e(®=@0)Wn
H,(r)emMrelo—0o)Wnx = = elao—a)/(n=1 [ (7)e™Mn X, = 0. Thus the first part in (i) does not hold.

1

Furthermore, since the eigenvalues of M, are (1—n)~%, ..., (1—n)~! and 1, it follows that M" has eigenvalues



(1—-n)=F ..., (1 —n)~* 1. Hence, with this symmetric M,,,

1 , 1 1 = 28(1 — 7o)k tr(MF)
—_ (T_T )M" (7—_7' )Mn J— 2(7'_7' )Mn — 0 n
ntr(e 0)Mn el 70 )—ntr(e 0 )—nz o
k=0
1= 2M(r — o)k [L 4+ (n— 1)(1 — n)7H]
o k!
k=0

which is equal to 1 in the limit. Then the second part in (i) does not hold either. In this case, lim,, %Qn(qﬁ)
is equal to o2 for any ¢. Looking into Q,(¢) directly, we have Q,(¢) = e 2¢/(n=Dy! e™Mu [ (7)™ Mny,
which is monotonically decreasing in . Then the QMLE of o will diverge to positive infinity, which is not
7

equal to .t

In general, (ii) in Assumption 6 would not hold as long as W,, and M,, are equal. When M,, = W,

tr(ef‘mM;e(cvfom)W,'L e-rM,’L e™Mn 6(o¢7ao)Wn€770Mn) _ tr(e(a+7’faoffro)W,’l 6(a+77a07‘rg)Wn).

As long as a + 7 = o + 70, %tr(e‘Ton/Le(O‘_O‘O)WTIIeTMTILeTM"e(o‘_o‘o)W"e_ToM") = 1. So for the case that
M,, = W, the parameter identification depends crucially on Assumption 6 (i). This situation is apparent
as the model becomes y, = e~ *Wn X, By + e~ (@0+70)Wn¢ — Thus, when there are no exogenous variables
and W,, = M, in the MESS(1,1), ag and 79 cannot be identified.

With the identification uniqueness and uniform convergence of [Q,,(¢) — Q. (¢)]/n to zero on the param-

eter space ®, consistency of the QMLE follows.

Proposition 1. Under Assumptions 1-6, the QMLE #%,, of the MESS(1,1) is consistent.

The asymptotic distribution of 4,, can be derived from applying the mean value theorem to the first-order

condition 862572%) = 0 at the true 7, which yields /n(%, — v) = —(lw)_lia(‘%‘i(%)7 where 7, is

n  0yoy’ vn oy
between ¥, and vy. Let W,, = e™Mn W, e=Mn and A% = A + A’ for any square matrix A. Under some
regularity conditions, %% = C,, + op(1), where
102Q,,
n  0yoy
o2 tr(WEWS) + 2(W,e™Mn X, B5) (W,eMn X, By) * *
1
=0 o tr(Ws M3) ol tr(M2 M) *
—2(e™Mn X, )W, e™Mn X, B, 0 2(e™Mn X)) (eToMn X))

17See Smith (2009) for a discussion of this special case in the SAR model.
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As tr(AB) = vecd/(A’) vec(B) for two conformable matrices A and B, where vec(+) denotes the vectorization

of a matrix, C}, may be written as C,, = %C{ncm, where
oo vec(W?) oo vec(M: 0
Cin = ) . (11)
\/EwneToMn XnBO 0 _\/ieTOMan

Thus C,, is positive semi-definite. The following assumption guarantees that C,, is nonsingular in the limit.

Assumption 7. lim,_,., %((WneT‘JM"Xnﬂo)/Hn(TO)(WnemM" nfo)+ W?;M) (tr(W‘;W;‘i) (M7 M)~
tr?(w;M;))) £ 0 and limy, o 2 tr(M2 M) # 0.

As MZM? in the above assumption is positive semi-definite but not a zero matrix, tr(M;M;) > 0. Note that
(W,e™Mn X, B0) Hy, (10) (Wpe™Mn X, B0) > 0, and tr(WSWS) tr(M3M3) — tr? (WS MS) > 0 by the Cauchy-
Schwarz inequality. By (8), the first-order derivatives of @, (7y) at 7o have mean zero and are linear and
quadratic functions of €,,. Thus the central limit theorem for linear-quadratic forms in Kelejian and Prucha

(2001) is applicable. Let u3 = Ee2,, uy = E€?,, and vecp(A) be a vector containing the diagonal elements

ni’

of the square matrix A. The VC matrix €,, of %%ﬁo) is
n Oy
(pa — 303) veep’ (W2 vecp (W) + dus(W,e™Mn X, By) veep(W2)
1
—2u3(e™Mn XY vecp (W) 0 0

When €,;’s are normal, u3 = pg — 304 = 0; when 79 = 0 or W,, and M,, are commutative, vecp(W?$) =
vecp (W) = 0 as W, has a zero diagonal. These cases imply that {1, = 0 and Q,, simplifies to 202C,,. As
Q, is a VC matrix, it is positive semi-definite. We may also directly show that €),, is positive semi-definite.
Note that E(e2, —02)*E €2, > (E[(e2, — Ug)em])Q, ie. (ug—o0g)od > u3, by the Cauchy-Schwarz inequality.
In addition, tr(Diag(W?) Diag(W$)) = vecp’ (W) vecp(W2), and tr(Diag(W:)MS) = 0 as M, has a zero
diagonal, where Diag(A) for a square matrix A denotes a diagonal matrix whose diagonal is equal to that

of A. Then §,, can be written as Q,, = %Q’Qann, where

V202 vec(W3s — Diag(W3) + 4/ %‘?)*M% Diag(W5)) V203 vec(My) 0

QUowneToManﬂo —+ g—g VeCD(WZ) 0 720.0670Man

2n —

Thus 2, is positive semi-definite.

Proposition 2. Under Assumptions 1-7, \/n(¥n — Y0) 4 N(0,limy, 00 C 10,C ). If €4 ~ N(0,081,);

70 = 0; or W, and M, are commutative, then \/n(3, — o) 4, N (0,202 lim,, 00 C;;1).
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When the disturbances ¢,;’s are normal, the generalized information matrix equality holds, thus the
limiting distribution of the MLE %, does not depend on moments of the disturbances higher than the
second order. Even when the disturbances €,;’s are not normally distributed, if there is no MESS process
in the disturbances or the spatial weights matrices M,, and W,, are commutative, the limiting distribution

of the QMLE does not involve moments of the disturbances higher than the second order.

3.1.2. QMLE: Heteroskedastic Case when W, and M, are Commutative

When the disturbances €,;’s are independent but may have different variances, the following assumption

is made about the disturbances.

Assumption 8. The €,;’s are independent (0,02,) and the moments E |e,;|*T" for some n > 0 exist and

are uniformly bounded for all n and .

As argued earlier, when W,, and M,, can commute, or 75 = 0, the minimization of the function Q,(v)
may yield a consistent estimator 4,, of v under unknown heteroskedasticity, since the first-order derivatives
of Qn(y) at v have zero expectation. In practice for some situations, one may use a single spatial weights

matrix W, for both the main equation and the disturbance process, which implies the commutative property.

Assumption 9. W,, and M,, are commutative or 19 = 0.

Define Q,,(¢) = ming EQ,, (7). The identification of ¢y can be based on minimizers of {Q,(¢)}. Using
Assumption 9, we have Q,,(¢) = Q1,(¢)+Q2n(¢), where Q1,,(¢) = (Xnﬁo)’e(o‘_"")WAeTMlen(T)eTM”e(a_a")W"Xn,Bo
and Qo,(¢) = tr(e(a_aﬂ)wvlte(T_T“)M;»e(T_TU)M”e(“_O‘O)W“Zn). It is obvious that Q1,(¢) > 0 and Q1,(dg) =
0. As W, and M,, have zero diagonals and ¥, is a diagonal matrix, W = tr[(W), + W,)E,] =0
and W = tr[(M! + M,)%,] = 0. Thus ¢ is a stationary point of Qa,(¢) and also Q,(¢). Using
the commutative property of W, and M, we have % = tr[E,ll/ze(o‘_O‘O)W"/Le(T_TO)M"/L(W,’L2 + W2 +
W W, )e(T=70) M gla—ao)Wa 53 1/2)

0 A
0 %27;(¢) _ tI‘[ZTlL/Qe(a_ao)Wr/"e(T_TO)M;L(M,Ilz + MrQL + 2M,’{LMn)e(T—TO)Mne(a_aO)WnE}l/Q]
T

and £°Q2x (@) _ 1($]/% (000 Wi o(r=T0) ML (W), 4 W, ) M, + ML, W,, + W, M ]e(T=m0)Mn (000 Wasi/2y ¢
W, W, = W,W/, then W2+ W2+2W, W, = (W, +W,)? if M} M, = M, M), then M?+ M2 +2M] M, =
(M, + M,)%; if M!,W,, = W, M/, then (W, + W,,))M,, + MW, +W/.M! = (W + W,)(M/, + M,). Thus,
under the conditions that W) W,, = W, W/, M| M,, = M, M, and M} W,, = W, M/ , by the Cauchy-Schwarz

2 A 2 A 2 A 2 A —
inequality, 2 %Z;(d’) 9 %’j’;(‘b) > (a g;gfqb))? In this case, %&ﬁ(@ is positive semi-definite and Qa,(¢) is a

12



concave function. It follows that ¢g is a global minimizer of Q2,(¢) and Q,(¢). Hence, with some extra
conditions on W,, and M,,, it is possible that ¢y uniquely minimizes @, (¢)/n in the limit.

It is also possible that ¢q is only a local minimizer of Q,,(¢). For example, in the case that W,, = M,,,
62@5;2(%) = 32@5:2(%) = 82632%(;;50) = tr[(W/2 + W2 + 2W/W,,)E,.], which is positive if elements of W,, are

2 A —
non-negative. Then %g,g,m is positive semi-definite and Q2,(¢) is concave at ¢g. Hence, ¢ is a local

minimizer of Qa,(¢) and Q,,(¢). These considerations motivate the following identification condition.

Assumption 10. lim,,_, %[Qn((b) —tr(2,)] > 0 for any ¢ # @o.

Proposition 3. Under Assumptions 1-4 and 8-10, the QMLE #,, is consistent for ~yy.

Let D, = L B(£2500)) and A, = 1 B(2200) 2 00)) then

n 9~v0~" O~ O~
tr(WiW,3,) + (Wpe™Mr X, Bo) (Wye™ M X, B) * *
D, = % tr(MEW,X,) tr(MSM,%,,) * )
—(emMn X, YW, e Mn X, By 0 (eoMn X,,) (eT0Mn X))
and
(S WES, WE) + 2(W,e™Mn X, B) Sy (Wye™Mn X, By) * *
A, = % tr(8, M3, W?) tr(8, MS¥, MS) *
—2(e™Mn X, )8, W,e™Mn X, B 0 2(em™Mn X,,)'5, (€™M X))

Note that A, being the VC matrix of a vector of linear-quadratic forms of disturbances, does not involve
higher than the second moments of disturbances, because W,, and M, in the quadratic forms e}, W3¢, and

e, M3e, have zero diagonals (see Lee, 2007). We may write A, as A, = ZA[ Ay, where

A V2vec(SHAWESY?)  V2vec(SH P M ?) 0
in =

2E£/2WneT°M"Xnﬁo 0 —22}/267"M"Xn
thus A, is positive semi-definite. To make sure that D,, is invertible for large enough n, we need the
following assumption.

Assumption 11. lim,_, %tr(MﬁMnEn) % 0 and lim,_, %((WneTOAJ"Xnﬁo)/Hn(To)(WneTOM”Xnﬁo) +

tr(WEW,5,) tr(ME M, 5,,)—tr> (MW, 2,) ) 40
tr(M3 M, %,,) :

When elements of W,, and M,, are non-negative, tr(M;3M,%,) > 0, tr(M:W,%,) > 0 and tr(W: W, %,,) >
0, because M,, and W,, are not zero matrices and the diagonal elements of ¥,, are positive in general.
Proposition 4. Under Assumptions 1-4 and 8-11, /n(3n — 7o) 4, N(0,lim,, oo DA, D).
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With the requirement of 79 = 0 or commutativeness of W,, and M,,, in addition to the consistency, the
QMLE under unknown heteroskedasticity has an asymptotic distribution that does not involve higher than
the second moments of the disturbances, whether the disturbances are normal or not.

