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Mean curvature flow with obstacles: a viscosity approach

Gwenael Mercier*

Abstract

We introduce a level-set formulation for the mean curvature flow with obstacles and show
existence and uniqueness of a viscosity solution. These results generalize a well known viscosity
approach for the mean curvature flow without obstacle by Evans and Spruck and Chen, Giga
and Goto in 1991. In addition, we show that this evolution is consistent with the variational
scheme introduced by Almeida, Chambolle and Novaga (2012) and we study the long time
behavior of our viscosity solutions.

1 Introduction

In this article, we introduce the level set formulation for a generalized motion by mean curvature
with obstacles. More precisely, let M (t) = OE(t) be a family n — 1 submanifold of R™, we say that
it evolves by mean curvature if for any « € M (t), the velocity of M(t) at x is given by

o) = —Hu(x) (1)

where H is the mean curvature of M (t) at = (nonnegative if F(t) is a convex set with boundary)
and v is the normal vector to M(t) pointing to E(t)°.

Motivated by recent works from Almeida, Chambolle and Novaga [I] and Spadaro [20] about a
discrete scheme for the mean curvature flow with obstacles, we want to constrain forcing

QO (t) C E(t) c QF(t) (2)

where QF are two open sets (which can depend of the time variable).

Mean curvature flow has been widely studied in the 30 past years for physical and biological
purposes. For instance, one can mention [2] [3] for a new model in biology (tissue repair) using this
evolution. Concerning the mathematical study, one can in particular cite [§] for a first paper on
this motion, [I2] for a geometric study of and [I4] and [I0] for a level-set formulation and the
use of viscosity solutions. In the sequel we follow the last approach.

It is well known (see for example [14]) that if u : R™ — R is a smooth function with a nonzero

gradient at zp, the mean curvature of the level set {u = u(zg)} at x is given by div (lg—zl) (z9).

As a result, making this set (and every other level-set of u) evolve by mean curvature leads to the

following equation for u:
Vu

uy = |V div (IVu) . (3)

In the whole paper, we will think of M (¢) as the zero-level-set of u(,t).
To add the constraint to (3)), we define u®(z,t) such that

Q) CEHCcQ () e {um <0} c{u<0}C{u <0}
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and impose
Va,t, u (z,t) <wulz,t) <ut(z,t). (4)

As in [I4], [10], we study with constraint using viscosity solutions. We first present a
suitable viscosity framework and prove a uniqueness and existence result for bounded uniformly
continuous initial data and obstacles and Lipschitz forcing term in the spirit of [I1]. Then, we link
the regularity of the solution to the regularity of the initial data.

We also show that our level-set approach really defines a geometric flow: the a-level set of
the solution depends only on the a-level set of the initial data and the obstacles. Nonetheless, as
expected, there is no real geometrical uniqueness: level sets of the solution can develop non empty
interiors because of the obstacles (even if the free evolution does not). In an upcoming paper with
Matteo Novaga [19], we study the MCF with obstacles by a geometrical point of view (in the spirit
of [12]), proving short time existence, uniqueness and regularity of solutions.

Finally, in Section [4] we compare the approach followed by [20] and [I] (discrete minimizing
scheme based on [4]) to ours. More precisely, we show that the discrete scheme has a limit which
is the viscosity solution to with constraint . In addition, this variational approach gives
monotonicity of the flow and therefore information on the long time behavior of the viscosity
solution.

2 Notation

In what follows, we consider the equation (slightly more general than , but the latter has to be
kept in mind), for u : R® x RT — R

Vt >0,z € R", wuy+ F(Du,D*u) + k|Du| = 0, (5)

where k : R" x Rt — R is a forcing term and F : R" x S,, — R (S, is the set of symmetric matrices
of dimension n) satisfies

i) F is continuous in space and time when p # 0,
ii) F is geometric : VA > 0,0 € R, F(Ap, AX + op ® p) = AF(p, X),
ili) For X and Y symetric matrices with X <Y, F(p, X) < F(p,Y).

In the following, Vu, Du and D?u denote space derivatives only.
We will denote by u A v and u V v the quantities min(u;v) and max(u;v).

We also introduce F* and F, which are respectively the upper semicontinuous and lower semi-
continuous envelopes of 14E| (see Definition .
To play the role of obstacles, we consider ©~ and u™ : R® — R, with v~ < u™. The function u
will be forced to stay between u~ and u™. Geometrically, the constraint reads {u™ < s} C {u <
s} c{u < s}

To adapt the classical theory of viscosity solutions (we will use the same scheme of proof as in
[11]), the key point is to define correctly sub and super solutions of

ug + F(Du, D*u) + k|Du| =0 with «~ <u<ut. (6)

This definition for two obstacles has been already given, for instance in [22].

IThis quantity is useful to make the following results apply for the mean curvature motion, where

(& D!




Definition 1. A function u : R™ x Rt — R is said to be a (viscosity) subsolution on [0, 7] of the
motion equation with obstacles u™,u~ and initial condition wug if

e u is upper semicontinous (usc),
e forall z,t € R" x [0,T], u™ (z,t) < u(z,t) < ut(x,t),
e for all x € R™, u(z,0) < up(z),

e if pis a C? function of z, ¢, if (&, ) € R™x (0, T] is a maximum of u—¢ and if u(Z, ) > u™(, ),
then, at (1),
¢t + Fu(Dyp, D*¢) + k| Dyl < 0.

Similarly, u is said to be a (viscosity) supersolution of the motion equation with obstacles u™,u~
and initial condition ug if

e v is lower semicontinous (lsc),
e forall z,t € R" x [0,T], u™ (z,t) < u(z,t) < ut(x,t),
o for all z € R”, u(x,0) > ug(x),

e if pis a C2 function of x, ¢, if (2,%) € R™ x (0, 7] is a minimum of u—¢ and if u(2, ) < u*(%,1),
then at (,1),
i+ F*(Dp, D*¢) + k|Dy| > 0.

Finally, u is said to be a (viscosity) solution of the motion equation with obstacles ™, u™ if u is
both a super and a sub solution.
To simplify, we write

ug + F(Du, D*u) + k|Du| =0 on {u” <u<u'}. (7)

A supersolution (resp subsolution) of the motion equation with obstacles u*,u~ will be called a
supersolution (resp. subsolution) of @

Looking at the very definition, one can make the

Remark 1. Let u be a subsolution with obstacles u~ < u™. Then, u is a subsolution with obstacles
u~ and vt for every v > ut.
The obstacle u~ is a subsolution whereas u™ is a supersolution.

Remark 2. It has to be noticed that using this definition, obstacles can depend on the time variable.
Moreover, the contact zone {u™ = v~} can be nonempty.

