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KAC’S PROGRAM IN KINETIC THEORY
(VERSION OF July 22, 2012)

S. MISCHLER AND C. MOUHOT

ABSTRACT. This paper is devoted to the study of propagation of chaos and mean-field
limits for systems of indistinguable particles, undergoing collision processes. The prime
examples we will consider are the many-particle jump processes of Kac and McKean
[42] 53] giving rise to the Boltzmann equation. We solve the conjecture raised by Kac
[42], motivating his program, on the rigorous connection between the long-time behavior
of a collisional many-particle system and the one of its mean-field limit, for bounded as
well as unbounded collision rates.

Motivated by the inspirative paper by Griinbaum [35], we develop an abstract method
that reduces the question of propagation of chaos to that of proving a purely functional
estimate on generator operators (consistency estimates), along with differentiability es-
timates on the flow of the nonlinear limit equation (stability estimates). This allows us
to exploit dissipativity at the level of the mean-field limit equation rather than the level
of the particle system (as proposed by Kac).

Using this method we show: (1) Quantitative estimates, that are uniform in time, on
the chaoticity of a family of states. (2) Propagation of entropic chaoticity, as defined
in [10]. (3) Estimates on the time of relaxation to equilibrium, that are independent of
the number of particles in the system. Our results cover the two main Boltzmann phys-
ical collision processes with unbounded collision rates: hard spheres and true Maxwell
molecules interactions. The proof of the stability estimates for these models requires
significant analytic efforts and new estimates.

Keywords: Kac’s program; kinetic theory; master equation; mean-field limit; quan-
titative; uniform in time; jump process; collision process; Boltzmann equation; Maxwell
molecules; non cutoff; hard spheres.

AMS Subject Classification: 82C40 Kinetic theory of gases, 76P05 Rarefied gas
flows, Boltzmann equation, 54C70 Entropy, 60J75 Jump processes.
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Boltzmann is best known for the equation bearing his name in kinetic theory [7, [§].
Inspired by Maxwell’s discovery [51] of (what is now called) the Boltzmann equation and
its “Maxwellian” (i.e. Gaussian) equilibrium, Boltzmann [7] discovered the “H-theorem”
(the entropy must increase under the time evolution of the equation), which explained
why the solutions should be driven towards the equilibrium of Maxwell. In the same work
he also proposed the deep idea of “stosszahlansatz” (molecular chaos) to explain how the
irreversible Boltzmann equation can emerge from Newton’s laws of the dynamics of the
particle system. Giving a precise mathematical meaning to this notion and proving this
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limit remains a tremendous open problem to this date; the best and astonishing result so
far [45] is only valid for very short times.

In 1956, Kac [42] proposed the simpler, and seemingly more tractable, question of de-
riving the spatially homogeneous Boltzmann equation from a many-particle jump process.
To do so, he introduced a rigorous notion of “molecular chaos”E] in this context. The
“chaoticity” of the many-particle equilibrium with respect to the Maxwellian distribution,
i.e. the fact that the first marginals of the uniform measure on the sphere S¥~1(v/N)
converges to a Gaussian function as N goes to infinity, has been known for a long time (at
least since Maxwell)ﬂ However in [42] Kac proposed the first proof of the propagation of
chaos for a simplified collision evolution process for which series expansion of the solution
exists, and he showed how the many-particle limit rigorously follows from this property of
propagation of chaos. This proof was later extended to a more realistic collision model,
the so-called cutoff Maxwell molecules, by McKean [53].

Since in this setting both the many-particle system and the limit equation are dissipa-
tive, Kac raised the natural question of relating their asymptotic behaviors. In his mind
this program was to be achieved by understanding dissipativity at the level of the linear
many-particle jump process and he insisted on the importance of estimating how its re-
laxation rate depends on the number of particles. This has motivated beautiful works on
the “Kac spectral gap problem” [40}, 50, 111, 13, 9], i.e. the study of this relaxation rate in
a L? setting. However, so far this linear strategy has proved to be unsuccessful in relating
the asymptotic behavior of the many-particle process and that of the limit equation (cf.
the discussion in [10]).

In the time of Kac the study of nonlinear partial differential equations was rather young
and it was plausible that the study of a linear many-dimension Markov process would be
easier. However the mathematical developpement somehow followed the reverse direction
and the theory of existence, uniqueness and relaxation to equilibrium for the spatially
homogeneous Boltzmann is now well-developed (see the many references along this paper).
This paper (together with its companion paper [58]) is thus an attempt to develop a
quantitative theory of mean-field limit which strongly relies on detailed knowledge of the
nonlinear limit equation, rather than on detailed properties of the many-particle Markov
process.

The main outcome of our theory will be to find quantitative estimates to the propaga-
tion of chaos that are uniform in time, as well as propagation of entropic chaos. We also
prove estimates on the relaxation rates, measured in the Wasserstein distance and relative
entropy, that are independent of the number of particles. All this is done for the two im-
portant, realistic and achetypal models of collision with unbounded collision rates, namely
hard spheres and the true (i.e. without cutoff) Maxwell molecules. This provides a first
answer to the question raised by Kac. However, our answer is an “inverse” answer in the
sense that our methodology is “top-down” from the limit equation to the many-particle
system rather than “bottom-up” as was expected by Kac.

Acknowledgments. We thank the mathematics departement of Chalmers University
for the invitation in November 2008, where the abstract method was devised and the
related joint work [58] with Bernt Wennberg was initiated. We thank Ismaél Bailleul,
Thierry Bodineau, Francois Bolley, Anne Boutet de Monvel, José Alfredo Canizo, Eric
Carlen, Nicolas Fournier, Francois Golse, Arnaud Guillin, Maxime Hauray, Joel Lebowitz,
Pierre-Louis Lions, Richard Nickl, James Norris, Mario Pulvirenti, Judith Rousseau, Laure
Saint-Raymond and Cédric Villani for fruitful comments and discussions, and Amit Einav

IKac in fact called this notion “Boltzmann’s property” in [42] as a clear tribute to the fundamental
intuition of Boltzmann.

2We refer to [20] for a bibliographic discussion, see also [I0] where [54] is quoted as the first paper
proving this result.
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for his careful proofreading of parts of the manuscript. We would also like to mention the
inspiring courses by Pierre-Louis Lions at College de France on “Mean-Field Games” in
2007-2008 and 2008-2009, which triggered our interest in the functional analysis aspects
of this topic. Finally we thank the anonymous referees for helpful suggestions on the
presentation.

1. INTRODUCTION AND MAIN RESULTS

1.1. The Boltzmann equation. The Boltzmann equation (Cf. [I7] and [18]) describes
the behavior of a dilute gas when the only interactions taken into account are binary
collisions. It is given by

of
ot

where @ = Q(f, f) is the bilinear collision operator acting only on the velocity variable, Q
is the spatial domain and d > 2 is the dimension. Some appropriate boundary conditions
need to be imposed.

In the case where the distribution function is assumed to be independent of the position
x, we obtain the so-called spatially homogeneous Boltzmann equation:

L0 =QUu.ney,  verRl 120

which will be studied in this paper.
Let us now focus on the collision operator (). It is defined by the bilinear symmetrized
form

(12) Qg f)lv) =

+v-Vaof = Q(f, f), reQ, veR? t>0,

(1.1)

1
5 [ Bl vlcosd) (6 + g~ 9.f - g£.) dv.do
R xSd—1

where we use the shorthands f = f(v), f' = f(V'), g« = g(vs) and ¢, = g(v}). Moreover,
v' and v, are parametrized by

v v |v— v v |v— v _
(1.3) v = —; +‘ 5 ‘0, v, = —; _| 5 ’0, oesit
Finally, 6 € [0, 7] is the deviation angle between v — v/, and v — v, defined by
. .u
cos=c- -1, u=v—v,,, U=—,
|ul

and B is the collision kernel determined by the physical context of the problem.
The Boltzmann equation has the following fundamental formal properties: first, it con-
serves mass, momentum and energy, i.e.

d
G Lrowan=[ aunewar=o.  sw =10

Second, it satlsﬁes Boltzmann’s celebrated H-theorem:

d
T flnfdv_ /foln(f)dv>0

We shall consider colhslon kernels of the form
B =T(Jv — v«]) b(cos 9)

where I', b are nonnegative functions. In dimension d = 3, we give a short overview of the
main collision kernels appearing in physics, highlighting the key models we consider in this

paper.
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(1) Short (finite) range interaction are usually modeled by the hard spheres collision
kernel

(1.4) (HS) B(|lv — vi|,co80) = C|lv —vs|, C>0.

(2) Long-range interactions are usually modeled by collision kernels derived from in-
teraction potentials

V(ir)=Cr—*, s>2,C>0.
They satisfy the formula
['(z) = |z]” with v=(s—4)/s

and
b(cos @) ~g.o Cp 62" with v =2/s, C,, >0

(bis in L' away from § = 0). More informations about this type of interactions can
be found in [I7]. This general class of collision kernels includes the true Mazwell
molecules collision kernel when v =0 and v = 1/2, i.e.

(1.5) (tMM) B(|v — ., cos 8) = b(cos 0) ~go Cp 072,

It also includes the so-called Grad’s cutoff Maxwell molecules when the singu-
larity in the € variable is removed. For simplicity we will consider the model where

(1.6) (GMM) B(|v — vi|,cos0) =1

which is an archetype of such collision kernels.

1.2. Deriving the Boltzmann equation from many-particle systems. The question
of deriving the Boltzmann equation from particle systems (interacting via Newton’s laws)
is a famous problem. It is related to the so-called 6-th Hilbert problem proposed by Hilbert
at the International Congress of Mathematics at Paris in 1900: axiomatize mechanics by
“developing mathematically the limiting processes [.. .| which lead from the atomistic view
to the laws of motion of continua”.

At least at the formal level, the correct limiting procedure has been identified by
Grad [33] in the late fourties and a clear mathematical formulation of the open prob-
lem was proposed in [16] in the early seventies. It is now called the Boltzmann-Grad or
low density limit. However the original question of Hilbert remains largely open, in spite
of a striking breakthrough due to Lanford [45], who proved the limit for short times (see
also Illner and Pulvirenti [39] for a close-to-vacuum result). The tremendous difficulty
underlying this limit is the irreversibility of the Boltzmann equation, whereas the particle
system interacting via Newton’s laws is a reversible Hamiltonian system.

In 1954-1955, Kac [42] proposed a simpler and more tractable problem: start from the
Markov process corresponding to collisions only, and try to prove the limit towards the
spatially homogeneous Boltzmann equation. Kac’s jump process runs as follows: consider
N particles with velocities v1, ..., vy € R Assign a random time for each pair of particles
(vi,vj) following an exponential law with parameter I'(Jv; — v;|), and take the smallest.
Next, perform a collision (v;,v;) — (U;‘,v;) according to a random choice of direction
parameter, whose law is related to b(cos 6), and start again with the post collision velocities.
This process can be considered on R*V: however it has some invariant submanifolds of
R (depending on the number of quantities conserved under the collision), and can be
restricted to them. For instance, in the original simplified model of Kac (scalar velocities,
i.e. d = 1) the process can be restricted to SNfl(\/é’i), the sphere with radius VEN,
where & is the energy. In the more realistic models of the hard spheres or Maxwell molecules
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(when d = 3) the process can be restricted to the following submanifold of R*" associated
to elastic collisions invariants for M € R4, £ > 0:

2 2
(1.7) sN(M,g);:{’”l_M ot oy = M| :g}ﬂ{W:M}'

N

Without loss of generality, we will consider the case M = 0, using Galilean invariance. We
will denote by SV (&) := SN (0, &) and refer to these submanifolds as Boltzmann spheres.

Kac then formulated the following notions of chaos and propagation of chaos: Consider
a sequence (fY)y>1 of probabilities on EV, where E is some given Polish space (e.g.
E =RY): the sequence is said to be f-chaotic if

N~ fN when N — oo

for some given one-particle probability f on E. The convergence is to be understood as
the convergence of the (-th marginal of fV to f®, for any £ € N*, in the weak measure
topology. This is a low correlation assumption.

It is an elementary calculation to see that if the probability densities f{¥ of the N-particle
system were perfectly tensorized during some time interval t € [0,T] (i.e. had the form of
an N-fold tensor product of a one particle probability density f;), then the latter f; would
satisfy the nonlinear limit Boltzmann equation during that time interval. But generally
interactions between particles instantaneously destroy this “tensorization” property and
leave no hope to show its propagation in time. Nevertheless, following Boltzmann’s idea
of molecular chaos, Kac suggested that the weaker property of chaoticity can be expected
to propagate in time, in the correct scaling limit.

This framework is our starting point. Let us emphasize that the limit performed in this
setting is different from the Boltzmann-Grad limit. It is in fact a mean-field limit. This
limiting process is most well-known for deriving Vlasov-like equations. In a companion
paper [58] we develop systematically our new functional approach to the study of mean-
field limits for Vlasov equations, McKean-Vlasov equations, and granular gases equations.

1.3. The notion of chaos and how to measure it. Our goal in this paper is to set up
a general and robust method for proving the propagation of chaos with quantitative rates
in terms of the number of particles N and of the final time of observation T.

Let us briefly discuss the notion of chaoticity. The original formulation in [42] is: A
sequence fY € Py, (EY) of symmetri(ﬂ probabilities on EY is f-chaotic, for a given
probability f € P(E), if for any ¢ € N* and any ¢ € Cy(E)®¢ there holds

I < N 1N—Z> :< oL >
N—>01<>H,1NZ€ A Iohe
Together with additional assumptions on the moments, this weak convergence can be
expressed for instance in Wasserstein distance as:
ve>1, W(H Ny ®’5):0
> o W (I (fY). f

where 11, denotes the marginal on the £ first variables. We call this notion finite-dimensional
chaos.

In contrast with most previous works on this topic, we are interested here in quantitative
chaos: Namely, we say that fV is f-chaotic with rate (), where e(N) — 0 as N — oo
(typically e(N) ~ N7", r > 0or e(N) ~ (InN)~", r > 0), if for any ¢ € N* there exists
Ky € (0,00) such that

(1.8) Wi (T (fY), f21) < Kee(N).

3i.e. invariant according to permutations of the particles.
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Similar statements can be formulated for other metrics. For instance, a convenient
way to measure chaoticity is through duality: for some normed space of smooth functions
F C Cy(E) (to be specified) and for any ¢ € N* there exists K, € (0, 00) such that for any
@ € FO ||lo|l7 < 1, there holds

| <He (Y]~ f®‘€so> | < Kye(N).

The Wasserstein distance W is recovered when F is the space of Lipschitz functions.

Observe that in the latter statements the number of variables ¢ considered in the mar-
ginal is kept fixed as N goes to infinity. It is a natural question to know how the rate
depends on ¢. As we will see, the answer to this question is essential to the estimation of a
relaxation time that will be uniform in the number of particles. We therefore introduce a
stronger notion of infinite-dimensional chaos, based on extensiveﬁ functionals. We consider
the following definition:

lim Wl (va f®N)

N—oo N =0

(with corresponding quantitative formulations...). This amounts to say that one can
prove a sublinear control on Kj in terms of £ in . Variants for other extensive metrics
could easily be considered as well.

Finally one can formulate an even stronger notion of (infinite-dimensional) entropic
chaos (see [10] and definition of the relative entropy below):

N—oo

S H (YY) 225 (),

where 4V is an invariant measure of the N-particle system, which is v-chaotic with v an
invariant measure of the limit equation. This notion of chaos obviously admits quantitative
versions as well. Moreover, it is particularly interesting as it corresponds to the derivation
of Boltzmann’s entropy and H-theorem from the entropies of the many-particle system.
We shall come back to this point.

Now, considering a sequence of symmetric N-particle densities

Y € C([0,00); Poym(EY))
and a l-particle density of the expected mean field limit
f € C([0,00); P(E)),

we say that there is propagation of chaos on some time interval [0,7T), T € (0, +o0], if the
fo-chaoticity of the initial family f& implies the fi-chaoticity of the family f for any
time ¢t € [0,T), according to one of the definitions of chaoticity above.

Note that the support of the N-particle distributions matters. Indeed the energy conser-
vation implies that the evolution is entirely decoupled on the different subspaces associated
with this invariant, e.g. each S™V(&) for the different values of £ (we consider here cen-
tered distributions). On each such subspace the N-particle process is ergodic and admits
a unique invariant measure vV, which is constant. However when considered on R the
N-particle process admits infinitely many invariant measures. Therefore, in the study of
the long-time behavior we will often consider N-particle distributions that are supported
on SNV(&) for appropriate energy £. We shall discuss the construction of such chaotic
initial data in Section [l

4By extensivity we mean here that the functional measuring the distance between two distributions
should behave additively with respect to the tensor product.
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1.4. Kac’s program. As was mentioned before, Kac proposed to derive the spatially
homogeneous Boltzmann equation from a many-particle Markov jump process with binary
collisions, via its master equation (the equation on the law of the process). Intuitively,
this amounts to considering the spatial variable as a hidden variable inducing ergodicity
and markovian properties on the velocity variable. Although the latter point has not been
proved so far to our knowledge, it is worth noting that it is a very natural guess and
an extremely interesting open problem (and possibly a very difficult one). Hence Kac
introduced artificial stochasticity as compared to the initial Hamiltonian evolution, and
raised a fascinating question: if we have to introduce stochasticity, at least can we keep it
under control through the process of deriving the Boltzmann equation and relate it to the
dissipativity of the limit equation?

Let us briefly summarize the main questions raised in or motivated by [42]:

(1) Kac’s combinatorical proof (later to be extended to collision processes that preserve
momentum and energy [53]) had the unfortunate non-physical restriction that the
collision kernel is bounded. These proofs were based on an infinite series “tree”
representation of the solution according to the collision history of the particles, as
well as some sort of Leibniz formula for the N-particle operator acting on tensor
product. The first open problem raised was: can one prove propagation of chaos
for the hard spheres collision process?

(2) Following closely the spirit of the previous question, it is natural to ask whether one
can prove propagation of chaos for the true Maxwell molecules collision process?
(this is the other main physical model showing an unbounded collision kernel). The
difficulty here lies in the fact that the particle system can undergo infinite number
of collisions in a finite time interval, and no “tree” representation of solutions is
available. This is related to the interesting physical situation of long-range inter-
action, as well as the interesting mathematical framework of fractional derivative
operators and Lévy walk.

(3) Kac conjectures [42, Eq. (6.39)] that (in our notations) the convergence

H NN

SR
is propagated in time, which would imply Boltzmann’s H-theorem from the mono-
tonicity of H(fN|y")/N for the Markov process. He concludes with: “If the above
steps could be made rigorous we would have a thoroughly satisfactory justification
of Boltzmann’s H-theorem.” In our notation the question is: can one prove prop-
agation of entropic chaos in time?

(4) Eventually, Kac discusses the relaxation times, with the goal of deriving the re-
laxation times of the limit equation from those of the many-particle system. This
requires the estimations to be independent of the number of particles on this re-
laxation times. As a first natural step he raises the question of obtaining such
uniform estimates on the L? spectral gap of the Markov process. This question
has triggered many beautiful works (see the next subsection), however it is easy
to convince oneself (see the discussion in [10] for instance) that there is no hope of
passing to the limit N — oo in this spectral gap estimate, even if the spectral gap
is independent of N. The L? norm is catastrophic in infinite dimension. There-
fore we reframe this question in a setting which “tensorizes correctly in the limit
N — o0”, that is in our notation: can one prove relaxation times independent of
the number of particles on the normalized Wasserstein distance Wi(f™,vN)/N or
on the normalized relative entropy H(fN|vV)/N ¢

This paper is concerned with solving these four questions.
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1.5. Review of known results. Kac [42]-[43] has proved point (1) in the case of his
one-dimensional toy model. The key point in his analysis is a clever combinatorial use
of an exponential formula for the solution, expressing it in terms of an abstract deriva-
tion operator (reminiscent of Wild sums [78]). It was generalized by McKean [53] to the
Boltzmann collision operator but only for “Maxwell molecules with cutoftf”, i.e. roughly
when the collision kernel B is constant. In this case the convergence of the exponential
formula is easily proved and this combinatorial argument can be extended. Kac raised in
[42] the question of proving propagation of chaos in the case of hard spheres and more gen-
erally unbounded collision kernels, although his method seemed impossible to extend (the
problem is the convergence of this exponential formula, as discussed in [53] for instance).

During the seventies, in a very abstract and compact paper [35], Gritnbaum proposed an-
other method for dealing with the hard spheres model, based on the Trotter-Kato formula
for semigroups and a clever functional framework (partially reminiscent of the tools used
for mean-field limits for McKean-Vlasov equations). Unfortunately this paper was incom-
plete for two reasons: (1) It was based on two “unproved assumptions on the Boltzmann
flow” (page 328): (a) existence and uniqueness for measure solutions and (b) a smooth-
ness assumption. Assumption (a) was recently proved in [31] using Wasserstein metrics
techniques and in [28], adapting the classical DiBlasio trick [19]. Assumption (b), while
inspired by the cutoff Maxwell molecules (for which it is true), fails for the hard spheres
model (cf. the counterexample constructed by Lu and Wennberg [49]) and is somehow too
"rough” in this case. (2) A key part in the proof in this paper is the expansion of the “H”
function, which is a clever idea by Griinbaum — however, it is again too coarse for the
hard spheres case (though adaptable to the cutoff Maxwell molecules). Nevertheless it is
the starting point for our idea of developing a differential calculus in spaces of probability
measures in order to control fluctuations.

A completely different approach was undertaken by Sznitman in the eighties [68] (see
also Tanaka [71] for partial results concerning non-cutoff Maxwell molecules). Starting
from the observation that Griinbaum’s proof was incomplete, he took on to give a full
proof of propagation of chaos for hard spheres by another approach. His work was based
on: (1) a new uniqueness result for measures for the hard spheres Boltzmann equation
(based on a probabilistic reasoning on an enlarged space of “trajectories”); (2) an idea
already present in Griinbaum’s approach: reduce the question of the propagation of chaos
to a law of large numbers on measures by using a combinatorical argument on symmetric
probabilities; (3) a new compactness result at the level of the empirical measures; (4) the
identification of the limit by an “abstract test function” construction showing that the
(infinite particle) system has trajectories included in the chaotic ones. While Sznitman’s
method proves propagation of chaos for the hard spheres, it doesn’t provide any rate for
chaoticity as defined previously.

Let us also emphasize that in [52] McKean studied fluctuations around deterministic
limit for 2-speed Maxwellian gas and for the usual hard spheres gas. In [34] Graham
and Méléard obtained a rate of convergence (of order 1/N for the ¢-th marginal) on any
bounded finite interval of the N-particle system to the deterministic Boltzmann dynamics
in the case of Maxwell molecules under Grad’s cut-off hypothesis. Lastly, in [29] [30]
Fournier and Méléard obtained the convergence of the Monte-Carlo approximation (with
numerical cutoff) of the Boltzmann equation for true Maxwell molecules with a rate of
convergence (depending on the numerical cutoff and on the number N of particles).

Kac was raising the question of how to control the asymptotic behavior of the particle
system in the many-particle limit. As a first step, he suggested to study the behavior
of the spectral gap in L2(SVN~1(v/N)) of the Markov process as N goes to infinity and
conjectured it to be bounded away from zero uniformly in terms of N. This question
has been answered only recently in [40, 1] (see also [50, 13]). However the L? norm
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behaves geometrically in terms of N for tensorized data; this leave no hope to use it
for estimating the long-time behavior as N goes to infinity, as the time-decay estimates
degenerate beyond times of order O(1/N). In the paper [10], the authors suggested to make
use of the relative entropy for estimating the relaxation to equilibrium, and replace the L?
spectral gap by a linear inequality between the entropy and the entropy production. They
constructed entropically chaotic initial data, following the definition mentioned above, but
did not succeed in proving the propagation in time of this chaoticity property. Moreover
the linear inequality between the entropy and the entropy production is conjectured to
be wrong for any physical collision kernels in [75], see for instance [23| 24] for partial
confirmations to this conjecture.

After we had finished writing our paper, we were told about the recent book [44] by
Kolokoltsov. This book focuses on fluctuation estimates of central limit theorem type. It
does not prove quantitative propagation of chaos but weaker estimates (and on finite time
intervals), and moreover we were not able to extract from it a full proof for the cases with
unbounded collision kernels (e.g. hard spheres). However the comparison of generators
for the many-particle and the limit semigroup is reminiscent of our work.

1.6. The abstract method. Our initial inspiration was Griinbaum’s paper [35]. Our
original goal was to construct a general and robust method able to deal with mixture of
jump and diffusion processes, as it occurs in granular gases (see our companion paper
[58] for results in this direction). This lead us to develop a new theory, inspired from
more recent tools such as the course of Lions on “Mean-field games” at College de France,
and the master courses of Méléard [55] and Villani [73] on mean-field limits. One of the
byproduct of our paper is that we make Griinbaum’s original intuition fully rigorous in
order to prove propagation of chaos for the Boltzmann velocities jump process for hard
spheres.

Like Griinbaum [35], we use a duality argument. We introduce the semigroup S}V
associated to the flow of the N-particle system in P(E"), and the semigroup T}V in
Cy(E™N) in duality with it. We also introduce the (nonlinear) semigroup S{** in P(E)
associated to the mean-field dynamics (the exponent “NL” signifies the nonlinearity of
the limit semigroup, due to the interaction) as well as the associated (linear) “pullback”
semigroup T7° in Cy(P(E)) (see Subsection [2.3]for the definition). Then we prove stability
and convergence estimates between the linear semigroups 7Y and T7° as N goes to infinity.

The preliminary step consists of defining a common functional framework in which the
N-particle dynamics and the limit dynamics make sense so that we can compare them.
Hence we work at the level of the “full” limit space P(P(FE)) and, at the dual level,
Cy(P(E)). Then we identify the regularity required in order to prove the “consistency
estimate” between the generators GV and G™ of the dual semigroups 7" and 7;/°, and
finally prove a corresponding “stability estimate” on T °, based on stability estimates at
the level of the limit semigroup S{V%.

The latter crucial step leads us to introduce an abstract differential calculus for functions
acting on measures endowed with various metrics associated with the weak or strong
topologies. More precisely, we shall define functions of class C' on the space of probability
measures by working on subspaces of the space of probability measures, for which the
tangent space has a Banach space structure. This “stratification” of subspaces is related
to the conservation properties of the flows S{¥ and S;**. This notion is related but different
from the notions of differentiability developed in the theory of gradient flow by Ambrosio,
Otto, Villani and co-authors in [2, 41}, [62], and from the one introduced by Lions in [46].

Another viewpoint on our method is to consider it as some kind of accurate version (in
the sense that it establishes a rate of convergence) of the BBGKY hierarchy method for
proving propagation of chaos and mean-field limit on statistical solutions. This viewpoint
is extensively explored and made rigorous in Section [8] where we revisit the BBGKY
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hierarchy method in the case of a collisional many-particle system, as was considered for
instance in [3]. The proof of uniqueness for statistical solutions to the hierarchy becomes
straightforward within our framework by using differentiability of the limit semigroup as
a function acting on probabilities.

