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Abstract

We investigate the macroscopic behaviour of the disordered harmonic chain of oscillators, through
energy diffusion. The Hamiltonian dynamics of the system is perturbed by a degenerate conservative
noise. After rescaling space and time diffusively, we prove that energy fluctuations in equilibrium evolve
according to a linear heat equation. The diffusion coefficient is obtained from the non-gradient Varad-
han’s approach, and is equivalently defined through the Green-Kubo formula. Since the perturbation
is very degenerate and the symmetric part of the generator does not have a spectral gap, the standard
non-gradient method is reviewed under new perspectives.

Acknowledgements. This problem was suggested by Cédric Bernardin, and I am grateful to him for helpful and
valuable remarks. I warmly thank Makiko Sasada and Stefano Olla for their interest and constructive discussions
on this work. I also would like to express my great appreciation to the anonymous referees, since they significantly
contributed to improve the final version of this paper.

This work has been partially supported by the fellowship L'Oréal France-UNESCO For Women in Science.

1 Introduction

In this paper we investigate diffusion behaviours in non-homogeneous media for interacting particle
systems. More precisely, we address the problem of energy fluctuations for chains of oscillators with
random defects. In the last fifty years, it has been recognized that introducing randomness in interacting
particle systems has a drastic effect on the conduction properties of the material [8]. As far as we know,
the only mathematically tractable model of oscillators is the one dimensional system with harmonic
interactions [1]. The anharmonic case is poorly understood from a rigorous point of view, but since
the works of Peierls [22, 23], it is now well understood that non-linear interactions between atoms
should play a crucial role in the derivation of the Fourier law. In [2, 5, 7] (among others) it is proposed
to model the anharmonicity by stochastic perturbations, in order the recover the expected diffusivity.
Being inspired by all these previous works, the aim of this paper is to prove the diffusivity of disordered
harmonic chains perturbed by an energy conserving noise. In some sense, the noise simulates the effect of
non-linearities, and the conductivity of the one-dimensional chain becomes finite and positive. Moreover
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we prove that all the effects of the disorder are, on a sufficiently large scale, contained in a diffusion
coefficient, which depends on the statistics of the field, but not on the randomness itself.

The disorder effect has already been investigated for lattice gas dynamics: the first article dealing with
scaling limits of particle systems in random environment is the remarkable work of Fritz [12], and since
then the subject has attracted a lot of interest, for example in [11, 14, 20, 24]. These papers share one
main feature: the models are non-gradient due to the presence of the disorder. Except for [12], the non-
gradient systems are often solved by establishing a microscopic Fourier’s law up to a small fluctuating
term, following the sophisticated method initially developed by Varadhan in [28], and generalized to
non-reversible dynamics [16].

The previous works mainly deal with symmetric systems of particles that evolve according to an
exclusion process in random environment: the particles are attempting jumps to nearest neighbour sites
at rates which depend on both their position and the objective site, and the rates themselves come from
a quenched random field. Different approaches are adopted to tackle the non-gradient feature: whereas
the standard Varadhan’s method is helpful in dimension d > 3 only [11], the “long jump” variation
developed by Quastel in [24] is valid in any dimension. The study of disordered chains of oscillators
perturbed by a conservative noise has appeared more recently, see for instance [3, 4, 9]. In these papers,
the thermal conductivity is defined by the Green-Kubo formula only. Here, the diffusion coefficient is
also defined through hydrodynamics.

In [27], we have obtained the diffusive scaling limit for a homogeneous chain of coupled harmonic
oscillators perturbed by a noise, which randomly flips the sign of the velocities, so that the energy is
conserved but not the momentum. Our first motivation was to investigate the same chain of harmonic
oscillators, still perturbed by the velocity-flip noise, but now provided with i.i.d. random masses. In [27],
a system of non-linear homogeneous hydrodynamic equations has been derived thanks to the relative
entropy method: this system involves the only two conserved quantities (energy and total length of the
chain). One of the major ingredient for the proof was an exact fluctuation-dissipation equation (see for
example [18]), which reproduces the Fourier law at the microscopic level.

The disorder assumption makes all previous computations pointless: in particular, the fluctuation-
dissipation equations are not directly solvable any more. To overcome this difficulty, one replaces these
exact equations by approximations: more precisely, there exists a sequence of local functions for which
an approximate fluctuation-dissipation decomposition holds, in the sense that the difference has a small
space-time variance with respect to the dynamics in equilibrium. The main ingredients of the usual non-
reversible non-gradient method are: first, a spectral gap for the symmetric part of the dynamics, and
second, a sector condition for the total generator.

Our model has special features that enforce Varadhan’s method to be considered with new perspec-
tives. In particular, the symmetric part of the generator (which comes from the stochastic noise) is poorly
ergodic, and does not have a spectral gap when restricted to micro-canonical manifolds. Moreover, due
to the degeneracy of the perturbation, the asymmetric part of the generator is difficult to control by
its symmetric part (in technical terms, the sector condition does not hold), with the only velocity-flip
noise. Finally, the energy current depends on the disorder, and has to be approximated by a fluctuation-
dissipation equation which takes into account the fluctuations of the disorder itself.

Because of the high degeneracy of the velocity-flip noise, we add a second stochastic perturbation,
that exchanges velocities (divided by the square root of mass) and positions at random independent
Poissonian times, so that a kind of sector condition can be proved (see Proposition 5.7: we call it the
weak sector condition). However, the spectral gap estimate and the usual sector condition still do not hold
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when adding the exchange noise, meaning that the stochastic perturbation remains very degenerate; the
noises are still far from ergodic.

Due to the harmonicity of the chain, the generator of the dynamics preserves the degree of polyno-
mials, and even a degenerate noise is sufficient to apply Varadhan’s approach. The sector condition and
the non-gradient decomposition are only needed for a specific class of functions. Even if the stochastic
noise still does not have a spectral gap, it does make no harm. Contrary to the standard Varadhan’s ap-
proach, we do not need an in-depth study of the so-called closed forms: indeed, in the general theory (we
invite the reader to see [26, 15] for more details), one usually proves some strong result concerning the
decomposition of every closed form, which then is applied only to a specific family of functions. Here, it
turns out that proving the decomposition only for these functions is successful and enough to achieving
our goals. This is a clear advantage of our model: since some difficult technical parts are in some sense
simplified, the usual approach to non-gradient problems becomes slightly neater. The main difficulties
appear in the foundations that are necessary for using it. We have made the decision to adopt a detailed
level in the redaction of Varadhan’s method, even if some proofs may look rather standard for expert
readers. We hope that this choice will be beneficial for the reader not familiar with it.

For the non-linear ordered chain, S. Olla and M. Sasada [21] do need a less degenerate noise than
ours, in particular both the spectral gap and the sector condition hold. They show that ideas from Varad-
han’s method can be used to prove a diffusive behaviour of the energy: its fluctuations in equilibrium
evolve following an infinite Ornstein-Uhlenbeck process. The covariances characterizing this linearised
heat equation are given in terms of the diffusion coefficient, which is defined through a variational for-
mula. We use their ideas to prove energy fluctuations at equilibrium as a consequence of the non-gradient
approach.

Furthermore, we show that the diffusion coefficient can be equivalently defined by the Green-Kubo
formula. The latter is the space-time variance of the current at equilibrium, which is only formal in
the sense that a double limit (in space and time) has to be taken. As in [3], we prove here that the
limit exists, and that the homogenization effect occurs for the Green-Kubo formula: for almost every
realization of the disorder, the thermal conductivity exists, is independent of the disorder, is positive
and finite. Finally, let us introduce y > O the intensity of the flip noise, and A > 0 the intensity of the
exchange noise. We denote the diffusion coefficient by D(A,y) when obtained through the variational
formula in the Varadhan’s method, and by D(A, y) when defined through the Green-Kubo formula. Then,
we rigorously prove that the two conductivities are equal: D(A,y) = D(A,y), when the two intensities
A,y are positive. In addition, we prove in Theorem 7.1 that the Green-Kubo formula remains well defined
when A = 0, that is D(0, y) exists, is finite and positive. Finally, Theorem 7.4 states that D(A,y) tends
to D(0,7) as A goes to 0. The existence question for D(0,y) (the hydrodynamics diffusion coefficient)
remains open.

Before ending the introduction, let us be more precise on the model and the fluctuation result. We
introduce the harmonic Hamiltonian system described by the sequence {p,,r,}.cz, Where p, stands
for the momentum of the oscillator at site x, and r, represents the distance between oscillator x and
oscillator x + 1. Each atom x € Z has a mass M, > 0, the velocity of atom x is given by p,/M,. We
assume the disorder M := {M,} ¢z to be a collection of real i.i.d. positive random variables such that

VxeZ, <M, <C,
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for some finite constant C > 0. The equations of motions are given by

dp,
de
dj - Px+1 _P_x
de B Mx+1 Mx‘

=Ty = Tx—1>

The dynamics conserves the total energy

2 2
px rx
E:= — .

XEZ

To overcome the lack of ergodicity of deterministic chains', we add a stochastic perturbation to this new
dynamics, and prove that the convergence of the energy fluctuations distribution holds (Theorem 3.1).
The noise can be easily described: at independently distributed random Poissonian times, the quantity
Px/+/M, and the interdistance r, are exchanged, or the momentum p, is flipped into —p,. This noise
still conserves the total energy £, and is very degenerate.

Even if Theorem 3.1 could be proved mutatis mutandis for this harmonic chain, for pedagogical
reasons we now focus on a simplified model, which has the same features and involves simplified com-
putations?. From now on, we study the dynamics on the new configurations {1, } .z written as

mxdnx = (nx+1 - ﬂx71)df, 1

where m := {m,},cz is the new disorder with the same characteristics as before. It is notationally
convenient to change the variable 1, into w, := ,/m,n,, and the total energy reads

&= Z w)zc.
XEZ

Let us now introduce the corresponding stochastic energy conserving dynamics: the evolution is de-
scribed by (1) between random exponential times, and at each ring one of the following interactions can
happen:

a. Exchange noise — two nearest neighbour variables w, and w,,; are exchanged;

b. Flip noise — the variable w, at site x is flipped into —w, .

As a consequence of these two perturbations, the dynamics conserves the total energy only, the other
important conservation laws of the Hamiltonian part being destroyed by the stochastic noises®. The
following family {ug}g~¢ of grand-canonical Gibbs measures is invariant for the process:

pp(dw) := H Zﬂ—ﬂ exp (—Ea)i) dw,. @)

XEZ 2

The index f3 stands for the inverse of the temperature. Notice that with our notational convenience, ug
does not depend on the disorder. Observe also that the dynamics is not reversible with respect to the

!In the deterministic system of harmonic oscillators, it is well known that the energy is ballistic, destroying the validity of the
Fourier law. The remarkable work of Liebowitz, Lieb and Rieder [19] is the standard reference for more details.

2We invite the reader to see [6] for the origin of this new particle system.

3It is now well understood that the ballisticity of the harmonic chain is due to the infinite number of conserved quantities.
In 1994, Fritz, Funaki and Lebowitz [13] propose different stochastic noises that are sufficient to destroy the ballisticity of the
chain: the velocity-flip noise is one of them.
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measure ug. We define eg as the thermodynamical energy associated to 8, namely the expectation of
a)(z) with respect to ug, and y () = 23 ~2 as the variance of w% with respect to ug.

