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HAMILTONIAN IDENTIFICATION IN PRESENCE OF LARGE PERTURBATIONS

YING FU! AND GABRIEL TURINICI?

Abstract. The inversion problem of recovering the Hamiltonian and dipole moment is considered
in a quantum control framework. The inversion process uses as inputs some measurable quantities
(observables) for each admissible control; however the implementation of the control is noisy (the
perturbations are additive constants in a countable set of values) and therefore the data available is
only in the form of the law of the measured observable. Nevertheless it is proved that the inversion
process still has unique solutions (up to some phase factors). Numerical illustrations support the
theoretical results.
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1. INTRODUCTION AND MOTIVATION

Successful manipulation of quantum dynamics (for a recent review see [6] and references therein) leads to
interesting prospects among which is the possibility to identify the system through measurements of control-
dependent observations. This technique, called quantum identification or quantum inversion, was documented
both theoretically [2,5,13,23] and numerically [7,9,15]. However although the numerical implementations show
interesting robustness of the identification process with respect to noise, there is less theoretical guidance to
explain this fact. In this context we propose a result that addresses this question. More specifically we start
from the setting in [13] and introduce the possibility that the control is subject at each time to unknown
perturbations. Since the actual control that acted on the system is unknown only a probability law of the
observation can be recovered. We show that under technical conditions knowing this law allows to determine
uniquely (up to phase factors) the free Hamiltonian and dipole moment (the observations are the populations
of the quantum system).

The balance of the paper is as follows: in Section 2 we make explicit the model and assumptions used. The
main theoretical results are given in Section 3 while a numerical application is presented in Section 4. Some
closing remarks are present in Section 5.

1.1. Notations

We introduce the following notations

o L Ms,... .M, is the Lie algebra spanned by matrices My, My, - -, My;
e X* is the adjoint of the matrix X; the adjoint is the transpose conjugate (and works for vectors too);
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Hy is the set of all Hermitian matrices Hy = {X € CVN*VN|X* = X };

Sy is the unit sphere of CV : Sy = {v € CV|||v| = 1}.

U(t, H,u(-), u, Up) is the solution of the equation (1) below;

Ae(X), k=1,..., N are the eigenvalues of X € H taken in increasing order; we also introduce ¢ (X)
k=1,...,N to be the eigenvectors of X (forming a basis of CV) corresponding to eigenvalues Az (X);
{ex;k =1,..., N} is the canonical basis of RY.

2. THE MODEL

We present the mathematical framework following closely the notations of the previous work [13].
Consider a controlled quantum system with time-dependent wave-function W(t) satisfying the Schrodinger
equation:
i = (H + u(t)p)¥ 0
U(0) = Wy,

where H is the internal (”‘free”’) Hamiltonian and g the coupling operator between the control u(t) and the
system. We work in a finite dimensional framework, therefore H, i € Hy. The goal is to determine the matrix
entries of H and p from laboratory measurements of some observables depending on ¥(t). The control u(t) can
be changed in order to gather enough information on the system.

However, contrary to [13] we allow in this work some time independent perturbations to appear in the control
u(t). That is, in practice the nominal control intensity required by the experimentalist denoted €(¢) is perturbed
by Y when the control is implemented which means that u(t) = €(¢t) + Y; here Y a discrete random variable
with possible outcomes y1,ys2,.... We assume that the law of the random variable Y is time independent.
Such perturbation models have already been used in the quantum computing literature under the name ”fixed
systematic errors” or "low frequency noise” (see [10-12,18]).

The perturbation Y is unknown and thus ¥(¢) is a random variable, as are all measurements depending
on ¥(t). Repeating the control experiment several times the experimentalist will only known the law of the
measurements. From now on we will denote by Ly Z the law of the random variable Z that depends on the
randomness present in Y.

