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THE SECOND EIGENVALUE OF THE FRACTIONAL p—LAPLACIAN

LORENZO BRASCO AND ENEA PARINI

ABSTRACT. We consider the eigenvalue problem for the fractional p— Laplacian in an open bounded,
possibly disconnected set Q C R", under homogeneous Dirichlet boundary conditions. After dis-
cussing some regularity issues for eigenfuctions, we show that the second eigenvalue A2(Q2) is well-
defined, and we characterize it by means of several equivalent variational formulations. In particular,
we extend the mountain pass characterization of Cuesta, De Figueiredo and Gossez to the nonlocal
and nonlinear setting. Finally, we consider the minimization problem

inf{A2(Q) : |Q| =c}.
We prove that, differently from the local case, an optimal shape does not exist, even among discon-

nected sets. A minimizing sequence is given by the union of two disjoint balls of volume ¢/2 whose
mutual distance tends to infinity.
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1. INTRODUCTION

1.1. Overview and aim of the paper. Let Q@ C RY be a bounded open set, 0 < s < 1 and
1 < p < co. This paper is concerned with the nonlinear and nonlocal Dirichlet eigenvalue problem

(1.1) (=Ap)*u=A|uP%u, inQ, u=0 inRY\Q,
where
_ p—2 _
A ) 2 T ) )P ) ~ )
o0 {yeRN : |y—z|>5} "73 - y’ 5P

is the fractional p— Laplacian. Here solutions of (1.1) are always understood in the weak sense, see
equation (2.7) below.

If A € R is such that (1.1) admits a solution u # 0, then we say that A is an (s, p)—eigenvalue of
Q2. Correspondingly, u is an (s, p)—eigenfunction associated to A. The eigenvalue problem (1.1) was
first introduced by Lindgren and Lindqvist in [21] and investigated by several authors afterwards,
we cite for example [4, 14] and [18].

Observe that for p = 2 the operator (—A,)® reduces to the well-known fractional Laplacian, which
has been extensively studied in the last years (see for example [5, 15] and the references therein). We
point out that the terminology fractional p— Laplacian is not standard, though somehow justified
by the fact that the operator (—A,)* arises as the first variation of the fractional Dirichlet integral

[u(z) — u(y)?
1.2 dzd
2 /]RN /RN !x—y|N+S” v

and therefore it is the nonlocal counterpart of the usual p—Laplacian operator
—Apu = —div (|Vu|p_2 Vu).

By homogeneity, it is not difficult to see that (s, p)—eigenvalues corresponds to critical points of the
functional (1.2) restricted to the manifold S,(£2) consisting of functions having unitary LP-norm.

In order to put the studies of this paper in the right framework, let us start by recalling some
known facts about the eigenvalue problem (1.1). First of all, in analogy with the local case, the
spectrum of the fractional p— Laplacian, i.e the set

sp(2) ={A € R : \is an (s, p)—eigenvalue}

is a closed set (see [21]). Moreover, it is possible to define the first eigenvalue A;(Q2), i.e. the
smallest A\ € 0, ,(€). The first eigenvalue has a variational characterization, as it corresponds to
the minimum of ®,, on S,(€2). In other words, A\;(£2) coincides with the sharp constant in the
following Poincaré inequality (see [4, Lemma 2. 4])

u(y)[” o
/\U|de</RN/RN P |N+Sp dx dy, u € Cp°(2).

The quantity A1(€2) can be estimated from below in terms of || in a sharp way, exactly as in the
local case. This is a consequence of the Faber-Krahn inequality (see [4, Theorem 3.5])

/MWZ<EDVM@%

where B is any N —dimensional ball. Equality in the previous holds if and only if € itself is a ball.
The result can also be rephrased by saying:

“Among all domains of fixed volume, the ball has the smallest first eigenvalue.”
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The main aim of this paper is to study the second eigenvalue \o(£2) of the fractional p—Laplacian,
for every 1 < p < oo and 0 < s < 1. Observe that since we are dealing with a nonlinear eigenvalue
problem, actually it is not even clear that it is possible to speak about a second eigenvalue. Indeed,
the spectrum o, ,(2) in principle could contain a sequence accumulating to A (£2).

Thus, at first we want to show that A\y(Q2) is well-defined and give a variational characterization
for it. Then we want to prove sharp lower bounds for A2(2) in terms of ||, similarly to the Faber-
Krahn inequality. It is useful to recall at this point that in the local case this is indeed possible,
thanks to the Hong-Krahn-Szego inequality. This asserts that:

“Among all domains of fixed volume, the disjoint union of two equal balls
has the smallest second eigenvalue.”

In scaling invariant form, this reads as

Aa(©) > (2“5’)]“ M(B),

where B is again any IN—dimensional ball. Equality holds if and only if 2 itself is a disjoint union
of two equal balls. For p = 2 the result was proved long time ago by Krahn [19]. Then this has
been probably neglected and rediscovered some years later by Hong [17] and P. Szego [23]. The
general case of the p—Laplacian has been recently addressed in [3, Theorem 3.2].

1.2. Results of the paper. The first main result of this paper is the following (see Sections 4
and 5 for the precise statements).

The second eigenvalue. Let 1 < p < oo and 0 < s < 1. Let @ C RN be and open and bounded
set. There exists a real positive number \2(€)) with the following properties:

e \2(Q) is an (s, p)—-eigenvalue;

° )\Q(Q) > A1 (Q),

o if A > X\ () is an (s, p)—eigenvalue, then A > Aa(2).
Moreover, it has the following variational characterization
1.3 Ao (Q2) = inf max Py ,(u),
( ) 2( ) ~v€l'(u1,—u1) u€lm(y) ,p( )

where I'(u1, —uy) is the set of continuous paths on Sp(§) connecting the first eigenfunction uy to
its opposite —uq.

The eigenvalue A2(€2) will be constructed by means of a variational minimax procedure originally
introduced by Drabek and Robinson in [12]. In particular, in this paper we will deliberately avoid
to use any index theory. The mountain pass characterization (1.3) is the nonlocal counterpart of
the result by Cuesta, De Figueiredo and Gossez for the local case, see [7]. We point out that our
proof differs from that of [7] and is similar to that of [2, Proposition 5.4], which is based on the so
called hidden convexity for Dirichlet integrals (see [1]).

On the contrary for the Hong-Krahn-Szego inequality the situation in the local case and in the
nonlocal are quite different. Due to the nonlocal effects, the mutual position of the connected
components of the domain influences the spectrum o, ,(§2) of the operator. More important, as
already observed in [21], if w is a sign-changing eigenfunction with eigenvalue A and 4 is one of
its nodal domains, it is no more true that A\1(24+) = A (see Lemma 6.1 below). Also, the restriction
of u to €4 in general is not a first eigenfunction of Q. This point marks a huge difference with
the local case. We then have the following sharp estimate for Ay(£2), which is partially in contrast
with the local case. This is the second main result of the paper.
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Nonlocal Hong-Krahn-Szego inequality (Nonlocal Hong-Krahn-Szego inequality). Let 1 <
p<ooand0 < s <1. For every Q C RN open and bounded set we have

sp
2|B|\ ™

(1.4) A2(2) > <]|Q||> A1(B),

where B is any N—dimensional ball. Equality is never attained in (1.4), but the estimate is sharp

in the following sense: if Q, is a disjoint union of two equal balls Br(xy,) and Bgr(yn) such that

lim |z, — yn| = +o0,
— 00
then

111520 )\Q(Qn) = <|‘BB;|> v )\1(B) = )\1(BR).

Observe that as a consequence of this result, we obtain that the shape optimization problem
inf{A2(Q2) : [Q] = ¢},

does not admit a solution.

1.3. Some words about regularity. Our proofs are based on variational techniques for which
membership of eigenfunctions to the relevant Sobolev space is sufficient.

The only place where regularity of eigenfunctions is really needed in our paper is in the proof
of the nonlocal Hong-Krahn-Szego inequality, which is based on the crucial Lemma 6.1. There
continuity is necessary in order to assure that nodal domains of eigenfunctions are open sets, thus
we enclose in this paper the (long) Section 3 where the regularity issue is tackled. There we prove
at first some local and global L estimates for solutions of general nonhomogeneous equations like

(1.5) (=A)*u=F, inQ,  wu=0 nRY\Q.

Though not completely new!, these estimates are here obtained by means of a Moser’s iteration
technique. For this reason, we believe them to be interesting and we prefer to include them here.
Then we show how continuity follows from the very recent result [20, Theorem 1.5] by Kuusi,
Mingione and Sire. This point needs a precision: the regularity estimates of [20] are indeed very
general. In particular, they consider more general nonlinear and nonlocal operators and cover the
harder case of F' being just a measure. In this case solutions have to be understood in a suitable
very weak sense (see [20, Definition 2]|). However, such a general setting needs the hypothesis

p>2—s/N,

thus their result can not be directly applied to our situation where 1 < p < cocand 0 < s < 1
without any further restriction. Such a restriction on p and s in [20] comes from a couple of crucial
comparison results (essentially [20, Lemma 3.4]). These results can be proved in an easier way
when F' is in the correct Lebesgue space, without any additional condition on p and s. The scope
of the second part of Section 3 is exactly that of showing how to fix this technical point. Then we
briefly sketch the main ideas of the proof of [20, Theorem 1.5] for the reader’s convenience.

n [8, Theorem 1.1] the local L™ estimate is proved for solutions of the homogeneous equation, while [14,
Theorem 3.2] contains the global L> bound for eigenfunctions. Both these results use a suitable variant of De
Giorgi’s technique.
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1.4. Plan of the paper. All the definitions, notations and preliminary results needed for the sequel
are contained in Section 2. In Section 3 we prove some regularity estimates for eigenfunctions and
more generally for solutions of (1.5). The second eigenvalue of the fractional p—Laplacian is then
introduced and studied in Section 4, while Section 5 contains its mountain pass characterization.
Finally, the nonlocal Hong-Krahn-Szego inequality is proved in Section 6. The paper ends with a
couple of Appendices containing some pointwise inequalities needed throughout the whole paper.

Acknowledgements. Part of this work has been conducted during the conference “Journées
d’Analyse Appliquée Nice-Toulon-Marseille” held in Porquerolles in May 2014. Organizers and
hosting institutions are gratefully acknowledged.