This general method is first exposed at an abstract level in Section [3| (see in particular
Theorem [3.1)). This method is, we hope, interesting per se for several reasons: (1) it is
fully quantitative, (2) it is highly flexible in terms of the functional spaces used in the
proof, (3) it requires a minimal amount of informations on the N-particle systems but
more stability informations on the limit PDE (we intentionally presented the assumptions
in a way resembling the proof of the convergence of a numerical scheme, which was our
“methodological model”), (4) the “differential stability” conditions that are required on
the limit PDE seem (to our knowledge) new, at least for the Boltzmann equation.

1.7. Main results. Let us give some simplified versions of the main results in this paper.
All the abstract objects will be fully introduced in the next sections with more details.

Theorem 1.1 (Summary of the main results). Consider some centered initial distribution
fo € P(R?) N L®(RY) with finite energy £, and with compact support or moment bounds.
Consider the corresponding solution f; to the spatially homogeneous Boltzmann equation
for hard spheres or Mazxwell molecules, and the solution ftN of the corresponding Kac’s
jump process starting either from the N-fold tensorization of fo or the latter conditioned
to SN(€).

One can classify the results established into three main statements:

(1) Quantitative uniform in time propagation of chaos, finite or infinite

dimensional, in weak measure distance (c¢f. Theorems 6.2):

VN>1,VI<(<N, sup " (HéftN’( tw)) < a(N)

>0 14

for some a(N) — 0 as N — oo. In the hard spheres case, the uniformity in
time of this estimate is only proved when the distribution is conditioned to SN ().
Moreover, the proof provides explicit estimates on the rate o, which are controlled
by a power law for Mazwell molecules, and by a power of a logarithm for hard
spheres.

(2) Propagation of entropic chaos (c¢f. Theorem|[7.1-(i)): Consider the case where
the initial datum of the many-particle system has support included in SN(&). If
the initial datum is entropically chaotic in the sense

S H YY) 225 (fol)
with
oy [ A [ b
o) H R = [ m R @) ot ()= [ o

where vy is the Gaussian equilibrium with energy £ and " is the uniform probability
measure on SN (E), then the solution is also entropically chaotic for any later time:

1 N
Vi20, < H (YY) S H (A

This proves the derivation of the H-theorem this context, i.e. the monotonic decay
in time of H(f|y), since for any N > 2, the functional H(fN|yY) is monotone
decreasing in time for the Markov process.
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(3) Quantitative estimates on relaxation times, independent of the number
of particles (cf. Theorems[5.4{6.4 and Theorem[7.1}-(ii)): Consider the case where
the initial datum of the many-particle system has support included in SN (E). Then
we have

1% (HzftNé I, () < B(1)

for some B(t) — 0 as t — co. Moreover, the proof provides explicit estimates on
the rate B, which are controlled by a power law for Maxwell molecules, and by a
power of a logarithm for hard spheres.

Finally in the case of Mazwell molecules, if we assume furthermore that the
Fisher information of the initial datum fqy is finite:

‘vaO‘Q
0

VN >1,V1</<N, Vt>0,

dv < +00,

(1.10) 1t = |
R4
then the following estimate also holds:
1
VN1, G H (R <80)
for some function B(t) — 0 as t — oo, with the same kind of estimates.

1.8. Some open questions. Here are a few questions among those raised by this work:

(1) What about the optimal rate in the chaoticity estimates along time? Our method
reduces this question to the chaoticity estimates at initial time, and therefore to
the optimal rate in the quantitative law of large numbers for measures according
to various weak measure distances.

(2) What about the optimal rate in the relaxation times (uniformly in the number
of particles)? Spectral gap studies predict exponential rates, both for the many-
particle system and for the limit system, however our rates are far from it!

(3) Can uniform in time propagation of chaos be proved for non-reversible jump pro-
cesses (such as inelastic collision processes) for which the invariants measures "V
and 7 are not explicitely known (e.g. granular gases)?

1.9. Plan of the paper. In Section [2| we set the abstract functional framework together
with the general assumption and in Section [3]we state and prove our main abstract theorem
(Theorem [3.1)). In Section [4] we present some tools and results on weak measure distances,
on the construction of initial data with support on the Boltzmann sphere S™V(€) for the
N-particle system, and on the sampling process of the limit distribution by empirical
measures. In Section [5| we apply the method to (true) Maxwell molecules (Theorems
and . In Section [6| we apply the method to hard spheres (Theorems and [6.2)).
Section [7] is devoted to the study of entropic chaos. Lastly, in Section [§ we revisit the
BBGKY hierarchy method for the spatially homogeneous Boltzmann equation in the light
of our framework.

2. THE ABSTRACT SETTING

In this section we shall state and prove the key abstract result. This will motivate the
introduction of a general functional framework.

2.1. The general functional framework of the duality approach. Let us set up the
framework. Here is a diagram which sums up the duality approach (norms and duality
brackets shall be specified in Subsections [2.4]):
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observables
BN /&N Kolmogorov P (E N duality Cy(EN)
m=p' T <
Kolmogorov duality
Px(E) C P(E) P(P(E)) Cy (P(E))

In this diagram:
- F denotes a Polish space:
This is a separable completely metrizable topological space. We shall de-
note by dg the distance on this space in the sequel.
- &Y denotes the N-permutation group.
- Py (E™N) denotes the set of symmetric probabilities on E™:
Given a permutation o € &%, a vector

V= (v1,...,un) € EN,
a function ¢ € Cy(E™N) and a probability f~ € P(EY), we successively

define
Ve = (Ua(l)v ceey UU(N)) S EN,
and
0o € Cy(EN) by setting (V) = o(Vy)
and finally

£ € P(EN) by setting (f2,0) = (fV,¢0) -
We then say that a probability f~ on EVV is symmetric if it is invariant
under permutations:
Voeah, fN=fN

- The probability measure ,ug denotes the empirical measure:

N
pd = NZ(FUZ, = (v1,...,uN) EFE

where J,, denotes the Dlrac mass on F at point v; € E.

- Py(E) denotes the subset {ulY, V € EN} of empirical measures of P(E).

- P(P(E)) denotes the space of probabilities on the Polish space P(E) (endowed for
instance with the Prokhorov distance), and this is again a Polish space.

- Cy (P(F)) denotes the space of continuous and bounded functions on P(E):

This space shall be endowed with either the weak or strong topologies (see
Subsection [2.4]), and later with some metric differential structure.

- The map 7§ from EV /&Y to Py(E) is defined by
vveEN/6N, (V)= ud.

- The map 7Y from Cy(P(E)) to Cy(EYN) is defined by
V& e Cy(P(E)), YV e EN, (nd®) (V) :=® (u}).
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- The map R" from Cy(E™) to Cy(P(E)) is defined by:

Vo e Cy(BY), Ype P(E), RJ(p):= (", ¢).
- The map 7& from Py (EY) to P(P(E)) is defined by:

(mp Y. 2) = (Y. mo2) = | @ () df(v)

for any fV € Pym(EY) and any ® € Cy(P(E)), where the first bracket
means (-, ) p(p(E)),c,(P(r)) and the second bracket means (-, ) p(gny ¢, (EN)-

Let us now discuss the “horizontal” arrows:

- The arrows pointing from the first column to the second one consists in writing the
Kolmogorov equation associated with the many-particle stochastic Markov process.

- The arrows pointing from the second column to the third column consists in writing the
dual evolution semigroup (note that the N-particle dynamics is linear). As we shall discuss
later the dual spaces of the spaces of probabilities on the phase space can be interpreted
as the spaces of observables on the original systems.

Our functional framework shall be applied to weighted spaces of probability measures
rather than directly in P(E). More precisely, for a given weight function m : E — Ry we
shall use affine subsets of the weighted space of probability measures

{f € P(E); Mm(f):=(f,m) <oo}
as our basis functional spaces. Typical examples are m(v) := m(dg(v,vy)) for some fixed
vg € E with m(z) = 2F or m(z) = ¢ a,k > 0. More specifically when E = R?, we shall
use m(v) = ()% := (1 + [v]2)*2 or m(v) = e*#*, 4,k > 0.

We shall sometimes abuse notation by writing My for M,, when m(z) = 2* or m(v) =
(v)* in the examples above. We shall denote by M the space of finite signed measures
endowed with the total variation norm, and M} the space of finite signed measures h
whose variation |h| satisfies (|h|,m) < +o0, and endowed with the total variation norm.
Again we contract the notation as M} when m(z) = 2¥ or m(v) = (v)*.

2.2. The N-particle semigroups. Let us introduce the mathematical semigroups de-
scribing the evolution of objects living in these spaces, for any N > 1.

Step 1. Consider the trajectories VY € EN, t > 0, of the particles (Markov process
viewpoint). We make the further assumption that this flow commutes with permutations:
For any o € GV, the solution at time ¢ starting from (Vév )U is (VtN )

This mathematically reflects the fact that particles are indistinguishable.

o

Step 2. This flow on EV yields a corresponding semigroup S}V acting on Psym(EN ) for
the probability density of particles in the phase space E™V (statistical viewpoint), defined
through the formula

V1Y € Pym(EY), 0 € G(EY), (SN(fV),¢) =E (o (VY))

where the bracket obviously denotes the duality bracket between P(E") and Cy(E") and
E denotes the expectation associated to the space of probability measures in which the
process V' is built. In other words, f~ := SN (fJ') is nothing but the law of V. Since
the flow (V) commutes with permutation, the semigroup S;¥ acts on Py, (E™N): if the
law f& of V¥ belongs to P.ym(EY), then for later times the law f of V) also belongs



KAC’S PROGRAM IN KINETIC THEORY 15

to Psym(EN ). To the Cp-semigroup S{V on Psym(EN ) one can associate a linear evolution
equation with a generator denoted by Ay:

ath:ANfN, fN EPsym(EN)7
which is the forward Kolmogorov (or Master) equation on the law of V}V.
Step 3. We also consider the Markov semigroup T}Y acting on the functions space Cy(E™)

of observables on the evolution system (V}¥) on EVV (see the discussion in the next remark),
which is in duality with the semigroup S}V, in the sense that:

VN e P(EN), o e C(EY), (N TN () = (SN (M), ).

To the Cy-semigroup T}¥ on Cy(E™N) we can associate the following linear evolution equa-
tion with a generator denoted by G'V:

O =GN(p),  peCy(EN),

which is the backward Kolmogorov equation.

2.3. The mean-field limit semigroup. We now define the evolution of the limit mean-
field equation.

Step 1. Consider a semigroup S{** acting on P(E) associated with an evolution equation
and some operator Q:

For any fy € P(F) (assuming possibly some additional moment bounds),
then SN (fo) := f; where f; € C(R, P(E)) is the solution to

(2.1) O fe = Q(ft), fi=o = fo.

This semigroup and the operator () are typically nonlinear for mean-field
models, namely bilinear in case of Boltzmann’s collisions interactions.

Step 2. Consider then the associated pullback semigroup T acting on Cy(P(E)):
Vf € P(E), ®eCy(PE), TF[@)(f) =2 (S(f).

(Again additional moment bounds can be required on f in order to make this definition
rigorous.) Note carefully that T7° is always linear as a function of ®, although of course
TLo[®](f) is not linear in general as a function of f. We shall associate (when possible)
the following linear evolution equation on Cy(P(FE)) with some generator denoted by G*°:

9 = G(D).

Remark 2.1. The semigroup 77° can be interpreted physically as the semigroup of the
evolution of observables of the nonlinear equation (2.1). Let us give a short heuristic
explanation. Consider a nonlinear ordinary differential equation

d
d—::F(V) on R? with V,-F =0 and Vig=o = v

with divergence-free vector field for simplicity. One can then define formally the linear
Liouville transport partial differential equation

Ohf+ V- (Ff)=0,

where f = f;(v) is a time-dependent probability density over the phase space R?, whose
solution is given (at least formally) by following the characteristics backward fi(v) =
fo(V_¢(v)). Now, instead of the Liouville viewpoint, one can adopt the viewpoint of
observables, that is functions depending on the position of the system in the phase space
(e.g. energy, momentum, etc ...). For some observable function g defined on RY, the
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evolution of the value of this observable along the trajectory is given by ¢ (v) = o(Vi(v))
and ¢y is solution to the following dual linear PDE
Orp— F - Vyp=0.
Now let us consider a nonlinear evolution system

dj
d—j; = Q(f) in an abstract space f € H.
By analogy we define two linear evolution systems on the larger functional spaces P(H)
and Cy(H): first the abstract Liouville equation

&ﬂr—ki (Q(f)m) =0, m € P(H)

5f
and second the abstract equation for the evolution of observables
0P
02 —-Q(f) (/) =0,  ®eCp(H).

of
However in order to make sense of this heuristic, the scalar product have to be defined
correctly as duality brackets, and, most importantly, a differential calculus on H has to
be defined rigorously. Taking H = P(FE), this provides an intuition for our functional
construction, as well as for the formula of the generator G* below (compare the previous
equation with formula (2.9)). Be careful that when H = P(E), the abstract Liouville and
observable equations refers to trajectories in the space of probabilities P(E) (i.e. solutions
to the nonlinear equation (2.1))), and not trajectories of a particle in E. Note also that
for a dissipative equation at the level of H (such as the Boltzmann equation), it seems
more convenient to use the observable equation rather than the Liouville equation since
“forward characteristics” can be readily used in order to construct the solutions to this
observable equation.

Summing up we obtain the following picture for the semigroups:

PtN on EN /S N observables TtN on Cy EN)
Wg Tl'g RN
observables

Py(E) C P(E) T7° on Gy (P(E)) |

observables

SN on P(E)

Hence a key point of our construction is that, through the evolution of observables, we

shall “interface” the two evolution systems (the nonlinear limit equation and the N-particle
system) via the applications Wg and RY. From now on we shall write 7 = Wg .
2.4. The metric issue. Cy(P(E)) is our fundamental space in which we shall compare
(through their observables) the semigroups of the N-particle system and the limit mean-
field equation. Let us make the topological and metric structures used on P(E) more
precise. At the topological level there are two canonical choices (which determine two
different sets Cy(P(E))):
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(1) The strong topology which is associated to the total variation norm, denoted by
|| - ||ar1; the corresponding set shall be denoted by Cy(P(E), TV).
(2) The weak topology, i.e. the trace on P(E) of the weak topology on M'(E) (the
space of Radon measures on E with finite mass) induced by C(E); the correspond-
ing set shall be denoted by Cy(P(E), w).
It is clear that
Cy(P(E),w) C Cy(P(E), TV).
The supremum norm ||®|ze(p(g)) does not depend on the choice of topology on P(E),
and induces a Banach topology on the space Cy(P(E)). The transformations 7" and RV
satisfy:

(2.2) H”N(I)HLoo(EN) < ®llz~(p(m) and HRgHLoo(p(E)) < (@l oo (imy-

The transformation 7 is well defined from Cy(P(E),w) to Cy(EN), but in general, it
does not map Cy(P(E),TV) into Cy(EYN) since the map

Ve BN ul) € (P(E),TV)

is not continuous.

In the other way round, the transformation R" is well defined from Cy(EY) to Cy(P(E), w),
and therefore also from Cy(E™) to Cy(P(E),TV): for any ¢ € Cy(EY) and for any se-
quence fr — f weakly, we have f,S@N — fON weakly, and then RN [¢](f) — RN[¢](f).

There are many different possible metric structures inducing the weak topology on
Cy(P(E),w). The mere notion of continuity does not require discussing these metrics,
but any subspace of Cy(P(E), w) with differential regularity shall strongly depend on this
choice, which motivates the following definitions.

Definition 2.2. For a given weight function m : E — Ry, we define the subspaces of
probabilities:
P :={f € P(E); (f,m) < oo}.
As usual we contract the notation as P, when E = R? and m(v) = (v)¥ := (1 + |[v|?)¥/2,
keR,velR?
We also define the corresponding bounded subsets for a > 0

Bpm,a = {f € Pn; <f7 m> < OL}.
For a given constraint function m : E — R such that (f, m) is well defined for any
f € Pp, and a given space of constraints Ry, m C RP, for any r € Rom,m, we define the
corresponding (possibly empty) constrained subsets
Pmmr = {f € Pm; (f,m) =r},
and the corresponding (possibly empty) bounded constrained subsets
Bpm,m,a,r = {f € Bpm,a; <f7 1’I1> = I‘} .
We also define the corresponding space of increments

IPm,m,Rm,m = {f2 — f1; dre 7—\{m,m st. f1,f2 € Pm,m,r} .

Be careful that the space of increments is not a vector space in general. Let us now
define the notion of distances over probabilities that we shall consider.

Definition 2.3. Consider a weight function mg, a constraint function mg and a set of
constraints Rg. We shall use for the associated spaces of the previous definition the
following simplified contracted notation: Pg for Py,, BPg , for BPy,.q, Rg for Ryym, Pg r
for Prymyr, BPg ax for BPmmar and ZPg for TPy m R m-

We shall consider a distance dg which
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1) either is defined on the whole space Pg (i.e. whatever the values of the
g
constraints),
2) or such that there is a Banach space G D TPg endowed with a norm
g
| - lg such that dg is defined for any r € Rg on Pg r, by setting

vagepg,ra dg(fag) = Hg_ng

Let us finally define a quantitative Holder notion of equivalence for the distances over
probabilities.

Definition 2.4. Consider some weight and constraint functions mg, mg. We say that
two metrics dp and d; defined on Pg are Holder equivalent on bounded sets if there exists
k € (0,00) and, for any a € (0,00), there exists C,, € (0,00) such that

va ge B,Pg’a, dﬂ(fa g) < Ca [dl(fvg)]n7 dl(fv g) < Ca [dO(f’g)]K

for some constant C, depending on a > 0.
If dy and d; are, as in the previous definition, only defined on Pg ., for given values of
the constraints r € Rg, we modify this definition as follows:

VreRg, Vf, g€ BPgra do(f,9) <Coldi(f,9)]", di(f,g) < Ca ldo(f9)]"
for some k € (0,00) and some constant C, depending on a > 0.

FEzxample 2.5. The choice
mg =1, mg:=0, Rg:={0}, [-llg:=I"lm
recovers Pg(E) = P(E). More generally on can choose

mg, (v) == dp(v,v)", mg =0, Rg, :={0}, |-lg, = H'dE(v,vo)kHMl '

For k1 > ko, k3 > 0, the distances dng and dgk3 are Holder equivalent on bounded sets of
ngl.

Ezample 2.6. There are many distances on P(E) which induce the weak topology, see for
instance [65]. In the next section, we present some of them which have a practical interest
for us, and which are all topologically uniformly equivalent on bounded sets of P(E) in
the sense of the previous definition, with the choice of a convenient (strong enough) weight
function.

2.5. Distances on probabilities. Let us discuss some well-known distances on P(R?)
(or defined on subsets of P(R?)), which shall be useful in the sequel. These distances are
all topologically equivalent to the weak topology o(P(E), Cy(E)) on the sets BPy, o(E) for
k large enough and for any a € (0, 00), and they are all uniformly topologically equivalent
(see [72, [15] and section [2.5.6). We refer to [65} [76] [I5] and the references therein for more
details on these distances.

2.5.1. Dual-Holder —or Zolotarev’s— Distances. Denote by dgr a distance on F and let us

fix vg € F (e.g. vo = 0 when E = R? in the sequel). Denote by Cg’S(E), s € (0,1) (resp.

Lipg(E)) the set of s-Holder functions (resp. Lipschitz functions) on E vanishing at one
arbitrary point vy € E endowed with the norm

|o(y) — p(2)]

= sup ———————

[(p]s zyel dE (.%, y)s
We then define the dual norm: take mg := 1, mg := 0, Rg := {0}, and Pg(FE) endowed

with ( f.0)
vagepg7 [g_.ﬂ: = sup u
i

;8 €(0,1], [¢]Lip = [¢]1-
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2.5.2. Wasserstein distances. Given g € [1,00), define W, on
Pg(E) = Py(E) :={f € P(E); (f,dg(-;v0)?) < oo}
by
. q 1/q
VhoePUE), Wifo) = dnt ([ ap(eyrantzg)”
mell(f,9) \JExE

where II( f, g) denotes the set of probability measures 7 € P(E x E) with marginals f and
g:
(A, E) = f(A) and 7w(E,A) = g(A) for any Borel set A C E.

Note that for Vi,V € EY and any ¢ € [1,00), one has

N 1/q
. 1
(23) Wy (s 1)) = dea(pn ey (Vi, Vo) := min (NZdE (V)i (V2)o(i))q> ;
=1

ceGn

and that

Vf,gepl(E), Wl(fag):[f_gH: sSup <f_g,SD>
pE€Lipy(E)

2.5.3. Fourier-based norms. Given E = RY mg, = |v|, mg, := 0, Rg, := {0}, let us
define

VfeTPa. [flg = Il = sup 1)

cerd €177 s€0.1),

where f denotes the Fourier transform of f defined through the expression

fO) = FN© = | ieara).
Similarly, given E = R%, mg, := |v|?, mg, := v, Rg, := R?, we define

(2.4) VFeTPs. |fles = Il = sup L]
£eRd |§‘S

s e (1,2].

Obviously higher-order versions of this norm could be defined similarly by increasing the
number of constraints. However we shall see in the next subsubsection how to extend this
notion of distance without constraints.

For any given a > 0 and any constraint

reRG .= {r e R% dfe Pg(Rd), (f, |v|2> <a, (f,v)= r} = {r e R%, |I'|2 < a},
we observe that on the set
BPgyax i= {1 € P2(RY), (f,Iv]) <a, (fv) =1},

the distance dg, is bounded, so that the diameter of BPg, 4, is bounded: for any f1, fo €
BPg, ar there holds

/Rd(eié'v —1+i&-v)(dfi —dfa)(v)

1
11 = fallg, = sup =5
o £eRd ’§|2

1
<5 [, 1oF 1@ ) < o
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2.5.4. More Fourier-based norms. More generally, given E = R% and k € N*, we set
mg = [o|*, mg = (V") pent o<k, Rg:=RP, D:i=d+---+(k—-1)d,
with |a| = a1 + -+ + a4 and
v = (v?l,...,fugf) . a=(ai,...,0q) € N

and we define

VfeTPs |fllg=Ifls=sup L
£eRd ‘§|

In fact, we may extend the above norm to M} (RY) in the following way. We first define
for

s € (0,k].

feMl (RY) and aeN% |a|l=a1+ - +ag<k-—1
the following moment:

M,[f] = /]Rd v*df(v).

Consider a fixed (once for all) function y = x(¢) € C°(R?) (smooth with compact sup-
port), such that xy = 1 on the set {¢ € RY, [¢] < 1}. This implies in particular

FHx)(v) dv = x(0) = 1.
R4
Then we define the following function My|[f] through its Fourier transform

MA© = x© | X M5 ], o=t

| <k—1
Note that this is a mollified version of the (k — 1)-Taylor expansion of fat £ =0. Then
we may define the norm
(2.5) Al =1 = Mlflle+ > IMalf]]
a€eN? |a|<k—1

where .
3]

k
£eRd |£ |
is defined for a signed measure whose Fourier transform Taylor expansion at zero cancels
up to the order k — 1.

2.5.5. Negative Sobolev norms. Given s € (d/2,d/2+1/2) and
E = Rd7 mg, = |U|7 mg, ‘= 0, Rgl = {0}7
we define the following negative homogeneous Sobolev norm

£
R

VEeTPe, Iflgr = Ifll ey = H
L2
Similarly, given s € [d/2+41/2,d/2 + 1) and
E=RY mg,:= v, mg,:=v, Rg, =R

we define .
f(&)

- .
€ | o

It is also possible to use the non-homogeneous Sobolev space H~*(R?). Observe that
probabilities are included in H~*(RY) as soon as s > d/2.

¥ E€TPg,  |fllgy = £ -+ay = ‘
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2.5.6. Comparison of distances when E = R®. All the previous distances are Hélder equiv-
alent on bounded sets in the sense of Definition [2.4] Precise quantitative statements of
these equivalences are given in Lemma [£.1] in Section [£.1}

2.6. Differential calculus in the space of probability measures. We start with a
purely metric definition in the case of usual Holder regularity.

Definition 2.7. Given some metric spaces g} and g}, some weight function
A g~1 — [1,—|—OO),
we denote by
UCA(G1,G2)

the weighted space of uniformly continuous functions from G1 to Go, that is the set of
functions S : G — Go such that there exists a modulus of continuity w so that

(2.6) Vi1, f2 €G1,  dg, (S(f1),S(f2)) < Alfr, fo) w (dg, (fi, f2)
with
A (f1, f2) == max{A(f1), A (f2)}

and where dg, denotes the metric of Qk Note that the tilde sign in the notation of the
distance has been removed in order to present unified notation with the next definition.
For any n € (0, 1], we denote by

CY"(G1, Ga)

the weighted space of functions from G; to Go with n-Hoélder regularity, that are the
uniformly continuous functions for which the modulus of continuity satisfies w(s) < C's"
for some constant C' > 0. We then define the semi-norm

Sloang, gy for € CR(G1,G2)
as the infimum of the constants C' > 0 such that (2.6)) holds with w(s) = C's".

We now define a first order differential calculus, for which we require a norm structure
on the functional spaces.

Definition 2.8. Given some Banach spaces G1,Gs and some metric sets Gl, G- such that
1G;:=G; -G C G, i=12,
and where all vectorial lines of G; intersect ZG;, some weight function
A: G [1,00),
we define
UcCy <Q1, G1;Go, g2>
(later simply denoted by U Ck(g]; Gs)), the space of continuously differentiable functions

from G; to Qg, whose derivative satisfies some weighted uniform continuity.
In a more explicit way, this is the set of uniformly continuous functions

S:G1— Gy
such that there exists a map
DS : Gi — L(G1,G2)

(where £(G1,G2) denotes the space of linear applications from G; to Ga), some modulus of
continuity
Q:Ry 2Ry, Qu(s) >0 as s—0
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and some modulus of differentiability

Q4R — Ry, st(s) 50 as s—0
so that for any f1, fo € Gi:
(2.7) 1S(f2) = S(f)llg, < Alfr, f2) Qe (If2 = fillg,)
(2.8) IS(f2) = S(f1) = (DS[fil, f2 — fi)llg, < A(f1, f2) Qa(llf2 — fillg,) -

For any n € (0, 1], we also denote by
cy" (Q~1, gi; gz,gz>

(later simply denoted by Ck"(g]; Gs)), the space of continuously differentiable functions
from Gy to Gs, so that

Qu(s) = Ces”  and  Qg(s) = Cys't7

for some constants C.,Cy > 0 and 1’ € [, 1].

We define respectively Cf, Cf , as the infimum of the constants C.,Cy > 0 such that
respectively , holds with the above choice of modulus €;. We then define the
semi-norms

Slgaw = O [Slopn = C3
and the norm

1Sl := €S +CF

In the sequel we omit the subscript A or we replace it by the subscript b in the case
when A = 1. We also omit the second space when it is R: Cy"(G) := C"(G; R).

Remarks 2.9. (1) Due to the different notions of distances used for G; and G on the
one hand, and the lack of a vector space structure on ZG; = Ql - g} on the other
hand, our definition differs from the usual one, in the sense that it does not imply
the Lipschitz property or the boundedness of DS[f;] for instance.

(2) In the sequel, we shall apply this abstract differential calculus with some suitable
subspaces G, C P(E), i.e. in our applications sets of probabilities some prescribed
moments and some moment bounds. This choice of subspaces is crucial in order to
make rigorous the intuition of Griinbaum [35] (see the — unjustified — expansion
of Hy in [35]).