Two different settings are considered depending on which parameters are to be identified and the nature of
the information available:

(1) Setting (S1): The Hamiltonian H is known and the goal is to identify the dipole moment p. The
measurements concern the populations of the eigenstates ¢;(H) i.e., the law Ly |(¥(t), dr(H))|? is
known for all instants ¢ > 0 and all k = 1,..., N. This is performed with as many control amplitudes
€(t) as required.

(2) Setting (S2): Neither H nor the dipole moment p are known and have to be identified. Nevertheless,
the eigenvalues of the Hamiltonian H are assumed to be known (this assumption is relevant in practice,
see [13]). Here, we measure the law Ly |(¥(t),ex)|? of the populations along {ex;k = 1,..., N} for all
instants ¢ > 0 and all control amplitudes €(t).

Remark 2.1. In most of the experiments, the experimentalist only measures one observable (but can repeat
the experiment many times). This means that no information is available on the joint distribution of, say,

(T (t), ¢1)[? and [(L (1), d2)[*.

Two fundamental questions concerning the well-posedness of this problem arise: the existence and the uniqueness
of the Hamiltonian, and/or the dipole moment, compatible with the given measurements. In this work we only
study the uniqueness (and suppose that the model matches perfectly the observations).
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3. MAIN RESULTS

3.1. Technical preliminaries: previous results
We recall the following two results from [13].

Theorem 3.1. Let ju1, 2 € Hy (dipole moments), H € Hy (Hamiltonian) and U}, W3 € Sx. We suppose that
the following three assumptions hold true:

(AI).’ LiH,iul = SU(N)

(A2): The transitions (\; (H))é\;1 are non-degenerate, i.e. A\, (H) — Xj,(H) # X, (H) — X\, (H) for i1 # ji1,
iz # j2 and (i1, j1) # (12, j2)-

(A3): The diagonal part of the dipole moment py et po, when written in the eigenbasis of the Hamiltonian
H, is zero: (¢;(H)|pu1|d:(H)) =0 et {¢p;(H)|p2|d:(H)) =0Vi=1,..,N.

Suppose that the two states produce identical observations that is:
|<\I’(t7 H,e, K1, \Il(l))|¢l>| = |<\Ij(t7 Hie, H2; \Ilg)|¢l>| vt e R+,V6 € Llloc(R+)7Vi =1.,N (2)
Then there exists ()., € RY such that:

Vi, j=1,., N, (u1)ij = €@ (ug)ij. (3)

Remark 3.2. In general, (A1) is a sufficient condition for the controllability. However, under the hypothesis
(A2) the hypothesis (A1) is equivalent to the controllability (see [1,20,21]) Moreover, (A1), (A2) and (A3)
imply Liq i, = su(N).

Remark 3.3. The assumption (A3) can be made without loss of generality according to [13].

Theorem 3.4. Let Hy, Hy € Hx (Hamiltonians), pu1, 2 € Hy (dipole moments), W} W2 € Sy.
Introduce the following assumption:
(A4): )‘k(Hl) = A16(112)7 Vk = 17 7N
Suppose that the two states produce identical observations that is:

(W (t, Hyye, pn, U5 |es)| = [(U(t, Hoy e, o, U3)|e;)| VYt € Ry, Ve Liy (Ry),Vi=1,..,N, (4)

where (e;)1<i<n is the canonical basis of RY.
We suppose N > 3. Then under the assumptions (A1), (A2), (A3) and (A4) for both systems, there exists
()N, € RN such that, in the canonical basis, for all 1 <i,j < N,
() = €7 () and  (Hy)jp = €7 ) (Ha) . (5)

Remark 3.5. Under assumptions (A1), (A2), (A3) and (A4) for the first system, we also have L;y,,
su(N).

