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CONSTRUCTION OF HADAMARD STATES BY
CHARACTERISTIC CAUCHY PROBLEM

C. GERARD AND M. WROCHNA

ABSTRACT. We construct Hadamard states for Klein-Gordon fields in a space-
time Mo equal to the interior of the future lightcone C from a base point p in
a globally hyperbolic spacetime (M, g).

Under some regularity conditions at future infinity of C, we identify a
boundary symplectic space of functions on C, which allows to construct states
for Klein-Gordon quantum fields in My from states on the CCR algebra asso-
ciated to the boundary symplectic space. We formulate the natural microlocal
condition on the boundary state on C' ensuring that the bulk state it induces
in My satisfies the Hadamard condition.

Using pseudodifferential calculus on the cone C we construct a large class
of Hadamard boundary states on the boundary with pseudodifferential covari-
ances, and characterize the pure states among them. We then show that these
pure boundary states induce pure Hadamard states in M.

1. INTRODUCTION

Hadamard states are widely accepted as physically admissible states for non-
interacting quantum fields on a curved spacetime, one of the main reasons being
their link with the renormalization of the stress-energy tensor, a basic step in the
formulation of semi-classical Einstein equations.

For Klein-Gordon fields, the construction of Hadamard states amounts to finding
bi-solutions of the Klein-Gordon equation with a specified wave front set (that is,
verifying the microlocal spectrum condition) and satisfying additionally a positivity
property.

There exist several methods to construct Hadamard states for Klein-Gordon
fields: the first method relies on the Fulling-Narcowich-Wald deformation argu-
ment [FNW], which reduces the construction of Hadamard states on an arbitrary
spacetime to the case of ultrastatic spacetimes, where vacuum or thermal states are
easily shown to be Hadamard states.

The second approach, used in [GW], uses pseudodifferential calculus on a fixed
Cauchy surface 3 in (M, g) and relies on the construction of a parametrix for the
Cauchy problem on ¥. To use pseudodifferential calculus, some restrictions on X
and on the behavior of the metric g at spatial infinity are necessary. On the other
hand, the method in [GW] produces a large classes of rather explicit Hadamard
states, whose covariances, expressed in terms of Cauchy data are pseudodifferential
operators.

Another method, initiated by Moretti [Mol, Mo2] applies to conformal field equa-
tions, like the conformal wave equation, on an asymptotically flat vacuum spacetime
(Mo, go). By asymptotic flatness, there exists a metric gg, conformal to gg, and a
spacetime (M, g) such that (Mpy, go) can be causally embedded as an open set in
(M, g), with the boundary C = dMy of My being null in (M, g). States on the
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boundary symplectic space, containing the traces on C of solutions of the wave
equation in My, naturally induce states inside Mj.

This method has been successfully applied in [Mol, Mo2] to construct a dis-
tinguished Hadamard state for asymptotically flat vacuum spacetimes with past
time infinity and then extended to several other geometrical situations in [DMP1,
DMP2]. Further results also include generalization to Maxwell fields [DS] and lin-
earized gravity [BDM].

In the present paper we rework systematically the above strategy in order to
construct a large class of Hadamard states (instead of a preferred single one) and
to characterize the pure ones. For the sake of clarity, we do not impose geometrical
assumptions on My that allow to correctly embed it in a larger spacetime M.

Instead we go the other way around and work in an a priori arbitrary globally
hyperbolic spacetime M, fix a base point p and consider the interior of the future
lightcone

C = 0J" (p)\{p}
as the spacetime My of main interest, i.e. My := IT(p).
We make the following assumption on the geometry of C.

Hypothesis 1.1. We assume that there exists f € C*°(M) such that:

(1) CCf'{0}), Vaf #0 on C, Vaf(p) =0, VaVef(p) = —29as(p),
(2) the vector field V* f is complete on C.

Using Hypothesis 1.1 one can construct coordinates (f,s,6) near C, such that

Cc{f=0}and
glc = —2dfds + h(s,0)d6?,
where h(s,6)d6? is a Riemannian metric on S?~1.

Such choice of coordinates allows one to identify C' with C' := RxS%~!. A natural
space of smooth functions on C' is then provided by H(C’ ) — the intersection of
Sobolev spaces of all orders, defined using the standard metric m(6)df? on S?—1.

The bulk-to-boundary correspondence can be expressed in this setup as follows.
For an appropriate choice of 3(s,8) € C°°(My), the restriction map

pp = (B~ 1)o@ € CX (M)
is a monomorphism! between the symplectic space of smooth, space-compact so-
lutions of Py := P, (enc}owed with the usual symplectic form induced by the
causal propagator) and H(C'), equipped with the symplectic form

(1.1) G100 ::/R y (055105 — G10592)|m|* (6)dsdb, g1, g» € H(C).
xSd—1

Thus, a quasi-free state on (H(C), o) with two-point functions A* induces a unique
quasi-free state on the usual symplectic space associated to Fj.

Product-type pseudodifferential operators. In [GW] we have constructed
Hadamard states whose two-point functions on a Cauchy surface ¥ are pseudodif-
ferential operators. In the present case, the obvious difference is that on the cone
C, the coordinate s is distinguished both from the point of view of the microlocal
spectrum condition (from now on abbreviated (psc)) and in the expression (1.1)
for the symplectic form. This suggests that one should rather consider product-type

pseudodifferential operators WPP2(C') with symbols satisfying estimates:

05193195057 als, 0,0,m)| € O((o) 17 )12

1By monomorphism of symplectic spaces we mean an injective linear map that intertwines the
symplectic forms.
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in the covariables £ = (o, n) relative to the decomposition C=RxS%1. Actually,
to cope with the issue that o¢ is defined using an operator D, := i~'d, whose
spectrum is not separated from {0} (analogously to the infrared problem in massless
theories), we need to introduce a larger class ¥P1:P> (C’ ) that includes some operators
whose symbol is discontinuous at 7 = 0. Namely, we set

JP1:P2 (é«) = \I,pl,m(é) + Bfoo\pm(é)’

where B~ WUP2(() is the class of pseudodifferential operators of order py (in the 6
variables) with values in operators on R that infinitely increase Sobolev regularity.
Then for instance |D,| ® 1y € U10(C) although it is not in the pseudodifferential
class W10(C).

Summary of results. Our main results can be summarized as follows. We always
assume Hypothesis 1.1. If E, F' are topological vector spaces, we write T : E — F
to mean T : E — F is linear and continuous.

1) For pairs? of two-point functions A* on C satisfying A* : H(C) — H(C),
we give in Thm. 5.3 conditions on WF(A*) that guarantee that the cor-
responding two-point functions on My satisfy (usc). This is essentially an
adaptation of the results of [Mo2] to our framework.

2) In Thm. 7.4 we construct a large class of Hadamard states by specifying
their two-point functions A* € W%°(C) on the cone.

3) In Thm. 8.2 we characterize the subclass of Hadamard states constructed
in 2), which additionally are pure on the symplectic space (#(C),o¢) on
the cone. It turns out that they can be parametrized by a single operator
in U—>0(C).

4) In Thm. 8.4 we prove that if dim M > 4, then the pure states considered
in 3) induce pure states in the interior M of the cone.

In Subsect. 2.3 we argue that Hypothesis 1.1 covers the case when Mj is an
asymptotically flat vacuum spacetime with future time infinity, after a conformal
transformation. Thus, our result 4) solves an open question by Moretti [Mo2] for
dim M > 4.

Characteristic Cauchy problem. The proof of our main result 4) relies on the
existence of a unique solution for the characteristic Cauchy problem (also called
Goursat problem in the literature) in appropriate Sobolev spaces. Since it is of
independent interest, we present below this auxiliary result.

Let 3 be a Cauchy surface in the future of {p} and ¥y := X N My. Then ¥
individuates a compact region of the interior of the cone, namely

Co:=(J (Zo; M)NC)U {p}.

Both ¥y and Cj are compact sets in My with smooth boundary 0¥y = 0Cy. We
denote by Hi (o), HE(Cp) the respective restricted Sobolev spaces of order 1, i.e.
the space of distributions in H*(Xg), H!(Cp) that vanish on the boundary. Let us
denote by

Us, : H'(Z0) © L*(Z0) — C°(R, H'(Cp)) N C(R, L*(Cy))
the map which assigns to Cauchy data on % the corresponding finite energy solu-

tion for Py. In Subsect. 8.3 we prove the following result.

2We work with charged fields, in which case it is natural to associate a pair of two-point
functions to a quasi-free state, cf. 3.2.1. The charged and neutral approaches are equivalent.
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Theorem 1.1. The map

T : Hy(3o) & L*(S0) — Hy(Co)
P = (UZOSO) FCO

is a homeomorphism. Moreover, if dim M > 4 then T(C§°(2q) ® C§°(Z0)) is dense
in |Ds|2 L2(C).

The first part of Thm. 1.1 provides in fact the solution to the characteristic
Cauchy problem

Pou = 0,
pu =, pe Hi(Co).

Our proof proceeds by reduction to a case already considered by Hérmander in
[H62], namely when the characteristic surface is the graph of a Lipschitz function
defined on a compact domain.

The second part of Thm. 1.1 asserts that there is no loss of information on the
level of purity of states when going from the cone C to its interior M. The precise
form of the statement comes from the fact that the one-particle Hilbert space asso-
ciated to our Hadamard states, i.e. the completion of H(C’) for the inner product
(-|(AT + A7)+, equals |D,|2 L2(C). The validity of such result appears to be very
delicate, it would be for instance problematic for |D|*L?(C) with a < 1 instead of
o= % and we do not know whether it holds for d < 3. The generalization of Thm.
1.1 to other geometrical situations is thus an interesting open problem, particularly
relevant for the quantum field theoretical bulk-to-boundary correspondence.

At this point it is worth mentioning that beside Hérmander’s work [H62] there
is a considerable literature on the characteristic Cauchy problem for the Klein-
Gordon equation, to mention only [BW, Ca, Do]. However, known results require
either more regularity or conditions on the support of the solution (usually both)
and as such cannot be directly applied in our problem. It is possible, though,
that our method presented in Subsect. 8.4 can be used to bypass the often made
space-compactness assumption.

Plan of the paper. In Sect. 2 we fix the geometric setup and outline the con-
struction of null coordinates near the cone C. In Sect. 3 we briefly review the
Klein-Gordon field in My and the definition of Hadamard states. Sect. 4 is devoted
to the so-called bulk-to-boundary correspondence, i.e. to the definition of a conve-
nient symplectic space (#(C), o) of functions on C, containing the traces on C' of
space-compact solutions in M.

In Sect. 5, we formulate the Hadamard condition on C| i.e. the natural microlo-
cal condition on the two-point functions of a quasi-free state on (H(C), o) which
ensures that the induced state in Mj is a Hadamard state.