(3) It is worth emphasizing that our differential calculus is based on the idea of consid-
ering P(FE) (or subsets of P(E)) as “plunged sub-manifolds” of some larger normed
spaces G;. We hence develop a differential calculus in the space of probability mea-
sures into a simple and robust framework, well suited to deal with the different
objects we have to manipulate (1-particle semigroup, polynomial, generators. .. ).
Our approach thus differs from the approach of P.-L. Lions recently developed in
his course at College de France [46] or the one developed by L. Ambrosio et al.
[2] in order to deal with gradient flows PDEs in spaces of probability measures
associated with the Wasserstein metric, as introduced by Otto et al. [41), 61].

(4) One novelty of our work is the use of this differential calculus in order to state some
“differential” stability conditions on the limit semigroup. Roughly speaking the
latter estimates measure how this limit semigroup handles fluctuations departing
from chaoticity, they are the corner stone of our analysis.

This differential calculus behaves well for composition in the sense that for any given

UeCy"(Gi;G2) and Ve Cy"(Ga; Gs)
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there holds
— Lnec.. &
S:=Voldely/ (G1;G3)
for some appropriate weight function As. We conclude the section by stating a precise
result adapted to our applications.

Lemma 2.10. For any given
U e C(Gr:Go) N CYFD2(G1Go), me(0,1], and Ve OV (Ga; ),
there holds
S:=VolUeCl(Gi:Gs) and DS[f) = DVU(f)) o DU[f).
More precisely, there holds
[Sleor < Vlgoa U]cor,

and
[S]Ci’z" < [Vllgr U gan + Ve [U]éxmm/m

Proof of Lemma[2.10. For f1, f2 € G, we have
U(f2) =U(fr) + (DU[f1], f2 — f1) + Tu (f1, f2)
with
172 (1, f2)llg, < Ulgin A (fr, f2) I f2 = fullg, ™
as well as
[U(F2) =U(f)llg, < Wl goimsz Afr. fa) 12 = fillg, ™",
A similar Taylor expansion holds for V: for g1, g2 € Go

V(g2) = V(1) + (DV]g1], 92 — 91) + Ty (91, 92)
with
179 (91, 92)llg, < Vlora llgz — a1z, -
We then write
15(f2) = S(fD)llg, < Vcon [U(f2) =U(f1)llg, < [VIcor Ulcor Af1, f2) [1f2 = fallg,

W lliCh l'lllph'eS
< Z{ 1
[S]CO,I [V]COJ [ ]CO, 9

A
and

S(fa) = (Vold)(fa) = V(U(fl) + (DU[f1], f2 = f1) +7a(f1,fz))
= VU(f)+TvU(f2),U(fr))
<DV[Z/I(f1)]a (DU f1], fo — f1) + Tu (f1, f2) >

_l’_

which implies
(DS[f1), f2 = f2) = (DVIUCF)), (DU, f2 = 1)) )-
Observe that since V € C11(Ga: G3), one has
YheZG. |(DVU(MLA)| . < (Vo + Views) lIhls,

and therefore by scaling (and using that all vectorial lines of ZG, intersects ZGy at a
non-zero point) it extends to

Vhe G, H<DV[u(f1)],h> .

< (Vigoa + Vier) [hllg,-

3
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Finally we estimate the remaining term:
1S(f2) = S(f1) = (DS[f1], f2 = fi)llg,
= [[TvU(f2),U(f1)) + (DVIU(f1)] Tulfr, f2)llg,
< Ve 1) = U)lIg, + VI 1 Tulfrs f2)llg,

2
< Ve ([U]CR,(l-Fn)/? A(f, f2) IIfa = f1\|(gll+’7)/2>
FVliess Alfis fo) Mg 12 = Fillgy™

and we conclude by recalling that A > 1. O

2.7. The pullback generator. As a first application of this differential calculus, let us
compute the generator of the pullback limit semigroup.

Lemma 2.11. Given some Banach space G and some space of probability measures Pg(FE)
(see Definitions associated to a weight function m and constraint function m, and
endowed with the metric induced from G, then for some ¢ € (0,1] and some a € (0,00) we
assume that for any a € (a,00) and any choice of constraints r € Rg, there holds:

(i) The equation (2.1) generates a semigroup
SN BPgar — BPg.ax

which is (-Hoder continuous locally uniformly in time, in the sense that for any
7 € (0,00) there exists Cr € (0,00) such that

Vf.9€BPgar,  sup SN f = 8, < Cr N1f = gllg,

0,7
(ii) The application Q is bounded and ¢-Holder continuous from BPg oy into G.
Then for any a € (a,o0), r € Rg the pullback semigroup T defined by
Vf € BPgax(E), @ € UCH(BPgax(E)), T7[@)(f) =2 (SM(f))

is a Cy-semigroup of contractions on the Banach space UCy(BPgr.q(E)).

Its generator G*° is an unbounded linear operator on UCy(BPgqr(E)) with domain
denoted by Dom(G™) and containing UCE(BPg.qr(E)). On the latter space, it is defined
by the formula

(29) V@ e UG, (BPgax(E)), V[ € BPgar(E), (G*®)(f):=(D®[f],Q(f)).

Remark 2.12. Note that the restriction to uniformly continuous functions ® on space of
probability measures will be harmless in the sequel for two reasons: first in most cases our
choice of weight, constraints and distance yields a compact space BPg ,(E), and second
and most importantly we shall only manipulate this pullback semigroup for functions ®
having at least uniform Holder regularity.

Proof of Lemma|2.11]. The proof is split in several steps.

Step 1. Hélder regularity in time for S (f°). We claim that for any r € Rg and
fo € BPg,qx(E) and 7 > 0 the application

S(fo) : [0,7) = Pg, t—= S (fo)
is right differentiable in t = 0 with

S (f0) (07) = Q (fo)-
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Let us write f; := S fo. First, since f; € BPgqr for any t € [0, 7] (assumption (i)) and
Q is bounded on BPg 4 r(E) (assumption (ii)), we deduce that
<Kt

]/Otws)ds g

for a constant K which is uniform according to fo € BPg qr(E).
We then use the previous inequality together with the fact that @ is (-Holder continuous
(assumption (ii) again), to get

o= fo—tQ (o)l —HA«NM—me%

(2.10) 1fe = follg =

g
! ¢
- L/o 1o — foll§ ds
t t1+§
< L/(Ks)Cds:LKC ,
0 1+¢

which implies the claim.
Then the semigroup property of (SN) implies that ¢ — f; is continuous from R, into
Pg(E) and right differentiable at any point.

Step 2. Contraction property for T7°. We claim that (77°) is a Cp-semigroup of con-
tractions on UCy(BPg qr(E)). First for any ® € UC,(BPg,qr(E)), we denote by we the
modulus of continuity of ®. We have thanks to the assumption (i):

vie 0.7, [(T7°®) () — (17°0) ()] = |@ (5N (9) — @ (V1))
wa (|| (9) = SM(£),)

< wo (Crllg— £1§,) -

so that T7°® € UCK(BPg, qr(F)) for any ¢t € [0, 7], and then, by iteration, for any ¢ > 0.
Next, we have

IT5°) = sup [|T7°@) = sup  sup  [@(SPF(f))] <1
<1 |81 FEBPG 0. (B)

IN

since

@)= sup |@(f)|
fEBPQ,a,r(E)

and SN maps BPg o.r(F) to itself.
Finally, from (2.10)), for any ® € UC,(BPg,qr(E)), we have

IT°@ — @)= sup [@(S{H(f) — @(f)] < wal(K t) — 0.

fEBPg o r(E
As a consequence (T7°) has a closed generator G with dense domain
Dom(G™) C UCy(BPgax(E)), Dom(G*®) =UCy(BPg arx(E))
(see for instance [63, Chapter 1, Corollary 2.5]).
Step 3. We shall now identify this generator on a subset of its domain. Let us construct
a natural candidate provided by the heuristic of Remark Let us define G®°® by
V& € UG, (BPgo(E)), V[ € BPga(E), (GT®)(f):=(D2[f],Q(f)
The right-hand side is well defined since
Do[f] € L(G,R) =G" and Q(f) €G.
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Moreover, since both applications

[ DO[f] and f+— Q(f)

are uniformly continuous on BPg . r(E), so is the application

f e (G=®)(f).
Hence G®® € UCy(BPg.qr(E)).

Step 4. Finally, by composition, for any fixed ® € UCL(BPg or(E)) and f € BPg qr(E),
the map

te TP0(f) = @0 SM(f)
is right differentiable in ¢ = 0 and

Laxaypn) = (S@osM(nH)
(gaow) = (G )

‘ t=0 | t=0

- <D<I>[56VL(f)] (5 (f)>‘ >

= (DO, Q) = (G™) (),

which precisely means that ® € Dom(G*) and that (2.9)) holds. O

2.8. Duality inequalities. Our transformations 7% and RY behave nicely for the supre-
mum norm on Cy(P(E),TV), see (2.2). More generally we shall consider “duality pairs”
of metric spaces as follows:

Definition 2.13. We say that a pair (F,Pg) of a normed vectorial space F C Cy(E)
endowed with the norm || - ||z and a space of probability measures Pg C P(E) endowed
with a metric dg satisfy a duality inequality if

(2.11) VfgePg VoeF, [g—rfol<Cdg(f g)lelr,

where here (-, -) stands fot the usual duality brackets between probabilities and continuous
functions. In the case where the distance dg is associated with a normed vector space G,
this amounts to the usual duality inequality |(h, ©)| < ||h]lg ||¢] £

The “compatibility” of the transformation RN for any such pair follows from the mul-
tilinearity: if 7 and G are in duality, 7 C Cy(E) and Pg is endowed with the metric
associated to | - ||g, then for any

p=p1 XXy €FN,
the polynomial function Rg in Cy(P(E)) is CH1(Pg,R). Indeed, given fi, fo € Pg,, we
define

N
g_>]R7 hHDRé fl Z H flvgpj <h7§02>7

i=1 \j#i

and we have

N
RY(f2) = RY(F) = Y| I (o) | (2= fron) | T] (Froe) |

i=1 \1<k<i i<k<t
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and

R (f2) = RY (f1) = DRY [f1] (f2 — f1) =

= ) I (eoew) | (o= foen) | T] (Foewy | (o= fue | T (fro0w)

1<j<i<N \1<k<j j<k<i i<k<t
Hence for instance Rg € CH1(Pg;R) with

IRY(f2) = RY(f1)] < Nlellrs@wev-1 [If2 = fillg
IDRE[AIR)] < N @l zgqpoeyn—1 [Ihllg,

and
N(N —1) 9
(2.12) |RY(f2) = Ry (f1) = DRY[A](f2 — f1)| < — el Fgwev=2 2 = fillg,
where we have defined
el Frgreeyy—k =~ max loallz - leallz T leillie
i1,...,9% distincts in [|1,N]] LT .
JF(i15ik)
Remarks 2.14. (1) It is easily seen in this computation that the assumption that ¢ is

tensor product is not necessary. In fact it is likely that this assumption could be
relaxed all along our proof.
(2) The assumption F C Cy(E) could also be relaxed. For instance, when

is the space of Lipschitz function which vanishes in some fixed point xg € E, G is
its dual space, and

Pg = {f < Pl(E), <fa diStE('va» < a}
for some fixed a > 0, we have Rg € OV (P (E);R) with

N(N —1)

N N— N N—
[RY] 01r < Na" ol zon, [Rw}cl,lﬁfa Yol Fen,

or equivalently RZX € C'}\’l(P1(E);R) with A(f) == ||f||]\N4T2
1

In the other way round, for the projection 7V it is clear that if the empirical measure
map
X e BN — ¥ e P(E)

belongs to CF" (EN ,Pg) for some norm structure G, then by composition one has
(2-13) HWN(Q))HC&W(EN;R) < C;r H(I)||ckw(7>g)-

However the regularity of the empirical measure of course heavily depends on the choice
of the metric G.

Example 2.15. In the case F = (Cy(E), L®) and G = (MY(E),TV), (2.13) trivially holds
with C*" replaced by Cj.

Ezample 2.16. When F = Lip(F) endowed with the norm ||¢||rip and Pg(E) (constructed
in Subsubsection [2.5.2)) is endowed with the Wasserstein distance W with linear cost, one

haswithk:zo,n:l:
|© (1) = @ (187) ] < I@llcorpg) Wi (X, i) < [1@llo(pg) 1X = Yl
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where we use (12.3]), which proves that

7 (@)l vy < 19 lcorpy).

when EV is endowed with the ¢! distance defined in (2.3).

3. THE ABSTRACT THEOREM

3.1. Assumptions of the abstract theorem. Let us list the assumptions that we need
for our main abstract theorem.

(A1) Assumptions on the N-particle system.

G and T} are well defined on Cy(E") and are invariant under permu-
tation so that the evolution f/V is well defined. We moreover assume the
following moment conditions:

(i) Conservation constraint: There exists a constraint function mg, : £ —
RP and a subset Rg, C R” such that defining the sequence of con-
straint sets

there holds
Vte[0,T), Suppf) C En.

(ii) Propagation of an integral moment bound: There exists a weight func-
tion mg,, a time T' € (0,00] and a constant C; 7 € (0,00), possibly
depending on T' and mg,, but not on the number of particles N, such
that

VN 2 ]-) sup <ft]V7M7]r\L[g > S Cmg T
0<t<T ! !
where for any weight function m on E we define the mean weight
function MY on EN by
1
YV eEN, Mu(V):=L > m(vi) = My (i) = (i}, m).
i=1
(iii) Support moment bound at initial time: There exists a weight function
mg, and a constant C3 € (0, +oc), possibly depending on the number
of particles IV, such that
Supp fY < {V € BN, MY, (V) <O, o}

mgg )

Note that the name of the weights functions mg, and mg, and of the constraint func-
tion mg, in (A1) above are chosen bearing in mind the coherence with the functional
framework introduced in Definition (in particular (f,mg,) is well defined as a vector
of RP for any f € Pg,) and with the functional spaces in the other assumptions. Observe
moreover that the support condition EV will be useful for controlling the moments of the
empirical measures sampled out of the distribution f¥: V € Ey implies u‘]y € Rg,, where
this set of constraints is defined in Definitions 2.2 and 2.3
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(A2) Assumptions for the existence of the pullback semigroup.

We consider a weight function mg,, a constraint function mg, : £ — RP
and a set of constraints Rg, C R” as in (A1)-(i) and (A1)-(ii). We
then consider the corresponding space of probability measures Pg, (E)and
the corresponding vectorial space of increments ZPg, according to Defini-
tion We finally consider a Banach space G; D ZPg, so that Pg, »(E) is
endowed with the distance dg, induced by the norm ||-||g, for any constraint
vector r € Rg, .

Then we assume the following: there are ¢ € (0,1] and a € (0, 00) such
that for any a € (a,00) and r € Rg, one has

(i) The equation generates a semigroup

S+ BPgyax — BPgyax
which is ¢(-H&der continuous locally uniformly in time, in the sense
that for any 7 € (0, 00) there exists C; € (0,00) such that
V1.9 € BPgyar,  sup, |SNEf = S|y < Cr llf =g, -
te|0,7
(ii) The application @ is bounded and ¢-Hélder continuous from BPg, 4 r
into gl.

The important consequence of this assumption is that the semigroups S;¥* and T° are
well defined as well as the generators GV and G* thanks to Lemma

We then need the key following consistency assumption. It intuitively states that the
N-particle approximation of the limit mean-field equation is consistent. More rigorously
this means a convergence of the generators of the N-particle approximation towards the
generator of the limit pullback semigroup within the abstract functional framework we
have introduced.

(A3) Convergence of the generators.

We consider Pg,, mg, and mg, introduced in (A2), and we also define
a weight function
1< m’g1 < Cmg,

possibly weaker than mg, and we define the associated weight on the dis-
tribution:

Ai(f) = (fymg,) -

Then we assume that for some function
e(N) -0 as N—oo0 and ne(0,1]

the generators GV and G satisfy

-1
Vo e ﬂ 011\’177(])9'171')’ H (MWI\L]%) (GN TN — TN GOO) P
reRg, L (En)
<e(N) s D| 1, .
< e(N) 1'6171321[ ]C’/l\l"(Pgl’r)

Note the following aspect, which shall be a source of difficulties in the applications
of the abstract theorem: the loss of weight in the consistency estimate (A3) has to be
matched by the support constraints on the N-particle system in the assumption (A1)-(i)
and the moment bounds propagated on the N -particle system in the assumption (A1)-(ii).
(In fact the loss of weight mg, in the consistency estimate can be even slighlty higher



KAC’S PROGRAM IN KINETIC THEORY 30

than the weight m’g1 for which the stability estimates are performed, due to the energy
conservation, see later.)

Moreover, the best we are able to prove uniformly in N on the N-particle system are
polynomial moment bounds. This thus constraints the kind of loss of weight we can afford
in the following stability estimate.

We now state the second key stability assumption. Intuitively this corresponds to the
abstract regularity that needs to be transported along the flow of the limit mean-field
equation so that the fluctuations around chaoticity can be controlled. More rigorously this
means some differential regularity on the pullback limit semigroup, which corresponds to
some differential regularity on the limit nonlinear semigroup according to the initial data
and in the space of probability measures.

(A4) Differential stability of the limit semigroup.

We consider some Banach space Go D G; (where G; was defined in (A2))
and the corresponding space of probability measures Pg,(E) (see Defini-
tions with the weight function mg, and the constraint function
mg,, and endowed with the metric induced from Gs.

We assume that the flow S{'F is C}\’:(Pghr, Pg,) for any r € Rg,, in the
sense that there exists C7° > 0 such that

T
NL NL72 00
su S 1,7 + |S 0,(14n)/2 dt < C
TGRIg)l/O <[ ¢ ]CAQI(,PQLI‘»,PQQ) |: t ]CAQ K (pgl,rvpgz) T

with Ag := A}/Q, where n € (0,1) and A; are the same as in (A3).

We finally state a weaker stability assumption on the limit semigroup. It shall be
used intuitively for proving that the initial error made in the law of large numbers when
approximating a probability by empirical measures is propagated by the limit semigroup.
The reason for dissociating this assumption from the previous one is because we need
flexibility with different choices of distances for them.

(A5) Weak stability of the limit semigroup.

We assume that, for some probabilistic space Pg,(E) associated to the
weight function mg, (as in (A1)-(iii)), a constraint function mg,, a set of
contraints Rg, and some metric structure dg,, for any a,T" > 0 there exists
a concave modulus of continuity ©,7 (i.e. ©47 : R4 — R4 continuous
concave with 0, 7(0) = 0) such that we have

Vr e Rg3v Vfla f2 € BPQ3,£L,I‘(E)> Suj? d93 (StNL(fl)a StNL(f2)) < @a,T (dg3 (flva)) .

)

Observe that in the latter assumption, we require that f1, fo € BPg, o(E) which requires
in particular the bounds

Mg, (fi) = fimgsdv<a, =12
3 R

When applying the assumption to some empirical measure for one of the argument f;
or fo, this requires the pointwise control of terms like MY . This is the reason for the

assumption (A1)-(iii).



KAC’S PROGRAM IN KINETIC THEORY 31

3.2. Statement of the result. We are now in position to state the main abstract result.
This result can be considered intuitively as a convergence in approximation theory, in the
sense of proving that approximation errors between the N-particle system and the limit
mean-field system are propagated along time without instability amplification mechanism.
More specifically the approximation error means in the present context some kind of
distance between the discrete N-particle system and the limit mean-field system, within
our abstract functional framework. This result implies in particular the propagation of
chaos. In terms of method, we aim at treating the N-particle system as a perturbation
(in a very degenerated sense) of the limit problem, and minimizing assumptions on the
many-particle systems in order to avoid complications of many dimensions dynamics.

Theorem 3.1. Consider a family of N-particle initial conditions
Ve Pyn(EY), N>1,
and the associated solutions
I =8 (")

Consider a 1-particle initial condition fo € P(E) and the associated solution

fe= 8" (fo)
of the limit mean-field equation.

Assume that the assumptions (A1)-(A2)-(A3)-(A4)-(A5) hold for some spaces Pg,,
Gr and Fy, k = 1,2,3 with F, C Cy(E), and where Fy, and Gy, are in duality (that is (2.11))
holds).

Assume also that the 1-particle distribution satisfies the moment bound

Mmgg (fO) = <f07mg3> < +-00.

Then there is an explicit absolute constant C € (0,00) such that for any N, € N*, with

N > 20, and for any

P=P1RP® - ® g € (F1 NFon Fs)*

we have
QN
(3.1) sup [ { (S () = (7% (f0) ") )|
[0,7)
<C 62 H‘P”oo + C COOE(N) 52 H H
= N mgl,T T 2 ].‘22®(Loo)£72

+4 H(PH]:3®(L°°)4*1 @aN,T (de?,(ﬂgfojvv 5f0)> ] ’

where a” > 0 depends on Cé\;,o and Mg,(fo), and where Wyg, stands for an abstract
Monge-Kantorovich distance in P(Pg,(E)) (see the third point in the next remark)

(3.2 Wao, (w18 0) = [ douial ) AR (o),

Remark 3.2. In the applications the worst decay rate in the right-hand side of is
always the last one. This last term controls two kind of errors: (1) the chaoticity of the
initial data, that is how well fév ~ §§N , (2) the rate of convergence in the law of large
numbers for measures in the distance dg,.

Let us discuss more the meaning of this last term and the related issue of sampling by
empirical measures in statistics (see also Section . Following the abstract definition of
the optimal transport Wasserstein distance we define

v:uh H2 S P(ng)v de3 (Mlu/’@) = inf / dQS (p17p2) dﬂ(plvp?)a
mell(p1,p2) JPg, xPg,
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where II(f1, u2) denotes the set of probability measures on the product space Pg, X Pg,
with first marginal 7 and second marginal ps. In the case when po = 05, then

H(Mla 6fo) = {Ml ® 6f0}

has only one element, and therefore

Wi, (T f0'65,) = inf / dg, (p1, p2) dr (p1, p2
o, (7P 0+ 91) S Y S gs ( ) dr ( )

= [, das (8 o) s o),
which explains the notation . We simply write in the tensorized case:
(3.3) Wit (fo) i= Wag, (=B 15,05,
Comparisons of the Wév functionals and estimates on the rate
WY(f) =0 as N — oo
depending on the choice of the distance d are discussed in Subsection
3.3. Proof of the abstract theorem. For a given function
p € (F1NFonFs)*,

we break up the term to be estimated into three parts:

(SN = (M (1)) o 019V 1)| <

< (SN 0@ 19V — (SN (), R o )| (= T0)
(T B o)) — (1 (@R o ) ) (=:T2)
| (R @R 0 1)) = (M (o)™, )| (= T5)-

We deal separately with each part step by step:

e 71 is controlled by a purely combinatorial arguments introduced in [35]. Roughly
speaking it is the combinatorial price we have to pay when we use the injection
ﬂ'g based on empirical measures.

e 75 is controlled thanks to the consistency estimate (A3) on the generators which
are well defined thanks to assumption (A2) and Lemma the differential
stability assumption (A4) on the limit semigroup, the support constraint (A1)-
(i) and the propagation of integral moment bounds (A1)-(ii).

e 73 is controlled in terms of the chaoticity of the initial data thanks to the weak
stability assumption (A5) on the limit semigroup and the support moment bounds
at initial time (A1)-(iii).

Step 1: Estimate of the first term 7;. Let us prove that for any ¢t > 0 and any N > 2/
there holds

20 |||l oo (e

B4)  Ti= [(SFUN) e @1V ) — (SN UM By o nl )| < —5

Since ng ( f(])v ) is a symmetric probability measure, estimate 1D is a direct consequence
of the following lemma.
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Lemma 3.3. For any ¢ € Cy(E*) we have

28 |||l oo (mty
N

sym

(3.5) VN > 20, '(w ® 1®N—f) N A
where for a function ¢ € Cy(EN), we define its symmetrized version Gsym aS:
1
(;Ssym = @ Z QSO'
oeGN

where we recall that SN is the set of N -permutations.
As a consequence for any symmetric measure we have

N N N pt/, N N 2£2||%0||L<>O(Ee)
(36) VY€ Puw(BY), [N RLGAD) - (Y 0)| £

Proof of Lemma (3.5 This lemma is a simple and classical combinatorial computation. We
briefly sketch the proof for the sake of completeness.
For a given ¢ < N/2 we introduce

A= {i,. i) € LN Yk AR € 1,00, ix £ |
and
By i= Ao = {(in,. - ie) € LN} \ Ane
Since there are N!/(N — ¢)! ways of choosing ¢ distinct indices among {1,..., N}, we get

Byel _o N
N (N — {)I N?

1 -1 = i
= 1—(1—N>~-(1—N >:1—exp<;ln(l—N>>
—1 . -1 . 2
< 1—exp<—22]i[)§2 %é%a

where we have used

Vrel0,1/2], In(1—2z)>-2x and VeeR, e*>1—ux.

Then we compute

1
Y4
Rgp (,U,g) :W Z @(Uilﬂ”'avig)
i1yeyip=1
1 1
:W Z cp(vil,...,vw)—i—ﬁ Z gD(Uil,...,’UZ'Z)
(ilw--:if)EAN,Z (il,--.,iZ)EBNJ
1 1 0
SN —0) Y (Vo) Vo) + O (N H<P||L°°> :
’ oeGN
We now use the same estimate
N! 02
1

T <«
(N—OIN{ =N
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as above to get

202
RO = 3 @ ”a(f))+O(Hs@HLw>

ceGn
202
~(pe19%) 40 (5 el
sym

and the proof of (3.5)) is complete.
Next for any f Sym(EN ) we have

(0= (£ (1o ) ),
sym
and trivially follows from . O

Step 2: Estimate of the second term 7;. Let us prove that for any ¢ € [0,7) and
any N > 2/ there holds

60 e (e (o)) - (1) o)
< g, 7 CF e(N) £ [0l pgpzoeye-=

Observing that the semigroup 77° and its generator G are well defined thanks to as-
sumption (A2) and Lemma we start with the following identity

t d t
TNy — mn T = — / (TN AN T) ds = / TN, [GNay — iG] T ds.
0 0

We then use assumptions (A1)-(i), (A1)-(ii) and (A3) and we get for any ¢t € [0,7T)
(T (RG o)) = (52, (T7°RE) o )|

< /T <M7]r\zlg1 Sﬁs (fév) ) (Mn]g%) [GNWN - WNGOO] (TSOORL!;)>‘ ds
0
< (g, foa02,) )
T
(]

T
3.8 < Cp. 7e(N T R* ds.
@) re) s [ TRy, 0

(a2 )71 [Ny = 7w G (TRY)

mg,

ds>
L>(En)

Now, let us fix r € Rg,. Since
T°(R%) = R, o S with SN € Cy(Pg, vi Pa,)

and Rf; € CV1(Pg,) because ¢ € F5 (see subsection , we can apply Lemma and
use assumption (A4) to obtain

T (RE) € CA (Pgy x)
with

00 NL NL72 ¢
[T (R )]cj "(Pg, x) = <[St ]C}\’;(’Pgl,npgz) + 5 ]CR§1+U>/2(P917T’P92)> HR“D)

Cl’l(ng)
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and Ay = Al/ ?. We then deduce thanks to and assumption (A4):

T
(3.9) /0 (T2(RE) o,y ds < CF £2 (Hw||f2®<mu el mewey)

A

Then we go back to the computation (3.8)), and plugging (3.9) we deduce (3.7]).

