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Abstract

This paper reports on an investigation into the propagation of guided

modes in curved waveguides and their scattering by inhomogeneities.

In a general framework, the existence of propagation modes travel-

ing in curved waveguides is discussed. The concept of translational

invariance, intuitively used for the analysis of straight waveguides, is

highlighted for curvilinear coordinate systems. Provided that the cross-

section shape and medium properties do not vary along the waveguide

axis, it is shown that a sufficient condition for invariance is the inde-

pendence on the axial coordinate of the metric tensor. Such a condi-

tion is indeed checked by helical coordinate systems. This study then

focuses on the elastodynamics of helical waveguides. Given the diffi-

culty in achieving analytical solutions, a purely numerical approach is

chosen based on the so-called semi-analytical finite element method.

This method allows the computation of eigenmodes propagating in

infinite waveguides. For the investigation of modal scattering by in-

homogeneities, a hybrid finite element method is developed for curved

waveguides. The technique consists in applying modal expansions at

cross-section boundaries of the finite element model, yielding trans-

parent boundary conditions. The final part of this paper deals with

scattering results obtained in free-end helical waveguides. Two valida-

tion tests are also performed.

PACS numbers: 43.35.Cg, 43.20.Mv, 43.20.Bi
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I. INTRODUCTION

Many applications are likely to involve guided wave propagation inside curved struc-

tures. However the literature concerning the theory of curved waveguides is rather scarce

compared to straight waveguides. For instance, some references can be found on elastic

waves propagating in circular plates1–3, toroidal pipes4, tyres5, spherical plates6,7, circular

waveguides of arbitrary cross-section8, twisted bars9, helical springs10–12, multi-wire helical

strands13 as well as electromagnetic waves in optical fibers14–16.

The goal of this paper is to highlight the propagation of modes in curved waveguides as

well as their scattering by inhomogeneities. The existence of propagation modes traveling

in infinite curved waveguides is first discussed in a general framework (Sec. II), valid for any

type of waves (elastic, acoustic, electromagnetic...).

Then, the remainder of the paper focuses on the elastodynamics of helical waveguides.

In the context of non-destructive testing and structural health monitoring of cables17–21,

one of the motivations is to develop modeling tools for progress in the understanding of

wave-damage interaction in helical structures. The basic element of civil-engineering cables

is usually a seven-wire strand, consisting of one straight cylindrical core wire surrounded

by one layer of six helical wires. The results of this paper will only concern single wires,

inter-wire contact effects being left for further investigations.

Given the difficulty in achieving analytical solutions, a purely numerical approach is

chosen. The formulation is fully three-dimensional. For the computation of guided modes,

the so-called semi-analytical finite element (SAFE) technique is employed. This technique

has been extensively used in elasticity for uniform straight waveguides – see for instance

Refs. [22–27]. It has also been proposed in duct acoustics28,29 and electromagnetics15,30.

The advantage of SAFE methods is their capacity to handle complex waveguides of ar-

bitrary cross-section, together with material anisotropy and transverse heterogeneity. An

axial dependence eiks is assumed before finite element (FE) discretization (k and s are

a)Electronic address: fabien.treyssede@ifsttar.fr
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the wavenumber and distance along the waveguide axis, respectively) – hence reducing the

problem from three to two dimensions – so that only the cross-section needs to be meshed.

Recently, the author has proposed a SAFE method for helical elastic waveguides13,31. This

method is briefly recalled in this paper (Sec. III) and some dispersion curves are shown for

helical waveguides of circular cross-sections with different helix lay angles.

For modal scattering by inhomogeneities, the present paper proposes a hybrid FE-based

method (Sec. IV). It consists in applying modal expansions at cross-section boundaries

of a usual FE model, where semi-infinite waveguides are connected, yielding transparent

boundary conditions. The FE model can then be limited to a small region surrounding

the inhomogeneity, which in turn might be of complex shape (cracks, discontinuities, local

bends,...). The modal expansions requires the knowledge of guided modes, which can be

obtained from analytical solutions when available, or from the SAFE method as done in this

paper. The solution of the hybrid system directly yields the coefficients of scattered modes.

In the literature, hybrid methods have already been proposed for elastic guided waves in

two-dimensional straight waveguides (plates32–37 and cylinders38) as well as acoustic waves

in ducts39,40 for instance. A close relationship between hybrid and Dirichlet-to-Neumann

approaches can be demonstrated, as done in Ref. [40] for acoustic problems. Hybrid methods

are a powerful alternative to usual numerical approaches, transient41,42 or time-harmonic43,44,

which requires longer FE meshes as well as modal post-processing steps of results.

In this paper, useful expressions are presented in order to calculate modal forces and

power flows, and to efficiently separate ingoing from outgoing modes. These expressions

may greatly simplify the development of hybrid methods inside commercial codes, as well

as the post-process of power coefficients for the interpretation of results.

As illustrative examples, some results are finally shown on the scattering of the first

extensional mode in free-end helical waveguides of different lay angles. Two validation tests

are also performed in order to check the accuracy of the proposed approach. Though applied

to elastic waves, the overall approach of this paper is rather general and may be applied or

extended to other physics.
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II. ON THE EXISTENCE OF GUIDED MODES IN CURVED

WAVEGUIDES

A. Translational invariance

By definition, guided modes (or propagation modes) are waves traveling without reflec-

tion along the axis of infinite waveguides. The time and axial evolution of such modes is

hence harmonic. In other words, an ei(ks−ωt) dependence can be assumed and separated

from all field components. In this paper, k will denote the axial wavenumber, s the axial

coordinate and ω the angular frequency.