Sect. 6 is devoted to the pseudodifferential calculus on R xS%~1, more precisely to
the ‘product-type’ classes, associated to bi-homogeneous symbols. We also describe
more general operator classes which are pseudodifferential only in the variables in
Sé-1,

In Sect. 7 we construct large classes of Hadamard states on the cone, whose
covariances belong to the operator classes introduced in Sect. 6. In Sect. 8 we
characterize pure Hadamard states, and show that they induce pure states in M.
Finally in Sect. 9 we discuss the invariance of our classes of Hadamard states under

change of null coordinates on C'. Various technical results are collected in Appendix
A.
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2. GEOMETRIC SETUP

In this section we describe our geometrical setup and construct null coordinates
near the cone C.

2.1. Future lightcone. We consider a globally hyperbolic spacetime (M, g) of
dimension dim M = d + 1.
As outlined in the introduction, we fix a base point p € M, and consider

C=0aJ (p)\{p}, Mo=1I%(p),

so that C' is the future lightcone from p, with tip removed, and M, is the interior
of C. From [Wa, Sect. 8.1] we know that My is open, with

J(p) =My, OMy=0J (p)=CU{p}.
We assume Hypothesis 1.1, i.e. that there exists f € C°°(M) such that:
(1) C C f—l({o})7 Vaf 7é 0 on 07 vaf(p) = 07 vavbf(p) = _2gab(p>7
(2) the vector field V¢ f is complete on C.

It follows that C' is a smooth hypersurface, although C' is not smooth. Moreover
since C' is a null hypersurface, V% f is tangent to C.

2.2. Causal structure. We now collect some useful results on the causal structure
of My and M.

Lemma 2.1. Let K C My be compact. Then:

(2.1) J(K)N J*(p) is compact,

(2.2) JHKE)NC =0.

Proof. (2.1) follows from [BGP, Lemma A.5.7]. Moreover if V' C M is open with

K C V, we have JT(K) C I (V) C M. Since J (p) = OMy and M is open,
this implies (2.2). O

The following lemma is due to Moretti [Mol, Thm. 4.1 (a)]. If K C My, the
notation J*(K; My) or J*(K; M) is used in the place of J*(K) to specify which
causal structure one refers to.

Lemma 2.2. The Lorentzian manifold (Mg, g) is globally hyperbolic. Moreover
(2.3) JT(K;My) =J"(K;M), J (K;My) =J (K;M)N My, ¥ K C M.
The next proposition is also due to Moretti [Mo2, Lemma 4.3].

Proposition 2.3. Let K C My be compact. Then there exists a neighborhood Uy
of p in M such that no null geodesic starting from K intersects C N U;.

2.3. Asymptotically flat spacetimes. In what follows we explain the relation
between Hypothesis 1.1 and the geometrical assumptions met in the literature on
Hadamard states [Mol, Mo2, DS, BDM].

Let us consider two globally hyperbolic spacetimes (Mo, go) and (M, g), where
M is an embedded submanifold of M. One introduces the following set of assump-
tions.

Hypothesis 2.1. Suppose the spacetime (M, g) is such that:
(1) there exists Q € C°(M) with > 0 on My and gl v, = Q[ a1, 9o,
(2) there exists i~ € M such that J*(i7; M) is closed and

Mo = J*H (i M)\OJT* (i M),
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(3) go solves the vacuum FEinstein equations at least in a neighborhood of %~
S = QT MO

4) Q=0and dQ#0 on F—,dQUi") =0, Vo, VpQ(i™) = =294 (i 7),

(5) if n® := gV, Q, then there exists w € C*°(M), with w > 0 on Mo U .~ and
(a) Vo(win®) =0 on 9,
(b) the vector field w™'n is complete on I,

Above, the symbols V, refer to the metric g.

One says that (Mo, go) is an asymptotically flat vacuum spacetime with past
time infinity i~ if there exists a spacetime (M, g) such that My is an embedded
submanifold of M and Hypothesis 2.1 is satisfied?.

Lemma 2.4. Suppose (Mo, go) is an asymptotically flat vacuum spacetime with
past time infinity i~ and let (M, g) satisfy Hypothesis 2.1. Then Hypothesis 1.1 is
satisfied for p =1~ and f = w.

Note that actually only conditions (1), (2), (4) and (5b) in Hypothesis 2.1 are
needed in Lemma 2.4.

In the present paper we construct Hadamard states in (Mo, gas). This yields
however also Hadamard states on (M, go) since the two metrics are conformally
related.

2.4. Null coordinates near C. For later use it is convenient to introduce null
coordinates near C'. The construction seems to be well-known, we sketch it for
the reader’s convenience. Note however the estimates in Lemma 2.5, which will be
useful later on.

We first choose normal coordinates (y°,%) at p such that on a neighborhood Uy
of p, C ={(¥")* —[g* = 0, y° > 0}.

Set
_ _ Yy _
(2:4) ve=y° + 7], w=y" —[g], w:@egd g
so that on a neighborhood of p one has C' = {w = 0,v > 0}. Abusing notation
slightly, we denote by %',...,9%? ! coordinates on S%!, and use the same letter
for their pullback to local coordinates on M near p. We set
(2.5) S:={w=0, v=e}

where ¢y > 0 will be chosen small enough. Note that S C C is diffeomorphic to
Sé-1,

Lemma 2.5. (1) There exists a unique solution s € C*°(C) of:

Ve Vs = —1,
S[S =0.
(2) There exists unique solutions 67 € C*(C), 1 <j<d—1 of:
Vefv,09 =0,
0715 = 7.

(3) Moreover there exists 0 < e < €1 and k,07 € C®(] — ey, €1[xS* 1) such that
S(/Uad}) = ln(v) + ]{3(’1},1/})7 ej(vvdj) = éj('y’q/))’ O’I’L] - 617O[XSd71'

3Note that we consider here only globally hyperbolic spacetimes, cf. [Mo2, App. A] for a more
general definition.
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Proof. The proof is given in Appendix A.4. O

It remains to extend s, 8’ to smooth functions on a neighborhood of C.

We argue as in [Wa, Sect. 11.1]: for sg € R, the submanifold Ss, = {s = so} C C
is spacelike, of codimension 2 in M. At a given point of S5, the orthogonal to its
tangent space is two dimensional, timelike, and hence contain two null lines. One
of them is generated by V*f, the other is transverse to C. We extend (s,6) to a
neighborhood of C' by imposing that (s,6) are constant along the above family of
null geodesics, transverse to C.

Lemma 2.6. The functions (f,s,0) constructed above are a system of local coor-
dinates near C with C C {f = 0} and

(2.6) glc = —2dfds + hi;(s,0)d0"d6’,
where h;j(s,0)d0'd? is a smooth, s—dependent Riemannian metric on Se-1,

Proof. The proof will be given in Appendix A.3. O

2.5. Estimates on traces. In this subsection we derive estimates, in the coordi-
nates (s,60) on C constructed above, for the restriction to C' of a smooth, space
compact function in M. These estimates will be applied later to traces on C' of
solutions of the Klein-Gordon equation in M.

Clearly the only task is to control what happens near p, i.e. when s - —oco. We
first derive estimates in the coordinates (v, ) introduced in (2.4), in a neighborhood
of v =0.

For m € N we denote by S™ the space of functions g such that for some €, R > 0:

(2.7) [0505g(v, )] < Caplv| ™+, V a|+ || > 1, uniformly on [—e, R] x 471,
where n, = max(n,0). Clearly g(v,v) = v™ € S™ and v™g € S™TP if g € SP.

Lemma 2.7. (1) if ¢ € C2(M) then (5(’1),1/)) = ¢lc(v,9) belongs to S*.
(2) Let |h| = det[hi;]. Then |h|(v,9) = 024~ Vro(v,4) for ro,ry " € SC.

Proof. The function ¢ is smooth in the normal coordinates (y°,7) hence ¢(v, 1)) =
¢(3v, 2vtp). Considering the map x : S*~! 2 ¢ — ¢ € R? and denoting still by ¢
some coordinates on S?~! we have:

Dpd = 0yodp — V- By, Dy = —vy X' Oy,

From this we obtain (1). To prove (2) we need to express h;j = (9pi|g0pi) on C.
An easy computation using the estimates in Lemma 2.5 shows that on C' we have:

Bp: = al(v,1)Dys + vro(v,%)0s,
where af,ro € 5% and [a%](v,) invertible. Plugging this into (A.9), we obtain
s )(0.0) = 02 () (0, | () ad)(0,) + )0, )

where b;; € S°. This implies (2). O

We will also need later the following lemma. We denote by m;;(0)d0'd6? the
standard Riemannian metric on S¢~1 and set:

(2.8) B(s,0) == [m[%(0)|h| % (s,0),
Lemma 2.8. Let
J)(Sa 0) = 571(37 0)(15[0 (87 9)3 ¢ € Cgo(M)v
Then for all s; € R one has:
$e 012y gogid e O T/2) s €] — 00,51, Vol + 8] > 1.
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Proof. We note that 57! = U(d_l)/gro(v,z/}), for ro,rgl € 5% From this and
Lemma 2.7 it follows that if ¢ € C5°(M), then ¢(v,v) € v(4=1/289 Tt remains to

estimate the derivatives of ¢ w.r.t. s and 6. By a standard computation we obtain
for g € C§°(C):

Bpig = al (v,9)Dysg + vri(v, ) dug,
asg = U(l + UTO(Ua 7/}))81).9 + Ubj (Uv w)ﬁwﬂgv

for ro,r;, b, a? € SY, and [a? ] invertible. From this point on the lemma is a routine
computation. O

3. KLEIN-GORDON FIELDS INSIDE THE FUTURE LIGHTCONE

3.1. Klein-Gordon equation in M. We fix a smooth real function r € C*°(M)
and consider the Klein-Gordon operator on (M, g):

P(z,D,) = —=V®V, + r(x), acting on C*(M).

We denote by Ey € D'(M x M) the retarded/advanced Green’s functions for P,
by E = Ey — E_ € D'(M x M) the Pauli-Jordan commutator function, and by
Sols.(P) the space of smooth, complex valued, space-compact solutions of

P(z,Dy)¢ =0 in M.
Recall that we have set in Subsect. 2.1:
My = I'*'(p)7

and by Lemma 2.2 we know that (M, g) is globally hyperbolic.

We denote by Py = —V*V, +r(z) the restriction of P to My, by Ey € D'(My %
M) the Pauli-Jordan function for Py, and by Sols.(FPp) the space of smooth, com-
plex valued, space-compact solutions of

Py(x, Dy)do = 0 in M.

By the global hyperbolicity of (M, g) we know that Sols.(Py) = EoD(My). From
(2.3) and the uniqueness of Eyy we obtain that For = Ey [a,x M, hence

Ey = Elpmox s, -
It follows that any ¢g € Sols.(Py) uniquely extends to ¢ € Sols.(P), in fact
(3.1) $o = Eofo, fo € D(Mo) = ¢o = E folm, -

As usual we equip Sols.(Py) with the symplectic form
(3.2) G000 = Vad1¢2 — ¢ Vapan®doy,
o

where Y9 C My is a Cauchy hypersurface for (M, g) (see Subsect. A.1 for notation).
It is well known that

Eo = (C5°(Mo)/ PoCg° (Mo), Eo) — (Solse(Fb), 00)

is a symplectomorphism.