2. DEFINITIONS AND PRELIMINARY RESULTS

2.1. Notation. Throughout the whole paper, we will denote by Br(z) the N—dimensional ball
having radius R and center x. When the center will be clear from the context or unncessary, we
will simply write Br. Finally, wy is the measure of the N—dimensional ball with unit radius. For
a Borel set E C R, we will denote by |E| its N—dimensional Lebesgue measure. The average over
Bpg(x) of a measurable function ¢ will be denoted by

(2.1) A

= Y dex.
|Br(z0)| JBy(a0)

We also set

(@) = max{u(z),0}  and Y (z) = max{—4(x), 0},
so that ¥ =¥y —¥_. Given 1 < p < o0 and 0 < s < 1 such that sp < N, we define
Np Np

= d 1) [ —
P =N an (r*) Np_N tsp

2.2. Sobolev spaces. Let 0 < s <1and 1 <p < oo. For every ) C R open and bounded set,
we consider the Sobolev space W () defined as the closure of C§°(£2) with respect to the norm

1
)|P P
lullem ey (/RN/RN e ’NM’ dxdy) L ueCEEQ).

We recall that the space WS P(Q) can be equivalently defined by taking the closure of C§°(Q) with
respect to the full norm

</Q|u|pdx> </]RN /RN |z — \N+s)p|p dx dy);,

see [4, Remark 2.5]. If sp # 1 and 052 is smooth enough, such a space coincides with the usual one
WyP(€), defined as the closure of C§°(€2) with respect to the norm

This is proven for example in [4, Proposition B.1].

Remark 2.1 (Borderline case sp = 1). When sp = 1, the previous identification is no longer true
and one has the strict inclusion

WeP(Q) G WoP (9.



6 BRASCO AND PARINI

Indeed, for sp < 1 the characteristic function 1q of 2 can be approximated in norm by a sequence
{tun}nen C C5°(R2), that is we have

_ P
lim / lup, — 1P dz =0 and lim [un () }éz(y” drxdy =0,
n—oo o n—% Jo Jo o |z —y|NTeP

see for example the counterexample contained in [11] at page 557. Thus we have 1o € WP ().
On the other hand, for sp =1 it is easily seen that

I1a(z) — 1a(y)[? // 1
drdy =2 —— —dxd
/RN/RN [ — yNH T g o — gV

and the last integral does not converge, thus 1o ¢ WE ().

The main properties of the space WS P(Q) can be found in [4, Section 2]. Here we state and prove
a couple of simple functional inequalities that will be needed in the sequel. We use the notation

W*P(Q) := {u e LP(Q) : /Q ; dedy < +oo}.

Proposition 2.2 (Poincaré with localized seminorm). Let 1 < p < oo and 0 < s < 1. We fix
R > 0, for every u € W*P(Bg) we have

{z € Bgp : u=0}| / / / u(y)[?
2.2 R™°P ulP doe < dx dy.
( ) I9N+sp RN R| ‘ . . |LL‘ 2,|N+sp

In particular, for u € Wg’p(Br) with 0 < r < R there holds

Nwny (r\N (R—r |u(z) — u(y)?
2. — (= P Pdr < .
(2.3) oN+sp <R) ( - > / ul” d /BR /BR ’x_y’N—i-sp dx dy

Proof. Let x € B, and we pick y € B, such that u(y) = 0. Then we get

u(@)]” = lu(z) —u(y)|” =

By integrating at first with respect to y and then integrating with respect to x, we can get inequality
(2.2).

In order to prove (2.3), it is sufficient to use (2.2) and observe that

{z € Br : u=0}| >wyn (RN — V).

|U(.CE) - u(y)|p |l‘ _ |N+sp < (2 )N+sp ‘u( ) ( )|p
lz — y|NFsp Yy = |z — y[N+sp

By further noticing that
/ |u|P dz = / |u|P dx and RN — N > NN "Y (R —7),
Br B,

we get the conclusion after some simple manipulations. O

Proposition 2.3 (Sobolev with localized seminorm). Let 1 < p < oo and 0 < s < 1 such that
sp<N. We fir 0 <r <R, then for every u € Wy’ (B,) there holds

P
2.4 C / ulP” dm) / / Ju(w) = uly)I” dzx dy,
24 (BT’ | Br JBgr \x—y‘N“p

where the constant C = C(N,p,s,R/r) >0 goes to 0 as R/r converges to 1.
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Proof. Since WP (B,) — WFP(RY), we have

2.5 SNops P d dx dy,
(25) Bk </Br u x) /JRN /RN |z — 3/|N+Sp Y

see for example [10 Theorem 6.5]. We now decompose the Gagliardo seminorm as

p
d dy —/ / d dy+2/ / 2)| dx dy.
/]RN /]RN |z —y |N+Sp Br JBg ’33— |N+s” Br JRN\Bg |$— |z —y[N+sp

By observing that u = 0 outside B, and that for every x € B, we have Bp_,.(x) C Bp, the last
integral is easily estirnated as follows

u@)P
dx dy = / / dzx dy
/BR /]RN\BR |z — y’NHp B, JRN\Bg \95 - y‘NJ“Sp

1
< ulP dz / ——dy
/BT [u ( RN\Bgr_,(x0) ly — xO‘N—Hp )

N
_ New /\u]pda:
B,

sp(R—r)sp
R\Y r 5P (y)[P
< = dz dy.
<o (3) (7) (7)o ooames o
In the last passage we used (2.3). By using the previous in (2.5), we get the conclusion. O

Remark 2.4 (Watch out!). We point out that for sp < 1 the previous inequalities (2.3) and (2.4)
fail to be true for R = r. The counterexample is the same as in Remark 2.1, i.e. the characteristic
function of Bpg.

Finally, we give a Sobolev inequality without loss on the left-hand side.

Proposition 2.5 (Sobolev with localized full norm). Let 1 < p < oo and 0 < s < 1 such that
sp < N. For every u € W*P(BR) there holds

p 1
2.6 ul|? [/ / u(y)| dx dy + — / upd:z:},
(2:6) ey < | [ SO s o [

for some constant ¢ = C(N, s,p) > 0.

Proof. For R = 1 the result is contained for example in [10, Theorem 6.7]. The case of a general
R > 0 can then be obtained by a standard scaling argument. U

2.3. Nonlocal eigenvalues. We say that u € Wos’p(Q) \ {0} is an (s, p)—eigenfunction associated
to the eigenvalue X if u satisfies (1.1) weakly, i.e.

u(x) —u(y)|P~? (u(z) —u _
I e e ORI UEY NI

for every ¢ € WO’ (Q). If we set

5,(Q) = {u € WEP(Q) : /Qu|pda: _ 1},

we already observed in the Introduction that (s, p)—eigenvalues coincide with critical points of the
functional

p
2.8 D, b Julz) — uly)” dxd
(28) o) =l = [ ey,
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restricted to the manifold S,(€2). The first (s, p)—eigenvalue of €2 is given by

2.9 A(2) = min ||u
(29) (@)= min
It is easy to see that first eigenfunctions must be nonnegative (or nonpositive). This is a consequence
of the elementary inequality
|u(@)] = Ju()I] < Ju(z) —uy)],
which holds strictly whenever u(x) u(y) < 0.

It can be proved actually that any constant sign (s, p)—eigenfunction must be strictly positive
(or strictly negative) on every open bounded set €2, even disconnected. This is the content of
the following result, which holds true without any connectedness assumptions and which therefore
extends [1, Theorem A.1].

Proposition 2.6 (Minimum principle). Let 1 <p < oo and 0 < s < 1. Let u € VIN/OS’p(Q) \ {0} be
a nonnegative (s, p)—eigenfunction associated to the eigenvalue \. Then u > 0 in Q.

Proof. If Q) is connected, this is exactly [1, Theorem A.1]. Let us suppose that 2 is not connected.
Still by [1, Theorem A.1] we already know that u > 0 on each connected component of © where
it is not identically zero. Set Q; := {x € Q : u(xz) > 0}, and suppose by contradiction that there
exists a connected component €y of Q2 such that u identically vanishes on Q. Let ¢ € C§°(€2) be a
nonnegative test function, not identically zero. By inserting this in (2.7), with simple manipulations

we get
_ p— u(y)|P~? (u(z) — u(y)) N
0—/\/Qu 1<pdx—/RN/RN ‘x_ e (p(z) — o(y)) dz dy

—2/ / p(y) dz dy.
0 JQ, ’$—y’N+SP #lv)

Therefore u = 0 in 4, a contradiction. Hence u > 0 in 2. O

Remark 2.7. The previous result is in contrast with the local case, where actually nonnegative
eigenfuctions can identically vanish on some connected components.

The following statement summarizes some basic facts about the first eigenvalue.

Theorem 2.8. Let 1 < p < oo and 0 < s < 1. For every Q C RN open and bounded set we have:

i) any first (s, p)—eigenfunction must be strictly positive (or strictly negative);
i1) A1(Q) is simple, i.e. the solution of (2.9) is unique, up to the choice of the sign;
iii) if u is an eigenfunction associated to an eigenvalue A > \1(§2), then u must be sign-changing.

Proof. The first item follows from Proposition 2.6.

Simplicity of A\1(£2) follows from [14, Theorem 4.2], which holds true also for disconnected do-
mains, thanks to Proposition 2.6.

The last statement for general sets follows combining Proposition 2.6 and [14, Theorem 4.1]
(again, this last result is valid also without assuming that 2 is connected). (]

Remark 2.9. As in the local case, the exact structure of the spectrum o, ,(€2) is an open issue.
However, it is possible to show that it certainly contains an increasing sequence of eigenvalues
{Ak(Q) }ken diverging at infinity, by means of standard minimax procedures (see for example [18,
Proposition 2.2]). We also mention the interesting result [18, Theorem 1.1] about the asymptotic
distribution of (s, p)—eigenvalues.
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3. A JOURNEY INTO REGULARITY FOR THE FRACTIONAL p—LAPLACIAN

The aim of this section is to prove that an (s, p)—eigenfunction is continuous, for every 1 < p < oo
and 0 < s < 1. Indeed, we will consider the general case of solutions to

(3.1) (—A)*u=F, inQ, wu=0 inRY\Q,

where F € L(p*)’(Q) is given. We will prove some global and local L* estimates and then ex-
plain how continuity follows from the recent result by Kuusi, Mingione and Sire contained in [20],
concerning the case of F' being just a measure (not necessarily belonging to the dual of Wg P()).

We point out that for sp > N we already know that WP (Q) < L (Q) N COs=N/P(Q) (see [4,
Proposition 2.9]). Then we only need to consider the case sp < N. For simplicity, we will consider
the case sp < N, then it will be evident how to handle the borderline case sp = N, where F € L1
for ¢ > 1. In this last case, it will be sufficient to reproduce the proofs of this section, by replacing
the continuous embedding W*P < LP" (and the associated Sobolev inequality) with W~/ < L™
and m > 1 large enough.

Throughout the whole section, given F' € L#") (Q) we always denote by u € Wg P(£2) the solution
to (3.1), i.e. u satisfies

ju(z) — u()P~ (ulz) — u(y)) -
(3.2) /R ) /R ) (o(z) — o(y)) dedy = /Q Foda,

|z —y|NFep

for every ¢ € Wg’p(Q).