We also want to point out that the obstacle problem can be defined using a modified Hamilto-
nian (see [1I], Example 1.7). For instance, let

G(z,t,u, Du, D*u) = max (min (ut + F(Du, D*u),u — u_) JU— u+) . (8)

One can easily show that the (usual) viscosity solutions of G = 0 coincide with our definition above
(the only difference is the subsolutions of G = 0 do not have to satisfy u > u~, but must remain
below u1). Nonetheless cannot be written

uy + G(x,t,u, Du, D*u) = 0,

which is the usual form for parabolic equations, for which known results (see [I1}, [16] [10]) could
apply. Thus, despite of this convenient formulation, we have to check that the usual results still
apply. That is why we decided to use the definition above with a standard Hamiltonian but with
(explicit) obstacles.



There is another equivalent definition of such solutions, which can be useful (see [L1]).

Definition 2. Let f: R” x (0,7] — R. We said that (a,p, X) € R x R® x S,,(R) is a superjet for
f in (x9,t) and we denote (a,p, X) € J>T f(zo,t0) if, when z,t — 20,9 in R™ x (0,T],

f(z,t) < f(zo,t0) +alt —to) + (p, $—$0>+%<X(x—$o)»$—$0>+0(|75—t0|+|$—$0|2)~

We likewise say that (a,p,X) € R x R" x S,(R) is a subjet for f in (xg,tp) and we denote
(a,p, X) € T>~ f(xo,to) if, for every x,t — xq, to,

flz,t) = f(zo,to) +alt —to) + (p, x — x0) + % (X(x —x0), x—x0) +0(|t — to]| + |z — x0|2).

Then, u is a subsolution of if it satisfies the three first assumptions of the previous definition
and if

Vo, t € R™ x (0,T),Y(a,p, X) € T*Vu(z,t), u(x)>u ()= a+ F.(p,X)+klp| <O0.

Of course, u is a supersolution of if the three assumptions of the first definition are satisfied
and if

Vo, t € R™ x (0,T],¥(a,p, X) € T* u(z,t), u(x)<ut(z)=a+ F*(p,X)+klp| >0.
We also use the following notation.

Definition 3. For f : R" — R, we denote by f* the upper semicontinuous envelope of f. More
precisely

f(x) = limsup f(y).

Yy—x

We define in a similar way the lower semicontinuous envelope of f.

f«(x) =liminf f(y).

Yy—x

Note that f* (resp. fi) is the smaller (resp. larger) semicontinuous function g such that g > f
(resp. g < f).

3 Existence and uniqueness

The aim of this section is to show the

Theorem 1. We assume that u~ and u™ are uniformly continuous and bounded and that k is
Lipschitz. Then, if ug : R® — R is uniformly continuous and v~ (x,0) < ug(z) < u*(z,0), @ has
an unique solution, which is uniformly continuous.

The structure of the proof is classical when dealing with viscosity solutions. A comparison
principle will show uniqueness, and existence will follow by standard methods.

3.1 Uniqueness

We begin by proving a comparison principle, adapted from [II], Theorem 8.2. It has to be noticed
that the same result with no obstacles has been proved in [I6] (Th. 4.1) in a very general framework.
We could adapt this result to the obstacle case but we prefer to present a simpler and self consistent
proof based on [II] (nonetheless, we will use some ideas of [16]).



Proposition 1 (Comparison principle). We assume that u is a subsolution and v a supersolution

of (7) on (0,T), and that u(z,0) < v(x,0). Then, u < v in R™ x (0,T).

Proof. Throughout the proof, w will denote a modulus of continuity for =, u* and ug and L a
Lipschitz bound on k.
We proceed by contradiction. Since @ = (u — 5L;) V u~ is still a subsolution, but with

F(Da, D*@) + k|Di| < —¢ < 0,

it is enough to prove the comparison principle with @ and then pass to the limit (nonetheless, we
still write u). Suppose that there exists T, ¢ such that u(T,t) — v(Z,t) > 26 > 0. One defines

« 9
B(a,y,1) = u(w,t) = vly,t) — Tz — yl* = S (lal> + yl?).

If € is sufficiently small, ®(Z,Z,t) > 6. Hence, M := max ®(x,y,t) > § (the penalization at infinity
z,y,

reduces searching for the maximum to a compact set). Let #,7, be a maximum point. Since u
and v are bounded, there is C' depending only on ||u||s and ||v]|e such that

C

< —F.
= ql/4

|z — g

First, let us show by contradiction that u(#,%) > u~(#,%) and v(¢,) < u*(g,t). Suppose for
example that w(Z,t) = u™ (&,¢). Then

Hence, if « is sufficiently large (independently of ), w(Ca~1/*) < §/3. Contradiction (this shows
moreover that ¢ < T). Similarly, v(¢,) < ut (g, ).
In what follows, « is fixed sufficiently big to satisfy these conclusions.
As
M o4 E2 2\ (4 — (4
tale —yl" + S (2" + [y7) = u(@) —v(§) 9)

with equality in 2,9, f, we are able to apply Ishii’s lemma [IT] which provides (a,b, X,Y") such that
(a, |t — 91> (& — §) —eg, Y —¢l) € 72’+v(gj, t) and (b, a| — 9|2(2 — ) + ez, X +¢l) € 72’_u(£, t).
—_——

=p
It provides moreover a + b = 0 and

I 0] _[x o0 T A

which shows in particular that X <Y and || X||, Y] < Cia|2 — §]2.
Since u and v are respectively subsolution and supersolution near (#,t) and (§,t), one has

—Clz — 92 [

c<a+b+F.(p—ei,Y —el) — F*(p+ei, X +el) + k(&,1)|p + | — k(9,1)|p — eyl
=0

One can write
k(& 0)|p+ e — k(9, 1)|p — eyl < (k(&, 1) — k(9,1))[p + e2] + 2|k(g,1)|(|e2] + |e7]),
which gives

c< F(p+ed, X +el) - F'(p—ey,Y —el) + L(|& — g))[p + | + [|klloo (|e2] + [e7]).



Then, we want to let € go to 0.
Since M > 6 > 0, we have

1 € . N
d+ oz~ yl* + 5(Isc|2 +|y?) < u(@) — 0(§) < [[ufloo + [|V]]oo;

which implies that £|%|? is bounded, hence e — 0 (same for £3), whereas for i € {2,3,4}, |2 — 9|’
is bounded (so is p, X and Y'). Indeed, « is fixed here. Hence one can assume that p — p, X — X,
alz — g1t = pa-

We now use a short lemma, which is an easy adaptation of [16], Proposition 4.4 (see also Lemma
2.8 in the preprint of [I5], which has a form which is closer to ours) and whose proof is reproduced
here for convenience.