To make asymptotically valid inference using the QMLE 4, under unknown heteroskedasticity, we
need a consistent estimator for D,;'A, D, !. As in White (1980), we may have a consistent estimator
of D;'A, D;;} without being able to consistently estimate X,,, which has n unknown parameters. Let

¥, = Diag(é?,,...,é&2

e é2 ), where €, = (ép1,...,€nn)" is the residual vector from the QML estimation. Con-

sistent estimators for D,, and A, can be, respectively, D,, and An, which are the matrices derived from
replacing 3, in D,, and 2, by 3, and replacing 7o by a consistent estimator 4,,. The D,, and A, can be

consistent because D,, and A,, with fixed dimensions are estimated as whole terms.

Proposition 5. Under Assumptions 1-4 and 8—10, D, =D, + op(1) and A, =A, + op(1).

3.2. GMME

We now consider the GMM estimation of the MESS(1,1). Let the moment vector be

902 = () Paren () eh () Payen(2), h() ) (12)

where €,(y) = e™Mn (eaW"yn — X,f0), the n-dimensional square matrices P,;’s for the quadratic moments
have zero traces when ¢,;’s are i.i.d. and have zero diagonals when ¢,;’s are independent but with different
variances, and the n x ky instrumental variable matrix Fj, used in the 2SLS approach can consist of the
independent columns of X,,, W, X,,, M, X,,, W2X,,, M2X,, and so on.'® The GMM objective function with
the weighting matrix anal, is g}, (7)anal,gn(y), where the full column rank (k, + ky) x k, matrix a, with

kq > k + 2 converges to a full rank matrix ag by design.
3.2.1. GMME: Homoskedastic Case
When the disturbances are i.i.d., the GMME can be consistent when the matrices P,;’s have zero traces

but not necessarily zero diagonals. The P,;’s are constructed from W,, and M,,, thus we may assume that

P,;’s are bounded in row and column sum norms.

Assumption 12. The n-dimensional square matrices Pp1, ..., Py, have zero traces and are bounded in

both row and column sum norms. Elements of F,, are uniformly bounded constants.

18For a and 8, we may use only the linear instrument F,, and implement a 2SLS estimation, for which the objective function
is (e2Wny,, — XnB) Fn(F! Fn)~1F! (e®Wny, — X, 8) or (e2Wny,, — X, 8)'e™Mn F, (F!, F,) =L F! e"nMn (e2Wny, — X, 8) when
taking into account the MESS process in the disturbances, where 7, is an initial consistent estimator of 7. This is a nonlinear
2SLS that does not have a closed-form solution. Thus it does not have a computational advantage as the traditional 2SLS and
we do not discuss it separately.
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For any 7,

El€,, (7) Puien(7)] = (e©@70OWn X, By — X, 8) e™Mn Pyiem™n (eleme0lWn X, 5 — X, 5)
(13)
_|_ 0'8 tr(e_TﬂMv,z e(a_ao)W’VIL eTM?/‘L PnieTMn e(a_aO)Wn 6_7'01\/[n)7

E[Fle, ()] = Fle™n(elema0)Wn x5, — X,.5). (14)

The identification of vy requires a unique solution of the limiting equations lim,, - Eg,(y) = 0 at .
When o = a9 and 8 = By, E[Fe,(7)] = 0 whatever 7 is. Thus 7 cannot be identified from the linear
moments E[F/ e, (7)] = 0, because it only plays a role as weighting. It is possible that oy and 8y may be
identified from E[F)e,(y)] = 0, and 79 be identified from the quadratic moments E[e], (7)Pnien(y)] = 0,
i=1,...,kp. Let F,, = (Fin, Fby) such that lim,,_, %Fz’neTM" X, is nonsingular for any 7 € [, ¢], which
is a part of a rank condition for valid TV’s. The E[F/ e, (7)] = 0 is equivalent to F}, e™n (ele=@0)Wn X 3, —
X,f) = 0 and Fj e™Mn(ele=a0)Wnx 3y — X, 8) = 0. From the equation involving only Fy,, we have
B = (Fb,e™n X, )" Fy e™Mnele—co)Wn X 3, With substitution, the equation involving Fy, becomes
Fl’nHln(T)eTM”e(a’O‘O)W"XnBO = 0, where Hy,(7) = I,, — e™n X, (F}, ™ X, )71 F} . Furthermore, it
reduces to Fy, Hy,(T)e™" X, 80 = 0 when @ = ag. In the case that oy can be identified from the
equation, Fy, Hy,(T)e™nem™nX, By # 0 for any n # 0. When a = ag and 8 = By, (13) becomes
o} tr(e(T_TO)M;lPme(T_TU)M”) = 0. Then the identification of 7y requires some matrix P,; such that
lim,, oo %tr(e(T_TO)Mw/lPnie(T_TO)M") # 0 when 7 # 79. It is also possible that ay cannot be identified
from the linear moment (14), then the identification of (ag, 7o) would be from the quadratic moments.'?
Assumption 13. Suppose that F,, may be written as F,, = (F1,, Fa,) such that lim,,_, o %FéneTM"Xn 18
nonsingular for any T € [—0,8]. Furthermore, either 1) lim,_ %F{nHln(T)eTM”e"W”XnBO %0 for any
n # 0 and for all T € [=4,0]; and, for any T # 70, limp, 00 %tr(e(T_TU)MfzPme(T_TO)M") # 0, for some i €
{1,--- ,kp}; or, 2) for any (o, T) # (w0, 7o), limy, 00 %ﬂ(')X;Le(O‘*O‘O)WQeTM;/H{n(T)PmHln(T)eTM"e(afo‘O)W"Xnﬂo—F
%3 tr(e~TMnglama0)Wy oTM;, p o oTMn o(a—a0)Wne=1oMnY £ () for some i € {1,--- Jkpt.

As usual for nonlinear extremum estimators, we assume the compactness of the parameter space of

(Amemiya, 1985).
Assumption 14. The parameter space I' of v is compact and the true g is in the interior of .

Proposition 6. Under Assumptions 1, 2, 5 and 12-14, the GMM estimator 7, from the minimization of

gh(V)anal,gn () is a consistent estimator of vy, and

Vin(dn =10) % N (0, lim (G1,a,0,Gn) ™ G000}, V1), G (G}, Gr) ™).
n— oo

19For example, this can occur when F,, is linearly dependent on Fb,,.
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4
g / 1 4 / 1 /
SrWpwn + (4 — 300)wgwnd  5H3W,E

where V;, = nE[gn(v0)gn(70)] = 5 and
%[L3Frllwnd U%FT/LF,L
o _pOmbo) 1 [ Fehvee(Ws)  Fuveed) 0
" o\ Fw,emMn X, 8, 0 —FleroMny, |
with w, = (vec(Ps,),. .. vec(Ps ey ) and wpg = (VecD(le),...,VecD(P;kp)), under the condition that

lim,, o0 a), Gy, exists and has the full rank k + 2.

Within the GMM framework, with moments g,,(7), an optimum GMM will use V! as the optimum

weighting in place of a,a),. The variance matrix V,, of g, (7o) in the preceding proposition can be put into a

more informative form as a positive semi-definite matrix. Let w# = (vec(P%’), ..., vec(P? zp)), where P7% =
/
ig 0 # 0
2 w w
/e —og— 4 Dlag(PTfi) + \/5200 [P, — Diag(P3,)], then V, " "
%wnd ool %wnd ool

Thus V,, is positive semi-definite. We require the non-singularity of V,, to formulate the feasible optimal

GMM, which is guaranteed by the following assumption.

Assumption 15. The limits of F'F, cmd (w W — W Wnd) + i (,u4—08—/—~") ! Wnd+ 7 2wndHannd
0

4dnog

exist and are nonsingular, where Hg, = I, — F,(FF,)"'F),.

Note that w],wy, —w!, ;wnd = (Vec(PflS—Diag(PTﬁs)) Vec(P —Dlag(Pfk )))/(Vec(Pjis—Diaug(Pjﬁs))7

. ,Vec(Ppr - Diag(Pf’zp))) > 0. When lim,, o, L F]F,, is nonsingular, the above assumption is satisfied
as long as one of the terms lim,,_, o %(w;wn — W) Wnd), limy, e %w;dwnd, and lim,,_, o %iw;dHannd is
nonsingular. A consistent estimator V, for V, may be obtained from replacing the o3, uz and py in V,, by

their consistent estimators.

Proposition 7. Under Assumptions 1, 2, 5 and 12-15, the feasible optimal GMME #,, , from the minimiza-
tion of g, (7)Vir Ygn(7) is a consistent estimator of Yo, and \/n(qn.o — 7o) 4 N (0,limp 00 (G V,, 1Gn) 7).

As the possible selections of linear and quadratic moments via F,, and P,;’s are numerous, there is an
issue regarding the best design for those matrices. For that purpose, we follow Breusch et al. (1999) to show
that additional linear and quadratic moments are redundant given properly selected ones.?’ If e7oM» X
contains an intercept term due to the presence of an intercept term in X,,, let X be the submatrix of X,

with the intercept term deleted, so that ™M X, = [e™0Mr X* ¢(79)l,], where ¢(7p) is a scalar function of

20This pursuit is motivated by that in Liu et al. (2010).
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0.2 Otherwise, X = X,, and e™Mn X* = e™Mn X, = Suppose that there are k* columns in X;;. Let X7,
be the lth column of X, ns3 = [L30'0_3 and n4 = u4cro_4 be the skewness and kurtosis of the disturbances.
Furthermore, let AY) = A, — I, tr(A,)/n for any n x n matrix A,, which is the matrix A,, with its trace
subtracted out from its diagonal. Thus Ag ) has zero trace. The following proposition gives the moment
conditions for the GMME that generate the smallest variance within the class of all GMM estimators with

linear and quadratic moments, when disturbances are homoskedastic.

Proposition 8. Suppose that Assumptions 1, 2, 5, and 12-15 hold. Let g% () = %(P;le(v), s P g€(h),
F})'e(y), where Py, = W, Pry, = Diag(W,), Pi; = Diag(e™ W, X,,80)", Piy = M,, Pi ., =
Diag(e™Mr X*)®) forl =1,...,k*, and F}f = (F,, Fio, Ffs, Fy) with F¥ = e™Mn X F¥, = eoMnW, X, By,
Fy = Ly, and Fyy = veep(W,). Denote Vi = nElg}(v0)g;, (vo)]. Then 3, = miny g7 (v)V,i~"g5,(v) is the
best GMME within the class of GMMEs with linear and quadratic moments, and 4, has the asymptotic

distribution that /n(3} — 7o) % N (0,lim,, oo A57Y), where A% = G Vi~ Gy with G, = B 225000,

The detailed proof of this proposition is in Appendix A. From the proof, A} has the following expression

(P W,) + 0p (e W, X B By +
. 1
A= tr(PESW,,) (P M;,) * (1)
—UJQ(GTOM"Xn)/F;n 0 UJQ(GTONI"Xn)/FEn

* —3)—n3 - *
where P* = P¥ — Hpjgg — G Py Pry = Ma, iy = Prpoy for L= 1. k", F2, =

na—1 * . * (11 oM, _ 2001: *
(n4—41)—?7§ Fro S Fas(lne™ " WaXofo) (n4—(1j)i77§ Fa
* N4 — 1 * 77(’% * 1 ! ToM. *
F, n— 7.1\ _ .2+inl 7Fn (7177’6 0 an)
=) =g =1 =3 "
if eoMn» X does not contain an intercept term; otherwise
* T4 — 1 * T4 — 1 * _/ 77% * 1 / M,
F, = ——————=F (I, 0k x1) + ——————5¢c(10)Fyselp — —————=Fra(=1 ™" X)),
=1 - T =1) - n3 S =1 =g "

where ey; is the jth unit vector in R¥. From the proof, the best moments in Proposition 8 are equivalent
to the use of the following moments + (Px,en(7), Prnen(Y), Pini€n(Y) - s Phppen (), Fii, an)/en(v). The
above vector relates the moments to the skewness and kurtosis.

In the case of normal disturbances, as 13 = 14 —3 = 0, the best moments can be simplified and are equiv-

alent to %(Wnen (’Y)a Myen, (7)a Pgnlen (7) <e 7P5nk* €n(’}/), 7o Mn W, X5 Bo, eTOJw"Xn)/€n(’Y). Furthermore, the

o] 1

211f M,, is row-normalized and X,, contains an intercept term, eToMny — J=0 ?Tg M l, = e™l,. In this case, c(mp) = €.

