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LIMITING ABSORPTION PRINCIPLE FOR THE MAGNETIC DIRICHLET

LAPLACIAN IN A HALF-PLANE.

NICOLAS POPOFF AND ERIC SOCCORSI

ABSTRACT. We consider the Dirichlet Laplacian in the half-plane with constant magnetic field.

Due to the translational invariance this operator admits a fiber decomposition and a family of dis-

persion curves, that are real analytic functions. Each of them is simple and monotically decreasing

from positive infinity to a finite value, which is the corresponding Landau level. These finite limits

are thresholds in the purely absolutely continuous spectrum of the magnetic Laplacian. We prove

a limiting absorption principle for this operator both outside and at the thresholds. Finally, we

establish analytic and decay properties for functions lying in the absorption spaces. Our method

is general and extend to magnetic Laplacians whose thresholds are limits of band functions.

AMS 2000 Mathematics Subject Classification: 35J10, 81Q10, 35P20.

Keywords: Two-dimensional Schrödinger operators, constant magnetic field, limit absorption,

thresholds.

1. INTRODUCTION

In the present article we consider the Hamiltonian (−i∇+A)2 with magnetic potentialA(x, y) :=
(0, x), defined in the half-plane Ω := {(x, y) ∈ R2, x > 0}. We impose Dirichlet boundary

conditions at x = 0 and introduce the selfadjoint realization

H := −∂2x + (−i∂y − x)2,

initially defined in C∞
0 (Ω) and then closed in L2(Ω). This operator models the planar motion of

a quantum charged particle (the various physical constants are taken equal to 1) constrained to Ω
and submitted to an orthogonal magnetic field of strength curlA = 1, it has already been studied

in several articles (e.g., [8, 15, 6, 16, 20]).

The Schrödinger operator H is translationally invariant in the y-direction and admits a fiber

decomposition with fiber operators which have purely discrete spectrum. The corresponding

dispersion curves (also named band functions in this text) are real analytic functions in R, mono-

tonically decreasing from positive infinity to the n-th Landau level En := 2n − 1 for n ∈ N∗.

As a consequence, the spectrum of H is absolutely continuous, equals the interval [E1,+∞).
Hence the resolvent operator R(z) := (H − z)−1 ∈ B(L2(Ω)) depends analytically on z in

C \ [E1,+∞), and R±(z) := R(z) is well defined for every z ∈ C± := {z ∈ C, ±ℑz > 0}.
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Since H has a continuous spectrum, the spectral projector E(a, b) of H , associated with the

interval (a, b), a < b, expresses as

E(a, b) =
1

2iπ
lim
ε↓0

∫ b

a

(R(λ+ iε)− R(λ− iε)) dλ,

by the spectral theorem. Suitable functions of the operator H may therefore be expressed in

terms of the limits of the resolvent operators limε↓0R(λ± iε) for λ ∈ R. As a matter of fact the

Schrödinger propagator e−itH associated with H reads

e−itH =
1

2iπ
lim
ε↓0

∫ +∞

E1

e−itλ (R(λ+ iε)− R(λ− iε)) dλ, t > 0.

This motivates for a quantitative version of the convergence limε↓0R(λ± iε), for λ ∈ [E1,+∞),
known as the limiting absorption principle (abbreviated to LAP in the sequel). Notice moreover

that a LAP is a useful tool for the analysis of the scattering properties ofH , and more specifically

for the proof of the existence and the completeness of the wave operators (see e.g. [25, Chap.

XI]). The main purpose of this article is to establish a LAP forH . That is, for each λ ∈ [E1,+∞),
we aim to prove that R(λ ± iε) has a limit as ε ↓ 0, in a suitable sense we shall make precise

further.

There is actually a wide mathematical literature on LAP available for various operators of math-

ematical physics (see e.g. [29, 10, 19, 1, 28, 27, 3, 9]). More specifically, the case of analytically

fibered selfadjoint operators was addressed in e.g. [7, 13, 26]. Such an operator A is unitarily

equivalent to the multiplier by a family of real analytic dispersion curves, so its spectrum is the

closure of the range of its band functions. Generically, energies associated with a “flat” of any

of the band functions {λn, n ∈ N∗}, are thresholds in the spectrum of A. More precisely, a

threshold of the operator A is any real number λ satisfying infU |λ′n ◦ λ−1
n | = 0 for some n ∈ N∗

and all neighborhoods U of λ in λn(R). We call T the set of thresholds.

The occurrence of a LAP outside the thresholds of analytically fibered operators is a rather

standard result. It is tied to the existence of a Mourre inequality at the prescribed energies

(see [13, 12]), arising from the non-zero velocity of the dispersion curves for the correspond-

ing frequencies. More precisely, given an arbitrary compact subset K ⊂ C \ T , we shall

extend z 7→ R±(z) to a Hölder continuous function on K ∩ C± in the norm-topology of

B(L2,s(Ω), L2,−s(Ω)) for any s ∈ (1/2,+∞). Here and henceforth the Hilbert space

L2,σ(Ω) := {u : Ω → C measurable, (x, y) 7→ (1 + y2)σ/2u(x, y) ∈ L2(Ω)},

is endowed with the scalar product 〈u, v〉L2,σ(Ω) :=
∫

Ω
(1 + y2)σu(x, y)v(x, y)dxdy.

Evidently, local extrema of the dispersion curves are thresholds in the spectrum of fibered oper-

ators. Any such energy being a critical point of some band function, it is referred as an attained

threshold. Actually, numerous operators of mathematical physics modeling the propagation of

acoustic, elastic or electromagnetic waves in stratified media [7, 4, 5, 26] and various magnetic

Hamiltonians [11, 15, 30] have all their thresholds among local minima of their band functions.