This axial dependence can only be applied if the considered waveguide is translationally

invariant along its axis. Intuitively for straight waveguides, translational invariance means

that both the cross-section shape and the material do not vary with respect to s. This

intuitive definition is yet no longer accurate for curved waveguides. For instance, one may

think of an axis corresponding to an arbitrary curve: waves can generally not travel without

reflection because of the curvature variation, even though the section and the material remain

invariant along s. Indeed, a third condition should be added in that case: the curvature of

the axis should also remain constant.

From a mathematical point of view, the eiks axial dependence indeed comes from a

separation of variables that is applicable if the following fundamental property holds: the

coefficients of equilibrium equations, including boundary conditions, must not depend on

s. With this property, performing an axial Fourier transform do not give any convolution

products but yields the same equilibrium equations as assuming an eiks dependence: one

can truly speak of propagation modes. This fundamental property is checked under the

following three conditions:

1. the cross-section shape do not vary along the s-axis;

2. the material properties remain constant along s;

3. the coefficients associated with the partial derivatives of the differential operators that
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are involved in the physics under consideration (gradient, divergence, Laplacian,...)

are independent on s.

These conditions somewhat extend the concept of translational invariance for curved waveg-

uides. Condition 1 is geometric and necessary for the invariance of boundary conditions.

Condition 2 is material. Both conditions are obvious and implicitly assumed in straight

waveguide analyses. Condition 3 is non-trivial and closely related to the curvilinear coordi-

nate system considered.

B. Metric tensor

Condition 3 may be highlighted thanks to the calculation of the metric tensor associated

with the coordinate system. For a fundamental introduction to the use of general curvilinear

coordinate systems, the reader may refer to Chapter 2 of Ref. [45] for instance.

Let us consider a curvilinear coordinate system denoted (x, y, s), x and y being the

transverse coordinates. Let (X, Y, Z) and (eX , eY , eZ) be the Cartesian coordinates and the

Cartesian basis, respectively. Any position vector (X, Y, Z) is uniquely related to (x, y, s)

through a mapping denoted Φ, as follows:

XeX + Y eY + ZeZ = Φ(x, y, s) (1)

In the following, the notation (x, y, s) may be changed to (x1, x2, x3) for simplicity. The

covariant basis is given by (g1, g2, g3) where gi = ∂Φ/∂xi (i = 1, 2, 3). The contravariant

basis, denoted (g1, g2, g3), is defined from gi · gj = δi
j .

Then, the covariant metric tensor g is given by:

gij = gi · gj (2)

A fundamental point is that, when g does not depend on s (g = g(x, y)), condition 3

is automatically satisfied for any differential operator and hence, any physics. This can be

explained by the fact that the coefficients of any differential operators are given by Christoffel
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symbols, which only depend on the gij’s. For clarity, the Christoffel symbols Γk
ij = gi,j · gk

are expressed as a function of the metric tensor as follows:

Γk
ij =

1

2
gkl

(

∂gjl

∂xi
+

∂gil

∂xj
− ∂gij

∂xl

)

(3)

where gij = gi · gj is the contravariant metric tensor, equal to the inverse of the covariant

metric tensor (gij = (g−1)ij).

C. Standard coordinate systems revisited

For clarity, we first consider the cylindrical coordinate system (x1, x2, x3) = (r, θ, z),

obtained from the mapping (X, Y, Z) = (r cos θ, r sin θ, z). Its metric tensor is:

g =













1 0 0

0 r2 0

0 0 1













(4)

As expected, g does not depend on z (obvious existence of guided waves traveling in the

z-direction). It does not depend on θ either (azimuthal direction), which also proves the

existence of guided modes inside circular waveguides for any physics.

The spherical coordinate system (x1, x2, x3) = (r, θ, φ) is obtained from the mapping

(X, Y, Z) = (r cos θ sin φ, r sin θ sin φ, r cos φ). θ and φ are the azimuthal and zenith angles,

respectively. The corresponding metric tensor is:

g =













1 0 0

0 r2 sin2 φ 0

0 0 r2













(5)

g does not depend on θ, which means that we can also speak of guided waves in the azimuthal

direction for spherical waveguides (and any physics).

As mentioned in the introduction, analyses of circular and spherical waveguides have

already been conducted (in elastodynamics). Yet, the existence of guided waves also occurs

in some other coordinate systems. For instance, the metric tensor of spheroidal coordinate
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systems (oblate or prolate) does not depend on the azimuthal coordinate either. Also, helical

coordinate systems are invariant along the helix axis, as shown in the next subsection.

D. Helical coordinate system

A helical coordinate system is now built. One starts by defining the helix centerline

curve, described by the following position vector in the Cartesian orthonormal basis:

R(s) = R cos
2π

l
seX + R sin

2π

l
seY +

L

l
seZ (6)

where l =
√

L2 + 4π2R2 is the curvilinear length of one helix step. R and L are respectively

the radius of the centerline in the (X, Y ) Cartesian plane and the helix step along the Z

axis (see Fig. 1). The helix lay angle φ is defined from: tan φ = 2πR/L. The unit tangent,

normal and binormal vectors to the centerline are respectively obtained from T = dR/ds

and the Serret-Frenet formula46: dT/ds = −κN, dN/ds = τB + κT and dB/ds = −τN

(one has B = T ∧ N). Note that N is oriented outward the curvature in this paper. For a

helix, both the curvature κ = 4π2R/l2 and torsion τ = 2πL/l2 are constant.