Otherwise e™0Mn X, generally does not contain an intercept term.
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moments (Pgnlen (V) s Phoge€n (’y))/en('y) can be shown to be redundant given
1
gH () = — (Waen(7), Muen(7), €™M W X o, €™M X ) 0 (7). (16)

by an argument similar to the proof of Proposition 8. This result can also be shown by using the generalized
Cauchy-Schwarz inequality, as in subsequent section.

The G,, in Proposition 7 can be written as G,, = Tb 4, G1n, Where
0]

202 202 202
V2o, vec(Ws) el vec(M:) 0 V2% g 0
2 n 2 n 2
Gln = and ng =
ooW,eoMn X, By 0 —ope™Mn X, 0 ooy,
When €,;’s are normal, pus = pq4 — 303 = 0. Furthermore, even under non-normal disturbances, if

Ppi,..., Py i, are chosen to have zero diagonal, then w,q = 0. For those cases, V;, in Proposition 7 reduces
to V, = % tnGan. Thus for those cases, G.,V, 1G,, < A, by the generalized Cauchy-Schwarz inequality,
where A,, = n%'gG’lnGln. As W,, and M,, both have zero traces, when the moment vector is g () in (16),
G!V,71G, = A,,. Thus the best moment vector is g7 () in (16) when €,;’s are normal. When W,, and M,,

can commute, the best moment vector, with the restriction that P,;’s have zero diagonals, is*2

1
g1 () = —(Waen (), Mauen (), €M W, X, B, €70 Xo) en(y). (17)

Since Gy,, = \/52‘70 C1n, where Cy,, is given in (11), the asymptotic VC matrix A, ! for the best GMME in

the case of normal disturbances is the same as that for the MLE of «. It is of interest to note that for
the case with non-normal disturbances, when W,, and M,, can commute the QMLE of v happens to be
asymptotically efficient within the class of GMMEs with linear and quadratic moments where the quadratic

matrices P,;’s have zero diagonals.
Corollary 1. Suppose that Assumptions 1, 2, 5 and 12-15 hold.

(i) When the disturbances €,;’s are normal, for the class of GMMEs with linear and quadratic moments
where the quadratic matrices P,;’s have zero traces, the best GMME is the optimal GMME with the

moment vector gif () in (16);

(ii)) When W,, and M,, can commute, for the class of GMMEs with linear and quadratic moments where the
quadratic matrices P,;’s have zero diagonals, the best GMME is the optimal GMME with the moment
vector g#d(’y) in (17).

The best moments in the case of normal disturbances are of interest to be compared with those for the

SARAR model. For the latter model, the best instruments are R,[X,, W, S, 1X,30] and the matrices for

22When W,, = M,,, the moment %e; (v)Mpen () should not be considered.
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the best quadratic moments are R, W, S, 1R,! — I, tr(W,S;1)/n and M, R, — I, tr(M,R;;)/n, where
R, =1, — poM, and S,, = I,, — A\¢W,,. Thus, in addition to X,, and W, X,,, higher order spatially lagged
X, ie, W2X,, W3X,, etc., will provide additional information. For the quadratic moments, spatial
weights matrices of higher order, namely, W2, W3, etc., from which the average of their diagonal elements is
subtracted from each diagonal element, can be used as additional orthogonal conditions. On the other hand,
the best instruments and quadratic moments for the MESS(1,1) rely simply on spatial weights matrices W,
and M,,. Note also that when there is no MESS process in the disturbances, the moment vector for the best
GMME in the case of normal disturbances can be simply taken as X [e}, (v)Wyen(7), €, (7) (WnXn, X5)1n],
where (W, X, X,,);n denotes the independent columns of (W,, X,,, X,,).2> Thus it has a simple form which
does not involve any unknown parameter. By contrast, the moment vector for the best optimal GMME of
the SAR model can be taken as L[el, (7) (W, St — I tr(Wy, S ) /n)en (7)), €0 (7) (Wa Syt X, X)) 1], which
involves the unknown parameter \g in the matrix inverse S,; 1.

There exists a link between the MLE (or QMLE) and moment conditions. The first order conditions for

the MLE using the function @, () can be written as

O000) _ (e, X, 8) en3) + 26, ()70 Woe™ Mo (), (18)
oQn ’ 9Qn g !
Qaf(w) = 2¢/ () Mpen(y) and Qaﬂ(w = —2(e™" X,.) €n (7). (19)

Thus the underlying moments integrated by the MLE are also the linear moments with instruments from
e™Mn X and e™M» W, X,,, and the quadratic moments with the matrices W,, and M,,. The matrix e™Mn
in front of X, and W,,X,, is a transformation for the MESS disturbances. When the likelihood function
is correctly specified under the normal disturbances, the combinations of linear and quadratic moments in
(18)—(19) are the efficient ones. But they might not be so when the likelihood function is only a quasi one.
The optimal GMME employs an optimal weighting matrix when using the moments g (v), but the QMLE
might not. Thus a best GMME within the class of linear and quadratic moments can be more efficient
asymptotically than the QMLE when the disturbances are non-normal or W,, and M,, cannot commute.

This can be shown analytically. Let

(e™MnIW, X, 80) €0 (Y) + €, () Waen(7) 101 0
2 .
ha(y) = ~ e (7) Mpen () =Ag#(y), withA=2]0 1 0 0
—(GTOM"XTL)/E»,L(’Y) 0 0 O _Ik;

231f W,, is row normalized and X, contains an intercept, as Wyly, = I, only one of the two intercepts should be included in
(W’ILXTL7 Xn)
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The Ay, () and %%y have a similar structure: replacing 7y in the components e™ W, X,, By and e~ X,

in h,(y) by 7 yields %%y. It is obvious that Eahgiy‘)) = %E(%) and E(nhy,(v0)hi,(70)) =

%E(‘mgiy“)wgiy")). Thus, by Proposition 4, the asymptotic VC matrix for the QMLE of 7 is equal to

lim,, o0 (E (%giv(’%)) ! E(nhn(v0)h, (70)) (E 3}%7270)) -t Therefore,

Ohy, -1 ohl, -1 / / -1 -1
(& 2200y~ g, (o), (30)] (B L209) 71— [ (30) 4 [AB (g o) () 4]~ AGE (20)]
oy v (20)
’ ’ 1 —1
> [GF (0)[B(af (0)g (00)] "G (0)]
by the generalized Cauchy-Schwarz inequality, where G#(vyy) = E%y(’). The last term above is the

asymptotic VC matrix of the feasible optimal GMME with the moment vector g7 (vy). The inequality in
(20) becomes an equality if there is a matrix Ay, such that G# () = E(g#('yo)g#' (70))A’Agp,. From

Proposition 6, we have

o2 tr(WsW,,) o3 tr(Ws M,,) 0
1
Gl () =~ o2 tr(MEW,,) o2 tr(M:M,) 0
(eToManXnﬂOa eTOMan)leTOManXTLBO 0 *(eTUMn Wanﬁm eTOIVIan)leTUMan

and
# #' ,_ 208 -
(pa — 303) veep' (W,,) veep (W,,) + usz veep’ (W, )e™M W, X,, 80 0 —ps3vecp’ (W, )e™Mn X,
2 0 0 0
ps (™MW, X, By, e™Mn X ) vecn (W,,) 0 0
When 19 = 0; W, and M,, can commute; or us = pq — 303 =0, we have Ay, = 505l +2. Except for those
0

cases, Ay, may not exist. As g#(7) in (16) is only a special case of linear and quadratic moments, the best
GMME in Proposition 8 can be more efficient asymptotically than the QMLE.

The best moment vector g () and the optimal weighting matrix V,*~! involve unknown parameters.
In practice, g () and V=1 can be estimated using initial consistent estimates and a feasible best GMME
can be derived. Such a feasible best GMME has the same asymptotic distribution as the best GMME in

Proposition 8.

Proposition 9. Suppose that Assumptions 1, 2, 5 and 12-15 hold. Let ¥, 62, i3, and fis, be, Tespec-

tively, \/n-consistent estimators of Yo, oa, u3 and py. The 137’{1, R ]3;7k*+4, F;f, Fl*n, ..., Fry and

V,y denote the matrices deriwed when the unknown parameters in Pyy, ..., Py .4, Fy, Ff,, ..., F,

and V) are replaced by the corresponding consistent estimators. Then the feasible best GMME ’y;’;,f =
min., G (Y)V:>14% (v), where g (v) = %(15,;‘16(7)7 ce P;f,k*+46(’7)7 E*Ye(v), has the same asymptotic distri-
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bution as %7 = min,, g (v)V gk (7).

3.2.2. GMME: Heteroskedastic Case
When the disturbances are independent but may have different variances, the GMME can be consistent
when the matrices P,;’s have zero diagonals.?*

Assumption 16. The n-dimensional square matrices Pp1, ..., Py, have zero diagonals and are bounded

in both row and column sum norms. Elements of F,, are uniformly bounded constants.

By taking into account variances of disturbances, the identification condition is similarly derived as that

in the homoskedastic case.

Assumption 17. Suppose that F,, may be written as F,, = (Fin, Fay,) such that lim,_, o %FéneTM"Xn 18
nonsingular for any T € [—6,8]. Furthermore, either 1) lim, oo L F{, Hy,(7)e™ "™ X, 80 # 0 for any
1 # 0 and for all T € [-4,6]; and, for any T # 1o, limy 00 %tr(e(T*TD)M;Pm-e(T*TO)M"Zn) £ 0, for some i €
{1,--- ,kp}; or, 2) for any (o, T) # (w0, 70), limy, 00 %B{)Xﬁle(o‘_%)wéeTM:lH{n(T)PmHln(T)eTM"e(O‘_‘XO)W"XnBO—i—

! ’ ’ .
%tr(e_ToMne(a_o‘“)WneTMnPm-eTM"e(o‘_a")w"e_mM"En) #0, for somei e {1,--- kp}.

Proposition 10. Under Assumptions 1, 2, 8, 14, 16 and 17, the GMM estimator %, from the minimization

of gh(V)anal,gn () is a consistent estimator of vy, and

\/ﬁ(}yn - 'YO) i> N(Oa 11_)111 (G;Lana';LGn)_lG/nana;anana/nGn(G;zana;’LGn)_l)7

L %w;wn 0
where Vi, = nE[gn(v0)g,(10)] = + , and
0 F'S,F,
G _E 9gn(0) _ 1 3w, VeC(E}z/Q(E#Wn)SZ}/z) Fwh, vec(E}Lﬂ(E;an)sEyz) 0
! ' n FLW,emoMn X, 3 0 —FleoMn X,
with w,, = (Vec(Erl/szLlErl/Z), e ,Vec(EilﬂP,f,kp 2711/2)), under the condition that lim,_,~ a, Gy, exists and

has the full rank k + 2.

The V,, does not involve the third and fourth moments of the disturbances, as the matrices in the

quadratic forms of disturbances in g, (7o) have zero diagonals. An optimal GMME can also be formulated.

Assumption 18. The limits of %w;wn and %FﬁZnFn exist and are nonsingular.

A consistent estimator for V;, is the matrix V;, derived by replacing the 2, in V,, by ,, = Diag(é2,,...,é2,),

where €,;’s are the residuals from an initial GMM estimation. Under Assumption 18, the limiting inverse

of V,, exists. Then the objective function for the feasible optimal GMME is ¢/, (7)V,; " gn (7).

24 Pni = Wh; Ppig = My or Py = (W2 — Diag(W?2)) constitute three examples of matrices that could be used.
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Proposition 11. Under Assumptions 1, 2, 8, 14 and 16-18, the feasible optimal GMME 4, , from the mini-

mization of g, (7)Vir L gn(7) is a consistent estimator of o, and /n(¥n.o—Y0) 4 N (0,limp 00 (G V,, 1G) 7).