A LAP at an attained threshold may be obtained upon imposing suitable vanishing condition (de-

pending on the level of degeneracy of the critical point) on the Fourier transform of the functions



LIMIT ABSORPTION FOR THE HALF-PLANE MAGNETIC DIRICHLET LAPLACIAN 3

in L2,σ(Ω), at the corresponding frequency. See [4, 26] for the analysis of this problem in the

general case.

Nevertheless, none of the above mentioned papers seems relevant for our operatorH . This comes

from the unusual behavior of the band functions of H at infinity: In the framework examined in

this paper, there exists a countable set T of thresholds {En, n ∈ N∗} in the spectrum of H ,

but in contrast with the situations examined in [4, 26], none of these thresholds are attained.

This peculiar behavior raises several technical problems in the derivation of a LAP for H at En,

n ∈ N∗. Nevertheless, for any arbitrary compact subset K ⊂ C (which may contain one or

several thresholds En for n ∈ N∗) we shall establish in Theorem 2.5 a LAP for H in K for

the topology of the norm in B(XK , (XK)
′), where XK is a suitable subspace of L2,σ(Ω), for an

appropriate σ > 1/2, which is dense in L2(Ω). The space XK is made of L2,σ(Ω)-functions,

with smooth Fourier coefficients vanishing suitably at the thresholds of H lying in K. Otherwise

stated there is an actual LAP at En, n ∈ N∗, even though En is a non attained threshold of

H . Moreover, it turns out that the method developed in the derivation of a LAP for H is quite

general and may be generalized to a wide class of fibered operators (such as the ones examined

in [15, 30, 6, 17, 23]) with non attained thresholds in their spectrum.

Finally, functions in XK exhibit interesting geometrical properties. Namely, assuming that

En ∈ K, it turns out that the asymptotic behavior of the n-th band function of H at positive in-

finity (computed in [16, Theorem 1.4]) translates into super-exponential decay in the x-variable

(orthogonal to the edge) of their n-th harmonic, see Theorem 3.5. Such a behavior is typical of

magnetic Laplacians, as explained in Remark 3.7.

1.1. Spectral decomposition associated with the model. Let us now collect some useful in-

formation on the fiber decomposition of the operator H .

The Schrödinger operator H is translationally invariant in the longitudinal direction y and there-

fore allows a direct integral decomposition

E:integraldirectE:integraldirect (1) F∗
yHFy =

∫

⊕

k∈R
h(k)dk,

where Fy denotes the partial Fourier transform with respect to y and the fiber operator h(k) :=
−∂2x + (x− k)2 acts in L2(R∗

+) with a Dirichlet boundary condition at x = 0. Since the effective

potential (x−k)2 is unbounded as |x| goes to infinity, each h(k), k ∈ R, has a compact resolvent,

hence a purely discrete spectrum. We note {λn(k), n ∈ N
∗} the non-decreasing sequence of the

eigenvalues of h(k), each of them being simple. Furthermore, for k ∈ R introduce a family

{un(·, k), n ∈ N∗} of eigenfunctions of the operator h(k), which satisfy

h(k)un(x, k) = λn(k)un(x, k), x ∈ R
∗
+,

and form an orthonormal basis in L2(R∗
+).

As {h(k), k ∈ R} is a Kato analytic family, the functions R ∋ k 7→ λn(k) ∈ (0,+∞), n ∈ N∗,

are analytic (see e.g. [24, Theorem XII.12]). Moreover they are monotonically decreasing in R

according to [8, Lemma 2.1 (ii)] and the Max-Min principle yields (see [8, Lemma 2.1 (iii) and
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(v)])

lim
k→−∞

λn(k) = +∞ and lim
k→+∞

λn(k) = En, n ∈ N
∗.

Therefore, the general theory of fibered operators (see e.g. [24, Section XIII.16]) implies that the

spectrum of H is purely absolutely continuous, with

σ(H) = ∪n∈N∗λn(R) = [E1,+∞].

For all n ∈ N
∗ we define the nth Fourier coefficient fn ∈ L2(R) of f ∈ L2(Ω) by

fn(k) := 〈Fyf(·, k), un(·, k)〉L2(R+), k ∈ R,

and introduce its nth harmonic as

D:PnD:Pn (2) Πnf(x, y) :=

∫

R

eikyfn(k)un(x, k)dk, (x, y) ∈ Ω.

In view of (1), we have the standard Fourier decomposition f =
∑

n∈N∗ Πnf in L2(Ω) and the

following Parseval identity

s1s1 (3) ‖f‖2L2(Ω) =
∑

n∈N∗

‖fn‖2L2(R),

involving that the linear mapping πn : f 7→ fn is continuous from L2(Ω) into L2(R) for each

n ∈ N
∗. Let us now recall the following useful properties of the restriction of πn to L2,s(Ω) for

∈ (1/2,+∞) (see e.g. [7, Proposition 3.2]).

L:fnholder Lemma 1.1. Fix s > 1/2. Then the operators πn are uniformly bounded with respect to n ∈ N∗

from L2,s(Ω) into L∞(R):

s2s2 (4) ∃C(s) > 0, ∀n ∈ N
∗, ∀f ∈ L2,s(Ω), ∀k ∈ R, |fn(k)| ≤ C(s)‖f‖L2,s(Ω).