We consider the system starting with ug and we denote by By the expectation for the stochastic
dynamics starting with this invariant distribution. We prove a diffusive behaviour for the energy: first,
define the distribution-valued energy fluctuation field

Z(SX/N{Q) —eﬂ}.
xEZ

It is well known that YN converges in distribution as N — oo towards a centred Gaussian field ), which
satisfies

B, [YEYE)] = 2(6) [ FOIG0.

for smooth test functions F, G. In this paper we prove that these energy fluctuations evolve diffusively in
time (Theorem 3.1). More precisely, the following distribution

N = \FZéx/N{w (EN?) —ep}

XEZ

converges in law as N — o to the solution of the linear Stochastic Partial Differential Equation (SPDE)

0.Y =D}y +4/2Dx(B)d,B(y,t), t>0,yeR.

where D is the diffusion coefficient, and B is the standard normalized space-time white noise.

Finally, we could think of using the entropy method to derive the hydrodynamic equation. For that
purpose, the initial law is not assumed to be the equilibrium measure ug, but a local equilibrium measure
(see (60) below). We conjecture that this property of local equilibrium propagates in time. In other
words, let ey : T — R be a bounded function, where T denotes the torus [0,1). We would like to
show that the empirical energy profile converges in the thermodynamic limit to the macroscopic profile
e(t,-) : T — R solution of

de é’ze

E(t,U) a 3
e(0,u) = ep(u).
Unfortunately, even if the diffusion coefficient is well defined through the non-gradient approach, this
does not straightforwardly provide a method to derive the hydrodynamic limits.

—(t,u), t>0,ueT,

Let us now give the plan of the paper. Section 2 is devoted to introduce the model and all notations
and definitions that are needed. The convergence of the energy fluctuations field (in the sense of finite
dimensional distributions) is proved in Section 3. The main point is to identify the diffusion coefficient
D (Section 5), by adapting the non-gradient method introduced in [28]. In Section 4, we derive the
Boltzmann-Gibbs principle. Finally, Section 6 gives a precise description of the diffusion coefficient
through several variational formulas. In Section 7 we prove the convergence of the Green-Kubo formula,
and demonstrate rigorously that both definitions of the diffusion coefficient are equivalent. In Section
8, we present a second disordered model, where the interaction is described by a potential V. For this
anharmonic chain, we need a very strong stochastic perturbation, which has a spectral gap, and satisfies
the sector condition. We conclude in Section 9 by highlighting the step where the usual techniques for
proving hydrodynamic limits fail. In Appendices, technical points are detailed: in Appendix A, the space
of square-integrable functions w.r.t. the standard Gaussian law is studied through its orthonormal basis
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of Hermite polynomials. In Appendix B we replace the usual result concerning the decomposition of
closed forms by some weaker version. The sector condition is proved for a specific class of functions
in Appendix C. In Appendix D, the tightness for the energy fluctuation field is recalled for the sake of
completeness.

2 The harmonic chain perturbed by stochastic jump noises

2.1 Generator of the Markov process

We first describe the dynamics on the finite torus Ty := {1, ..., N}, meaning that boundary conditions
are periodic. The configuration {w,}cr, evolves according to a dynamics which can be divided into
two parts, a deterministic one and a stochastic one. The space of configurations of our system is given
by Qy = RN. We recall that the disorder is an i.i.d. sequence m = {m, } ., which satisfies:

1
VxeZ, —=<m,<C,
C
for some finite constant C > 0. The corresponding product and translation invariant measure on the
space Qp = [C1,C]% is denoted by P and its expectation is denoted by E. For a fixed disorder field
m = {m, },cz, we consider the system of ODE’s

Vmdw —(le O )dt t>0,xeT
— = U, N
* * \/ My 11 \/ My _q

and we superpose to this deterministic dynamics a stochastic perturbation described as follows: to each
atom x € Ty, and each bond {x,x + 1},x € Ty is associated an exponential clock of rate A > 0 and
y > O respectively, such that each clock is independent of each other. When the clock attached to x
rings, w, is flipped into —w,, and when the clock attached to the bond {x, x + 1} rings, the values w,
and w, ,; are exchanged. This dynamics can be entirely defined by the generator of the Markov process
{w,(t); x € Ty}iso, that is _

= AT 4y 8P 4 ASSh

Wx+1 Wyx_1 a
- 2 {(Gns )
N X;N \/mxmx+1 \/mx—lmx awx

and, for all functions f : Qp x Qny — R,

where,

ﬂlpfma) mew f(m, w),

x€Ty

Sexchf IIl w Z f xx+1 f(m,w).

x€Ty

Here, the configuration «w” is the configuration obtained from w by flipping the momentum of atom x:

—w, ifz=x.

{a)z if z # x,
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X, x+1

The configuration w is obtained from w by exchanging the momenta of atoms x and x + 1:

W, ifz#x,x+1,

x,x+1)

(w 2= Wy ifz=x,

Wy ifz=x+1.

. fli ..
We denote the total generator of the noise by Sy := )fSNlp + AS;'IXCh , where v, A > 0 are two positive
parameters which regulate the respective strengths of noises.

One quantity is conserved: the total energy )] w?. The following translation invariant product Gibbs
measures ,ulg on Qy are invariant for the process:

dug(w) = H zlj—nexp (—gwi) dw,.

In the following, the expectation of f with respect to ,ug is denoted by (f )g. The index f8 stands for
the inverse temperature, namely <w%>ﬁ = 1/f. Let us notice that the Gibbs measures do not depend on
the disorder m. From the definition, our model is not reversible with respect to the measure ,ulf\;. More
precisely, AY is an antisymmetric operator in Lz(ug), whereas Sy is symmetric.

We denote by £ the space of configurations in the infinite line, that is Q := R%, and by g the product
Gibbs measure on R%. Hereafter, for every 8 > 0, we denote by IP’E the probability measure on Q5 x Q
defined by

]P’E =PQug.

*

Along the article we will widely use the fact that ]P’ﬁ is translation invariant. We write E;j for the corre-
sponding expectation.

2.2 Energy current

Since the dynamics conserves the total energy, there exist instantaneous currents of energy jy .41
such that £L2(w?) = jy r41(m, ) — j,_1 (M, w). The quantity j, ,.; is the amount of energy flowing
between the particles x and x + 1, and is equal to
2w, Wy

x+1 X
vV m,my .1

The energy conservation law can be read locally as

jx,x+1 (m’ 0)) =

w?c(t) - wgzc(o) = x,x+1(t) - fol,x(t),

where J, 1 (t) is the total energy current between x and x + 1 up to time t. This can be written as

t
Jx,erl(t) = L jx,x+1(5) ds + Mx,erl(t):

where M, , . (t) is a martingale which can be explicitly computed as an It6 stochastic integral:

t

Maen(® = [ {021 = 026 N6 = 25] + [ {24 - 02} 61N 1006 - 2],

0
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where (N, ,1)yez are independent Poisson processes of intensity A. We write j, , .1 = j;‘ 1 T jf Xt

where jf’ wq1 (resp. j)f’ «41) is the current associated to the antisymmetric (resp. symmetric) part of the

generator:
20, w
A x*x+1
maow)—=—
]x,x+1( ) ) mxmx+1
-S -S 2 2
Jx,x+1(m’ w) = Jx,x+1(w) = A((’Oerl - wx)'

Unfortunately, the current cannot be directly written as the gradient of a local function, neither by an
exact fluctuation-dissipation equation (in other words, the current is not the sum of a gradient and a
dissipative term of the form L{(7,h), where h is a local function of the system configuration). This
means that we are in the non-gradient case. We also define the static compressibility that is equal to the
variance of the one-site energy co% with respect to ug, namely

2

£(B) 1= (g — ()} = 75

2.3 Cylinder functions

For every x € Z and every measurable function f on Qp x Q, we consider the translated function
7..f, which is defined on Q5 x Q by: 7, f (m, w) := f (7, m, T, w), where 7, m and 7, w are the disorder
and particle configurations translated by x € Z, respectively:

(Txm)z =My s, (wa)z = Wy g

Let A be a finite subset of Z, and denote by F, the o-algebra generated by {m,,w, ; x € A}. For a
fixed positive integer ¢, we define A, := {—/,...,£}. If the box is centred at site x € Z, we denote it by
Ag(x) :={—L+x,....0 +x}. If f is a measurable function on 2 x 2, the support of f, denoted by A, is
the smallest subset of Z such that f (m, w) only depends on {m,,w, ; x € A¢} and f is called a cylinder
(or local) function if Ay is finite. In that case, we denote by s, the smallest positive integer s such that
A, contains the support of f and then Ay = A ;- For every cylinder function f : Qp x Q — R, consider

Ff = Z’fo

XEZ

the formal sum

which does not make sense but for which

Vo(T7) :=T;(m, 0°) — If(m, w),
Vo,1(Tf) := Ty (m, w) — It (m, w).

are well defined. Similarly, we define

(Vif)(m, @) := f(m, ") — f (m, w),
(vx,x+1f)(m5 w) = f(mr wx,x+1) - f(m> (1))
DEFINITION 2.1. We denote by C the set of measurable cylinder functions ¢ on Qp x ), such that
() for all w € Q, the random variable m — ¢ (m, w) is continuous on Qp;

(i) for all m € Qp, the function w > (m, w) belongs to L2 (up) and has null average with respect to ug.
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Notice that (ii) + (iii) implies that the function w > supy,eq  (m, w) belongs to L?(up) and has
null average with respect to ug.

DEFINITION 2.2. We introduce the set of quadratic cylinder functions on Qp x 2, denoted by Q < C, and
defined as follows: f € Q if there exists a sequence {wi, i (m)}
Qp, with finite support in Qp, such that

i jez of real cylinder measurable functions on
(i) foralli,je€Z and all w € <), the random variable m — wi’j(m, w) is continuous on Qp;
(i) ), ; vanishes for all but a finite number of pairs (i, ),

(iii) f is written as

Flm, ) =Y (m)(w? | —w?)+ > Y mw;w), 3)
1€Z 1,JEZ
i#j

In other words, quadratic functions are homogeneous polynomials of degree two in the variable
w, that have null average with respect to ug for every m € Qp. An other definition through Hermite
polynomials is given in Appendix A. We are now ready to define two sets of functions that will play
further a crucial role.

DEFINITION 2.3. Let Cy be the set of cylinder functions ¢ on Qp x  such that there exists a finite subset A
of Z, and cylinder, measurable functions {F,, G} ca defined on Qp x §, that verify

= 2 {VelB) + Vera (G},
x€eA
and such that, for all x € A,
() for all w € Q, the functions m — F,(m, w) and m — G, (m, w) are continuous on Qp;
(i) for all m e Qp, the functions w — F,(m, w) and w — G, (m, w) belong to L?(ug).

Let Qy < C, be the set of such functions ¢, with the additional assumption that the cylinder functions F,,
G, are homogeneous polynomials of degree two in the variable w.

Before giving a few properties of these two spaces, we redefine the generators of the Markov process
on the whole discrete line: the operators L™, A™ and S are acting on cylinder functions f defined on
Qp x Q as

Lof = A"f + Sf, 4)

Am:Z{( Wy 11 _ Wy—1 ) 0 }
X€EZ VMg /My My Ow, ’

Sf _ YSﬂipf +)(,SeXChf,

with

and

S f (m,w) = 3 (Vof)(m,w) = 3 {f(m, &)~ f(m, o)},

XEZ XEZ
SN (m,0) = 35 (Ve inf)m, @) = Y {f (m, &™) = £ (m, ) .
XEZ XEZ

We denote S, = YV, + AV, ;1 for x € Z. For A, defined as above, ET@, resp. S,,, is the restriction of
the generator £™, resp. S, to the finite box A,, assuming periodic boundary conditions.
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2.4 Properties of C, and 9,

Before giving the main properties of the sets introduced above, we define the quadratic form associ-
ated to the generator: for any x € Z and cylinder functions f, g € C, let us define

De(up; f) = (LR )5 =L (=Sa)f- o = D3 (=S fps

XEN;

and notice that

(=Sf.8)p = T (m,0") = f(m, ©)) (g (m, ") — g(m, ) )
P2 m o) — f(m,0) (30m, 0 ) — g(m,w)) )y,

The symmetric form D, is called the Dirichlet form, and is well defined on C. This is a random variable
with respect to the disorder m.