For clarity, N, B and T are expressed in the Cartesian basis as:

N(s) = cos 2πs
l

eX + sin 2πs
l

eY ,

B(s) = −L
l
sin 2πs

l
eX + L

l
cos 2πs

l
eY − 2πR

l
eZ ,

T(s) = −2πR
l

sin 2πs
l

eX + 2πR
l

cos 2πs
l

eY + L
l
eZ

(7)

A helical coordinate system can be built from the orthonormal basis (N,B,T), with the

following mapping Φ:

Φ(x, y, s) = R(s) + xN(s) + yB(s) (8)

Using Serret-Frenet formula, one obtains the covariant basis (non-orthogonal):

g1 = N(s), g2 = B(s),

g3 = −τyN(s) + τxB(s) + (1 + κx)T(s).
(9)
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FIG. 1. Helix centerline curve (one step) with its associated Serret-Frenet basis and (x, y, s)

helical coordinate system.

and the calculation of the covariant metric tensor finally gives:

g =













1 0 −τy

0 1 τx

−τy τx τ 2(x2 + y2) + (1 + κx)2













. (10)

g does not depend on s. As a consequence, the coefficients of any partial differential operators

expressed in the so-defined coordinate system are independent on s too. This coordinate

system can hence be used for the analysis of helical waveguides.

As a side remark, note that the following relations hold:

R =
κ

κ2 + τ 2
, L =

2πτ

κ2 + τ 2
,

2π

l
=

√
κ2 + τ 2 (11)

Then from Eqs. (6) and (7), it can be checked that the particular case τ = 0 degenerates

into a circular coordinate system whose circular axis of radius 1/κ lies into the (X, Y ) plane.

The case κ = 0 degenerates into a twisting system, as detailed in the next subsection.

9



E. Note on the twisting coordinate system

A useful twisting coordinate system can be obtained from κ = 0 and τ = 2π/L. It

corresponds to a system for which the (x, y) plane (cross-section plane) rotates around and

along the Z axis (s ≡ Z) with an axial periodicity L (rotation rate of τ = 2π/L). The

cross-section plane remains parallel to (X, Y ). Indeed, such a coordinate system also allows

the analysis of a helical waveguide: in the local rotating (x, y) plane, the cross-section of a

helical waveguide do not change along Z either (condition 1 is still satisfied).

Such a system is particularly interesting. It also allows the consideration of cylindrical

waveguides of axis Z for any value of τ (“a twisted cylinder remains a cylinder”). And

as a consequence, a twisting system is suitable for the analysis of multi-wire waveguides

(see Ref. [13]). This system will be chosen for the results obtained in the present paper.

Note that this kind of system coincides with the one proposed in Ref. [9] for the analysis of

pretwisted waveguides or in Ref. [15, 16] for electromagnetics.

Yet, the cross-section shape must be carefully considered because it is usually provided

in the cutting plane normal to the helix centerline. With a twisting system, the shape must

be determined in a plane parallel to the (X, Y ) plane. Let us find the cross-section cut by

the plane Z=0. In the helical system, Eq. (8) yields:






















X = (R + x) cos 2πs
l
− y L

l
sin 2πs

l

Y = (R + x) sin 2πs
l

+ y L
l
cos 2πs

l

Z = L
l
s − 2πR

l
y

(12)

so that s = 2πyR/L at Z=0. Let (x, y) = (x(t), y(t)) be a curve parametrization of the

cross-section normal to the helix centerline, t denoting the curve parameter. Then, the

cross-section cut by Z=0 can be parametrized as follows:










X(t) = (R + x(t)) cos (αy(t)) − y(t)L
l
sin (αy(t))

Y (t) = (R + x(t)) sin (αy(t)) + y(t)L
l
cos (αy(t))

(13)

where α = 4π2R/lL. The above parametrization yields the adequate cross-section that must

be used with a twisting coordinate system.
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FIG. 2. Z=0 plane-cut of a helical waveguide R = 2a having a circular cross-section of

radius a for the following lay angles: φ=0◦ (cylinder), 15◦ and 30◦ (from left to right). The

SAFE mesh used for the computations is also shown.

For a helical waveguide of circular section of radius a, one has (x(t), y(t)) =

(a cos t, a sin t) with t ∈ [0; 2π]. Fig. 2 exhibits cross-section shapes obtained for φ=0, 15

and 30◦ with R = 2a.

III. ELASTIC GUIDED MODES IN HELICAL WAVEGUIDES

In this section, elastic guided modes in helical waveguides are solved numerically. One

assumes a linearly elastic material, small strains and displacements, with a time harmonic

e−iωt dependence. The general approach is based on a SAFE technique, which is briefly

recalled. No special assumption is required on waveguide properties: arbitrary cross-sections,

heterogeneous or anisotropic materials are allowed (but with invariance along the axis).