Note that tr(EnPsiEn(Eglwn)s) = tr(EnP&En(E;l(Wn - Diag(Wn)))S) as P2, has a zero diagonal

/

V2, 0
and X, is a diagonal matrix, then G,, may be written as G,, = 1 2o G1n, where
n 1/2
0 xY’R,
. Y2 vee(Sh/ (S 1 (W, — Diag(W,,)))"Sh/%) 2 vee(Sy/ (55,1 M, ) 5r/?) 0
1n —
S AW, e Mn X, By 0 -5, e x,

Thus GV, 1G,, < A, by the generalized Cauchy-Schwarz inequality, where A,, = %G’lnGln. When the
moment vector g, (7) is equal to g5 (y) = & [¢ (v)Z (Wi, — Ding(Wo))en (7). €4 ()5 Muen (7). ()]’

nl-n »tn

with F¥ = 2-HW,e™Mn X, By, e™Mn X, ], G" V,71G,, = A,,. Therefore, if the variances ¢2,’s can be con-
sistently estimated, e.g., when we have a parametric model for the variances, then we may have a feasible
best optimal GMME, for which the moment vector is obtained from replacing the v in g’ () by an initial
consistent estimator.?’

If the elements of 3J,, cannot be consistently estimated, we do not have a feasible best GMME, e.g., for

the unknown heteroskedastic case, ¥, with n parameters cannot be consistently estimated. However, we

may use the moment vector

1 o . P
gf,d(’)/) = E[dz('}/) (Wn - Diag(Wn))en (7)7 6%(7)Mn€n (7)a 6; (’Y)[WnemMﬂ’Xnﬁv eTnManH,v (21)

and implement a feasible optimal GMM estimation. A special case of interest is when W,, and M, can

commute. In that case, gjjf 4(7) reduces to
5 ! # A F
gr 4 = e (N Waen(7); €4, (7) Muen(7), € (1) [Wae™ M X B, €70 X0, ) (22)

It can be shown, as for the proof of Proposition 9, that the optimal GMME using the moment vector Qi 27
has the same asymptotic distribution as that using the moment vector gtd(v) in (17). As shown in (18)—(19),
the QMLE also integrates those moments in gﬁ 4(7). But because of the optimal weighting, the optimal
GMME using the moment vector gf’ 4(7) is at least as efficient as the QMLE and generally more efficient

than the QMLE asymptotically, according to (20) and arguments similar to those after (20).

25For the SARAR model with heteroskedasticity, we have also found that the best instruments are Z;an [(Xn, Wy S;an,Bo}
and the matrices for the quadratic moments are pom [RansglRle — Diag(RanSglRfll)] and ;! [MnRﬁl —
Diag(Mn Ry, ')]. For the SAR model with heteroskedasticity, Lin and Lee (2010) have not discussed the possible best GMME
by the generalized Cauchy-Schwarz inequality as above.
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3.3. On the Inference of Elements in Impact Matrices

Assessing the statistical significance of the effect of a change in a regressor on the dependent variable
is one of the main objectives of applied economists. In spatial regressions, as shown in Section 2, one first
has to compute the reduced form of the specification and calculate the matrix of partial derivatives of
the dependent variable with respect to the concerned regressor in order to figure out the matrix of impacts.
Inference regarding causal effects should then be based on this matrix, which, for regressor X, , is presented
in (5). All the elements of this impact matrix are possibly different from each other and performing inference
on them would be of value.

For the SAR model, LeSage and Pace (2009) propose a Bayesian Markov chain Monte Carlo approach to
produce inference on the scalar summary of effects, namely the average direct, indirect and total impacts. In
this paper, we take the classical approach based on the Delta method to perform inference on those elements
of the impact matrix. Statistical significance on differences of impacts can also be assessed. For instance,
one could be interested in testing if the effect of the kth regressor for observation ¢ on y,; will be the same
as of the Ith regressor (with [ possibly different from k) for individual j on y,;, with j possibly different
from 3.

Let 4, be a y/n-consistent estimator of 7, and e,; be the ith column of I,. The impact of z,_j, (pth

W,

regressor for individual j) on y,, is estimated to be e];e=*""re,;B,,, and the effect of z,, 54 On Yy, is

\i%

estimated to be eiwe_é‘" nenanq- Then, by the mean value theorem,

\/ﬁ[(e;ieidnwn enjBnp - e;reidnwnensénq) - (elm‘eiomwn €njBop — e;weiaown ensBoq)]

= A1 V/1(é — 0, Brp — Bops Bng — Bog)' + 0p(1) (23)

4 N(0, lim A1, BinA},),

n—o0

where Ay, = [—e!,e”%Wn Whyen;Bop + 6ilre*°‘0W"Wnemﬂoq, e;ie*a"w’lenj, —e! e=%Wne ] and By, is the
asymptotic VC matrix of v/n(&, — ag, Bnp — Bop, Bnq — Boq)’. To test whether the two impacts are equal, we
may use the asymptotically standard normal statistic v/n(e, e~ Vr e, Bnp—ehre " Wn ey Bng)/ (Arn Bin A7, )1/
under the null hypothesis, where fhn and Bln are, respectively, consistent estimates of Ay, and By,. An-
other example is in testing whether the average direct effect L tr(e®"Vn)3,, is significantly different from

zero. It can be shown that

1 awia
= tr(e nwn)ﬁnp -

\/'ﬁ tr(eiaown)ﬂop = AQn\/ﬁ[an — O, Bnp - 6019]/ + OP(l)

Sl-

(24)
4 N(0, lim Az, BanAb,),
n—oo

where Ay, = [—Ltr(e”*"rW,,)Bop, = tr(e”*"")] and Ba, is the asymptotic VC matrix of /n[é, —
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Qag, Bnp — Bop|’. Let Agn and Bgn be, respectively, consistent estimates of Ao, and Bay,.

P 5 _a 5 _ _ A A y_1/2 d
Lemma 1. /(€= Wo ey Byl W ey Bg)—(€hie™ W e B — e W e o)) (Ara Brn Af,) 12

N(0,1) and Z=[tr(e= W) B, — tr(e=20"Wn) By, | (Asn Ban Ab,) /2 5 N(0,1).

Several applications of this lemma will be presented in Section 5 which is dedicated to the application
of the MESS to figure out the dominant type of outward FDI for Belgium. However, before turning to the
empirical application, we first present Monte Carlo experiments which assess the finite sample performance

of the MLEs, QMLEs and GMMEs.
4. Monte Carlo Simulations

We consider a MESS(1,1) model with two regressors: e*Wny, = 81 X1 + B2 X2 + tn, €™ u, = €,. The
interaction matrix W, is defined as the 5 nearest neighbors, while we considered two different definitions for
M,,. Firstly, M,, = W,, which makes the QMLE consistent even in the presence of unknown heteroskedas-
ticity. Secondly, M, is defined as a 15 nearest neighbors. In this case, W, and M,, do not commute and
the QMLE will not be consistent in the presence of unknown heteroskedasticity.2® The elements of X,; and
X2 are independently drawn from, respectively, the uniform distribution U (0, 10) and the standard normal
distribution. For each repetition, the regressors are randomly redrawn.

Three different specifications for the error term are considered. In the first case, the disturbances are
i.i.d. normal; in the second case, the disturbances are i.i.d. with a standardized I'(2,1) distribution; in the
third case, the disturbances are heteroskedastic, where the heteroskedasticity is defined as the multiplication
of a standardized I'(2,1) distribution by the value of the first regressor. In the homoskedastic cases (the
first two cases), the variance o2 of disturbances is set to keep the signal-to-noise ratio constant. This ratio is
defined as the variance of 81 X1 4+ 82 X2 over the sum of variances of 81 X,,1 + 2 X,,2 and ¢, (see Liu et al.,
2010). In these Monte Carlo experiments, the signal-to-noise ratio is set to 0.5. In the absence of spatial
autocorrelation, this ratio would represent a B2 = 0.5. In the heteroskedastic case, the average variances of
the disturbances is set to be equal to o2.

Two sample sizes, 100 and 254, are considered, corresponding respectively to the number of counties in
North Carolina and in Texas. The values of a and 7 vary from —2 to 2 by increment of 1 while 5, and (s
are set to 1. All the experiments were replicated 1000 times. For these simulations, the GMM estimator is

a two step feasible optimal GMME with the first step weighting matrix being an identity matrix. The best

26Interaction matrices have been normalized by the spectral radius.
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moments are used for the homoskedastic case,?” while the moment vector for the heteroskedastic case is
(21). When there are unknown parameters in the moment conditions, the initial consistent estimator used
is the GMME with the moment vector [€], (7)Wheén, €, (Vn) Mnen(7), €, () (WrXn, Xn)]'.

Tables 1-3 summarize the results for the homoskedastic cases with the sample size n = 100.?® We report
the bias, standard errors (in italics) and root mean squared error (RMSE) (in bold) for both QML and
GMM estimates. When the disturbances are normal, the results for the QML and GMM estimates are very
similar in most cases. While the biases for o, 31 and f5 are all smaller than 0.1, the bias for 7 can be close
to 0.3. Relatively large standard error is also observed for 7 in some cases. When the disturbances are
non-normal, for #; and B; in all cases and « in most cases, the GMM estimator has smaller standard error
than the QML estimator; for 7, the GMM estimator has a smaller standard error only when W,, = M,,.

Table 4 reports the estimates of o and 7 in the heteroskedastic case. When W,, = M,,, the biases of the
QML and GMM estimators are very small and their variances have similar magnitudes. When W,, # M,,,
we observe that it is mainly the estimation of 7 which is affected by the difference in interaction matrices.
Indeed, for both QML and GMM estimation procedures, estimators of «, $; and (2 have similarly small
biases and RMSE. For positives values of 7, GMME behaves better than its QMLE counterpart while for
negative and null values of 7 both estimators behaves similarly. Even though the QMLE is inconsistent
theoretically when W,, # M,, and 7 # 0, the largest bias for the QMLE of 7 in simulations does not exceed
0.3. For n = 254, we do not observe any difference in the behavior of QMLE and GMME.

5. Application to Belgium’s outward FDI

To the best of our knowledge, with the recent exceptions of Coughlin and Segev (2000); Blonigen et al.
(2007); Baltagi et al. (2007, 2008) and Garretsen and Peeters (2009), the literature on FDI has overlooked
the third country effect as a determinant of bilateral FDI. Coughlin and Segev (2000) consider inward
FDI for 29 Chinese provinces and find positive and significant spatially autocorrelated error terms (SEM
specification). Blonigen et al. (2007) distinguish 4 different types of FDI that multinational enterprises
(MNEs) can undertake, summarized in Table 5 (corresponding to Table 1 in Blonigen et al., 2007) and
can be identified based on the sign of the spatial lag parameter and of the surrounding-market potential

variable.2?

27The moment vector (16) for normal disturbances, and g () in Proposition 8 for non-normal disturbances.

28The results for n = 254 are similar. We observe that bias, standard errors and thus RMSE are lower when the sample size
becomes larger. These results are reported in the supplementary file. Besides, estimates for 81 and B2 are only reported for
the QML estimator in the homoskedastic case and others are in the supplementary file.