Moreover for any α ∈ [0, s − 1/2), each operator πn, n ∈ N∗, is bounded from L2,s(Ω) into

C0,α
loc (R), the set of locally Hölder continuous functions in R, of exponent α. Namely, there exists

a function Cn,α,s ∈ C0(R2;R+) such that,

s3s3 (5) ∀f ∈ L2,s(Ω), ∀(k, k′) ∈ R
2, |fn(k′)− fn(k)| ≤ Cn,α,s(k, k

′)‖f‖L2,s(Ω)|k′ − k|α.

2. LIMITING ABSORPTION PRINCIPLE

For all z ∈ C \ [E1,+∞) and f, g ∈ L2(R2
+), standard functional calculus yields

l1l1 (6) 〈R(z)f, g〉L2(R2
+) =

∑

n≥1

rn(z) with rn(z) :=

∫

R

fn(k)gn(k)

λn(k)− z
dk, n ∈ N

∗.

Since In := λn(R) = (En,+∞) for each n ∈ N
∗, the function z 7→ rn(z) is analytic on C \ In

so r±n : z ∈ C± 7→ rn(z) is well defined. In light of (6), it suffices that each r±n , with n ∈ N∗,

be suitably extended to some locally Hölder continuous function in C±, to derive a LAP for the

operator H .



LIMIT ABSORPTION FOR THE HALF-PLANE MAGNETIC DIRICHLET LAPLACIAN 5

2.1. Singular Cauchy integrals. Let n ∈ N
∗ be fixed. Bearing in mind that λn is an analytic

diffeomorphism from R onto In, we note λ−1
n the function inverse to λn and put ψ̃(λ) := (ψ ◦

λ−1
n )(λ) for any function ψ : R → R. Then, upon performing the change of variable λ = λn(k)

in the integral appearing in (6), we get for every z ∈ C \ In that

D:HlambdaD:Hlambda (7) rn(z) =

∫

In

Hn(λ)

λ− z
dλ with Hn :=

f̃n g̃n

λ̃′n
=

(fn ◦ λ−1
n )(gn ◦ λ−1

n )

λ′n ◦ λ−1
n

.

Therefore, the Cauchy integral rn(z) is singular for z ∈ In = [En,+∞). Our main tool for

extending singular Cauchy integrals of this type to locally Hölder continuous functions in C± is

the Plemelj-Privalov Theorem (see e.g. [22, Chap. 2, §22]), stated below.

L:KP Lemma 2.1. Let α ∈ (0, 1] and let ψ ∈ C0,α(I), where I := (a, b) is an open bounded subin-

terval of R. Then the mapping z 7→ r(z) :=
∫

I
ψ(t)
t−z dt, defined in C± \ I , satisfies for every

λ ∈ I:

lim
ε↓0

r(λ± iε) = r±(λ) := p.v.

(
∫

I

ψ(t)

t− λ
dt

)

± iπψ(λ).

Moreover the function

r±(λ) :=

{

r(λ) if λ ∈ C± \ I
r±(λ) if λ ∈ I,

is analytic in C± and locally Hölder continuous of order α in C± \ {a, b} in the sense that there

exists CI,α ∈ C0((C± \ {a, b})2;R+) such that

∀z, z′ ∈ C± \ {a, b}, |r±(z′)− r±(z)| ≤ ‖ψ‖C0,α(I)CI,α(z, z
′)|z′ − z|α.

In addition, if ψ(a) = ψ(b) = 0, then r± extends to a locally Hölder continuous function of order

α in C±.
SS:farseuil

2.2. Limiting absorption principle outside the thresholds. In this subsection we establish a

LAP for H outside its thresholds T = {En, n ∈ N∗}. This is a rather standard result that

we state here for the convenience of the reader. For the sake of completeness we also recall its

proof, which requires several ingredients that are useful in the derivation of the main result of

subsection 2.3.

P:farseuil Proposition 2.2. Let K be a compact subset of C \ T . Then for all s ∈ (1/2,+∞) and any

α ∈ [0,min(1, s − 1/2)), the resolvent z 7→ R±(z) extends to K ∩ C± in a Hölder continuous

function of order α, still denoted by R±, for the topology of the norm in B(L2,s(Ω), L2,−s(Ω)).
Namely there exists a constant C = C(K, s, α) > 0, such that the estimate

‖(R±(z′)− R±(z))f‖L2,−s(Ω) ≤ C‖f‖L2,s(Ω)|z′ − z|α

holds for all f ∈ L2,s(Ω) and all z, z′ ∈ K ∩ C±.

Proof. Let f and g be in L2,s(Ω). The notations below refer to (6)–(7). Since K is bounded there

is necessarily N = N(K) ∈ N∗ such that dK := infz∈K(EN − Re(z)) > 0. This and (3) entail
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through straightforward computations that z 7→ ∑

m≥N rm(z) is Lipschitz continuous in K, with

E:controleanalytiqueE:controleanalytique (8) ∀z ∈ K,

∥

∥

∥

∥

∥

∑

m≥N
rm(z)

∥

∥

∥

∥

∥

C0,1(K)

≤ d−2
K ‖f‖L2(Ω)‖g‖L2(Ω).

Thus it suffices to examine each rm, form = 1, . . . , N−1, separately. Using thatK is a compact

subset of C \ T we pick an open bounded subinterval I = (a, b), with Em < a < b, such that

K ∩ Im ⊂ I . With reference to (7) we have the following decomposition for each z ∈ K ∩ C±,

l2l2 (9) rm(z) = rm(z; I) + rm(z; Im \ I) where rm(z, J) :=

∫

J

Hm(z)

λ− z
dλ for any J ⊂ Im.