First, one recalls the variational formulation of elastodynamics for clarity:

∫

Ω

δǫT
σdV − ω2

∫

Ω

ρδuTudV =

∫

Ω

δuTqdV +

∫

δΩ

δuT fdV (14)

where u, ǫ and σ are the displacement strain and stress vectors. δ denotes virtual fields.

f is the traction vector on the surface δΩ. ρ is the material density and q represents some

known acoustic sources inside the structural volume Ω.
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A. Strain-displacement and Stress-strain relations

In a general non-orthogonal curvilinear coordinate system, the strain-displacement rela-

tionship is expressed as:

ǫij = 1/2(ui,j + uj,i) − Γk
ijuk. (15)

where subscripts denote covariant components with respect to the contravariant basis. The

notation (·),i (i = 1, 2, 3) is used for derivatives with respect to x, y and s respectively. Note

that covariant components generally have non-physical units and the contravariant basis is

non-orthogonal. In the remainder, physical components with respect to the orthonormal

Serret-Frenet basis (N,B,T) will be preferred.

The strain-displacement relation can be rewritten as follows:

ǫ = (Lxy + Ls∂/∂s)u (16)

where Lxy is the operator containing all terms except the derivatives with respect to the

s-axis. u = [un ub ut]
T is the displacement field, where the superscript T denotes the matrix

transpose. ǫ denotes the strain vector [ǫnn ǫbb ǫtt 2ǫnb 2ǫnt 2ǫbt]
T . The stress-strain relation

is then expressed as:

σ = Cǫ (17)

where σ = [σnn σbb σtt σnb σnt σbt]
T is the stress vector and C is the matrix of material

properties, expressed in the orthonormal Serret-Frenet basis. C might be complex (as it is

the case for viscoelastic materials).

With the helical coordinate system of Sec. II.D, the expression of Lxy and Ls are given

by:
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Lxy =
1

1 + κx

































(1 + κx)∂/∂x 0 0

0 (1 + κx)∂/∂y 0

κ 0 τy∂/∂x − τx∂/∂y

(1 + κx)∂/∂y (1 + κx)∂/∂x 0

τy∂/∂x − τx∂/∂y −τ −κ + (1 + κx)∂/∂x

τ τy∂/∂x − τx∂/∂y (1 + κx)∂/∂y

































, Ls =
1

1 + κx

































0 0 0

0 0 0

0 0 1

0 0 0

1 0 0

0 1 0

































(18)

Details of calculations can be found in Refs. [13, 31]. As expected, note that both operators

do not depend on s so that we can truly assume and separate the axial eiks dependence.

B. SAFE formulation

There is no external force for the purpose of studying propagation modes. The SAFE

technique consist in assuming an eiks dependence for u (e−iks for δu) in the variational

formulation (14) before FE discretization. Then, ∂/∂s can be replaced by ik and the ex-

ponential separated from all field components. The dimensionality of the problem is hence

reduced to the two dimensions of the cross-section.

From Eqs. (14), (16) and (17), this leads to the following eigenvalue problem for the

determination of guided modes13,31:

{K1 − ω2MS + ik(K2 −KT
2 ) + k2K3}U = 0 (19)

with the following elementary matrices:

Ke
1 =

∫

Se
NeTLT

xyCLxyN
e√gdS,

Ke
2 =

∫

Se
NeTLT

xyCLsN
e√gdS,

Ke
3 =

∫

Se
NeTLT

s CLsN
e√gdS,

Me
S =

∫

Se
ρNeTNe√gdS

(20)

U is the column vector containing nodal displacements expressed in the orthonormal Serret-

Frenet basis. ρ is the material density. Ne is a matrix of nodal interpolating functions
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of displacement on the element, dS = dxdy and g is the determinant of the metric tensor

(g = det g).

Due to the symmetry of K1, K3 and MS, the eigenproblem has two sets of eigensolutions

(k+
n ,U+

n ) and (−k+
n ,U−

n ) (n = 1, ..., N), representing N positive-going and N negative-going

wave types (N being the number of degrees of freedom (dofs)).

Given ω and finding k, this eigenproblem is quadratic. It is recast into a generalized

linear eigensystem written for [UT kUT ]T in order to be solved by standard numerical

solvers31 – see Ref. [47] for details.

C. Mode properties

Once the eigenproblem has been solved, the calculation of modal properties is crucial

for the analysis and interpretation of solutions.

Let (kn,Un) be a given eigenmode, positive or negative-going (the ± sign is dropped for

conciseness of notations). The phase velocity vpn
and the attenuation βn are simply given

by vpn
= ω/ℜ(kn) and βn = ℑ(kn), respectively.

The kinetic and potential energies are respectively defined as Ek = 1
2
ρvαvα and Ep =

1
2
ǫαβσαβ (α = n, b, t), where vα = u̇α is the velocity vector. The cross-section and time

averaged energies of mode n can be obtained from:

∫

S
Ēkn

dS = ω2

4
ℜ(UT∗

n MSUn),
∫

S
Ēpn

dS = 1
4
ℜ{UT∗

n (K1 + ikn(K2 −KT
2 ) + k2

nK3)Un}.
(21)

where bars denote time averaging and the superscript * refers to the complex conjugate.

From Eq. (19), note that each mode n satisfies the equality
∫

S
Ēkn

dS =
∫

S
Ēpn

dS.