A simultaneous controllability result was proved recently in [4]:

ipe —

Theorem 3.6. Let aq,...,ax € R be real constants such that a; # o Vi # j. Consider the collection of control
systems on SU(N):

d);zt(t) — {A + (u(t) + O[[)B}Xg(t)7 (6)
X@(O) = Xe,o € SU(N).
Suppose that Lia g1, = su(N). Then there exists Ta B.a,,..ax Such that the collection of system (7) is si-

multaneously controllable at any time T > Té’B,al’,__aK, that is for any Xl,,,.,)_(K € SU(N) there exists
u(t) : [0, T] = R mesurable such that X¢(T) =X, V¢ =1,.., K.
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Let (€2, F,P) be a discrete probability space, V = {y, € R?|¢ € T C N} a set of values in R? (possibly infinite)
and let Y : Q — V be a random variable.
3.2. Technical preliminaries: a correspondence lemma

We introduce here a technical tool that will be used throughout the paper. Let O, : CV — R a = 1,2 and
h : R — R be analytic functions.

Lemma 3.7. Let A,, B, € su(N), e € LL (R) and denote by X, the solutions of

loc

{“() = (Au + h(e(t). ye) Ba) Xt ur, ). ™
X.(0,ye,¢) = Id € SU(N)
fora=1,2 and any ¢ € Z. Suppose that the following equality in law holds

Ly (OV(X1 (1Y, 6))) = Ly (02(Xa(t, Y,6)))  VE € Ry, Ve € Ll (Ry) (8)
Then for any £ € I, there exists ko,,0,({) € T such that

O1(X1(t,ye, €)) = O2(Xa(t Yo, 0, (0):€) V€ Ry, Ve € Lo (Ry) 9)

Proof. The proof is divided in 4 steps. Fix an index ¢. First, we find a x depending on T, t and €. Then, we
prove that k is independent of ¢, € and T successively.

Step 1:

Fix a time ¢ and a control e. We introduce the notation:

¥ = 0 (X, (t, yis €)), a=1,2 and keZ.

a

Then Vf € CO:
ST rhe =3 rh ) (10)

kel k'eZ
Let us choose f, to be the density of the normal distribution with mean v%{ and variance #, n=12..1In
particular (f,,),>1 converges weakly to the Dirac measure 514. So, when n — 400, we have

ooa= Y & (11)

kGI/v’f:Uf k’eZ/v;:vf

Yet, ¢ € {k € T/v} = v{}.Then

Z = Z &k > & > 0.

k’GI/v’g/:vf ke /vb=v!
Therefore {k' € Z/v§' = v{} # 0. In addition, as >, y& = 1 and & > 0 for all k, there exists a ng
such that >, & < . So we have {k' € Z/vk =} n{1,2,...,n0} # 0. As this is true for all ¢ and e,

Ik1(t,e) € {1,2,..,n0} that Ugl(t’e) = v{. The function ; takes values in the set {k € /v = v{}N{1,2,..,n0}.
If the set has more than one element, any element can be chosen. We obtain for all ¢, e:

01<X1(tay5’6)) = OQ(XQ(t’ylil(t,E)’€>)' (12)

Step 2:
Let T =m € N* and n € N*. We consider the space Pr,, of piecewise constant controls Pr, = {f : [0,T] —
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R|f = a11[07g] + Oégl]z)g] + ...+ anl] (=) gy QL ey Oy € R}. Denote a = (ay, ..., ). So that Vk € Z, we
can define the functions g from [0, 7] x R™ to R by

gk<t7a) = 02<X2(tayk>€)) - Ol(Xl(t7y€7€>>'

We know that

t

.o Ll
Xolt, yn, €a) = AT L k) Ba) (=15 ]n) H e(Ath(og,y)Ba) a=1,2, (13)
i=1

with A = —iH, By = —ip; and By = —ius. Therefore the functions X, are analytic in ¢ and « (the function
h is analytic in «), and since O, are analytic, the functions g are analytic. We denote Ay = {(t,a) €
[0,T] x R™/gx(t,r) = 0}. Each Ay is closed because gy are continuous. In Step 1, it is proved that

KT [0,T] x R™ = {1,2,...,n0} such that Y(t,a) € [0,T] X R" g.p(, ot ) =0. (14)

So UkGIﬂ{l,w,no} A = [0,T] x R". By Baire’s theorem, it exists a k such that Ay has an interior point.
This means that gi is analytic and identically zero on a not empty open set. Therefore, gy = 0. So Vm,n,
Jka(m,n) € {1,2,..,n0} N T such that g.,(m,n(t €) =0, Vt € [0,m] and for any control € € Py, ,,.