29Since the data we have do concern countries and not MNEs, we can only observe the dominant type of MNE behavior in
terms of FDI, as the data may contain a mixture of the different motivations for FDI.
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Table 1: QML estimation results for & and 7 for the homoskedastic case with n=100

Results for the &

estimator

Results for W,, = M, Results for W,, # M,
Normally distributed error terms Non-normally distributed error terms Normally distributed error terms Non-normally distributed error terms
@ e @ @

-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
0.027  0.029 0.027 0.027  0.029 0.013  0.017 0.012 0.011 0.021 0.007  0.007  0.008 0.007 0.008 0.007  0.007  0.008 0.008 0.007
T=-2 0.261  0.261 0.260 0.260 0.262 0.248  0.250 0.250 0.250 0.248 0.162 0.161 0.161 0.161 0.161 0.158  0.158 0.158 0.157 0.158
0.262 0.262 0.261 0.262 0.263 | 0.248 0.250 0.251 0.251 0.249 0.162 0.161 0.161 0.161 0.161 0.158 0.159 0.158 0.158 0.158
0.002  0.002 0.003 0.002 0.004 0.002  0.000 0.002 0.002 0.003 0.000  0.002 0.003 0.003 0.002 0.005 0.003 0.004 0.005 0.004
T=-1 0.143  0.143  0.142  0.143 0.143 0.136  0.136  0.136  0.137 0.136 0.128  0.127 0.127 0.127 0.127 0.127  0.125 0.126  0.128 0.126
0.143 0.143 0.142 0.143 0.143 0.136 0.136 0.136 0.137 0.136 0.128 0.127 0.127 0.127 0.127 0.127 0.125 0.126 0.128 0.126
0.011  0.012 0.010 0.012 0.010 0.005  0.006 0.007 0.006 0.007 0.007  0.007  0.006 0.006 0.007 0.007  0.008 0.007 0.008 0.007
T=0 0.111  0.113 0.110 0.111 0.111 0.107 0.106 0.107 0.108 0.108 0.096  0.096 0.095 0.095 0.095 0.098 0.099 0.098 0.099 0.098
0.112 0.114 0.111 0.112 0.111 0.107 0.106 0.107 0.108 0.108 0.096 0.096 0.095 0.095 0.095 0.099 0.099 0.098 0.099 0.099
0.016 0.015 0.016 0.016 0.016 0.007  0.008 0.005 0.008 0.007 0.009 0.009 0.010 0.009 0.010 0.010  0.009  0.008 0.009 0.009
T=1 0.121  0.121 0.121 0.122 0.122 0.118 0.118 0.117 0.118 0.117 0.093  0.092 0.094 0.093 0.093 0.095 0.095 0.095 0.095 0.094
0.122 0.122 0.123 0.123 0.123 | 0.118 0.118 0.117 0.118 0.118 0.093 0.092 0.094 0.093 0.093 | 0.095 0.095 0.095 0.095 0.094
0.014 0.016 0.016 0.014 0.015 0.003  0.006 0.003 0.004 0.005 0.009  0.009 0.009 0.009 0.008 0.008 0.008 0.008 0.008 0.009
T=2 0.118 0.118 0.118 0.117 0.118 0.116  0.115 0.116 0.116 0.116 0.091  0.091 0.091 0.091 0.090 0.091 0.091 0.091 0.091 0.091
0.119 0.119 0.120 0.118 0.119 | 0.116 0.116 0.116 0.116 0.116 0.091 0.091 0.091 0.091 0.090 | 0.092 0.091 0.091 0.092 0.091

Results for the 7 estimator
Results for W,, = M, Results for W,, # M,
Normally distributed error terms Non-normally distributed error terms Normally distributed error terms Non-normally distributed error terms
@ e @ @

-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
0.016 0.019 0.016 0.016 0.021 0.016  0.020 0.013 0.013 0.023 0.049  0.049 0.050 0.053 0.049 0.075 0.075 0.073 0.075  0.072
T=-2 0.325 0.323  0.5324 0.325 0.326 0.314 0.313 0.315 0.315 0.313 0.382  0.378 0.384 0.380 0.381 0.381  0.381 0.380 0.382  0.379
0.326 0.324 0.325 0.326 0.327 | 0.314 0.314 0.316 0.316 0.313 0.385 0.382 0.387 0.384 0.385 0.389 0.388 0.387 0.389 0.386
0.026  0.026  0.023 0.026  0.025 0.018 0.014 0.017 0.015 0.018 0.108 0.100 0.102 0.104 0.101 0.121  0.116 0.123 0.120 0.122
T=-1 0.234  0.234 0.234 0.234 0.235 0.224  0.223  0.224 0.223 0.224 0.382  0.382 0.383 0.383  0.380 0.383  0.379  0.386 0.382  0.385
0.235 0.236 0.235 0.236 0.237 | 0.225 0.224 0.224 0.224 0.225 0.397 0.395 0.396 0.397 0.393 | 0.402 0.397 0.405 0.400 0.404
0.050  0.053 0.051 0.052 0.048 0.035 0.035 0.036 0.033 0.034 0.153  0.152  0.155 0.154  0.156 0.161 0.167 0.162 0.166 0.161
T7=0 0.219 0.221 0.219 0.219 0.219 0.208 0.208 0.210 0.209 0.211 0.364  0.367 0.372  0.368  0.366 0.377  0.377  0.377  0.379  0.377
0.224 0.227 0.225 0.225 0.224 0.211 0.211 0.213 0.212 0.214 0.395 0.397 0.403 0.399 0.398 0.410 0.412 0.410 0.414 0.409
0.075  0.075 0.075 0.075 0.076 0.054  0.055 0.053 0.057 0.054 0.209 0.209 0.209 0.210 0.211 0.214 0.206 0.208 0.208  0.205
T=1 0.229  0.229 0.229 0.230 0.229 0.218 0.218 0.219 0.217 0.217 0.398  0.397 0.397 0.397 0.5399 0.395 0.394 0.393 0.394 0.395
0.241 0.241 0.241 0.242 0.241 0.224 0.225 0.225 0.225 0.224 0.449 0.449 0.449 0.449 0.451 0.449 0.444 0.444 0.446 0.445
0.091 0.092 0.093 0.091 0.092 0.068 0.072 0.069 0.071  0.069 0.283 0.285 0.282 0.280 0.284 0.274 0.281 0.280 0.280 0.281
T=2 0.224  0.225 0.227 0.225 0.226 0.217 0.217 0.217 0.217 0.219 0.427  0.428  0.425 0.424  0.426 0.421  0.421  0.421 0.422 0.424
0.242 0.243 0.245 0.243 0.244 | 0.228 0.228 0.228 0.229 0.230 0.513 0.515 0.510 0.509 0.512 0.502 0.507 0.506 0.506 0.509

Figures in italics are the standard errors, figures in bold represent RMSE and figures without any layout are the biases.
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Table 2: QML estimation results for ,@1 and /3’2 for the homoskedastic case with n=100
Results for the (5 estimator

Results for W,, = M,,

Normally distributed error terms

Non-normally distributed error terms

Results for W,, # M,

Normally distributed error terms

Non-normally distributed error terms

@ a @ o

-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
0.009 0.011 0.009 0.010 0.009 0.002  0.004 0.002 0.002 0.004 0.005  0.006 0.005 0.004 0.005 0.003  0.002 0.004 0.003 0.002
T=-2 0.104 0.104 0.103 0.104 0.104 0.101  0.102 0.101 0.101 0.101 0.095 0.094 0.094 0.095 0.095 0.097 0.097 0.097 0.097 0.098
0.105 0.104 0.104 0.104 0.105 0.101 0.102 0.101 0.101 0.101 0.095 0.094 0.094 0.095 0.095 0.097 0.097 0.097 0.097 0.098
0.006  0.006 0.006 0.006 0.006 0.002  0.002 0.001 0.001 0.000 0.005 0.005 0.005 0.005 0.005 0.000 0.001 0.001 0.001 0.000
T=-1 0.084  0.083 0.083 0.083 0.083 0.084 0.084 0.083 0.084 0.083 0.093  0.092 0.092 0.093 0.092 0.095 0.094 0.094 0.094 0.09/
0.084 0.084 0.084 0.083 0.083 | 0.084 0.084 0.083 0.084 0.083 0.093 0.092 0.092 0.093 0.092 0.095 0.094 0.094 0.094 0.094
0.007  0.008 0.006 0.007 0.007 0.001  0.001 0.001 0.000 0.001 0.005 0.005 0.004 0.005 0.005 0.003  0.003 0.003 0.003 0.002
T=0 0.099  0.099 0.098 0.099  0.099 0.098 0.098 0.098 0.099 0.099 0.089  0.089 0.089 0.088  0.089 0.092  0.092 0.091 0.092 0.092
0.099 0.100 0.099 0.099 0.099 | 0.098 0.098 0.098 0.099 0.099 0.089 0.089 0.089 0.088 0.089 | 0.092 0.092 0.091 0.092 0.092
0.009  0.008 0.009 0.009 0.009 0.001  0.000 0.002 0.000 0.000 0.005  0.005 0.005 0.005 0.005 0.005 0.003 0.003 0.004 0.004
T=1 0.116 0.117 0.117 0.117 0.117 0.115 0.115 0.115 0.115 0.115 0.091  0.090 0.092 0.092 0.092 0.093  0.093 0.093 0.093 0.093
0.116 0.117 0.117 0.118 0.117 | 0.115 0.115 0.115 0.115 0.115 0.092 0.091 0.092 0.092 0.092 0.094 0.094 0.093 0.093 0.093
0.007  0.009 0.009 0.007 0.008 0.004 0.000 0.004 0.003 0.002 0.005 0.005 0.004 0.005 0.004 0.003  0.004 0.003 0.004 0.005
T=2 0.116 0.116 0.116 0.115 0.116 0.115 0.114 0.114 0.115 0.114 0.090  0.090 0.091  0.090 0.090 0.090  0.090 0.090 0.090  0.090
0.116 0.116 0.116 0.115 0.116 | 0.115 0.114 0.115 0.115 0.114 0.091 0.091 0.091 0.090 0.090 | 0.090 0.090 0.090 0.090 0.090

Results for the f estimator
Results for W,, = M, Results for W,, # M,
Normally distributed error terms Non-normally distributed error terms Normally distributed error terms Non-normally distributed error terms
@ e} @ @

-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
0.011  0.012 0.013 0.011 0.010 0.006  0.006 0.007 0.006 0.004 0.010 0.011  0.011  0.005  0.009 0.006  0.008 0.007 0.007 0.009
T=-2 0.220 0.218 0.217 0.219  0.220 0.231 0.231 0.231 0.232 0.232 0.272  0.271  0.270 0.273 0.271 0.287 0.285 0.287 0.286 0.286
0.220 0.218 0.218 0.219 0.220 | 0.231 0.231 0.231 0.232 0.232 0.272 0.271 0.271 0.273 0.271 0.287 0.285 0.287 0.286 0.286
0.007  0.005 0.009 0.002 0.006 0.008  0.009 0.007 0.009 0.007 0.008 0.010 0.011  0.011  0.009 0.008 0.009 0.004 0.006 0.006
T=-1 0.273  0.273  0.273  0.271  0.274 0.287 0.287 0.288 0.286 0.289 0.295  0.291  0.290 0.293 0.292 0.311  0.312  0.314 0.313 0.313
0.273 0.273 0.274 0.271 0.274 | 0.287 0.287 0.288 0.287 0.289 0.295 0.291 0.290 0.294 0.292 0.311 0.312 0.314 0.313 0.313
0.009 0.006 0.010 0.007 0.009 0.002  0.001  0.002 0.008 0.000 0.010 0.012 0.014 0.012 0.009 0.005 0.010 0.005 0.003 0.007
T=0 0.304  0.305 0.300 0.304 0.303 0.328 0.329 0.329 0.326  0.327 0.305  0.307 0.307 0.302  0.306 0.331  0.331  0.331 0.331 0.331
0.304 0.305 0.301 0.304 0.303 | 0.328 0.329 0.329 0.326 0.327 0.305 0.307 0.307 0.302 0.306 | 0.331 0.331 0.331 0.331 0.331
0.012 0.012 0.014 0.012 0.013 0.003  0.003 0.005 0.007 0.004 0.013  0.013 0.013 0.013 0.012 0.001  0.003 0.004 0.002 0.001
T=1 0.249  0.250  0.248 0.250  0.248 0.273  0.273  0.270 0.273  0.27) 0.299  0.297 0.298 0.298  0.300 0.310 0.310 0.310 0.309 0.311
0.249 0.250 0.249 0.250 0.248 | 0.273 0.273 0.270 0.273 0.274 0.299 0.297 0.298 0.298 0.300 | 0.310 0.310 0.310 0.309 0.311
0.011  0.012 0.012 0.011 0.011 0.001  0.000 0.000 0.001 0.003 0.016 0.014 0.015 0.015 0.014 0.000  0.000 0.002 0.002 0.003
T=2 0.163 0.164 0.1653 0.164 0.162 0.174 0.172  0.173  0.173 0.172 0.230  0.228 0.228 0.227 0.228 0.237  0.236  0.237 0.235 0.234
0.163 0.165 0.163 0.165 0.162 0.174 0.172 0.173 0.173 0.172 0.230 0.228 0.228 0.227 0.229 | 0.237 0.236 0.237 0.235 0.234

Figures in italics are the standard errors, figures in bold represent RMSE and figures without any

layout are the biases.
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Table 3: GMM estimation results for & and 7 for the homoskedastic case with n=100