The post-process of modal power flow and energy velocity is less straightforward. This

paper gives some explicit formula, derived below.

The complex Poynting vector48 P, defined in analogy with the electromagnetic case,

is given by: Pβ = −1
2
v∗

ασαβ . The complex power flow (cross-section averaged) is: Π =
∫

S
P ·ndS, where n is the unit vector along the propagation direction (normal to the cross-

14



section). Provided that v = −iωu and n = T, one has:

P · ndS = −iω

2
u∗

ασαtdS. (22)

Then, it can be checked that u∗

ασαt = uT∗LT
s σ(1 + κx) = uT∗LT

s C(Lxy + ikLs)u(1 + κx), so

that the following useful expression holds for the complex power flow of mode n (cross-section

averaged):

Πn = −iω

2
UT∗

n (KT
2 + iknK3)Un (23)

The real part ℜ(Πn) coincides with the cross-section and time averaged power flow.

Then, the cross-section and time averaged energy velocity in waveguides is defined as

follows49:

ven
=

ℜ(Πn)
∫

S
(Ēkn

+ Ēpn
)dS

(24)

Expressions (21) and (23) allow a direct computation of the energy velocity. The energy

velocity is an important wave property that remains appropriate even for damped media50

(as opposed to the group velocity definition vgn
= ∂ω/∂kn, which is generally not valid for

damped waveguides).

Modes can be normalized with respect to the mass matrix, yielding UT∗

n MSUn = 1.

Since the eigenvectors may be multiplied by any complex scalar of unit modulus, such a

normalization is not unique, which might be not convenient in practice (for instance, when

we want to track modes by visual inspection of their modeshapes). The above normalization

can be made unique with the additional requirement: for a given n, Un is multiplied by a

complex scalar of unit modulus, such that its degree of freedom of maximum modulus is

made real and positive.

D. Results

We consider waveguides of circular cross-section of radius a (in the plane normal to

the helix centerline). For conciseness, we briefly give results for helical waveguides of helix

radius R = 2a and the following three lay angles: φ=0◦ (cylinder), 15◦ and 30◦. These

15



three cases will also be considered in Sec. IV. For more detailed physical interpretations and

parametric studies on helical waveguides, the reader can refer to [12, 31]. The validation

of the proposed SAFE method has been performed in Ref. [31] with a helical coordinate

system, and in Ref. [13] with a twisting system.

Without loss of generality, no material damping is considered and the material is as-

sumed to be isotropic. The Poisson coefficient is ν=0.25. The shear velocity is defined as

vs =
√

E/2ρ(1 + ν), where E denotes Young modulus. Variables are made dimensionless

with characteristic length and time, chosen as a and a/cs, respectively. The dimensionless

frequency is then given by ωa/cs. As already mentioned, a twisting system is used and

the SAFE meshes are given by Fig. 2. The geometry is meshed with 8-node quadrangles

(quadratic elements are used), yielding 675 dofs. SAFE computations are held at fixed

dimensionless frequency ωa/cs ∈ [0; 5], discretized into 250 equal steps.

Figure 3 shows the dimensionless energy velocity vs. frequency plots. The results ob-

tained for φ=0◦ corresponds to a straight cylindrical waveguide, for which solutions are

well-known in the literature. For that case, modes have been labeled accordingly to the con-

vention used by Meitzler51. The fastest mode in the low frequency range (ωa/cs 6 2), which

is colored gray on the plots, corresponds to the first compressional-like mode (referred to as

the L(0, 1) mode in cylinders). Though somewhat subjective, a visual inspection of mode-

shapes has been done in order to identify the evolution of this mode on a wider frequency

range.

As expected, differences between cylinder and helical waveguides become greater as the

lay angle increases. The energy velocity of the L(0, 1)-like mode decays as the lay angle

increases, which is essentially due to the lengthening of the path covered by waves (waves

travels along the helix axis but the wavenumber and velocity are measured along the Z

axis). In helical waveguides, note that this mode has a low but non-zero cut-off frequency

that increases with the angle13,31.

Unlike in the cylindrical case, helical waveguides may exhibit sharp changes in disper-

sion curves at certain frequencies – see for instance the F (1, 2)-like mode for φ=15◦ near
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FIG. 3. From left to right: dimensionless energy velocity vs. frequency for φ=0◦ (cylinder),

15◦ and 30◦. The first compressional-like mode is colored gray.

ωa/cs=2.3. These changes usually corresponds to curve veering or branch connection be-

tween different modes13,31.

IV. MODE SCATTERING BY INHOMOGENEITIES

Based on the previously obtained eigensolutions, a three-dimensional hybrid FE-SAFE

method is developed for the analysis of mode scattering by inhomogeneities inside helical

waveguides. Inhomogeneities are assumed to be local (restricted to a small portion of the

waveguide) but can be of complex shape. The usual FE method is applied to a region

of the waveguide including the inhomogeneity (a crack for instance). Then, SAFE modal

expansions are applied at cross-section boundaries of the three-dimensional FE model, where

semi-infinite waveguides are to be connected. This technique yields transparent conditions.

For simplicity, Fig. 4 depicts the FE portion, denoted Ω, of a free-end waveguide. The

free-end is on the top. The reflection of waves inside a free-end waveguide is a typical

scattering problem. A free-end boundary can also be viewed as a complete crack of the wire.