Lemma 1. One has
lim lim a|2 —g[* = 0.
a—o00 e—0
Proof. Let My = sup wu(x,t)—v(y,t)) and (2}, yp, ty) such that w(z}, t7) —v(yp, t7) = My —

|z—y|<h
te[0,T)

and |z} — y}!| < h. Then,

1
n

1 € .7 -
My — = —alt = = (Jgp? + |u[?) < M < (@) = v(3,).
As 2} and y! do not depend on €, one can let it go to zero (considering the liminf of the right

term) to get
1 . .
My, — = — ah* < liminf u(#, 1) — v(3,1).
n

e—0
Let h — 0 (We denote by M’ the decreasing limit of M},). One obtains
, 1 L. o oA
M'— — <liminf(u(Z,t) — v(g,t)).
n e—=0

Let o go to infinity:

M — 1 < liminf lim inf (u(&, £) — v(§, 1))

n a—o0 =0
< limsup sup (u(z,t) —v(y,t))
@700 | |z—y[<Ca” '/t
tel0,T)

<limsup sup (u(w,t) —v(y,t)) =M’
h—0  |z—y|<h

hence
. . ~ D ~ N /
al;rxgo gli%u(m,t) v(g,t) = M'.
We proves similarly that lim lim M = M’. As a matter of fact,

a—00 e—0

lim lim (a|§: — gt + %(L@Iz + IQIQ)) =0,

a—00 e—0

which proves the lemma. O



One can now choose « such that lir% al? — g|* = pa with g, < ¢/2L and pass to the liminf in
E—r

€ — 0. One gets (using X <Y),

< liminf (F, (p, X) — F*(p, X)) .

NS

To conclude, we distinguish two cases:
e if p # 0, then F*(p, Xo) = Fi(p, Xo) and we get the contradiction.

e if p =0, we have a|2 — §|*(2 — 9) = 0, so Xo = 0 and F*(p, Xo) = Fi(p, Xo) = 0 and we

get the contradiction too.

O

3.2 Existence

We will build a solution using Perron’s method. Since we know that the supersolutions of @
remain larger than subsolutions, the solution, if it exists, must be the largest subsolution (or
equivalently, the smallest supersolution). Hence we introduce

W (xz,t) = sup{w(x,t), w subsolution on [0,T)}.

We show that W is in fact the expected solution to .
Let us first state a straightforward but useful proposition.

Proposition 2. i) Letu be a subsolution of the motion without obstacles which satisfies u < u™.
Then, ug, := u V u~ is a subsolution of with obstacles (the same happens for v > u~
supersolution and vep = v Au™).

ii) More generally, if u is a solution with initial conditions and obstacles (ug,u™,u™") and if v~
and vt are other obstacles which satisfy u~ < v~ <ut < o™, then uV v~ is a subsolution of
the equation with initial condition ug V v~ |i=g and obstacles v~ and u™. In particular, u is a

subsolution of the equation with initial conditions uy and obstacles u™, v'.

Proof. The proof is quite simple: consider a smooth function ¢ and some z, ty such that p—uVu~
has a maximum at (xg, o). Then, using the definition of subsolutions, either u(zq, to) Vu ™ (xg,to) =
u~ (x0,tp) and nothing has to be done, or u(zg, %) > v~ (zo,%0). In the second alternative (zg, o)
is in fact a maximum of u — ¢. Since w is a viscosity subsolution of the motion, we have ¢ +
F.(Dp, D%¢) + k|Dyp| < 0, what was expected.

Let us now show the second part of the proposition. The initial condition u Vv~ < ug Vv~ |¢=g
is satisfied. Once again, we consier ¢ smooth and (zg, tg) such that uV v~ — ¢ has a maximum at
(0,t0). Then, either u(xo, to) Vv~ (z0,t0) = v~ (20, to) and nothing has to be checked, or u(zg, tg) >
v~ (z0,t0). The latter implies that u(zg,t9) > u™(z0,t0), 0 @1 + Fi(Dp, D%¢) + k|Dp| < 0, what
was wanted. O

Lemma 2. Let F be a family of subsolutions of @ and define U := sup{u(z),u € F}. Then, U*
s a subsolution of .

To prove this lemma, we need the following proposition which will be useful later.

Proposition 3. Let v be a upper semicontinuous function, (z,t) € R™ x R and (a,p,X) €
J2Fu(z,t). Assume there exists a sequence (v,) of usc functions which satisfy

i) There exists (Tpn,tn) such that (Tp,tn, vn(Tn,tn)) = (x,t,v(x,t))



it) (Zn,8n) = (2,8) in R™ X R implies lim sup v, (zp,, $n) < v(z, ).
Then, there exists (Zy,tn) € R X R, (@, P, Xn) € T> 0, (20, tn) such that

(imfna Un(invfn)a anamen) - (xvta U(I,t), aava)'

The proof of the proposition and the lemma can be found in [II], Lemma 4.2 (with obvious
changes due to the parabolic situation and obstacles).

In our way to prove that W is the solution of @, we need to show that it is a subsolution of .
Lemma [2| shows that it satisfies the viscosity equation with obstacles, because every subsolution u
satisfies v~ < u < u™ which imples that =~ < W < u™ and, taking the enveloppe (and using the
continuity of u®),

um =) KWL (uh) =ut

Nevertheless, we know nothing on the initial conditions. Indeed even if for all subsolution, one
has u(x,0) < wo(z), which implies W (z,0) < ug(x), taking the semicontinuous envelope could
break this inequality. We thus need to build some continuous barriers which will force W* to
remain below ug at time zero. More precisely, we build a continuous supersolution w™ which gets
the initial data ug. Then, by comparison principle, every subsolution u will satisfy v < w™ and
W < w'. Taking the enveloppe will yield

which will imply

Similarly, we build a continuous subsolution w™ which also gets the initial data. By the very
definition of W, it gives W (x,0) > ug(z).

For technical reasons, we begin building the solution in the case where k£ = 0.

3.2.1 Construction of barriers in the non forcing case
Let us construct w—. Without a forcing term, we note that for all £ € R",
h(w,t) = —(Jz — €[> + 2nt)
is a classical subsolution of but with neither initial conditions nor obstacles. We define

0c(r) = inf{uo(y) | ly — &> +r <0}

The function 6 is bounded, non decreasing, continuous and satisfies 0y(0) = uo(0) and ¢ (—|z —
&2 —2nt) < up(z). As the equation is geometric, f¢(—|x — &|* — 2nt) is also a classical subsolution.
Let us then define

o(x,t) = (s%pﬂg(—kc — &2 —2nt) v u(x,t)) )

Since ¢ (—|z — &|? — 2nt) < uo(z) and up is continuous, it is also true for ¢(z,t). In addition, we
can check that

() = 0,(— |z — z|® — 2nt) = 0,(—2nt) > up(x) — w(v2nt). (10)

Hence, ¢(z,0) = ug(z). Thanks to Lemma[2] ¢ is a subsolution with ¢(x,0) < ug(x). We conclude
this proof defining
W (2,8) = (B2, 1) — w(t) V u (,1).
It is clear that w™ is a subsolution with obstacles. Indeed, by definition, w~ > u~. Moreover,
d(x,t) —w(t) <up(z) —w(t) <ut(z,0) —w(t) < ut(z,t). Proposition [2f concludes the proof.
The other barrier w™ is obtained similarly.