SinceEm /∈ I , λ−1
m and λ′m◦λ−1

m are both Lipschitz continuous in I , and infλ∈I |λ′m◦λ−1
m (λ)| > 0.

Therefore we deduce from Lemma 1.1 that Hm ∈ C0,α(I) and verifies

l3l3 (10) ‖Hm‖C0,α(I) ≤ cm‖f‖L2,s(Ω)‖g‖L2,s(Ω),

for some constant cm > 0 which is independent of f and g. From this and Lemma 2.1 then

follows that rm(·; I) extends to a locally Hölder continuous function of order α in K ∩ C±,

satisfying

l4l4 (11) ‖rm(·; I)‖C0,α(K∩C±) ≤ Cm‖Hm‖C0,α(I),

where the positive constant Cm depends neither on f nor on g.

Next, as the Euclidean distance between Im \ I and K ∩ Im is positive, from the very definition

of I , we get that δK(I) := inf{|λ − z|, λ ∈ Im \ I, z ∈ K ∩ C±} > 0, since K is compact.

Therefore z 7→ rm(z; Im \ I) is Lipschitz continuous in K and satisfies

l5l5 (12) ‖rm(·; Im \ I)‖C0,1(K) ≤ δK(I)
−2‖f‖L2(Ω)‖g‖L2(Ω),

according to (3).

Finally, putting (8)-(9) and (10)-(12) together, and recalling that the injection L2,s(Ω) →֒ L2(Ω)
is continuous, we end up getting a constant C > 0, such that the estimate

|〈R±(z)f, g〉L2(Ω) − 〈R±(z′)f, g〉L2(Ω)| ≤ C‖f‖L2,s(Ω)‖g‖L2,s(Ω)|z − z′|α,

holds uniformly in f, g ∈ L2,s(Ω) and z, z′ ∈ K ∩ C±. The result follows from this and the fact

that L2,−s(Ω) and the space B(L2,s(Ω),C) of continuous linear forms on L2,s(Ω) are isometric,

with the duality pairing

∀f ∈ L2,−s(Ω), ∀g ∈ L2,s(Ω), 〈f, g〉L2,−s(Ω),L2,s(Ω) :=

∫

Ω

f(x, y)g(x, y)dxdy.

�
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2.3. Limiting absorption principle at the thresholds. We now examine the case of a compact

subset K ⊂ C containing one or several thresholds of H , i.e. such that K ∩ T 6= ∅. Since

limn→+∞En = +∞ then the bounded set K contains at most a finite number of thresholds. For

the sake of clarity, we first investigate the case where K contains exactly one threshold:

t1t1 (13) ∃n ∈ N
∗, K ∩ T = {En}.

The target here is the same as in subsection 2.2, that is to establish a LAP for H in K. Actually,

for all s ∈ (1/2,+∞) and any α ∈ [0,min(s− 1/2, 1)), it is clear from the proof of Proposition

2.2 that z 7→ ∑

m6=n rm(z) can be regarded as a α-Hölder continuous function in K ∩ C± with

values in B(L2,s(Ω), L2,−s(Ω)).

Thus we are left with the task of suitably extending z 7→ rn(z) in K ∩ C±. But, as Hn(λ) may

actually blow up as λ tends to En, obviously the method used in the proof of Proposition 2.2

does not apply to rn(z) when z lies in the vicinity of En. This is due to the vanishing of the

denominator λ′n ◦ λ−1
n (λ) of Hn(λ) in (7) as λ approaches En, or, equivalently, to the flattening

of λ′n(k) when k goes to +∞. We shall compensate this peculiar asymptotic behavior of the

dispersion curve k 7→ λn(k) by imposing appropriate conditions on the functions f and g so the

numerator k 7→ fn(k)gn(k) decays sufficiently fast at +∞. This require that the following useful

functional spaces be preliminarily introduced.

• Suitable functional spaces. For any open subset J ⊂ In = (En,+∞) and the non vanishing

function

defmundefmun (14) µn := |λ′n ◦ λ−1
n |−1/2,

on J , we denote by C0,α
µn (J) := {ψ, µnψ ∈ C0,α(J)}1(resp. L2

µn(J) := {ψ, µnψ ∈ L2(J)}),

the µn-weighted space of Hölder continuous functions of order α ∈ [0, 1) (resp., square inte-

grable functions) in J . Endowed with the norm ‖ψ‖C0,α
µn (J) := ‖µnψ‖C0,α(J) (resp., ‖ψ‖L2

µn (J)
:=

‖µnψ‖L2(J)), C0,α
µn (J) (resp., L2

µn(J)) is a Banach space since this is the case for C0,α(J) (resp.,

L2(J)).

Further, the above definitions translate through the linear isometry Λn : f 7→ f ◦λ−1
n from L2(R)

into L2
µn(In), to

Kα
n(R) = Λ−1

n (C0,α
µn (In) ∩ L2

µn(In)) := {f ∈ L2(R), Λnf ∈ C0,α
µn (In)},

which is evidently a Banach space for the norm ‖f‖Kα
n(R) := ‖Λnf‖C0,α

µn (In)
+ ‖Λnf‖L2

µn(In)
. As

a consequence the set

X s,α
n (Ω) = π−1

n (Kα
n(R)) ∩ L2,s(Ω) := {f ∈ L2,s(Ω), πnf ∈ Kα

n(R)}, s ∈ R
∗
+,

equipped with its natural norm ‖f‖X s,α
n (Ω) := ‖πnf‖Kα

n(R)+‖f‖L2,s(Ω) is a Banach space as well.