PROPOSITION 2.1. For every function ¢ € C,, the quantity {y, (—S)*1Lp>/3 is well defined. Moreover, the
following elements belong to Qy:

(@ Jo1» Jo1-
(b) L™f, Sf and A™f, foradll f € Q.

Proof. The fact that the function ¢ € Cy can be written by definition as

Y= EV +vxx+1(G)

xeA

implies that we can write

<(P; (_ 90>[3’ 2 <V x>ﬁ + 2 <Vx x+1 ) x>/3’:

xeA xeA

and the right-hand side above is well defined. Besides, the first statement (a) is directly obtained from
the following identities: for x € Z, and k > 1,

wazc-s—l - sz( = Vix+1 ( 2) )
W, w W, w
Wy Wy = Sx ( X+1> Z Sx+£ ( x+£+1 > . 6)

Then, if f € Q, it is easy to see that (5) and (6) are sufficient to prove (b). For instance,

2 2
Wy Wy 2 Wy 1Wx_1 C‘)x+1 C‘)x
\/mx+1mx+2 \/mxmxfl \/mxmx+1

- 4wawx+l + A(C‘)x-&-z - c‘)x-&-l)a)x + )'(wx—l - wx)wx+1~

‘Cm(wxwx—H) =

The integrability and regularity conditions are easy to check. O

10
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PROPOSITION 2.2 (Dirichlet bound). Let ¢ be a cylinder function in Cy, written by definition as

Y= 2 vx(Fx) + vx,x+1(Gx)’

xeAW

for some functions F, and G, satisfying the conditions of Definition 2.3. Let us consider h € C with support
in Ay. Denote by £, the integer £, := { —s, — 1 so that the support of T, is included in A, for every
X € A,. Then, the following constant

1/2 1/2
C, ::(25¢+1){<sup ]EE[F?]) + (sup IEE[G)Z(]) }
XEA, XEA,
that only depends on ¢ satisfies

EE{ > Tx(p,h]

lx|<L,,

1/2
<Cyl2e, + 12 (B[Dy(ug;0)] ) %)

Proof. First, let us assume first that ¢ = V(F,), so thats, = 1. Then we have

EE{ > Txap,h}

|x]<ty,

_ < X {B e B (.07

|x|<Ly,

<( > Eg[(TxFo)Z])1/2(E[De(uﬁ;h)]>

|x]<ty,

> Ej[viFo, Vih]

|x|<Ly,

1/2

1/2
<26, + 12 Ep[B2]2 (E[Dy(ugi0)] )

In the same way, if ¢ = >}, ., V, (F,), we have

EE{ > Txtp,h]

lx|<l,,

= Z ZEE[TxFy’vHxh]

Jx|<t, yeA

DI ACE B et AL AW R

|x|<t, yEA

X 1/2 1/2
< (25, +1)[26, + 1|1/2<i12112Eﬁ [Fﬁ]) (E[Dl(uﬁ;h)]) .

The general case easily follows. O

Finally, if we use the decomposition of every function in L2 (up) over the basis of Hermite polynomials,
we can prove the following result (the details for the proof are given in Proposition A.3 in Section A):

PROPOSITION 2.3 (Variance of quadratic functions). If ¢ € Q,, then

Eg o, (=8p,) 1] = sup {2850, 8] ~E[D,, (up: 2]}



THE HARMONIC CHAIN PERTURBED BY STOCHASTIC JUMP NOISES

2.5 Semi-inner products and diffusion coefficient

For cylinder functions g,h € C, let us define:

« g h>»p,:= Z EE [g T, h], and K gD ani= Z x]Ez [g w?]. (8)

XEZL XEZL

Both quantities are well defined because g and h belong to C and therefore all but a finite number of
terms on each sum vanish. Notice that « -,- »g , is a semi inner product, since the following equality
holds:

<<fg>>ﬁ*_l1mmIE {Z Txf, Z xg]

XEA XEA

Since « f —7T.f, & »p .= 0 for all x € Z, this scalar product is only semi-definite. In the next proposition
we give explicit formulas for elements of C,.

PROPOSITION 2.4. If ¢ € Cy with

0 =2V E)+ Y06}

YEA
then
<o »p.=Ep {(a)g — w?) 2 T_yGy},
YEA
«¢,8»p.=Ej {vo(rg) DT F +V0a(T) D) ryGy} forall g eC.
YEA YEA
Proof. The proof is straightforward. O

DEFINITION 2.4. We define the diffusion coefficient D() for f > 0 as

D(B):=A+ inf sup{«f —Sf »p. +2 < Jo1 A"f,g»p . —«g,—S5g >>/3,*}.

x(B) feQgeo

The first term in the sum (A) is only due to the exchange noise, whereas the second one comes from
the Hamiltonian part of the dynamics. Formally, this formula could be read as

D(B)=A+ < jg’l, (—ﬁm)_ljé1 > 9

1
x(B)
but the last term is ill-defined because jé\l is not in the range of £™. More rigorously, we should define
< Jop (L™ Njgy s as

limsup « ]0 L(E—=Lm)" 1j6\1 B -

z—0
The last expression is now well defined, and the problem is reduced to prove convergence as z — O.
Hille-Yosida Theorem (see Proposition 2.1 in [10] for instance) suggests that (9) is equal to the infinite
volume Green-Kubo formula:

— 1 +00
D(f) =2+ lim e " Ej { A (t),j%,(0 ]dt, (10)
F) x(B) 228 Jo B éjx,xﬂ( ) Jo,1( )

12



3 MACROSCOPIC FLUCTUATIONS OF ENERGY

In Section 7, we prove that (10) is well defined and converges, inspired by [3], and we also show that
the diffusion coefficient can be equivalently defined in the two ways. Assuming the convergence in the
Green-Kubo formula, one can easily see that D(f) does not depend on 3. We denote by L(z) the second
term of the right-hand side of (10), that is

1 [t®
L(z) := _J e« jél(t),jé‘,l(O) >p,« dt.

Let L[j . be the Hilbert space generated by the set of square integrable local functions and the inner
2

product < -, - » Box Consider h, := h,(m, w; ) the solution of the resolvent equation in L/j . lLe.
(2 = L™h, = j§,.

Then we have )

1 B
L(z) = —— < h,, j& »p,= — < hy, j2 >4, .
%(B) 2>J0,1 7B, 2 22J0,1 7B,
Observe that if w is distributed according to ug then BY2w is distributed according to p;. Besides,
j(’)\1 is a homogeneous function of degree two in w and L™ preserves the degree of polynomials, which
implies that h, is also homogeneous of degree two. It follows that h,(m, w; 1) = h,(m, w; ) and then
the diffusion coefficient does not depend on f3.

3 Macroscopic fluctuations of energy

In this section we are interested in the fluctuations of the empirical energy, when the system is at equi-
librium. We prove that the limit fluctuation process is governed by a generalized Ornstein-Uhlenbeck
process, whose covariances are given in terms of the diffusion coefficient. We adapt the non-gradient
method introduced by Varadhan. In particular, we establish rigorously the variational formula that ap-
pears in the definition of the diffusion coefficient (Definition 2.4). Varadhan’s approach is investigated
in Sections 4, 5 and 6.

3.1 Energy fluctuation field

Recall that we denote by ey the thermodynamical energy associated to the inverse of temperature
> 0, namely eg = B~L. We define the energy empirical distribution nlt‘]m on the torus T = [0, 1) as

A () == 3 (05, n(dw), te[0,T], ueT,

x€Ty

where &, stands for the Dirac measure. We denote by {w(t)},~, the Markov process generated by NZL',E
and by M, the set of positive, Radon measures on T, endowed with the weak topology. The space of
trajectories in M, which are right-continuous and left-limited (i.e. the Skorokhod space) is denoted by

D ([0, T], M;). If the initial state of the dynamics is given by the equilibrium Gibbs measure ug, then,

N
t,

to {egdu}. Our goal is to investigate the fluctuations of the empirical measure 7

for any fixed t > 0, the measure 7, weakly converges towards the deterministic measure on T, equal

N
t,
limit. Let us fix the disorder m, and the inverse of temperature 3 > 0. Consider the system under the

- With respect to this

equilibrium measure ,ulg .

13



3 MACROSCOPIC FLUCTUATIONS OF ENERGY

DEFINITION 3.1 (Empirical energy fluctuations). We denote by ytNm the empirical energy fluctuation field
defined as

V) = =2 (%) el e

x€Ty

where H: T — R is a smooth function.

We are going to prove that the distribution yfm converges in law towards the solution of the linear

SPDE:
0.Y =D2Y +4/2Dy (B) 0, B(y, 1),

where B is a standard normalized space-time white noise, and D is the diffusion coefficient defined in
Theorem 5.9. Observe that there is no dependence on the disorder m in the limit process. In other
words, the latter is described by the stationary generalized Ornstein-Uhlenbeck process with zero mean
and covariances given by

u—v 2
Q(H)o(G))p = \/;:% 2 dudv H(u)G(v) exp (_( 4tD) )

for all t > 0 and smooth functions H,G : T — R. Here, H (resp. G) is the periodic extension to the real
line of H (resp. G).
Consider for k > 5/2 the Sobolev space $_; of distributions Y on T such that they have finite norm

VI, = D (nn) 2| (ey)

nz1

2

>

where e, is the function x — 1/2sin(nnx). We denote by @ﬁ the probability measure on the space
C(]0,T],$_y) of continuous trajectories on the Sobolev space, induced by the energy fluctuation field
yi“m and the Markov process {w(t)},~o generated by Nzﬁﬁ, starting from the equilibrium probability
measure ug. Let ) be the probability measure on the space C([0, T], $_) corresponding to the general-
ized Ornstein-Uhlenbeck process ); defined above. The main result of this section is the following.

THEOREM 3.1. For almost all realization of the disorder m € Qp, the sequence {QJ&}N% weakly converges
in C([0,T],$_x) to the probability measure ).

3.2 Strategy of the proof

We follow the lines of [21, Section 3]. The proof of Theorem 3.1 is divided into three steps. First,
we need to show that the sequence {@1:1}1\121 is tight. This point follows a standard argument, given for
instance in [15, Section 11], and recalled in Appendix D for the sake of completeness. Then, we prove
that the one-time marginal of any limit point 2* of a convergent subsequence of {@ﬁ}NZl is the law of
a centered Gaussian field ) with covariances given by

@mwmwzﬂmﬁmmwmmx

where H,G : T — R are smooth functions. This statement comes from the central limit theorem for
independent variables. Finally, we prove the main point in the next subsections: all limit points )* of
convergent subsequences of {@g}N% solve the martingale problems below.

14



MACROSCOPIC FLUCTUATIONS OF ENERGY

Martingale problems — For each smooth function H: T — R,

() = 9480 () - [ D3, an
and
9, (H) = (M, (H))* — zrm)DfTH'(u)Zdu 12)

are L!(9)-martingales.