3.2. Hadamard states in M,. We first briefly recall some standard facts, and
refer for example to [GW, Sect. 2] for details and notation.
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3.2.1. Covariances of a quasi-free state. If (Y, o) is a complex symplectic space,
the complex covariances A* € Ly, (Y, Y*) of a (gauge invariant) quasi-free state w
on CCR(Y, o) (the polynomial CCR *-algebra of (Y, c)) are defined by:

w1V (y2)) = W1lATy2), w(@*(y2)v(y1)) = (A y2), Y102 €.

From the CCR we obtain that A™ — A~ = io =: ¢, and the necessary and sufficient
condition for A* to be the complex covariances of a (gauge invariant) quasi-free
state is that AT > 0.

If (V,0) = (C§°(My)/PC§°(My), Ep), the complex covariances of a state w are
induced from two-point functions, still denoted by A* such that

AE € D'(My x My), PA* =A*P =0,

where we identify operators on C§°(Mp) with sesquilinear forms using the scalar
product

(ulv) ::/ wv dpg, u,v € Cy°(Moy).
My

3.2.2. Hadamard condition. We now recall the Hadamard condition for quasi-free
states. We denote by T*M the cotangent bundle of M and Z = {(z,0)} C T*M
the zero section. The principal symbol of P is p(z, &) = £,9%°(x)&y,, the set

N = {(2,§) e T"M\Z : p(,§) = 0}

is called the characteristic manifold of p.

The Hamilton vector field of p will be denoted by H,, whose integral curves
inside A are called bicharacteristics.

We will use the notation X = (z,€) for points in T*M\Z and write X; ~ X»
if Xy = (21,&) and Xo = (29,&) are in N and X; and X, lie on the same
bicharacteristic of p.

Let us fix a time orientation and denote by V.4 C T, M for x € M, the open
future/past light cones and V*, the dual cones

V;i::{feT;M: E-v>0, Vv e Vg, v#0}.

The set N has two connected components invariant under the Hamiltonian flow of
p, namely:

NE={XeN: £cVF]

Definition 3.1. A4 quasi-free state w on CCR(C§°(My)/PC§°(My), Eo) with two-
point functions A* satisfies the microlocal spectrum condition if:

(usc) WE(AT) ¢ NE x N,
Quasi-free states satisfying (usc) are called Hadamard states.
We refer the reader to [Wr] and references therein for a discussion on equivalent
formulations of the microlocal spectrum condition.
4. BULK-TO-BOUNDARY CORRESPONDENCE

4.1. Boundary symplectic space. We equip C with the coordinates (s, ) con-
structed in Subsect. 2.4 and hence identify C' with

(4.3) C:=R xS
We denote by H” (é’), k € N the Sobolev space

HYC) = {g e D'(R x ¢ : /|aga§g\2|m|%dsd9 < o0, at |8 <k},
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and extend the definition of H*(C) to k € R in the usual way. The space H°(C)
will be denoted simply by L?(C). We set also:

H(C):= [ H"C), H(C):=|]HO),

keR kER
equipped with their canonical topologies.
We set
(@0 goog= [ (@592~ 7:0.00)lml} (O)dsdb. 91,92 € H(C),
RxS4—1

Introducing the charge q := iocc we have:

91492 = 2(911Ds92) 12(¢y 91592 € H(C),

where D, = i~19; is selfadjoint on L2(C) on its natural domain. Clearly (H(C),o¢)
is a complex symplectic space.

4.2. Bulk-to-boundary correspondence.

Definition 4.1. Let 8 € C*°(C) be defined in (2.8). We set
p: Solse(Py) — C®(R x S471)

¢ = B_l(s’ 9)¢fc (37 9)

Proposition 4.2. (1) p maps Sols.(Py) into H(C);

(2) p:(Sols(Py),0) = (H(C),0¢) is a monomorphism, i.e.:
ﬁlJCPQE = $10¢27 v¢17¢2 S SOISC(PO)‘

Proof. Let ¢g,¢ as in (3.1). By Lemma 2.1 and the support properties of E, we
see that suppe N C is compact in M. Therefore the restriction of ¢ to C equals
the restriction of a smooth compactly supported function to C. By Lemma 2.8
and the fact that pg is supported in | — 0o, 51] x S¥~1 for some s;, we obtain that
poo € H(C), which proves (1).

We now prove (2). Let ¢; 0 € Solsc(P), ¢ = 1,2 which are restrictions to My of
¢; € Solg.(P). We fix a Cauchy surface X for (My, g) such that suppe; o N 3o C
K € My. We can find a Cauchy surface X for (M, g) such that XN K = Xy N K.
Denoting by

Ja(@1,92) == 1 Va2 — Va1 62,

the conserved current, we have:
$1,00092,0 = P10,
where

510—(252 = 7/2:Ja(¢17¢2)nado—ha

is the symplectic form on Sols.(P). We now apply Stokes formula in the form
(A.6) to the domain U C M bounded by X N K, C and 9JF(X N K), using that
VaJ%(¢1,02) = 0. The boundary term on ¥ N K yields —@,0¢2, the boundary
term on 9J* (X N K) vanishes. To express the boundary term on C, we use the
coordinates (f, s, 0) constructed in Subsect. 2.4. We formally obtain the quantity:

?ﬁm:/‘ (0192 — §10sg2)|h| (5. 0)dsdo
RxSd—1

for g; = (¢;)[c. This equals pd,0cpp2 by an easy computation.

To justify the use of Stokes formula, we need to take care of the fact that C is
not smooth at p. This can be done as follows: for 0 < ¢ < 1 we denote by U,
some e—neighborhood of p. We replace C' by a smooth hypersurface C., obtained
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by smoothly gluing C\U. to a piece of a Cauchy surface X! passing through U..
The contribution of the integral on X, is written using (A.4), and converges to 0
when € — 0, using that ¢; are smooth functions. The contribution of the integral
on C\U, converges to po,0cpda, using that pp; € H(é’) This completes the proof
of the proposition. O

4.3. Pullback of states from the boundary. Since

p: (Solse(Po), 00) = (H(C),0¢)

is a monomorphism, we can pullback a quasi-free state we on CCR(H(C),0¢) to
a quasi-free state wy on CCR(C§®(My)/PyC§° (M), Eo) by setting:

(4.5)  wo(Y(ur)Y*(uz)) = we (Y(p o Egur)y™(p o Eouz)), ui,uz € C5°(Mo).

If \* € Ly(H(C),H(C)*) are the complex covariances of we, then the complex
covariances of wy are (formally) given by:

(4.6) AE = (po Ey)* o AT o (po Ep).

5. HADAMARD CONDITION ON THE CONE

In this section we formulate the natural boundary version of the bulk Hadamard
condition (usc).

5.1. Preparations. We recall that p(z,£) denotes the principal symbol of the
Klein-Gordon operator P (or Py).

Let C C M be the backward lightcone introduced in Subsect. 2.1. We denote
by N*C' C T*M\Z the conormal bundle to C, i.e.

N C:={(z,§) eT"M\Z : z€C, £=0o0nT,C}.
The fact that C is characteristic is equivalent to
(5.1) N*C C N,

where A is the characteristic manifold of p. Since N*C is Lagrangian, it is well
known that (5.1) implies that N*C is invariant under the flow of H,. The pro-
jections on M of bicharacteristics starting from N*C' are (modulo reparametriza-
tion) characteristic curves, i.e. integral curves of the vector field v = Vf, if
f € C®(M) is some defining function of C, i.e. f =0, df # 0 on C.

We will use the coordinates (f, s, 6) introduced in Subsect. 2.4, which, for ease of
notation, will be denoted by = = (r,s,y) € R x R x S¥~1. The dual coordinates are
denoted & = (p,0,7), elements of T*M will sometimes be denoted by X = (z,¢&)
and elements of T*C will be denoted by Y = ((s,y), (o,7)).

In the above coordinates, we have

C:{T:O}7 N*C:{T:O,U‘:T]:O},
and from (2.6) we obtain that:

(52) p(:ﬂ, 5) rC = _290- + h(S, Y, 77)7
where we set h(s,y,n) = h'/(0,s,y)nin;. Note that h(s,y,n) is elliptic, i.e. h(s,y,n) >
co|n|?, for co > 0, locally in (s,y), since h;;dy’dy’ is Riemannian.

For later use let us extend the notation X; ~ X, introduced in 3.2.2. For
Y =(s,y,0,m) €eT*C , X = (2,§) € T*M, we will write Y ~ X if

(53) o #0, ((07 87y)7 ((20)_1}7'(57:‘/’77)70’ 77)) ~ X.

Recall also that the positive/negative energy components N'* of A" were defined in
3.2.2.
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Lemma 5.1. Let Y1 = (s1,y1,01,m) € T*C, X5 = (22,&) € T*M with x5 ¢ C.
Then:
(1) there exists p1 € R such that

Xl = ((0731791>7 (lealﬂh)) ~ (1‘2,52) = X2

iff o1 # 0 and then o1 = (201) " h(s1,y1,m1) and Y1 ~ Xs.
(2) if Y1 ~ Xa then Xo € N* iff +01 > 0.
Proof. Let X; = ((0,51,91), (01,01,m1)) € N. By (5.2) we have
—20101 + h(s1,y1,m) = 0.
If o1 = 0 then h(s1,y1,71) = 0 hence 71 = 0 by ellipticity of h. Therefore o1 =0
implies X; € N*C. Since X5 ~ X; and N*C is invariant under the flow of H,,
we have also X9 € N*C which contradicts the hypothesis that xo ¢ C. Therefore
necessarily o1 # 0 and hence o1 = (201) 'h(s1,91,7m1) and Y; ~ Xs. This proves

(D).

To prove (2) we have to show that
(54) iUl >0& ((0, Sl,yl), ((20’1)_1h(81,y1, 771), 0'1,771)) S Ni.

Let us fix (y1,m) € T*S?!, oy € R. Since N* are the two connected compo-
nents of N, it suffices by connexity to prove (5.4) for s; in a neighborhood of
—00, i.e. in a neighborhood of p in M. Recall that we introduced Gaussian nor-
mal coordinates (y°,7) near p with 0,0 future oriented. Let o be the one form
(201)"th(s1,y1,m)dr + o1ds + mdy. Then

((0751791>7 ((201>_1h(51,y17771>7Ulanl)) € Ni ~ $<O{‘g_1dy0> > 0.