Results for the &

Results for W,, = M,,

Normally distributed error terms

Non-normally distributed error terms

estimator

Normally distributed error terms

Results for W,, # M,

Non-normally distributed error terms

@ e @ o

-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
0.010 0.014 0.015 0.014 0.016 0.031  0.032 0.043 0.043 0.042 0.004  0.020 0.022 0.022 0.022 0.016 0.014 0.016 0.014 0.015
T=-2 0.240  0.246  0.244  0.244 0.244 0.213  0.214 0.415 0421 0.414 0.160 0.173  0.175 0.175 0.174 0.152  0.154 0.156 0.153 0.15)
0.240 0.246 0.244 0.245 0.245 0.215 0.216 0.417 0.423 0.416 0.160 0.174 0.176 0.176 0.176 0.153 0.155 0.157 0.154 0.154
0.001  0.001 0.002 0.002 0.002 0.021  0.021 0.022 0.021 0.021 0.001  0.015 0.016 0.014 0.015 0.013 0.011 0.011 0.011 0.011
T=-1 0.143  0.144  0.143  0.144 0.143 0.127 0.127 0.128 0.127 0.127 0.132  0.130 0.130 0.131 0.151 0.125 0.126 0.126 0.126  0.127
0.143 0.144 0.143 0.144 0.143 0.129 0.129 0.130 0.129 0.129 0.132 0.131 0.131 0.132 0.132 0.126 0.127 0.127 0.127 0.127
0.009  0.009 0.008 0.008 0.008 0.012 0.013 0.013 0.013 0.013 0.002 0.010 0.011 0.010 0.011 0.010 0.011 0.011 0.011 0.011
7=0 0.111  0.110 0.110 0.111 0.111 0.087 0.088 0.087 0.088 0.088 0.105 0.100  0.100  0.099  0.099 0.088 0.088 0.087 0.088 0.088
0.112 0.111 0.110 0.111 0.111 0.088 0.089 0.088 0.089 0.089 0.105 0.100 0.100 0.100 0.100 0.088 0.089 0.088 0.089 0.089
0.001  0.008 0.009 0.009 0.008 0.013  0.008 0.007 0.008 0.008 0.004  0.007 0.008 0.008 0.008 0.008  0.010 0.009 0.009 0.009
T=1 0.121  0.120 0.120 0.120 0.119 0.098 0.090 0.090 0.090 0.090 0.100  0.098 0.096 0.096 0.096 0.080 0.079 0.079 0.079 0.079
0.121 0.120 0.121 0.121 0.120 0.099 0.090 0.090 0.090 0.090 0.100 0.098 0.097 0.096 0.096 0.081 0.080 0.079 0.079 0.079
0.003 0.004 0.005 0.006 0.004 0.004 0.004 0.004 0.004 0.004 0.003 0.007 0.006 0.006 0.006 0.009  0.007 0.006 0.007 0.007
T=2 0.117 0.117 0.118 0.118 0.117 0.089 0.089 0.089 0.089 0.088 0.097 0.094 0.094 0.094 0.094 0.077 0.079 0.078 0.078 0.077
0.117 0.117 0.118 0.118 0.117 | 0.089 0.089 0.089 0.089 0.088 0.097 0.095 0.094 0.094 0.094 0.077 0.079 0.078 0.078 0.077

Results for the 7 estimator
Results for W,, = M, Results for W,, # M,
Normally distributed error terms Non-normally distributed error terms Normally distributed error terms Non-normally distributed error terms
@ « « o

-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
0.018 0.024 0.024 0.022 0.026 0.037  0.039 0.052 0.050 0.050 0.051  0.092 0.098 0.099 0.102 0.073  0.072  0.074 0.073  0.072
T=-2 0.300 0.307 0.305 0.306 0.306 0.285  0.287 0.489  0.496  0.489 0.397  0.469  0.477 0.478  0.477 0.396  0.397 0.398 0.391 0.397
0.301 0.308 0.306 0.307 0.307 0.288 0.290 0.492 0.499 0.491 0.401 0.478 0.487 0.488 0.488 0.403 0.404 0.405 0.398 0.403
0.026  0.028 0.029 0.028 0.029 0.042 0.042 0.042 0.041 0.041 0.070  0.127 0.131 0.126 0.131 0.092  0.090 0.087 0.088  0.090
T=-1 0.236  0.236  0.236  0.237 0.234 0.220 0.220 0.221 0.220 0.220 0.415  0.442  0.440  0.441  0.442 0.404  0.401  0.406 0.401  0.407
0.237 0.238 0.238 0.238 0.236 0.224 0.224 0.225 0.223 0.224 0.421 0.460 0.459 0.459 0.461 0.415 0.411 0.415 0.411 0.417
0.048  0.047 0.046 0.047 0.048 0.041 0.044 0.044 0.043 0.044 0.086 0.152 0.153 0.152  0.152 0.115  0.113 0.115 0.113  0.117
T=0 0.222  0.222  0.220 0.222 0.220 0.203  0.204 0.204 0.204 0.203 0.442  0.420  0.421 0.421  0.420 0.407 0404 0.398 0404 0.401
0.227 0.227 0.225 0.227 0.225 0.207 0.209 0.209 0.208 0.208 0.451 0.447 0.448 0.447 0.447 | 0.423 0.419 0.414 0.419 0.418
0.053  0.065 0.065 0.065 0.065 0.065 0.055 0.053 0.055 0.053 0.093 0.173 0.178 0.183 0.182 0.138  0.135 0.140 0.138  0.136
T=1 0.221  0.231  0.231 0.232  0.230 0.212  0.210 0.209 0.210 0.209 0.483  0.458  0.447 0.436  0.435 0.421 0416 0.418 0418 0.416
0.227 0.240 0.240 0.240 0.239 0.221 0.217 0.216 0.217 0.216 0.492 0.490 0.481 0.473 0.472 0.443 0.438 0.441 0.440 0.437
0.076  0.079 0.081 0.079  0.077 0.064 0.065 0.065 0.063 0.063 0.134 0.193 0.196 0.196  0.195 0.208 0.183 0.187 0.185 0.192
T=2 0.230  0.230 0.231 0.231 0.251 0.210 0.211 0.210 0.211 0.211 0.524  0.466  0.464  0.452  0.454 0.443 0440 0.436 0436  0.435
0.242 0.244 0.245 0.244 0.243 0.220 0.221 0.220 0.220 0.220 0.541 0.504 0.503 0.492 0.494 0.490 0.477 0.474 0.473 0.475

Figures in italics are the standard errors, figures in bold represent RMSE and figures without any layout are the biases. We observe that for W,, = M,,, non-normal disturbances and
7 = —2, the standard errors corresponding to a = 0, —1 and 2 are significantly larger than those for « = —2 and 1. These are caused by outliers. We have computed a robust measure
of the standard deviation, the mean absolute deviation, and find that the values have similar magnitudes for different values of « when 7 = —2.
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Table 4: Estimation results for & and 7 for the heteroskedastic case with n=100

Results for the &

Results for QML estimation

Heteroskedastic with W,, = M,

Heteroskedastic with W, # M,

estimator

Heteroskedastic with W,, = M,,

Results for GMM estimation

Heteroskedastic with W, # M,

@ el @ @
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
0.004  0.006 0.008 0.003 0.004 0.000  0.001  0.000 0.000 0.000 0.012 0.014 0.016 0.016 0.016 0.016 0.008 0.009 0.009 0.003
T=-2 0.154  0.154 0.156 0.154 0.155 0.114 0.113 0.114 0.113 0.114 0.153  0.155 0.155 0.155 0.155 0.110 0.111 0.112 0.112 0.110
0.155 0.155 0.157 0.155 0.156 0.114 0.114 0.114 0.113 0.114 0.153 0.155 0.156 0.156 0.156 0.111 0.112 0.113 0.113 0.110
0.002  0.001  0.000 0.001 0.002 0.001  0.001 0.001 0.000 0.001 0.006  0.007 0.007 0.007 0.006 0.007  0.003 0.003 0.003 0.003
T=-1 0.065 0.064 0.064 0.064 0.063 0.067 0.067 0.067 0.067 0.067 0.065 0.065 0.065 0.065 0.065 0.079 0.064 0.064 0.064 0.064
0.065 0.064 0.064 0.064 0.063 0.067 0.067 0.067 0.067 0.067 0.066 0.066 0.066 0.066 0.065 0.079 0.064 0.064 0.064 0.064
0.000  0.001  0.000 0.001 0.000 0.002 0.002 0.001 0.002 0.002 0.002  0.002 0.002 0.002 0.002 0.000 0.004 0.004 0.005 0.004
7=0 0.047  0.047 0.047 0.046 0.047 0.046  0.047 0.047 0.047 0.046 0.049  0.049 0.049 0.049 0.049 0.060 0.049 0.047 0.047 0.047
0.047 0.047 0.047 0.046 0.047 0.046 0.047 0.047 0.047 0.046 0.049 0.049 0.049 0.049 0.049 0.060 0.049 0.047 0.047 0.047
0.000  0.000 0.000 0.001 0.001 0.002  0.003 0.002 0.002 0.002 0.004  0.004 0.004 0.005 0.004 0.003  0.006 0.004 0.007 0.006
T=1 0.064  0.064 0.065 0.06/ 0.064 0.056 0.056 0.056 0.056 0.056 0.066  0.066 0.066 0.066 0.066 0.062  0.056 0.056 0.057 0.056
0.064 0.064 0.065 0.064 0.064 0.056 0.056 0.056 0.056 0.056 0.066 0.066 0.066 0.067 0.066 0.062 0.056 0.056 0.057 0.057
0.001  0.002 0.001 0.002 0.000 0.003  0.003 0.003 0.003 0.002 0.004  0.000 0.004 0.004 0.004 0.004 0.006 0.005 0.008 0.005
T=2 0.067 0.066 0.066 0.067 0.067 0.061  0.060 0.060 0.060 0.060 0.070  0.067 0.069 0.067 0.069 0.065 0.061 0.059 0.059 0.059
0.067 0.066 0.066 0.067 0.067 0.061 0.060 0.060 0.060 0.060 0.070 0.067 0.069 0.067 0.069 0.065 0.061 0.060 0.060 0.060
Results for the 7 estimator
Results for QML estimation Results for GMM estimation
Heteroskedastic with W,, = M, Heteroskedastic with W, # M, Heteroskedastic with W,, = M, Heteroskedastic with W, # M,
@ el @ @
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
0.002  0.005 0.008 0.001 0.004 0.079  0.079 0.072 0.077 0.073 0.005 0.002 0.001 0.002 0.001 0.037  0.050 0.055 0.054 0.076
T=-2 0.238  0.238 0.237 0.237 0.237 0.8365 0.363 0.365 0.365 0.364 0.230  0.234 0.235 0.234 0.235 0.333  0.360 0.363 0.363 0.383
0.238 0.238 0.237 0.237 0.237 0.373 0.372 0.372 0.373 0.371 0.231 0.234 0.235 0.234 0.235 0.335 0.363 0.367 0.367 0.391
0.012 0.012 0.015 0.014 0.011 0.121  0.124 0.119 0.124 0.126 0.022 0.021 0.021 0.021 0.023 0.055 0.116 0.120 0.119 0.120
T=-1 0.186 0.186 0.186 0.186 0.187 0.859  0.360 0.360 0.359 0.357 0.187 0.190 0.190 0.190 0.189 0.839  0.350 0.351 0.351 0.351
0.187 0.186 0.187 0.187 0.187 0.379 0.381 0.379 0.380 0.379 0.189 0.191 0.191 0.191 0.190 0.343 0.369 0.371 0.370 0.371
0.029 0.027 0.027 0.023 0.024 0.149 0.154 0.152 0.153  0.153 0.039  0.042 0.042 0.042 0.042 0.023 0.139 0.154 0.154 0.154
7=0 0.182 0.179 0.181 0.179 0.181 0.347 0.349 0.8349 0.348 0.346 0.187 0.187 0.187 0.187 0.187 0.367 0.349 0.346 0.343 0.346
0.184 0.181 0.183 0.181 0.182 0.377 0.381 0.380 0.380 0.378 0.191 0.191 0.191 0.191 0.191 0.368 0.376 0.379 0.376 0.379
0.045 0.045 0.044 0.043 0.039 0.193  0.192 0.194 0.193 0.193 0.057  0.060 0.060 0.060 0.060 0.030 0.174 0.176 0.179 0.178
T=1 0.188 0.188 0.189 0.187 0.187 0.871  0.871  0.370 0.372 0.372 0.195 0.195 0.195 0.195 0.195 0.424 0.8369 0.355 0.350 0.353
0.194 0.193 0.194 0.192 0.191 0.418 0.417 0.418 0.419 0.419 0.203 0.204 0.204 0.204 0.204 0.425 0.408 0.396 0.393 0.395
0.062 0.060 0.062 0.061 0.060 0.265 0.262 0.260 0.264 0.263 0.071  0.069 0.075 0.072 0.075 0.091 0.175 0.199 0.210 0.200
T=2 0.189  0.186 0.190 0.190 0.190 0.406  0.406  0.404  0.404  0.402 0.198 0.194 0.197 0.184 0.197 0.453 0.416 0.377 0.376  0.379
0.199 0.195 0.200 0.200 0.199 0.485 0.484 0.480 0.483 0.481 0.210 0.206 0.210 0.198 0.210 0.462 0.451 0.426 0.430 0.429

Figures in italics are the standard errors, figures in bold represent RMSE and figures without any layout are the biases.