3.1. Global boundedness. We start with the following global result.

Theorem 3.1 (Global L™ bound). Let 1 <p < oo and 0 < s < 1 such that sp < N. If F € L1(Q)
for g > N/(sp), then u € L>®(). Moreover, we have the scaling invariant estimate

1 sp_ 1 P
(33 lullzmoy <€ |17 [ uldo+ (190% 3 1Pln)
where C'= C(N,p, s,q) > 0.
Proof. For every 0 < ¢ < 1, we define the smooth convex Lipschitz function
fo(t) = (2 + )2,

then we insert the test function ¢ = o |fL(u)[P~2 fL(u) in (3.2), where ¢ € C$°(Q) is a positive
function. By using (A.1) with the choices

a = u(x), b= u(y), A =(x) and B = (y),

we get

(¢(x) = (y)) d dy

/ / |fe(u(@)) — fe(uly)P~? (fe(u(z)) — fe(u(y)))
RN JRN

|z — y|N+sp

/ p—1
< [P P b
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By observing that f. converges to f(t) = |t|, using that |f/(¢)] < 1 and Fatou Lemma?, if we pass
to the limit in the previous we get that the function |u| verifies

p—2
o [ u(z) - \u@ﬁw_ : N(zim ~ Ju(y))) ot~ dndy < [ 1,

for every positive functions ¢ € C3°(€2). By density the same remains true for ¢ € WOS P(Q), still
with ¢ > 0. -

For every M > 0, we define up; = min{|u|, M} and observe that uy is still in W (€2), since
this is just the composition of |u| with a Lipschitz function. Given § > 0 and § > 0, we insert the
test function 1) = (ups + 0)? — 6% in (3.4), then we get

()|~ )| (u)] ~ fu(w)) () +6)° — (urr(w) +6)°)
/RN /]RN dx dy

|z —y|NFep
g/ |F| (ups + 6)P d.
Q

By using inequality (A.3) with the function
g(t) = (min{t, M} + 6P,

from the previous we get
B+p—1|P

B+p—1p 8
(54‘]7—1 /RN/RN |z —y |N+5p dxdyS/Q|F‘(UM+(5) dz.

We can now use the Sobolev inequality for WP (RY) (see [10, Theorem 6.5]), so to get

ﬁ+p B+p—1|P
UM +5) ( ()4—(5) p
dr d
/RN /R = [N o
N N—sp
Bp— Bip-1\ N—op N
> CNp,s </ ((UM+5) BT 1)N p dl‘)
Q
We then obtain
N—sp

U=

+p1 Nlizs)p R q - P
([ (o g2y 5 ) T < Moy (30207 (ot
»P,S

We also observe that by triangle inequality and the simple inequality (uys + 8)TP~1 > 6P~ (uys +
5)?, the left-hand side can be estimated by

( [ (s +9)"5

20bserve that the integrand on the left-hand side can be estimated from below by the integrable function

p=1 M@ @I 1 ) — v

p |z —yNter p lo—y|Ntsp

N-—s

p
Np N p—1
féﬁﬂj 1>N75p dx) > <5> </ (ups +5)B Noop dm)
2 Q
N—sp

_ §Btr—1

N—sp

)

thanks to Young inequality and to the 1—Lipschitz character of f..
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By using this estimate, up to now we gained

—sp

N p 1

N F rq —1 / 4 —s

(fiwsireira) ™ ol (520 (feyipva)? s
Q pd P Q

possibly for a different constant C' = C(N, p, s) > 0. On the other hand, it is easy to see that?

. _1\? : O\ 7
100 < 5 (5+p 1) o' v ¥ </(UM+5)BQ da:)q .
p Q

Thus we get

sp 1
/

N N;V — p / q
b (sore )™ <od (B23) (o)
3.5
<[ %]

with C' = C(N, s,p) > 0 as usual. We then choose 6 > 0 by

_1 s
(3.6) 5= |F |y 12777 o),

and set ¥ = 8 ¢’. The previous inequality can be written as

1 ’ ! pq 1

< 1 ep L AN AN 5
(e <fom+ 3 () ()" (fvrora)
0 q'p Q

where for simplicity

N 1
3.7 = - > 1
(3.7) X= N and
We now iterate the previous inequality, by taking the following sequence of exponents
79() = 1, 79n+1 = Xﬁn = Xn+1.
Since x > 1, then
= —_— = — = — 7 7
nzofﬂn o G 1 N-N¢+spgq

and ) )

ST (4N (Ot dp—d\

H 197 I — < +o00.

Lo \Pn q'p

By starting from n = 0, at the step n we have

! /

s 3 q—l n / % . fo Pqi
s+l < [l 3B 5 [ ()7 (2 dz=d )
i=0 N qap

[ur + 3] 1.

By taking the limit as n goes to co we finally obtain
/I _X

_1_sp\49 =
funliz= < € (10777 %) fluas + 611,

3We use that

1(75+p71)f'>1
B p -

see Lemma, A.5.
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for some constant C' = C(N, p,s,q) > 0. In particular, since up; < |u| and by triangle inequality,
we get
NPAES
Junliz= < € (10777 %) [lull + 1],
By recalling the definitions (3.6) and (3.7), we finally get the desired conclusion by letting M go
to oo. U

Remark 3.2. For eigenfunctions, starting from (3.4) one can reproduce the proof in [4, Theorem
3.1] for the first eigenfunction and prove that u € L>°(£2). This gives another proof of [14, Theorem
3.2], this time based on Moser’s iterations. For sp < N there holds

_N_
[ull oo () < Chvpos X7 1wl Loq)-

By Lebesgue interpolation, the previous also gives

N
[ull oo @) < (Chvps)” A7 ull o).

3.2. Caccioppoli inequalities. The previous result is based on the fact that if u is a solution of
(3.2), then |u| is a subsolution of the same equation. Like in the local case, this is a general fact
which remains true for every f(u) with f convex. This is the content of the next results.

Lemma 3.3 (Subsolutions, part I). Let 1 <p < oo and 0 < s < 1. Let F € LY(Q) for ¢ > N/(sp)

and let u € Wos’p(Q) N L>®(Q) be the solution of (3.2). Then for every f : R — R conver C!, the
composition v = f ou verifies

jo(2) = )P (o) =o)L 2 P o
N (pla) = o) dody < [ PIF@)P2 F/w) pda,

|z — y[NFsp

for every positive function ¢ € W3'(9).

Proof. Observe that the assumption v € L°(2) is not restrictive, by Theorem 3.1. The proof
goes exactly like in the first part of Theorem 3.1. We insert in (3.2) the test function ¢ =
Y| (w)|P~2 f'(u), where ¢ € C$°(Q) is a positive function. If f is not regular enough, a stan-
dard smoothing argument will be needed, we leave the details to the reader. Then by appealing to
(A.1), we get (3.8) for smooth test functions. A density argument gives again the conclusion. [

The following is very similar, but we lower the hypothesis on F'.

Lemma 3.4 (Subsolutions, part II). Let 1 < p < oo and 0 < s < 1 be such that sp < N. Let

F € LP)(Q) and u € WP(Q) be the solution of (3.2). Then for every f : R — R convex and
L—Lipschitz, the composition v = f ou verifies

v(z) —v(y)|P~? (v(z) —v
po [ [ MA@ =) ) - gty drdy < [ [Flpds,

|z — y|Ntsp

for every positive function ¢ € W' ().

The following can be seen as the Moser-type counterpart of [8, Theorem 1.4], for equations with
a right-hand side F.

Proposition 3.5 (Localized Caccioppoli inequality). Let 1 < p < 0o and 0 < s < 1 be such that
sp< N andlet F € L(p*)/(Q). We assume that v = f(u) is a subsolution, i.e. a function satisfying
(3.9) for an L—Lipschitz convex function f and such that

(3.10) v>0 on ' € Q.
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For every 8> 1 and § > 0, we take

o) = (t+0)°  and G(t):/tg’(r)édrzﬁfi”1(t+5)“§”, >0,
i -

Then for every positive 1 € C3°(2) such that spt(yp) € Q' we have

p

Gl (v() ()|
[ i

= Z <B+£_1> /Q Y W (G(“@))pJFG(v(y))p) dz dy

+C sup / %d$ / g(v) PP dx
yespt(v) JRM\q [T — y|N TP o

Lo /Q |F| g(v) 0P da,

(3.11)

for some constant C' = C(p) > 0.

Proof. We insert in (3.9) the test function ¢ = P g(v), where ¢p € C§°(f2) is a positive function
such that spt(¢) € €. Then we get

v 2 r)—v
/RN Iviz) = |(x)_|p ‘N(+£p) ) (9(v(z)) ¥(2)" — g(v(y)) ¥ (y)") dz dy

/IFHf ()P g(v) ¥ do.

We now split the double 1ntegra1 in three parts:

v P2 ( -
/ / “ |x_| |N+§p) W) (g(o@)) (@) — g(o(y)) $u)P) du dy,

[o(2) = o) (0() ~ v(y) .
n=f. e g(0(z)) () do dy,

and

p 2 z) — v
/ /RN\Q |1’ _| y‘J\SJrEp) (y)) g(v(y)) T/J(y)p dx dy

Estimate of Z;. For the first integral Z;, we proceed as follows: at first, for every z,y € 0 we
have

[v(z) = v() P~ (v(@) = v(y)) (9(v(z)) ()" — g(v(y)) D))

= fo(z) ~ o) (o) — o)) LI gy
FIo(e) — vl) P2 (ofa) — o) LOELEICWD (g )
(v(2)) — 9(0(»)

> [v(z) = v(y) P~ (v(2) — v(y))

~ o) — ol LEICED ey
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In order to estimate the last term, we use at first

(@) = $(u)] < p max {p(@)" " v(EP '} ) = ()
(3.12) p—1
<p (V@) +vEr) " @) - )l

Then we appeal to the definition of g(¢) and to Young inequality with exponents p and p’: thus we
have

v p v\T p
o) 2 P4 DOy —

(@) — ()P~ (v(z) + 6)8 (@) +vE)P)'T ) — D)
(@) — ()P~ (v(y) + 0)F W@ + e@)P) T @) — v)]

< e o(e) — o) (0(a) +6)° () + 6 ()

__1

e r-1

5 (@) + )T () —v(y)?

+e 2 () — o) () + ) (W) + v(w))

1

e p-1
2

[v(z) = v(y) P~

IN

NID® oS

+

(0(y) +8)77 7 [w(a) = (y)lP,

where € > 0 will be chosen in a while. For the moment we have shown
lo(z) —v(y)[P? (v(x) = v(y)) (g(v(@)) Y(x)” — g(v(y)) (y)?)