On C0,α
µn (In) we define the linear form δEn : ψ 7→ (µnψ)(En). Notice from the embedding

C0,α
µn (In) ⊂ C0

µn(In) := {ψ, µnψ ∈ C0(In)}, that δEn is well defined since In ∋ λ 7→ (µnf)(λ)

1Since µn is not defined at En then it is understood in the peculiar case where En ∈ J that ψ ∈ C0,α

µn

(J) if and

only if µnψ extends continuously to a function lying in C0,α(J).
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extends to a continuous function in In. Furthermore, we have |δEn(ψ)| ≤ ‖ψ‖C0,α
µn (In)

for any

ψ ∈ C0,α
µn (In) so the linear form δEn is continuous on C0,α

µn (In). Let us now introduce the subspace

X s,α
n,0 (Ω) := X s,α

n (Ω) ∩ (Λnπn)
−1(ker δEn)

= {f ∈ L2,s(Ω), µnf̃n ∈ C0,α(In) ∩ L2(In) and (µnf̃n)(En) = 0},

where, as usual, f̃n stands for (Λnπn)f . Since δEn is continuous then X s,α
n,0 (Ω) is closed in

X s,α
n (Ω). Therefore it is a Banach space for the norm

‖f‖X s,α
n (Ω) = ‖f̃n‖C0,α

µn (In)
+ ‖f̃n‖L2

µn (In)
+ ‖f‖L2,s(Ω).

Moreover, C∞
0 (R) being dense inL2(R), we deduce from the imbedding π−1

n (C∞
0 (R)) ⊂ X s,α

n,0 (Ω)

that X s,α
n,0 (Ω) is dense in L2(R2) for the usual norm-topology.

Summing up, we have obtained the:

lm-density Lemma 2.3. The set X s,α
n,0 (Ω) is a Banach space and is dense in L2(Ω).

• Absorption at En. Having defined X s,α
n,0 (Ω) for n ∈ N∗ fixed, we now derive a LAP at En for

the restriction of the operator H to X s,α
n,0 (Ω) associated with suitable values of s and α.

P:onethreshold Proposition 2.4. Let K be a compact subset of C obeying (13) and let s ∈ (1/2,+∞). Then,

for every λ ∈ K ∩ R and α ∈ [0,min(1, s− 1/2)) , both limits limz→λ, ±ℑλ>0R(z) exist in the

uniform operator topology on B(X s,α
n,0 (Ω), (X s,α

n,0 (Ω))
′) . Moreover the resolvent R± extends to a

Hölder continuous on K ∩ C± with order α; Namely there exists C > 0 such that we have

∀z, z′ ∈ K ∩ C±, ∀f ∈ X s,α
0,n (Ω), ‖(R±(z)− R±(z′))f‖(X s,α

0,n (Ω))′ ≤ C|z − z′|s,α‖f‖X s,α
n (Ω).

Proof. It is clear from (13) upon mimicking the proof of Proposition 2.2, that z 7→ ∑

m6=n rm(z)

extends to an α-Hölder continuous function in K ∩ C±, denoted by
∑

m6=n r
±
m, satisfying

t10t10 (15)

∥

∥

∥

∥

∥

∑

m6=n
r±m

∥

∥

∥

∥

∥

C0,α(K∩C±)

≤ c‖f‖L2,s(Ω)‖g‖L2,s(Ω),

for some constant c > 0 that depends only on K, s and α.

We turn now to examining rn. Taking into account that K is bounded we pick ǫ > 0 so large

that K ∩ In ⊂ J := (En, En + ǫ) and refer once more to the proof of Proposition 2.2. We get

that z 7→ rn(z; In \ J) extends to a Hölder continuous function r±n (·; In \ J) of exponent α in

K ∩ C±, with

t11t11 (16)
∥

∥r±n (·; In \ J)
∥

∥

C0,α(K∩C±)
≤ c′‖f‖L2,s(Ω)‖g‖L2,s(Ω),

where c′ > 0 is a constant depending only on K, s and α and ǫ.

Finally, since f and g are taken in X s,α
n,0 (Ω) then the function λ 7→ Hn(λ), defined in (7), is

α-Hölder continuous in J , and we have

t11bt11b (17) ‖Hn‖C0,α(J) ≤ ‖Λnfn‖C0,α
µn (J)‖Λngn‖C0,α

µn (J) ≤ ‖fn‖Kα
n(R)‖gn‖Kα

n(R) ≤ ‖f‖Xα
n (Ω)‖g‖Xα

n (Ω).
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Bearing in mind that Hn(En) = 0 and En + ǫ /∈ K, we deduce from (17) and Lemma 2.1 that

z 7→ r±n (·; J) extends to an α-Hölder continuous function, still denoted by r±n (·; J), in K ∩ C±,

obeying

t12t12 (18) ‖r±n (·; J)‖C0,α(K∩C±) ≤ c′‖Hn‖C0,α(J) ≤ c′‖f‖X s,α
n (Ω)‖g‖X s,α

n (Ω),

where c′ is the same as in (16). Finally, putting (15)-(16) and (18) together, we end up getting a

constant C > 0, which is independent of f and g, such that we have

∀z, z′ ∈ K ∩ C±, |〈R±(z)f, g〉L2(Ω) − 〈R±(z′)f, g〉L2(Ω)| ≤ C|z − z′|α‖f‖X s,α
n (Ω)‖g‖X s,α

n (Ω).