Since it suffices to check the sign of (a|g~1dy®) near p, we can, by a simple approx-
imation argument (see e.g. (A.9)) replace g by the flat metric at p. We have then
(see Lemma 2.5 and recall that s = u,r = f):

W=v+w v=e® w=e"°r

hence
Flalg 'dy®) = £2(e 1oy + €** (201) ' h(s1,y1,m)),
has the same sign as to7, which proves (5.4). O

Recall that E € D'(M x M) is the Pauli-Jordan commutator function for P and

p:D(M) > ur ufce C®(C) is (modulo a smooth, non-zero multiplicative factor)
the operator of restriction to C, defined in Def. 4.1.

Proposition 5.2. Let x € C§°(M) with supp x C M\C and ¢ € C5°(C). Then:
(1) WF(dpo Ex)" C {(Y1,X2) : y1 € suppy, x2 € suppx, Y1 ~ Xa},
where the notation Y ~ X is defined in (5.3). 3

(2) Ypo Ex:D(M) — D(C) extends continuously as ppo Ex : D' (M) — D'(C).
Proof. It is well-known that:

suppE C {(z1,z2) : x1 € J(x2)},

WF(E)/ = {(Xl,XQ) S N X N: X1 ~ XQ}
On the other hand the distributional kernel of p equals

5(ro) @ 8(s1,y1, 52,2) B H(s1,51) € D'(C x M).

(5.5)

It follows that:
WF(p) ={(Y1,X2): 72 =0, (s1,91) = (52, %2),

(56) (01.11) = (02 12), (02,112) # (0,0)}.
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Since E : D(M) — E(M) we see that ¢p o Ex : D(M) — D(C). Moreover there
exists x1 € C§°(M) such that ¢p o Ex = 1po x1 Ex. The notations p;, T, Ty, for
' C T*M; x T*M; are defined in [GW, Subsect. 3.2]. We have then

cWE(p)" = WF(E)y =0,
and it follows from [H61, Chap. 8] and (5.5), (5.6) that:
WE(¢po Ex)' € WF(¥p)' o WF(Ex)'

C {(YlaXZ) = 01 s.t. ((07817y1)7 (leolanl)) ~ X27 To € Supr}

Using that suppxNC = () and Lemma 5.1 (1), this implies (1). Moreover (1) implies
that

(5.7) WF(p o Ex))y = 0.
Again by [H61] this implies that 1p o Ex = D(M) — D(C) extends continuously

as Ypo Ex:D'(M)— D'(C). O

5.2. Hadamard condition on the cone. Recall from Subsect. 4.2 that to a
quasi-free state we on CCR(H(C),0¢) we can associate a quasi-free state wy on
CCR(C§°(Mo)/PC§°(My), Ep). In this subsection we give natural conditions on the
covariances \* of we which ensure that the induced state wq satisfies the microlocal
spectrum condition (usc).

Recall that we denote by Y = ((s,y), (5,7)) the points in T*C. We also denote

by A the diagonal in T*C x T*C.
Theorem 5.3. Let \* : H(C) — H(C) and
AT := (po Ey)* o At o (po Ey).

Then:
(1) AE S D/(M(] X Mo)
(2) If
i) WEOE)Y N {(Y1,Y2) : 01 <0 or 09 <0} =0,
Zl) VVF()\+ — Ai)/ N {(Yl,YQ) 101 and o9 # 0} C A,
then:

iii) WE(AE) N {(Y1,Ys) : £01 >0 and £ 0y >0} C A.

(3) Assume moreover that A= : H(C) — H(C), AWE(AE) = VVF()\i)’C~v = 0.
Then if i) and 4ii) in (2) hold, A* satisfy (usc).

Proof. To prove (1) it suffices to check that po Ey : D(My) — H(C). If x €
C§°(My), then by Lemma 2.1 po Egy = po x1Ex for some x; € C§°(M). Since
E:D(M) — (M) and p: D(M) — H(C) are continuous, this proves (1).

To prove (2) we write:

WE\E) N {0, >0, +op > 0}
C (WFAT) N{*oy >0, o3 > 0}) U (WFAT = A7) N {toy > 0, £, > 0})

C (WF(AT) n{£oy >0, £oz > 0}) U (WF(AT = A7) N {01,092 #0}).

The first set in the last line is empty by ), and the second is contained in A by ).
To prove (3) we follow an argument due to Moretti [Mo2]. We treat only the case
of AT, the case of A~ being similar, and omit the + superscript. Let x; € C§°(Mp),
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i = 1,2. By Prop. 2.3 there exists ¢; € C§°(C) (and hence 1; = 0 near p) such
that any null geodesic starting from suppy; intersects C' in {1; = 1}. We have:

x1Ax2 =x1(po E)"p1 o Ao ya(po E)x2
+xa(poE)YroXo(l—va)(po E)xs
+x1(po E)* (1 —41) o Aotha(po E)xa
+x1(po E)* (1 —11)oAo(1—12)(po E)xz
=: A1+ Ao+ Az + Ay
By the properties of x;, ¢;, we can find x; € C§°(M) supported near p such that:

(@) (T=v)(poE)xi=(1—1vi)poXiExi,

(b) mno null geodesic from suppy; intersects suppx;.

It follows from (b) and (5.5) that x;Ex; has a smooth compactly supported kernel,

hence x;Ex; : D'(M) — D(M). Since (1 —1;)p : D(M) — H(C) we see that

(5.8) (1 —i)po Ex; : D'(M) — H(O),
hence
(5.9) Xi(po E)*(1 =) : H'(C) = D(M).

It remains to examine the properties of 1;(p o E)x;. By Prop. 5.2 we know that

Yi(po E)xi: D' (M) — &'(C). Since £'(C) C H'(C) continuously, we have

(5.10) bilpo E)xi : D'(M) — H'(C),

hence:

(5.11) Xi(p o E)*¢; : H(C) — D(M).

From (5.8), ..., (5.11) and the assumption that A : H(C) — H(C) it follows that

A; : D'(My) — D(Mp) hence has a smooth kernel for i = 2, 3,4, and WF(x1Ax2) =
WF(A1). ) ) )
To bound WF(A;)" we choose ¥; € C5°(C') such that ¥;1); = 1; and write

A1 = (xa(po E)ihr) o (9123s) o (a(po E)x2)) = K odo Ky,

where K; = ¢;(po E)x; € &' (M x C), d = irchy € E'(C x C). The distributions
K1, K5 and d have compact support. Moreover we have

WE(d) == WF(d)' = WF(K1)), = WE(K3)' = 0.

In fact the first two equalities follow from the corresponding hypothesis on WF(c)’,
the last two from (5.7). We can then apply the results in [H61, Chap. 8] on the
composition of kernels, and obtain that K3 odo K; is well defined and

WEF(K3 odo K1) C WF(KZ) o WF(d) o WF(K)'.

Now we apply Prop. 5.2 (1), the fact that WF(d)’ € WF())" and Lemma 5.1 (1).
We obtain that if (X1, X2) € WF(A)', necessarily X1, Xy € Ny and X; ~ Xo,
which is exactly condition (usc). O
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6. PSEUDODIFFERENTIAL CALCULUS

In this section we collect rather standard results on the pseudodifferential calcu-
lus on C = R x S%!. We will however need to consider bi-homogeneous symbols
on R x §%1 i.e. symbols having different homogeneities in the covariables o and
7, dual to s and 6.

The reason for this is that the charge ¢ = —2D; is not an elliptic differential
operator in the usual sense (considered on C’), hence operators like (¢ — 2)~! for
z € C\R are not in the usual pseudodifferential classes.

For k, k' € R we denote by H¥(R), H* (S%~1) the Sobolev space on R, S¥! or
order k, k', and by || - ||, || - ||» their respective norms. Furthermore, we denote
by H** (R x S%1) the Sobolev space on R x S¢! of bi-order (k,k’), i.e. the
completion of C§°(R x S4~1) for the norm

1Ml = [1{Ds)* {Dg)* -

We set also for p € R:
B*(R) = (1] B(H*(R), H* P(R)),
kER
equipped with its natural topology.

6.1. Pseudodifferential operators on R x R%~1,

Definition 6.1. Let p1,ps € R.
(1) we denote by SP+P2(R x R4~1) the space of symbols a € C(T*R x T*R4~1)
such that

051 05195202a] € O((o)P 1Pl (P2~ 0y, B €N, az, By € O,

(2) we denote by BP*SP2(R x S4=1) the space of a € C(T*R4~1, BP1(R)) such
that:
||a§2352a||p1,k1 € O(<77>p2_|,82‘)’ 0‘2752 € Nd_17

where || - ||lp, k. s any seminorm of a in BP*(R).

Using the Weyl quantization on R x R?~!, we obtain a map
SPrP2(R x R 5 a = Op(a) € B(CP(R x R, C°(R x R™1)),

whose range, denoted by UP1P2(R x R?~1) is the space of pseudodifferential oper-
ators on R x R9~1 of bi-order (pi,ps). Similarly using the Weyl quantization on
R%! we obtain a map

BPLSP2(R x R¥™1) 5 a+ Op(a) € B(CS®(R x R, C=(R x R™1)),
whose range will be denoted by BP1¥P2 (R x R4-1).

6.2. Pseudodifferential operators on C. Let A : C;°(C) — C®(C). If x; €
C>(S%1), i = 1,2 are cutoff functions supported in chart open sets €; C S4~1 and
¢i = Qi — R are coordinate charts, then ¢% o x1Axz 0 ¢y % : CC(R x R™1) —
C>®(R x R4-1).

Definition 6.2. (1) We denote by UPP2(C') the space of operators A : C§°(C) —
C>(C) such that for any x;, ¢; as above ¢ ox1Axs opy 1 € WPLP2(RxRI-T).
(2) We denote by BP*WP>(C) the space of operators A : C3°(C) — C=(C) such
that for any xi, ¢; as above @i o x1Ax2 0 qb;l* € B Pz (R x RI7L).
(3) We set

\Iroo,pz((j): ﬂ \IjPlaPZ(C‘)’ B7°°\Ilp2(C~’): n BPI\IIPZ(CV).

p1ER p1ER
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(4) We set } ) } .
PPLP2(C) = UPTP2(C') + B~°UP2(C).
Note that if one defines analogously ¥~°?2(() := Ny, er P12 (), then actu-
ally U—°°P2(C)) = B=°WP2(C'). Moreover it is easy to check that
JP1:P2 (C«) o P92 (é) C pPitpzaita: (C«)

We refer the reader to [Ro, BS, RT] and references therein for more details on the
pseudo-differential calculus on products of manifolds?.

6.3. Beals criterion. Let us denote by U?(S~1) the classes of standard pseudo-
differential operators on S~1. It is well-known that WP(S9~1) can be characterized
by the Beals criterion, namely an operator A : C*(S9~1) — C>°(S%!) belongs to
UP(Si-1) iff

(6.1) ady, -- ads, adx, - - adx,, A : H*(S*™ 1) — HFPT(S4 1) n.meN, k€ Z,

for any f; € C°>(S%"1) and X; smooth vector fields on S~ [RT]. Moreover one
can find a finite set of such f; and X; such that the topology on ¥P(S%1) given by
the collection of the norms of the multi-commutators is equivalent to the standard
topology on WP(S%~1), given by the symbol space topologies of the pullbacks @5 o
XiAx; o ¢; in Def. 6.2, for a fixed covering of S%=1 by chart neighborhoods U;.