Step 3:
Fix again m and take n; = 2. Denote B; = {k € TN {1,2,..,n0}/gx(t,€) =0, Ve € Ppn,}. In Step 2 it is
proved that B; is not empty for all . Obviously (B;);en is a decreasing sequence and B; becomes stable from
a certain term, thus By, # (). This means Vm, 3rz(m) € ZN{1,2,..,n0} such that g, m)(t,€) =0, Vt € [0,m]
and Ve € Py, Yet, Upoq Proe is dense in L([0,m]). So we have Vm, Jrs(m) € ZN{1,2,..,n0} such that
Grs(m)(t,€) = 0, Vt € [0,m] and for any control e in L'([0, m]).

Step 4:
Denote Cy, = {k € ZN{1,2,...,n0}/gx(t,e) = 0 Ve € L} (R;),Vt € [0,m]}. The sequence (Cp,)nen is
decreasing with C,,, #0 Vm € N. So we have Ni>1C) # 0.

3.3. Setting (S1)

In this section and section 3.4, we suppose that d = 1, which means Y takes values in R. The main result is
the following:

Theorem 3.8. Let py, 0 € Hy (dipole moments), H € Hy (Hamiltonian), Wi, V2 € Sy and denote for
yeR, a=1,2: U,(t,y) = U(t, H e(-) + v, pha, ¥E). Suppose that the observations of these two states follow
the same law, that is:

Ly (@91, V)01 (t,Y))) = Ly ((®:W2(t,Y)[Ua(t,Y))) Vi€ Ry, Ve € L, (Ry) (15)

Vi=1,..,N, with ®; = ¢;(H)p:(H)* (the projector on ¢;(H)). Then under the assumptions (A1),(A2) and
(A3), there exists (o;)Y.; € RN such that, in the eigenbasis of H:

Vi k=1, N, () = €7 (ug) . (16)

Proof. 'We renote for simplicity ¢ = ¢x(H). The two observations have the same law, so Vf € C°

D FU@ (, ya) [Pt )6k = Y FUPTa(t i) [Wa(t, yr)))én (17)

keZ keZ
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with & = P(Y = yx). Recall that U, (t,Y) = X, (¢,Y,e)¥,(0,Y) with X, solutions of (8), where A, = —iH
and B, = —ija, a = 1,2. We apply the Lemma 3.7 to O%(X) = (®; XW¢|X¥E), a = 1,2 which are obviously
analytic on U, for all i = 1, ..., N and h(e(t),ye) = €(t) + y¢. Then:

(@aW1(t, y)[Oa(t, 1)) = (iWa(ts Yy o (1) [P2(E Y o (1)) (18)
We differentiate formula (18) with respect to time:

(e(t) +y1)I((paWr(t, y1)| @) (Pa(t, y1)| i)
=(e() + Yoy o5 W)IWH2Y2(E Yy o D3NPt Yo 55 1))197));

forall i =1,2,..,N. Fix ¢, if 3¥ such that

I((uaWlei)(Wlei)) # 0,

then by controllability we can choose T' > 0 and €(t) such that Uy (7,y1) = ¥. We can also choose €(T) =

_y"‘()i,o;(l)’ which implies:

(*yno?oé(l) +y1) I (1 ¥]gi) (¥]gi)) = 0. (19)
Therefore ko 0i(1) = 1. If Vi, koi 0i(1) = 1, then with a change of control €(t) — €(t) + y1, we can use
Theorem 3.1. Now we suppose that 3j such that Y& € CV,

I W) (¥]¢;)) = 0,
then ¢; is an eigenstate of ui; ¢; is a common eigenstate of H and p, so if we start with an initial state ¢;,

one stays in the space of basis {¢;} whatever the control, which contradicts the assumption of controllability.