> fo(a) — o) (o) — () LIV ()

e p; : lv(z) — v(y)|P <(U(x) +6)°7 4 (u(y) + 5)B_l> W) +4(1)")

_ 1
g p-1

2

(@) + 8y + (v(y) + )77 [i(@) — ()P

Now we can use the pointwise inequality (A.4) for the second term in the right-hand side, with the
choices

a=uv(z)+9 and b=v(y)+0.

This gives us*

[v(2) = v~ (v(@) = v(y)) (9(v(2)) B(@)” = g(v(y)) D))

> 1225021 ) )2 (@) — 0(0) ((0(@)) - g(0(0)) (o) + ¥())

_ 1
e p-1

2

(@) + )7+ (u(y) + )77 ) [ (@) — v ()PP

“We use that the constant max{1,3 — 8)} appearing in (A.4) is less than 2.
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If we now choose € = (4 (p — 1))71, use (A.3) and recall the definition of G, we finally get

[v(z) = o) P72 (v(z) = v(y)) (9(v(2)) Y () — g(v(y)) ¥(y)?)
2 ¢|G(v(z)) =GP ()" +9(y)")

C (B+p—1 P D v P x) — p
‘5(> (Go(@) + Gu()P) [¥(z) — v(u)P,

p
for some ¢ = ¢(p) > 0 and C = C(p) > 0. If we further use
(3.13) G(o(@)) = G W) +ly)?) = 277 |Glole) ¥lx) - Guw) )|
this gives

Got@) vla) - Gw) )|
/Q,/, |$_y‘N+sp drdy <7

+6< )] RO Gty + Gty dedy

(3.14)

b

Estimate of 7. This is easier to estimate, we simply observe that by monotonicity of 7+ |7|P~2 7
and hypothesis (3.10), for z € Q' we have

[o(2) = v(y) P~ (v(@) = v(y)) = ~[o@y) P~ o(y),

thus we get

v 20
Tz [ s st vty

o o)l
- (xeilpltpzw) /RN\Q/ ]:I:U—?L]]\’Jrsl’dy> /, g(v(z)) Y(z)? dw.

Estimate of Z5. This is estimated exactly in the same way as before, i.e. it is sufficient to use for
yeq

[v(z) = v(y) P~ (v(@) = v(y)) < o(@)P2 (),

then
|v(@) P2 v(x) ,
 Jemar |x_y|N+sp 9(w(y)) Y(y)? dz dy
3.16
o >—<Sw / ““W”w>/gwwwwvw
— \yespi(w) Jrvar [z —y[NTEP : ‘

Conclusion. Since we have

3
Snzrt [ |Flgl)ds
i=1 @

it is sufficient to use (3.14), (3.15) and (3.16) in order to get the desired conclusion. O

As in [8], we define the nonlocal tail of a function ¢ by

: |p(a) P! o
Tail(y; zg, R) := RSP/ L A7) .
( ) ( RN\ B (x0) 12 — 0| VTSP
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Observe that this is a scaling invariant quantity. An important consequence of the Caccioppoli
inequality is the following result for solutions (see [20, Lemma 2.2] for the case F' = 0). We state
the result for the subconformal case sp < N, then it will be evident how to adapt the argument to
cover the case sp = N, where F' € L4(2) with ¢ > 1.

Corollary 3.6. Let 1 <p < o0 and 0 < s <1 such that sp < N and let F' € L(p*)/(Q). We take
0 <r < R such that BT(:L'O) € Br(zg) € Q. For the solution u of (3.2) there holds

|p
/ / Ix—y|N+sP dar dy
7 ™ ™

R N+sp+p N
< Rop <R—T‘> {/BR |ulP dz + R Tall(u;l'o,R)} }+CHF’L@) Br)’

for some constant C = C(N,p,s) > 0.

(3.1

Proof. In (3.11) we choose ' = Br and ¢ € C§°(B(,+r)/2) such that
C
0<¢y<1 inB =1in B, d V| < ——
<Y<l i Bgp Y=l and VY] < =—

for some universal constant C' > 0. We also take v = wuy the positive part of w and ¢(t) = t, i.e.
B =1and § = 0. Then from (3.11) we get

|ut (= —ui(y) Y ()" 1 /
dr dy + ub P dx
/BR /;R |x_y|N+Sp Rsp R *

1 1
V- IRY O e P) dx d PP d
s SE /B/B oy (@ ) dedy + /BR“”” .
upfl
O sup / mdﬂf / U+w”dx+/|F|u+¢de.
yeBRél»'r RN\BR Yy Bgr 0

where we added the term

1 P D
Rsp /BR uy P dz,
on both sides. We then observe that

1
/B /B o= yN e (ur(2)” + uy(y)?) dody
R R

3.19 —2/ / dx dy
( ) B JBR |.Z‘— |N+sp P
dy _
§2/ (/ ) ub dx = c RPU 5)/ ub dux,
Br \JBy [x0 —y[NFsp—P ) Br

for some constant ¢ = ¢(N, s,p) > 0. For the second term on the right-hand side of (3.18), we have
-1

/ ul 1 J 2N+sp RN+sp u]i J
sup xr < / ———dz
(3.20) YEB(ryry 2 JRN\Bp [T — y[N 5P (R—r)NFsP Jgm\ gy, |2 — 2oV HsP

2N+sp RN ) p—1
= (e {Ta11(u+;xo,R) ,
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since for every y € B(pi,)/2 and z € RN\ Br we have

R+r
|z =yl 2 & = zo| — |wo —y| 2 & — 20| = —5
> | | R+r| |_R |
Z | — Zo 2R r — To| = R T — Xg|-

Finally, by Holder and Young inequalities

/

1 o\
/|F|u+wpda:<;” ) (/B (F1r ) )™ 47 (/Bmep i)’

For the last term we use Sobolev inequality (2.6) and choose 7 < 1 small enough, in order to
absorb it in the left-hand side of (3.18). Then from (3.18), (3.19) and (3.20) we get

|uq (@ —us(y) Y(y)|° 1 /
drdy + — ub PP dx
/BR /BR ’CL‘ _ |N+sp Rsp +

< 1 Pdxd
<ior |(wer) 1 [, e

C R\ p—1
+ < > [Ta11(u+; xo,R):| /B uy dz+ C ||F||77} L(p*),(B )’
R

P
PF

RsP \R—r
By Young and Hoélder inequalities we have

1 -1 N
{Tail(u.,r; xo, R)}p /B uy dr < (pp)R
R

By using that ¢ = 1 on B, and also R/(R —r) > 1 we thus get

lug (2) —uy (y))”
/T/T |z — y|[N+sp dr dy

C R \Vtertp . P P
< > {/ uf dx + RN | Tail(u. ; xo, R)} } +C ||F|‘£(p1*)/(BR)’
Br )

{Tail(qu;xo,R)}p—FC/ ut de.

<
~ RsP\R-—7r

for some constant C = C'(N,p,s) > 0. This proves (3.17). By reproducing the proof above for
v = u_, the negative part of u, and then summing up the resulting inequalities, we finally get
inequality (3.17) for the solution itself. O

Remark 3.7. We observe that the previous estimate still holds for u—c¢, where ¢ € R. In particular,
if we take ¢ = Uy, g, we get

/ / )‘p d d C R N+sp+p
B, |x—y|N+3P _RSP R—r

y {/ | — Ty, g|P dz + RN [Tail(u—ﬂxo,R;fBo?R)} }+C||FL<p*) Bgr)’
Br

(3.21)

3.3. Local L estimates. In the homogeneous case, the local L* estimate below has been proved
in [8, Theorem 1.1]. The proof uses a De Giorgi-type iteration. The case F' # 0 has been treated
n [20, Theorem 1.2], by using a perturbative argument. The result in [20] provides a pointwise
nonlinear potential estimate on the solution.

Our approach is more elementary and direct, it relies on the Caccioppoli inequality of Proposition
3.5 and a Moser’s iteration.



18 BRASCO AND PARINI

Theorem 3.8 (Local boundedness). Let 1 < p < oo and 0 < s < 1 such that sp < N. Let
F € L1Q) for g > N/(sp) and v = f(u) be a subsolution, i.e. a function satisfying (3.9) with f
convex and L— Lipschitz. We take 0 < ro < Ry such that By,(xo) € Br,(z0) € 2, and suppose that

v>0 on Br,(xo).

Then the following scaling invariant estimate holds

hSAl

1 RO Psfl .
[vllLee(B,,) < C Bril WwWdr | +C . Tail(v; xg, r0)
(3.22) Fol JBr 0
sp-2 T
oL (B 1P, )
where
N N
Ro\» [ Ry \WHrsrtP iz
C:CO <0>p < 0 > ' and COZCO(stapaQ)>O‘
To Ry — 1o

Proof. We use Proposition 3.5 in order to perform a suitable Moser’s interation. We first prove
(3.22) for 1o = 1 and Ry = v > 1, then we will get (3.22) for general 79 < Ry by a scaling argument.
It is also clear that it is sufficient to prove the result for L = 1, up to replace v by v/L.

Estimate at scale 1. We thus take 1 = rg < r < R < 1, choose Q' = B and ¢ € C§°(B(,4r)/2)
such that
C

0<¢<1 inB =1in B, d < ,
<y < in B, yR)/2, (0 in an !W\_R_T

for some universal constant C' > 0. For notational simplicity, we also set
v = v+ 0.
From (3.11) we get

B+p—1 B+p—1 ‘p

( +p_1> /BR/BR vs(x) P ﬁ(mﬁ;;afsy])) rP(y) Lo dy
<

(R—r /B /B |z —y |N+sp p (v(;( )ﬁ+p l"‘vé(y)ﬁﬂj 1) dz dy
R R

p—1
+C sup / %dm / v?W’dw—I—/W!v?gﬁpda}.
R |N+sp Br Q

yGBRJrT N\BR |x -y
2

(3.23)

We then observe that by proceeding as in (3.19), we have

B+p—1 B+p—1
(3.24) / / (Ug(.l‘) _;15(347) ) dr dy < CRP(I—S) / vfﬂnfl dz,
Br JBg |z — y|NFsp—p Br

for some constant ¢ = ¢(N, s,p) > 0. As for the second term in the right-hand side of (3.23), as in
(3.20) we have (recall that rog = 1)

’U($)|p_1 2N+spRN+sp
/ v TS N
R |N+sp (R_T)N+sp

-1
(3.25) sup

p
{Tail(v; xo, 1)}
YEB(R1r)/2

MBg [T —Y
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By collecting (3.24) and (3.25) in (3.23), we get