These characterizations immediately carry over to the classes BP1UP2(C'). In
fact it is easy to see that A € BP1.SP2(C) iff
(6.2)

ady, - ady, ady, - adx,, A : HPF (C) — HFPok —p2tn(§d=1) "y e N kK € Z.
This result can be deduced from the previous one by considering the operators
((ur] ® Tga-1) 0 Ao (Jug) ® Iga-1) : C=(S¥1) — C=(S*71)

for uy € H7*P1(R), uy € H¥(R), which belongs to WUP2(S?1) if (6.2) holds.
Applying the result recalled above about the equivalence of the standard topology
and the topology given by the multicommutator norms, one obtains that A €
BP1wr2 (C) if (6.2) holds.

In the usual case one can deduce from the Beals criterion standard results on the
functional calculus for pseudo-differential operators, for example on complex powers
of elliptic ¥DOs [Bo]. These results are easy to extend to the classes BPrWP2(C).
We will need only a very simple one, which we now state. Recall that @*OO’O(C’) =

B~*W%(C) ¢ B(L*(C)). The spectrum of b € B(L?(C)) is denoted spec(b).

Proposition 6.3. Letb € T—9(C) and F holomorphic near spec(b) with F(0) =
0. Then F(b) € W=°>9(C).

Proof. The proof consists of expressing F(b) as a contour integral and applying
the Beals criterion to the resolvent (b — 2)~!. O

6.4. Essential support. We denote by \Ifﬁh(R), p € R the class of global pseudo-
differential operators on R with poly-homogenous symbols.

Definition 6.4. The essential support of a € WPrP2((C'), denoted by esssupp(a) C
T*R\Z is defined by:
(s0,00) & esssupp(a) if there exists b € \I'gh(R), elliptic at (sg,00) such that

boa e U—oP2(().

Clearly esssupp(a) is a closed conic subset of T*R\Z. Moreover one can equiv-
alently require that a o b € ¥~°P2(C) for some b € W), (R), elliptic at (so,00).

4Note however that the literature discusses mostly the case when both manifolds are compact.
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6.5. Wavefront set of kernels. For N = R, S ! R x S% !, we denote by Ay
the diagonal in T7*N x T*N, and by Zy the zero section in T*N.

For an operator a € WP1P2(R x S?71) it is in general not true that WF(a)’ is
contained in the full diagonal Ap,ge-1 (as would be the case for an operator in
UP(R x S?71)). Instead one has the following estimate, which can be thought as a
natural generalization of the usual estimate for the wave front set of tensor products
of distributions (in this case Schwartz kernels) [BS].

Lemma 6.5. Let a € WP1P2(R x S71). Then:
WF(CL)/ C Ar X Aga—1 UAg X (Zga—1 X st71) @] (ZR X Z]R) X Aga-1.

Less precise estimates are valid for the ¥?1:7> (R x S%1) classes:

Lemma 6.6. (1) Let a € B~°UP2(C). Then
WF(a)' N {(Y1,Ys) : 01 #0 or o3 # 0} = 0.
(2) Let a € UPP2(C). Then
cWF(a) = WF(a)y = 0.
The proof is given in Subsect. A.5.
6.6. Toeplit,z pseudo—diffef‘ential operators on C. We recall that ’H(é) =
MNiner H™(C) = Nier H®F(C). Let us set
LZ(C) =l (D,)L*(C)

and denote by iy : L3 (C) — L?(C) the corresponding isometric injection, so that
7y = ipi} = Ip+(Ds) is the orthogonal projection on L% (C) in L?(C). We set
also

(6.3) Ho(O) =i H(C) C H(C).

We will see in Sect. 7 that this provides a useful setup for the discussion of the
positivity condition A* > 0 for the two-point functions of a Hadamard state.

Writing g+ = xIg+ + (1 — x)Ig+ for a cutoff function x € C§°(R) equal to 1
near 0, we see that

(6.4) e € WO,
For a, 8 € {+,—} and p1,p2 € R we set:

VPP (C) i= g 0 WP P2(C) o i,

By (6.3) we see that \i/ilﬁ’p? (C) : Hg(C) — Ha(C). Moreover if we set:
Rap: UPrP2(C) S a s it oaoig € \i/ilﬁ’m(é’),

then using (6.4), we see that R,s has right inverse
Tap : \ilzlﬂ’m(é) Sarrigoaoiy€ gPpz(C),

which allows to identify \ilglﬂ’pz (C) with RanT,s C P17>(C). From (6.4) we also
have:

(6.5) \Izglﬂvm (C)o @%17412((}) C pirarte (@),
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7. CONSTRUCTION OF HADAMARD STATES ON THE CONE

From the discussion in Subsect. 5.2, in particular Thm. 5.3, we are led to the
following definition.

Definition 7.1. A pair of maps \* : H(C’) — 'H(é’) is called a pair of Hadamard
two-point functions on the cone C if:

i) WF(\F) = WF(\F), =0,

) WEOAE)Y N {(Y1,Y2): £01 <0 or £09 <0} =0,
i) At — AT =2D,,

) AE>0 on H(C).

g

(2%

As the name suggests, if A\* are Hadamard two-point functions on C' in the sense
of the above definition, then A* defined in (4.6) are Hadamard two-point functions
on My (as follows from Thm. 5.3).

We now discuss in more detail the various conditions in (Had). It is natural to
consider pseudodifferential two-point functions, i.e. to assume that A= € ¥r1r2 (C‘)
Moreover to analyze conditions (Had) 444), iv) it is convenient to reduce oneself to
AE of the form:

(7.6) AE = (2|D,|)7 ¢*(2|Dy])?, where ¢t € UP1P2(C),
for p1, p2 € R. Note that writing (2|D,|)2 as x(Ds)(2|Ds|)2 + (1 — x(D))(2|Ds|) 2

for x € Cg°(R) equal to 1 near 0, we see that (7.6) implies that A\* € wPr1+1r2(C).

7.1. Wavefront set. We first analyze conditions (Had) 4), ii).
Proposition 7.2. Assume that
A\t =qaf + Ti, aT € ppr1.p2 (0)7 rE e p—oop2 (C’)’

(7.7)
(R x RF) Nesssupp(at) = 0.

Then AT satisfies conditions (Had) i), ii).

Proof. The fact that A\* satisfy i) follows from Lemma 6.6 (2). Also since by
Lemma 6.6 (1) r* satisfy 7i) we can assume that A* = a®. We treat only the case
of AT and use the notation in the proof of Lemma 6.6. Let 371, Y, € T*C’\Z with
01 # 0 or 3 # 0. Let us assume that 1 # 0, the case 6o # 0 being similar, using
the remark after Def. 6.4.

Since (RxRT)Nesssupp(a™) = (), we can find a cutoff function y; with x1(81) #
0, a neighborhood V; of &1 and some m; € \I/gh(]R) elliptic at (81,61) such that
(1—=m1)(s, Ds)vgx € O((N) ™) in all H*(R) and m, (s, Ds) oa € U=°2(C). The
fact that (Y1,Y2) & WF(a)' follows then from the same arguments as in the proof
of Lemma 6.6. O

In terms of ¢* appearing in (7.6), a natural condition implying (7.7) is
(usce) lgs (Dy)c™ € U™>P2(C),
which clearly implies that A* satisfy (7.7).
Lemma 7.3. Let A* be given by (7.6) such that (uscc) holds. Then
¢t = Tgs (Dy) + P2 (C).
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Proof. In terms of ¢* (Had) i) becomes ¢ — ¢~ = sgn(D;). Let x* € C®(R)
be cutoff functions equal to 1 near +00 and to 0 near Foo. From condition (usc)c
and pseudodifferential calculus we obtain that

(7.8) ¢t =X (D) X T (Dy) + U™P2(0).
Using successively (7.8) and ¢t — ¢~ = sgn(Ds) we obtain

=Tyt + \i/_oo’pz(é)
= x* (T £ sgn(Dy))x* +¥>72(C)
= xEFxE + xExE + TP (0)
= XX FXTXT + X+ 002 (0)
_ Xi + ,i,—oo,pz(é)
= lg+ (D;) + U~°P2(C). O

7.2. Positivity. We now discuss conditions (Had) i), 4v). In terms of c¢* they
become:

i1i) ¢t —c” =sgn(Dy),
(7.9) .

iv) ¢t >0on H(O).

To analyze (7.9) we use the framework of Subsect. 6.6. We denote ¢ simply by ¢
and set

Cap =15 0coig, a,B € {+,—},
so that:
(7.10) c= Y iacCapi
a.fe{+,-}
Then (7.9) is equivalent to:

Coy  Cho Chp =L ey 5 s
(7.11) ( o\ e ) >0, ( e +1 ) >0on Hy(C)dH_(C),

which is equivalent to:
i) Ccyy >0, c_2>1, c4 =cf_,
i) |(utleq—u-)| < (U+|C++u+)%(u—|§——u—)é) ) :
(pler—u)l < (upl(ess — Duy)uleo— + Du )b, s € Ha(C),
Condition 4i) above is implied by
(g les—us)| < (ugl(esr — Dug)?(u_le-—u_)?, ux € He(C).

We are now in position to prove the following theorem, which is the analog of [GW,
Thm. 7.5] in the present situation. It provides a rather large class of Hadamard
two-point functions on C, hence by Thm. 5.3, of Hadamard states on M.

Theorem 7.4. Assume that
cyy=1+a%ay, c._=a’a_,
¢y =c', =alda_,
for ay € UF(C), am € UZ2N(0), d € WYL(C) with |ld|pz2 (6),12 ) < 1

Let ¢ be given by (7.10) and AT = (2|Ds)2¢(2|Ds])2, A= = At —2D,. Then \*
is a pair of Hadamard two-point functions on the cone.
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Proof. We sect as before A = (2|D,[)z¢E(2|D,|)z € U19(C), so that ¢t = ¢,
¢~ = c¢—sgn(Dy). Condition (7.9) follows from the above discussion. It remains to
check condition (uscc). We embed the spaces \ilglﬁ’p‘" (C) into WPL-P2 (C) as explained
at the end of Subsect. 6.6, and we have:

¢t =alay +alda_ +a*d*ay +a’a_ + Ig+(Dy),
¢ =alay+alda_ +a*day +ata_ + - (D),
hence
Ig-(Ds)ct = alay +alda_ € G0,
Ig+ (Dg)e™ = a*d*ay +a*a_ € T=0((C),

and condition (usce) is satisfied. O

Remark 7.5. The special choice of vanishing ay, a— and d in Thm. 7.4 gives
two-point functions

A = 421+ (D,) D,

In the setting of asymptotically flat spacetimes with past time infinity i~ these
correspond to the Hadamard state found and further studied in [Mol, Mo2].