Here we used the basic identity rn = rn(·; In \ J) + rn(·; J) and the continuity of embedding

X s,α
n,0 (Ω) →֒ L2,s(Ω). This entails the desired result. �

For any compact subset K ⊂ C, the set JK := {m ∈ N∗, Em ∈ K} is finite. Then upon

substitutingX s,α
K (Ω) := ∩m∈JKX s,α

m,0(Ω) for X s,α
n,0 (Ω) in the proof of Proposition 2.4, it is apparent

that we obtain the:

T:thresholds Theorem 2.5. Let K ⊂ C be compact, and let s and α be the same as in Proposition 2.4.

Then the resolvent z 7→ R±(z), initially defined on K ∩ C±, extends to an α-Hölder continuous

function on K ∩ C± in the uniform operator topology in B(X s,α
K , (X s,α

K )′).

3. ANALYTIC AND DECAY PROPERTIES IN ABSORPTION SPACES

In this section we investigate the analytic and decay properties of functions in X s,α
n,0 (Ω) for n ∈

N∗, s ∈ (1/2,+∞) and α ∈ [0,min(1, s− 1/2)). We preliminarily establish with the aid of the

(explicit) asymptotic behavior of λn(k) as k → +∞, that their n-th Fourier coefficient decays

super-exponentially fast. This has two main consequences for the n-th harmonic of any function

in X s,α
n,0 (Ω). First, its L2(R+)-expectation is analytically extendable to C

±
. Second, and more

surprisingly, the n-th harmonic’s mean value is a super-exponentially decaying function of the

distance to the edge.

As already seen in the derivation of Lemma 2.3, any f ∈ L2,s(Ω) with s ∈ (1/2,+∞), such that

fn is lying in C∞
0 (R) for some n ∈ N

∗, belongs to X s,α
n,0 (Ω) for every α ∈ [0,min(1, s− 1/2)).

Conversely, if f ∈ X s,α
n,0 (Ω) then µnf̃n ∈ C0,α(In) satisfies (µnf̃n)(En) = 0 so we may find a

constant C > 0 such that we have |(µnf̃n)(λ)| ≤ C|λ−En|α for every λ ∈ [En,+∞). Recalling

(14) and performing the change of variable λ = λn(k), this may be equivalently reformulated as

E:majoreponctpnE:majoreponctpn (19) ∀k ∈ R, |wαn(k)fn(k)| ≤ C,

where

wnawna (20) wαn(k) := |λn(k)− En|−α|λ′n(k)|−1/2.

Summing up, we have proved the following:

Crit1 Proposition 3.1. For all n ∈ N∗, s ∈ (1/2,+∞) and α ∈ [0,min(1, s − 1/2)), we have the

implication:
(

f ∈ X s,α
n,0 (Ω)

)

⇒ (wαnfn ∈ L∞(R)) .
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Remark 3.2. Given N ∈ N
∗ and a suitable weight function µ : R

N 7→ R, the continuous

Besov space (see e.g. [18, §10.1]) of order p > 0 is defined as Bµ,p := {f ∈ L2(RN), µf̂ ∈
Lp(RN)}, where f̂ stands for the Fourier transform of f . The occurrence in Proposition 3.1 of

functions f satisfying wαnfn ∈ L∞(R) is reminiscent of Bµαn ,∞ but it turns out that these two

sets do not coincide here, since the condition wαnfn ∈ L∞(R) is imposed solely on the n-th

Fourier coefficient fn of f , and not on the whole Fourier transform (with respect to y) Fyf , of f .

Moreover there is another major difference with the analysis carried out in [18, §10.1]since the

weight function wαn is not a tempered function.

For every n ∈ N∗, let us now recall from [16, Theorem 1.4] the asymptotic behavior as k → +∞
of the two functions

{

λn(k) = En + Cnk
2n−1e−k

2

(1 +O(k−2))

λ′n(k) = −2Cnk
2ne−k

2

(1 +O(k−2))

where Cn := 2n((n− 1)!
√
π)−1. In light of (20), this entails for any α ∈ [0, 1),

A:pnalphaA:pnalpha (21) wαn(k) =
k→+∞

Cn,αk
−n(2α+1)+αek

2(α+1/2)(1 +O(k−2)) .

with Cn,α := C
−α−1/2
n 2−1/2. Therefore, with reference to Proposition 3.1, we deduce from (21)

that the n-th Fourier coefficient fn of f ∈ X s,α
0,n (Ω) associated with suitable coefficients s ∈ (1/

2,+∞) and α ∈ [0,min(1, s− 1/2)), is a super-exponentially decaying function of the variable

k. This has several interesting consequences we shall make precise below.

3.1. Analyticity. It is well known (see e.g. [24]) that suitable decay properties of the Fourier

transform f̂ of a real analytic function f translate into analytic continuation of f to subsets of C.

We shall see that (19)–(21) yield a similar result.

cor-c1 Corollary 3.3. Let n, s and α be the same as in Proposition 3.1. Then for any f ∈ X α
n,0(Ω), the

function y 7→ ‖Πnf(·, y)‖L2(R+), initially defined in R, admits an analytic continuation to C−.