3.3 Martingale decompositions
Let us fix a smooth function H : T — R. We rewrite yi\fm(H) as
V() = V() + [ VN N 30 OH () dalim) s M3 )
xe
where Mlt\{m is the martingale defined as
MY (H) = Jo ™ x;; VaH (T ) (0211 = ©02) () d[Ne s (5) = 2]

Hereafter, (N, . 1)xez and (N, )¢z are independent Poisson processes of intensity (respectively) A and
v, and Vy stands for the discrete gradient:

(Z) =n[a(550) - (Z)]

The discrete Laplacian Ay is defined in a similar way:

() =% () (=) -an(3)]

To close the equation, we are going to replace the term involving the microscopic currents with a term

involving yi\lm. In other words, the most important part in the fluctuation field represented by

[ VN 3 b (2) e msyas

x€Ty

is its projection over the conservation field yﬁm (recall that the total energy is the unique conserved
quantity of the system). The non-gradient approach consists in using the fluctuation-dissipation approx-

imation of the current j, ,; given by Theorem 5.9 below as D (0)2 — wi) +L™(7,f). For that purpose,

x+1
we rewrite, for any f € Q,

t
yi\fm(H):ygm(H)—kLDJ}y (AnH)ds + 3y - (H) + 007 (H) + 00 (H) + 9020 (H),  (13)

15



3 MACROSCOPIC FLUCTUATIONS OF ENERGY 16

where

PN ) J\FZ VH () [ixea (mos) = D@2, — 02)(6) = £7(rf) (m,5)| &,

x€Ty

32N (H) J VN Y ViH (X) £7(7f) (m,s)ds

x€Ty

S IZ uH (2 [V a0 = )] d[Ngir ()~ 25
.09 ]}

mi,lljl,f( J N\/> Z VNH { x,x+1 1—‘f [Nx,x-i-l(s) _AS]

V.o (T7)(s)d[Ny (5) — YS]}

The strategy of the proof is based on the two following results.

LEMMA 3.2. For every smooth function H : T — R, and every function f € Q,

2
lim E; [ sup (jfllif( )+9ﬁtmf( )) }:0.

THEOREM 3.3 (Boltzmann-Gibbs principle). There exists a sequence of functions {f; }ren € Q such that

(i) for every smooth function H: T — R,

lim lim E;| su (’Jl’N (H))2 =0 (14)
k—o0o N—w B Oéth t,m, fi ’
(ii) and moreover
‘ N ) 2 2
Jim Eg [k (Vo,1<wo - ka)) + Y(Vo(rfk)> ] = 2Dy (B). (15)

As a result, the martingale N

. 2 .
rm,f, COTVErges in L (IF’};), as N — oo and then k — oo, to a martingale

M, (H) of quadratic variation

260(B) | 1 (w?

T

and the limit ), (H) of yf’]m(H) satisfies the equation

i) = Yol80) + [ 2,(DH") s+ 0, ().

We have proved that the limit solves the martingale problems (11) and (12), which uniquely character-
ized the generalized Ornstein-Uhlenbeck process );. The proof of Lemma 3.2 is the content of the next
subsection. The proof of Theorem 3.3 is more challenging, and Sections 4, 5 and 6 are devoted to it.



4 CLT VARIANCES AT EQUILIBRIUM

3.4 Proof of Lemma 3.2

In this paragraph we give a proof of Lemma 3.2. We define

As before we can rewrite

T () + 070 () = X5, (6) = X3, (0)

t,m,f
+ Wﬁf Z Vix+1 <{ Z VNH<§>TZf} - VN<§>1}) (m,5)d [Ny eq1(5) — As]

x€Ty z€Ty

roxmlh 2 ({2 () w1 ) -2s)

Therefore,
2 2
(32, o2 ) <3 (x5, (0 -3, )

+3<ﬁ Jot x; vx,xﬂ({ >, Vit (5 ) }—VNH<§>Ff)(m,s)d[Nx,erl(s) —/15]>2

z€Ty

(fom ([ van(@)es v )monine -21) a9

z€Ty

On the one hand,
« 2 1 x Y\ o
B[ ()% = » ZT vNH(N)vNH(ﬁ)Eﬁ[rxf,fyf].
x,ye N

This last quantity is of order 1/N2, because f is a local function of zero average, and H is smooth. On
the other hand, let us define, at least formally,

ZVNH< ) Tof — VNH< )Zfzf

z€Ty 2€EZ

Then, the expectation of the second term of (16) is equal to

Bp [{Vin (0}

3A2tN?
=

x€Ty

Again, since f is local and H is smooth, this quantity is of order 1/N2. Indeed, in the expression
Vyx+1(Yy), there is a sum over z € Z, but in which only terms with |z — x| < 2 remain. The same
holds for the third term of (16).

4 CLT variances at equilibrium

In this section we are going to identify the diffusion coefficient D that appears in (13). Roughly
speaking, D can be viewed as the asymptotic component of the energy current j, . in the direction of

the gradient co)zc 1 co)zc, and makes the expression below vanish:

1 ‘ 2
fmf lim sup lim sup _NEﬁ {(J Z [jx,xﬂ — D(co)zc+1 — "’ch) — Lm(q:xf)]ds> }, for any § > 0.

€Q Now t—0 0 x€Ty

17



4 CLT VARIANCES AT EQUILIBRIUM 18

Let us start by giving already-known tools that will help understand the forthcoming results, staying at
an informal level.

4.1 An insight through additive functionals of Markov processes

Consider a continuous time Markov process {Y;};-, on a complete and separable metric space E,
which has an invariant measure 7. We denote by (-), the inner product in L?(7) and by £ the infinites-
imal generator of the process. The adjoint of £ in 12(7) is denoted by £*. Fix a function V : E — R in
L2(m) such that (V), = 0. Theorem 2.7 in [17] gives conditions on V which guarantee a central limit

theorem for .
1
— | V(Y.)ds
\E\L ( S)

and shows that the limiting variance equals

2 o _ -l
0(V,77:)—27}1Lr(1)<\/,(z £)7'v) .

z>0

Let the generator £ be decomposed as £ = S + A, where S = (£ + £*)/2 and A = (£ — L) /2 denote,
respectively, the symmetric and antisymmetric parts of £. Let %, be the completion of the quotient of
L2(7) with respect to constant functions, for the semi-norm | - |; defined as:

|F15 := o (L) ) = Fo (=S)f ) e

Let H_; be the dual space of #; with respect to L?(), in other words, the Hilbert space generated by
suitably regular functions and the norm | - |_; defined by

I£112, = Slglp{2<f,g>n —lgl5},
where the supremum is carried over some good functions g. Formally, |f|_; can also be thought as
F (=) )
Notice the difference with the variance o-2(V, ) which formally reads
2{V,(=£) V) =2V, [(-£) 1] V).
Hereafter, B represents the symmetric part of the operator B. We can write, at least formally, that
(01} = —s a8tz s,

where A* stands for the adjoint of A. We have therefore that [(—£) ] . <(=8)7!. The following result
is a rigorous estimate of the time variance in terms of the H_; norm, which is proved in [17, Lemma
2.4].

LEMMA 4.1. Given T > 0 and a mean zero function V in L2(1) nH_1,

t 2
E, [ sup (J V(s)ds) ] < 24T|V|?,. a7

0<t<T 0
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If we compare the previous left-hand side to the Boltzmann-Gibbs principle (15), the next step should
be to take V proportional to

Z [jx,erl - D(a)i_H - wi) - ‘Cm(Txf)]

x€Ty
and then take the limit as N goes to 0. In the right-hand side of (17) we will obtain a variance that
depends on N, and the main task will be to show that this variance converges: this is studied in more
details in what follows. Precisely, we prove that the limit of the variance results in a semi-norm, which
is denoted by ||| - |[|p and defined in (18). We are going to see that (18) involves a variational formula,

which formally reads

2

«f > -

2 -1 2
|||f|||/5 =< f,(=8)7f »p +m
The final step consists in minimizing this semi-norm on a well-chosen subspace in order to get the
Boltzmann-Gibbs principle, through orthogonal projections in Hilbert spaces. The hard point is that
||| 1]/ only depends on the symmetric part of the generator S, and the latter is really degenerate, since
it does not have a spectral gap.

In Subsection 4.2, we relate the previous limiting variance (taking the limit as N goes to infinity)
to the suitable semi-norm. Subsection 4.3 is devoted to prove the Boltzmann-Gibbs principle inspired
by Lemma 4.1. Then, in Section 5 we investigate the Hilbert space generated by the semi-norm, and
prove some decompositions into direct sums. Finally, Section 6 focuses on the diffusion coefficient and
its different expressions.

4.2 Limiting variance and semi-norm

We now assume 3 = 1. All statements are valid for any 8 > 0, and the same argument can be easily
written. In the following, we deliberately keep the notation y (1), even if the latter could be replaced
with its exact value. We are going to obtain a variational formula for the variance

1 ., -1
ﬂEl[(_SAZ) Z TxP, Z Txﬂo}
|x|<ty, |x|<Ly,

where ¢ € Qy and £, = £ —s, — 1. We first introduce a semi-norm on Q. For any cylinder function ¢

in Qy, let us define

¥

2
2€e»T . A, 21 Yo 2
el : = sup {z <pgo. g — o =B (o)’ - ZE[(or)] b

= sup{2 K 9,8 »1,+2a < @ >, —E[Dy(uy;awd +Ty) ] } (19)
)
SeR
Notice that, if ¢ € 9, with

¥ = 2 {Vy(Fy) + vy,y+1(Gy)},
YEA

lelll? < 31@1{( 3 TyFyy] N %El{( y TyGy)z]
YEA YEA

We are now in position to state the main result of this subsection.

then

19



4 CLT VARIANCES AT EQUILIBRIUM

THEOREM 4.2. Consider a quadratic cylinder function ¢ € Q. Then

imeo E](-5)7" X ne 3w = el

x|<t, Ix|<t,
Here, {, stands for £ —s, — 1 so that the support of T, is included in A, for every x € Ay,

This theorem is the key of the standard non-gradient Varadhan’s method. As usual, the proof is
done in two steps that we separate as two different lemmas for the sake of clarity. First, we bound the
variance of a cylinder function ¢ € Q,, with respect to the canonical measure u;, by the semi-norm
ll¢[|? (Lemma 4.3). In the second step, a lower bound for the variance can be easily deduced from the
variational formula which expresses the variance as a supremum (Lemma 4.4).

LEMMA 4.3. Under the assumptions of Theorem 4.2,
. o -1
imsup(20) 'B5[ (- 2) " ¥ e 3 e < Ml
tme0 <ty i<t

In this step, one need to know the weak limits of some particular sequences in Q. In the typical
approach, these weak limits are viewed as germs of closed forms, but for the harmonic chain, this way of
thinking is not necessary.