Table 5: Expected signs for spatial lag and surrounding-market potential variables
FDI Motivation Sign of spatial lag  Sign of surrounding-market
potential variable

Pure horizontal 0
Export-platform —
Pure vertical —
Vertical specialization +
Source: Blonigen et al. (2007).

oo+ o

MNEs can firstly embark in FDI for market access reasons and avoidance of high trade or tariff costs
in a host country. This is horizontal FDI. If trade barriers between the parent country (where the MNE
is located) and host country (where the MNE would like to make its products available) are too high, the
MNE could decide to build a plant in the latter country to avoid export costs but at the expense of building
a new production plant. Blonigen et al. (2007) note that no spatial autocorrelation between FDI should be
observed since MNEs make independent decisions about serving a market either through exports or affiliate
sales. Besides, for this basic form of FDI, we do not expect any market potential effect of host country since
the MNE looks for access to the considered market only.

A second motivation for FDI occurs if trade barriers between a set of destination markets are lower
than trade frictions between these destination markets and the parent country. In that setup, a MNE could
decide to build a plant in a host country, export to other markets and facing lower trade costs only. This
type of FDI is called export-platform. As the MNE will not build a production plant in each host country,
we expect a negative spatial autocorrelation between neighboring FDI locations. However, we anticipate a
positive effect of the surrounding-market potential variable since the MNE will locate its new plant in the
host country which has access to the largest surrounding market.

MNEs will make vertical FDI if they want to access to cheaper factor inputs for their products. In its
simplest form, namely pure vertical, host countries are in competition in terms of input factor prices to
receive FDI. Hence, we expect a negative spatial autocorrelation between FDI. However, since the product
is shipped back to the parent country to be further processed, no effect from surrounding-market potential
is foreseen. A more complex form of vertical FDI has been developed by Davies (2005) and Baltagi et al.
(2007). Within that framework, named vertical specialization, the MNE decides to split its vertical chain of
production among possibly several host countries, to benefit from the comparative advantage of the hosts.
In such a framework, according to Blonigen et al. (2007), we should observe positive spatial autocorrelation
due to possible agglomeration forces such as the presence of immobile resources, since the suppliers’ presence

in neighboring host countries is likely to increase FDI to a particular market. However, for the same reason

30



as in pure vertical FDI, we do not predict any surrounding-market effect.

Blonigen et al. (2007) use outbound US FDI to 35 countries over the period 1983 to 1998 to test the
dominant type of FDI which characterizes US MNEs. Even though they found a positive and significant
spatial dependence effect, the authors acknowledge the fragility of their results with respect to the countries
considered. Besides, significance of the surrounding market effect variable is affected by the presence of
individual effects in the regression. Garretsen and Peeters (2009) also test the dominant motivation for FDI
using outward Dutch FDI to 19 countries from 1984 to 2004. When analyzing their complete sample, they
find a positive and significant market potential effect but also positive and significant spatial autocorrelation
among FDI.

Our contribution to this literature is threefold. Firstly, we analyze the dominant pattern of Belgium’s
outward FDI using a modified gravity equation which, in addition to traditional determinants found in
the literature, also captures effects of spatial interactions and market potential. We secondly compare
results using a MESS(1,1) and a SARAR specification and highlight the similarities in terms of economic
interpretations of these two models. We finally apply the lemma concerning inference to assess statistical

significance of elements of impact matrices of FDI’s determinants.

5.1. Data and empirical specification

This application concerns Belgium’s outward FDI into 35 countries in 2009. These 35 host countries

belong either to OECD or European Union and represent 94% of Belgium’s total outward FDI.?°
The modified gravity to be estimated is presented in (25).

LEFDI; = 31 + 52 LGDP; + 53 LPOP; + ﬂ4 OECD; + ﬂ5 LDIS; + ﬁe TARIFFS; + B MP; + ¢;. (25)

LFDI; is the stock of outward FDI (in logs) from Belgium to host country i. FDI stocks were extracted
from the OECD International Direct Investment Statistics. The set of regressors includes host GDP in
logs (LGDP), host population in logs (LPOP), an OECD dummy which captures an OECD effect, the
bilateral distance between Belgium and country ¢ expressed in logs (LDIS) and a measure of trade costs
which corresponds to the weighted mean of applied tariffs on all products, as defined by the World bank
WDI database and labeled as TARIF'F'S. The last exogenous regressor is the surrounding-market potential

variable, M P. We follow a similar approach to Blonigen et al. (2007) in the definition of this variable. For

30The countries considered are: Australia, Austria, Bulgaria, Canada, Cyprus, Czech Republic, Denmark, Estonia, Finland,
France, Germany, Greece, Hungary, Ireland, Italy, Japan, South Korea, Latvia, Lithuania, Luxembourg, Mexico, Netherlands,
New Zealand, Norway, Poland, Portugal, Romania, Slovakia, Slovenia, Spain, Sweden, Switzerland, Turkey, United Kingdom
and United States of America.
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host country 4, we define the market potential as the sum of inverse-distance weighted log-GDPs of all other
k # i countries in the world for which we could obtain GDP data (this amounts to 183 countries). The only
difference from Blonigen et al. (2007) is that these authors use the log of the inverse-distance weighted GDP
to measure surrounding market potential.>! LGDP, LPOP and TARIFFS all come from the World Bank
WDI database while bilateral distances and distances used to construct the M P variable come from CEPII’s
databases. Finally, all the concerned variables are expressed in constant USD of 2000. Some descriptive

statistics of the data are presented in Table 6.

Table 6: Descriptive statistics for the data

Mean  Std dev Min Max

LFDI 8.394 1.997 4.410 11.851

LGDP 25.973 1.775 22.782  30.048

LPOP 16.390 1.450 13.118 19.542
OECD 0.857 0.355 0 1

LDIS 7.337 1.157 5.154 9.853

TARIFFS 1.877 1.369 0.990 8.930

MP 1.364 0.491 0.356 2.257

Accounting for spatial autocorrelation in FDI requires the setup of an interaction scheme, modeled
through the interaction (spatial weights) matrix W,,. In this application, we follow Blonigen et al. (2007)
and use an inverse arc-distance between capitals to model interactions between host countries. However,
we do not multiply the weights by the shortest distance between capitals as done in Blonigen et al. (2007)
since we do not row-normalize our weight matrix but instead use the spectral radius to standardize the

32 This approach is advocated by Baltagi et al. (2008) who argue that row-normalizing a distance

matrix.
based interaction matrix converts absolute distance-based interactions to relative distance-based and thus
changes the information content of the interaction scheme.?® In addition, we control for the presence of
residual spatial autocorrelation in the error terms. We consider the same interaction matrix for both MESS
processes. As shown in Section 3, the QMLE can be consistent in presence of unknown heteroskedasticity.

Table 7 summarizes the results of different econometric specifications which extend (25). Columns 2-7

present estimation results respectively for homoskedastic SARAR (by QML), homoskedastic MESS(1,1) (by

QML), homoskedastic MESS(1,1) (by optimal GMM with the moment vector Qid(’y) in Proposition 9),

31This difference in the position of the logarithm is motivated by the fact that as the host GDP enters equation (25)
in logarithms, we believe the surrounding market variable should also be based on logged GDP. Also,Garretsen and Peeters
(2009) construct their surrounding-market potential variable in a different way since they only consider the GDP of all host
countries in the sample.

32 As each weight will be multiplied by a common factor, the spectral radius will also be multiplied by this factor, implying
that the normalized matrix will be the same, no matter if the interaction matrix is initially rescaled or not.

33For further information concerning matrix normalizations, interested readers may consult Kelejian and Prucha (2010).
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heteroskedastic SARAR (by optimal GMM?*), heteroskedastic MESS(1,1) (by QML) and heteroskedastic
MESS(1,1) (by optimal GMM with the moment vector gﬁd('y) in (22)).

Let us first note that the quasi maximum likelihood and GMM estimation of the MESS(1,1) with ho-
moskedastic and heteroskedastic disturbances provide similar results for both estimated values and standard
errors. The second result we would like to pinpoint relates to the sign of the parameter capturing interac-
tions between observations. We observe a negative A for both SARAR specifications (homoskedastic and
heteroskedastic) while the MESS(1,1) provides a positive value for . Thus, a negative A translates in a
positive a.?> Finally, there is no significant spatial autocorrelation left in the error terms.3¢

The computation of matrices of impacts of changes in determinants on FDI is required to be able to
give conclusions regarding the dominant type of FDI characterizing Belgium. Indeed, as MESS(1,1) and
SARAR are estimated under implicit form (see (2) and (3)), we need to compute their associated reduced
form and then calculate the matrix of partial derivatives with respect to each explanatory variable to get
impact matrices. For the MESS(1,1), this impact matrix for regressor X, is shown in (5).

To compare MESS(1,1) and SARAR results, we report in Table 8 the average direct effect and the average
total effect for each of the explanatory variables for heteroskedastic SARAR and MESS(1,1), estimated both
by QML and GMM. The average direct effect is computed as the average of diagonal elements of the impact
matrix while the average total effect is defined as the mean of the row-sum of its elements (%l;E%‘nkln). In
terms of impacts on the dependent variable, the main focus for economists, we observe a strong similarity
of impacts produced by the two specifications even though parameters capturing spatial dependence are
completely different from each other.

The lemma derived in Section 3 allows performing inference on elements of the impact matrices of the
MESS(1,1). Table 9 summarizes inference results performed on different (functions of) elements of these
impact matrices, based on the heteroskedastic MESS(1,1) estimated by GMM. The first row analyzes the
significance of average direct effects. The results indicate a non-significant elasticity of surrounding-market
potential on FDI. This result, combined with a negative spatial autocorrelation, points to the dominance of
pure vertical type of FDI. To the best of our knowledge, this application is the first to indicate such a clear

cut result. One possible explanation of this result lies in the production costs faced by Belgian multinationals

34Tn the moment vector, the instruments for the linear moments are Rn [Xn, W S‘;anBn] and the matrices for the quadratic

moments are I:’LanS;lIA%Zl — Diag(RanS'Tflf%;l) and MnRZI — Diag(MnRﬁl), where Ry, = I, — pnMn, S = I — A Wh,
and (An, pn, B;L)’ is an initial GMME.

35This difference comes from the definitions of these two models, as shown in Section 2.

36In the supplement file, we report the estimation results of the MESS(1,0). All results are qualitatively the same.
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Table 7: Estimation results for different specifications

(1) (2) (3) (4) (5) (6)
Cons. —2.438  —3.021 —5.367 —1.266 —3.023 —2.819
(4.582)  (4.660)  (4.564)  (3.899)  (4.288) (4.274)
LGDP 1.106™*  1.114™  1.325™  1.089"  1.113"" 1.110™"

(0.243)  (0.246)  (0.237)  (0.220)  (0.241)  (0.240)

LPOP —0.584""  —0.585"" —0.803"" —0.591"" —0.584""  —0.586""
(0.243)  (0.246)  (0.237)  (0.235)  (0.254) (0.252)

OECD 1.064" 1.037" 0.912" 1.023" 1.037" 1.029"
(0.548)  (0.551)  (0.534)  (0.605)  (0.611) (0.613)
LDIS —1.245"" —1.199™" —1.177"" —1.293™" —1.199"" —1.206™"
(0.223)  (0.220)  (0.220)  (0.209)  (0.200) (0.200)

TARIFFS 0.107 0.106 0.151 0.108 0.106 0.106
(0.112)  (0.113)  (0.110)  (0.084)  (0.084) (0.083)

MP 1.275 1.212 1.534 1.156 1.212 1.183

(1.079)  (1.105)  (1.095)  (1.147)  (1.186) (1.185)
Spat auto | —0.331""  0.265"  0.284"" —0.335""  0.265"" 0.264""

in y (0.153)  (0.109)  (0.107)  (0.173)  (0.121)  (0.121)
Spat auto 0.015 —0.004 —0.136 0.282 —0.004 —0.024
in errors (0.530)  (0.516)  (0.527)  (0.598)  (0.419) (0.418)
n 35 35 35 35 35 35

Standard errors between brackets; (1) is homoskedastic SARAR, (2) is homo.
MESS(1,1) by QML, (3) is homo. MESS(1,1) by GMM, (4) is heteroskedastic
SARAR, (5) is hetero. MESS(1,1) by QML and (6) is hetero. MESS(1,1) by
GMM; *, ** and *** correspond to significance at the 10%, 5% and 1% respectively.