Proof. With reference to (2), we have

cp1cp1 (22) ‖Πnf(·, y)‖2L2(R+) =

∫

R2

eikyfn(k)eik
′yfn(k′)F (k, k

′)dkdk′,

for any y ∈ C, where F (k, k′) :=
∫

R+
un(x, k)un(x, k

′)dx. Further, taking into account that

|F (k, k′)| ≤ 1 for all (k, k′) ∈ R2 since x 7→ un(x, k) is L2(R+)-normalized, we get that

|eikyfn(k)eik′yfn(k′)F (k, k′)| ≤ e−ℑ(y)(k+k′)|fn(k)||fn(k′)|.
Now the result follows from this, (19)-(21) and (22), upon applying the dominated convergence

theorem (see e.g. [24, Section IX.3]). �

Remark 3.4. It is not clear whether the result of Corollary 3.3 remains valid for y 7→ Πnf(x, y),
uniformly in x ∈ R∗

+. This would require that ‖un(·, k)‖L∞(R+) be appropriately bounded with

respect to k ∈ R, which does not seem to be the case (it expected that this quantity behaves like

λn(k)
1/4 as k → −∞, see the proof of Theorem 3.5 for more details).
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SS:geomloc

3.2. Geometric localization. In this section we investigate the geometric properties of functions

in X s,α
0,n (Ω). Namely we establish that the mean value of the n-th harmonic in (x,+∞)×R decays

super-exponentially fast with x > 0, provided x is sufficiently large.

thm1 Theorem 3.5. Let n, s and α be the same as in Proposition 3.1. Then for any positive real

number β < min
(

1, 2α+1
1+

√
2α+1

)

, we may find two constants Cn(β) > 0 and Ln(β) > 0 such that

g0g0 (23) ∀f ∈ X s,α
0,n (Ω), ∀L ≥ Ln(β),

∫ +∞

L

‖Πnf(x, ·)‖2L2(R)dx ≤ Cn(β)‖f‖2L2(Ω)e
−βL2

.

We split the proof of Theorem 3.5 into two parts. With reference to (2) we have

g1g1 (24) ‖Πnf(x, ·)‖2L2(R) =

∫

R

un(x, k)
2|fn(k)|2dk,

for all x ∈ R∗
+, by Plancherel theorem, and we examine

∫

R±
un(x, k)

2|fn(k)|2dk separately. In-

deed, the claim of Theorem 3.5 being reminiscent of the super-exponential decay exhibited by the

eigenfunctions of Sturm-Liouville operators with a non vanishing potential, such as h(k) for k ∈
R− (see e.g. [21]), it will come as no surprise that the decay property of

∫

R−
un(x, k)

2|fn(k)|2dk
is obtained from the one of un(·, k) for k ∈ R−. This is the content of Lemma 3.6. However,

such a property being no longer valid for k ∈ R+, we treat
∫

R+
un(x, k)

2|fn(k)|2dk in subsection

3.2.2, with the aid of Proposition 3.1.

3.2.1. Super-exponential decay of the eigenfunctions and consequences.

L:estimekneg Lemma 3.6. Let f ∈ L2(Ω) and n ≥ 1. Then for any β ∈ (0, 1), we may find two constants

cn(β) > 0 and ℓn(β) > 0, depending only on n and β, such that the estimate
∫

(L,+∞)×R−

un(x, k)
2|fn(k)|2dxdk ≤ cn(β)‖f‖2L2(Ω)e

−βL2

,

holds uniformly for L ∈ [ℓn(β),+∞).

Proof. We fix k ∈ R− and combine the Feynman-Hellmann formula with the Cauchy-Schwarz

inequality, getting

−λ′n(k) = 2

∫

R+

(x− k)un(x, k)
2dx ≤ 2‖(· − k)un(·, k)‖L2(R+),

since ‖un(·, k)‖L2(R+) = 1. Thus, recalling from the energy estimate

g4ag4a (25) ‖u′n(·, k)‖2L2(R+) + ‖(· − k)un(·, k)‖2L2(R+) = λn(k),

arising from the eigenvalue equation

g4bg4b (26) u′′n(x, k) = qn(x, k)un(x, k), where qn(x, k) := (x− k)2 − λn(k),

that ‖(· − k)un(·, k)‖L2(R+) ≤ λn(k)
1/2, we find out that −λ′n(k) ≤ 2λn(k)

1/2. An integration

over (k, 0) yields λn(k)
1/2 ≤ λn(0)

1/2 − k, hence

g5g5 (27) ∀k ∈ R−, λn(k) ≤ (xn − k)2, where xn := λn(0)
1/2 = (4n− 1)1/2,
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by [8, Lemma 2.1 (i)]. Further, taking into account that un(0, k) = 0, we derive from (25) and

the L2(R+)-normalization of un(·, k) that

∀x ∈ R+, un(x, k)
2 = 2

∫ x

0

un(t, k)u
′
n(t, k)dt ≤ 2‖u′n(·, k)‖L2(R+) ≤ 2λn(k)

1/2.

From this and (27) then follows that

g6g6 (28) ∀k ∈ R−, ‖un(·, k)‖L∞(R+) ≤ 21/2λn(k)
1/4 ≤ 21/2(xn − k)1/2.

The next step involves noticing from (27) that the effective potential qn(x, k) is non negative for

every x ∈ [xn,+∞), uniformly in k ∈ R−:

g6ag6a (29) ∀x ≥ xn, qn(x, k) ≥ (x− k)2 − (xn − k)2 ≥ 0.

Therefore, the H1(R+)-solution un(·, k) of the equation (26) satisfies

g6bg6b (30) lim
x→+∞

qn(x, k)un(x, k)
2 = 0,

and

g6cg6c (31) ∀x > xn, un(x, k)u
′
n(x, k) < 0,

in virtue of [17, Proposition B.1]. Next, by multiplying (26) by u′n(x, k), integrating over (t, v)
for t > v ≥ xn, and sending v to +∞, we deduce from (30) that u′n(t, k)

2 ≤ qn(t, k)un(t, k)
2

for every t > xn. In view of (31), this entails that

g7g7 (32) ∀x ≥ xn, |un(x, k)| ≤ |un(xn, k)|e−
∫ x
xn

qn(t,k)1/2dt.