Proof. We follow the proof given in [21, Lemma 4.3] and we assume for the sake of clarity that ¢ =
Vo(F) + V,1(G), for two quadratic cylinder functions F,G (the general case can then be deduced quite
easily). We write the variational formula

(ZE)IE;[(_SA[)l PHENTDY Tx¢]=igg{2EI[%§ > Txh}_ziZE[IDé(.ul;h)]}

xl<t, <t xl<t,
= sup{ 2E* | FV, 1 > k) +GYg, 1 > otk —in«:[w(ul;h)] .
hee 1 20 S\ 20 20
|X|<f(p ‘X|<€¢

Since ¢ is quadratic, we can restrict the supremum in the class of quadratic functions h with support
contained in A, (the proof of that statement is detailed in Proposition A.3). We can also restrict the
supremum to functions h such that IE[D,Z (,ul;h)] < CL, as a standard consequence of Proposition 2.2.
Next, we want to replace the sums over Ay, with the same sums over A, (recall that £, = {—s,—1 < ().
For that purpose, we denote

Zh(h) = Vo(% D rxh), ¢ (h) = Vo, (217 3 Txh). 20)
x|<

First of all, from Cauchy-Schwarz inequality, we have

1 [L(sm) + 2 ()| < SrE i)

Then, from Proposition 2.2 we also can write

. 1 1 1/2
El{%ﬂ Z Txh”<2—eC¢(E[Dz(,u1;h)]> >

Lo<x<t

20



4 CLT VARIANCES AT EQUILIBRIUM 21

where C,, is a constant that depends only on ¢. These last two inequalities give the upper bound

(25)11E[ =Sy) Y T, Y w]

|x|<t, lx|<e,
<sup {am3 [retm + o] -5 | L (com)” + 3 (s [} + .

Let us choose a sequence {h,} satisfying E[D,(u;;h;)] < CL. Then, the sequence {Q'g(hg),é"i (he)} is
uniformly bounded in L? (P}), and this implies the existence of a weakly convergent subsequence. We
denote by (¢o,¢;) a weak limit and assume that the sequence {¢{(hy),{(h;)} weakly converges to
($0,¢1)- The conclusion is now based on the decomposition of a certain class of quadratic functions that
we prove in Appendix B, Theorem B.2: the pair ({o,;) can be written as the limit in L?(P}) of functions
of the form

(Voly, a(wg — w3) + Vo 1T,),

with g € Q and a € R. We have obtained that

(2€)_1EI[(_SA[)_1 PHENCEDY xcp] sup {21E [FCO+G61]—EEI[Cé]—%JEI[Cﬂ}

‘x|<eap \X|<IZ 0,1
A
- sup {251 P Vor, +6 (a(0} - o) + Vour, )| - Lt (var?] - S [atwd - o+ vum) ]}
geQ
aeR

The inequality above is a consequence of the following fact: the L2-norm may only decrease along weakly
convergent subsequences. The result follows, after recalling (19). O

We now turn to the upper bound.

LEMMA 4.4. Under the assumptions of Theorem 4.2,

limsup(2€)_1E;{(—SAZ)_1 Z Tx P> Z Txﬁp] > |||‘P|||%

t—a |x[<t, |x[<t,

Proof. We define, for f € Q,

Y.y +1eA, ly|<t—s;—1
The following limits hold:
. BTN -1 |
Zlgg)(%) 'E} {(_SM) | |Z: Te0, Ji| = €O P10 21
x|<L -

lin (205} (-5,) 7 X me ]| = <ot o

lx|<e,

Jim (2¢)~ [(—SM)”(an+H{>,<aJ[+H§>_ _

{—0
A

EE;[(a(wg — )+ Vouly)’ | + gE; [(Vore)?.
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We only prove (21), the other relations can be obtained in a similar way. As previously, we assume for
the sake of simplicity that ¢ = V(F) + V( 1(G). We recall the elementary identity

SA[< D xw > = Jy(w). (22)

XEA[

Therefore,

(26)_11}3[ SAI Z TX(P,J€:| (20)71 Z Z yEI[(po)?,_x]

|x|<, Y.y +1eA, |x|<t,

DD I E}[GVoa(wd )]

Y.y +1eh |x|<t,,
=—(20)" Y xE}[GVq,(wd)] + (x + DE;[G V()]
|x|<ey

= (20)71 (2L, + 1) E}[G, w§ — w?] TP P

The last limit comes from Proposition 2.4 and the fact that £, = { —s, — 1. We also have used the
translation invariance of Pj. Then, we write the variational formula with h = (=S,,) "' (aJ;, + H{ ) and

we obtain:
liminf(ZZ)lE;[(—SAl)l 2 T, 2 Txtp}
o X<, ety
Zlieminf(ZK)l{zE;[(—SAz)l > Txap,an—i-H{]—]E;[(—SAl)1(an+HJ;),aJe+H£]}
—00
x|<e,

=2<Q,f »1, +2a < ¢ »1 . —E[Dy(uy; aw? + Ff)] .

The result follows after taking the supremum on f € Q, and recalling (19).

4.3 Proof of Theorem 3.3

In this paragraph, we start the proof of Theorem 3.3 by using the result given in Theorem 4.2. First,
we show how to relate (14) to such variances. Recall that we have assumed 3 = 1, but the same
argument remains in force for any 8 > 0.

PROPOSITION 4.5. Let v € Cy, with sy <N. Then

24T )
<0§£T {J Ve } > T ON2 Nz s (80 . (23)

This result is proved for example in [17, Section 2, Lemma 2.4]. We are going to use this bound
for functions of type >, G(x/N)7, ¢, where ¢ belongs to Q,. The main result of this subsection is the
following.

THEOREM 4.6. Let ¢ € Q,, and G a smooth function on T. Then,

2
limsupEI[ sup {\FJ Z G Top( ms)ds} ]<CT|||(p|||%f G%(u)du. 24)
N—wo T

O0<t<T x€Ty

22
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Proof. From Proposition 4.5, the left-hand side of (24) is bounded by
24TE; {\/72 G( )Tx(p( m), (—N2Sy)~ (\FZ G( )Txnp(m))],
x€Ty x€Ty
that can be written with the variational formula as
24T iug{xf Z G( ) Ei[f ty] —NZE[DN(M;JC)]}-
€ x€Ty

Since ¢ € Q,, from Proposition A.3 we can restrict the supremum over f € Q. Proposition 2.2 gives

1/2
<f Tx(p>1 < C¢<T—xf:(_SAg,)( —xf)>
and by Cauchy-Schwarz inequality;,
b'e 1 xy 2\ 2 1/2
VN Y G(ﬁ><f’rxap>1< (N 3 G(N) ) NG, (f, (~Su)f /2.
x€eTy xeTy
The supremum on f can be explicitly computed, and gives the final bound
UN 2 1 X\ 2
E*| su G — m, s)ds <C’T(— G(= ) (25)
5] e, {6 B o) memoaf |<ar(g 3 o)

We are now going to show that, after sending N to infinity, the constant on the right-hand side is pro-
portional to |||¢|||2. For that purpose, we average on microscopic boxes: for k « N, we denote

Ek = 2 Ty ¥,

YEA

fZG( )Tx(p

x€Ty

and we want to substitute

with

/N X _
G(—) .
2k +1 X;IN N/ TPk

The error term that appears is estimated by

il () 2 s (06) -G vmon) |

x,y€Ty
lx—y|<k

From (25), the expression above is bounded by Ck/Nz, and then vanishes as N — oo. We are reduced to

2
EX| su ©,(m,s)ds )
1|:0<t2T{2k+1L ety x(pk( ) } ]

By the same argument, this is bounded by

estimate

2

= > SUP{\FG< ) Ei[f 7.0k - sz+ 1EI[T*"f’ (_SA")T"f]}

2k +1 xeTy FEQ

2
2 s oG (F) Bl of (e NI - gEml oS (s ]

2k +1 G feo 2k +1
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5 HILBERT SPACE AND PROJECTIONS

The supremum on f can be explicitly computed, and gives the final bound

( ZG2< >>2k+1 [@’(_SAJ*]%]-

Taking the limit as N — oo and then k — o0, we obtain (24) from the central limit theorem for variances
at equilibrium (Theorem 4.2).
O

We apply Theorem 4.6 to J ’”1 N m.f (H), and we get

2
. * ~1,N .
limsup E;} [ sup (Jt () ] < CT||ljos — D(w? — w?) — LF |2 J '(u)*du.
N—0 0<t<T N T
To conclude the proof of Theorem 3.3, we show in Section 5 that there exists a sequence of local functions
{fx} € Q such that

1o = D(@} = wg) = Lilll1 -—— 0,

and Section 6 is devoted to prove the second statement of Theorem 3.3.

5 Hilbert space and projections

We now focus on the semi-norm ||| - |||; that was introduced in the previous section by (18). We can
easily define from |||-|||; a semi-inner product on C, through polarization. Denote by A/ the kernel of the
semi-norm ||| - |||; on Cy. Then, the completion of Q|- denoted by #, is a Hilbert space. Let us explain
how Varadhan’s non-gradient approach is modified. Usually, the Hilbert space on which orthogonal
projections are performed is the completion of Cy|,, in other words it involves all local functions. Then,
the standard procedure aims at proving that each element of that Hilbert space can be approximated by
a sequence of functions in the range of the generator plus an additional term which is proportional to the
current. The crucial steps for obtaining this decomposition consist in: first, controlling the antisymmetric
part of the generator by the symmetric one for every cylinder function, and second, proving a strong result
on germs of closed forms (see Appendix B). These two key points are not satisfied in our model, but they
can be proved when restricted to quadratic functions. It turns out that these weak versions are sufficient,
since we are looking for a fluctuation-dissipation approximation that involves quadratic functions only.

In Subsection 5.1, we show that #; is the completion of SO| + { jg’l}. In other words, all elements of
‘H; can be approximated by a 13,1 +Sg forsome a € R and g € Q. This is not irrelevant since the symmetric
part of the generator preserves the degree of polynomial functions. Moreover, the two subspaces { 1'3,1}
and SQ|, are orthogonal, and we denote their sum by

E|/\/ @L {Jg,l}

Nevertheless, this decomposition is not satisfactory, because we want the fluctuating term to be on the
form £™(f;), and not S(f;). In order to make this replacement, we need to prove the weak sector
condition, that gives a control of |||A™g|||; by |||Sg]||1, when g is a quadratic function. The argument
is explained is Subsection 5.2 and 5.3, and the weak sector condition is proved in Appendix C. The
only trouble is that this new decomposition is not orthogonal any more, so that we can not express the
diffusion coefficient as a variational formula, like (31). This problem is solved in Section 6.
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5 HILBERT SPACE AND PROJECTIONS

5.1 Decomposition according to the symmetric part
We begin this subsection with a table of calculus, very useful in the sequel.

PROPOSITION 5.1. Forall g € Qy,he€ O,

«h,Sg>»; = —<«h,g»,
<hjs,» = —<h»,,
« jg’l,:Sh » = 0
o lllF = A% ().
Proof. The first two identities are direct consequences of Theorem 4.2 and of Equality (22). The last two
ones follow directly. O

COROLLARY 5.2. Forallae Rand g € Q,

. A . Y o
lajs, +Sglllf = a®Ax (1) + S B [(Vo1T)?] + S [(VoI,)?].

In particular, the variational formula for |||h|||;, h € Qy, writes
1
Ax(1)
PROPOSITION 5.3. We denote by SQ the space {Sh ; h € Q}. Then,

|[|R]||% = <h, jg, >>f+sug{—2 < h,Sg » —|||SgllI3}- (26)
g€

Hl = @b\/ @L {]8’1}

Proof. We divide the proof into two steps.

(a) The space is well generated - The inclusion SQ|y + { j5,} < H, is obvious. Moreover, from the
variational formula (26) we know that: if h € H, satisfies « h, 131 »;=0and « h,Sg »;= 0 for all
g € 9, then |||h|||; = 0.

(b) The sum is orthogonal — This follows directly from the previous proposition and from the fact
that: < j5,,Sh»;=0forallhe Q.
O

5.2 Replacement of S with £

In this subsection, we prove identities which mix the antisymmetric and the symmetric part of the
generator, which will be used to get the weak sector condition (Proposition 5.7).

LEMMA 5.4. For all g,h € Q,
«Sg, A"h »1=— « AMg,Sh »; .