Step 3: Estimate of the third term 75. Let us prove that for any ¢ > 0 and N > £

we have
T (0 (o) o) - ((57) o)
< [Reloos Ouv r (Wrpg, (T8 11 01))

where O, was introduced in assumption (A5), and a = a'¥ is defined by

a" := max {Mg3 (fo) ggg,o} )

where C’N L0 Was introduced in assumption (A1)-(iii).
Assumptlon (A1)-(iii) indeed implies that

Supp f¥ c K := {V eR™ st My (uf ngd vi) < iy o }

Hence we are in position to apply (A5) for the functions fy and ,ug on the support of
f& since Ming, (fo) is bounded by assumption, and Mg, (1d) is bounded by C 630 when

restricting to V' € K thanks to the previous equation.
Let us also recall that Rf; € C%(Pg,,R) because p € F5~.
We then write

To = |(A RS (S i) ) — (5 R (S (1) )|
_ )<féV’Ré (SNL( N)) —Ré (SNL(fO))>)
< [R‘P]C()l <fé\7, dg3 (S (fO) ( ]\y))>
We now apply (A5) to get
Vi€ [0,7],  dg, (S (fo), S (1)) < Oun 1 (dgs (fo 1))

on the support of f¥, and therefore

7§§ [ ]001 (Pgs) <f0 ’ aN,T (dgs (f07lu'g))>
We then obtain from the concavity of the ©,~ 7 function:

T3 < [ch]co,l(pQB) @aN,T (<f(§vv dg, (fo,ug)»

which concludes the proof of this step.

The proof of Theorem [3.1] is complete by combining the previous steps.
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4. THE N-PARTICLE APPROXIMATION AT INITIAL TIME

4.1. Comparison of distances on probabilities. In the following lemma we compare
the different metrics and norms defined Subsection 2.5l Let us write

My (f,9) —max{< > <g, >}

Lemma 4.1. Let f,g € P(R?) and k € (0,00), then the following estimates hold:
(i) For any q € (1,400) and any k € [q — 1,00):

(4.1 Wi(f,0) £ Wy(f,9) €275 Myya(f.9)'% Wa(f,9)e0 %),
(ii) For any s € (0,1],
(4.2) | = gls <207 Wi(f,9) <207 WA(f, 9)°.
(iii) For any s € (d/2,d/2+ 1),
8 ’Sd_l} (28—d) 3*% s—
(43) 15 -al < g (o) 1 gl

(iv) For any s >0 and k > 0 we have

k
(4.4) [f = gl < C(d, 5, k) My (f, ) 7R | f — g| TR
for some constant C(d, s, k) > 0 depending on d, s and k.

(v) For any
d d
s € <max{2, 1},2+1)

(4.5) [f = gl < C(d, 5, k) My (f, )75 || — ]| T2

and k > 0 we have

for some constant C(d, s, k) > 0 depending on d, s and k.
Proof of Lemma[{.1]. Let us consider each inequality one by one.

Point (i). The inequality (4.1)) is well-known in optimal transport theory, we refer for
instance to [72} [15].

Point (ii). Let us prove inequality (4.2). Let 7 € II(f, g). We write

fO-a0l = [ (=) antou)

< |
R xR4

< 99 / v — wf* |€]° dr(v, w),
RIx R4

e e e_iw'g’ dm(v, w)

which yields the first inequality in (4.2]) by taking the supremum in ¢ € R? and the infimum
in 7 € II(f, g). The second inequality is then immediate from the concavity estimate

Ws(f,9) < (Wi(f,9))° .
Point (iii). Let us prove the inequality (4.3)). Consider R > 0 and the ball

Bg = {a: eR?; |z| < R}
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and write

FleY _ Ale)]2 ; A eV (2
If =gl = /JBRWd£+/19 1) = 9)F 4,

< €[*

I S 4
< |f g‘l/BR |€’2(s—1) +4/B%! |f‘25

< |gd-1| pd—2s R? _ 4|2
= e

4
(2s—d) )’
We optimize this estimate by choosing

1
4(d+2—2s)\2 -1
R=|—r—7— —
which yields

8IS @s—a) \E 25-d

which concludes the proof of (4.3).

Point (iv). Let us now prove inequality (4.4). We introduce a truncation function
x
XR($)2X<§>7 R>0
where
X €CPMRY), [x]1 <1, and 0<x <1, x=1onB(0,1)

and a mollifier

12
6_%
(27T)d/2'

In particular we have an explicit formula for the Fourier transform of this mollifier:

2
2

X

Ye(x) = ey (g) , e>0  with y(z) =

€]

. . _e2 e

Ye(§) =) =" 2.

Fix ¢ € WH*(R?) such that [p]; < 1, ¢(0) = 0 and define
PR =PXR, PRe=PR*Ve

and write

/ o (df — dg)
R‘i
= / YR (df —dg) +/ (¢r — ¢Re) (df —dg) +/ (¢ —¢r) (df —dg).
Rd ]Rd ]Rd

For the last term, we have

a6) | [ or—p)ar-ag)

IN

[ 0=l @f +dg)

k+1 M f,
< /B [l ]x]\%k (df+dg)§’“*é§€g>.

c
R

Concerning the second term, we observe that

Ver(@)l < x (5) + le@IV0w@) < x (5) + 5 [vx (5)

)

so that .
vq € [L OO], HVSORHLQ < C(q7d7 X) REv
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for some constant depending on ¢, d and y. Next, using that

lon —erelle < 1Vonlec ([ 2e(o) s d
—<Verln [ 1) lalde) < Clad)e

we find

(4.7)

/Rd (R — ¢Rre) (df — dg)‘ < C(q,d,X)e.

Concerning the first term, using Parseval’s identity, we have (the “hat” denotes as usual
[ oneai-ag| = o
Rd (pR,E g - (27T)d

the Fourier transform)
[ pricF-ag
Rd
1

— ||V
Gy IV erle H G}

IN

< / gt E”dé)

< C(d,x)R*|f —glse” pteh
(4.8) C R ¢ — g,

Gathering (4.6) and ., we get

This yields (4.4]) by optimizing the parameters ¢ and R with

IN

et Rl | f gys> .

o — i dis—1
R:Mk+1(fag>d+k \f—g[s e dtk
and then k
d —_—
£ = My i1 (f,g) TR |f — g|FTFET)

Point (v). Let us now prove the inequality (4.5]).
Let us consider some smooth ¢ such that [p]; < 1, »(0) = 0 and let us perform the
same decomposition as before:

[or=do = [ onct@r-do+ [ (or-ero) @5 -do)+ [ (o= en) (@5 -dg)
~ s (f_g)
/Rd PR, ’5‘ ’é—‘s d

1/2
lerellpgs = €1 1GRIP 1P |56 ag
R4

< IVGemlize (1€ 4] e
O(s) [V (er)ll 2 € < C(d,s) RS e~

with the same arguments as above.
The second term and the last term are controlled exactly as in and ., which
yields

The first term is controlled by

§l < Nerellgs 1f = gllg—s

/ PRe (df _dg)’ =
Rd

with

AN

IN

Fodic (e W+Rge—<s—“uf—guﬁ_s).
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We deduce (4.5) by optimizing the parameters ¢ and R with

2(s—1)
R = My1(f, 9)‘”2’“ 1f =gl d+2k€d+2’“

and then
d
€ = Myp1(f,g)@ % || f — ”‘Mks-
O

4.2. Quantitative law of large numbers for measures. Let us recall and extend the
definition of the functional W2 (f) which was introduced in (3.3)). For any function

(where k > 0 is the index of a polynomial weight possibly required for the correct definition
of D) such that
D(f,g) =0 ifand only if f=g

it is legitimate to define

ViePuRY, W) = (5N, D (x), f)) = / (. £) dFo ().

For well chosen function D, the goal of the next lemma is to quantity the rate of

convergence

WH(f) Artee, in the case E = R%

Lemma 4.2. We have the following rates for the W function:

(i) Let us consider
Vf.9 € Pa(RY), Di(f.9):=IIf —glf-.-
Then for any s € (d/2,d/2+ 1) and N > 1 there holds
2 C
(19) vier@), WH(N= [ - fl5 4t < §
RAN

for some constant C' depending on the second moment of f.
(ii) Let us consider

Vf.gePaRY, Dalfig)=f—gli-..
Then for any s > d/2 and N > 1 there holds

@) vFePa®), WEW = [l =l V) <

for some constant C' depending on the second moment of f.
(iii) Let us consider

=1ie

Vf.9€PiRY),  Ds(f.g) = Wilf,9).
Then for any n > 0 there exists k > 1 such that for any N > 1

@i vren®), WEW = [ W) artr) s —

N mes{d 2y
for some constant C' depending on n and the k-th moment of f.
(iv) Let us consider

Y f,9€ Pa(RY), Du(f.g) = (Walf,9)).
Then for any n > 0 there exists k > 2 such that for any N > 1

@12 VFem®Y, WEG) = [ (W)’ s ) <

for some constant C' depending on n and the k-th moment of f.

C
1
N max{d,2}+n
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Remarks 4.3. (1) Estimate (4.12)) has to be compared with the following classical es-

(4.13)

timate (see e.g. [65]): for any N > 1 there holds
C
2 - Nﬁ

where the constant C' > 0 depends on the (d + 5)-th moment of f. It is worth
mentioning that our estimate (4.12]) improves on (4.13) when d < 3 and k is large
enough.

Similarly, if one tries to translate (4.13)) into an estimate for the W; distance
through a Hélder inequality, it yields for any N > 1

C
1
N @+
where the constant C' > 0 depends on the (d 4 5)-th moment of f. Again observe
that for any d this last estimate is weaker than (4.11)) as soon as the probability f
belongs to P (RY) with k large enough.

When f,g € P(Rd) are compactly supported, observe that the estimate (4.5))
improves into

V f € Pars(RY), WE.(f) <

Vf € Pas(RY), W, (f) <

Vs>1, [f—gi<Clf—gli..

for a constant C depending on s and on a common bound R of the support of f
and g.

If furthermore d = 1, we can take s = 1 in order to apply in the proof of
below and we obtain the “optimal rate” of convergence in the functional law
of large numbers in Wasserstein distance W7i:

C

N

VN >1, Wy, (f) < itk

In higher dimension d > 2, the restriction s > d/2 means that one does not produce
a better estimate than by this line of argument.

As was kindly pointed out by M. Hauray, estimate should also be compared

with some estimates in [22] where the related quantity
2807 = [ W Gad) 4N a1
is considered. When f € P(R?) has compact support and d > 3, they prove that

C
2N <

where the constant depends on the support of f.
Since for any f,g € P1(R?%) and for any ¢ € Lip, (R?) we have

/ W (g, i) dfEN (V) > / o(v) (dg — du) (v) dFEN (V)
RdN Rd(N+1)

1 & N
— X ®
= [ =30 [ e aw)

- / o(v) (dg — df)(v),
R

we deduce by minimizing in ¢ that
Wilro) < [ Wila.ud) 4oV,

and therefore

W, (f) < 2V (f).
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As a consequence, when f € P(]Rd) has compact support and d > 3 we obtain
from this line of argument the stronger estimate

WW1 (f) = Nl/d

It is likely that one could obtain similar estimates to by tracking the formula
for the constants in the results of [22] and combining them with moment bounds
and some interpolation.

On the other hand, observe that our estimate is almost optimal in the
sense that we can not expect a better convergence rate than with n = 0, as
it is stressed in [64, Appendix].

Proof of Lemma[].3. We split the proof into two steps.

Step 1. Let us prove (4.9) (note that (4.10) is then readily implied by (4.9)).
Let us fix f € P2(R%). We write in Fourier transform

(= 7) © = 2o (o).

which implies
2

~N
Ky —
w0 = [ d‘mgsdf 4N (W)

(= f©) (- f©
- N2 Z /R<N+1)d |2:|2(S€ >d£df®N(V)'

J1,J2=1
Observe then that

/Rd(e”f‘f — f(&)df(vj) =0, j=1,....d,

which implies that

o—ivi € _ F T I Ty
/]R(NJrl)d ( f(g)ép(s f(ﬁ)) dedfEN(v)y =0

as soon as j1 # jo, and

—iv 2o ]? B Cived v
/Rde = JO] ) = /Rd[l—e CF© — et f©) + 1F©P] df(v)

= 1- /P
We deduce that

. N 2
1 jemine — f(e)|
Wm@ﬁ f) = e jz::l/RUVHM €2 dedfoN (V)

1 ‘6_“"5 — f(ﬁ)‘z
W VW
_ 1 1-1£©)?)
" N Jga |€]2# dé.

Finally, denoting

My = /Rd<v>2df(v)
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we have )
FE@) =1+i(fv)-£+0(My|¢]%),

and therefore
FOP = (+ilfv)-e+ 00 eP) (1-i(f,0) &+ OOLIER))
= 140 (M2 |€|2) )

which implies

v 1 (1= 1F©P) (1= 1F©P)
Wi, () N</§|<1 R d€+/|g|>1 G dg)

1 / M, / 1 C
= — — = _dé+ —=-d§ ] < —=
N ( e1<t [€2 =D . g=1 €7 5) N

from which (4.9) follows.

Step 2. Let us now prove (4.11]).
We use first (4.5)) in order to get

WL () = / Y = 15 dfoN(v)

RAN

—~
~~
Il

< C /Rw (Misa(£) + Miy (i) 755 (lesy = £l ) 5 ageN ).

We then perform a Holder inequality with exponents

_ d+2ks , d+2ks
P= P T itk -1
and get
d+k(2s—1)
N N m SN d+2ks
WL () <O ([ (M () + Mi (1) e (v) x
k
2 d+2ks
([ =l ) 7
RaN
Since

/W (Micsr(f) + Miyr (1)) 7550 dfoN(v)
= /RdN (Miga () + My () df=N(V)

< My (f) + /IR Mg () 4PV )

N
<Mia(N+ 5 3 [ 005 4PN W) < 2Men ()
>

we deduce by using that

C(f,k)

N Tws

where the constant C(f, k) depends on the (k + 1)-th moment of f.
This allows to conclude the proof of since

e if d =1 we can take s = 1 in (4.5)) and then k large enough so that k/(d + 2ks)
2 + n with some 1 > 0 as small as wanted,

Wiy, (f) <

42
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e if d > 2 we take s close to d/2 and then k large enough so that k/(d+2ks) = 1/d+n
with some 1 > 0 as small as wanted.

Then the estimate (4.12]) follows from (4.11)) with the help of (4.1) and a Holder in-
equality. O

4.3. Chaotic initial data with prescribed energy and momentum. In many as-
pects, the simplest N-particle initial data is the sequence of tensorized initial data f&,
N > 1, where f is a 1-particle distribution. This means perfect chaoticity. On the other
hand it has a drawback: since in all applications we shall use pointwise bounds on the
energy of the N-particle system (and also sometimes pointwise higher moment bound as
in (A1)-(iii)), this implies for this kind of initial data that f has to be compactly sup-
ported. There is another “natural” choice of initial data, by restricting it to one of the
subspaces left invariant by the dynamics as defined in . Without loss of generality we
shall always set M = 0 in this formula in the sequel, and therefore we shall consider

N N
1 1
N L dN 12 —
(4.14) SN(E) = {VER st~ ;;m =, NE:UZ_o}.

i=1

The drawback is now that an initial data on S™V(E) cannot be perfectly tensorized,
and some additional chaoticity error is paid at initial time. However an advantage of this
viewpoint is that it is simpler to study the asymptotic behavior of both the N-particle
and the limit mean-field equation in this setting. Moreover it has historical value since
this approach was introduced by Kac (see the discussion in [42], Section 5 “Distributions
having Boltzmann’s property”]), although in his case there was only one conservation law,
namely the energy, and therefore SN (€) was replaced by S¥=1(v/N). Finally in the case of
hard spheres it is easy to check that the relaxation rate degenerates as £ — 0 both for the
N-particle system and the limit equation, but uniform in time chaoticity can be achieved
by avoiding the zero energy distributions thanks to the restriction to S™(€) with £ > 0.

We shall present some results on the construction of chaotic initial data on SV (&), whose
proofs are mostly extensions of the precise statements and estimates recently established
in [I0] on this issue in the setting of Kac on S¥~1(v/N). We refer to the work [I4] where
an extensive study and precise computations of rates are performed. Without loss of
generality we only consider the case M = 0 for simplicity.

Lemma 4.4. Consider £ > 0 and an initial data
fo€ Py (RY) N L= (RY)
which fulfills some moment conditions
Mg, (f) = (fymg,) <400, Mg (f) = (f,mgs) < +o0

for some positive radially symmetric increasing weight functions mg, and mg,, and

/ v folw) dv =0, / [0[? fo(v) dv = €.
Rd Rd

Let us define a non-decreasing sequence (an)n>1 as follows:

o If fo has compact support
(4.15) Suppfo C {U eR?, v < A}
for some A > 0, then
VN >1, ay:=mg(A).
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e If fo has non-compact support, then (an)n>1 can be any non-decreasing sequence
such that

lim ay = +o00
N—o0

(note in particular that this sequence can grow as slowly as wanted).

Then there exists
N e PR, N>1,
such that
(i) The sequence (f&¥)n>1 is fo-chaotic.
(ii) Its support satisfies Supp f&¥ < SN ().
(iii) It satisfies the following integral moment bound based on mj :

VN0, (S MY, ) <C (fo.mg,)

where the constant C > 0 depends on MNE

0,m1 °
(iv) It satisfies the following “support moment bound”:

Suppfév C {V e R¥W, Mn]\{gg(V) < OéN} )
(v) It satisfies a uniform relative entropy bound
H(fo' ™)
N

for some constant C' > 0 (see for notations).

(vi) If furthermore the Fisher information associated to fo is bounded, that is I( fp) < oo
(see for notations), then f can be built in such a way that it satisfies a
uniform relative Fisher information bound

<C,

2

dfo’ ¥ <c

Vin ay N

I(fo ™) -

for some constant C' > 0, where the gradient in this formula stands for the Rie-
mannian gradient on the manifold SN ().

Proof of Lemma[{.4 We aim at defining our initial data fév by conditioning the tensorized
initial data f&V to SV(&):
N
[1 j=1 fo(vj)

B0 =8 vy = | (V)

SN(€)
with

N
H fo(vj) | dw.

j=1

FN(r) = / N
SAN=1(mN{3;1, vi=0}

Such a construction obviously satisfies (ii).
It is proved similarly as in [I0] (see for instance Theorem 9 in this reference) that this
conditioned measure is well-defined, and that it is fo-chaotic, which proves (i).

Remark 4.5. Among many interesting intermediate steps and other results, it is also proved
in [I0] the following estimate: assume for simplicity that d = 1 and that fy has energy 1,
then the function

N o FN(T)
For) = YN (r)
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is asymptotically divergent except for r = v/ IV, for which

() e

\// df (v).

(In fact this result was sketched by Kac [42] but the proof is made more precise in [10]).

This shows in particular that the sequence of chaotic initial data fo , N > 1, as con-
sidered many times in the sequel, asymptotically concentrates on the Boltzmann spheres
SN (&). This manifestation of the central limit theorem explains why the construction of
Kac (to condition to a given energy sphere) is very natural. It also enlightens why it is
possible to expect the kind of uniform in time propagation of chaos results that we shall
prove in the next sections for such chaotic initial data.

with

Point (iii) is just a consequence of the chaoticity with the test function MY o\ (actually

an easy truncation and passage to the limit proceedure is needed in full rigor).
Concerning point (iv), first if fj is compactly supported (4.15)) we deduce that

Supp £ < {V € RN, MY, (V) < m, (4)}

and (iv) holds.
In the non compactly supported case, for any increasing sequence (Ay)r>1 of positive
reals (with Ap big enough for the following to be well-defined) we define

folpj<a,

Jok = 20l < A}

Using the previous we know that

fo = [f(jif,ﬁv}sN(g)

(conditioning to SN(£)) is fo x-chaotic. Conditions (ii) and (iii) will therefore be immedi-
ately satisfied.

We now want to choose a sequence ky — oo such that (iv) is satisfied and at the same
proving chaoticity towards fo. It is clear that

Supp foy C {v e R™; MN (V) < m3(Ak)} :

For any given sequence (ay) which tends to infinity, we define ky in such a way that
mg(Agy) < an so that kxy — oo when N — oco. The chaos property is equivalent to the
weak convergence of the 2-marginal, which can be expressed in Wasserstein distance for
instance:

Wi ((f85)y 167) < Wi ((A85), S6R) + W (FER. 152)
The last term of the RHS converges to zero only depending on k — 0, while the first term
in the RHS converges to zero for fixed k as N — 0 from the previous part of the proof.

Therefore, maybe at the price of a slower increasing sequence ky we can have both the
support moment condition (iv) and

Wi ((f)y 0 167) 250

which shows the chaoticity and concludes the proof.
For the proof of (v) and (vi) we refer to [14]. O
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Remarks 4.6. (1) We note that if one only wants to get rid of the compact support
requirement in fy (used for deriving the support bounds on fON on the energy and
mg,), and not necessarily to prescribe a given energy, another strategy could have
been to simply perform the cutoff in the end of the previous proof. In principle
it could allow to get better information on the rate of convergence. However a
drawback of this approach is that, in the absence of conditioning to an energy
sphere, the bound on the support of the energy of fév shall grow with N. In our
applications it induces a growth in N of the moment bounds that we prove along
time on the N-particle system. This growth should be matched by the decay of the
scheme and a precise optimized balance could be searched for. We do not pursue
this line of research.

(2) Observe that the process of conditioning on the energy sphere is obviously com-
patible with the equilibrium states in the following sense: if one denotes by v a
centered Gaussian equilibrium of the limit equation with energy £, then

N N
'7 (V) = [’7® ]SN(E)
is the uniform measure on SV (&), i.e. an equilibrium of the N-particle system.
Let us also state a refinement of the previous lemma which is needed for the applications.

Lemma 4.7. We use the same setting and assumptions as in Lemma [].]}

Then the sequence (f&¥), N > 1 of Lemma satisfies the more precise chaoticity
estimate:
(4.16)

Wi, (7 (£0') - Jo) = /]R W (e fo) dfg' (V) = /S vy W (¥ o) AFT(V) S 0

with explicit polynomial rate.
Remarks 4.8. (1) As an easy consequence, for any function O,(z) such that

Va>0, O4) LimaiaNy))

(where the parameter a should be thought as keeping track of dependency of
this functional on moment estimates on the distributions), we have by a diagonal
extraction process

(4.17) Oy Wiry (7 (F), f0))) 22225 0

for some explicit rate in terms of (4.16) and ©, with o’ = max {ay; (fo, mg,)}-
(2) Using Lemma it would be immediate to extend the previous statement to the
other weak measure distances we have discussed so far.

Proof of Lemma[{.7 Let us give two proofs. The first one is non-constructive and inspired
from [69]. First, thanks to the well-known result [69, Proposition 2.2] and the fact that
the sequence fév constructed in Lemma is fo-chaotic, we deduce that

T pY = oy, i P (P(RY))

(which means convergence when testing against functions in C(P(R?))).
Next, thanks to [76, Theorem 7.12], (4.16]) boils down to prove the tightness estimate

(4.18) lim sup / Wi (p, fo) d(x 12)(p) = 0.
R—00 NeN* JW, (p,fo)>R

Let us prove that it easily follows from the following bound

(4.19) sup / (W, (p]‘\/[,fo))Q dfN (V) < .
NeN* JEN
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Indeed (4.19) implies that uniformly in N > 1

/ Wi (p, fo) d(=B f3)(p) = Wi (1l fo) df (Vv
Wi(p,fo)>R

»/{VEEN s.t. Wi(ud,fo)>R}

C r
<5 L, ) af ) < G 2220

which concludes the proof of (4.18]).
In order to show (4.19)), we infer that from [76, Theorem 7.10]

W (s f0)* = b = follhs < 2 [ 135 +2 Mol

2
< 2 (MY(WV))" +2 ol <2MY (V) +2 | follars »

which implies

2
L 00 G 0))? s V) <2 1ol + 2 (8 18).
which, together with (ii) in Lemma[4.4] ends the proof of (£.19) and then of (4.16].

Let us now give an alternative explicit argument, even if less self-contained. From [14],
Theorem 3, (i)] we deduce that

C
vez1, wa (e ) < o

for some explicit constant C' > 0 uniform in ¢ and N. Then we use the [36, Theorem 2.4]
to deduce that

.
[ 08 0) a v < o (W g + )

for some explicit constants C,C” > 0 depending on the energy bound on fy, which con-
cludes the proof. O

5. TRUE MAXWELL MOLECULES

5.1. The model. Let us consider £ = R%, d > 2, and a N-particle system undergoing
space homogeneous random Boltzmann type collisions according to a collision kernel
B(z,cos0) =T'(z) b(cos )
(see Subsection . More precisely, given a pre-collisional system of velocity variables
V= (vy,...,un) € EN = (RH)Y,
the stochastic process is:
(i) for any ¢ # j', pick a random time Tp

o —v;0) of collision accordingly to an

exponential law of parameter I'(|vy — vjr[), and then choose the collision time T}
and the colliding pair (v;,v;) (which is a.s. well-defined) in such a way that

T = TF(|vi—vj|) = 1<i¥171ébp<N TF(|vi/—v]~/‘);

(ii) then pick a random unit vector o € S¢~! according to the law b(cos 6;;), where
COS(gij =0 - (Uj — Ui)/‘vj — Ui|;

(iii) the new state after collision at time 77 becomes

(5.1) Vii= (01,5 0], 05, UN),
where only velocities labelled ¢ and j have changed, according to the rotation
. UVitv v —wvjlo . UVitvui v —wvjlo
5.2 = , £ _ )
(5.2) v 5 T 3 Ui 2 2
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The associated Markov process
V¥ )iz0 on (RHY
is then built by iterating the above construction.

After rescaling time ¢t — ¢/N in order that the number of interactions is of order O(1)
on finite time interval (see [67]) we denote by f/ the law of V¥ and S} the associated
semigroup. We recall that GV and T}V respectively denotes the dual generator and dual
semigroup, as in the previous abstract construction.

The so-called Master equation on the law f} is given in dual form by

(5:3) o (1 0 = (FN.GV)
with
(5.4) (el )(V)—l F(|U'—v~)/ b(cosbi) [l — o] do
. ‘2 - N Z_ i J Sa-1 ij) |Pij — P
1<i<j<N

where ¢}, = ¢ (sz) and ¢ =¢(V) € G, (]RNd) .

This collision process is invariant under velocities permutations and satisfies the micro-
scopic conservations of momentum and energy at any collision time

N N
D vi=) v and [V7P= ZI%IQ ZW VI
j=1 j=1

As a consequence, for any symmetric initial law f&' € Piym((R%)Y) the law f at later
times is also a symmetric probability. Moreover the evolution conserves momentum and
energy: for any measurable function ¢ : R — R

N N

Va=1,...,d, /Rngz) > Via dftN(v):/Rquﬁ > via | df (),

j=1 j=1

where (vjq)1<a<d denote the components of v; € R?, and

(5.5) / (V2 df( / (V) df (),

(equalities between possibly infinite non-negative quantities).