8. PURE HADAMARD STATES

In this section we first characterize pure Hadamard states on the cone C'. We
then prove that any pure Hadamard state we on C induces a pure Hadamard state
wo in MQ.

8.1. An abstract criterion for purity. Let (), 0) a complex symplectic space
and w a gauge invariant quasi-free state on CCR(Y, o), with complex covariances
At

Let Y°P! the completion of ) for the norm

Nl=

(8.1) Iyl = @ Xy +7-Ay)=.

Let us introduce the hermitian form ¢ = ic € L, (), Y*). Clearly ¢, A\* extend
uniquely to Y°Pl. Then w is pure iff [AS]:
(1) q is non-degenerate on Y°P!,
(2) there exists an involution x : Y°P' — Y°P! such that x*qx = ¢, g > 0 and
A= 1q(k£1).
From this discussion we obtain immediately the following lemma.

Lemma 8.1. Let ();,04), i = 1,2 be two complex symplectic spaces and p : Y —
Yo an injective map such that p*osp = o01. Let we be a pure, gauge-invariant
quasi-free state on CCR()a,02). Let wy the gauge invariant quasi-free state on
CCR(Qh,01) defined by the complex covariances

AT ="M,

Then if pdh is dense in Yo for the norm || - ||w, defined in (8.1), the state wy is
pure on CCR()1,01).
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8.2. Pure Hadamard states on the cone. The following theorem is the exact
analog of [GW, Thm. 7.10]. In what follows we will use the notations introduced
in Subsect. 6.6.

Theorem 8.2. Let A* be the two-point functions of a state we on (H(C),0¢) of
the form (7.6) and satisfying (uscc ). Then we is pure iff there exists a € \I/:f’O(C)
such that

o+ I+a*a  a*(14aa*)?
S\ (14 aa*)%a aa* '
Proof. We consider the pair ¢* obtained from A*, denote as before ¢t by ¢ and

identify ¢ with the matrix < z++ ?7 ) Arguing as in the proof of [GW, Thm.
_+ —_—

7.10], we obtain that the state wo on (H(C), o¢) with covariances A* is pure iff
* * *\ 1
(8.2) o I1+a al a*(1+ aa*)z 7
(1+aa*)za aa*
for some a : L2 (C') — L% (C). This proves <.

Let us now prove =. Since we assumed that ¢& € ¥00(C) satisfy (usce), we
obtain that

(8.3) a*a € U1°°0(C), (14 aa*)za e W-T0(C).
We claim that
(8.4) (14 aa*)"2 € 1+ U=0(().

Let us prove (8.4). We use the operators Rog, Top defined at the end of Subsect.
6.6. We first embed aa* into W=°°0(C), i.e. consider b = T__(a*a). Then b > 0 on
@2(0) and applying Prop. 6.3 to F/(z) = (1+2)2 —1 we obtain that E]ler)’% —1e
U—0(C). Writing b as a 2 x 2 matrix acting on L2 (C) @& L2 (C) we see that
Ry, ((]1—|— b)%) = (1+ aa*)?, which proves (8.4). From (8.4) and (8.3) we obtain
that a € $-°(C). O

In the next lemma we identify the completion of H(C') for the norm (8.1) asso-
ciated to any Hadamard state considered in Thm. 8.2.

Let us first fix some notation. For a : L2 (C) — L2 (C)) we denote by ¢*(a) the
operator defined in (8.2) set ¢~ (a) = ¢t (a) — sgn(Ds), and
(8.5) M (a) = (2IDs]) 7% (a)(21Ds])*.

If H is a Hilbert space and h > 0 is a selfadjoint operator on H with Kerh = {0},
we denote by hH the completion of Domh~! (i.e. the range of h) for the norm
1A~ .

Lemma 8.3. Leta: Li(é’) — L2 (C). Then the completion of H(C) for the norm
(| (A" (@) + A~ (a)) )% equals |Dy[>L*(C).

Proof. By (8.5) and the definition of |D,|2 L2(C) it suffices to prove that the
completion of H(C) for the norm (u| (¢ (a) 4+ ¢~ (a)) u)? equals L(C). Let
uay= (((A¥aa)t e
B a* (1+a*a)z )’
and note that
(8.6) u(a)*c*(0)u(a) = ¢ (a).
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Moreover using the identity af(a*a) = f (aa*)c}, valid for any Borel function f, we
obtain that u(a)~! = u(—a), hence u(a) : L2(C) — L?*(C) is boundedly invertible.
By (8.6) it suffices to treat the case a = 0 which is obvious since ¢*(0) 4+ ¢~ (0) = 1.
O

8.3. Pure Hadamard states in M. Our main result concerns the purity of
the states induced in the bulk. We postpone the introduction of the key technical
ingredients of the proof to Subsect. 8.4 for the sake of self-consistency of our results
on the characteristic Cauchy problem.

Theoren} 8.4. Assume that dim M > 4. Let wc be a pure Hadamard state on

CCR(H(C),0¢) asin Thm. 8.2. Then the state w induced by we on CCR(CF (M)
/PC3 (My), Ey) is a pure state.

Proof. The proof relies on Lemma 8.1 and on some results on the characteristic
Cauchy problem in My, proved below in Subsect. 8.4. Recall that the map p :
Sol.(Py) — H(C) was introduced in Def. 4.1. By Lemmas 8.1 and 8.3 it suffices
to check that p(Sols(Po)) is dense in | D,z L2(C). Since C°(R x S%1) is dense
in |D,|2L2(C) it suffices for w € C§°(R x S%1) to find a sequence ¢,, € Sols(Pp)
such that pg, — w in |D,|2 L2(C).

We will use freely the notation introduced below in Subsect. 8.4. We first fix a
Cauchy surface ¥ in (M, g) as in 8.4.2 to the future of suppw. Note that since w
vanishes near s = —oo, we know that w belongs to the space f{& (C‘O) introduced in
Prop. 8.8. By Thm. 8.7 and Prop. 8.8, there exists f in the energy space £ (Xo)
such that w = Ro T f. Since C§°(Xo) ® C§°(Xo) is dense in & (Xo), there exists a
sequence f, € C§°(3g) & C5°(Xo) such that f,, — f in & (Zp). By Thm. 8.7 and
Prop. 8.8 we have RoT'f,, — w in H}(Cy), hence also RoT'f,, — w in |D,|2 L2(C),
by Remark 8.9.

Let ¢, € Sols.(Py) the solution with Cauchy data f,, on Xg. Then p¢, =
RoTf, — w in | D,z L2(C), which completes the proof of the theorem. O

8.4. A characteristic Cauchy problem in Mj,. From Lemma 8.1, we see that
to deduce purity of the bulk state from the purity of the boundary state, the range
of p in H#(C) should be sufficiently large. One way to ensure this is to solve a
characteristic Cauchy problem in My, i.e. to construct an inverse for p. If M has
a compact Cauchy surface, the characteristic problem was shown to be well posed
in energy spaces by Hormander [H62]. With some care the results of [H62] can be

used in our situation.

8.4.1. Characteristic Cauchy problem for compact Cauchy surfaces. We recall an
important result of Hormander [H62] on the characteristic Cauchy problem in en-
ergy spaces. The framework of [H62] is as follows:

One considers a spacetime (M, §) for M = R x X, ¥ a smooth compact manifold
and § = —fB(t,x)dt? + h;j(t,x)dx"dx?. One also fixes a real function 7 € C*°(M).

If 3, is a Cauchy hypersurface in (M, g), we will denote by

Us, : C*(S1) & C™(S1) — C(M)

the Cauchy evolution operator for —Oz 4 7, so that ¢ = Uizl f solves

—Oz0 4+ 7¢ =0,
Bls, = 1%, WVl = f.
A hypersurface C' of the form
(8.7) C ={(F(x),x): x € X}, F Lipschitz,
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is called space-like (resp. weakly space-like) if

sug (=871 (F(x),x) + 0;F(x)h" (F(x),x)0;F(x)) <0, (resp. <0).

If F is smooth then of course C is space-like (resp. weakly space-like) iff all tangent
vectors at each point of C' are space-like (resp. space-like or null).

Since ¥ is compact and F Lipschitz, the Sobolev space H'(C) and of course
LQ(C) are well defined, for example by 1dent1fy1ng C with ¥ and using the Rie-
mannian metric hlj (0,x)dx*dx? on ¥ to equip C with a density dvg.

One also needs the measure

dvd = (87" = W9, F9;F)dvg,

which vanishes if C' is a null hypersurface.
We set now

(8.8) E(C):=H'(C) @ L*(C,dvY).
Note that if C is space-like (i.e. a Cauchy hypersurface), then £(C) = H*(C) @
L3(C).

The result of [Ho2] is the following theorem:

Theorem 8.5 ([H62]). Let %y be any Cauchy hypersurface in M and C' be weakly
space-like of the form (8.7). Then the map

T: &%) — E(C)
f = (s, Nl (B7'0:0s, Nl )
is a homeomorphism.
Note that if C' is characteristic, then L?(C, dv) = {0} and E(C) = HY(C), so

one obtains as a particular case the solvability of the characteristic Cauchy problem
in energy spaces.

8.4.2. Embedding My into M. We will use Hormander’s result recalled above to
solve a characteristic Cauchy problem in My, in an arbitrary neighborhood of p.
The first task is to locally embed M into a spacetime M as above.

We fix a Cauchy hypersurface ¥ to the future of p and identify M with R x X
with ¢ = —B(¢,x)dt* + hy;(t,x)dx'dx?. We set g = ¥ N My and fix an open,
precompact set U such that J=(Xq) N J¥(p) C U.

The following lemma shows that over U, C can be parametrized by X.

Lemma 8.6. There exists a bounded, Lipschitz function F defined on X such that
CnU=A{(tx): t=Fx)}NU.
Proof. The proof is given in Appendix A.6. O
We next embed ¥ into a smooth compact manifold ¥. We consider the space-

time M = R x ¥ and extend F to a Lipschitz function Fony, g to a metric g as
in 8.4.1. We set

and define:
(8.9) Co = (J_(Eo,M)ﬂC) U{p}.
Cy is an open subset of C, with C compact in M and

(8.10) 9% = 9C,.
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We claim that we can choose the embedding >g C Y and the extensions F' and
g so that:

(8.11) J(E\Zo; M) N Cy =0,
(8.12) C is weakly space-like in M.

This is clearly possible by modifying >, F' and g only outside a large open set U,
and using that the embedding of (My,g) into (M, g) is causally compatible, see
(2.3).

The situation is summarized in Fig. 1 below. Identification symbols (a single
and double bar) are used to stress that ¥ is compact.

Fig. 1: The modified cone C.