B+p—1 B+p—1

p
Y jos() 5 w(a) — ws(e) T (o)
B <5+p—1) /BR/BR z — y|NFsp dx dy
() [ e

N+sp 1
+C< R ) [Tail(v;xg,l)]p / v§¢pdx+/ |F| o 4P da.
R—r Br Br

5( p )P 1/vﬁ+p—1¢pd$
B+p—1) Re? Jp, ° ’

on both sides and use again the Sobolev inequality (2.6), we gain®

bV (Y W)
(1) </< ‘) dw)
C R \? _
(3.26) gRsp [(R—r) +1} /BRU?er 1dx+C/Q|F\v§wpdx

R N+sp ‘ p—1 5
+C (RT) {Tall(v;a:o,l)} /BR vy dz,

for some constant C'= C'(N, s,p) > 0. For the term containing F' in (3.26), we use
(3.27) 6Pt v? < v?ﬂjfl,

If we add the term

Hélder inequality and Lebesgue interpolation®. These yield, for a parameter 0 < 7 < 1

Btp—1 pq
/Q\vawpdxgdl—p /Q!F!vfﬂ—wpdfﬂS(Sl_pHFHLq(BR) (/B (% P ¢> d:c)
R

B4p—1 p* pL*
< erd P [Fluso ([ (vw w) da
R

N
+c71 spa—N (5171) HFHL‘?(BR) / U?+p_l wp d$,
B

R

-n\‘ =

for ¢ = ¢(N, s,p,q) > 0. By choosing 7 as follows

op—1 1 D p
"= a ).
2¢ [|Fllpasry \B+p—1

and observing that for > 1, we have

p D p p—1
v <ﬁ+p—1> = (ﬂﬂ?—l) ’

P
p
<1,
’ </D’ +p-— 1) B
on the right-hand side, see Lemma A.5.
60bserve that we have p < pq < p*, thanks to the assumption on q.

5We also use that

19
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from (3.26) and (3.27) we can infer

p

(7o) <) e

y C R p+ 1 C R \VtsP a2 Tail(v; 2,1) 177"
ke [\R—~ R \R—r 7 5

C oy (IFllLan \ 7o~ (0\* D50~
TR e » /

where we set ¥ = 4+ p — 1. By observing that R/(R —r) > 1 and ¥/p > 1, from the previous we
can also obtain

P
Fy P* C R N+sp+p 9\"
3.28 ? < Z 1]

where C' = C(N,p, s,q) > 0. In the previous estimate we set for simplicity

n

spq 3 Tail(v; zo, 1) p-l sp ||F||Lq(3 )
f — 1 —_— e 1 -1 - " " - _—
n=( )qu—N and  7(9) +[’Y 5 + |y 5

If we define x = p*/p > 1, then from (3.28) with simple manipulations we have

1
R\ Ntsptp T\
(329) o8]85,y < (C (") T“”) G
We now define the sequences {¥y }reny and { ok }ren by
N \* v-1
19k—X79k1—<N_8p> j22 Ok = ok

Observe that

N N
< 0k > +sp+p _ <2k+1>N+8p+p < ~y > +sp+p
Ok — Ok+1 - v—1 ’

thus (3.29) applied with r = g1 and R = g, gives

N\ Vtsete N (N1 7
/ S
330) s ouen s, < (c ( _1) T(é)) (9 280D P g

where C" = C'(N, s,p,q) > 0. We now observe that

=1 1 i<N—sp)k N
_— = = :727
— 0 P i N Sp

and that
= " log ¥
: 9 (oN+(1+s)p) % | _ 75 g Vk
S (HQ9 A )—Jgizoexp (n 2,

xexp((N+(s+1 10g2219><+oo,
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then by starting from k& = 0 and iterating (3.30) infinitely many times, we finally get

, ~y N+sp+p #
fosllmny << ((-25) T@) " Nosllnce,

for some constant ¢ = ¢/(N, s, p,q) > 0. If we now recall the definition of 7 (4), choose

§ = 75 Tail(vi 0. 1)+ [P fuip 7 7
and use the triangle inequality, from the previous we ﬁnally get (3.22) for o =1 and Ry =~ > 1.

Estimate at general scales. We now take ro < Ry and define

To

The function vy(z) := v(Ax) satisfies (3.8) with right-hand side Fy(z) := A*P F(Az). It is now
sufficient to use (3.22) for vy with balls By and B,, together with the facts

Ro\" 1
oo = oo pd = o DN pd
luallz (B1) [vllz (Bro)> /BWU)\ ) (7“0) R(])V /BROU "

and A =Ty.

sp—

Tail(vy; 2o, 1) = Tail(v; zg,70) and K IExllLaB,) = Ry * ||FHLq(BR0)'
These give the desired conclusion. ([
3.4. Basic comparison estimates. We take B, := B,(zg) € Q and consider the function v €

WeP(RN) such that v — u € Wg P(B,.) and which solves the homogeneous equation

v(z) —v(y)|P~? (v(z) —v
(3.31) [ [, e SO (o) - gt dody =0,

for every ¢ € WS P(B,). We point out that v is a locally Holder function, see [8, Theorem 1.4]. It
also satisfies a suitable Harnack inequality, as recently proved in [9]. We define

w=u—veW"(B,),

then we have the following basic estimate. As usual, for simplicity we enunciate it only for the
subconformal case sp < N, the reader should be able to adapt it to the conformal case sp = N,
with F' € L1(Q) for some ¢ > 1.

Lemma 3.9. Let 1 < p < oo and 0 < s < 1 such that sp < N. For F € LW (Q) and every
By, := By, (xg) € Q, with the notation above there holds

fw(@) —wiy)P N\
</B/B rw— rN+8p y)
2—p

3.32 o N
(3.32) < max{2 —p,0} C | F[| Loy (5, </ /B |x_|N(+s)p|d dy)
2r

1

+C (HFHL(p*)’(BT))E,

for some constant C = C(N,p,s) > 0.
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Proof. We will use for notational simplicity the function .J,(t) = [t[P2¢t. We test equations (3.2)
and (3.31) with ¢ = w, subtracting them we get

u(y)) — Jp(v(z) —v(y)) _ w di
(3.33) ANAN M—ywip &M@—w@»m%y—AF‘d.

We now distinguish two cases.

Case 1 < p < 2. We now observe that thanks to (B.5)

[N4S)

(@) = wy)l” < ¢ (J(ul@) — uly)) = J(() - v(y) () - w(y))

< ((u@) = u)? + @) —o@)?) * .

thus by integrating this over By, using Holder inequality and (3.33) we get

/ / [w@) = wl)l” \ o,
Bar J Ba» \x— \N+Sp

Jp(U(:v) —u(y)) = Jp(v(x) = v(y)) (w(z) - w(y)))
b,

VS|

[MIS]

Ix—y\N“p

x ((u(x)—u<y>>2+(v<m)—v<y>>2) 7 edy
—u(y)) — Jp(v(z) —v(y)) o i %
</BQT/BQT |z — y|N+ep (w(z) —w(y))d dy>

2—p

2—p

(Ju(z) — u(y)]? + [v(@) — v(y)[2)? 2
" </B2r/32r |z — y|N+sp da:dy)

p
: juw) — um) + [o(z) — o(y)P) ¢ :
Sc(||F\|L<p*y(Br)kumm)?</B / ( p—_cE P dray)
2r 2r

Observe that in the right-hand side of (3.33) we used that w = 0 outside B,. Since v = u — w and
by subadditivity of 7 — 7P/2, we have

(Ju(z) — u(y)]* + [v(z) — v(y)?)
~/BZT-/BQ7» |$_y|N+sp dx dy

w(y)|?
<c// ddy+0// dz dy,
Bar J Ba, |$—y\N+Sp Ba, JBa, |$—y|N+SP

for some constant C' = C'(p) > 0. Up to now, we obtained
2—p

/ / [o(@) —wwl ;. g,
By, J By, ’1'— ’N+Sp

p P
<C (HwHLP*(Br )2 (HF”L@*)’(B )>
2—p

ol N
" drdy +/ / dedy) |
(/;2r/327‘ |x_y|N+3p BQT BQT |x_y|N+sp

[SiS]
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possibly for a different C' = C(p) > 0. If we now use Young inequality with exponent 2 and the con-

tinuous embedding W(‘f P(By,) = LP"(B,) of Proposition 2.3, from the previous and subadditivity
of T — 727P we get

/ / WP e dy
Bar J Ba» |=T— |N+5p
i </ / )|pd ] >2 p < )|pd ] 2-p
<c , Y / / y) .
L@ (Br) Bar JBa, |~’U - y|N+5p Ba, JBa, |93 - y\NJrSp

It is now sufficient to estimate the last term by means of Young inequality with exponents 1/(2—p)
and 1/(p — 1) in order to conclude.

Case p > 2. This case is simpler. In this case (B.6) implies

(@) — wy)l” < ¢ (Ju) — uly) = S - o) (vi) - wi),

and thus from (3.33) we get

(y)|P
/B%/Bw z—y |N+5p dx dy < TFwda:

1

(p—1r? 7'
< NN oy gy Il s,y < # ”F’m*) 5t e 5,
It is now sufficient to use again the Sobolev inequality of Proposition 2.3 to conclude. ([

Remark 3.10. The previous Lemma is the analogous of [20, Lemmas 3.2 & 3.4], under the sim-
plified assumption that the right-hand side F' belongs to L(p*)/(Q). For 1 < p < 2, the further
restriction p > 2 — s/N is needed in [20], since the right-hand side F is a measure not necessarily
belonging to the relevant dual Sobolev space. On the contrary, under the standing assumption of
this section we do not need this restriction on p.

We now introduce as in [20] the global excess functional

B =

1
E(uy o, 1) = |u — gy r[Pde |+ Tail(u — Ug, r; 0, 7),
[Br(@0)| J B, (xo) ’ 7

where Ty, , is the average of u over the ball B, (zg), see (2.1). If we appeal to Corollary 3.6 and
Remark 3.7, we get the following.

Lemma 3.11. Let 1 < p < oo and 0 < s < 1 be such that sp < N and let F € L®)' (Q). Then for
every By, := Bar(x9) € Br € Q, with the notation above there holds

(@) = wlP N\
/BQT /B |:c— |N+sp Y

(3.34) <max{2—p,0} C || F| oy g,

N 2—p
—s ) —p
R» <R—27"> ] 6(U,$0,R)

1

C (1Pl o ()"
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for some constant C = C(N,p, s) > 0. Moreover, we also have

%-‘rs-i—l 2=p
RJZ_8< 1 > ] &(u; o, R)*™P

[wll o+ 5,y < max{2 = p,0} C[|IF|| Loy (5, R_o2r

(3.35)

1

+C (1Pl oy ()"
where again C = 5’(N,p, s) > 0.

Proof. We notice at first that (3.35) follows from (3.34) and the Sobolev inequality of Proposition
2.3.