Incident waves travel from the bottom to the top, reflected waves by the free-end travel in

the opposite direction. The bottom cross-section, denoted Σ, corresponds to the boundary

where a semi-infinite waveguide is to be connected. The boundary condition on Σ should be

such that modes reflected by the free-end go out from Ω without reflecting on Σ (transparent

boundary).
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FIG. 4. Geometry and FE mesh used for the computations with the hybrid method for

a free-end helical waveguide with R = 2a and the following lay angles: φ=0◦ (cylinder),

15◦ and 30◦ (from left to right). The bottom cross-section, here duplicated in the plane

Z = −0.5, corresponds to Σ (transparent condition). The remaining boundaries of the FE

model are free, including the top cross-section representing the free-end.

A. Hybrid FE-SAFE formulation

We start from the FE model of the region Ω. The discretization of the variational

formulation (14) leads to the usual FE system for three-dimensional elastodynamics:

(K − ω2M)U = F (25)

where K and M are the stiffness and mass matrices. U is the vector of displacement dofs

of the whole FE region.

This system is partitioned into dofs associated with the cross-section Σ and the remaining

dofs, as follows:

U =











UΣ

UΣ











, F =











FΣ

FΣ











(26)

with Σ = Ω\Σ.

The basic idea of hybrid methods consists in expanding both UΣ and FΣ on the guided

modes associated with the cross-section Σ:

UΣ =
∑N

n=1 α−

n U−

n +
∑N

n=1 α+
n U+

n ,

FΣ =
∑N

n=1 α−

n F−

n +
∑N

n=1 α+
n F+

n

(27)
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U±

n denote the displacement modeshape of mode n, obtained from SAFE analysis. F±

n is

the associated modal force (calculation detailed in the next subsection). The α±

n ’s are modal

coefficients. Ingoing modes are differentiated from outgoing modes thanks to the superscripts

− and + respectively. In the present example, ingoing modes are incident modes while

outgoing modes are reflected modes. N now denotes the number of modes retained in the

expansion, and after truncation, is lower than the number of degree of freedom.

The incident coefficients α−

n ’s are known. The scattered coefficients α+
n ’s are unknowns

and must be solved. A convenient way of rewriting the expansions (27) is to use global

matrix forms. First, we separate and gather the unknown variables into a single global

vector U+ as well as the known variables into a vector U−, defined as follows:

U− =











α
−

FΣ











, U+ =











α
+

UΣ











(28)

where α
± are the modal coefficients stored in column vectors. Note that FΣ is known and

may represent acoustic sources located inside the FE region (but outside Σ).

Then, the eigenmode expansions (27) can be rewritten into the following global forms:

U = G−

u U− + G+
u U+, F = G−

f U− + G+
f U+ (29)

with the following notations:

G−

u =







B−

u 0

0 0






, G+

u =







B+
u 0

0 I






,

G−

f =







B−

f 0

0 I






, G+

f =







B+
f 0

0 0







(30)

where B±

u and B±

f denote the modal basis of eigendisplacements and eigenforces, stored in

column:

B±

u = [U±

1 |U±

2 |...|U±

N ], B±

f = [F±

1 |F±

2 |...|F±

N ] (31)

Finally, using Eq. (29) into Eq. (25) yields a linear matrix system for U+, which is

inverted at each frequency ω:

G+T
u (DG+

u − G+
f )U+ = G+T

u (G−

f −DG−

u )U− (32)
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D = K − ω2M is the initial dynamic stiffness of the FE problem. Physical solutions can

be reconstructed from Eq. (29). The procedure can be readily extended to the case of two

transparent boundaries (or more), as it is the case for reflection-transmission problems in

infinite waveguides (see IV.E.1).

Note that the scattered modal coefficients are directly solved for, which might be advan-

tageous compared to other methods requiring additional post-processing steps43,52. Besides,

UΣ is not condensed out in order to avoid the inversion of the dynamic stiffness (computa-

tionally expensive for three-dimensional problems).

B. Modal forces

With standard SAFE methods, the calculation of the modal forces F±

n from the modal

displacements U±

n is a crucial point. Ideally, this calculation should be consistent with the

FE approximation used. Nodal forces can be obtained by post-processing load vectors from

displacement derivatives35,38 associated to each mode, but this procedure might be tedious

and time-consuming in practice. An explicit formula can indeed be obtained, as shown in

the following.

FΣ is the left-hand side of Eq. (25) restricted to S = Σ and comes from the variational

form
∫

Σ
δuT fdS = δUT

ΣFΣ, where fα = σαβnβ is the external traction (n is the outward unit

normal). The normal mode expansion gives δUT
ΣFΣ =

∑N

n=1 α−

n δUT
ΣF−

n +
∑N

n=1 α+
n δUT

ΣF+
n ,

where the F±

n ’s can be defined from:

δUT
ΣF±

n =

∫

Σ

δu · f±n dS (33)

Note that n = T on Σ. Similarly to the power flow in Sec. III.C, we can write: f±n =

LT
s σ

±

n (1 + κx) = LT
s C(Lxy + ik±

n Ls)u
±

n (1 + κx). From this expression and Eq. (33), it can

be checked that the modal forces are explicitly given by:

F±

n = (KT
2 + ik±

n K3)U
±

n . (34)

As a side remark, it should be noted that the system (32) is in fact symmetric. This is