3.2.2 Perron’s method

We have already seen that W is a subsolution of . We want to show that it is also a supersolution.
Before finishing the proof of existence, let us notice a useful property of the no-forcing-term
case.

Remark 3. If k(z,t) = 0, then W is w-uniformly continuous in space. In time, W is uniformly
continuous with modulus @ : r — max(w(r),w(yv/2nr)). Indeed, the proof is contained in the
following lemma.

Lemma 3. Let u(x,t) be a subsolution of with no forcing term (and g,u™,u™ w-uniformly
continuous in space and time). Then,

Uz (2, 1) = (w(x + 2,1+ 6) — w(|z]) = @(|0])) V u™ (z,t)
is also a subsolution.

Proof. To begin, we notice that u(z + 2,t +8) — w(|z|) — @(|d]) < ut(z,t).

Now, let ¢ be a smooth function with Vz, ¢, u, s(x,t) < ¢(z,t) with equality at (Z,¢). Then, either
u,,5(T,t) = u~ (Z,1t), and nothing has to be done, or u, 5(Z,t) > v~ (F,). In the second alternative,
we have

W@+ 2,E+0) —w(l2]) — () > u" @) =u" (T +2,i+06) + (w (F,7) —u (T +21+0))

hence

wWTH2,640) >u" (T+z,t+0)+w (T,6) —u (T+ 2,6+ 0) + w(|z]) + ©(|6])) = v (T+2,t+9).

>0

As u is a subsolution at (Z + z,t + d) and u(x + z,t + §) < p(z,t) + w(|z]) + @©(|d]) with equality
at (T + z,t + J), one can write, with y =z + 2,s =t + 4,

w(y, 1) < ¢y — 2,0 = 0) +w(|z]) + w(|d]) =: o(y, 1),

equality at (7,7), and deduce that ¢, + F.(D¢(y,t), D*¢(¥,1)) < 0. Since D¢ (¥, t) = Do(Z,1) (so
are the second derivatives), we get

¢ + F(Dp(T, 1), D*¢(T,1)) < 0,

what was expected.
Concerning the initial conditions, we have (we use (10))

w(a + 2,04+ 8) — w(z]) — B(8) < w (@ + 2,8) — w(lz]) — B() < uo(e + 2) — wl2]) < uo(a).
O

Applying this lemma to W shows (z,t) — W(z + z,t + 6) — w(|z]) —@(|6]) Vu~ (z + 2,t) is a
subsolution. By definition of W, one can write

W(z,t) > (W(x+z,t+0) —w(lz]) —0()) Vu (z+ 2,t) = W(x + z,t + ) — w(|z]) — @(J)

which shows exactly that W is uniformly continuous.

We now want to show that W is in fact a supersolution of @ We need the following lemma
which is adapted from [I1], Lemma 4.4.



Lemma 4. Letu be a subsolution of . If uy fails to be a solution of uy+F*(Du, D?*u)+k|Du| > 0

in some point (%,t) (there evists (a,p, X) € > u.(#,t) such that a + F*(p, X) + k|p| < 0), then

for all sufficiently small k, there exists a solution u, of uy + Fi(Du, D*u) + k|Du| < 0 satisfying

ue(z,t) > u(x,t), sup(u, —u) > 0, ug(z,t) < ut(z,t) and such that u and u, coincide for all
Rn

|z — 2|, [t — | > .

Proof. We can suppose that wu, fails to be a supersolution in (0,1) (this implies in particular
u(0,1) < u™(0,1)). We get (a,p, X) € > u.(0,1) such that a + F*(p, X) + k(0,1)|p| < 0. We

introduce
1
s () = (0, 1) + 0+ (p, @) +alt — 1) + 5 (Xa, 2) = (| + ¢~ 1).

By upper semicontinuity of F'*, us ., is a classical subsolution of u; + F*(Du, D?u) 4+ k|Du| < 0 for
v, 6, sufficiently small.
Since

w(z,t) = ue(z,t) 2 ue(0,1) +alt — 1) + (p, ) + % (X, x) + o(|z*) + o(|t — 1]),
choosing 6 = 'y%, we get u(x,t) > usy(z,t) for § < |z|,[t — 1] < 7 and 7 sufficiently small.
Moreover, we can reduce r again to have us, < u' on B, (Choosing r sufficiently small, one has
§ sufficiently small and wus(0,1) — u.(0,1) = § < u*(0,1) — u,(0,1). By continuity, one can find
a smaller 7 such that wus(z,t) < ut(z,t) for all § < |z|,|t — 1| <7.).

Thanks to Lemma [2] the function

. _ [max(u(z,t), us (z,t)) if |z, t —1] <7
;) = { u(z,t) otherwise
is a subsolution of (with initial conditions if 7 is small enough). O

Now, we saw that W is a subsolution of @ (in particular, W < »™). If it is not a supersolution
at a point &, ¢ , Lemma [4| provides W,. > W subsolutions of (with initial condition, even if we
have to reduce r again, to make t stay far from zero), which is a contradiction with the definition
of W.

Finally, W is the expected solution of .

3.2.3 With forcing term

1. We assume at this point only that u~,u™ and ug are K-Lipschitz. Then, thanks to Remark
there exists a K-Lipschitz solution 1) of the non forcing term equation. Let us set w™ (z,t) =
(Y(x,t) + NKt) Vu~ (x,t). It satisfies, as soon as w~ > u~,

uwy — NK + F(Du,D*u) =0,  u(x,0) = uo(x).

As a consequence, w~ is a continuous subsolution of (7)) (with forcing term) satisfying
w™(2,0) = ug(z). It is a barrier as in We build w™ in a similar way and apply
Perron’s method to see that W is a solution.

2. Here, u™, v~ and ug are only w-uniformly continuous. For all K > 0, let u% = minug(y) +
y
K|z — y|, u}y = maxu*(y) — K|z — y| and uy = minug(y) + K|z — y|. These three new
Y y

function are K-Lipschitz and converge uniformly to ug,u™ and v~ when K — co. Moreover,
as ug,u™,u” are w-uniformly continuous, so are they.
Thanks to the previous point, for every K, there exists a solution uy of with obstacles

10



u}, uy and with initial data uY, which is (thanks to the following proposition |4} which is
admitted for a little time) uniformly continuous with same moduli on [0, 7] for every T'. One
can define, thanks to Ascoli’s theorem

u(z,t) =limug, (z,t).

The function u is continuous. We have to check that it is the solution of the motion with
obstacles u™.