Let us prove (3.34). For p > 2 there is nothing to prove. For 1 < p < 2, it is sufficient to combine
(3.21) and (3.32), then with some simple computations one gets (3.34). O

Remark 3.12. The previous Lemma is the analogue of [20, Lemmas 3.3 & 3.5], when F' belongs
to L¥)'(Q).

3.5. A theorem by Kuusi, Mingione and Sire.

Theorem 3.13 ([20], Theorem 1.5). Let1 <p < oo and0< s < 1. If F € LI(Q) withq > N/(sp),
then the solution u € W3P () of (3.2) is continuous.

Proof. As already explained, for p > 2 the continuity result of [20, Theorem 1.5] directly applies to
our situation. For the case 1 < p < 2, it is sufficient to reproduce the proof of [20, Theorem 1.5],
by replacing their Lemmas 3.3 and 3.5 with our Lemma 3.11 above.

For the reader’s convenience, we briefly explain the main points of the proof by Kuusi, Mingione
and Sire, by referring to their paper for the details. The result in [20] is based on the following
pointwise estimate’

_N =
(3.36) [Tzor — u(zo)| < c (qu a ||F||Lq(BT)>p ' + c&(u; xo, 1),

valid for every ball B, := B,(z¢) € , see [20, Theorem 1.4]. Moreover, u enjoys the following
VMO-type property, locally in Q' € Q: for every Q" €

(3.37) lim {sup sup E(U;xo,g)] =0.

200 | 200" 0<p<00

Then (3.36) and (3.37) imply that u is the uniform limit of the net of continuous functions {@, r }-,
thus w itself is continuous. In turn, both the proof (3.36) and that of (3.37) are based on the crucial

"In [20], the local term in the right-hand side is replaced by the Wolff potential WE ,(xo,7), which for a general

Borel measure p is defined by
1

" — " (1#l(Bo(x0)) \ =T deo
Weplro,r) '_/0 ( oN—sp o’
It is standard to see that when p has a density F' € L? (here ¢ > N/(sp)) with respect to the N—dimensional

Lebesgue measure, we have
1
—1

so— N
W (@0,7) < ¢ (IFllLags, oy ™ 7 )"

with ¢ = ¢(N, s,p, q) > 0.
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N N
() 6)]
il + [ =
o g
p—2 _N %
X {TE(U;xo,QT)+TI’1 (TSp JZHFHL‘I(Bzr))p 1}’

where ¢ = ¢(N, s,p) > 0, « = a(N, s,p) > 0 is smaller than 1 and 0 < 0,7 < 1 are free parameters.
We point out that this is equation (5.5) from [20]. The proof of (3.38) relies on a perturbative
argument in order to transfer the decay estimate from v to u. As before, v is the solution of the
homogeneous problem in the relevant ball, having u has boundary datum. It is precisely here that
Lemma 3.11 for w = u — v comes into play. O

decay estimate

E(usxg,or) < co®E(u;x,r) + ¢

(3.38)

Corollary 3.14 (Eigenfunctions). Let 1 < p < oo and 0 < s < 1. Ewvery (s, p)—eigenfunction of
the open bounded set @ C RN is continuous.

Proof. If sp > N there is nothing to prove. For sp < N, we already know by Remark 3.2
that eigenfunctions are bounded. In particular an (s,p)—eigenfunction u solves (3.1) with F =
A u[P=2u € L>®(2). Then the conclusion follows from Theorem 3.13. O

4. THE SECOND EIGENVALUE

We start by defining

A () = inf p_
2(Y) felcri(ﬂ)ugﬁ?f)HUHWS’p(Q)’

where the set C1(Q) is given by
Ci(Q) = {f:S" = 8,(Q) : f odd and continuous} .
We have the following preliminary result.

Theorem 4.1. The quantity A2(Q2) is an (s,p)—eigenvalue. Moreover we have A\1(2) < Aa(2) and
every eigenfunction u € Sp(Q2) associated to A2(§2) has to change sign.

Proof. We divide the proof in three parts.

Part 1: \2(Q) is an eigenvalue. In order to prove that A\2(€2) is a critical point of the functional @,
defined in (2.8) on the manifold S,(€2), it is sufficient to check that @, verifies the Palais-Smale

condition. The claim will then follow by applying [6, Proposition 2.7]. Let us take a sequence
{tn tnen C Sp(2) such that

(4.1) Py p(up) < C and lim HD@sﬁp(un)m”Sp(Q)H* =0,

n—oo

where D®; ,(uy,) denotes the differential of @, at the point w,, and T, S,(£2) is the tangent space
to Sp(€2) at the point u,, given by

7,50 = { € W20+ [ jun~? oo =0}
Q

Then the second hypothesis in (4.1) implies that there exists a sequence &, > 0 converging to 0
and such that

(4.2) D@Sm(un)[go]’ <eépn ||g0HWOS,p(Q), for every ¢ € T, Sp(£2).

On the other hand, by the first hypothesis in (4.1) we can infer that {u,},cn is converging to a
function u (up to a subsequence), strongly in LP(£2) and weakly in W;"*(2) (see for example [4,
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Theorem 2.7]). By strong convergence in LP we have of course u € Sp(€2). Also observe that the

sequence
Op 1= / ]un|p72 Uy U dx,
Q

converges to 1, as n goes to oo. We then define the new sequence {v, }nen by
n = Op Up — U, n € N,
and we observe that v, € T,,,S,(Q2) for every n. Thus by (4.2) we get

. 7 < I
nh_}ngo D, ,(up)[un u]‘ —JLH;O‘D(I)W’(U”)[U"]

+ nh_{go 1= 6n| | DPsp(un)[un]| =0,
thanks to the fact that by homogeneity we have
=p ’(I>87P<un)|7

which is uniformly bounded by hypothesis (4.1). On the other hand, by weak convergence of w,, to
u we also have

‘D®57p(un)[un]

lim ’D@Svp(u)[un - u]‘ —0.

n—oo

In conclusion we get

(4.3) Tim. ‘Dcps,p(un)[un — ] = DBy p(u)ur, — u]‘ ~0.
If we set
Un(z,y) = un(x) — un(y) and Ulz,y) = u(x) — u(y),

then (4.3) can be rewritten as

lim dx dy = 0.
n—oo

(10 (@, )= U, y) = [U () P2 U, ) ) (Unlar,y) = Uy
/RN /RN

|z — y|Ntsp

By appealing to (B.6), the previous implies for p > 2

p
lim/ / Un(z,y) NU(“/)' dz dy = 0,
n—o0 JrN JRN |z — y|Ntsp

so that u, strongly converges in Wg P(Q) to u (up to a subsequence). For the case 1 < p < 2, we
use (B.5) raised to the power p/2, so that we get

\Un(z,y) = Ul(z,y)?
1 dx d
Jm [ e dedy

R

< (Uate.) - UG.w)* (o) + rU<x,y>|2)22p “drdy

It is now sufficient to use Holder inequality with exponents 2/p and 2/(2 —p) in order to infer again
the strong convergence.

VS|

Part 2: XA2(Q2) > A1(22). We can use a simple topological argument, like in [2, Theorem 4.2]. Let us
argue by contradiction and suppose that

A (Q) = inf epren = A1 (0
2(92) sants )ugﬂ%)llu!lw (o) = A (),
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so that, for all n € N there exists an odd continuous mapping f,, : S' — S,(€) such that

1
(4.4) L lellgzsr @y < M (@) +

Let us denote by u; the unique (modulo the choice of the sign) global minimizer belonging to S,(€2).
Let 0 < e <« 1 and consider the two neighborhoods

BY ={u€8(Q) : llu— o) <e} Bo = {ueSp(Q): lu—(—w)llrro) <e}

which are disjoint, by construction. Since the mapping f, is odd and continuous, for every n € N
the image f,(S') is symmetric and connected, then it can not be contained in B+ U B_, the latter
being symmetric and disconnected. So we can pick an element

(4.5) Un € fu(SY\ (Bj U B;).

This yields a sequence {uy, }nen C Sp(€2), which is bounded in WOS P(Q) by (4.4). Hence, there exists

a function v € 8§,(Q2) such that {uy}nen converges to v weakly in W;P(Q2) and strongly in LP(12),
possibly by passing to a subsequence. By the weak convergence it follows that

HU||WSP(Q) < hmlnf ||unHWsp( Q) = A1(92).

This in turn shows that v € §,(Q?) is a global minimizer, so that either v = u; or v = —u;. On the
other hand, by strong LP convergence we also have

v E S\ (B: U Bg).
This gives a contradiction and thus A2(Q) > A\ (£2).

Part 3: X\o(2) admits only sign-changing eigenfunctions. This follows directly from the previous
step and Theorem 2.8. O

The following result justifies the notation we used for A2(€2). Indeed, the latter is exactly the
second (s, p)—eigenvalue.

Proposition 4.2. Let 0 < s <1 and 1 < p < co. Let Q € RN be an open and bounded set. For
every eigenvalue X > \1(Q2) we have
A2(Q) < A

In particular \1(2) is isolated.

Proof. Let (u, \) be an eigenpair, with A > A;(€2). Then u has to change sign in €2, i.e. v =uy —u_
with uy # 0 and u— # 0, both being positive. By testing the equation solved by u against u4 and

u_, we get
P2 (y(x) —u
3 ar= [ [ |x)_'y|N(+§p’ W) (@) - s () d dy,

P . u(y) P2 (u(z) — uly)) . (2 N
)\/ ~de= /RN /RN |;[;_ |N+sp ( *( ) ,(y))d dy.

Let us set for simplicity

Ulz,y) = up(z) —ug(y)  and  V(z,y) =u(x) —u(y),

and

then
u(z) —u(y) = (ur(z) —u—(2)) — (us-(y) —u-(y)) =U(z,y) = V(z,y).
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In this way we can rewrite

_ U-vPw-v)
/ dr = /RN/RN \x—y[NJFSP Udzdy,

_ Y/ |p—2 _
—A/uﬁdx—/ / U=V U=V ey,
Q RN JRN |z — y|NFsp

Let (wi,ws) € S, by multiplying the previous two identities by |w;|P and |ws|P and subtracting
them, we can then arrive at

lwilP [T = VP2 (U = V)U = waP |U = VP2 (U - V) V]
/RN /]RN |z — y[NteP

]wlp/uﬂ+]w2\p/u’i dx
Q Q

Observe that the integrand in the numerator can be written as

w1 U — wy V]p*2 (WU —=w V)wi U — |wa U — wy V|p72 (woU —wa V)ws V.

and

dx dy

We now claim that
(4 7) |W1U—W1V|p_2 (wlU—w1V)w1U— ’ng—LUQV’p_Q (LUQU—CUQV)WQV
) lelU—wQV]p.