20



due to the following property:

(kn + km)(UT
mFn − UT

nFm) = 0 (35)

which could be viewed as the discretized form of the real biorthogonality relationship53. This

relation is obtained by subtracting the SAFE system (19) written for Un and pre-multiplied

by UT
m, from the transpose of the system written for Um and pre-multiplied by UT

n . Note

that the ± signs have been dropped because the traveling direction is not considered in

the above relation. Let us consider outgoing-modes only. Then, k+
n + k+

m 6= 0 so that

U+T
m F+

n = U+T
n F+

m (∀m, n), which proves that B+T
u B+

f is symmetric. As a consequence,

the matrix G+T
u (DG+

u − G+
f ) is also symmetric. Note that this property still holds in the

damped case, if C is complex (case of viscoelastic material).

C. Traveling direction

Another difficulty concerns the determination of traveling direction for each mode. In

undamped waveguides (C is real), eigensolutions for which kn is purely real, purely imaginary

and fully complex represent propagating waves, evanescent waves and inhomogeneous waves

(decaying but oscillatory), respectively. Furthermore, backward modes might occur in elastic

waveguides (the energy and phase velocities of such modes have opposite signs).

Consequently, positive-going modes should be separated from negative-going ones by the

criterion ven
> 0 when propagating, and by ℑ(kn) > 0 when non-propagating. The problem

consists in distinguishing propagating from non-propagating modes.

In undamped waveguides, propagating and non-propagating modes respectively satisfy

ℑ(Πn) = 0 and ℜ(Πn) = 0. Hence in practice, the condition |ℜ(Πn)| > |ℑ(Πn)| can be

proposed as an efficient criterion for finding propagating modes. In damped waveguides, Πn

usually becomes fully complex. Nevertheless, quasi-propagating modes are expected to have

a small imaginary part so that the criterion can still be applicable.
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D. Results for free-end elastic helical waveguides

As illustrative examples, we analyze modal scattering occurring in semi-infinite waveg-

uides terminated by a free-end. The same helix parameters as in Sec. III.D are considered

(R = 2a, φ=0, 15 and 30◦). A single mode is incident, corresponding to the L(0, 1)-like

mode previously identified on the dispersion curves (Fig. 3).

It is noteworthy that the modal expansion on Σ also accounts for non-propagating modes,

which allows to set the free-end boundary relatively close to the boundary Σ. In the present

paper, the latter is set at Z = 0 while the former is at Z=a. Hybrid FE-SAFE meshes are

shown in Fig. 4 (for clarity, Σ is duplicated at Z=−a/2, but must be understood at Z=a).

20-node quadratic brick elements have been used, yielding 4347 dofs.

As already mentioned, guided modes are computed with a twisted system. This has the

advantage of avoiding any transformation between Cartesian and Serret-Frenet components,

because the Σ plane coincides with the Cartesian (X, Y ) plane.

In the following computations, modal bases are truncated by retaining modes satisfying

|ℑ(ka)| 6 5. A good accuracy is expected because the amplitudes of non-propagating

modes reflected from the free end, but not taken into account in the expansion, would then

be divided by at least e5 ≃ 148 at the transparent boundary Σ. In practice, the error on the

power balance has been checked at each frequency and for the three waveguides. This error

can be defined as:

e =
ℜ(Π−) + ℜ(Π+)

ℜ(Π−)
(36)

where Π± = −iω(G±

u U±)T∗(G±

f U±)/2 is the total complex power flow of −/+ modes (ingo-

ing/outgoing). In the following results, the worst error has been found to be less that 0.8%,

which is quite satisfying. This tends to confirm that the proposed truncation does not yield

any significant loss of accuracy.

Figure 5 shows the power reflection coefficients vs. frequency plots obtained for the

three waveguides, where the power reflection coefficient is defined as:

Rn =
ℜ(Π+

n )

ℜ(Π−

i )
(37)
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FIG. 5. From left to right: power reflection coefficient vs. frequency for φ=0◦ (cylinder),

15◦ and 30◦. The first compressional-like mode is colored gray.

where the index i denotes the incident mode. In the cylinder case (φ = 0◦), the L(0, 1)

mode is fully reflected until ωa/cs ≃ 3.3. This frequency is indeed the first cut-off frequency

of higher compressional modes, corresponding to L(0, 2) and L(0, 3). Above that frequency,

the sudden drop of the L(0, 1) reflection indicates that this mode is partially converted to

L(0, 2) and L(0, 3). A full conversion might even occur at certain frequencies. The free-end

cylinder case is further considered in Sec. IV.E.2, where a comparison with literature results

is given.

The geometry of a free-end cylinder is fully axisymmetric. Besides, compressional L(0, n)

modes are axisymmetric, unlike flexural modes F (m, n). As a consequence, there is no

conversion of the L(0, 1) to F (m, n) modes. In the case of helical waveguides (φ 6= 0◦), this

symmetry is broken and conversion to flexural or torsional modes occurs. This causes a

decrease of the power reflection coefficient of the L(0, 1)-like mode in the lowest frequency

range, far below the first cut-off frequencies of L(0, n)-like modes. As usual with modal

scattering in waveguides35,38, the sharp changes of the reflection coefficient generally coincide

with cut-off frequencies (compare Figs. 3 and 5).