It is clear that u~ < u < ut. Let ¢ be a smooth function and (#,#) a maximum point of
u — ¢ such that w(Z,t) —u™ (&,t) =: n > 0. One can assume that the maximum is strict. We
then choose € such that

V(@ t) € Bo(a,8), ulwt) —u(n,) > %’7

Let
6 = mi — .
Bzl

It is positive (since the maximum is strict, possibly reducing €). We choose ng such that

_ _ n
R LR P e PR e I ]
Then, for every n > ng, uk, — ¢ has a maximum (z,,t,) on B, reached out of up . It is

easy to show that (w,,t,) — (&,7). Since ug, is a viscosity subsolution, one can write, at

(xnvtn)a
¢1 + Fu(Dg, D*¢) + k| Dy| < 0.

By smoothness of ¢ and semicontinuity of F,, we get the same inequality at (&, 7).

We prove that u is a supersolution using the same arguments.

Let us conclude this section by an estimation of the solution’s regularity, which is essentially
[15], Lemma 2.15 (except that the solution here is only uniformly continuous).

Proposition 4. Let u be the unique solution of . Then w is uniformly continuous in space.
moreover, one as
Va,y. o fu(e,t) —u(y, )] <w(e |z —y)).

Proof. First, it is well known that one can choose w to be continuous and nondecreasing. Since u
and v are bounded by N, w A 2N is a modulus too. In the following, we use this new modulus,
still denoted by w.

Then, let p,, be a C*> nondecreasing function on [0, oo[ such that 0 < p,, — w, for all r > n + 1,
pn(r) = 2N + 1, and for all 7 € [0,n], p,(r) — w(r) < . Then, let us define

-
wn(r) = pn + 3

It’s clear that w,(r) — w(r). Moreover, for a fixed n, w! (r) is bounded and stay far from zero.
n—oo

In what follows, we work with w,,.
We will proceed as in Proposition [1} Let ¢(z,y,t) = w,(eX!|x — y|). We will show by contra-
diction that u(z,t) — u(y,t) < ¢(x,y,t). Assume that

M := sup U(l‘,t) - U(y,t) - (rb(xvyat) > 0.
(z,y,t)ER™ XR™ % [0,T")

11



As before, we introduce

- « ¥
M = sup ’LL(.’E,t) - ’Lb(y,t) - QS(.’E,y,t) - 7(|‘T|2 + |y‘2) - .
@,y t<T 2 T—t

For sufficiently small +y, &, M remains positive and is attained (at Z, 7,7 < T). As ug is w-uniformly
continuous, t > 0. Moreover, it is clear that T # 7.
By assumption, u™(Z,?) < u™(¥,) +w(|T — 7)) <u™ (7,
0< M < uld,t) —u(y,t) - gf)(x U, ) forces u(T,t) > u~ (E
Applying Ishii’s lemma ([I1], Th. 8.3) to a(z,t) =

) +wn ([T = 7)) < w(@.t) - ¢(Z,7,1) so
) Similarly, u(y,t) < u™ (¥, 1).

where
P=Dat = e el (7 ) = ~Dyo £
7= Dlo = ggpente ™ - + DI Dt e )
= L
and , Z
A=D9= [—Z _Z}

we get the following. For all 5 such that A < I, there exists 71,72 € R, X, Y € S, such that

1 — T2 = +L6L¥|T_y|w;(ellt|f_g‘)’

v
(T —t)?
(r,p+ a7, X +al) € 7 u@, 1),
T u(@, D),
—1({I 0 X 0 -1
= R R

In particular, the last equation provides X < Y.
As u is a subsolution and a supersolution, one has

(’Qaﬁfayayfal) €

T+ k(Z, )P+ aZ| + Fu(D+ aZ, X + al) <0, (11)
T2 — k(?7£)|ﬁf ay‘ + F*(ﬁf OL@,Y - QI) = 0.
X <Y in the last equation gives

— 72+ k@ O)p— oyl — F*(p— oy, X —al) <0. (12)
Adding to leads to
y e - e e
(G Le"'|z — glwy, ("' [z — 7)) — k(Z, D) [P+ oZ| + k(7,1)|p — a7

+F.(p+az,X+al)— F*(p—ay,X —al)<0. (13)
Notice that
Le [z — eHz — 7)) — k(@ 1)IBl + k7, 15|
> Le'|z — glw), (¥ [z — g]) — LIz — gle"'w), (" |z — 7)) > 0. (14)

7w (
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Then, becomes

g — — — — 7 — - — — 7 S — K=
mﬂlzﬂ — [P+ aZ)) k(1) —([p| — [P — oF]) k(¥, )+ Fi (p+aT, X +al)—F* (p—ay, X —al) < 0.
Let o go to zero. p and X are bounded: one assume they converge and still denote by p, X their
limit. As |p| > 711—2 (pn 1s nondecrasing), F,(p, H) = F*(p, H) for all H € S,,. Moreover, oZ, oy — 0
and k is bounded, hence

which is a contradiction. So
u(z,t) — u(y, t) < wn(e |z —y)).

It remains to let n go to +o0o to conclude. O

3.3 The motion is geometric

In all this subsection, a solution u of the motion with initial data ug and obstacles ©~ and u* will
be denoted by u = [ug,u”,u"]. The corresponding equation will be denoted by (ug,u™,u™).

To agree with the geometric motion, we have to check that the zero level-set of the solution depends
only on the zero level sets of the initial condition uy and of the obstacles u™ and u™.

Lemma 5. Let u = [ug,u™,u"] and v = [vg,v™,v"]. We assume that ug < vg, u~ < v~ and
ut <vt. Then, u < v.

Proof. This proposition is obvious thanks to Remark [1| Indeed,  is a subsolution of [ug,u ™, u™]
so is a subsolution of [ug, u™,v™| whereas v is a supersolution of [vg,v™, v}, so of [ug,u™,vT]. The
comparison principle implies
u <.
O

Proposition 5. Let u be the solution of with obstacles ut and u™, and let ¢ be a continuous
nondecreasing function [-N, N] — R such that {¢ = 0} = {0}. Then, the solutions

[UO A (¢(u+) \ u_)|t:07 ’U,_, ¢(u+) \ U_],

(uo V (&(u™) Aub)|i=o, p(u™) Vu, u]

and  [(¢(uo) AuT|=0) VU |i=0,u ", u']
have the same zero level set as u.

Proof. We will prove that
g = [uo A (¢(u™) Vu™)|i=o,u™, ¢(u™) Vu]

has the same zero set as u. All the other equalities can be prove with a similar strategy.

We begin the proof assuming ¢(z) > x. Then, uy = [ug, u™, p(u™)].
First, let us notice that the classical invariance proves immediately that ¢(u) is the solution
[#(uo), p(u™), ¢(u™)]. In addition, thanks to Lemma |5 ugs > u and uy < ¢(u). As a result, since
{¢(u) = 0} = {u = 0}, we conclude that {u =0} = {u, = 0}, what was expected.

Assume now that ¢(z) < z. The same arguments shows that ¢(u) < uy < u, which leads to
the same conclusion.