8.4.3. Sobolev spaces. We now recall some well-known facts about Sobolev spaces.
If © is a relatively compact open set in a compact manifold X with smooth boundary
09, then H}(€2), defined as the closure of C§°(Q) in H!(£2) can also be characterized
as H}(Q) = {u € HY(Q) : ulsq = 0}. The restriction operator rq : H'(X) —
H'(Q) is surjective from Hjo(X) = {u € H*(X) : ulsq = 0} to H}(2), with right
inverse eq : H} () — H}o(X) equal to the extension by 0 in X \(2.

We set £(Q2) := H}(Q) & L?(Q2), and Esq(X) = HA,(X) @ L*(X). The operator
ra®ra : Esa (X) — EQ(Q) will still be denoted by rq, and eq®eq : 50(9) — gBQ(X)
by €Q.

We will use these facts for Q = 2, Cp and X = %, C. If Q = Cj, then we use the
notation in (8.8), i.e. £(Cp) = H(Co) @ {0} ~ H}(Cp), since Cy is characteristic.

8.4.4. Characteristic Cauchy problem.

Theorem 8.7. The map
T : E(Z0) = E(Co)
[ (Us, e
is a homeomorphism.

Proof. We will prove the theorem by reducing ourselves to Thm. 8.5. We first
claim that

(8.13) T=rcg, 0 To exy,-

In fact this follows from the fact that es, : £(20) — () is the extension by 0.
By Thm. 8.5, this implies that T' : &(Xo) — £(Ch). Moreover by Huyghens
principle, if f € C§°(Xg) @ C§°(Xo), then T'f vanishes near 0Cy, hence T maps
continuously &y(Xg) into E(Coh).
We next claim that S = rg, o T 1o ec, is a right inverse to 7. In fact let

g€ &(Co) and f =T Yoeq,g = (f° f1) € £&X). Since 98y = dCy we have
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fo los, = 9lac, = 0 hence eyx, o rzof € 5(53) Since f —ex, O Tzof vanishes on g,
we obtain by (8.11) and Huyghens principle that

T'Cy OT(.]E_ €5, Orzof) =0,

hence T'o Sg = r¢, on =170, °€c,9 = ¢. This completes the proof of the theorem.
O

8.5. Sobolev space on the cone in null coordinates. Let us set
R:C>®(C)2g~ Bg(s,0) € C®(R x S*71).

The goal in this subsection is to describe more precisely the image of H}(Cj) under
R.

We will denote by Cyp € R x S%! the image of Cp under the map C 3 ¢ —
(s(q),6(q)) where the coordinates (s,6) are constructed in Lemma 2.5. Using that
9Cy = 0% is space-like and included in C, we easily obtain from Lemma 2.6 that
Cy is of the form: )

Co={(5,0) e R xS¥1: 5<50(0)},
for some smooth function so. To simplify notation the measure |m|z (8)df on S%—1
will be simply denoted by df. We also set r = e®.

Proposition 8.8. The image of Hi(Cy) under R equals to the completion of
C§°(Cy) under the norm:

|1 = (/C (r= 050> 4+ r~10p|? +r‘1|w|2)dsd9> ©

We will denote this space by H}(Cp).

Remark 8.9. Since r < rog on Cy, we see that ﬁé(éo) imjects continuously into
|D,|2 L2(R x S%1).

Proof. We recall that (v, ) (see (2.4)) are coordinates on C' such that the topology
in H}(Cp) is given by the norm

-

2

( [ el g + bl l0ugl? + |vd1|g|2>dvdw)

Recall that we have set r = e. A function g € Hg(Cp) expressed in the coordinates
(s,0) or (r,0) will be still denoted by g. Similarly the image of Cy under the map
(5,0) — (e*,0) will still be denoted by Cy

From Lemma 2.5 (3) and a routine computation, we see that an equivalent norm
on H}(Cp) is:

|

2

(819 ([ 0= onal +rt-Slengl? + r#-gParas)
C

Since d = dim M — 1 > 3, the Hardy’s inequality —A > C|z|~2 holds on L?(R9).

Considering (r,6) as polar coordinates on R? we obtain that:

/ r1710,9* + r¢3|0pg|*drdd > C r173)g|%drdd, g € Hi(Cp).
éo C~40
Therefore adding a term 7%~3|g|? under the integral sign in (8.14) yields an equiv-
alent norm on H}(Cp). Since 7 is bounded on Cj this term dominates the term
r4=1|g|? and we finally obtain that the topology of H'(Cy) is given by the norm

1

. ) 3
(/ (rd1|3r92+7“d‘5|8gg|2+ard‘3|g|2)drd9> ,

Co
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where the constant o > 0 can be chosen arbitrarily large. Going back to coordinates
(s,0) we obtain the norm

1
2

(8.15) </C (r=2|0sg|” + 72|00 g)* + ard_2|g|2)dsd9)
o
For two functions m,n € C*°(Cy) we write m ~ n if m = ron, for ro,ral € S0,
where the class S° is defined in Subsect. 2.5. We have 8 ~ r—(¢=1)/2 hence
(8.16) Dsf3, Bgf ~ r—d=1/2,
Setting ¢ = Rg = S~ 1g we have:
059 = BOsY + (0s8), Opg = BOpY + (0 3)1-

Using then (8.16), and choosing « > 1 in (8.15), we obtain that (8.15) is equivalent
to

(8.17) (/C (r=Y 052 + 1|02 + r‘1|w|2)dsd0> :

This completes the proof of the proposition. O

9. CHANGE OF NULL COORDINATES

The map p : Solge(Py) — H(C) introduced in Def. 4.1 depends on the choice
of the null coordinates (s,6) on C, i.e. on the choice of the initial hypersurface S,
used in Lemma 2.5 to construct (s,d). In this section we discuss how our class of
Hadamard states depends on the above choice.

9.1. New null coordinates. We fix a reference hypersurface .S in C, yielding null
coordinates (s,0) near C' such that g[c is given by (2.6) and S = {f = s = 0}.
We choose another hypersurface S transverse to V¢ f in C, hence:

(9.1) S={f=0, s=0bf)}, for some b € C>(S*1).

Since V¢ fl¢ = 0s, we obtain that the new coordinates (3, 6) obtained from Lemma
2.5 with S replaced by S are given by:
(9.2) 6=0, 5(s,0) = s — b(0).
We have then
glc = —2dfds + hij(5,0)d6 de?,
and a standard computation shows that |h|(3,0) = |h|(s, ), hence 3(3,0) = (s, 0).

Denoting by p the analog of p in Def. 4.1 for the new coordinates ($,6) we have
then

(9.3) pd =Upp, ¢ € Solge(Po),
where: ~ ~
U H(C) — H(C)
g Ug(s,0) = g(s +b(0),6).
The map U is symplectic on (’H(C’), oc) and unitary on L? (C’) with U*D,U = D;.

Proposition 9.1. If A € U=°2(C) then UAU' € U—°2(C).

Remark 9.2. Note that the above invariance property does not hold for the classes
UmP (), since for example the classes W™P(R x R4™1) are not even preserved by
linear changes of variables (s,y) — (s + Ay, y).
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Proof. We will use the Beals criterion explained in Subsect. 6.3, which implies
that B € U=°2(C) iff for any functions g1, ...g, € C®°(S?!) and smooth vector
fields X1,..., X on S% 1 and for any N € N, k, &’ € R one has:

(9.4) ady, ---ady, ady, - --ady, B : HPF (C) — HFHNK —ptn )y,
To simplify notation, we rewrite (9.4) as
(9.5) ad%adlB : HMV (C) — HFHNFHrH8(C),

denoting by X, resp. g an arbitrary n—uple of vector fields, resp. m—uple of
functions.

If g is a function on S?~', considered as a multiplication operator, and if X is a
vector field on S?~! we have:

(9.6) UlgU =g, U'XU =X+ (X -db)d,, U'0,U = 0.

Let now A € U=P(C). For ¢ € C=(S%! x S91), let us denote by Ay the
operator with distributional kernel A(sq,s2,01,602)1¥(01,02). By the well-known
properties of the pseudodifferential calculus on S%! we know that if ¢y = 1 in
some neighborhood of the diagonal, then A — A, € ¥—°=°°((), or equivalently
maps H** (C) into HF+NK+N(C) for any k, k', N. Using (9.6) this implies that
U(A — Ay)U™! has the same property, hence belongs to T o0 (),

Therefore we can replace A by Ay, and assume that the kernel of A is supported
in R x R x Q, where 2 is an arbitrarily small neighborhood of the diagonal in
S4-1 x §%1. Introducing a smooth partition of unity 1 = Ziw xi on S, we
see that we can replace A by yAy, where y € C>(S?1!) is supported in a small
neighborhood of a point fy € S*~!. We pick local coordinates 61, ...,604_1 near 6
and rewrite (9.5) as:

(9.7) (D) N (D) F P H1Plad%add A(0,) 7F(06) F € B(L(C)).

We set now A’ = UAU ~!. Note first that if the kernel of A is supported in Rx R x €2,
then so is the kernel of A’, hence by the above discussion it suffices to check that
A’ satisfies (9.7). Let us set U"'XU = X’ if X is a vector field on S?~!, and in
particular 9 = U~10yU = 9y + 9yb0s. Then an easy computation yields:
<3S>k+N<ag>k/_p+‘BladafangAU_l<85>_k<69>_k/
(9.8) ‘
= U(0,)F TN ()" P H1PladS adl A(0,) () M U

Using (9.6) and the fact that A € U=°°?(('), we obtain that
ad%/adgA e g—oor=I8l(@),

(95)N ()" P H1Flad% adl A(0,)N (99) ™ € B(L*(C)),
for any N € N. It follows that the Lh.s. of (9.8) belongs to B(L?*(C)) if for any
s € R there exists NV € N such that:
(9.9) (05) N (%) (o) =", (95) N (90)*(95) " € B(L*(C)).

Let us now prove (9.9). The first statement of (9.9) is easy to check for s € N, using
that 9 = 0p + 0pb0s. Conjugation by U gives the second statement for s € N. By
duality and interpolation we obtain then (9.9) for arbitrary s, which completes the
proof of the proposition. O

From Prop. 9.1 and the fact that U*D,U = D, we obtain immediately the
following result.
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Proposition 9.3. The classes of Hadamard states obtained in Thms. 7.4, 8.2 are
independent on the choice of the null coordinates (s,0).

APPENDIX A

A.1l. Stokes formula. Let (M, g) an orientable, oriented pseudo-Riemannian man-
ifold of dimension n. We denote by dVol, € A"(M) the associated volume form
and by dp, = |dVol,| the associated density.

Let ¥ C M a smooth submanifold of codimension 1 and ¢ : ¥ — M the natural
injection, which induces ¢* : A(M) — A(X). From the orientation of M and a
continuous transverse vector field v € Tx; M we obtain an induced orientation of 3.
If ¥ C OU for an open set U C M, we choose v pointing outwards.

If we A"(M) and X € TM, then X_w € A" (M) and one sets:

thw =1 (Xw) € A"HX).