Proof. This easily follows from the first identity of Proposition 5.1 and from the invariance by translations
of the measure P}:

<« SgA"h > =— < g, A"h > ,=— Z Ej[7.g, A™h| = Z E;[A™(7,8).h]

XEZ XEZ
= Y Bt (A™g),h] = D | Ej[A™g, v _,h] = Y E}[A™g, T,h] = — « A™g,Sh > .
XEZ XEZ XEZ

O
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5 HILBERT SPACE AND PROJECTIONS 26

LEMMA 5.5. Forall g € Q,
«8g,joy »1=— < ATg,jo, >1.

Proof. By the first identity of Proposition 5.1,

< Sng‘,l »1 ==X g)j(I)\J >>1,*: - 2 E;[Txg:jgh] = Z Ei[g;jﬁ’er]]

XEZ XEZ
* A A * 2
= Z XEl [g’Jx—l,x - Jx,x+1] = Z XEl [g"Am(wx)]
XEZ XEZL
= 2 XEj[A™g, wl] = — « A™g,j5, »1 .
XEZ
O
Then, these two lemmas together with the second identity of Proposition 5.1 imply the following:
COROLLARY 5.6. ForallaeR, g€ Q,
& ajg’,1 —i—Sg,aj(‘;\,1 +AMg »,=0.
We are now in position to state the main result of this subsection.
PROPOSITION 5.7 (Weak sector condition). (i) There exists two constants Cy := C(y,A) and C; :=
C(y, A) such that the following inequalities hold for all f,g € Q:
|« A", Sf »1] < CollISf 1 [IISg]]1- @27
1
|« ARg, Sf [ < Cill[Sgllly + SllISf - (28)

(ii) There exists a positive constant C such that, for all g € Q,

A"l < Cll|Sgllls-

Proof. The proof is technical because made of explicit computations for quadratic functions. For that
reason, we report it to Appendix C. O

5.3 Decomposition of the Hilbert space
We now deduce from the previous two subsections the expected decomposition of H;.
PROPOSITION 5.8. We denote by L™Q the space {L™g ; g € Q}. Then,
Hy = £mQ|/\/<"D {131}

Proof. We first prove that H; can be written as the sum of the two subspaces. Then, we show that the
sum is direct.
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(a) The space is well generated - The inclusion L™ Q)| N + { jg’ 1} © M, follows from Proposition 2.1.
To prove the converse inclusion, let h € #; so that « h Jo , »1=0and « h,LM™g »;=0forall g€ Q.
From Corollary 5.3, h can be written as
h = lim Sgk
k—0o0

for some sequence {g;} € Q. More precisely, since « Sg;, A™g; »;= 0 by Lemma 5.4,

[R5 = Jim < Sgi, Sgi »1= lim « S, L™y »1 -
Moreover, we also have by assumption that « h, Sg; »;= 0 for all k, and from Proposition 5.7,

sup|[|£%glllx < (C+1)sup [l|Sgill = G

is finite. Therefore,

I|R]|13 = lun & S, LG >1= 11m & Sg—h, Mg > < hm Ch|||8gk—h|||1 =0.

(b) The sum is direct — Let {g;} € Q be a sequence such that, for some a € R,
. .S .
kll)rg) LM =ajy, inHy,
By a similar argument,

limsup « Sgi, Sgx »1=limsup « L™g,Sgi »1=limsup « L™g; — aJO 1»S& »1=0,
k—o0 k—0o0 k—00

where the last equality comes from the fact that « jgl,S gr »1= 0 for all k. On the other hand, by
Proposition 5.7, |||£™g|||1 < (C+ 1)|||Sgk|||>. Then, a = 0. This concludes the proof. O

Recall that j5 | (m, w) = A(w? — w?). We have obtained the following result.
THEOREM 5.9. For every g € Q,, there exists a unique constant a € R, such that
g +a(w?—wi)eLmQ inH;. (29)

In particular, this theorem states that there exists a unique number D, and a sequence of cylinder
functions {f;} € Q such that

Iljo,1 — D(”% - wo) L™ felllh PR 0. (30)

Let us notice that this convergence also holds with the same constant D and the same sequence fj, if we
replace the semi-norm ||| - |||; with ||| - ||| for any 8 > O (as a consequence of a standard change of
variables argument). This concludes the first statement of Theorem 3.3. We prove the second statement
(15) in Proposition 6.5 in Section 6.
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6 ON THE DIFFUSION COEFFICIENT 28

6 On the diffusion coefficient

The main goal of this section is to express the diffusion coefficient in several variational formulas.
We also prove the second statement of Theorem 3.3. First, recall Definition 2.4, which can be written as

D=2+ inf supE [Do(ul;rf) +2(jb, — A™f,T ), — DO(,ul;Fg)] : 31

x(1) feQgeo
From Theorem 5.9, there exists a unique number D such that
jo’l — D(O)% - O)%) € EmQ in Hl'

We are going to obtain a more explicit formula for that D, and relate it to (31), by following the argument
in [21]. We first rewrite the decomposition of the Hilbert space given in Proposition 5.8, by replacing
jg , with jg ;. This new statement is based on Corollary 5.6, which gives an orthogonality relation. The
se;cond step is to find an other orthogonal decomposition (see (32) below), which will enable us to prove
the variational formula (31) for D.

Hereafter, we denote by £™* := S — A™ the adjoint of the generator in L?(u,), and

xS A
Jo,1 *= Jo,1 —Joa-

LEMMA 6.1. The following decompositions hold
Hy=LmO|y @ {jO,l} = Lm*Q|\ @ {1'3,1}-

Proof. We only sketch the proof of the first decomposition, since it is done in [21]. Let us recall from
Proposition 5.8 that £mQ has a complementary subspace in #; which is one-dimensional. Therefore, it is
sufficient to prove that #; is generated by £mQ and the total current. Let h € H; such that « h, Joa»1=0
and < h,L™g »,= 0 for all g € Q. By Corollary 5.3, h can be written as

T .S
h= kILHSOSgk +ajo,
for some sequence {g;} € Q, and a € R, and from Corollary 5.6,
AIIE = lim < ajS, +Sge, ajos + L8k >1

Moreover, from Proposition 5.7,

sup|||ajo,1 + L™kl < 2a*|[[jo1 ||} +2(C + 1) sup [[|Sgrll| =: Gy

keN keN
is finite. Therefore,

IR} = lim <« ajg; +Sge—h,ajoq +L7gk »1
< limsupCh|||ajg,1 +8gr— h|||% =0.

k— o0

The same arguments apply to the second decomposition. O
We define bounded linear operators T, T* : H; — H; as

T(ajoq + L™f) = aj§, + Sf,
T (ajo, + L™ f) = ajg,1 + Sf.
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From the following identity
llajo +LFIIT = lllajg, +£™ FIIIT = lllajg, +SFIE +[llaje + A,
we can easily see that T* is the adjoint operator of T and we also have the relations

« Tjg’p]'a,l »1 =<K T*jg,lajo,l »1=Ax(1)

< Tjgl’ﬁm’*f >>1 =K T*jglyﬁmf >>1: O, for allf c Q_

In particular,
Hy =L Q| @ {Tig.}
and there exists a unique number Q such that
jor—QTj§, €L™*Q inH,.
We are going to show that D = AQ.

LEMMA 6.2.

Ax(1) 1 )
Q=1 = inf [||j% . — 2™ £||[2.
|||T]g,1|||% Ax (1) feg''01 1

Proof. The first identity follows from the fact that
«Tjsy,d51 —QTigy »1= Ax (1) = Q|| Tjg, |1} = 0.
The second identity is obtained from the following statement

inf |||jX, — QTjS, — £™* =0.
feQ|||JO’1 Q Jo,1 f|||1

(32)

(33)

(34)

O

After an easy computation, we can also prove that « Tg,g »;=« Tg,Tg », for all g € H;. Since

jo, —Tj5, is orthogonal to Tjj ,, we have:
Jor —Tig, € L™*Q.
By the fact we obtain the variational formula for |||Tj§ ||
PROPOSITION 6.3.
11T llIF = inf [[i5, — £™ FII}-
01!l = 225 Mo 1
Proof. With a similar argument (in the proof of the previous proposition), we have

inf [||jS, — TjS, — £™* =0,
feQ|||Jo,1 Jo,1 f|||1

and
: -S S ,x 2 _ S ,x 2 : -S 2
flg£|||lo,1 _TJ0,1 — L™ f|||1 _fuel£|||fo,1 — L™ f|||1 _fuel£|||T]0,1||| s

which concludes the proof.

(35)
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6 ON THE DIFFUSION COEFFICIENT

THEOREM 6.4.
x(1)

1
D= — inf |||j5, — £™fII} = — : : (36)
x(1) reQ 0! ! 4infreo [[|j5, — £™*f I3
Proof. By the definition, jo; —D jg 1/A € LmQ and therefore
. s D . D .
<K Jo,1 —Jg,lzfr 15,1 »1=2Ax(1) - X|||TJ§'1|||% =0. (37)
So, D = AQ, and the variational formula for D can be deduced from the one for Q. O
REMARK 6.1. We can rewrite the variational formula for D as:
1 . .S 2 2 A 2
D = o inf {175l + ISR + 113, — 4™ 11}
1
= A+ —— inf {ISFIIB + 1178, — A"F I} 38
2 SFIIT + g FI (38)
1
=2+ inf su { ST =2« j& — A™fF,Sg », —|||S 2}
(1) fofsup IISFII Joa f,8g»1 —|lISgllly
=2+ inf sup{<< fi=Sf > +2<jb —A™f,g >, — « g,—Sg >>1*} (39)
x(1) feQgeq ’ : ’ ’
=1+ inf su E[D ;T +2<'A —A™ ,F> -D Y ] (40)
7 (D) fEQgeg o(q f) Jo,1 f 1 o (U1 g)

We use the fact that in (38), we can restrict the infimum on functions f satisfying « jgl —A™f, jg 1 »1=0.
Let us notice that (39) and (40) recover the variational formula (31).

We are now in position to prove the remaining statement of Theorem 3.3:
PROPOSITION 6.5. For any sequence {f,} € Q such that
kILHOlOHUo,l - D(w% - w(z)) — L% ||l =0
we have ) )
lim B3 2( Vo, (03— T3)) " +7(Vo(Ty)) | = 20 (D).

Proof. By assumption,
kh—g.lo 11T (jo1 = D(wF — wp) = L™ fi)lllh =0

and therefore
klggonug,l — Sfilllf = D?|||T(w] — wd)I[3-

Then, the result follows from

x(1)
D=AQ =
IT(w? — )1
and A ) )
11352 = SAllE = 5| (w8 — 02 = Vou (1) | + ZE;| (Vo(rs)) |- (41)
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7 Green-Kubo formulas

In this section, we study the convergence of the Green-Kubo formula given in (10), and then, we
investigate its behaviour when the intensity of the exchange noise vanishes.

7.1 Convergence of Green-Kubo formula

Linear response theory predicts that the diffusion coefficient is given by the homogenized Green-
Kubo formula. In [3, Section 3] it is proved that this formula can be well defined in infinite volume as
the following:

1 [+©
K(z) =A+ EL dt e™*" « joy(m,t), jop (m,0) >, (42)
where « - »1 , is the inner product defined by (8). Even if the measure P} is not on the path space, the
translation invariance of P} permits to give a rigorous sense to (42) (see [3] for details).