To conclude the proof for a general ¢, just introduce f(z) = min(z, ¢(x)) and g(z) = max(x, ¢(x))
and notice that since ¢ is nondecreasing, ¢ = f o g. So,

{u=0} ={uy =0} ={(ug)y = 0} = {ufog = 0} = {uy = 0}.

13



Now, to be able to define a real geometrical evolution, we want a more general independence,
which is contained in the following

Theorem 2. Let u = [ug,u”,u]. Then, {u = 0} = {v = 0} with v = [vg,v",v"| under the
(only) assumptions that

{up=0}={vo =0}, {u =0}={v" =0} and {u" =0}={vt =0}

Proof. This proof is based on the independence with no obstacles which is proved in [I4], Theorem
5.1. We assume first that v~ = v~ and ut = v*. As in [14], we define

Vk € Z\ {0}, Ek:{xeR"

uo(x) > i}

and

ap = max vg.
R™\ Ej

It is easy to see that

VE>0,a1>2a>2--—0 and a_1<a_o

N
1
o

Let us introduce ¢ : [-N, N] — [N, N], piecewise affine, by

$(£N) = +N, ¢ (;) —ar and ¢(0)=0.

Then, by definition, ¢(ug) > vy, {¢ = 0} = {0} and ¢ is nondecreasing continuous. Thanks to
Proposition the solution uy := [p(ug) Au™,u™, u"] has the same zero level-set as u, and is bigger
than v by comparison principle. Hence

{v >0} C{uy >0} ={u=>0}.

We prove the reverse inclusion switching ug and vy.

Now, we assume that ug = vg, v~ = v~ and u* < v*. Then, by comparison principle, u < v.
We have just seen that there exists ¢ : [-N, N] — [—N, N] nondecreasing continuous such that
d(ut) > vt and {¢ = 0} = {0}. Let up = [ug,u™, d(u™) Vu~]. We saw that u, has the same zero
set as u. In addition, by comparison, us > v. As a matter of fact,

{u =0} = {v=0} ={ug =0}

If we drop the assumption vt < v™, notice that [ug,u,u*] and [ug,u™,u™ A vT] have the
same zero level-set, so do [ug,u™,v"] and [ug,u™,u™ AvT]. Hence [ug,u,u"] and [ug,u™,v"]
have the same zero level-set.

Of course, changing only u~ leads to the same result.

To show the general case saying that [ug,u™,u™] and [ug,u™,v™] have the same zero level-set,
so do [ug,u™,vT] and [ug,v™,v"], and [ug,v™,v"] and [vg,v™,vT] , and the first and the last
ones. O

3.4 Obstacles create fattening

Although the fattening phenomenon may already occur without any obstacle (see [6] for examples
and [5 [7] for a more general discussion), obstacles will easily generate fattening whereas the free
evolution is smooth. Consider A a set of three points in R? spanning an equilateral triangle and S
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a circle enclosing it, centered on the triangle’s center. Let v~ = —1, ut = d(-, A), up = d(-,S) (d
is the signed distance) and F(Du, D*u) = —|Vu| div (IVUI

It is possible to show (see next section) that the level sets {u(-,t) < a} are minimizing hulls,
hence are convex. So, the level set {u < 0} contains the equilateral triangle. On the other hand,
the level sets {u < —d} behave as if there were no obstacles at all (in Proposition [2} one can take
ut =1 which has the same —d-set as d(-, A)), so they disappear in finite time. As a result, u = 0
in the whole triangle, and {u = 0} develops non empty interior.

4 Comparison with a variational discrete scheme and long-
time behavior

In this section, we study the behavior of the mean curvature flow onlyEI with no forcing term
and time independent obstacles, in large times. We assume moreover that QT = R™ so that the
obstacle is only from inside. For simplicity, we write €) instead of Q7. In particular, we show that
for relevant initial conditions (FEy is assumed to be a minimizing hull, see Definition , the flow
has a limit.

In order to get some monotonicity properties of the flow, we will link our approach to a vari-
ational discrete flow built in [20] and [I]. Starting from a set Ey and an obstacle Q C Ey, these
two papers introduce the following minimizing scheme with step h (based on Almgren, Taylor and
Wang scheme [4]):

En(t) = T, (F)
with )
Th(E) = arg mln {Per(F) + f/ dE] . (15)
h Jrar

In the previous equation, Per E denotes the perimeter of the finite perimeter set E (see [17] for an
introduction to finite perimeter sets) and dp is the signed distance function to the set E (positive
outside FE, negative inside).

Remark 4. Note that Spadaro introduces the scheme with
1
Th(E) = arg mm {Per(F) / dist(z, 8E)dx} .
FAE

It is easy to see that it provides the same minimizers as ([15). We could also define it with
1
Th(E) = arg mm Per(F) + — l[dg]| -
h Jrag

To establish the comparison between these two approaches, we introduce

e ug : R" — [—1,1] a uniformly continuous function such that {ug < 0} = Ey (we make more
assumptions later)

e ut :R™ — [—1,1] a uniformly continuous function such that {ut < 0} = Q and u™ > uy.

o u~ = —1.

2That means u; = |Vu|div (\gzl)
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In what follows, we will be interested in the 0-level-set of the solution u to

w = |Vu|div (|§Z>

with obstacles u* and initial condition ug. More precisely, we want to show that for suitable E,
the 0-level-set of the solution {u = 0} converges to a minimal surface with obstacles.

We recall that thanks to Theorem [2| any choice of ug, u™ satisfying the assumptions above will
lead to the same evolution of their zero level-set.

4.1 Some properties of the discrete flow.
Following [20], we define

Definition 4. E is said to be a minimizing hull if |0E| = 0 (this is not assumed in the definition
in [20], but is assumed stating minimizing hull properties) and

Per(E) < Per(F), VF D E with F'\ E compact.

He then shows the
Proposition 6. Let E be a minimizing hull. Then

e For every h, one can define a (unique) maximal minimizer in , still denoted in what
follows by Ty (E) (for every other solution F of (15)), one has F C T;,(E)),

o T (E) C E and Ti(FE) is still a minimizing hull (the measure of the boundary remains zero
thanks to the classical regularity of minimizers (see for example Appendiz B in [20])

e If F is another minimizing hull and F C E, then Tp(F) C Th(E).
Let us state a couple of properties of the flow which will allow us to pass to the limit in h.

Proposition 7. Let E be a minimizing hull and h > h. Then, Ty(E) C T; (E) almost everywhere.