The (expected) limit nonlinear homogeneous Boltzmann equation is defined by (|1.1]),
(1.2), (1.3). The equation generates a nonlinear semigroup

Mo(fo) := fy for any fo € Pa (Rd)

where Py(R?) denotes the space of probabilities with bounded second moment.
Concerning the Cauchy theory for the limit Boltzmann equation:

e In the case (GMM) (Maxwell molecules with angular cutoff), see equation (|1.6)
in Subsection we refer to [70;

e In the case (tMM) (true Maxwell molecules without angular cutoff), see equa-
tion (L.5)) in Subsection we refer to [72];

e In the case (HS) of hard spheres, see equation in Subsection we refer to
[59] (L*(R?) theory) and [28, B1] 48] (P(RY) theory).
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For these solutions, one has the conservation of momentum and energy

Vt>0, /Rdvdft(v) = /Rdvdfo(v), /Rd \fu]Qdft(v) = /R‘i ]v|2df0(v).

Observe that the change of variable
cestls —gesi!

maps the domain
0e|—mn/2]N[r/2,n] in 0€|-7/2,7/2].
Therefore without restriction we can consider, for the limit equation as well as the N-
particle system, kernel function b such that Suppb C [0,1]. We still denote by b the
symmetrized version of b by a slight abuse of notation.
In this section we aim at considering the case of the Maxwell molecules kernel. We shall
indeed make the following general assumption:

r=1, beLx(,1))

loc

(5.6) 1
Va >0, Cub) = / b(cosf) (1 —cosh)1™ do < oo.
gd—1

Let us show that Maxwell molecules model (|1.5)) enters this general framework. Indeed
for any positive real function 1 and any given vector u € R% we have

(- o)do = [ST72 / ¥(cos 0) sin?~2 9de.
0

Sd—1
Therefore the model (|1.5)) satisfies (in dimension d = 3)
b(z) ~ K (1—2)7%* as z—1,

which hence fulfills (5.6]). This assumption also trivially includes the Grad’s cutoff Maxwell
molecules model ((1.6)).

5.2. Statement of the results. Our main propagation of chaos estimate result for this
model then states as follows:

Theorem 5.1 (Maxwell molecules detailed chaos estimates). Assume that the collision
kernel b satisfies (5.6). Let us consider a family of N-particle initial conditions fév €
Poym((RHYN), N > 2, and the associated N -particle system dynamics

ftN = StN (fév) :

Let us also consider a 1-particle initial distribution fo € Pa(RY) with zero momentum and
energy £ € (0, +00)

/ vfodv=0, &:= fodv € (0,00),
Rd Rd

and the associated solution
fe =8 (fo)
of the limit mean-field equation.
Then for any § € (0,1), for any £ € N* and for any

Y=Y ® R eF ¢ eF, i=1,...,4

where F shall be specified below, we have, for some constant Cs > 0 (possibly blowing up
as & — 0) depending only on 8, on the collision kernel, on the size of the support and on
some moments of fo:
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(i) Cases (GMM) and (tMM): Assume that f = f&V is a tensorized N-particle
initial datum and that fo has compact support, and tak:e

f::{go:RMR; lol= [ 141616 <>|d5<oo}
Then we have

61 wN =20 sup|((SYU) - (7)) o))

t>0

HsoHoo 22
N N

< Cs el 2@ (rooye—2 + £ [@llwoogroeyer WWQ(fo)]

We deduce the following rate of convergence as N goes infinity by using (4.12])-

(4.13):
oup ( (82U ~ (50(o) ™) o) < oy Iols
with
% -0 if d<2,
k(d, ) :== %—5 if d=3,
o if d>4
This proves the propagation of chaos, uniformly in time and with explicit polyno-
meal rates.
(ii) Case (GMM) with optimal rate for finite time: On a finite time interval [0,T],
the following variant is available: consider tensorized initial data f¥ = SZ)N for

the N-particle system and assume that fo has compact support, and take F = H®
with s > d/2 high enough. Then we have

sup (SN = (8 (0) ™) o))

0<t<T

OO

O
()C o0

< Cs N1

= 0ol pre(reyi—2 + € 1@l gowpoy—1 Wh-s(fo) |-

By using (4.9)), this proves

N ¢N NL ®N 2 Csr
sup |( (SN = (SMU0)™) )| < & = gl e
ok [\ 1) = (87(0) VN
with F = H?®, and where the constant Csr can also depends on the final time of
observation T'. This proves the propagation of chaos, on finite time intervals, but
with the optimal rate of the law of large numbers.

(iii) Cases (GMM) and (tMM) conditioned to the sphere: Finally consider F as in
(i), assume that the 1-particle initial datum fy belongs to Pg (Rd) N L*> (Rd) and
consider the associated N-particle initial data (f)n>1 constructed in Lemma
and by conditioning to SN (E). Then the solution f¥ = SN(fI) has its support
included in SN (&) for all times

(5.8) vVt >0, Suppf cSN(E)
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and we have the estimate

oup [ (52— (50() ™) )] =

t>0

2

05 N leé

lll Fepooye-2 + € ll@llwr oo rooye-1 VAT, (75 fo 5 050)

which goes to zero as N goes infinity with polynomial rate thanks to Lemma [{.7
This proves the propagation of chaos, uniformly in time and with explicit polyno-
mial rates.

We now state another version of the propagation of chaos estimate, in Wasserstein dis-
tance, but most importantly which is valid for any number of marginals, at the price of a
possibly worse (but still constructive) rate. Combined with previous results on the relax-
ation of the N-particle system we also deduce some estimate of relaxation to equilibrium
independent of N and, again, for any number of marginals.

Theorem 5.2 (Maxwell molecules Wasserstein chaos). We consider the same setting as
in Theorem [5.1], where the initial data are chosen as follows:

(a) either fo is compactly supported and f = O®N,

(b) or fo € Pe(RH)NL®(R?) with zero momentum and energy £, and f¥ is constructed
by Lemma by conditioning to the sphere SN ().
Then we have
w (T, 1)

(5.9) VN>1, V1I<{<N, sup < a(N)
>0 14

for some polynomial rate a(N) — 0 as N — oo.
Moreover in the case (b) the solution fN = SN(fY) has its support included in SN (E)
for all times and we have

4% (HzftNg, 11, (vV)) < B()

for some polynomial rate 3(t) — 0 as t — 0o, where 7y is the centered Gaussian equilibrium
with energy € and v is the uniform probability measure on SN (&).

(5.10) VN>1, VI<{<N, Vt>0,

In order to prove Theorem we shall establish the assumptions (A1)-(A2)-(A3)-
(A4)-(A5) of Theorem with 7" < oo or T' = oo for a suitable choice of functional
spaces. The application of the latter theorem then exactly yields Theorem by following
carefully each constant computed below. Then the proof of Theorem will be done in
Subsection |5.9 it is deduced from Theorem by using Lemma [4.1] together with a result
from [36].

5.3. Proof of condition (A1l). When the collision kernel B is bounded the operator
GV is a linear bounded operator on C(Bg) with B := {V € R¥; |V| < R} for any
R € (0,00) with an operator norm independent of R. As a consequence, GV is also well
defined and bounded on

(V)
W4k

CQh (R .= {cp e C(RW™) s. t. —0 as |V]|— oo}

endowed with the norm

lpllz, == sup |p(V)[(V)~*
VeREN
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for any k € R. It is also easy (and classical) to verify that G" is dissipative in the sense
that

Ve g (R™N), ¥A> 0, [|(A=GY) ¢ll e < A6llis,.

From the Hille-Yosida theory we deduce that GV generates a Markov type semigroup TV
on C°, ((R¥) and we may also define S} by duality as a semigroup on Py(R*Y). The

nonlinear semigroup SV is also well defined on Py (R?), see for instance [72, BT}, 28, 48].

For the true Maxwell molecules model, the operator GV is not bounded anymore and
some additional explanations are needed. The simplest argument is to say that B can be
approximated by a sequence of bounded collision kernels

B, :=b.(cosf) with b. € L and b, 0.
We may then define the associated generator GV, the associated semigroups TV¢ on con-

. . N e . . NL
tinuous functions and S, on probabilities, and the nonlinear semigroup S; *° on prob-

abilities. We first write estimate for any fixes ¢ > 0. Then since (a) the right-hand
side term in does not depend on £ > 0 (as a consequence of the estimates established
in the proof below), (b) S™M¢(fo) — SME(fo) weakly in P(R9), and (c) S™M=(fY) — £~
weakly in P(RV?), we can conclude that holds for the true Maxwell molecules model
by letting € go to 0.

Possible other direct arguments (without using approximations) could be (a) to establish
and use stability estimates in Wasserstein distance of the many-particle equation, or (b)

use the core C := Wklfg and prove that ¢ € Wklfg implies GN¢ € Oy (this follows from

an easy decomposition between singular and non-singular angles in the formula for G'V).
Hence the semigroups 7Y and

StN = (TtN)* = TtN

are well defined on C° 5.0 (RN, Moreover since for ¢ € L?(SN(£)) we have

N

1 " 2

<GN807 SO>L2(SN(€)) = _N Z [SN(S) \/Sd—l b(COS 91]) [Soij - (10] do dny(U) <0,
ij=1

it is easily seen by arguing similarly as above that they are Cy-semigroups of contractions
on this space L2(SY(£)).

Then it remains to prove bounds on the polynomial moments of the N-particle system.
We shall prove the following more general lemma:

Lemma 5.3. Consider the collision kernel
B = |v—v|"b(cosf) with v=0 orl
and b > 0 such that .
Ch = / b(z) (1 — 2)*dz < +oo0.
0

This covers the three cases (HS), (tMM) and (GMM).
Assume that the initial datum f3 of the N-particle system satisfies:

Supp fo' C {V e RN MY (V) < 50} and (f¥, M) < Cop <00, k>2,
with
1 N
YV eR™, MY(V)=—=) |ylt
Then we have
(5.11) Vt>0, Suppfc {v e RV MV (V) < 50} .
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and
sgg <ftN, M,ﬁv> <max{Co; ar}
t

where ay, € (0,00) depends on_k and . Moreover, when
Supp f3¥ < SV(E) = {V € RN My(ulf) = £, () = 0},
then
(5.12) vt>0, Suppfy csVNE) = {V e RN My(ud) =&, (¥, z) = 0} .

Proof of Lemma[5.5 By using (5.5) with the function of the energy
¢:Ry =R, ¢(2) :=Lsng
and the assumptions on f&' we deduce (5.11)). On the other hand, by using (5.5) with the

functions of the momentum and energy
d+1
G : RN SR, 0c(2) = Loy /Nog| |21 |+ A]za|>er VE >0,

and the assumptions on f¥ we deduce (5.12).
Next, we write the differential equality on the k-th moment:

d 1 & 1 &

N tNai Z|vj|k = A2 Z <ftN7|vj1_szplc(vjlvv]é»a

dt N 4 N#
Jj=1 J17#72

with .

K o) =5 [ 0 (1054 1ok = oal = 0] do

We then apply the so-called Povzner Lemma proved in [59, Lemma 2.2] (valid for
singular collision kernel as in our case) which implies

k— k— k k
K(wi1,032) < C1 (Jog = ol + o oz ) = €l |* + o)

for some constants C1,Cs € (0,00) depending only on k and b.
By using the inequalities |v;, — vj,| > |vj,| — |vj,| and |vj, —vj,| > |vj,| — |vj,] in order
to estimate the last term when v = 1, we then deduce

v, — Vi | K(vj,v5) < Cs [(1+ v, |77 (14 [0j,]?)
+ (1 + ’%1‘2) (1 + ’Uj2|k+’yil)] — Oy (|Uj1‘k+’y + ‘Uj2’k+7)7

for a constant Cs depending on C7 and Cs.
Using (symmetry hypothesis) that

k=0, (Y o) = (£ ),

and (5.11)) we get

S ) <205 (0 ML) (4 M) =265 (Y, My
<205 (1+8) (14 (X 7)) =26 (Y, o).
Using finally Holder’s inequality
(A ol ) < (Y, ol
we conclude that y(t) = (f}¥, |v1|¥) satisfies a differential inequality of the following kind
y < —Ki1y" + Koy + K3

>(k—7+1)/(k+v)
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with #; > 1 and 6y < 67, and for some constants K, Ko, K3 > 0, which concludes the
proof of the lemma by a maximum principle argument. 0

We have
Suppfl¥ C Ey :={V € EN, MM (V) < &},

with & = A2, where A is such that Supp fo C Bga(0, A) under assumptions (i) or (ii)
in Theorem and & = & under assumption (iii) in Theorem Lemma proves
(A1)-(i) with the constraint function mg, : R — Ry x RY mg, (v) := (|v|%,v) for all
v € R? and with the set of constraints

Rg, := {(ro,7) € Ry x R% /|2 < rg < &}
Lemma also proves (A1)-(ii) with
mg, (v) = (v)° = (1 + [v]*).

Moreover we do not need (A1)-(iii) in the present case and we may take mg, = 0. Finally,

under assumption (iii) in Theorem the support condition ([5.8]) is nothing but (|5.12])
and is also proved by Lemma [5.3

5.4. Proof of condition (A2). Let us define the space of probability measures

Po, = {f € PR Mp(f) < 400},

/

forr € Rg,, r = (ro,7’), ¥ = (r1,...,74), the constrained space

Pg,r = {f e Po(RY); (f, [o2) =70, Yi=1,....d, {f,v;) = ri}
and the vector space
Gri={he M}RY); Vi=1,..d (huv)=(h1)=(h[of)=0}

endowed with the modified Fourier-based norm || - [|g, := || - |2 defined in (2.5). We also
define
BPg, .0 = {f € Pg,; Ms(f) < a}

as well as for any r € Rg,

BPgyar i={ € BP,as (f,10]2) =ro, Vi =1,....d, {f,v) =7i}.

These spaces of probability measures are endowed with the distance dg, associated to the
norm || -||g,. Observe that for any f,g € Pg, r, r € Rg,, the fact that the two distributions
have equal momentum implies that dg,(f,9) = ||f — gllg; = |f — gl2, where | - |2 is the
usual Fourier-based norm defined in (2.4)).

Let us recall the following result proved in [70, [32] 12} [72]. We briefly outline its proof
for the sake of completeness but also, most importantly, since we shall need to modify it
in order to adapt it to our purpose in the next sections.

Lemma 5.4. For any fo, go € P2(RY) with same momentum (first-order moments), the
associated solutions fy and g to the Boltzmann equation for Mazxwell molecules satisfy

(5.13) sup | fi — gtly < |fo — goly -
>0

Moreover, there exists a € (0,00) such that for any a € [a,00) and any r € Rg,, the
nonlinear semigroup SN maps BPg, ar into BPg, ar-
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Proof of Lemmal5.f We only prove . The fact that S{** maps BPg, ar into BPg, q.r
follows from the conservations of momentum and energy and higher moment estimates
similar to Lemma but on the limit equation. We refer to [70, [32], 12, [72] for this
classical results.

We recall Bobylev’s identity for Maxwellian collision kernel (cf. [6])

F(QH(.9)) (€)= QT (F,G)(©) = 5 /S Cb(0f) [Frem+ PG do
with

F=f G=3 F:r=F(&), GF=G(¢), é:m

and
£ =3E+Ielo), € =5~ o)
With the shorthand notation D = g — f, 8= g+ f, the following equation holds
A) [D+ S~ DSt

(5.14) atD:Q(S,D):/Sdlb(o—-f —+ D] do.

We perform the following cutoff decomposition on the angular collision kernel:

b= by + b with / b (7€) do = K, bie = bLgpss0a
§d—1 B

for some well-chosen §(K'). As in [72] observe that

Ric(€) = /Sd_l b, <a-§) [D+QS_ + D_25+ - D} do

satisfies

VEERY, |Rg(O)] <l where 1 222%0

and rx depends on moments of order 2 on d and s (hence bounded by the energy).
Using that ||S|lec < 2, we deduce in distributional sense

Akl < (s 21) (s, [ o (r€) ([ 4 ) )

with
. 1 N 1/2 R 1 N 1/2
T = . - = 5.
(fg‘_ﬁ(u(fg) € \/§<1 NI
By using
.12 .12
g+ =1
we deduce
d |D| D | D|
——+ K — <K |sup —5 | +7r
dtfe? " e eera [€° )

which implies
D D
wp 120N _ (L 1DC)
cerd €] cerd €]

for any value of the cutoff parameter K. Therefore by relaxing K — oo, we deduce
(15.13]). O

K
o=
+ K

Hence we deduce from the previous lemma that S is Lipschitz on BPg, 4 (uniformly
in time) and (A2)-(i) is proved.
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Lemma 5.5. Consider f,g € P2(RY) two probabilities with same momentum (first order
moments). Then we have

2
(5.15) @unh=c ([ @R i)

510) 1 +a. =)l <€ ([ @+ 1) (@) +dgle)) (I = ala 4]~ 9)e],)-

As a consequence, the assumption (A2)-(ii) is satisfied in the sense that Q is Hoélder
continuous on BPg, qr for any a >0, r € Rg,: there exists C > 0 and ¢ € (0,1) so that

V£, €BPgars QU )~ Qg,9)l2 < CIf — g5

Proof of Lemmal[5.5. We split the proof into two steps.

Step 1: proof of (5.15)) and (5.16). We prove the second inequality (5.16)). The first
inequality (b.15]) then follows immediately by writing

where v is the Maxwellian distribution with same momentum and energy as f, and then

applying (5.16|) with f —~ and f + 7.
We write in Fourier:

A~

FQ(f+9.f—g) = QD,S)
1 -
= 5 /sdl b(a . §) (S(§+) D(g_) + 5(5_)D(§+) _ QD(@)
where Q is the Fourier form the symmetrized collision operator @, which we can rewrite
@D, 3)|
TR <Th+ T2+ Ts.
We have

DE)! &I

T < /Sd1 b(o - &) |S(EN) do < C|D|s

for some constant C' > 0, where we have used
_2

[

€17

which permits to control the angular singularity of b.
Similarly we compute

o IDENI 15 2l o () 4 dofo
mo< [ oo BENECI 2 Las < ooy, ([ a1+ 1o @) +agton)

ISR

= (1 —cosfh)?

for some constant C' > 0, and

R +) _
Bea [ D) 0O

€T [P IVD0E + (1 —0)eT)]
S/Sdlb(a-f) e, Eera—oer dodo < C|(f — g)v)r

for some constant C' > 0. This concludes the proof of (5.16]) by combining these estimates.

do
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Step 2: proof of (A2)-(ii). First, for f,g € BPg, or and 1 < o < d, we have for any R > 0

1 :
I(f —g)val;, = f;lﬂ@ G /Rd Vo (e””‘é - 1) (df —dg)(v)
< sup / pe(0) (Af — dg))| + sup | [ () (df — dg) ()
£€Rd | JRY ¢eRrd | JRe
with
pe(v) = ’;XR Vo (6_“"5 - 1), Ye(v) = ‘; (1 = XR) Va (6_”'5 - 1),

and where x g is a truncation function just as in the proof of point (iv) in Lemma
Next, we observe that for R > 1 we have

Vo6 €RY [Vope(v)] < CLR?, [the(v)] < [vl* (1~ xR).

Using the bound on the sixth moment of f and g, we deduce

[(f=9)val; < }izgfl{cl[f_g];32+02%}
< Cymin{a® ([f — g0 1f - gli}
< Cha'? (I =gl

From (4.4), we then obtain

£19 €BPgar, |(f—9)val, <CIf —gl5,

for some constants C' > 0 and ¢ € (0,1) depending on d and a.
Gathering this last estimate with (5.16]) we conclude that for any f,g € BFg, or

|Q(f7f)_Q(gag)’2 = ‘Q(f—i_gaf_g)b
< OMi(f+9)(If —gb+]f —alS) <C'|f —alS,
for some constant C’ > 0 depending on d and a. O

5.5. Proof of condition (A3). Let us define mj; = (v)* and

AL(f) = (f.mg,) = (£, (v)")

for any f € Pg, .
Let us prove that for any

(5.17) ve () CyM(Por)
I’ERgl
we have
-1 1 &
N N_N _ _N so0 1&0
‘(Mmgl(V)) (GY Y -7V G™) @ < sup [(IJ]C}\,;,(PQN),

L°°(EN)_ N reRg,

for some constant Cy > 0.
First, consider velocities v, v,, w, w, € R% such that
vt |v—v*\a vt ve v — vy

. . Sd_l.
2 5 & 2 5 7 OF€
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Then d, + dy, — 0y — O, € IPg,. Performing Taylor expansions, we get

eiv-&j + eiv*-ﬁ o eiw-g . eiw*{
=i(w—v) e+ 0 (Jw—vf[6]%) +i (we —v.) £ + O (Jws — vl [€]?)
=i(w—v)Ee” 4+ O (lw—v*|¢)
+i (we — va) £ (€ + O (Jv — 0] [€]) + O (Jws — val* [€]?)
=0 (Jv—v]? ¢]* sin/2)

thanks to the impulsion conservation and the fact that
.0
lw —v| = |we — v = |V — v sin 5.

We hence deduce

‘eiv{ + eiv*f _ eiw-§ _ eiw*{

|0y + 0y, — Oy — O, |9 = sUp 5
£€R [3

< C'lv— s> (1 = cosb).

As an immediate consequence, for any V € Ex and V;;‘ defined by (5.2]), we have
N N| < c 2 0
(5.18) ‘MV;; - Mv’z < 10 = ul” (1 = cos 05)

and
rv = ((uv, [2*) (el 21) 5 (1Y 2a)) € Ry,

where z = (21,...,24) € R? has to be understood as the blind integration variable in the

duality bracket.
Then for given a ® satisfying (5.17)), for any V € Ey, and any 1 < i,j < N, we set

¢ :=D® [pdY], uij = (v; — v;) and we compute:

aN (‘I)ONV Z /sd 1 ” @(M{X)} b(cosb;;) do

7]7

N Z/Sd ) ,uvi§_—,ug,¢>b(cosé?ij) do

7]_
[ ey (7’9 147

i N N N ..
A Z /Sd L m/g Mv*> + M, mg, (Mv)} 0(‘/‘\/5. —,UJV‘2 ) b(cosb;;) do

,j=1
=: Il(V) + IQ(V).

Concerning the first term [; (1), thanks to Lemma we have

BV = g O L pleostu) o) +6005) —otw) — 0] de

’L]f

- // /Sdl b(cos ) [p(v*) + p(w*) — ¢(v) — d(w)] dud) (v) dpd (w) do
= <Q(N1\>[’ /‘J\Y)v ¢> = (G™9) (:u]\\/[)
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For the second term I3(V'), using estimate (5.18) and the following inequality which
holds for any k > 2 and any V € EV

1 o\ Kk
(5.19) My (i) =~ D)
/=1
1 * *
< 27 <1+N > el | + il o o)t
LFi,j
1 k/2
k/2 k 2 2
< ok <1+N K;‘|w| + (Juil® + v;]%)
27]

N
1
k k k N\ _ ok N
< 2 (1+N ;_1 |vg > < 2% My (py) = 2° M (V),
we deduce, for some constant C' > 0 depending on k and 7 € (0, 1],

¢ N
V) < S My, (V) @, )
N
X Z / b(COSQi]‘) (1 + ”UZ“Q + ‘Uj|2)1+n (1 — 0 ﬂw) do
ij=1784"1
< SN e Cy MY (V
= W m’gl( )[ }C}\’W(Pgl,rv) b 4( )

We finally use
WV eEy, My, (V)= MY (V)< M (V)'2 M (V)12 = & M (v)2
1

by Cauchy-Schwartz inequality and the energy constraint, which implies

Ci& N
‘12(‘/)‘ S N7 Mmgl (V) [q)]cjl\yn(Pgl,rv)

and concludes the proof.

5.6. Proof of condition (A4) uniformly in time. Let us consider some 1-particle
initial data fo, go € P4(R?) (space of probability measures with bounded fourth moment)
and the associated solutions f; and g; to the nonlinear Boltzmann equation ([1.1)) under
the assumption as well as

he := D [fo] (90 — fo)

the solution to the linearized Boltzmann equation around f;. Those solutions are given by

oufe = Q(ft, fr), fit=0 = Jo
gt = Q(gt, gt), 9jt=0 = 90

Otht = 2Q(ht, fr), hji=o = ho == go — Jfo-
We shall now expand the limit nonlinear semigroup in terms of the initial data, around

Jo.

Lemma 5.6. There exists A € (0,00) and, for any n € (1/2,1), there exists Cy) > 0 such
that for any
rc Rgl and fo,go S ’Pghr

we have

(5.20) fe = gtls < Cpe” "MXM (fo + g0)7 |fo — gol3
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and
1
(5.21) ey < Cpe”U"DA MY (fo + g0)2 [ fo — g0l

where we recall that
VfePRY), Mf):=(f,(v)").

Remark 5.7. Observe that the decay rate A in this statement is uniform in terms of the
energy £ > 0.

Proof of Lemmal[5.6. We shall proceed in several steps.

Step 1. Estimate in | - |4. We closely follow ideas in [38], [70, B2, 12]. We shall use the
notation

M=My, M= My,
introduced in Example as well as

d:=f-g, s:=f+g

and

d:=d—M[d), D:=F(d), S:=ZF(s) and D:=F(d)=D— M[d.
The equation satisfied by D is

~ ~

(5.22) oD = Q(D,S)—oMld

= QD,9)+ (@ (Md), s) - M[Q(d, 5)]) -
We infer from [38, [70] that for any o € N, there exists some absolute coefficients (aa,p),
B < «a (which means f; < «; for any 1 < i < d), depending on the collision kernel b
through

(5.23) /Sd_l b(cos ) [(v*) + (v¥), — (v*) = (v*),] do = Z Ao B (vﬁ> (Uo‘*ﬁ)

*

B, 8L«
where «, 8 € N? are coordinates indices and
a a2 g
e T D

These multi-indices are compared through the usual lexicographical order, and we use the
standart notation .
la] = Z Q.
k=1

We deduce that

Vial <3, VEMIQ(, 9| = MalQ(d: )] = 3 aas Msld] Ma-sls]
B, <
together with

Via| <3, VEQ(MId], 5)1520 = Ma[Q(M[d], 5)]

= ) tap Mg[M[d]| Ma—pls] = Y aa,p Ms[d) Ms_p]s]
8, B<a 8, B<a

since
Ma[M]d]] = Ma|[d]
for any |a| < 3 by construction. As a consequence, we get

(5:24)  VEER!, |MIQ( )] - QMId,S)| < Cle* | D IMalf —g]

o <3
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On the other hand, from [70, Theorem 8.1] and its corollary, we know that there exists
some constants C' > 0 and A1 > 0 (given by A1 := min, |4|<3{—@a,a} € (0,00)) so that

(5.25)  Vt>0, | > [Malfi—gll | <Ce™t [ S [Malfo — g0l

o] <3 | <3
We perform the same decomposition on the angular collision kernel

b= by + b with / b (7€) do = K, bxe = bLigpss0a
S§d—1 -

as in the proof of Lemma [5.4] and use the straightforward estimate

Ric(€) := Que (D, 9)(¢)
satisfies
VEeRY, Rk <ri €]t where rg KNy

where Qpe. denotes the collision operator associated with the part bj of the decomposition
of the angular collision kernel, and where rx depends on moments of order 4 on d and s.