Let us now assume (4.7) for the moment and show how the proof ends. Indeed, if we define the
following element of C;(12)

W1 Uy — Wo U
fw) = Ll 2 , w:(wl,wg)ESl,

1/p
(\w1|p/uﬁ+\w2]p/uzidx)
Q Q

then with the notations above we have
wiU —wy VIP
/ / o =L ” dy
gy Jry |z —y|N P

By = |
|w1|p/u++|w2]p/ulldx
Q Q

If we now use the pointwise inequality (4.7) and recall the relation (4.6) for A\, we get

@y €A for every we S

By appealing to the definition of )\Q(Q) we get the desired conclusion. Observe that A;(2) is isolated
thanks to the fact that Ao(2) > A\ ().

In order to conclude the proof, let us now prove the vital pointwise inequality (4.7). We start
observing that U - V < 0.
If w; = 0, then the left-hand side of (4.7) reduces to

—|wa U —wa VP2 (wo U —wa V)wa V = —|ws|P |U = VIP"2(U = V) V.

If V = 0, the inequality is obvious. If V < 0, then U > 0 so that U — V > —V. By using the
monotonicity of the map 7+ |7|P~2 7 we get

WP |U = VIP2(U = V)V > P | = VP2 (=V)V = |wa V|7,
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which coincides with the right-hand side of (4.7) when w; = 0. If on the contary we have V' > 0,
then U < 0 and in this case U — V < —V. Using again the monotonocity of the map 7 — |7|P=2 7,
we get again

—|wolP U =VP2U = V)V = —|waP | = VP2 (=V)V = |wa V.

This proves (4.7) for the case w; = 0.
We now assume wj # 0, then by dividing everything by |w;|P we get that (4.7) is equivalent to
prove

U-VP2U-v)o>|2Uu -2y

w1 w1

- (”U—‘”V) °"2v+'U—“2v

w1 w1

We now observe that the previous inequality is a direct consequence of Lemma B.1, thus the proof
is complete. O

Remark 4.3. The fact that A;(Q) is isolated was also proved in [21, Theorem 19], under the
restriction sp > N. The restriction was needed in order to have the eigenfunctions continuous, a
fact that we would have now for free from Corollary 3.14. However, our proof is different and does
not need continuity of eigenfunctions.

Remark 4.4. It is not difficult to see that A2(£2) coincides with Ao defined in [18, Section 2] by
means of a cohomological index. We leave the details to the interested reader.
5. MOUNTAIN PASS CHARACTERIZATION

In this section we prove an alternative characterization of A2(€2) as a mountain pass level. In
order to prove such a characterization, the following technical result will be useful.

Lemma 5.1. Let 1 <p < oo and 0 < s < 1. Let @ C RY be an open and bounded set. For every
u € §p(Q) we set

U(z,y) = us(x) — us(y) and  V(z,y) = u_(z) —u-_(y),
and we define the continuous curve on Sy(2)

— t)u_ 1
= ug —cos(mt)u ’ ‘e [O, } .
luy = cos(mt) u—||Lr(q) 2

Let us suppose that we have

U—-VP2(U-V)U
Pd | dzd
(L) [ SR do

» U—VpPRU-V)V
() o Y

1
P z
< Huuwg,p(g)y te [0’ 2] .

(5.1)

then there holds
P
AL,

Proof. We start by observing that

19l ) =

WP (@

0 (®) /uﬁdmvt]cos(wt)p/u’ida:
Q Q
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By definition we have U - V < 0, then by using Lemma B.1 we get

/ /|U—wp%U—mUdd
1% RN JRN |z — y|NVHep t

sp(Q » »
u+d:U—|-|cos(7rt)| u? dx
Q

/ / | - ’p_z( - ) dx d
x dy

_ | N+sp 1

RN JRN |z — 1y , te [0, }

/ dx+|cos(7rt)|p/uli dx
Q Q

Observe that the term on the right-hand side has the form
a—sb
c+sd’

In order to get the conclusion, it is then sufficient to observe that the function

|y

— | cos(mt)|P

for s € [0,1].

a—sb

S
c+sd’

is monotone increasing if and only if
—cb—da >0,
that is if and only if

P U—-V]P2(U-V)U
</Q - dx) /RN /RN oy W
p U—-V]P2U-V)V _
+</Qu+d$> /RN/RN 7= gV dx dy <0,

which is exactly hypothesis (5.1). By using this and recalling that « has unit L? norm, we get

il < [ ] UV VU
" ) = Jry Jry |z — y[NHsp v

/ / VW=V = e te o,
ey ey Jo—y[NEeP T = Wler gy 5]

as desired. 0

The following simple remark will be important.

Remark 5.2. Let u € 5,(Q2) be a function that does not satisfy (5.1), i
U-VP2U-V)U
Pd | dxd
(o) /RN I

U-vp=2Uu-v)v
+d | dzd
+</ﬂu+ x)/}RN/RN \aj—y\N"‘Sp xdy >0

Then it is easy to see that the function v = —u satisfies (5.1).

Let us define
F(ul’ —Ul) = {’Y € CO([Oa 1]7SP<Q)) % = U, 1= _Ul}a
the set of continuous curves on S,(€2) connecting the two global minimizers u; and —u;. We have

the following characterization for A2(€2). The idea of the proof is the same as in [2, Proposition
5.4].
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Theorem 5.3 (Mountain pass characterization). Let 1 < p < oo and 0 < s < 1. Let Q C RY be
an open and bounded set, then we have

Ao (Q) = inf b .
2( ) ’yEF(luri,fm) ugllli?'y)uuuw(f’p(g)

Proof. We first observe that the inequality

A2(02) < inf P

2 < infmaxfulf )

is easily seen to hold. Indeed, given v € I'(u;, —u1), we can consider the closed loop {7} U {—~}
and identify it with an element of C;(2).

Let us now prove the converse. For every n € N, we pick f, € C1(2) “almost optimal”, i.e. such

that
1
max ||u|| < () + —.
u€lm(fn) || ’|W§7p(9) o 2( ) n
Since f,, is odd, the set Im(f,,) is symmetric with respect to the origin. Then thanks to Remark
5.2 there exists u, € Im(f,) which verifies hypothesis (5.1). This implies that on the curve

(un)4 — cos(mt) (un)—
T )+ — cos(mt) (un) Il zo)” ' [O’ 2] ’
we have
5.2 iy < M@+ 5 ve oy,
W (@) n 2

Observe that the curve v, is connecting w,, to its (renormalized in LP) positive part, without increas-
ing the energy. We now in turn connect the function (uy)+/|(un)+[ Lr(q) to the first eigenfunction
u1: at this aim, we recall that on the curve

1
(un)ﬁ P

ont = | (1—t +tup> , te|0,1],
* <( T slmm TH0 0.1]

our enerqy functional is convex (see [14, Lemma 4.1] or also [1, Proposition 4.1]), i.e.

p
[N,

p _ p
Hanﬂfnwos,p(g) < (1 t H( +1 HU’lHWg,p(Q :

un)JrHiP(Q) )

Thus in particular from (5.2) we have
1

llon,t %S,p(m <X (2) + e t €0,1].

Thus we can glue together v, and o, and build the new curve

;‘y“ ;= { /%Lt? te [0) 1/2])
" On2t—1), t€[1/2,1]
which is connecting u,, to u; and on which the energy is always less that A\o(Q2) + 1/n. Finally, if

we glue together 7,, —¥, and f,, perform a suitable reparameterization and use the fact that the
energy functional is even, we obtain a new continuous curve ¥,, € I'(u1, —uq) such that

1
Yol < () 4+ —, eN.
tren[g,)l(] H ,tHW()s,p(Q) = 2( )+ n n
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This of course implies that

1
in max . < A () + —.
~v€l(u1,—u1) u€lm(y )H HW () 2( ) n
By taking the limit as n goes to co, we finally obtain the desired conclusion. ([

Remark 5.4. In the nonlocal case, the previous characterization has been proven for p = 2 in [16],
in the case of the Fuéik spectrum, by adapting the proof of [7].

6. A SHARP LOWER BOUND

We are going to prove a sharp lower bound on A\(£2) in terms of the measure of 2. The following
simple result will be important.

Lemma 6.1 (Nodal domains). Let A > A () be an (s,p)—eigenvalue. Let u € S,(Q) be an
associated eigenfunction and set

Qp ={zeQ: uz) >0} and Q- ={zeQ: uz) <0}
Then we have

A > max{)\l(Q+), /\1(9_)}

Proof. We first observe that since (s, p)—eigenfunctions are continuous by Corollary 3.14, the sets
Q4 and Q_ are open. Thus A;(Q24) and A\ (2_) are well-defined.

The case p > 2 is already contained in [21, Theorem 17|, so let us focus on the case 1 < p < 2.
Since w is sign-changing, we can write © = uy —u_, where u4 and u_ are the positive and negative
parts respectively. By testing the equation solved by u against uy we get

u(z) — u(y 2 (u(z) —u
/ ut [P do = /RN /RN it ’x)_’p ’]\E+s(p) ) (ut(z) — us(y)) dz dy.

Then we can apply Lemma B.2 with the choices

a=us(r)—up(y) and b=u_(z)—u-(y),

ug (2) — uy (y)[”
P
/’u+] da:>/RN/RN =y dx dy.

Since u4 is admissible for the variational problem defining A1 (£24), we get A > A1 (24).
For the other set 2_, we proceed similarly by testing the equation against u_, thus getting

b uly) 0@ () ~u@)
R N e (- () — u_(y)) du dy

If we now use again Lemma B.2, this time with the choices

and obtain

a=u (@ -u(y) and  b=uy(@)—usly),
we get also the estimate A > A\ (Q2_). This concludes the proof. O

The following is the main result of this section. This is the nonlocal version of the so-called
Hong-Krahn-Szego inequality (see [3, Theorem 3.2]), which in the local case asserts that the second
eigenvalue of the Dirichlet-Laplacian is minimized by the disjoint union of two equal balls, among
sets of given measure.
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Theorem 6.2 (Nonlocal Hong-Krahn-Szego inequality). Let 0 < s < 1 and 1 < p < co. For every
Q C RY open and bounded set we have

(6.1) A2(€2) > Ai(B),

where B is any N—dimensional ball such that |B| = |Q2|/2. Equality is never attained in (6.1), but
the estimate is sharp in the following sense: if {n}nen, {Yntnen C RY are such that

nh_)m |Tn — yn| = +00,

and we define Q,, := Br(xy,) U Br(yn), then
lim )\Q(Qn) = )\1 (BR)
n—oo
Proof. We divide the proof in two steps: at first we prove (6.1), then we prove its sharpness.