Proof. Indeed, Let F := T},(E) and F := T;(E). Since E is a minimizing hull, F, FCEsodg <0
on F'UF. Using the very definition of F' and F, one can write

- 1 1
Per(FNF)+ - dE>PerF+f/dE
h Jrnf hJp
- 1 -1
h JruF hJ&

Summing, we get

~ ~ 1 1 -1 1
Per(FmF)+Per(FuF)+—/ dE+f/ dE>PerF+PerF+—/dE+f/dE.
h Jenp FUF h Jp h Ji

Since Per(F N F) 4 Per(F U F) < Per F + Per F, one has

1/ 1 1 1
h Jpar h Jrop hJp hJi

1 1
h Jr\i h Je\F
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hence L1
dg (~ - ) >0
/F\ﬁ h h
Then, since |0E| =0, |F\ F| = 0. O

To pass to the limit in h, we will want to control the “motion speed” (see Proposition . To
do so, we will need the two following propositions. First, we compare the constrained and the free
motions.

Proposition 8. Let E be a minimizing hull containing Q. Let ET be the free evolution of E
(Ef = T),(E) with Q = 0) and E° the regular evolution (E. is the mazimal minimizer of (15))).
Then, Ef UQ c E°.

Proof. Using the definition of £/ and E°, one can write

d d
Per(E/ N E°) —|—/ Lo > Per(EY) —|—/ “Eo
EfnEec h Ef h

d d
Per(Ef U E°) + / “Eo > Per(E°) + / o
EfUEc c h

Summing and using Per(E' N F) 4+ Per(E U F') < Per E 4 Per F', we get

Lot f % L%
genps B geups D gr h < h

which is an equality. We conclude that all the inequalities above are equalities. In particular,

d d
Per(E/ U E°) + / Lo — Per(E°) + / o
EfUEc h c h

which shows that Ef U E° is a minimizer of . Since E° is a maximal minimizer, one has
Ef C E°.
One can also notice that by definition, 2 C E} so E,]: UQCE;. O

Then, it is easy to see that
e A ball Bg(xp) is a minimizing hull,
e For h < %i, we have T},(Bgr(xo)) = B, (xo) with r = BV —dnh VR;W‘.

Let us now show that preserves inclusion.

Proposition 9. Let Q' C Q2 be two obstacles and E' C E? be two minimizing hulls containing
respectively Q' and Q2. Then, E} C E?.

Proof. Use the definition to write

st

Per(E} N E?) + /

>Per(E1)—|—/ ,
pinE2 b Mo g h

d
Per(E} U E?) —|—/ %2 > Per(E?) —|—/E2 st
h

1 2
Eh u Eh

Summing and simplifying, we get

/ dE1+/ > 2/ dE1+/ -
ginEz N muEz N g b er R
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which can be read

/ dps >/ d
s b Jepm b

Since Ey C FE», one has dg, < dg, which shows that the last inequality is in fact an equality,
showing as above that E} C E,2Z O

Thanks to Propositions [9] and [8 one can conclude that the evolution E}, of a minimizing hull
Ey contains the free evolution of every ball inside Ej.

4.2 Passing to the limit

Now, we want to define an iterative scheme like (15) for the whole ug. We assume that every
level-set of ug is a minimizing hull (Ej is assumed to be one and one can choose the other level sets
of u as we like to get this property). We define an evolution up, : R™ x [0, T[— [—1, 1] by setting
for all s € [-1,1], Es := {up < s} and

{un(t) < s} = (Es)n(t).

This is well defined (in particular, {u;(t) < s} C {us(t) < '} if s < s’) thanks to Proposition [9}
One can easily notice that Proposition [J gives the following monotonicity. If u < @ are two
functions whose level sets are minimizing hulls, v > v two obstacle functions, then w;, < uy,.
Now, we want to pass to the limit in A in the construction above. We will use the

Proposition 10. If ug and u™ are uniformly continuous (with modulus w), then the family (up)
is equicontinuous in space (with modulus w) and time.

Proof. The arguments are standard and use the translation invariance of the scheme as well as the
comparison principle.

e Space continuity. The space continuity is easy to deduce. By continuity and translation
invariance, tg(z) := uo(r + 2) < up(z) + w(|z]) and @™ = wt(- + 2) < u™ + w(|z]) so
tp < up + w(|z]), which was expected

e Time continuity. Let (z,t) € R® x RT. Let r > 0. By uniform continuity, on B, (z),
up(-,t) < up(x,t) + w(r), which means that A™ := {up(-,t) < up(z,t) + w(r)} contains
B, (z9). Thanks to Proposition [8, the time evolution of A" contains the free evolution of
B.(x9), as long as the latter exists. That means up(z,t + s) < up(z,t) + w(r) for s < T,
extinction time of B,.(xg). It is easy to see that this time is controlled, for a sufficiently small

r2
h, by Tion

We proved that for h small enough, wuy, is continuous in time with modulus @ (7)) < w(r).

O

Corollary 1. Up to a subsequence, the collection (up)p has a limit which is uniformly continuous
in space and time.

Let us denote it by u (we will see that this limit does not depend on the subsequence).
We are now able to show the main proposition of this section.

Proposition 11. The function u is the viscosity solution of .

Proof. This result is already known with no obstacles (one can directly apply [9], Th. 4.6 or, with
a setting closer to ours, [21], Th 3.6.1. See also [I3].) and could easily be adapted. Nonetheless,
since our framework is simpler than [9], we give the whole proof here. We have just seen that u is
uniformly continuous in space and time. In addition, u(t = 0) = ug by construction and the initial
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Figure 1: Proof of Proposition

conditions are satisfied. We only have to check the fourth point of the definition (we only deal
with the supersolution thing, the subsolution one can be treated similarly but is simpler because
there is no real lower obstacle here). Let (x,t) € R™. Either u(x,t) = u*(z,t) and nothing has to
be done, or u(x,t) < ut(z,t). To prove the latter, we proceed by contradiction and assume that
there exists a smooth function ¢ and (#,#) such that u — ¢ reaches a minimum and that

(‘pt - F*(D(vaQSO)) (iai) <0. (16)

One can assume that the minimum is strict and that u — ¢(#,1) = 0.
First, we also assume that

Vo(i,t) # 0.

Thanks to an analogous of Proposition [3} one can find, for h sufficiently small, (zp,,t,) — (Z,)
such that up — ¢ reaches a minimum at (xp,tn), Vo(xp, tn) # 0, up(zh,tn) < u'(xp,t,) and

(¢1 = F(Dg, D*@)) (2p,tn) < 0.
Since up, = ¢, we have

E" = {x|up(z,tn) < un(@n, tn)} C {z|o(z,tr) < @(zn,th)} =: F.

Thanks to the minimum condition and continuity of uj, and ¢, we must have x;, € 9E* N OF. In
addition, Vo (zp,tn) # 0 so F is a C! graph around x;,. Recall finally that by construction, E”
is some E} := T} (Ey) with n = [t,/h] and therefore, minimizes

1
Per(E) + E/ dgn-1.

EAEP"T M
Let vp = %(mh, ty) be the unit vector normal to F' toward F¢ and consider
FF:=F—cv
with e sufficiently small such that E N F*¢ is a compact perturbation of E" (from inside, see Figure

).