Corollary 3.9. Let pu1, s € Hy (dipole moments), H € Hy (Hamiltonian) and denote for a = 1,2 by p, the
solution of:

pa(0,Y) = pf.
Suppose that the observations of these two states follow the same law:
Ly (Tr(®;p1(t,Y)) = Ly (Tr(P;pa(t,Y)) Vte Ry, Vee Ll (Ry) (21)

foralli=1,..,N, with ®; = ¢;(H)d;(H)*. Then under the assumptions (A1),(A2) and (A83), there exists
()Y, € RN such that, in the eigenbasis of H:

Vj, k=1,.,N, (/Jl)jk = ei(aj_ak)(:u2)jk' (22)

Remark 3.10. Recall that pq(t,ye) = Xo(t, e, €)pdXa(t,ye,€)*, a = 1,2. For the proof of the corollary we
apply Lemma 2.1 to O%(X) = Tr(®; Xp2X*),a=1,2, foralli =1,..., N.

3.4. Setting (S2)

Theorem 3.11. Let iy, pua € Hy (dipole moments), Hy, Hy € Hy (Hamiltonian), ¥}, 3 € Sy and denote for
yeR, a=1,2: V,(t,y) = VU(t, Ho,e(-) + Y, fta, V). Suppose that the observations of these two states follow
the same law:

Ly ((EW1 (Y, )] 01(Y,1))) = Ly ((EiW2(Y, )[Ua(Y, 1)) Vi€ Ry, Ve € Ljyo(Ry) (23)
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Vi=1,.,N, with E; = e;e} (the projector on e;). We suppose N > 3.

In this case, the assumption (A1) is replaced by a stronger assumption (A1’):

(A1°): Lig, piyipn = su(N) or Lig, po]ine = su(N).

Then under the assumptions (A1°),(A2), (A8) and (A4), there exists (a;)., € RN such that, in the canonical
basis, for all1 <i,j < N,

(,ul)jk = €i(aj7a’“)(lug)jk and (Hl)jk = ei(aj*ak)(Hg)jk. (24)

Remark 3.12. The assumptions (A1) and (A2) do not implies (A1’)( see Remark 1 in [4]). Assumption
(A1)’ is required for the simultaneous controllability, see Theorem 3.6.

Proof. Suppose that Lz, ], = su(IN). We apply the Lemma 3.7 to OL(X) = (E; X U§|¥§), a = 1,2, which
are analytic, for all ¢ = 1,..., N. Hence:

(Bl (8 y0)[P1(t ye)) = (Eila(t vy o @) W2(t Uiy o 0)) (25)

for all i = 1,2,..,N and all [ € Z. By replacing €(t) + yy by €(t), we obtain that for any €(t), any ¢,n € Z and
t>0:

<Ei‘l'2(t’yﬁog,o;(f)_yf)‘%(t’yﬁo;,o;(f)_ym = (E;W1(t,0)[W2(t,0)) = <Ei\112(t7ynog’og(n)_yn)hlb(tvymoi,oé(n)_yn»

(26)
If y,ﬁoi,oé 0y — Yo F y“o;,o;(") — Yn, then according to the Theorem 3.6, we know that
ng(t) = (HQ + (E(t) + yﬁ()i)oé ) — ye),uz)Xz(t) (27)
Xe(0) = X7
and .
1 Xn(t) = (Ha+ (e(t) +Ys . . (n) — YUn Xn(t
X (t) = (Hy + (6(0) + g ) = U)12) X1 25
Xn(o) = Xg
are simultaneously controllable. Thus there exists T' > 0 such that Ws (¢, Yspi o (0y—Ye) = e; and Wy(t, Ynpi oi ()™
1’72 1’72