For the angle of 15◦, some rough similarities may still be found with the cylinder case.

For instance, a strong reflection drop is also observed near 3.3, which is the cut-off frequencies

of the L(0, 2) and L(0, 3)-like mode. However for 30◦, results becomes quite different. A

strong reflection drop is found near 1.9, corresponding to the cut-off of the F (1, 2)-like mode.
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FIG. 6. Reflection of the first compressional-like mode by a free-end in a helical waveguide

of angle φ=30◦: real part of the axial displacement at ωa/cs=2 (color online).

Figure 6 shows the color plot of the axial displacement (ut=uZ) computed at ωa/cs=2.

The global motion observed at this frequency is clearly not purely extensional, indicating

significant conversions into non-compressional modes.

E. Validation tests

Though the power balance is well-satisfied in the previous simulations, this criterion is

surely not sufficient to fully validate the proposed hybrid method and check the accuracy of

results. In the following, two validation tests are performed.

1. Infinite helical waveguide

A first test-case consists in checking that a single incident mode travels without conver-

sion or reflection in an infinite helical waveguide. The larger angle (φ=30◦) is considered.

Figure 7 shows the hybrid FE-SAFE mesh. In that case, the transparent boundary Σ is

given by Σ1 ∪ Σ2, respectively corresponding to the bottom and top cross-sections. SAFE

computations must be then performed on both Σ1 and Σ2. For clarity, B±

u and B±

f should

now be understood as:

B±

u =







1B
±

u 0

0 2B
±

u






B±

f =







1B
±

f 0

0 2B
±

f






(38)

where iB
±

u,f denotes modal bases associated with Σi.
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FIG. 7. Mesh of the infinite helical waveguide (R = 2a, φ = 30◦). Bottom and top

boundaries are both transparent.

FIG. 8. Modal coefficient vs. frequency for φ=30◦. Top: reflection, bottom: transmission.

Figure 8 gives the absolute value of the modal amplitudes of displacement, obtained in

reflection (on Σ1) and transmission (on Σ2). The incident mode is still the L(0, 1)-like mode,

launched with a unit modal amplitude for all frequencies. As can be observed, this mode is

almost fully transmitted, without reflection nor conversion, for the whole frequency range

[0; 5]. Note that this test might also be viewed as a numerical way of checking that guided

modes truly exist inside helical structures.
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FIG. 9. Mesh used for the free-end twisted cylinder test.

It could be observed that the coefficients associated with reflected or transmitted con-

verted modes tend to increase for highest frequencies. This is an expected result with FE

techniques (the FE size should be diminished as the frequencies increases). The worst power

balance error was 0.3% for that test.

2. Free-end twisted cylinder

The second validation test concerns the free-end cylinder, for which reference results

are available in the literature54. This example has already been analyzed in Sec. IV.D,

where guided modes were computed for a straight waveguides (κ = τ = 0). Here, the

main difference is that guided modes are computed with an arbitrary twisted coordinate

system, which allows to fully validate the hybrid approach proposed in this paper for helical

waveguides.

As explained in Sec. II.E, τ can be any value. We choose a high torsion value, τa = 0.5.

Figure 9 shows the FE mesh used for the test. In order to harden the test, the mesh of the

FE portion is also twisted instead of being straight. The dispersion curves computed on Σ

are identical to Fig. 3 in the cylinder case and are not shown for conciseness.

Figure 10 exhibits the power reflection coefficients computed for the dimensionless fre-

quency range [3.1;4.2], divided into 150 equal steps, with the L(0, 1) mode as incident. This

frequency range focuses on the band where the L(0, 1) mode becomes converted to L(0, 2)
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FIG. 10. Power reflection coefficient vs. frequency. The L(0, 1) mode is colored gray.

Triangles: results of Gregory et al. [54].

and L(0, 3). For comparison, the results of Gregory et al. [54], obtained by means of analyt-

ical and least-square techniques, are superposed and all modes are explicitly labeled. Our

numerical result are in quite good agreement, both qualitatively and quantitatively (note

that the cylinder case in Fig. 5 also coincides with these results).

V. CONCLUSION

In this paper, the propagation of guided modes in curved waveguides and their scatter-

ing by inhomogeneities have been investigated. First, the existence of propagation modes

traveling in curved waveguides has been highlighted in a general framework. Provided that

the cross-section shape and medium properties do not vary along the waveguide axis, it has

been proved that a sufficient condition for translational invariance is the independence on

the axial coordinate of the metric tensor.

Then, the study has been focused on the elastodynamics of helical waveguides. Guided

modes have been calculated thanks to a semi-analytical finite element method. For their

scattering by inhomogeneities, a hybrid finite element method has been proposed. The tech-

nique is based on modal expansions at boundaries of the FE model, yielding transparent

conditions. Some results have been shown for the scattering of the first extensional mode in

free-end helical waveguides. Two validation tests have successfully been performed, demon-

strating a good accuracy of the approach with acceptable computational cost. The present
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work paves the way for studies of wave-damage interaction in helical multi-wire strands.

Regardless waveguide curvature, three-dimensional numerical tools are becoming es-

sential to study guided wave scattering in complex-shaped waveguides and defects. The

proposed 3D hybrid FE-SAFE method, relatively simple to implement and computationally

little expensive, offers an interesting technique for defect classification and sizing by guided

waves.
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