Then we gather ((5.22), (5.24)) and (5.25)) and we have
d |D(¢)| D) D) : L
e e (e ) (s L) (e ) o)

+Ce MY IMa[fo — goll | + 7
|| <3

é-&-

Let us compute (the supremum has been droped thanks to the spherical invariance)

e [ (o 9) Yao= [ fod) ),

4
+ 2
so that

&+ &

1 AN 2
e~ K = —/Sd_le(af) _(Jf)da

K—oo B Sd71b<0.£

where in the last step we have used the (5.6)).
Then, thanks to Gronwall lemma, we get

sup 1D:(€)] < Qr=F)t [ qup Do (&)
o el el

e*)\lt e()\}(*K)t rK
Mg[fo — - .
+ 0 Z|<:3| Lfo = ol (K—)\K—)\ K-k —\ +CK(K—)\K)

Therefore, passing to the limit K — oo and choosing (without restriction) Ay € (0, min{A1; A\}),
we obtain

|1D:()] gt |1 Do(€)]
p <Ce ™ sup
£eRd |€|4 £eRd ’€|4

+ 3 IMalfo— g0l

|| <3
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from which we conclude thanks to ([5.25)) and with the notations of Example
(5.26) I1ellla < C e |l|do|ls-

Step 2. From |-|4 to |- |2 on the difference. From the preceding step and a straightforward
interpolation argument, we have

(5.27) =gl < If—g=M[f—gll+C Y IMf -]
la|<3
I R 1/2 1/2
< |F o217 =gl g, 1 9= MIF =gl
+C Y Mf - 4l
|o|<3

Yy
< CMy(fo+go)e 2

where we have used |||d|||s2 < CMy(d).
Then by writing

1—

[f =gl <1f—gl3 If =gl
with € (1/2,1), using Lemma for the first term of the right-hand side and the
previous decay estimate ([5.26)) for the second term, and (1 —n) < 1/2, we obtain (/5.20)).

Step 3. From the difference to the linearized semigroup. A similar line of argument imply
the same estimate on h; as on the difference (f; — g¢), that is inequality ([5.21)).
Let us briefly sketch the argument. We define

h:=h—MIh], H:=F(h), F:=F(f) and H:=F(h)=H — M[n].
The equation satisfies by H is
O H = Q(H,F)

and arguing exactly as in Lemma one deduces
(5.28) Vt>0, |y < |holy = |fo— gols-

Then the equation satisfied by H is

OH = QH,F)—aMIh
= QUL F)+ (Q (M1, F) = MIQ(A, )] -

We infer from again that

Vo] <3, VE‘M[Q(h,f)]‘EZOzMa[Q(h,f)]= Y aap Ms[h] Mol /]
B, B<a

together with

Vol <3, V?Q(M[h]yF)k:O = Mo [Q(MIA], f)]

> o MgIMIB)| Mo p[f] = Y aap Ma[h] Mo_s[f).
8

B, B B

As a consequence, we get

VEERT  |MIQ(h - QWML F)| < Clgt | Y [Malh]

o <3
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On the other hand, arguing as in [70, Theorem 8.1] and its corollary on the linearized
equation around f;, we deduce that there exists some constants C' > 0 and A\; > 0 (given
by A1 1= ming |q|<3{—@a,a} € (0,00)) so that

(5.29) vVt >0, > Mafh]| | <Ce™ | Y [Mafholl
ja|<3 la|<3

Then by exactly the same proof as before we deduce

[H(6)] ot [Ho(¢)]
sup <(Ce 2 sup + Mk
¢eRd ’§|4 ¢eRd |£|4 |(§§:3| [ O”

for some A9 € (0, A1), from which we conclude
(5.30) [11ellla < C e ||do]]|a
thanks to (5.29)), and using that hg = dp.

Next we write
hly < b= Mh]l,+C D |Mh]]
|| <3
1/2
Lo (R4)

IN

=M +C S M|

|| <3

[ e

Xy,
< CMy(fo+go)e 2
and
1—
7]y < |Rl3 [R]y™"
with € (1/2,1). Using Lemma for the first term of the right-hand side and the
previous decay estimate (5.30) for the second term, and (1—7) < 1/2, we obtain (5.21)). O

We can now consider the second-order term in the expansion of the semigroup. Let us
recall that the crucial point here is to prove that this second-order term is controlled in
terms of some power strictly greater than 1 of the initial difference.

Lemma 5.8. There exists A € (0,00) and, for any n € (1/2,1), there exists Cy, such that
for any

rc Rg, and fo,90 € PG, r,
we have
|wel, < Cem MDA M (fo + 90)% |90 — fo};ﬂ7
where
wi =gt — fr — he = 5" (90) — " (fo) = D fol (90 — fo)-

Remark 5.9. As proved below w; always has vanishing moments up to order 3, which
implies that the norm |w;|4 is well-defined.

Proof of Lemma[5.8 We consider the angular cutoff decomposition as in Lemma[5.4] Con-
sider the error term

w:=g9g—f—h, Q:=w.
which satisfies the evolution equation
atwt:Q(wtaf+g)_Q+(hvf_g)a WOZ0
and (in Fourier variable)

atQ = Q(QNS) - Q+(H7D)
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Let us prove that
Via| <3, VE >0, M,w]:= / v* dwy(v) = 0.
Rd

We shall use again the fact that, for Maxwell molecules, the a-th moment of Q(f1, f2)
is a sum of terms given by product of moments of f; and fo whose orders sum to ||, see

equation ((5.23).
We obtain
d
Vial <3, S Malord = 3 s Mgl Maslfi + 0] + Y s Mgl Ma—s1fi - g1
BLa B<a
and since
Vil <1, Mylhi] = My[fi — 9] =
we deduce

Vial €3, TMalod = Y o Malea] Ma_plfi + il
Bl
This concludes the proof of the claim about the moments of w; since wg = 0.
We now consider the equation in Fourier form

2,2 =Q(2,5) - Q" (H,D)
and we deduce in distributional sense

d|9(¢ O(¢ .
(e ) ST

(depending on some moments of order 1 of w, h, d), and

=k S (PO P

QD] et e e
) SSR%/S‘“IJ( >< e e el \§|4>d0
: <5€R3 ¢ (geRs Sd—1 é) (‘é+‘4+‘é_‘4) da)

< i supig
&WII

where A\ was defined in Lemma and

1 b O"é B B
o= g /S<|§|> [H(E") D(E) + H(E) D) do
1 N (HED] DE)] € P [DEDP [HE)? |§\2>
- blo- d
= 2§£Rﬁ/sm (v 5)< GGG GG

< [, pe-) (1=a-6) do Ihd; ldl, < Coldols "~
gd—1

< Ce (- n 7 UMy (fo+ 90) " o5

by using the estimates - and -

Hence we obtain

d Q¢ (¢ O(¢ )
(e ) = <§§R‘%’r§(\4ﬂ>+c e T
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We then deduce from the Gronwall inequality, relaxing the cutoff parameter K as in
Lemma and choosing without restriction A > 0 so that (1 —n)A < min{(1—n)A2/2; A},
that

Q
sup | t(§)| < Ce (I-mAt My(fo+g0)' ™" |go — f0|é+n .
cers €]

This concludes the proof (using (1 —7) < 1/2 on the moment exponent). O

5.7. Proof of condition (A5) uniformly in time in Wasserstein distance. We
know from [70] that for fy and gy with same momentum and energy one has

Sup Wa (SN fo, S g0) < W (fo, 90) -
As a consequence, by using
[]1 =W < Wy,
we deduce that (A5) holds with

Oz) =z, F3= Lip(Rd) and Pg, = Pg(Rd)

endowed with the distance dg, = W5 and the contraints corresponding to the momentum
and energy.

By using Theorem whose assumptions have been proved above, this proves point (i)
in Theorem H and the rate follows from the estimate on WIJ/I\% (f) from Lemma

By using Lemma in order to relate Wiz (T8 (f), 64,) with Wiy, (N (f3),05,) and
then Lemma [4.7] in order to estimate

Wi, (73 (1), fo) RN

for the sequence of initial data conditioned on the energy sphere constructed in Lemma[£.4]

we then deduce point (iii) in Theorem

5.8. Proof of condition (A5) with time growing bounds in Sobolev norms. It is
also possible (and in fact easier) to prove, in the cutoff case, that the weak stability holds
in negative Sobolev spaces with non-uniform-in-time estimates.

Lemma 5.10. For any T > 0 and s > d/2 there exists Cr s such that for any fi, g
solutions of the Boltzmann equation for Maxwell molecules (5.6) and initial data foy and
go, there holds

sup ”ft - gtHH—s < C'T,s Hfo - 90||H—s .
[0, 7]

Sketch the proof of Lemma[5.10. We integrate (5.14) against D/(1 + [£]?)*:

d 1 N\ [D~StD+ D*S™ D —2|DJ?
—DI?_, == blo- dod
ai 1Pl =5 /g/s (7-¢) (T 1€P) 7
and we use Young’s inequality together with the bounds

15" - IS7Mloe < 1F + gllar <2

to conclude. O

This proves (A5) with the alternate choice
O(z) ==, F3=H*(R? and Pg, = P2(R%)

endowed with the distance of the normed space G3 = H*(R?). Then point (ii) in Theo-
rem follows from the abstract theorem where the (optimal) rate is provided by the

estimate on W|]|\~[||2 (f) from Lemma
H*S
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5.9. Proof of infinite-dimensional Wasserstein chaos. We shall prove Theorem
in this subsection. We only present the proof in the case of assumption (b), since the case
of assumption (a) is similar. Let us proceed in several steps. Let us emphasize that we do
not search for optimality on the rate functions in this subsection.

Step 1: Finite-dimensional Wasserstein chaos. It is immediate that Theorem
implies that, under one of the two possible assumptions on the initial data, for any given
£ > 1, one has

sup [ 10 [£Y] = £ < aole.V)
t>0 H=s

for some power law rate function ag(¢, N) — 0 as N — 0.
Then by using Lemma [£.1] we deduce that

sSup Wwh (He [ftN] ) t®£) < O‘(Ea N)
t>0

for some power law rate function a(¢, N) — 0 as N — 0.

Note carefully that at this point our rate function still depends on £ and in fact a quick
look at Theorem shows that they scale like £2, therefore making impossible to choose
{~ N.

Step 2: Infinite-dimensional Wasserstein chaos. We shall use here the following

result obtained in [36], see also [56, Théoreme 2.1]: for any f € P(R?) and sequence

N € Pym(R?) we have

44} (Hﬁ [fN] >f®£)
l

for some constructive constant C, ay, ag > 0.
By combining this estimate with the previous step we immediately obtain

241 (HE [ftN] ) EM)
sup sup

1<I<N >0 14
for some power law rate function a(N) — 0 as N — 0. This concludes the proof of (5.9).
Step 3: Relaxation in Wasserstein distance. We shall prove ((5.10) and then we shall

consider here initial data fév constructed by conditioning fgi’N to the Boltzmann sphere
SN(E). We first write

N N
Wi (%) () (A i o)
< + + .
N N N N
Since fN — 4N in L? and f; — v in L' as t — +00, one can pass to the limit in the
Wasserstein distance and get from the previous step

®N N

¥1</¢<N,

o ()

< a(N)

Moreover it is immediate that

Wy (f?jj\:ﬁ@]v) Wy (o).

Finally it was proved in [32], [12] that under our assumptions on fjy one has

1(fi =) W)l < Ce ™t

for some constants C' > 0 and A1 > 0 which implies

Wi (f1,7) < I(fe =) ()]l < Ce ™
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Hence, gathering these three estimates, we deduce that
Wi (N 4N)
N

for some polynomial rate a(N) — 0 as N — +o0.
On the other hand, it was proved in [I3] that there exists A > 0 such that

(5.31) <2a(N)+Ce Mt

YN >1,vt>0, |[rY <e ||

= Ul 2 sv ey M) — 1l 2svigym)

where b = df¥ /dy" is the Radon-Nikodym derivative of ¥ with respect to the measure
N so that fN =Y 4N, When f¥ = | 0®N]SN(5) with fo € P4(RY) we easily bound from
above the right-hand side term by

176" = 1 2o gy 4y <A™

where A = A(fo) > 1. Then by the Cauchy-Schwartz inequality we also have
[ w 2z |07

- 1HL2(SN(€),7 - 1HL1(SN(8),7N)

and the Wasserstein distance can be controlled as

Wy (fN4N) = sup / @ (dfN —dyM)
RAN

||§D“CO,1(RCIN)S1

- / (0 — @(0) (dfN — dy™)
RAN

”LpHco,l(RdN)Sl

N
, N N
< /. (;m) ar™ -y

< NEPRY =1 pusney om

‘We hence deduce

W- N7 N
(5.32) YN >1, Vt>0, 1(%\[7) < AN g~het,
Finally by combining (5.31)) when
Aot
N > N(t) =

and (5.32)) when N < N(t), we easily obtain

1%,% N N
VN >1, Vi >0, l(fjvﬂ <min{emFHa(N(®) + Ce Nt = 5

for some polynomial rate 5(t) — 0 as t — +oo, which concludes the proof of (5.10)).

6. HARD SPHERES

6.1. The model. The limit equation was introduced in Subsection [I.I] and the stochastic
model has been already discussed Subsection [5.1}
We consider here the case of the Master equation (5.3)), (5.4) and the limit nonlinear

homogeneous Boltzmann equation (1.1f), (1.2)), (1.3)) with
(6.1) B(z,cos0) =T'(2) b(cos ) =T'(z) = |2|.
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6.2. Statement of the result. Our fluctuations estimate result for this model then states
as follows:

Theorem 6.1 (Hard spheres detailed chaos estimates). Assume that the collision kernel B
satisfies (6.1). Let us consider a family of N-particle initial conditions f¥ € Psym((RT)Y)
and the associated N -particle system dynamics

=8N (f0")-
Let us also consider a centered 1-particle initial distribution fo € P(R®) with energy £ €
(0, +00)

/ vdfy =0, & ::/ lv|? dfy € (0, 00),
R R
and the associated solution
fi = S (fo)
of the limit mean-field equation.
Let us finally fix some § € (0,1). Then we have the following results:

(i) Suppose that fy has compact support
Supp fo C {v e R |u| < A}
and that the N -particle initial data are tensorized
YN >1, fV=reN.

Then for any T € (0,00) there are
— some constants k1 > 2 depending on 6 and A;
— some constant Csp > 0 depending on 6, T and A, and blowing up as 6 — 1;
— some constant Cp 7 > 0 depending on the collision kernel and T,
such that for any £ € N*, and for any

P=p1®P2® @ p € WHO(RY),
we have
RN
YN >20,  sup (<(Siv(fév) — (5" (fo)) ) ,<p>‘
t€[0,T]
202 Cor Cllfollag,

W‘i‘ N1*5 +£€Cb‘TA9(N) .

< [[ellwroo mayor [

The last term of the right-hand side (which is also the dominant error term as
N goes to infinity in our estimate) is given by
C
ON)= ————
(N) (1+ |InN|)e

for some constants C,a > 0.
(ii) Under the same setting but assuming instead for the initial datum of the mean-field
limat

(6.2) fo€ L™ (Rd> s.t. / 1"l d fo(v) < 400
Rd
for some z > 0, and taking for the N-particle initial data the sequence (féV)Nzl

constructed in Lemma and by conditioning to the Boltzmann sphere SN (&),
then the solution f¥ = SN(fY) has its support included in SN (E) for all times

(6.3) vt >0, Suppfy cSNE)

and there are
— some constants k1 > 2 depending on § and £;
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— some constant Cs > 0 depending on § and &, and blowing up as § — 1;
— some constant C, > 0 depending on the collision kernel and the above expo-
nential moment bound on f,
such that for any ¢ € N*| and for any

C=p1 QP ® - ® @y € WHe (R,

we have
VN > 24, iglg ‘<(S,fv(fév) - (StNL(fo))®N> ,80>‘

902 GCs EQHfOHM,gl

_l’_

S a e e LI

< gl o s

with the same estimate on the rate O(N) as in (i). This proves the propagation of
chaos, uniformly in time.

We now state again another version of the propagation of chaos estimate, in Wasser-
stein distance, but most importantly which is valid for any number of marginals, at the
price of a possibly worse (but still constructive) rate. Combined with previous results
on the relaxation of the N-particle system we also deduce some estimate of relaxation to
equilibrium independent of N and, again, for any number of marginals.

Theorem 6.2 (Hard spheres Wasserstein chaos). We consider the same setting as in

Theorem where the initial data are chosen as follows:

(a) either fy is compactly supported and f& = ((?N,

(b) or fo satisfying (6.2)and f&¥ is constructed by Lemma by conditioning to the
Boltzmann sphere SN (&).

Then in the case (a) we have for any T >0

Wi (1, 1)
(6.4) VN >1, VI</{<N, sup
t€[0,T] 4

<ar(N)

for some ar(N) — 0 as N — oo like a power of a logarithm, and possibly depending on
T.

In the case (b) the solution fN = SN(fYN) has its support included in SN (E) for all
times and this estimate can be made uniform in time:

w (T, 1)
(6.5) VN >1,V1</{<N, sup 7
>0

< a(N)

for some a(N) — 0 as N — oo like a power of a logarithm.
Moreover, still in the case (b), we have

N N
Wi (Hfftéﬂi(’y ) < B(®)

for some rate B(t) — 0 as t — oo like a power of logarithm, where 7 is the centered
Gaussian equilibrium with energy & and " is the uniform probability measure on SN ().

(6.6) YN >1, V1</<N, Vt>0,

In order to prove Theorem we shall prove assumptions (A1)-(A2)-(A3)-(A4)-
(A5) of Theorem with T' < oo or T' = oo, and with suitable functional spaces. The
application of the latter theorem then exactly yields Theorem by following carefully
each constant computed below. We fix

Fi =F=Cy(RY) and F3 = Lip(R?).
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Then the proof of Theorem is deduced from Theorem [6.1]in a similar way as Theo-
rem [5.2] was deduced from Theorem 5.1} see Subsection

6.3. Proof of condition (A1l). From the discussion made in section we easily see
that for the hard spheres model the operator GV is bounded from C_j10(R%) onto
C_ko(R™) for any k € R. Since GV is close, dissipative and C_g1o(R¥) is dense in
ka,o(RdN ), the Hille-Yosida theory implies that GV generates a Markov type semigroup
T on C_k o(R¥) and we may also define S{¥ by duality as a semigroup on Py (R4). The
nonlinear semigroup S;** is also well defined on Py (R?), k > 2, see for instance [31], 28, 48].

Lemma [5.3| was proved both for Maxwell molecules and hard spheres. It first shows
that

vVt >0, Supp ftN CEy:={V ¢ (Rd)N; <M1\>7amg1> € Rg, }

where mg, : R? = R, x R% mg, (v) = (|Jv|?,v) and
(6.7) Rg, = {r = (ro,r") € Ry xR, > <rp < 80} with & = A? in case (i),
and
(6.8) Rg, = {(£,0)} CRy xRY, & :=&, in case (ii).
It also proves that for any k& > 2,

sup (f;", M) < G
t>0

where C’liv depends on k, &y, on the collision kernel and on the initial value
(fe' M)
which is uniformly bounded in N in terms of k and &. This shows that (A1)-(ii) holds

with mq(v) := |v|** for any k; > 2. The precise value of k; shall be chosen in Section
As for (A1)-(iii), we remark that for a given N-particle velocity

V= (v,...,un) € R,
we have
VeSuppf(?N < Vi=1,...,N, v; € Supp fo
which implies
Vi=1,...,N, mg,(v;) <mg,(A) with mg,(v):= el

for any constant a > 0, which shall chosen later on.
We conclude that

Supp [ < {V € R™N; MY, (V) < mg,(4)}
and (A1)-(iii) holds for the exponential growing weight mg,.

6.4. Proof of condition (A2). For a given k1 > 2, let us define the space of probability
measures

Pg, = {f € P(R); My, (f) < +o0},
the sets of constraints Rg, given by or , the constrained space (for r € Rg,)
Pg,x = {f € Pe (R (f,[02) =70, Vi=1,....d, {f,v;) = r}
and the vector space
Gy = {h e ML®RY; Vi=1,...,d, (hv)=(h1) = (hv]2) = o}
endowed with the total variation norm || - ||g, := || - ||as1. We also define
BPgG, .0 :={f € Pg,; My, (f) < a}
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as well as for any r € Rg, the (possibly empty) bounded constrained space

BPgyax = {1 € BPgiai (filvf2) =ro, Yi=1,....d, (fv)) =i}
endowed with the distance dg, associated to the norm || - ||g,.

The proof of the assertion (A2)-(i) is postponed to section where we prove in ((6.11)
a Holder continuity of the flow in BPg, o, r € Rg,.

Let us prove the assertion (A2)-(ii), that is the fact that the operator @ is bounded
and Holder continuous from BPg, 4 to Gi. For any f,g € BPg, or we have

1Q(9:9) = QUL Nllan = 1Q = f,9+ llan

Q/Rd/Rd/Sd_l b(cos ) |v — vi| |f — g||f« + g«|do dv, dv
2(1+a) 6l [[(f = g) () llar-

IN

IN

We deduce that

1Q(9:9) = QU Dllar < 2(1+a)*2 bl £ = g3
which yields
Q € C"V2*(BPg, ax; G1)
and also implies that @ is bounded on BPg, ,r since we can choose g to be a Maxwellian
distribution, for which Q(g,g) = 0.
6.5. Proof of condition (A3). Let us define the weight

AL(f) = My (f) = {f. (0)™)

(this means that we choose mg, (v) = (v)¥1 in assumption (A3)).
We claim that there exists a constant Cy, > 0 (depending on k;) such that for any
n € (0,1) and any function

(6.9) e (] Cyl(PoriR),
I‘ERgl

we have

(6.10)

MY (V)
YV eEN, [GY(Pouy)—(GZ0)(uy)| < Cr & (2171212 [CD}ckf(Pgl,r)) N
1

where we recall that
N
1
VN (V) = }: \k
k1< ) ° N '_1<Ul> 1'

This would prove assumption (A3) with the rat;

G

N’

For a given ® satisfying , for any V € En let us set
¢ = DP[uy]

e(N) n:=1-09.

and remark that
e i (Gl 2P) (o) oo (o)) € R

where z = (21,...,24) € R? has to understood as the blind integration variable in the
duality bracket.
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We then compute

G (Pomuy) = 2N Z |vi — UJ\/ MV* ‘I’(N%] b(6i5) do
,j=1
Z |vi — vy / NV;;. _Ngv¢> b(0;;) do
,j=1
(@]
A1 Pgl rV Z "UZ U]| %
t,j=1

N . N N N[
/Sd_lmaX{Mm'gl (185 s Mg, ()] O(H“Vf; B “VHM) do
= L(V)+ (V).

For the first term [;(V) we argue similarly than in the proof of (A3) for the Maxwell
molecules case in section and we get

L(V)=(Q (m. ), ¢) = (GZ®) () -
As for the second term Ir(V), using (5.19) and ||udY — pd. ||apn < 4/N, we deduce
ij

N 1 & 4\ 1
Bl < Cou My () Rlopnp, 2Naz%m_””(w)
1,)=

IN

N
1 1
N

%%mmwm>mm2WMW)

Z?j:
Ck,
N7
We then use the elementary inequality the energy bound to deduce

Cr, &0
N7

< M, (V) M3 (V) [@]

le\ﬂl (Pgl,rv) ’

[L(V)] < Mg (V) [@]

C/lx’n(”)gbrv).
We conclude that (6.10)) holds by combining the two last estimates on I; and Is.
6.6. Proof of condition (A4) with time growing bounds. Let us consider some

1-particle initial data
f07 9o € Pgl :

In a similar way as in the previous section, we then define (under the assumption (6.1))
on the collision kernel) the associated solutions f; and g¢; to the nonlinear Boltzmann

equation ((1.1)), as well as
he :== D" [fo] (90 — fo)
the solution to the linearized Boltzmann equation around f;. These solutions are given by

atft:Q(ftaft)a f\t:OZfO
gt = Q(gt, gt), 9jt=0 = 90
Ohe = 2Q(fr, ), hji—o = ho :== go — fo-

We also define as before

wi =gt — fr —
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We shall now again expand the limit nonlinear semigroup in terms of the initial data,
around fy. The goal is to prove assumption (A4). This imposes the choice of weight

Aa(f) = Ai(f)? = /My, ().

Lemma 6.3. For any given energy & > 0 and any n € (0,1) there exists

e some constant ky > 2 (depending on & and 1),
e some constant C' > 0 (depending on &),

such that for k1 > kq, for any
rc Rgl and fo,go S Pgl,r

and for any t > 0 we have

(6.11) lge = fellagy < €\ M, (fo + 90) 1fo — goll71
(6.12) ellagy < €O\ /My (fo + 90) 1o = ol »
(6.13) lwellpgy < eC U My, (fo + g0) IIfo — goll 3"

Proof of Lemmal6.3 We proceed in several steps and number the constants for clarity.
Let us define

Vhe MURY, (bl i= [ @b, Wil = [ (0 (05 ) dbl ).
Rd ’ R4

Step 1. The strategy. Existence and uniqueness for f;, g and h; is a consequence of the
following important stability argument that we use several times. This estimate is due to
DiBlasio [19] in a L' framework, and it has been recently extended to a measure framework
n [28, Lemma 3.2] (see also [31] and [48] for other argument of uniqueness for measure
solutions of the spatially homogeneous Boltzmann equation).

Let us sketch the argument for h. We first write

0.10) 5 [@Pdmle) < [[[ dnd©aiw) ub) ()7 +007 - 0)? - 0] do

+ 2///dht\(v)dft(v*) (| B(0) (v.)2 do

(this formal computation can be justified by a regularization proceedure, we refer to [2§]
for instance). Since the first term vanishes, we deduce that

d
(6.15) gl lellag < Cullfllagg Nellag

for some constant C; > 0 only depending on b.
Then in the case when

(6.16) 1fsllary € L'(0,t) on some time interval s € [0,1]

we may integrate this differential inequality and we deduce that the solution h to the linear
equation dih = 2Q(f:, h) is unique in MJ.
More precisely, we have established

t
(6.17) sup el yry < llgo — foll gy exp (01 /O A ds) ,

s€[0,t]
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and similar arguments imply
t
(6.18) sup |[|.fs — 95HM21 < llgo — fOHMQ1 €xp <Cl / 1 fs +98HM§ ds) :
s€[0,¢] 0
It is worth mentioning that one cannot prove (6.16)) under the sole assumption
Hf0||M21 <0

on the initial data since it would contradict the non-uniqueness result of [49]. However, as
we prove in (6.20) below, one may show (thanks to the Povzner inequality, as developped
in [59, 47]) that (6.16) holds as soon as

follagg, < 0.

This will be a key step for establishing (6.11)) and (6.12)).

Now, our goal is to estimate the M} norm of

wei=gr — fr — e

in terms of ||go — fol| my- The measure w; satisfies the evolution equation:

Owwr = Q(gt, 9t) — Q(ft, fr) — Q(ht, fr) — Q(ft, he), wo =0,

which can be rewritten as

Owr = Q(wt, fr + gt) + Q(he, gt — fr).
The same arguments as in (6.14)-(6.15]) yield the following differential inequality

d
S lellgg < Co lonlagy 1o+ gullagy + 19k 90 = Fllagy s llollagy =0,

for some constant Cy > 0 depending on b.
We deduce

t t
sup g < ([ 1Q0n £~ 90llg @5) e (Co [ 11+ gl ).

s€[0,t]

Since
t t

/ 1Q(hs, fs = gs)llary ds < Ca | sup |[|hs|lpp (/ lgs — sl d5>
0 2 s€[0,4] 2 0 3

t
+ 02 <Sup |gs_f8|M21> </ Hhs”MsldS)v
s€[0,t] 0

t
619) sup sl < Co oo~ folgy exp (o [ (1Al + ol as)

s€[0,t]
t t
< ([ 9= 2ag as) eso (€1 [ 17y as)
t t
([ Wl as) ew (0 [ (16l + laclg) ) |

Hence the problem now reduces to the obtaining of sharp enough time integral controls
over

we deduce from (6.17)) and (6.18)

Wollagr s gsllag s 1Fs = gellan and [fhsllyg -
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Step 2. Time integral control of f and g in M. In this step we prove

t
(6.20) [ Wl e < Cat@o) e+ Calhlly, €= 1.2

for the solution f;, where C5(&y) > 0 is a constant depending on the energy, and Cy > 0
is a numerical constant. The same estimate obviously holds for the solution g;.