Yn) = €, which contradicts the equation (25). Thus 3C; € R such that Ynpi i) = Yo+ Ci VI € I. Recall

P03

Yo=Y & (29)

kEI/v’f:vf k’el’/vglzvf
(0)

equation (10) in the Lemma 3.7:

Koi I3
Lemma 3.7 proves that for any control e, v{ = 11201’02 Now for any n > 0, there exists n, such that

Zk>n,, &r < n. According to Theorem 1.4, there exists a control € and a time 7" > 0 such that X,QO;.’O; 0(T) =e;
and Xy, = ¢; for all k < n, and k # ki s (€). So for this €,

& < > § = > Sht = &gy (0 F d &< S 01 (0) T (30)
Koi oi () Koi oi () k>mn,
kET/vk=v, 12 k'EI/v;“/:v2 12

Then for all n > 0, fﬁoiﬁoé 0y + 1 = & which means f,goiwo;(g) > & In addition, ), 7 & = 1. If C; # 0, then

1= erén = > m A E{Y =y +mCi}) > 3% & = oo, which is absurd. Therefore C; = 0. Now we are in
the case of Theorem 3.4.
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Corollary 3.13. Let uy, pe € Hy (dipole moments), Hy, Hy € Hy (Hamiltonians) and for a = 1,2 denote by
Pa the solution of:

ipa(tvy) = [Ha + (€(t) + Y)Ma,Pa(t7Y)] (31)
pa(0,Y) = p
Suppose that the observations of these two states follow the same law:
Ly (Tr(Bipy (V1)) = Ly (Tr(Eipa(Y,1)))  VE € Ry, Ve € L (Ry) (32)

and for all i = 1,..,N, with E; = e;ef. We suppose N > 3. Then under the assumptions (A1°),(A2), (A3)

%

and (A4) and, there exists (a;)N.; € RY such that, in the canonical basis, for all 1 <i,j < N,
(,ul)jk = ei(aj_ak)(lug)jk and (Hl)jk = €i(a-7_ak)(H2)jk. (33)

3.5. The polynomial case in setting (S1)

In this section d > 1 and we suppose that the value set V is bounded and not a subset of R x {(0,---,0)}.
——
d-1
Here Y takes values in ¥V C R so we can denote (Y)g,--,(Y)q_1 the components of Y.

Theorem 3.14. Let py, o € Hy (dipole moments), Hy € Hy (Hamiltonian), W, V3 € Sy and denote for
a=1,2,yeV by V,(t,y) = ¥(t,H,, Zi;é(y)ne(t)”,ua, Ue). Suppose that the observations of these two states
follow the same law:

Ly (D01 (8, V)| U1 (£, Y))) = Ly ((B;Ta(t,Y)|Ua(t,Y))) VEeR, Vee Ll (Ry),Vi=1,---,N,  (34)

with ®; = ¢;(H)¢:(H)*. Suppose also Jyg, € VAR x {(0,---,0)}) with —ye, ¢ V. Then under the assumptions
———

d—1
(A1),(A2) and (A3) for both systems, there exists (a;)N.; € RN such that, in the eigenbasis of H:

Vi k=1,., N, (1)jr = @7 (13) jy.. (35)

Proof. We use the similar arguments as in the proof of Theorem 3.8. Forall: =1,2,--- , N and all £ € 7 such
that Ye € V\(R x {(01 T 70)})
N——

d—1

d—1

> WOne®)" I (1P (t, yo)|¢i) (P (t, ye)|6:))
n=0

= Z(ymoi,oé(e))nﬁ(t)”ff(wz‘l’z(t, Yros o3 NP (L2t Y, o5 (0)197)-

n=0

FiXi, then we denote my, = HlaX‘I,ESN—l(C) |j(<[t1\p|¢z><\lf|¢z>)| and My, = man,eswfl(C) |j(<ﬂ2\11‘¢1><\1/|¢2>) .