Table 8: Comparison of average direct effects and average total effects

Average direct effects Average total effects
SARAR MESS(1,1) MESS(1,1) | SARAR MESS(1,1) MESS(1,1)

QML GMM QML GMM

LGDP 1.094 1.116 1.113 0.884 0.921 0.919
LPOP |—-0.595 —0.586 —0.587 —0.480 —0.484 —0.485
OECD 1.029 1.039 1.031 0.831 0.858 0.855
LDIS —1.300 —1.202 —1.209 —1.050 —0.992 —0.998
TARIFFS | 0.109 0.107 0.106 0.088 0.088 0.088
M_PO 1.163 1.214 1.185 0.939 1.001 0.979

Effects are computed from estimation results of heteroskedastic SARAR and
MESS(1,1) (estimated by QML and GMM).

in Belgium. Indeed, labor costs in Belgium are amongst the highest in Europe.?” Besides, determinants of
the traditional gravity equation have the expected sign. We observe a positive and significant elasticity of
GDP, which captures the wealth effect, while elasticities of population and bilateral distance are found to
be negative. The OECD dummy is found to be significant at the 10% level. Finally, the tariffs variable is

found to be non-significant which can be explained by the homogeneity of the sample.

37See Eurostat database on labor costs.
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The second row presents inference on the indirect effect of Austria on Slovakia, (Eg("nk )svi,aur- In other
words, we analyze if a shock on a regressor in Austria will affect outward FDI from Belgium to Slovakia. We
observe a significant effect for the host GDP variable and bilateral distance but the effect is non-significant
for the four other regressors. For instance, increasing the GDP of Austria by 1% will reduce outward FDI
from Belgium to Slovakia by 0.147%. Finally, the last row of Table 9 studies significance of the difference
between the indirect effect of Mexico on the United-States and the indirect effect of Canada on United-
States ,(E%;g”k)Ug AMEX — (Eg&m)Us A.can. We observe significant difference between those indirect effects
for GDP and bilateral distance. In other words, the effect of a variation of Mexican GDP on outward FDI
from Belgium to the United States will be statistically different from the effect of the same variation of
Canadian GDP on outward FDI from Belgium to the United States.

Table 9: Inference on elements of impact matrices

LGDP LPOP OECD LDIS  TARIFF MP

Lt ) 111377 —0.586" 1.039° —1.202"  0.106 1.213
n A Xk (0.242) (0.255) (0.613) (0.200)  (0.083)  (1.190)
(=t ) —0.147"  0.078 —0.137  0.160"" —0.014  —0.157
=X/ SVEAUT (0.084) (0.058) (0.120) (0.075)  (0.013)  (0.226)

—un . 0.009° —0.005  0.008 —0.010""  0.001 0.010

(EX.Jvsanmex = (Ex, Jvsacan (0.005) (0.004) (0.008) (0.005) (0.001)  (0.016)
Standard errors are between brackets; AUT stands for Austria, CAN for Canada, MEX for
Mexico, SVK for Slovakia and USA for the United States; %tr(Eg("nk) is the average direct
effect, (Ei’};k)svx,AUT is the indirect effect between Austria and Slovakia; (El)/gnk)USA,MEX —
(ngnnk)US A,can is the difference between the indirect effect of a change in = in Mexico on outward
FDI in the United States and the indirect effect of a change in x in Canada on outward FDI in

the United States; *, ** and *** correspond to significance at the 10%, 5% and 1% respectively.

6. Conclusions

This paper firstly develops the asymptotic theory of the matrix exponential spatial specification (MESS)
in both the dependent variable and error terms. We show that the GMME is consistent and asymptotically
normal even in the presence of unknown heteroskedasticity as long as the interaction matrix has zero
diagonal elements. Besides we show that if the interaction matrices for the dependent variable and the error
terms commute, the QMLE may also be consistent and asymptotically normal in the presence of unknown
heteroskedasticity. In the homoskedastic case, we develop a best optimal GMME which is much simpler than
the best optimal GMME for the SAR specification since moment conditions do not depend on estimated
parameters. In case of non-normality, the homoskedastic best optimal GMME is shown to be more efficient

than the QMLE. In the heteroskedastic case, a best optimal GMME cannot be derived except if we know the
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structure of heteroskedasticity. We thus develop an optimal GMME which is shown to be more efficient than
the QMLE. We also derive a lemma to perform inference on the elements, or functions of them, of the impact
matrices implied by the reduced form of the MESS, which is very important for applied economists. Monte
Carlo experiments are conducted and show the good small sample properties of the proposed estimators.
Finally, we apply our estimators to show that outward FDI from Belgium are mainly characterized by the
vertical type. We also compare SARAR and MESS(1,1) impacts and note that they are very similar, which
pleads for the use of the latter. When the spatial process is stable, the MESS has many advantages over the
SAR model.

Appendix A.

For the best GMME in the homoskedastic case, we show that adding any other moments to the selected
ones cannot improve the asymptotic efficiency using the redundancy conditions in Breusch et al. (1999).
Suppose that we have a set of moment conditions E[g}: ()] = 0 with the corresponding optimal GMME being
A%. Adding some additional moment conditions E[g,(7)] = 0 to E[g}(v)] = 0, we have an optimal GMME
An using both sets of moment conditions. Then the moment conditions E[g,(y)] = 0 are redundant given
ElgZ ()] = 0 if the asymptotic variances of 4% and 4, are the same. Let V* = nE[g*(70)g% ()], V21 =
nElgn(10)g% ()], G = E %ﬁye) and G, = E 895790). The following two lemmas from Breusch et al.

(1999) give conditions for moment redundancy.

Lemma 2. The following statements are equivalent: (a) E[gn(v)] = 0 is redundant given E[gX(v)] = 0; (b)
Gy = Va1 V,i 7 GE; and (c) there exists a matriz T such that G, = VT and Gy, = V01T

n’

Lemma 3. Let the set of moment conditions to be considered be Elgn(7)] = Elg1,,(7), 95,(7), 95,(7)] = 0,
or simply g = (g1,95,95) . Then (g4, 95) is redundant given g1 if and only if g2 is redundant given g1 and
gs 1s redundant given g .

Proof of Proposition 8. To show that 4 is the best GMME within the class of GMMEs with linear
and quadratic moments, we prove that the moment condition E[g,, ()] = 0, where g, () is a set of arbitrary
linear and quadratic moments in (12), is redundant given the moment conditions E[g} ()] = 0. By Lemmas

2 and 3, it is sufficient to show that there exists a matrix T such that G, = E@giy“) = Vpo1T and

1 4,7, % 4 * / *
, soqwhwr  psw, o F _ w!w 0
Gy, = VT, where Vo2 = nB(ga(0)gy (70)) = £ | 2707 700 |y paston) | Bndnd T ien
psEwt,  odF.F 0 0
wy = (vec(P2y), ... ,VEC(P;’]%)), wl = (vec(Pr),. .. ,vec(P;fk*H)), wWnd = (vecp(Pp1), . .., vecp(Pnk,)) and
whg = (vecp(Pr1), - .., veep (P 41 4)), by Lemma A.2 in the supplementary file.
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Let Py, = Py — 7"’4 31 $Py, — G pr pro— M, Phy =Pt forl=1,. k", and F}, =

(na—1)— (na—1)—n3
2
(n4T1_)1—n2 o= o 13) 7 Frg(2U e™MnW, X, 8y) — %Fu If e™M» X, does not contain an intercept
3
2
term, let F5 = (m"“l)l 7 o S 13) 7 Frg(1e™Mn X 7); otherwise, let F, = (nﬁlﬁ o (T, O= 1) +
WC(TO)FMEM WF* (21, e™Mn X)), where ey; is the jth unit vector in R*. Then

6;(’7)(P;n€n(7)7 P:nen(’)/)a PgnIGW(’Y)a ) P/;:nk* GTL(’Y)) = GIn(fY)(P;:len('y)’ ) Prt,k*+4€n(’y)>AP’

where
_(m=3)-ny __og'm
1 (nrl)*ng (mgl)*n% 00
Ap= |0 0 0 1 0
0 0 0 0 I
If emM= X, does not contain an intercept term, (Fons Fi,) = (Fny, Fg, Fryg, By ) Ap1, where
na—1 _ n3 1 7oM, __ 2007m
- 0 (774*41)*775 (n4*13)*n§(nl"e *n Wi Xnfo) (?747?)37@ )
1 n 17 oM, y* '
”4n41 ’72]k* 0 _(174*13)*77%(5%6 oM X7) 0
otherwise, (Fyy,,, F3,,) = (Fy, Fra, Frys, Fiyy) Ara, where
_ma—l ___my (1p omoM, ___200m3 _
A/FQ = 0 (na—1)—n3 (174—1)—77§( L™ W X5 o) (na—1)—nj3
7747’41_ 17 (Ik* Ok*xl) 0 ﬁc(m)ekk W(HZ;L 7—01\4")( ) 0
Ap 0 Ap 0
Let App = if emMn X does not contain an intercept term and App =
0 AFI 0 AF2

otherwise. Then g5 (1)Apr = ¢ (N(Pinen (). Pinn (). Piren (). Phpgeen(3): (Fi ). Lot

o2 0 0 (0520

A 0 o052 0 (0,0) ,
0 0 b (0,—0y°Ix)

where b’ = (b7, ...,b}.) with b, = %e;ﬂ. Define T' = AppAr. We shall show that G,, =V}, 21T and
3

(na
Gy, =V T for this T

Let J, = 1,— %lnl; and P,, be any nxn matrix with trace zero. The following identities are useful to show

the desired results: (a) vecp(Pr,) = > vecp (W,,) — 007"3J e™Mr W, X, B0; (b) veep(Pg,;) =

2
(na—1)—n3 (na=1)—n3
JneToMn X (c) Zf_lvecD(Pék ek = Jpe™®MuX o (d) o3 FY, + paveep(Pr,) = o2e™MaW, X, 805 (e)
Fon — WZl 1V€CD(Pﬁnl)ekz = ™M Xy (f) veep!(Po)Fj, =
ps veen' (Pp) Y, + oatr(PSP:,) + (ug — 308) veep/ (P,,) veep (Pr,,) = oatr(PSW,,).

nT an

WVGCD "(Pn)e™Mr X5 (g)
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Since g5 (MApr = (1) (Pinen(n): Prnen (1), Pisen (1), s Pigeen (1), Fins F3,) a5 shown above and

Pg,.’s are diagonal matrices, we have

4,/ * 4,/ * 4.1 * / *
1 OoWn VeC(Pan) OoWn VeC(P‘rn) UOwndswndﬁ M3wnd(F

«/ an’ an)
Vn,21APF = E[gn(’YO)(gn (’YO)APF)] = g

:u’3F'rIL veep (P(;kn) /1‘3F7/L veep (P:n) M3F’r/Lw;deﬂ U(Q)Fé(F(;kn7 an)

N (s — 308) [ Wnaveen(Pa,)  wygveen(Pr,)  wywrngs 0

n 0 0 0 0

)

where wy ;5 = (vecp(Pj,), ..., vecp(Fj,;-)) and wnas = (vecp(Pyy),...,vecp(F, ;). The V0T =
(Vn21App)Ar is a 2 x 3 block matrix. By (g), the (1,1)th block of Vj, 01T is 103w/, vec(W,,); the (1,2)th
block is Lodw!, vec(M,); by (c) and (f), the (1, 3)th block is 0; by (d), the (2, 1)th block is 1 F),e™ =W, X,, By;
the (2,2)th block is 0; by (e), the (2,3)th block is —1F/e™M» X, Thus V,, 21T = G,.

Furthermore, as g7 (7) is a special case of g,(7), G& = VT. Then AX = GXV 1G% = G5 T =
(GE'App)Ar = E %&ZAP”A% which has the explicit expression in (15) by some computation. The

asymptotic distribution of 4;; follows by Proposition 6. g
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