The estimates are a consequence of the accurate version of the Povzner inequality
which has been proved in [59, 47]. Indeed it was shown in [59, Lemma 2.2] that for any
function

U:RY 5 R, W(v)=1(jv]?) with @ convex,
the solution f; to the hard spheres Boltzmann equation satisfies

d
G L vwane) - /R d /R Af0) Afu(w) o — vl Ko, 0.)

with Ky = Gy — Hy, where the term Gy “behaves mildly” (see below) and the term Hy
is given by (see [59, formula (2.7)])

w/2
Hy(v,vy) =2 / [w (]v|2 cos® 0 + "U*’Z sin? 0) — cos? 01 (]v|2) —sin? 04 (]v*|2) ] deé.
0

Note that Hy > 0 since its integrand is nonnegative because of the convexity of .
More precisely, in the cases that we are interested with, namely

U(v) = o(|v*) with pe(r) =% (Inr)" and £=1,2,
it is established in [59] that (with obvious notation)
Yoo €RL |Gy, (v, 0] < C5(0) (0) (In (0)" (v) (In (v,)"

for some constant C5(¢) > 0 depending on .
On the other hand, in the case £ = 1, we compute, with the help of the the notation
x = cos? 0 and u = |v.|/|v],

Vae[1/4,3/4], Yu € [0,1/2],
w271(|’0‘2C0829 + \v*IQSinz 9) — coszé?wz,l (]v|2) — sin20w271 (\U*IQ) =

= |v\2 [(1 — )21 (uz) +zpo1(1) — 2 ((1 —x) u? + az)} > Cs |v]2,

for some numerical constant Cg > 0, which only depends on the strict convexity of the
real function 12 1. We deduce that there exists a constant C7 > 0 such that

Hy,, (v,00) > Cr [0]* Lyp>20.)-
Similarly, in the case £ = 2, we have
Va e [1/4,3/4], Vu € [0,1/2],
a2 (|v\2 cos? 0 + |v,]? sin® 9) — cos? 010 (]v|2) — sin? 0 1hg o (\U*IZ) =

— 2ol Infof? {(1 - 2) Yo (u2) + @ o (1) — o (1 — @) u? + )}

+ |vf? [(1 —x) hap (UP) + o n(1) — o (1 — z)u® + ) } > Cg|o|* In |v]?,
for some constant Cs > 0 depending on the strict convexity of 121 and 12 2. Hence we
obtain for some constant Cy > 0

HTZ)Z,Q (va*) > Cy |'U|2 In |U‘2 1|v|22|v*|'
Putting together the estimates obtained on Gy, and Hy, we deduce

[v =] Ko < Cro [ =il (v) (vs) (In (0))" (I (v2))" = Cur o= wal [0 (o)) Lpyyzape.



KAC’S PROGRAM IN KINETIC THEORY 76

for some constants Cqg, C11 > 0. Since
- —1
o = vl Jof? (0 o) Lupszny > Cste (o) (06) " Typsa.) - Cst.

> Cst. (v)? (In())™! = Cst. (v)? (v,)?

and

=0, (v) (0.} (In (©)° (In (2.))" < (@)% (v.) (0 (V)" (0 (v) +(0) ()7 (0 @)" (n(w.)’
< Ost. (v)° ()2 (In ()" + (v)° (0.)? (In (v.))°
we easily deduce
(6.21) [v—v.] Ko < Cua(R) (0)? (1) + Cra(R)(0)® (In(0))~ (0% — Cua (v)® (Infu))*~!

for some free cutoff parameter R > 0, some constant Ci2(R) — 400 as R — 400,
C13(R) — 0 as R — +o00, and C14 > 0, and we finally obtain the differential inequality

d
e, < Cra(R) (1 + £0)? + C13(R) (14 &) Mz -1 — Cra M3 g1,
from which (6.20]) follows by choosing R > 0 large enough.

Step 3. Exponential time integral control of f and g in M3. This step yields a proof of
(611) and ([6.12).

Let us first prove that
(6.22)
(142014C2) fi (1fallgg +lonlygg ) @ .

1+C2) [, a)TlGslipgl ) 48 < 015(50) 6016(80)15 (max {Mk(fo),Mk(go)})é 7

for some constants C15(&p), C16(E0) > 0 depending on the energy &y, for any k > kg,, with
ke, big enough depending on the energy &.

We shall use the previous step and an interpolation argument. For any given probability
measure

Vi>0, e

f € Pr(RY) with / lv|? df(v) < &,
Rd

we have for any a > 2

n 'U2
g, = [0 (1425 (@nca + n0) a0

< (1+&) <1 + m;) +é /Rd<v>4 (1 + In(v)) df(v)
Ina
<

() (1457) + 4 1flag

where we have used inequality Inz < x — 1 for > 1 in the last step.
By choosing
a:= 113
we get

(6.23) 11y, <201 +&0) (1+llflas) -

Remark 6.4. Observe here that it was absolutely crucial to be able to control the right-
hand side of in terms of the M2171 moment, that is only a logarithmic loss of moment
as compared to Mj. This is what allows us to control this right-hand side in terms of the
logarithm of a higher moment of f, so that the exponential in can be controlled
in terms of some polynomial moment of f, hence fulfilling the requirement on the loss
of weight in the stability estimates on the semigroup. Recall indeed that the moment
associated with the weight A has to be controlled along the flow of the N-particle system.
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And we have not been unable to show the propagation of exponential moment bounds for
such a high-dimension evolution.

On the other hand, the following elementary Holder inequality holds
(6.24)  VhKeN K<k VieMl Il < 1AL AR < AR

Then estimate ((6.22]) follows from (6.20), (6.23) and (6.24) with &’ =5 and k = k; > 5
large enough in such a way that

) 1
(1+2C1 +Cy) 042(1+50)E§6.

We then deduce (6.11)) from (6.18)), and (similarly) (6.12) from (6.17).

Step 4. Time integral control on d and h. Let us write as before

dy := fi —

Let us prove

(6.25) </ Idell ds> and (/ ol ds>

ak@ﬁMyWS%)m(

< Coo |ldollpg e Cs(&0)t+ Cy ||f0HM21,2) + ot [|doll sy, -

for some constants Cop, Co1 > 0 defined later. Performing similar computations to those

leading to (6.14]), we obtain

d
Gy, < [ JAml@)asiw) o= o) Kaato,0)

4 [ [ [ aital) dfo) 1o = o] ©? (4 o)

for some constant C77 > 0 depending on b. Thanks to the Povzner inequality (6.21]) (with
¢ =1), we deduce for some constants Cig,C19 > 0

d
qp ellary, = Cus lhellagy 1Fellarg, — Cro lhellagy -

Integrating this differential inequality yields
t t
Iallagy . + Cro /O sl gy ds < Cag ( sup ||M1> ( / Ml ds) + lrollygy
’ sE ’ ’

Using the previous pointwise control on ||h|] my and (6.20) (with ¢ = 2) we get

C1 ngfS”]yj% ds

1
/ Il ds < G dolagy e (Catert+Ca ol ) + & ol

Arguing similarly for dt, we deduce ((6.25)).

Step 5. Conclusion. We first rewrite (6.19)) as

©r+C2) f (Welagg Hlaslygy ) as
sup gy < Co fdollgy ¢ P\ (1 + g ) as).
0

s€[0,t]

Then we use the estimate (6.25]) for the last term and thus obtain

(2 +02) Ji (Il ol ) as
sup [lwsllagy < Con Wollagy dollgg, €\ (1 cyen) e ol )

s€[0,t]
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for some constant Cy > 0. Finally we use estimate ((6.22)) for the exponential term with
k = k1 and we obtain

s lwsllary < C22 Ci5(€0) lldollagy ldollagy ,
s€l0,t ’

x eC0E (max (M, (fo), My (90)})8 (14 Ca(0) 4 Ci 1 follagy, )

Then arguing as in the end of Step 3, for any n € (0, 1), using (6.24]) with k; large enough,
we have

1 1
Idollazy lidoll sy, < (max {My, (fo), My, (90)})¢ lldoll;”

and

[N

ollagg, < (max (M, (fo). My (90)})
We therefore obtain the desired estimate ([6.13])

sup lwnllagy < ¢4 v/ max (M, (fo), M, (90)} 1o — oll 317
s€(0,t

which concludes the proof. O

6.7. Proof of condition (A4) uniformly in time. Let us start from an auxiliary result
from [60]. Let us define the linearized Boltzmann collision operator at -y

Ly(f)=2Q(, f)

where

__|v?
e 2(E/d)

77 @n(E/d)?

is the Maxwellian distribution with zero momentum and energy & > 0.

(6.26)

Theorem 6.5 (Theorem 1.2 in [60]). First the linearized Boltzmann semigroup e“7* for
hard spheres satisfies

(6.27) €5 N 1,y S Coe™

where

m.(v) ="l z >0,
and A = X&) is the optimal rate, given by the first non-zero eigenvalue of the linearized
operator L in the smaller space L?(y71), and C, > 0 is an explicit constant depending

on z.
Second the nonlinear Boltzmann semigroup SN satisfies

(6.28) HStNL(fO) - ’YHLl(mz) < Cy, e M

for any fo € L'(m.) with zero momentum and energy € > 0, where Cy, 1s some constant
possibly depending on z and | fol[ 11 (m,), and A = A(E) is the same rate function as for the
linearized operator above.

Let us now prove uniform in time estimate for the expansion of the limit semigroup in
terms of the initial data.
Lemma 6.6. For any given energy £ > 0 and n € (0,1), there exists

e some constant ky > 2 (depending on € and 1),
e some constant C (depending on &),
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such that for any ki > k1, for any
fos 90 € Pg,
satisfying
<f0,‘1)|2> :<g(]7|v‘2>:g and V/L':]-a"‘vda <f[)av’i> = <907vi> :Oa

and for any t > 0, we have

2
(6.29) lg: = fillyy < Ce 21\ M, (fo+ 90) llgo — follay s
_a
(6.30) hell gy < Ce™ 2" \/ M, (o + g0) llgo — foll3

_a
(6.31) lwillpgy < Cem2 "/ My, (fo+ 90) llgo — foll 311"

Note that under the assumption (ii) in Theorem these estimates imply (A4) with
T = 400, Pg, = Pg, , since the momentum and energy conditions are implied by r € Rg,,

with Rg, defined by (6.8).

Remark 6.7. In the following proof we shall use moment production bounds on the limit
equation. Indeed once stability estimates for small times have been secured (as in Lemma,
one can use, for t > Ty > 0, moments production estimates whose bounds only depend on
the energy of the solution. This, together with the linearized theory in L' setting with
exponential moment bounds of Theorem [6.5] will be the key to the following proof.

Proof of Lemma[6.6. In the proof below, we restrict ourself to an initial datum fo € Pg, N
L' (R?) for the sake of simplicity of the presentation, but the proof straightforwardly applies
to measures. From the result of appearance of exponential moments for measure solutions
[48, Theorem 1.2-(b)] (see also [I] for another simpler argument in L', and [57] for earlier
results of appearance of exponential moments), there exists some constants z, Z (only
depending on the collision kernel and the energy of the solutions) such that

(6.32) sup (1 fllasy,, +lgelag,, il ) < 20 moefv) = &7

(note that the proof in [48] applies to the solutions f; and g;, however it is straightforward
to apply exactly the same proof to the linearized solution h; around f;, once exponential
moment is known on f;).

We also know from (6.28) that (maybe by choosing a larger Z)
(6.33) Vi1 lfe =g, 19—l < 2Ze M.

We write
O(fr —g0) = QUft — gt fr +9¢) = Ly(fr —g0) + QUfe — g1, fr — ) + QUfr — g9t — )
and, using also (6.27]) on the linearized semigroup, we deduce for
u(t) = \Ife = gellasy,_

the following differential inequality for ¢ > Ty > 1 and some constant C' > 1:

u(t) < C e A E=T0) 4 (Ty)
t

+ C . 67)\(1‘/75) (HQ(fs - 987f8 - 7)HM1(mZ) + ”Q(fs —3Gs,9s — ’Y)HMl(mz)) ds
0
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(this formal inequality and next ones can easily be justified rigorously by a regulariz-
ing proceedure and using a uniqueness result for measure solutions such as [31}, 28, 48]).
Therefore we obtain

u(t) < C e A E=T0) 4 (Tp)

t
+C . e M) (Hfs = M arwymay T 195 = Yl ar ) mz)) 1fs = sl st oy msy ds-
0

We then use the control of M!({v)m,) by M*'(ms,) together with the controls (6.32)-
(6.33)), the decay control (6.27)) and the estimate

A A
ef)\sf)\(tfs) < e~ 5t=5s.

We get

t
u(t) < C e Mt=To) u(To) + Ceigt / 67%3 | fs — gSHMl((v) mz) ds.

To

We then use the following control for any a > 0:
VsxTo -y, = [ gl @)
V) My R

<a f-gletavee [ (forg) @ a
[v|<a

[v[>a

<au(s)+e**Z.
Hence we get for any s > Tp:

u(s)+e*Z<(1+Z)u(s) when wu(s)>1, (choosinga:=1)
[1fs _98||M<1” S

)y mz

L Inu(s)|u(s) + u(s) Z when wu(s) <1 (choosing —za:=Inu(s))
and we deduce
Vo2l [f-glyy,, <Kuls) 0+ uls)),  Ki=1++Z
Then for any 6 € (0,1), we have, by choosing T large enough,
Vi>Ty, e 3t<de it

and we conclude with the following integral inequality

t
(6.34) u(t) < C e =10) o (Ty) + Je it / e 2%, (1+ (Inug)_) ds.
To
Let us prove that this integral inequality implies
(6.35) Vt>Tp, u(t) <Ce 1iu(Tp) .
Consider the case of equality in (6.34]). Then we have
u(t) > C e 1)y (Ty) > e 710 4 (1)

and therefore
(14 (nug) ) < (14 (Inw(Tp))_ +A(t = To)) -
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We then have

< /t e 2% u, (1+ (Inu(Tp))_ + A (s —Tp)) ds

t

§(3+(lnu(T0))_)/Teisusds.

By a Gronwall-like argument we can therefore obtain
u(t) < Ce T y(Ty) + C e (34 (Inu(Th)) ) u(To).

Then thanks to the inequality
xlfé
Ve e (0,1, —(lnz)zx < —

We can prove when u(7p) < 1, and in the case when u(Ty) > 1, we can use
again to get
w(Tp) < (22)° u(Ty)' 0.
This concludes the proof of the claimed inequality .
Then estimate (6.29) follows by choosing ¢ small enough (in relation to 1) and then
connecting the last estimate (6.35) from time Tj on together with the previous finite time

estimate (6.11)) from time 0 until time Tp.
Then the estimate (6.30)) is proved exactly in the same way by using the equation

Othy = L(he) + Q(hy, fr — )

(which is even simpler than the equation for f; — g;).
Concerning the estimate (6.31)) we start from the equation

Oywy = 2 Loy (wy) + Q(wy, fr —7) + Qwi, g8 — ) + Q(hy, dy).

Then we establish on

y(8) = llwll s,
the following differential inequality
y(t) < Ce M) y(T) + Coe5 ! (14 (Iny(Th))_) y(To) +C e 2" |ldn |7 I1hm s
which implies
y(t) < Cei (y(T)' = + dn iz b llhzy) -
Then estimate follows by choosing § small enough (in relation to 1) and then

connecting the last estimate from time 7 on together with the previous finite time estimate
(6.13) from time 0 until time Tp. O

6.8. Proof of condition (A5) uniformly in time. Let us prove that for any z, M; €
(0, 00) there exists some continuous function

©:Ry =Ry, 0O(0)=0,
such that for any fo, go € Pz (R?), mz(v) := *!’!, with same momentum and energy, and
such that
HfOHM}ng <M, HQOHM}RE < Mz,
there holds
sup W1 (S7(fo), St (g0)) < © (W1 (fo, 90)) -

>0
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where W7 stands for the Kantorovich-Rubinstein distance. Let us write
Wi = Wi (S (fo), 51 (90)) -
As we shall see, we may choose
(6.36) O(w) :=min | O, (:)el_(H“nwl))l/Q, % , 6(0)=0,
(1+ |Inwl)zr
for some constants ©, C' > 0 (only depending on z and M3).
We start off with the inequality

1 _
VE20 Wi <||(fe = g)lolllan < 5 [(fe + 90)(0)?|[ )y =1+ E = 6.

Let us now improve this inequality for small value of Wy. Therefore we assume without
restriction that

Wy <

N

in the sequel.
On the one hand, it has been proved in [31, Theorem 2.2 and Corollary 2.3| that

t
(6.37) thwou(/ W, (14 (nWy)_) ds,
0

for some constant K (depending on z in the exponential. (To be more precise, (6.37))
is proved in the more complicated case of hard potentials with angular cutoff in [31,
Theorem 2.2], but the proof applies to the simpler case of hard spheres).

One can then check that the function
—Kt efKt

W= el =" (W)

satisfies q
aWt =K (1 —1In V_Vt) Wt, W() = W().

Therefore it is a super-solution of the differential inequality (6.37)) as long as Wy < 1. It
is an easy computation that this super-solution satisfies

T In (1 In W,
W; <1 aslong as t <tg:= n(1+|In ol).

K

Observe also that W; is increasing on t € [0, ).

We then define

L to . 111(1 + ‘ IHWOD

(6.38) t = 5 = 5K
and we deduce the following bound on the solution of (6.37]):
(6.39) Vie[0,t], Wi<W; < W, =el-(+HmWo)!?,

On the other hand, from (/6.28]), there are constants A\, Z > 0, z € (0, Z) such that
(6.40) Vi 0, [lfe =y, +llge =z, < Ze M,

where v stands again for the normalized Maxwellian associated to fy and gg.
We deduce from ([6.40)
(6.41) Vt>0, W;<Ce M

for a constant C' > 0.
We then consider times ¢ > ¢; and we deduce from ((6.38]) and (6.41]) the following bound
from above

C
-

(6.42) Vi>t, W;<Ce =
(14 |InWy|)2x
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It is then straightforward to conclude the proof of (A5) uniformly in time for the function

(6:36) by combining (6:39) and (6.22).

We have proved all the assumptions of Theorem [3.1

e Together with the estimate on WV]};I (f) from Lemma this concludes the proof
of point (i) in Theorem by using the non-uniform estimates for (A4).
e Then we can conclude the proof of point (ii) in Theorem by using
- Lemma for the construction of the sequence initial data f3¥ which satisfies
the required integral and support moment bounds,
— The previous steps in order to apply Theorem
— Lemma [4.7] in order to estimate

Ww, (Wg (fév) . fo) SN

6.9. Proof of infinite-dimensional Wasserstein chaos. Let us now prove Theorem 6.2}
Its proof is similar to Theorem

First the proof of follows from the point (i) in Theorem [6.1{ and [36, Theorem 1.1]
exactly in a similar way as we proved that follows from the point (i) in Theorem
and [36, Theorem 1.1]. The proof of follows similarly from the point (ii) in Theo-
rem and [36, Theorem 1.1].

Then the proof of is also similar to the one of , the only difference being
that one needs the following result of lower bound (independent of N) on the spectral gap
of the N-particle system.

Theorem 6.8 ([9]). Consider the operator Lps for the hard spheres N -particle model
with collision kernel B(v — w) = |v — w|. Then for any €& > 0 there is a constant A > 0
(independent of N but depending on &) such that for any probability f~ on SN(E) one
has

N ¢N N
<LHSf o f >L2(SN(£)) <A Hf HLQ(SN) :
where SN (&) was defined in (E.14).
Then using Theorem [6.8] we deduce that

VN>1,vt>0, [nrY <e M ||hy

- 1HL2(SN(<€),7N) = - 1HL2(SN(8)77N) ’

where hN = df" /dy" is the Radon-Nikodym derivative of fV with respect to the measure
~™ and the end of proof of is then exactly similar to the one of ([5.10) in the previous
section.

7. H-THEOREM AND ENTROPIC CHAOS

This section is concerned with the H-theorem. We answer a question raised by Kac [42]
about the derivation of the H-theorem.

7.1. Statement of the results. Our main results of this section state as follows:

Theorem 7.1. Consider the Boltzmann collision process for Mazwell molecules (with or
without cutoff) or hard spheres, and some initial data with zero momentum and energy &€
satisfying

foe L™ (Rd> s. t. /Rd eIl d fo(v) < +o0

for some z > 0, and the sequence of N -particle initial data (f&¥)n>1 on SN (E) constructed

in Lemma [{.4) and [{.7.

Then we have:
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(i) In the case of Mazwell molecules with cut-off and hard spheres, if the initial data
is entropically chaotic in the sense

S H (YY) X255 H (foh)

with
HEER) = [ wid e, =
SN () dy v
then the solution is also entropically chaotic for any later time:

vezo. G H (YY) 22 H (nh).

This proves the derivation of the H-theorem this context, i.e. the monotonic decay
in time of H(f|y), since for any N > 2, the functional H(fN|yY) is monotone
decreasing in time for the Markov process.

(ii) In the case of Mazwell molecules, and assuming moreover that the Fisher informa-
tion of the initial data fy is finite:

2
/ Vo fol dv < 400,
re  Jo

the following estimate on the relazation induced by the H-theorem uniformly in the
number of particles also holds:

H (f1y™)

VN >1
-_ N

< B(t)
for some polynomial function S(t) — 0 as t — oo.

Remarks 7.2. (1) The assumptions on the initial data could be relaxed to just PN L™
as in point (iii) of Theorem in the case of Maxwell molecules. However our
assumptions allow for a unified statement for hard spheres and Maxwell molecules.
We do not search for optimal statement here, but rather emphasize the strategy.

(2) A stronger notion of entropic chaoticity could be

H ([ gne)) S 0.

The propagation of such property is an interesting open question. A partial answer
is given in [14) Theorem 25].

(3) The point (ii) holds for the hard spheres conditionally to a bound on the Fisher
information uniformly in time and in the number of particle. However at present,
it is an open problem to known whether such a bound holds for the many-particle
hard spheres jump process.

(4) In point (ii) we conjecture the better decay rate

H (fNN)
N

1
N

VN e N*, V¢ >0, < Ce M

for some constant A > 0.

7.2. Propagation of entropic chaos and derivation of the H-theorem. In this
subsection we shall prove the point (i) of Theorem Its proof relies on a convexity
argument.
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Let us define hY := df /dy"V and then compute

d H (ftN‘,yN) N
det N (ft )
‘)'*

! hi' (V)
= on2 > hY (Vis) — b (V) 1 i B(y; — v:, o) do dyN
2N2 /SN(S) vy /Sd—l( ¢ ( zg) ¢ ( )) n th(V) (vi —vj,0)dody™ (v)
where we recall that V;; was defined in ({.1]), which implies

ho/ N N _ H(féva)
(7.1) Vi >0, / DY () as = ).

We also note that the same kind of equality is true at the limit (see e.g. [47])

t
Vt>0, H(fi]y) +/0 D™ (f,) ds = H (fo|)

with

1 !l *
D> (f) := 3 /RdX]RdXSfil (f fi— ff*) In ‘f;; B(v — vy, 0)dvdu, do

(be careful to the factor 1/2 in our definition of the collision operator when computing
the entropy production functional).

We then have the following lower semi-continuity property on these functionals, as a
consequence of their convexity property.

Lemma 7.3. The many-particle relative entropy and entropy production functionals de-
fined above are lower semi-continuous: if the sequence (fN)ns1 is f-chaotic then

H(fNN)
liminf —~ " 7 > [
ninf —=—= 2 H(/)
and
DY (M)
. > Do(F).
ety 2P

Let us first explain how to conclude the proof of point (i) of Theorem with this
lemma at hand. We first deduce from ([7.1)) and the entropic chaoticity of the initial data
that

H (NN ¢ oo t
wizo, TURICL L [ (1) a5 2wy = 1 Gy + [ D (5
0 0

Second we use Lemma [7.3] on the LHS to deduce that
.. ftNh’ N ¢ 00
VvVt >0, liminf D fs ds | > H (fi|y)+ [ D= (fs) ds
0

N—oo

where each of the limit of the two non-negative terms on the LHS is greater that the
corresponding non-negative term in the RHS. We deduce from the two last equations that
necessarily

H N | N o
vVt >0, (3\,'7 ) wo H (fi]v)

and
V>0, / DN (fN) ds 222, / D™ (f,) d
which concludes the proof of point (i) of Theorem [7.1]
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Proof of Lemma[7.3 These inequalities are consequences of convexity properties. The
lower continuity property on the relative entropy on the spheres was proved in [10, Theo-
rem 12] (actually the proof in this reference is performed on the sphere S !, but extending
it to the invariant subspaces of our jump processes S™ (€) is straightforward). We refer to
[14] for a detailed proof of the latter.

Let us now prove the inequality for the entropy production functional DY. Denoting
Z = N (V) /RN, we first rewrite thanks to the symmetry of fV as

Noeny _ NIV 1) N dfN(v)

DY (fV) = N2 /sN(g) /Sdl J(Z) B(v1 — v2,0) f3' (v1,v2) do ICRS)
where J(2) := (z — 1) Inz and f4¥ denotes the 2-marginal. Since the function z ~ J(2)
is convex, we can apply a Jensen inequality according to the variables vs,...,vy with
reference probability measure f%/f2 which yields

N(N -1 .
DN (£V) > NN -1) / J(Z) B(v1 — v, 0) F¥ (v1,v9) do dvy dus
2N? v1,v2€RE JSd—1

with N N
. o df (V) Sy (V)1 (Vih)2)
Z(Ul,UQ) = Z N - N )
v3,...,u N ESN (v1,v2) f2 (1)171)2) f2 (Uth)
where SN (vi,v9) := {v3,...,uxy € EVN72, (v1,...,vy) € SV}. We therefore deduce a

control from below of the N-particle entropy production functional in terms of the 2-
particle entropy production functional, denoting (f&¥)* = f&¥ (Vi5)1, (Vih)2)):

N(N -1 Nyx
DN (fN) > (2]\72) /UWQGRd /Sd_l ((fQN)* — fQN) In (];?2]\[) B(v) — vy, 0)do dvy dug

Finally we take advantage of the convexity of the functional

h(z,y) = (z —y) lng

which implies that the function

(forg2) — / / (f2 — g2) In 22 B(oy — vn,0)
v1,02€RE JoeSd—1 go

is lower semi-continuous for the weak convergence of the 2-particle distributions fs and g9
as proved in [2I], Step 2 of the proof].
Hence we obtain thanks to the chaoticity of the second marginal

lim inf DV (fN)

N—o00
> % /v,v*eRd /Sd—1 (f(v')f(v;) — f(v)f(v*)) lnm B(v — vy, 0) do dv do,
- D=(f)
which concludes the proof. O

7.3. Many-particle relaxation rate in the H-theorem. In this subsection we shall
prove point (ii) in Theorem Its proof goes in two steps. First we shall prove that
it follows from an estimate on the Fisher information thanks to the so-called “HWI”
interpolation inequality [76]. Second we shall prove such a uniform bound on the Fisher
information in the case of Maxwell molecules. Let us take the opportunity to thank
Maxime Hauray who kindly communicated to us a proof for the latter step.