Similarly if g = |w]| is a density on M, we set t% g := |exw]|, which is a density on
3.
If V, is the Levi-Civita connection associated to g then:

Vo X*dVol, = d(X 1dVoly),
which applying Stokes formula:

(A1) /dw :/ Cw, we A"THM),
U U

to w = % dVolg, yields:
(A.2) / V. X*dVol, = / t%dVoly.
U ou

A.1.1. Non-characteristic boundaries. Assume first ¥ C QU is non characteristic,
that is the one-dimensional space:
Tm(z)ann C TIM*

is not null (the superscript ™ denotes the annihilator). It follows that the metric
h:=*g on ¥ is non-degenerate (in the Lorentzian case, one typically assume that
Y is space-like, then h = 1*¢g is Riemannian). Let n € Ts M be the unit, outward
pointing normal vector field to o. Then :

(A.3) dVoly, = vy dVol,, txdVol, = X*n,dVol,

/L}dVOlg ::/X“nadah.
b )

If all of QU is non-characteristic, then from (A.2) we obtain Gauss’ formula:

(A4) /VaXadpg:/Xanadah,
U )

where doj, = |dVoly|.

hence

A.1.2. Characteristic boundaries. Assume now that X is characteristic. Then there
is no normal vector field anymore. To express the r.h.s. of (A.2), one chooses a
defining function function f for ¥, i.e. such that f = 0,df # 0 on X, and complete f
with coordinates y', ..., ! such that df Ady' A---Ady™ ! is positively oriented.
Then computing in the coordinates f,4',...,7" ! one sees that

t%dVol, = X“Vaf|g|%dy1 A Ady™

hence:
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(A.5) /L}dVolg:/XaV“f|g|%dy1/\~~/\dy"’1
P b

In the general case we can for example split QU as 1 U X5, where ¥ is non-
characteristic, Y5 is characteristic and obtain:

(A.6) /vaxadug = X“nadah+/ X Veflglzdy' A Ady" .
U Y2

PN

A.2. Conformal transformations. In this section we briefly discuss conformal
transformations of a globally hyperbolic spacetime (M, g). Let w € C*(M) be
strictly positive and consider the conformally related metric

g =wig.
Set P = —-V*V, + 4(’;7’_21)]%. For this special choice of the lower order terms, the
conformal transformation g — ¢’ amounts to

P = wfn/2flpwn/271'

This entails that the causal propagators are related by E/ = w="/2*1Ew™/2+1 One

concludes that multiplication by w~="/2*1 induces a symplectic map
w—n/2+1
(A7) (Solse(P), ) ———— (Sols.(P'), "),

where o, 0’ are defined as in (3.2) using the respective volume densities.

We apply this discussion to (Mp, g) and the conformally related spacetime with
metric ¢’ = w?g. In the setting of Sect. 4.1, there is a monomorphism of symplectic
spaces

(Solse(Py), 00) 2= (H(C),0¢0).
By (A.7) we also have a monomorphism

pown/271 ~

(Soluc(Bp), ) 2y (H(C), o).
Therefore, one can construct states for the conformally related spacetime using the

bulk-to-boundary correspondence with a modified trace map p’ = p o w™ 271,

A.3. Proof of Lemma 2.6. We fix a point ¢ € C' and complete the coordinate

2% = f by local coordinates Z = (z?,...,2%) near ¢. The functions s, defined

on C' are denoted by s(T), 0x(T), since T are local coordinates on C. We denote by
h(Z) the restriction of g=! to T*C. Note that the fact that C is null implies that
g"%(0,7) = 0 and that from Lemma 2.5 we have:
(A.8) g"°(7)0;5(7) = —1, ¢"°()9i0k(x) = 0.
If X is a null vector, orthogonal to C' N {u(Z) = u(q)} and transverse to C, we
obtain that )

g X = )\(§Vivis,vis), AER.
Let us denote for the moment by 3, 8, the extensions of s, 8, outside C, which are
constant along the flow of X. We obtain that on C:

1 -
ds = (§ds - hds, ds), dfy = (ds- hdfy, dby).

Using also df = (1,0,...,0) and (A.8), a routine computation leads to the following
identities on C"

df -g~Ydf =ds- g 'ds=df - g~ 'df), = d5 - g~'db), = 0,
df -¢g7'ds=ds- g 'df = -1,
dfy, - g~'d, = 30,1 0,0,
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This implies that g is of the form (2.6) on C. O

A.4. Proof of Lemma 2.5. Since (y°,7%) are normal coordinates, we have:
(A.9) glo = —dvdw + v*m;;(Y)dy'dy? + v*gy,

where m;; (1)dy’dy? is the standard Riemannian metric on S4~! and g is a smooth
pseudo-Riemannian metric in the arguments dv, dw and vdi?®.

We start by expressing f in the normal coordinates (y°,%). By Malgrange’s
preparation theorem [H61, Thm. 7.5.6] one can write

F6°.9) =m@’, 9)((°)° = [71*) + a@y° + b(@),
for m, resp. a,b € C* near (0,0), resp. near 0. Since C C f~1({0}), we obtain
that b(y) = a(7)|7|, and since b € C(R?), necessarily a € O(|7|°°). Moreover from

the Hessian of f at p we obtain that m(0,0) = 1.
Going to coordinates (v, w, ), we obtain:

[, w,¢) = m(v, w, )vw + walv, w, ¥),
for a € O(Jw — v|*°). Using also that m(0,0,v) = 1, it follows that:

&,f(v, Oa 1/}) = awf(”ﬁﬂ/’) = Oa 3wf(v,0,1/1) =v+ T(U,¢)7

for r € O(|v|?). Using (A.9) to express (¢g71)[c we obtain after an easy computation
that:

(A.10) Ve = (v+0v2a%(v,))dy + v7a (v,1) Dy,

where a°, @’ are smooth, bounded functions near v = 0.

Let us now prove (1). Using (A.10) we obtain the equation near p:
(v +v2a°(v,1))Bys + v2a’ (v,9)0yis = —1,

for smooth functions a’, a’. We set s = In(vh(v, 1)) and obtain after an elementary
computation

(1 +va®)dyh + a’h +va'(v,¢)dyih = 0,

which we can uniquely solve on [—ey, €] x S9! by fixing h(0,). We may fix
h(0,7) > 0 to ensure that s(eg,¢) = 0. We obtain s = In(v) + Inh(v,v) for
h e COO([—q,el] X Sd_l), h > 0.

It remains to extend s globally to C'. To do this it suffices to check that for any
q € C, the integral curve of V*f through ¢ crosses S at one and only one point. By
[Wa, Corollary to Thm. 8.1.2] we know that ¢ can be joined to p by a null geodesic
~. Locally a null geodesic on C' is, modulo reparametrization, an integral curve of
Vef. Since V°f is complete, the whole y\{p} is an integral curve of V*f. Hence
the integral curve of V[ through ¢ crosses S. Choosing ¢y in (2.5) small enough,
we can ensure that V*fV,v > 0 on S, hence the integral curve through ¢ crosses
S at only one point. We can hence extend s globally to C', as a C*° function.

The proof of (2) is similar. We obtain the equation near p:

(v +02a°(0,9))0,07 + va’ (v,19)0y:07 =0,
or equivalently:
(1 +va®(0,4))0,67 + va'(v,1)dy:6” =0,

which we can solve in | — €1, e;[xS?! by imposing 67 (eg, 1) = 7. The estimate
(3) on #7 is immediate. We extend 67 to all of C' by the same argument as before.
O
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A.5. Proof of Lemma 6.6. We use the characterization of the wavefront set of
kernels using oscillatory test functions, which we now recall:
let (3,7) € C and A > 1. We set for (0,7) € R x RI~1:

(AID)  opn() = X()EX07 € CR(R), wya() = ()M € 0=(sY),

where x € C§°(R), resp. ¢ € C°°(S?~1) are supported near §, resp. §. We set
U, A = Vo,x @ wy x. Note that if V resp. W are small neighborhoods of 7 € R,
resp. 7 € R then for n, = max(n,0), we have uniformly on U =V x W:

O((N)F+ 5
(A.12) [tomallen € 3 O(NFHFLY if o # 0,
O((AYEHE") if g # 0.

Let now Y;,Ys € T*C. Then (}71, 172) ¢ WF(a)’ if there exists cutoff functions y;,
resp. ; with x;(8;),1:(9;) # 0 and neighborhoods U; = V; x W; of (6;,7;) such
that:

(A.13) (Woy )Moy m) N ) L2 (0) € ON) ™), uniformly for (o4, 1;) € Us.

We first prove (1). Let a € B~>°¥P2((') and Y1, Y € T*C such that &1 # 0 or 52 #
0. Then (A.13) follows from (A.12) and the fact that a : H* k2 — Fkitmkatpz for
any m > 0.

We now prove (2). If a € UP1P2((C) the statement follows from Lemma 6.5. It
remains to consider the case a € B~°°UP2((C'), and to prove that (A.13) holds if
(61,7m1) = (0,0) and (&2, 72) # 0 or vice versa. If 1 # 0 or G2 # 0 we have already
proved (A.13).

Assume now that 71 = 0 and 72 # 0, the other case being similar. Then we can
find cutoff functions g; € C§°(R?~!) supported near 7;, with disjoint supports such
that (1 — g;(A™'Dy))tu(s; n),x € O(A™) in all H%F uniformly for (oy,7;) € U. Tt
follows that

(U(Ul7771)7>\|au(027772),)\)L2(C)

= (U(or ) A l91 (AT Dy )aga(A ™ Dy) ey oy ) 2 () + O((N) ™),

uniformly for (oy,7;) € U;. By pseudodifferential calculus on S, we know that
g1(A"1D,)age(A"1D,) € O((N)~>°) in B(H**") for any k, k" € R. Combined with
(A.12), we obtain (A.13) also if 75 = 0, 72 # 0. This completes the proof of the
lemma. O

A.6. Proof of Lemma 8.6. Set v, = {(s,x) : s <0}, x € X. To prove that C is
the graph of a function F' over ¥ we have to show that for each x € X, y intersects
C' at one and only one point. Then we have:

F(x) =inf{s <0: (s,x) € IT(p)}.

If F(x) = —oo then v C I (p) N J~((0,x)) C J"(p) N J~((0,x)). This last set is
compact by global hyperbolicity, which is a contradiction. Hence 7, intersects C.
Moreover if (t1,x) € C, then (s,x) € J~(p) for all ¢; < s < 0. This shows that
intersects C' at only one point, hence the function F is well defined, and bounded.

Let (T°,x°) the coordinates of p. For x # x%, C' is smooth near (F(x),x) and 0,
is transverse to C'. By the implicit function theorem this implies that F' is smooth
near x. Moreover if K; C Y is a compact set then dF' is uniformly bounded on
K1\{z°}. To prove this is suffices to introduce normal coordinates at p such that
near p, C' becomes a neighborhood of the tip of the flat lightcone. O
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