This is possible since the minimum is strict. The minimizing property of E can be written as

1 . 1
Per(E}) + 7 /E"AE”’I dE}Tl < Per(E" N F°) + - /(Ehmw)AE”1 dEZ—l.
h h h

Thus we have, recalling that the flow is monotone since we are dealing with minimizing hulls,

h h

/ g / » dgn-1 < h(Per(E" N F®) — Per(E")).
B TNEp By I\(BROFe)
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Now, let us notice that since F¢ is a smooth set, we have
Per(E" N F*) = Per(E"; F®) 4 Per(F°¢; E")
SO we can rewrite
- /E”\FE dgn-1 < h(Per(F¢; E") — Per(E"; (F®)°)). (17)

Finally, we get
h

/ dgn-1 = h(Per(E"; (F)¢) — Per(F%; E)).
Eh\Fe

Observing that if v° is the outer normal vector to F,

Per(F¢; E") = / 1dH" ! = / 1dH™ ! :/ V@ e gyt
OFenEh oOFenEh arenen |V

and if v" is the outer normal to E" and 9*E" its reduced boundary, we have

Per(E"; (F¢)°) :/ LdH" ™ > / L
d*EhN(Fe)e 8* Ehn(Fe)e Vel

Plugging into and denoting by v the outer normal vector to E* \ F* (v = v on OE" and
v = —v° on OF¢) we have

/ dps > h/ Ve g,
Eh\Fe P 0% (EM\F*) Vel

which, applying Green’s formula, gives

/ g >/ hdiv (W) .
Eh\Fe I Eh\Fe Vel

Letting € go to zero, we get, at (xp, 1),

Vo

dmn-1 > hdiv| —=—— | . 18
;. (w) (18)

Now, let y, € aEg_l which realizes the distance between x; and (E,’;_l)c. By construction,
we have

up(Yn, th — h) = up(xp, ty)
so since u(xp,tn) = @(zp, tn) and (zp,ty) realizes the minimum of uj, — ¢, we have
P(yn,th —h) < o(xn, th).
Then, let us write
e(Yn,th —h) = o(zn, tn) — hoe(@n, tn) + Vo(zn, t) - (yn — zn) + o(h + 20 — yn),

we get
—hoi(xn, th) + Vo(zn, th) - (yn — zn) + o(h + x — yp) < 0.

Since the level sets of u;, are minimizing hulls, u;, is non decreasing, which implies ¢; > 0. On the
other hand, V¢(z,,t,) must point outside E" so V(zp,t) - (yn — ) = 0. This implies

|V<,0(33}L, th)‘dE;L—1 < h(pt.
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Replacing that into , we obtain, at (xp, tp),

. Vi
> d — .
Pt ‘V(ﬂl v <|V<p )

Since ¢ is smooth and Vi (&, 1) # 0; we can pass to the limit in 4 and get a contradiction.

Let us now deal with the case Vi(#,7) = 0 and consider the sequence (xy,t;) constructed as
before. Then, either one can find a subsequence (xp, ,tp, ) — (z,t) such that Vo(zp,,ts,) # 0 or
we have for every h sufficiently small, Vip(zp,,t;) = 0.

In the first alternative, note that what we have just done still apply with minor changes. Indeed,
we just have to get the contradiction taking the limsup instead of the full limit. The definition of
F* ensures we keep the inequality.
On the other hand, if Vo(xp,ty) = 0. for every small h, then we add a term |z — #|* (we denote
by ¢ the sum), with a > 2, to ¢. The first and second derivative of ¢ do not change. If one can
find a such that uj, — ¢ has a maximum at some (2", ") with V@(zhn thn) £ 0 for a subsequence
hy, — 0, then we get the same contradiction. If not, that means that

Va>2, Ve(zh th) = azl |zl — 20|*2
for all h sufficiently small, which imposes that ¢, which is smooth, must have a non zero derivative
of order k < a — 1 at (&,#). This is not possible.

O

4.3 The limit is locally minimal

We saw that since up has minimizing hull level sets, so does u(-, ¢) and u is therefore nondecreasing
in time (this is true for uy). As u is uniformly equicontinuous on each compact set, letting ¢ go to
400 we have a locally uniform convergence to a limit u., which is a viscosity solution of

. Vu

with obstacles ut, 4™, thanks to classical theory of viscosity solutions.
Thanks to [I8], Theorem 3.10, one has the following result.

Proposition 12. Let us assume that H"~'({u = 0}) < co. Then, there ezists a relatively open
set U C u=(s) with H*8=%(u=1(0) \ U) = 0 for all o > 0, such that u='(0) \ Q is an analytic
minimal surface in a neighborhood of each point of U. Moreover, it is stable and stationnary in
the varifold sense (classically on U ).

Note in particular that non empty interior can occur for only countable many s.

4.4 Comparison with mean convex hull

In |20], E. Spadaro is interested in the long time behavior of the discrete scheme but with a
step h which remains fixed. In this short subsection, we prove that if {u = 0} does not fatten,
then our approach and Spadaro’s build the same surface. The dimension of the ambient space n
is assumed to be less or equal to 7. Here are the theorems he gets:

Theorem 3 (Spadaro, [20]). Let Q C R™, n < 7, be a CH! closed set and Ey D Q a minimizing
hull. Then, for a fized h, the iterative scheme (15)) converges to some limit E . In addition, the
E" converge monotonically to some E., which satisfies

o F isCHl,

21



e F. is a minimizing hull,
e OE, \ Q is a (smooth) minimal surface.

In addition, Spadaro uses this construction starting from E, with obstacles Q. := {x €
R™ | d(x,Q) < €} to build a limit ES_.

Theorem 4 (Spadaro). The set
o= ()
e>0

1s the mean convex hull of Q. That means

am= ] e

QCoOcA

where A is the family of © € R™ such that for every minimal surface ¥ such that 0% C ©, we have
¥ Co.

Let us show that ¢ agrees with our limit {u., = 0}. Since Spadaro’s work is in low dimension,
the open set U in Proposition [12]is the whole u=1(0). Let us assume that u_}!(0) does not fatten.
Hence, {uco < 0} = {uoo = 0} and {us, = 0} \ © is a minimal hypersurface with boundary in Q.
Using the very definition of the global barrier, we deduce that {u < 0} C Q™¢.

Now, recalling that Q¢ is a minimizing hull, it is in particular mean-convex, so if v is the
truncated signed distance function to 2™¢, it is a stationary subsolution of . Let us prove that
it is also a supersolution. We know that 9Q2™¢ is a minimal surface out of the obstacle, so v satisfies

— |Vl div (gg) =0

in the classical sense whenever v < w¥. That is exactly saying that v is a supersolution of .
Then, the comparison principle (Proposition (1)) implies, since v < ug, that v < u and then
{u <0} D Q™.
Finally,
{u <0} ="

and both approaches coincide.
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