In light of (29), it holds true that

∀x ≥ xn, qn(x, k)
1/2 ≥ β(x− xn) + (1− β2)1/2(x− xn)

1/2(xn − k)1/2,

as we have a2 + b2 ≥ (βa + (1 − β2)1/2b)2 for any real numbers a and b. Putting this together

with (28) and (32), we get that

∀x ≥ xn, ∀k ∈ R−, |un(x, k)| ≤ 21/2(xn − k)1/2e
2
3
(1−β2)1/2(xn−k)1/2(x−xn)3/2e−

β
2
(x−xn)2 .

From this and the estimates L− xn ≥ (L/2) ≥ xn, then follows that
∫ +∞

L

un(x, k)
2dx ≤ 2(xn − k)e−

4
3
(1−β2)1/2x

3/2
n (xn−k)1/2

∫ +∞

L

e−β(x−xn)
2

dx.

Now, taking into account that 2β1/2
∫ +∞
L

e−β(x−xn)
2
dx ≤ π1/2e−β(L−xn)

2
, we have

∀L ≥ 2xn, ∀k ∈ R,

∫ +∞

L

un(x, k)
2dx ≤ cn(β)e

−β(L−xn)2 ,

where the constant cn(β) := supk≤0

(

π
β

)1/2

(xn − k)e−
4
3
(1−β2)1/2x

3/2
n (xn−k)1/2 < +∞. Therefore,

upon eventually shortening β, we may choose ℓn(β) ≥ 2xn so large that the estimate
∫

(L,+∞)×R−

un(x, k)
2|fn(k)|2dxdk ≤ cn(β)e

−βL2

∫ 0

−∞
|f(k)|2dk ≤ cn(β)‖f‖2L2(Ω)e

−βL2

,

holds for every L ≥ ℓn(β). This terminates the proof. �
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The result of Lemma 3.6 is no longer valid for Π+
n f , as the effective potential qn(·, k) of h(k)

vanishes in R∗
+, for k ∈ R+. Nevertheless we shall see that the geometric localization of x 7→

‖Π+
n f(x, ·)‖L2(R) relies on the decay properties (19)–(21) of the Fourier coefficient fn, arising

from the assumption f ∈ X s,α
0,n (Ω).

subsec-completion

3.2.2. Completion of the proof of Theorem 3.5. Then for L > 0 fixed, we introduce k(L) > 0
(we shall make precise further) such that k(L) → +∞ as L→ +∞, and deduce from (24) that

E:decoupagekE:decoupagek (33)

∫ +∞

L

‖Πn(x, ·)‖2L2(R)dx =
2

∑

j=0

Ij ,

where Ij :=
∫

(L,+∞)×Ij un(x, k)
2|fn(k)|2dxdk for j = 1, 2, I0 := (−∞, 0), I1 := (0, k(L)) and

I2 := (k(L),+∞). I0 is already estimated in Lemma 3.6. We treat each Ij , j = 1, 2, separately.

We start with j = 2. Actually, it is clear from (19) and (21) that for L sufficiently large, we have

g2g2 (34)

I2 ≤
∫ +∞

k(L)

|fn(k)|2dk ≤ C

∫ +∞

k(L)

k2(2α+1)ne−(2α+1)k2dk ≤ Ck(L)2(2α+1)n−1e−(2α+1)k(L)2 .

Here and henceforth, C denotes some generic positive constant that is independent of L.

Next, bearing in mind that the Agmon distance associated with the operator h(k) is explicitly

known and equals x 7→ (x− k)2/2, and that λn(k) ≤ 4n− 1 for every k ≥ 0 by [8, Lemma 2.1

(i), (ii)], we get

∀β ∈ (0, 1), ∃C > 0, ∀(x, k) ∈ R+ × R+, |un(x, k)| ≤ Ce−β
(x−k)2

2 ,

by applying standard Agmon estimates (see e.g. [2, 14]). Assuming that k(L) < L, we deduce

from this for any fixed β ∈ (0, 1), that

g3g3 (35) I1 ≤ C

∫ +∞

L

e−β(x−k(L))
2

dx

∫ k(L)

0

|fn(k)|2dk ≤ C

L− k(L)
e−β(L−k(L))

2

.

Now, taking

k(L) := γL where γ = γ(α, β) :=

√
β

1 +
√
2α + 1

∈ (0, 1),

in such a way that the arguments of the exponential terms appearing in the upper bound of (34)-

(35) coincide, we obtain
∑

j=1,2

Ij ≤ CL2(2α+1)n−1e
−β (2α+1)

1+
√

2α+1
L2

.

This and Lemma 3.6 then yield that
∑

j=0,1,2 Ij ≤ Ce
−βmin

(

1,
(2α+1)

1+
√

2α+1

)

L2

for L sufficiently large,

so the desired result follows from (33).

R:symbole Remark 3.7. Notice from subsection 3.2.2 that the second ingredient we used in the proof of

Theorem 3.5 are the decay properties of the Fourier coefficient fn (in the k variable, that is

the Fourier variable associated with y) which translate into exponential decay for π+
n f in the

x-variable. This is due to a purely magnetic effect arising from the mixing of the space variable

x with the frequency k in phase space, through the symbol of the operator H .
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