Let us define the Fisher informations for the N-particle distribution:

v
I(fN) ::/RdN‘ fN| dv
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and

2
’vSN(g)hN‘ di
J(waN):iéN@)}ﬁ,chNﬁo,hN::va

for a probability fV having a density with respect to the Lebesgue measure in R*V and
with respect to the measure vV respectively. The gradient in that last formula has to
be understood as the usual Riemannian geometry gradient in the manifold SV (€). The
tangent space TS™ (€)y (of dimension Nd — 2) at some given point V € SV is given by

N
TSN(g)V:{We]RdN s.t. » w;=0 and WJ_V}.
=1

For more informations and other results on the Fisher informations on SV (&) we refer
to [5]. We shall prove the following lemma whose proof is inspired from [74]).

Lemma 7.4. Consider the N -particle jump process (V) for Mazwell molecules as defined
m Subsectz’onfor N > 1, and some initial law f(])v with support included in SN (&) and
whose Fisher information is finite I(fi¥|Y") < +oo on SN(E). Then f has support
included in SN () for later times, and one has the following uniform in time bound on the
Fisher information of the associated law

vi>0, I(NY)<1(RnY).

Proof of Lemma[7.4 We shall first consider the case of cutoff Maxwel molecules whose
collision kernel b is integrable, and for a positive and smooth solution f~ on SV (&).
These assumptions can be relaxed by a mollification argument.

It is possible to study directly the estimate to be proved on the Boltzmann sphere
SN (&), however it means that one has to consider some local coordinates and a local basis
for the tangent space. Another simpler method is to take advantage of the fact that the
dynamics leaves the energy unchanged.

Starting from an initial data f)¥ on SV (&) we consider the flatened initial data

N 12
VVngO) with  &(v) = 2=t U

= atcon 8t (L L

Observe that from the conservation of energy and momentum and the uniqueness of the
solutions to the linear master N-particle equation

Vi o, ﬁﬁzmamwﬁ<V“Wb)

NEW)

where ftN denotes the solution in R starting from fév . If the function « is regular and
compactly supported, as well as fév , this produces a smooth solution on RV,
Assume that the result on the Fisher information is true in R4V:

~ 12 - 12
1(7) ‘:4dNWd”§AdN@dU:I<f§)‘

Then we have the orthogonal decomposition of the gradient locally in terms of radial and
ortho-radial directions

VRdetN = ngtN + VSN(g)f;N = (Vg In Oé) ﬂN + VSN(S)ftN
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that we can plug into the Fisher information inequality:

2
J(f;N) = ]Vglna|2+</R a(€) (NE)EN ﬂdf) /SN(g)Wdny(v)

+

2
2 (AN—-1)/2 ‘vSN(S)héV’ N AN

< |Velnal® + / a(€) (NE) dVeE / e (v):I<fO>.

Ry SN (&) 0

Dropping the terms which do not depend on time we obtain the desired inequality on
SN&).

Let us now prove the inequality on R, Let us first fix some notation: the N-particle
solution f}¥ satisfies

o = N Z /d ) fN (rij,c(V)) b(cosb;;) do — fN(V)) do =: NB (Q+’N(fN) — fN)
i,j=1,i#j
where we use the following notations. We define
N
1
M= X QU Q)= [ Y bleosty) do,
ij=1,i%j
COS gij =0 - kij with kij = (’Ui — ’Uj)/|’l)i — ’Uj‘

and where we assume that b is even and that
/ b(o-k)do =Cp for any k, |k|=1.
Sd—1

For any function ¢ on R*V shall use the shorthand notation gf}f to denote the function

V = g(r4j,6(V)), which depends also implicitly on o. We shall make use of the measure
preserving involution

R" x R® x S 1 5 R" x R* x §¢-1
O;; :
(vi,vj,0) = (v, v}, 07)

where o/ = (v; — vj)/|vi — vj| = kij.
Finally as in [74], we shall use the following endomorphism of R?

Mo(z) = (b-0)z—(k-2)o
Pak(x) = (U ’ .%')k‘ + Moy
and we recall that || Py, (x)|| < ||z|| with equality only if x, o, k are coplanar.

We claim that it is enough to prove that

(7.2) (TN =1 N2 Z f(rijo(V)) b(cosby;) do | < CpI(f).

J1Sdl

Indeed with this result at hand, we can write for € > 0:

€
e =N Y £ NGy [N QR (1) as

and therefore from the convexity of 1

C NCp(s—¢)
T < e YOm T (1Y) + (1= e Nom) 1 (/ Q2 A vy )
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Observe that
¢ NCpg eNCa(s—¢)

o (1—eNCse)
and then we can use the convexity of I again to get

TR < e 1 (1Y) + [ 1@ (£Y)) N CpeNOnt-) s,

Finally using the claimed result ([7.2)) we obtain

N\ _ N _ ,—NCpe e
I (ft+€) I (ft ) < - (1 € ) I (ftN) + 1 / I (ft{vks) NC% eNCB(SfE) ds.
€ € € Jo

Then taking € — 0 and using Lebesgue’s theorem we deduce

ds=1

%JU?)S—NC@IU?)+NC%IU?)SO

which concludes the proof.
Let us now focus on the proof of the claim (|7.2]). Taking advantage of the convexity of
1, it is enough to prove

vigje LN, 1(QFN (FY)) < Crl(£Y).

Let us compute each partial derivative of Q;Lj’N ( N ) If ¢ ¢ {i,j} then the derivative
does not act on the kernel b and we obtain:

., (Q;;,N (fN)) — /Sd_l Vo, (ffjv) b(cosb;j) do :/

§d—1
Q/Sd_l (W)U <Vvém)ij b(cosb;;) do.

If ¢ € {i,j}, then it is slightly more complicated. Without restriction we perform
calculations in the case £ = i. Let us first prove the formula

(7.3) o, (@5 (M)

= /S )+ (T )+ Pt (Vud™) = (Vo)) | bcosty) do

(VorfN),; b(cosby) do

(the same equality obviously holds where i is replaced by j).
Simple computations (see for instance [74]) yield

£ ( zjyv) = % ((v”ifN)ij + (ijfN)ij> +% [((vvifN)zj - (ijfN)ij) 'U] kij ,
v, (fzjjv) |v; — vy ((vvifN)ij _ (vvij)ij) :

2
Vvi [b (COS 92])] b/ (0’ . k}”) HkLO',

1

v; — vy

where 1,1 is the projection on the hyperplane k. Using the first and third equality
above, we get

(7.4) o, (@5 (M)

_ % /S bteosty) (Vo) + (Vo) + (Vg = (Vo f),,) o] ) do

v 0;j Y Tliod
([t o an)
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and we use the following formula of integration by part on the sphere S¥~! (see [74, Lemma,

2])
/ ¥ (cosb,;) F(o) Ty o do = / b (cos i) Myg (Vo F(c)) do
Sd—1

Sd—1
and the second equality above to rewrite the term involving b in (7.4) into

% /Sd_l b (cosb;;) My, <<vvif)ij - (ijf)ij> do

Putting all together, we get formula (|7.3]).
We deduce that for ¢ # i, j we have by Cauchy-Schwarz

‘VW (Q;;JV (fN)> ‘2 <4 </§d1 fgb(cosﬁji) do*) (/Sdl

and therefore

2

(v7)

v

b (cos b;;) da)

2

2
’Vw <Q:;’N (fN)>’ b (cosb;;) do.

QLN (fN)

Now integrating in V' we obtain

(e ™) < o, [

§4/Sd_1‘(vUleW)..

v

2
b(cosb;;) dodv

(v”e\/‘fw)z‘j
4/RdN /Sd—l (VUZW)IQ b(cosb;;) dodv
4Cp /RdN (VDEW>’2 dv =: I, (f)

where we have used Cauchy-Schwartz’s inequality and the change of variable ©;;, and
where I is defined from the last line (Fisher information restricted to the ¢-th derivative).

When ¢ =i, j, we use (7.3)) to get
2
+,N (N N
S0 < ..
‘Vw (Q” (f ))‘ < ( - £ b(cosby) da)

X (/Sdl (Vvim> + (ijJfW)
o (S V7) - (7))

where we have used Cauchy-Schwartz’s inequality and the change of variable ©;;.
Since for fixed V, P,y is odd in ¢ and b(cos 6;;) is even in o, we have

N

IN

2

b (cosb;;) da)

A-P(B)do =0

§d—1

for any functions A, B independent of o. Using finally that P,; has norm less than 1 (for
the subordinated norm to the euclidean norm) we get

\w (Q;’N (fN)) \2 <2 ( Vb (cosb;;) da)

X (/Sd—1 ’Vvi\/ﬁr + ‘VU]. \/JW‘Q b (cos b;5) do)

sd—1
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and therefore N N
I; L
I, (Q;.;’N (fN)> < Cp (™) ;L i (f )

Finally we end up with

1(Q5™N (1Y) = s ;Iz (@5 (1)) = s ;Iz (fNy=cpI(sV)

which concludes the proof. O

Let us now conclude the proof of point (ii) in Theorem 7.1, We make use of the so-called
“HWTI” interpolation inequality on the manifold SV(&). Observe that SV (&) has positive
Ricci curvature since it has positive curvature. Then [77, Theorem 30.21] implies that

1, (FVhY) < Wa (FN4Y) [T(fNyN)

N - VN N

We can then use the uniform bound on the Fisher information provided by Lemma 7.4 (vi)
and the bound on the initial data to get:

L(ANY) _ 1Y)
N - N
for some constant C' > 0 independent of N. Moreover Lemma and the propagation of
moments on the N-particle system in Lemma [5.3|imply that

<C

JN N

for some constant C' > 0 and exponent « > 0 independent of N. Then using Theorem
(case (b)) we deduce that

Wﬁ%%wqgc<wdﬁng < B(t)

with a polynomial rate 3(t) — 0 as t — +o00, which implies that

S H (YY) < 05

and concludes the proof.

8. THE BBGKY HIERARCHY METHOD REVISITED

The so-called BBGKY hierarchy method (Bogoliubov, Born, Green, Kirkwood and
Yvon) is very popular in physics and mathematics for studying many-particle systems: see
for instance [3] where this approach is used for Kac’s master equation for hard spheres, or
see, among many other works, the recent series of papers [4, 25|, 26, 27] where this approach
is used for the derivation of nonlinear mean-field Schrédinger equations in quantum physics.
The basic ideas underlying this approach to mean-field limit could be summarized as:

(i) Write a BBGKY hierarchy on marginals of the N-particle system and prove that
the N-particle system solutions converge to the solutions of an “infinite hierarchy”
when N goes to infinity. The proof of this convergence often relies on a compactness
argument.

(ii) Prove that solutions to this infinite hierarchy are unique, which is the hardest part
of this program.

(iii) Then deduce the propagation of chaos by exhibiting, for any chaotic initial data to
the infinite hierarchy, a solution to the infinite hierarchy obtained by the infinite
tensorization of the 1-particle solution to the limit nonlinear mean-field equation.
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This section revisits this BBGKY hierarchy method, under some appropriate regularity
assumptions on the limit semigroup. We build a rigorous connection with statistical solu-
tions and our pullback semigroup 7°, by showing (1) how these notions are included in
our functional framework (cf. the abstract semigroup T7° defined in Section [2), and (2)
how to give a proof of uniqueness and propagation of chaos based on them by using the
functional tools we have introduced. We would like to take the opportunity to mention
here the interesting paper [66] (pointed out to us by Golse) where some key ideas about
the connection between the BBGKY hierarchy and the pullback semigroup were already
presented.

8.1. The BBGKY hierarchy. Let us recall the master equation of the N-particle system
undergoing a Boltzmann collision process (the notion of BBGKY hierarchy has wider
application range, but we shall stick to this concrete case for clarity), see (5.3))-(5.4):

with
1
(GNQO) (V) = N Z ' (|v; — vj]) /d_l b(cos 0;5) [gpfj — | do
1<i<j<N S

where ¢f; =@ (V}) and ¢ =@(V)e G (RNd) )

Then the BBGKY hierarchy writes as folows. Let us recall the notation
féN:Hg[fN]:/ di (U€+1)"'7UN)
Ve41,---,UN

for the marginals. Then integrating the master equation (8.1]) against some test function
© = ¢(v1,...,vp) depending only on the first ¢ variables leads to

d
a <fév,¢> = <fﬁ1,Gé\_il(<p)>

where

1 X
Gé\-[i-l(@) = Z T (Ju; — vj]) /Sd—l b(cos 6;;) [npl-j — go] do.

1<i<t, 1<j<N, i#j

Then with the notation

2 = (0 Gu =) [ deostyy) [ - o] do)

we can futher decompose this sum as
d N 1 N N 0
a<ff’('0>:ﬁzz +7Z = ZZ + O
1,j<¢ 1<0<j z J<£

by observing that Zi];-f =0 for 4,j > ¢. Using the symmetry of fV we finally deduce

v () o)

We thus end with a series of N coupled equations on the marginals fév , where the
l-equation (¢ < N — 1) depends on the fﬁl marginal.

(5.2 ey =
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8.2. The infinite hierarchy and statistical solutions. Assume now that
VE>0,Ve>1, fY ~my in P (Rdf) .

Starting from (8.2) we obtain, for ¢ = p(v1,...,v¢) € Cp(R¥) depending only on the
first ¢ variables,

d i~
G (7, 0) = <7Te+17 Ge+1(90)>

where Gy11(p) € Cp(RUHD) is defined by

GFae) =T (i = vy |

gd—1

b(cos 0;5) [¢i; — @] do.

In a more compact form, we have the following set of linear coupled evolution equations
(8.3) VE>1, Ome= A, (mey1) with AR, = (G334)".
Since the family of f-particle probabilities 7, is symmetric and compatible in the sense
that

Ve>1, Tg[me] = m
(this follows from the construction), we can associate by Hewitt-Savage’s Theorem [37] a
unique m € P(P(R?)) such that, for any £ > 1 and ¢ = p(v1,...,v,) € Cy(R¥) depending
only on the first £ variables,
(m, Ry) = (me, )

and these evolution equations for the 7y translate into an evolution equation

Oy = A®(1) on P (P (Rd)>
of statistical solutions and the corresponding dual evolution
(8.4) 8@ = G¥® on C, (P (Rd)) .

In order to make this heuristic rigorous at an abstract level, one needs at least some
tightness on the sequence ( fZN )n>¢ for any ¢, and some convergence

G%—l(@) = G51(p)

on compact subset of RU1  Both are satisfied for Boltzmann collision processes consid-
ered in this paper (note that the tightness follows from the moment estimates in Lemma
for instance).

8.3. Uniqueness of statistical solutions and chaos. We now want, under appropriate
abstract assumptions, to identify the limit evolution in Cy(P(R?)) obtained from
the hierarchy, and show that it coincides with the the pullback evolution semigroup 77°
introduced in Subsection Meanwhile we shall prove that the statistical solutions to
the infinite hierarchy are unique, and hence prove the propagation of chaos, without any
rate, but also under weaker assumptions than previously. For the sake of clarity we do not
include weights nor constraints in the following theorem, but it can easily be extended in
this direction in a similar way as in Theorem Our aim here is rather the conceptual
presentation of the method. As a consequence, our result only applies (straightforwardly)
to the (GMM) model. The (HS) model and the (tMM) model could be handled in a
similar way by using an extended version of the theorem including weights and constraints.

We make the following assumptions:
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(A1’) Assumptions on the N-particle system.
G and T} are well defined on Cy(E") and invariant under permuta-
tion, and the associated solutions f}¥ satisfy:

Vt>0,V¢>1, thesequence (IT,f¥)n>¢ is tight in Pg, (E)®*

where G; is a Banach space and Pg, (F) is defined in Definitions 2.3
and is associated to a weight function mg, and endowed with the metric
induced from §Gj.

(A2’) Assumptions for the existence of the statistical and
pullback semigroups.

For some 6 € (0,1] and some a € (0,00) we assume that for any a €
(a,00):
(i) The equation ([2.1)) generates a semigroup

SN BPg, .o — BPg,.a

which is J-Hoder continuous locally uniformly in time, in the sense
that for any 7 € (0, 00) there exists C; € (0,00) such that

V1.9 € BPia s> 15 f =8 gllg, < Cr I = gllg,-
te|0,T

(ii) The application @ is bounded and ¢-Hélder continuous from BPg, ,
into Gy.

(iii) F is a locally compact Polish space and there is F7 in duality with G;
such that F; is dense in Cp(F) in the sense of uniform convergence on
any compact set.

(A3’) Convergence of the generators.
For any fixed £ € N* and any ¢ € Cy(E"), the sequence

N—oo

Ghi(p) € Gy (E”l) satisfies G ¢ —— G331

uniformly on compact sets, where G75 | ¢ satisfies the following compatibility

binary derivation structure: for any ¢ = 1 ® ... ® @y € Cy(E)® and any
V= (’Ul, e ,Ug+1) e pitt

l

GEi@(V) = [ TTwilw) | @ (@) (visvern)

i=1 \j#i
where Q* is related to ) through the duality relation
VfEPgl, vwecb(E)a <Q(faf)a¢>:<f®faQ*(¢)>

94

Remark 8.1. The identity is called compatibility binary derivation structure for the
following reasons: compatibility since it is a natural condition in order that any solution f;
to the nonlinear Boltzmann provides a tensorized solution to the BBGKY hierarchy .
Indeed, considering such a solution

fr € C(R1;Pg, (E)) and ¢ =¢1® ... ®pp € Cp(B)™
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we compute

¢

‘
%<t®£790> = Z H<fta80j> fu% Z H (fr,05) | (Q (fe, i), i)

i=1 \j#i i=1 \j#i

~

= S TLUewn | (o @ (0i)) = (74, Gap)
i=1 \j#i
The word binary refers to the fact that G77; decomposes in function acting on one variable
and adding one variable, which corresponds to the binary nature of the collisions. Finally
the word derivation refers to the fact that the following distributivity property holds

G (@) = G5 (9) @Y+ o @ Gig4 (V).

Let us mention that this distributivity property is at the basis of the original combinatorial
proof of Kac [42] of propagation of chaos for the simplified Boltzmann-Kac equation. This
structure assumption is also partly inspired from [53].

(A4’) Differential stability of the limit semigroup.

We consider some Banach space Go D G; (where G; was defined in (A2))
and the corresponding space of probability measures Pg,(E) (see Defini-
tions with the weight function mg, and endowed with the metric
induced from Gs.

We assume that the flow SN is UC(Pg,, Pg,) NUCYY2(Pg,, Pg,) for
any t > 0, where UC%'/2 is the space of functions S satisfying With
Q. such that Q.(s)/s'/? — 0 as s — 0.

Thanks to (A2’), we know from Lemma that for any ® € UCy(Pg,,R) we may
define the Cy-semigroup T7°[®] € UCy(Pg,) by
TE[@](f) = @ (S f)
and so that ®; = T7°[®] satisfies the equation
0® = G (D]

with a generator G*° which is a closed operator on UC}(Pg,) and has domain Dom(G>)
which contains UC!(Pg, ), and is defined by

Goo[q)](f) = <Q(f, f)»Dq)(f»pgl,cb(pgl) .
The evolution corresponds to the following dual evolution equation
d
dt
Our goal is to prove first that the evolution equations and are identical (or in
other words that the generator G introduced for the hierarchy is well-defined and equal

to G*°), and second and most importantly that the solution to these equations is given by
the characteristics method

(8.7) V& € UCy(Pg,; R), (m, @) = (mo, T;°P) .

(8.6) (e, @) = (4, GZ[P]) .

Let us explain why the relation (8.7)) indeed defines uniquely a probability evolution
7t € P(Pg,). For any ¢ € N* we define

pe Fo <7Tf,cp> = <7r0,Tt°°Rf;> .
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That is a positive linear form on F®¢. Thanks to (A2’)-(iii), the Stone-Weierstrass

density theorem and the Markov-Riesz representation theorem, we conclude that 7rf is

well defined as a element of Pg, (E)®¢. Since now the sequence (7f) is symmetric and

compatible, the Hewitt-Savage representation theorem implies that there exists a unique
probability measure 7 € P(Pg,) such that for any ¢ € ]-'{@Z

(8.8) (7, R) = (mo, T RY).

Theorem 8.2. Under the asumptions (A1’)-(A2’)-(A3’)-(A4’), for any initial datum
mo € P(Pg,), the flow 7y defined from is the unique solution in C([0,00); P(Pg,)) to
the infinite hierarchy evolution starting from .

Moreover, if mo = &7, with fo € P(E) then m = &5, for any t > 0, with fy :== SN fo.
As a consequence we deduce that if fév is fo-chaotic, then f{¥ is SN fo-chaotic. More
generally, if fév converges to my then f¥ converge to Ty, which is the associated statistical
solution.

Proof of Theorem [8.2 We shall proceed in several steps.

Step 1: Propagation of Dirac mass structure. Let us recall that Hewitt-Savage’s theo-
rem [37] implies that for any m € P(P(E)) there exists a unique sequence () € P(E")
such that

Ve (Cy (E))w, <7re,g0> = <7T,Rf;>.
As a consequence, if my = 7, and 7 satisfies (8.8]), then
(7o) = (7 RS ) = (w0, TRL) = T [RE] (fo)
= Riv (SigVLfO):<S£]VLfO)QOl> <S£VLanSDZ>7
which means that 7y = ffz)z, or equivalently 7; = dy,.
Step 2: Equivalence between ([8.3)) and

(8.6).
First let us assume and prove (8.3). We start with the following observation.
Consider f € Pg, (E) and ¢ € F2¢. Then we have Rf;, € CYY(Pg, (E)) and we deduce from

that
(1o, G630 ) = (QUE ), DRY(S ) = 6 [RE] ()
which means

RG =G [RY).

1%

Then, using Hewitt-Savage’s Theorem again, implies that

(8.9) %@Hb@) = % <7Tt,Ré> = <7Tt,G°° [Ri]> = <7TthZG—%1[go]> = <7Tt(£+1)7G[?i1[30]>

which means that m; satisfies .

Assume conversely that m; satisfies and let us prove . One needs to prove that
one can recover any ® € UC'(Pg, (E)) from the previous equation (8.9).

Therefore consider ® € UC!(Pg, (E)) and let us define

o= (7to) V)= (ut), V=(or,...,u)

and let us write for this choice of ¢:

) = (0 [Ra] ) = (50 )
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Then, on the one hand, for any f € Pg, (E)

Ripol) = [ @ (i) a5 == a(p)

by the law of large numbers.
On the other hand, for any f € Pg, (E), we have

R el ) = (47763 (nE))
= (DRL, ,(£).QU.£))
¢
= > [ @ (i) QU@ [] s
i=1 7B i
For any given i = 1,..., ¢, we define

(15%/71 = Do <M€/71> 5 ‘/2 = (Ul, e s Ui—15U5415- - - ,’Ug)
and we write
() = (") + (ot =) w0 0 (i =t ).
where € is the modulus of differentiability of ® as introduced in Definition Observing
that

1 1
o e _ 1o |

and that (Q(f, f),1) =0 from assumption (A2’)-(ii), we find

4
Rt meay(f) = Z; [E é (2¢€;1<w>+0(ﬂ<£1>)) dQ(ﬁf)(w)l;[df(vj)
1= J7

/—1
) Z/E“ 5%1 QUo7 ) A + 0 (L))
=1

= [ (Quon.pe (7)) arnw) + 0 (e )
— (D&(1), Q. f)
by the law of large numbers again. This implies ,

Step 3: Uniqueness. Let us prove that any solution of - satisfies the characteristics
equation , or in other words that m; = ;. This shall imply uniqueness since we have
already seen that the the solution to is unique.

The main observation here is that for any ® € UC(Pg, (E)) if we define ®; := T°®,
thanks to assumption (A4’) and a straightforward extended version of Lemma we
have

Vt>0, & €UC'(Pg(E)) C Dom(G™).
Then since
T €[0,t] — (mr, Pr_r)
is C! from the fact that ®;_, € UC'(Pg, (E)) belongs to the domain of G* for any 7, we

compute

% (77, @t—r) = (77, G [@t—7]) — (77, G [D1—7]) = 0

and we deduce that
(7, ®o) = (mo, Dy)



KAC’S PROGRAM IN KINETIC THEORY 98

which proves that m; = 7; satisfies (8.8]), and concludes the proof. O

8.4. A remark on stationary statistical solutions. As we have seen:

e The chaoticity of a sequence of symmetric N-particle distributions fV € P(EV),
N > 1is equivalent to the fact that the associated m € P(P(FE)) is a Dirac at some
fo € P(E): m = dy,. Hence, in view of Hewitt-Savage’s theorem, non-chaoticity
can be reframed as saying that m is a superposition of several, instead of one,
chaotic states.

e We have recalled the result in [42] [10] stating that a chaotic (tensorized) sequence
is asymptotically concentrated on the energy sphere, which is an effect of the law
of large numbers.

e The N-particle dynamics leaves the energy spheres invariant and relaxes on each
energy spheres to the uniform measure. This is a consequence of the energy conser-
vation laws: at the level of the particle system, the dynamics is layered according
to the value of this conservation law.

One deduces from these considerations that there is room for non-chaotic stationary states
of the N-particle system, namely superposition of several stationary states on different
energy spheres. Let us make this more precise.

Lemma 8.3. There exists a non-chaotic stationary solutions to the statistical Boltzmann
equation. In other words, there exists m € P(P(R®)) such that © # 6, for some p € P(RY)
and A7S (mgq1) = 0 for any £ € N.

Proof of Lemmal8.3 1t is clear that any function on the form
VeRMHD (V) = o(IV )

is a stationary solution for the equation (8.3)), that is Agyq(mes1) = 0 for any ¢ > 1. Now
we define, with d = 1 for the sake of simplicity, the sequence

Ce
(I + VR

where the sequence of positive constants ¢, is inductively constructed in the following way.

Vi>1, VeR w—mV)=

e First c; is chosen in a unique way so that m; is a probability measure.

e Then, once ci,...,cp are constructed, ¢,y is constructed so that (7] = 7y,
which means
Co+1 Cy
VvV e R, / dv, = .
oL €R (1 + |V|2 + |U*|2)m+£/2+1/2 * (1 + |V‘2)m+f/2

This is always possible since

/ Co+1 dv
v €R (1 + H/,Q + ‘U*|2)m+€/2+1/2

Ci+1 / 1 do
14 [Vt [ g o 2\ /22
(1+[V]?) (1+(1+\V\2))

Co+1 1 "
(1 + ‘V’Q)m-i-f/? v €R (1 + |v*|2)m+4/2+1/2 *

which concludes the induction.

We then deduce that the sequence my, ¢ > 1, satisfies (8.3|) since every terms only
depends on the energy, and also satisfies the compatibility condition ITs[mps1] = mp. This
concludes the proof. O
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