Hereafter, we extend the inner-product « - » , (originally defined on C) to the Hilbert space gen-
erated by the set of square integrable functions and denoted by L2. We define h, := h,(m, w; 1) as the
solution of the resolvent equation in L2

(2 = L™h, = j§;. (43)

The Laplace transform is defined and is smooth on (0, +c0), and can be rewritten:

— 1 . 9.
K(z) =A+ 5 <« Jél, (z—L™) 1](‘;\,1 P14 (44)
THEOREM 7.1. The following limit
D:= lin(l)f(z) (45)
20

exists, and is finite.
Proof. We investigate the existence of the limit

. A 1A
;51(1) < Jo1» (z—L™) Joa P1x- (46)

z>0
With the notations above, we have to prove that
L(Z) = 5 ¢ hZ’JO,l >>1,*

converges as z goes to 0, and that the limit is finite and non-negative. Then, from (44) it will follow that
D > A > 0 and D is positive. We denote by || - ||; the semi-norm corresponding to the symmetric part of
the generator due to the flip noise

IF I3 =< £, (=rS")f »1,

and H, is the Hilbert space obtained by the completion of L> w.r.t. that semi-norm. We multiply (43) by
h, and integrate with respect to « - »; , and we get:

z < hy,hy >, +H|h |2+ < hy, (ASTMR, >, =« hz,j(‘)*’1 1
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Let us notice that (—yS™P)(j4,) = 2yj%,. As a consequence, the Cauchy-Schwarz inequality for the
scalar product « -, (—ySfP). »1 . on the right-hand side gives

IRl < C

for some positive constant C. Since {h,}, is bounded in #,, we can extract a weakly converging subse-
quence in H,. We continue to denote this subsequence by {h,}, and we denote by h the limit.

Now we are going to show that the convergence is stronger (see (iv) in Lemma 7.2 below) and that the
limit is independent of the subsequence. Since the generator L™ conserves the degree of homogeneous
polynomial functions, we know that the solution of the resolvent equation is expected to be on the form

hy(w) = Z cpz(x,y)wxcoy,
x,y€Z2

where ¢, : Z? — R is a square-summable symmetric function. Let h, = h, + hf be the decomposition
of h, according to the two subspaces Q= and Q7, where Q= is generated by {a)i,x € Z} and Q7 is
generated by {w,w,,x # y}. The main point in the following argument is that all gradient terms
vanish in L2.

First of all, one can easily see how the spaces Q= and Q* are mapped by the generators:

A™ QT - Q7 A™: Q7 - Q
ste. o= {0}  stP:g* - 0
SeXCh . Q: N Q: SeXCh . Q;ﬁ N Q;ﬁ
Moreover, if f € O, then A™(f) is a gradient in Q7, and S®*"(f) is a gradient in Q~. With all these
considerations, (43) rewrites in Lf as
{zh; — ASTN(hT) =0
h fli A
gh? — A8 (h7) —yS"™(h]) — A™(h7) = Jo1-

The first equation means that h,” =0 in L2 and therefore the solution h, of the resolvent equation is an

element of Q7. As a consequence, we can write (—ySTP)(h,) = 2yh,, and this remark is one of the key
points in the following argument.

LEMMA 7.2. All the properties below are satisfied:

() limz «hy,h, »,,=0

z—0

(i) {h,} weakly converges as z goes to O towards hg in L
(i) <« jgq,ho »1,. =< ho, (=S)hg »1,
(iv) « (h, —hg), (=S)(h, —hg) »1 , vanishes as z goes to 0
(v) the weak limit of {h,} does not depend on the subsequence.
We briefly prove the five points: (i) and (ii) come from the fact that (—)/Sﬂip)(hz) = 2yh,. To get
(iii), we multiply (43) by h,, and integrate:

z2 K hy,hy »1, + <hy, (=S)hy »1 0 + < hy, (mA™h, >, =< hZ,,jé*’l P 47)
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We first take the limit as 2’ — 0 and then as z — 0, and we use (i) and (ii) to obtain (iii). In the same
way, multiplying (43) by h, gives

2 < hy,hy »1, + < hy, (=S)h, »1, =< hy, jo, >, -

The first term of the left-hand side vanishes as z goes to 0, and the right-hand side converges to «
hg, (=S)hg »1 .. This implies (iv), that is

< (hz - ho), (—S) (hz - ho) >>1’*;—0) O.

The uniqueness of the limit follows by a standard argument with the same idea of (47). We have proved
the first part: the limit (46) exists. To obtain its finiteness, we are going to give an upper bound, using
the following variational formula:

T B 1l i §

where the supremum is carried over local functions and the two norms || - || 4, , are defined by

2 +1
||f||4_r1,z =< f, (Z —S)* f P14
For the upper bound, we neglect the term coming from the antisymmetric part A™f, that gives
A —1:A A —1:A
CJor (B=L™) g1 21 << o, (2= 8) g D1 -

In the right-hand side we can also neglect the part coming from the exchange symmetric part S, and
remind that STP( jg‘l) =-2 jg‘l. This gives an explicit finite upper bound. Then, we have from Lemma
7.2, Property (iii) that the limit

. A my—1:A A
Zlgr(l) < Jo1s (z—L™) Joa P11 =X Jo,pho »1.=<hg,(=S)hg »;, =0,

and the positiveness is proved. O

7.2 Equivalence of the definitions

In this subsection we rigorously prove the equality between the variational formula for the diffusion
coefficient and the Green-Kubo formula (see the end of Subsection 2.5).

THEOREM 7.3. For every A > 0 and y > 0,

= 1. . 1.
D:=2A+ 5211_1}}) < ]él,(z—ﬁm) 1](?,1 >4

z>0

coincides with the diffusion coefficient D defined in Theorem 6.4.

Proof. From Subsection 6, we know that the diffusion coefficient can be written different ways. For

instance, one can easily check that
2

IT(w? = DI

By definition of D, there exists a sequence {f,}.-q of functions in Q such that

8e = j(;’l - D(w% - Cl)(2)) - ﬁm’*(fs)
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satisfies || g [|1 — O as € goes to 0. By substitution in the equality above, we get

_ 1 o N - *
D ! ZE«JOJ_EHL fs_ge>T (]0’1_£m, fs_gs) >1

recalling that « Tg,Tg »;=« g,T*g », for all g € H;. Therefore,
1 % * .
D= 5 < J(),l - L™ fs - gm]g,l _st — & 1
1. wp
= 5 LJo1— £ fsa]g’l —Sfe »1 TR,
where R, is bounded by C||g, |2, and then vanishes as ¢ goes to 0. Finally, from Proposition 5.1, we can

write 1
D=A+—-lim « f,,(—=S)f; >1 4.
2 e—0 ’

The problem is now reduced to prove that

111’.’% < fe’ (_'S)fe P1x= lln'(l) < j(/)\p (Z - ‘cm)_lj0A1 1% - (48)
£—> Z—> ’ >

z2>>0

For every z > 0 and ¢ > 0, we have by definition above and (43),
jél = th - £mhz (49)
Jo1 =D(w] — wp) +ge + L™ f,. (50)

First, multiply (50) by f, and integrate with respect to « - » ,, keeping in mind that all gradients give
no contribution. We get

- < j([)\,pfe >>1,* =< fe> 8¢ >>1,* — <K fe: (_S)fe >>1,*
and using (49),
KLy, fe>10 =2 K hy, fo >, =< fo, 8 P14 — < fe, (=8) fe 14 -

First, let z go to 0, and observe that z « h,, f, » , vanishes, from the Cauchy-Schwarz inequality together
with Statement (i) of Lemma 7.2. The limit of « £L™h,, f, »1 , exists from the weak convergence of {h, },.
Then, take the limit as ¢ goes to 0, and observe that

_ 1/2 _ 1/2
< fa) 8¢ >>1,* =K fe: (_8)(_8) 1g6 >>1,* <K f£> (_S)fe >>1,/* « 8e> (_S) lfa >>1,/*
< Clllgell vy 0.

The first equality is justified by the fact that g, belongs to Q,, and the last inequality comes from the
definition of the semi-norm || - |||; given in (18). As a consequence, we have obtained

lim « f, (=S)fe »1, = lim lim « —L™h,, f, >, .
e—0 e—0z—0

In the same way, multiply (50) by h, and integrate with respect to « - »4 , so that
— <ol P =K e by D1+ K L™ i hy >,

If we send first z to 0, then « g, h, »; , converges to « g.,hy >, from the weak convergence of {h,},.
With the same argument as before, we write

< gesho 1, < Cllge |1 — 0.
e—0
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Therefore,

. A . . m,*
Zh_r)% K Jopo My »1. = lim lim « —L™7f  hy,

e—02—0

= lim < £, (=8)f. >1,
£—>

and the claim is proved.

7.3 Vanishing exchange noise

With the same ideas of the previous subsection, it can be easily shown that the homogenized Green-
Kubo formula also converges if the strength A of the exchange noise vanishes. The aim of this paragraph
is to study the limit of (45) as A goes to 0. First, we turn (44) into a new definition that highlights
the dependence on A > 0. For that purpose we introduce new notations: we denote S, = yS™P, S, =
So + AS™N | and then

and Jy(m){w) = = Jo1(m, w).

Elon = A"+ S, Wow1q A
Erln = Am + SA = El'ol‘l + ASeXCh mpm,

Let us introduce the homogenized Green-Kubo formula for both noises:

K(A,2) i=<« Jy(m), (z — Ei{‘)flJo(m) »1 4 (51)
and the homogenized Green-Kubo formula for flip noise only:

Ko(2) :==« Jo(m), (z — LF) " Jo(m) >, . (52)

According to the previous paragraph, we already know that the Green-Kubo formulas (51) and (52)
converge as z goes to 0. Then, the following diffusion coefficients are well defined, for all A > 0,

D(A):= A+ linéf(k,z),
Z2—>
BO = limfo(Z).
2—0
The main result of this subsection is stated in the following theorem.

THEOREM 7.4. The function A > D(A) is continuous at 0. More precisely,

%I_I)I})D().) = Do.

Let us remark that the theorem above does not imply the existence of the hydrodynamics diffusion
coefficient D(0, y). This question remains open.

Proof. The proof is divided into two steps. For the sake of readability, we erase the notation m in Jy(m),
and keep in mind its dependence on the disorder.
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7 GREEN-KUBO FORMULAS

Step 1 - Convergence of the diffusion coefficient. Let us denote by h, ; and h, ; the two solutions
of the following resolvent equations in L2:

(Z - £gl)hz,0 = JOJ

(Z - E;j’*)hz’l = Jo.