Inequality. Let u € Sp(£2) be an eigenfunction associated to A2(£2). By Theorem 4.1, we know that
u is sign-changing, thus we define

Qp i ={zxeQ: u(z) >0} and Q_:={xreQ: u(x) <0}
By Lemma 6.1 and the nonlocal Faber-Krahn inequality (see [4, Theorem 3.5]), we have
A2(Q2) > A\ (24) > M (Bg,) and A2(Q2) > A\ (22) > A (Bg,)-
where Bpr, and Bpg, are such that |Bg,| = |24| and |Bg,| = |©2—|. Thus
(6.2) A2(2) > max{\1(Bg,), M\ (Bg,)}-
By the scaling properties of A\; we have A;(Br) = R~*/?\;(Bj), moreover we have the constraint
|Br, |+ [Br,| < [€2].

Then it is easy to see that the right-hand side of (6.2) is minimized when |Bg,| = |Bg,| = |92|/2,
which implies the desired estimate (6.1).

Sharpness. In order to prove the second part of the claim, we define
Q= BR(mn) U BR(yn)v

where {z,,}, {yn} C RY are such that |z, — y,| diverges as n goes to co. Thus we can suppose that
the two balls are disjoint. Let u and v be the positive normalized first eigenfunctions on Bgr(x;,)
and Bpg(y,) respectively (observe that their shape does not depend on the center of the ball), then
we set for simplicity

a(r,y) =uw(@) —uly)  and  b(z,y) =v(z)—0(y).
By Lemma B.3 and the definition of A\3(£2) we have®

|W1 a — w2 b|p
A2 (9, ded
2( ) |w1\P+|w2|p 1/RN /I\{N |l‘ — |N+5p Yy

< max / / |w1’p| i d:cdy—i—/ / ‘w2|p|b‘p dz dy
T il tlwzlr=1 LJry Jry |2 —y \N+5P N Jry @ —y|NEep

(Jw1 al? + |wa b]2) 2 ]wl wo a bl
dx d
o [ ) =375 o

(Jwr a* + w2 b] ) !M ws a bl
=MBr)te e dz dy.
1( R) p \wl\P+|w)2(|p:1 /I:QN /RN ‘g; — y‘N—i-sp Y

2— 2—
8For simplicity, we used the change of variable (w1, ws) > (|w1 |Tp w1, |w2|Tp w2>.
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Observe that, since

ab=—u(@)v(y) — uly)v(z),
the numerator in the last integral is nonzero only if (z,y) € Br(xy) X Br(yn) or (z,y) € Br(yn) X
Br(z,). We set

p—2

R:=2  max / / (Jwi a? + w2 b?) 2 |wiweab|dxdy < oo,
|wi[P+w2[P=1 Br(zn) Y/ Br(yn)

therefore we have

cpR
. < . p —
ag ) < Br) + I G e — M(BR)
This concludes the proof. U
Remark 6.3. The previous result can be stated in scaling invariant form as follows
sp

2|B|\ ™

(6.3 @ > (3g0)" ),

where B is any N —dimensional ball.

APPENDIX A. SOME USEFUL INEQUALITIES 1

We will repeatedly use that for 1 < p < oo the real function
Jp(t) = [t~
is monotone increasing.

Lemma A.1 (Towards subsolutions). Let 1 <p < oo and f: R — R be a convex function, then
ja =072 (a—b) |Alf ()72 f'(a) = BIf'(b)P2 f’(b)]

> |f(a) = fFO)P2(f(a) = F(b)) (A = B),
for every a,b € R and every A, B > 0.

(A1)

Proof. By convexity of f we have
(A.2) f) = fla) = fl(a)(b—a)  and  f(a) = f(b) = f'(b) (a—b).
By writing the left-hand side of (A.1) as
la = b2 (a = ) [A[f (@ F'(a) = BIf )72 £/ (0)]
= la =P (a = b) A[f ()72 f'(a) — |a — B[P~ (a = b) BIf ()[P~2 f'(b)
= Jp(f'(a) (@ = b)) A= Jp(f'(b) (a — b)) B,
we can get the conclusion by simply using (A.2) and the monotonicity of Jj,. O
The next pointwise inequality generalizes a similar estimate in [4, Appendix C].

Lemma A.2 (Towards Moser’s iteration). Let 1 < p < oo and g : R — R be an increasing function.
We define

t
G(t) = / J(r)Fdr,  scR,
0

then we have
(A.3) |a = b[P~2 (a = b) (g(a) — g(b)) > |G(a) — G(b)[".
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Proof. We first observe that we can suppose a > b without loss of generality. Then

ja = bP=* (a = b) (9(a) — g(b)) = (a = b)P~" (g(a) — g(b)) = (a — b)""" /ba g'(r)dr

= (a —b)P1 /ba G'(t)Pdr > </ba G'(1) dT>p,

thanks to Jensen inequality. O

Remark A.3. With the same proof one can show that if g is decreasing, then

ja = b"~2 (a = ) (9(b) — g(a)) > |H(a) — H(D)[, where  H(t) = /t —g/(7)7 dr.
0
Lemma A.4. Let § > 1, then for every a,b > 0 we have
(A.4) la — bJP (aﬂfl + b’gil) < (max{l, (3 - 5)}) la — bP~2 (a — b) (a® —bP).

Proof. We first observe that (A.4) is trivially true for a = b, thus let us consider a # b. It is not
restrictive to assume that a > b, then (A.4) is equivalent to

(1—t)P (1 + tﬁfl) <CA—-t)P (1 —1tP), for 0 <t <1,
that is
(A.5) (1—1) (1 + tﬁ—l) <C@1-th).
By observing that
(1—1) (1 + tﬁ—l) = (1 —tF) 4P ¢,

and remembering that 0 < t < 1, we easily get the conclusion for 8 > 2, since t*~1 — ¢ < 0 in this
case. If on the contrary 1 < 8 < 2, then by concavity of the function 7 — 78~! we have

Pt = (T ) (DS B-D (- ) - (- =(2-F)(1-1)
<@-H-1).

This finally shows (A.4) for 1 < 8 < 2 as well. O

Lemma A.5. Let p > 1, then

1
1\~ -1
<>p f+p-1 >1, for every B > 0.
p p

Proof. For p =1 there is nothing to prove, thus let us assume that p > 1. The result follows from
convexity of the function ¢ — P, which implies

B—1>p(Br —1).

By adding p on both sides, we get the conclusion. ([
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APPENDIX B. SOME USEFUL INEQUALITIES 11

We still use the notation J,(t) = [t[P~2¢.

Lemma B.1. Let 1 < p < oo and U,V € R such that UV < 0. We define the following function
gty =|U —tVIP+|U - V|P2 (U -V)V |t]P, t€R.
Then we have
o) < g(1)=[U-VP2(U-V)U, teR
Proof. Let us start observing that if U = 0, then we have
g(t) =0, for every t € R.
In the same manner, if V' = 0, then we have
g(t) =|UP, for every t € R.

In both cases, the conclusion trivially holds true.
Thus we can suppose that U V # 0. Then we have

gt)=—plU—tVP2(U—-tV)V+p|lU-V[P2U-V)V|t|P?t
—pV [\t(U— VP24 (U — V) = [U —tV[P2(U —t V)
—pV [Jp(tU —tV) = J,(U - tV)]
We distinguish two cases.
(1) Case V<0 and U > 0: then we have
gt)>0 = t({U-V)<U-tV — t<1.
This implies that ¢ = 1 is a global maximum point for the function g.
(2) Case V>0 and U < 0: we now have
gt)>0 = t{U-V)>U~—-tV — t<1,

since now C' < 0. Again, we get that t = 1 is a global maximum point.
In both cases, we get the desired conclusion. O

Lemma B.2. Let 1 < p < 0o, then for every a,b € R such that ab < 0, we have
’a’|p_(p_1)|a_b|p_2ab7 Zf1<p§2a

(B.1) la —bP~%(a —b)a > .
laf” = (p = 1) [al’~* ab, if p>2.

Proof. We start with some elementary considerations. First of all, there is no loss of generality in

supposing a > 0 and b < 0. Then we notice that the function .J, on [0, 00) is convex for p > 2 and
concave for 1 < p < 2. Thus

(B.2) Tp(2) + J(y) (v — ) < Jy(y), for1<p<2 0<z<y,
and
(B.3) Tp(x) + Jp(2) (y — ) < Jp(y), forp>2, 0<uz<y.

We now come to the proof of (B.1), starting with the case 1 < p < 2. By using (B.2) with the
choices

y=a—> and T = a,
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we get
la— P72 (a —b) = Jp(a—b) > Jp(a) — Jy(a—b)b
=la?a—(p—1)|a —bP~0.
and multiplying by a > 0 we conclude. This ends the proof in the case 1 < p < 2.
The case p > 2 is handled in a similar manner, by using (B.3) instead of (B.2). O

Lemma B.3. Let 1 < p < co. Then there exists ¢, > 0 such that for every a,b € R we have
-2
(B.4) ja—bP < fal” + [b” + ¢, (Jaf* + [b*) " |ab].
Proof. We first suppose ab > 0,without loss of generality we can suppose that a,b > 0 and a > b.
Then we have
la = 0" = (a—b)” <a” <[a]” + |b]",

thus (B.4) is proved.

Let us consider now the case ab < 0. Without loss of generality, we can suppose that a > 0 and
b < 0. Then (B.4) is equivalent to

(a+7P <a’+7°+¢p(®+7)T a-7, a7 >0

Of course this is easily seen to be true if a = 0, so let us take a > 0 and divide the previous by a?.

Then we are reduced to show that
p—2

(L+m)P <1+mP+c, (L+m?) 2 m,

that is
(I1+m)P —1—mP

p—2
2

sup < +o00.
m>0 m (14 m?)
To this end, it is sufficient to observe that

(I+m)P —1—mP (I+m)P —1—mP

lim

= and lim =p.
m=0t oy (14 7712)1%2 i M m (14 m2)¥ !
This concludes the proof. O
Finally, we recall the following classical inequalities.
Lemma B.4. For 1 < p <2, we have
bh— 2
. “b—lalP"a)(b—a) > (p— —a|_, a,beR.
(B5) (F2b ~ laP =2 ) (b~ a) > (p— 1) — 2
(6] + |af?) ="
For 2 < p < co we have
. “Cb—lal Ta —a) > 27 —al”, t,s € R.
(B.6) (1626~ lalP~?a) (b —a) > 227 |b—af’ R

Proof. For the first we simply observe that
1
d
(70) = Jp(@)) (0 —a) = (b~ a) / a1 t)at tb) de
0

1
=(p—1)(b—a)? / |(1—t)a+tbP~2dt,
0
and then use that
(1=t a+tb)?> < (1 —1t)]al® +¢|b> < |a|® + |p]>.
For the second the reader is referred to [22, Section 10]. O
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