|
Hypothesis (A1) assure that for any a = 1,2, Vy, € V\(Rx{(0,---,0)}), the system (1) for u(t) = Zi;é(yg)ne(t)”
————

d—1
is controllable, see [19]. Thus there exists W0 such that

|3 %) (90 i) | = s
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then by controllability we can choose T > 0 and €(t) such that W;(T,y;) = ¥ and ¢(T) be equal to any
predefined value. So we have for any €(T'):

d—1
1S (ge)ne(T)"] < m‘”IZ Wy oy @)ne(D)"] (36)
n=0

Moy n=0

Similarly, we also have Ve(T')

d—1
1S (e)ne(T)"] = m”"’IZ (e oy (0)ne(T)": (37)
n=0

lino

The inequalities (36) and (37) imply that Ysoi o (0) = VeiYe With ve,; = = +2#L By changing the role of y; and
172

2 We can suppose that ::il >1.If % > 1 then for £ = (o, |y, ) = (z’”) |ye,| — 400 when n — +oo0,
2 K1 Oi

oi (ZO) |
1’72
which contradicts the fact that the value set V is bounded. Here (™ = ko ---0k. So we can conclude that
—_——
n times

P =1, As —yg, ¢ V, we have v, ;, = 1 forall i = 1,2,--- | N.

m“z

According to [19], for any polynomial P of degree > 1, the set of attainable states

(v(elt 2)os 2) o)

is the same as the set of attainable states

{‘I’(T,(O H>7P(w>,(0 ,LL2>’<\I/(2)
Here the polynomial is P(X) = Zi_a(ygo) . Since U(7, H, P(w), ,ul,\IIO) and ¥(r, H, P(w), 2, ¥9) have

the same observations, the states W(t, H, v, 1, ¥9 ) and U(t, H,v ug,\I/ ) will have the same observations for
any t > 0 and v € Ll .- S0 now we can apply the Theorem 3.1 to ¥ and U,

T>0,we Llloc} : (39)

Remark 3.15. The theorem is also true when V is symmetric with respect to the origin but the ensemble of two
systems (H, p1) and (H, —p1) is simultaneously controllable (for instance when the graph of u; is not bipartite,
see [17]). In this situation, one concludes as follows: Yy, € V\(R x {(0,---,0) € R¥~1}), if for example v,,; = 1
and -y, ; = —1, then we control the system (H, 1) to ¢; and the system (H,—pu1) to ¢; at time T'; we obtain
(D01 (T, ye) W1 (T, ye)) = 1 and (P, (T,y¢)| V1 (T, y¢)) = 1 which is impossible. In this case the conclusion is

Vi k=1, N, () = €7 (g) . (40)
or

Vi k=1,.,N, (1) = =7 (u3) jy.. (41)
When d =1, (Y)o =0 and (Y); is symmetric with respect to the origin, we see that for any e(t), the laws of

the observables corresponding to (H, ) and (H, —pu) are the same. Therefore, the alternative (41) can not be
eliminated.
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4. NUMERICAL APPLICATION

The tests are made for the setting (S2). We consider the 4-level system (N = 4) in [7] and want to recover
the Hamiltonian matrix H,.q; and the dipole moment matrix fi,eqr:

0.0833 —0.0038 —0.0087 0.0041 0 5 —1 0
5 _ | —00038 00647  0.0083  0.0038 5 0 6 -15

real = | 00087 0.0083  0.0036 —0.0076 |’ HFreal =1 ¢ 0 7

0.0041  0.0038 —0.0076 0.0357 0 -15 7 0

Note that:
0 0 0 0 0 1 -1 1
_ 0 0.0365 0 0 -1 0 1 1
_ Preal Preal _ _

Hyea =emreetDereet,  D=1g g goes1 0 |*Freed =1 -1 0 -1
0 0 0  0.0857 -1 -1 1 0

As previously discussed, we suppose that the eigenvalues of H,., are known, i.e., the matrix D is known.
So identifying H;eq is equivalent to identifying the anti-Hermitian rotation matrix Pjreq;. The law of the
perturbation Y is known :

Ly = 0.000156  0.000211 0.000975 0.000740 0.000679 0.000816 0.000224 0.001025 0.000066 0.000400
Y = { 0.01818 0.03636 0.05454 0.07272 0.09090 0.10909 0.12727 0.14545 0.16363 0.18181 /*

The first row represents the value set and the second row is the probability. The values are chosen at random

uniformly in [0,0.1 % ‘Il\g\ll‘zl: = 0.0012] and the probability at random (uniformly) then rescaled to 1. The control

fields are of the form of e(t) = exp (—40(t — T/2)*/T?) 32, Aijsin(wijt + 05). Here wij = \;j(H) — \i(H) are
the transition frequencies between the eigenstates of H. The total simulation time is 7" = 3200 which means
about 10 periods of the smallest frequency. We choose N, controls €(t) drawing 6;; uniformly in [0, 27] and A;;
uniformly in [0,0.0012] and we define the functional to be minimized:

N. N
j(P7M) = ZZE(»CY(K\I/(T, ePDe_Pveivua\I](IJ)7‘CY(|(\I}(T7 Hrealaeivﬂrealv \Ijgeal)))' (42)

i=1 j=1

Here we use the bounded Lipschitz distance (see page 34-35 in [22]) T2 between two laws Ly Z; and Ly Zs

defined as T2(Ly Z1, Ly Z3) = \/fol |(FZ_11(93) - GE;(JJ)PdZ’ with F'(respectively G) the cumulative distribution
function of Zj(respectively Zs)(see page 73-75 in [22] for details). Here N = 4 and N, = 36. We start with a
10% relative error on p and P and we use a classical unconstrained nonlinear optimization to minimize J (P, p1)
(we used the Gnu Octave [8,16] procedure "fminunc”). After 277 iterations, we find:

0 0.999 —-0.999 1.002 0 4.999 —-0.998 —0.003
Porr — —0.999 0 1 0.999 A 4.999 0 6 -1.5
0.999 -1 0 —1.002 |’ —0.998 6 0 7
—-1.002 -0.999 1.002 0 -0.003 -1.5 7 0

This corresponds to a 0.003% relative error on p and a 0.001% relative error on P. We note that the histograms
of the real law and the final law are nearly the same. See figures 1 and 2 for details.

5. PERSPECTIVES AND CONCLUDING REMARKS

Previous results were obtained under technical assumptions concerning the systems to identify and some
demanding assumptions on the observables. A related question is whether it is enough to only measure one
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FIGURE 1. The logarithm of 7 (left), the relative error on P(middle) and the relative error on
u(right) as a function of the iteration index.

observable (and not N of them) at some final time 7. We expect that if T is large enough and the system is
controllable this assertion is true.

Also interesting would be to consider time-dependent perturbations and more elaborate noise models (not
polynomial) and, of course, perturbations that can take values in an uncountable set (in the same spirit of [3,14]).
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FIGURE 2. The optimization algorithm iterates from the initial guess (Po,po) and con-
structs a sequence of estimations (P, ur). We plot here severals histograms of the laws
Ly (|(¥7(T,Y));]?) for various choices of k and ¢ = 1,---,5 and j = 1,2,3,4. In the top
picture are the histograms of the observations for the real law, in the middle picture are the
histograms for the initial guess kK = 0 and in the bottom image the histograms for the final
iteration k = 277. The optimization worked well as there is an obvious match between the top
and the bottom histograms.
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