We look at the following difference, for A,z > 0 fixed,

<Jo, (2= L)y » 1, — < Jo, (2= L)y >,

— ‘ «Jo, (2= L) o »14 — < Jo,hyo 14

= ‘<< Jo, (Z - ;can)il [(Z - ;Cgl)hz’o - (Z - £I;)hz’0:| >>1*‘
= A|« o, (2 — L) TES=N (R, o) »1,]

= A« (2= L), SN (hy ) »1.4]-

vanishes when we first let

To complete the proof, we are reduced to show that A ‘<< HZ, 2 SeXCh(hz,O) >4

%z — 0 and then A — 0. For that purpose, we need more precise information on the two solutions l_12’ , and
h, o. Since the generator L' (resp. L") conserves the degree of homogeneous polynomial functions, we
know that the solution of the resolvent equation h, , (resp. h, o) has to be homogeneous polynomial of
degree two, precisely:

hz,l(w) = Z (PZ’A(IH,X,}/)COXCO),,
X,YEZ

where @, ;(m,-,) : 7% — R is a square integrable symmetric function. As before, we decompose every
degree two function h as h = h~ +h”, where h~ belongs to Q~ and h” belongs to Q7. We have seen in
the proof of Theorem 7.1 that the part belonging to Q= vanishes for the two solutions, in other words,
Hz,x and h, ; are elements of Q7. As a consequence,

< hZ’A,SeXCh(hZ’O) »1, =< hz,l,Se"Ch(hz’O) >4

which is bounded by

V€T (— 820 () 1,0 0/ I (~55) (B 0) 1,0

according to the Cauchy-Schwarz inequality for the scalar product « -, (—S). »1 .. We treat sepa-
rately the two terms into the two lemmas below. We prove that the first term is bounded by C/ VA, and
the second one is uniformly bounded for A,z > 0. Here we state the two lemmas:

LEMMA 7.5. There exists a constant C > 0 such that, for all z, A > 0,

Ry (5% () >, < 5
LEMMA 7.6. There exists a constant C > 0 such that, for all z > 0,
& hy g, (=8N (hy9) »1,. < C,
From these statements we deduce

A\ hy 5, SFN(hy o) »1.,] < CoVA

where G, does not depend on A,z > 0, and Theorem 7.4 follows.
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7 GREEN-KUBO FORMULAS

Step 2 - Proofs of the two lemmas. We begin with the proof of Lemma 7.5. We recall the resolvent
equation in L2
zh, 5 — (ASSD + Sy — A™)h, ;= Jq. (53)

We multiply (53) by h, ; and integrate with respect to « - > ,, in order to get
2 <hy b >+ <y, (=8o)(hy2) » 10 A4 < hy g, (=S (yp) 10 =< g, hyp D14 -
The right-hand side rewrites as
(27) 7" < (=S0)(Jo)s iz > 1 -

Cauchy-Schwarz inequality for the scalar product « -, (—Sp)- > , on the right-hand side gives
Z L Hz,/x,ﬁz,x »1.<C
with C:= (2y) 2« Jo, Jo >>i/f and then
A i_lm, (—SeXCh)(}_IZ’)L) »1, <C.

We now turn to Lemma 7.6. We prove a general result, precisely: there exists a constant C > 0 such that,
for all g € 97,
< g (—8"Mg», <C<gg»,- (54)
This fact is proved through explicit computations. Let us write g € Q7 in the form
g(w) = Z ¢x,k(m)wxwx+k-
XEZ

k=1

A straightforward computation gives that

<857 o, = 21 [(90un, )] = D[ (Dnatem —gusterm) |

k=2 2€7Z
2
<4y 5[ (Toum) |
k=2 Z2EZ

In the last inequality, we use the fact that the measure P on the disorder is translation invariant and that
(a — b)? < 2(a?+ b?) for all a, b € R. Besides, one can also check that

<8821, = LB 3 boals mipop(c am)| = Y 5| (3 ¢Z,k(m>)2},

k=1 X,2€Z k=1 Z€7Z
thanks to the translation invariance of P. The bound (54) follows directly, with C = 4. To prove Lemma
7.6, it remains to show that « h, g, h, o > , is uniformly bounded in z. We recall the resolvent equation
in Lf:
zh, o — (So + A™)h, o = Jo. (55)
Notice that we can write Sy(h, o) = —2yh, . We multiply (55) by h, ; and integrate with respect to
« - >»7, in order to get

z2 K hyo,h, 01, 27 < hyg,h, 01, =< Jg,hy0 > .

As previously, Cauchy-Schwarz inequality for the scalar product « -, (—S8p)- »1, on the right-hand side
gives
& hy0,h, 0>, <G,

with C:= (2y) L « Jo,Jo 172 O
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8 THE ANHARMONIC CHAIN PERTURBED BY A DIFFUSIVE NOISE

8 The anharmonic chain perturbed by a diffusive noise

In this last main section we say a few words about the anharmonic chain, meaning that the interac-
tions between atoms are non-linear, and given by a potential V. As in [21], we assume that the function
V:R — R, satisfies the following properties:

(i) V(-) is a smooth symmetric function,
(i) there exist 5_ and &, such that 0 < 6_ < V”(-) <6, < 400,
(i) &_/5, > (3/4)'/°.

Using the same notations as in the introduction, the configuration {p,, r,} now evolves according to

dp
d_tx = V,(rerl) _V,(rx):
56)
dre _ pr Peon (
dt M, M, ;
We define n, := p,/+/M,, and the dynamics on {r,,r,} is rewritten as:
dn 1
dtx = \/W[ /(rx+1)_vl(rx)]>
dr,  m, Ty 1 G7)
dt /M, M,

The total energy
2
TCX
=) {7 —i—V(rx)}
XEZ
is conserved. The flip and exchange noises have poor ergodic properties, and can be used for harmonic

chains only. For the anharmonic case, we introduce a stronger stochastic perturbation. Now, the total
generator of the dynamics writes L™ = A™ + vS, where

Am ::;\/717,{ Xy —Yers1), S:i= %EXi—i-Yf’xH, (58)
where Y, , = nxary -V (ry)0r , and X, =Y, . For this anharmonic case, the two needed ingredients
can be proved directly from [21]. First, notice that the symmetric part of the generator does not depend
on the disorder and is exactly the same as in [21]: the proof of the spectral gap is done in Section 12
of that paper. The sector condition can also be proved, inspired by [21]. After taking into account the
disorder and its fluctuation, the same argument of Lemma 8.2, Section 8 can be applied: it is mainly
based on the fact that both antisymmetric and symmetric parts involve the same operators Y, ,.

9 Hydrodynamic limits

We briefly enlighten the failure in the derivation of the hydrodynamic limits. Let us assume that the
initial law for the Markov process {w(t)},~¢ (still generated by N2£), is not the equilibrium measure
,ug, but a local equilibrium measure (see (60) below). The main goal would be to prove that this property
of local equilibrium propagates in time: in other words hydrodynamics limits hold, with an energy profile
solution of the diffusion equation with constant coefficient D.
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9 HYDRODYNAMIC LIMITS

9.1 Statement of the hydrodynamic limits conjecture

The distribution at time t of the Markov chain on Ty with the generator N2£‘1\‘I1 and the initial prob-
ability measure py is denoted by P! . The measure induced by P} , on D ([0,T],€y) is denoted by
Py

Recall that we denote by M the set of probability measures on T, endowed with the weak topol-
ogy and by D ([0,T], M;) the Skorokhod space of trajectories in M;. The measure induced by PY on
D ([0,T], M;) is denoted by QF := Py o (nN)_l , where

2@5_.

xeTN

CONJECTURE 9.1. Let T > 0 be a time-horizon. Let {uN}y be a sequence of probability measures on Q. Un-
der suitable conditions on the initial law uY, for almost every realization of the disorder m, the measure oN
weakly converges in D ([0, T], M,) to the probability measure concentrated on the path {e(t,u)du}e[o 1,
where e is the unique weak solution of the system

Oe é’ze
(bW =Dy

2
e(0,u) = eo(u).

What we expect as for “suitable assumptions” on the initial law are the common ones in the literature
of hydrodynamic limits, when dealing with non compact spaces. The first one is natural and related on
the relative entropy:

—(t,u), t>0,ueT

ASSUMPTION 9.2. We suppose that there exists a positive constant K, such that the relative entropy H(uN|ul')
of uN with respect to a reference measure uY is bounded by K,N:

H(u"|ulf) < KoN. (59)

For instance, if uN is defined as a Gibbs local equilibrium state:

1) 5 e p( B, ) o, )

x€Ty
for some continuous function 3, : T — R,, then (59) is satisfied. The second one is related to energy

boundness, that has already been a major concern in [27]. More precisely,

ASSUMPTION 9.3. We assume there exists a positive constant Eq such that

1
limsupuN [N Z wi] < Eg. (61)

N—ow x€Ty

In the derivation of hydrodynamic limits with the usual entropy method, we need the following two
estimates: first, there exists a positive constant C such that, for any t > 0

Em{% > wi(t)} <C. (62)

x€Ty

This can be easily established using (61) and the Cauchy-Schwarz inequality. The second control that

Jim Egp [J >k ] 0. (63)

xeT

we need is
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HYDRODYNAMIC LIMITS

If uN is a convex combination of Gibbs local equilibrium states, then the same argument of [27] shows
that the law of the process remains a convex combination of Gaussian measures, and that (63) holds.

Contrary to the velocity-flip model, we do not need to assume a good control of every energy moment
if we expect the usual entropy method to work. This technical need was only due to the relative entropy
method.

With Assumptions 9.2 and 9.3 we could try to prove Theorem 9.1 by using the entropy method,
which permits to consider more general initial profiles (for example, the profile 3, can be assumed
only bounded, not smooth). The usual technical points of this well-known procedure are the one and
two-blocks estimates, as well as tightness. In this model, they are somehow easy to prove because the
diffusion coefficient is constant, and there is no need to prove its regularity.

9.2 Replacement of the current by a gradient

In this subsection we recall the main steps of the usual entropy method, and explain which ones can
be proved for our system. We fix the disorder m = {m,},er, and T > 0. For t € [0, T], we denote by
2N the empirical energy field defined as

where H: T — R is a smooth function. We rewrite Z)\ _(H) as

Z0nlH) = 2 1)+ | 3] Ot (5 w1 (m, 0)6)ds + Y, (),

t
0 x€Ty

where E)JTIt\Im(H) is a martingale. The strategy consists in replacing the current j, ,,, by the linear com-
bination given in Theorem 5.9. For that purpose, for any f € Q we rewrite

t
~1,N ~2,N
Zpn(H) = 25 (H) + JO DZ] (AxH)ds + Jimy () + 300 (H) + my L (H),

i (H) = f Y v (%) [jx,m(m,w)(s) ~D(w?,; - w)(s) - ﬁﬁ(fxf)(m,w)(S)]ds,

3N (H) = f 3 VNH<§) £7(,f)(m, w)(s)ds.

0 x€Ty
Theorem 9.1 would follow from the three lemmas below.

LEMMA 9.4. For every smooth function H: T — R and every 6 > 0,

N—oo

lim Py | sup ‘iml?m(H)‘ >6|=0.
1" -
LEMMA 9.5. For every f € Q and every smooth function H: T — R,

. ~2N _
111£]n_§olép Epm [“jt,m,f (H)‘] =0.
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9 HYDRODYNAMIC LIMITS

LEMMA 9.6. There exists a sequence of functions {fi }ren € Q such that, for every smooth functionH: T — R,

lim lim E []Elpm [‘3:2)6 (H)‘H =0.

k—o00 N—o0

Lemma 9.4 and Lemma 9.5 can be proved, following the same standard arguments given for example
n [15, Section 7]. We need the energy moment estimate (63) in Lemma 9.4, in the computation of the
quadratic variation of the martingale. The next subsection is devoted to highlight what fails in Lemma
9.6, which should be related to the results of Sections 4, 6 and 5.
REMARK 9.1. Conditioned to proving Lemma 9.6, Theorem 9.1 would follow: recall that QY is the
distribution on the path space D ([0,T], M;) of the process 7'1:1?. Following the same argument as for
the generalized exclusion process in [15, Section 7.6], we can show that the sequence {Qm, N > 1} is
weakly relatively compact. It remains to prove that every limit point Q' is concentrated on absolutely
continuous paths e(t,du) = e(t,u)du whose densities are solutions of the hydrodynamic equations given
in Theorem 9.1. It could be seen from Lemma 9.6 by following the proof of [15, Theorem 7.0.1].

9.3 Failed variance estimate

In this paragraph we fix the disorder m, and we erase it whenever no confusion arises. We are going

to recall here the usual main steps of the entropy method. We rewrite 312 f (H) as

~:rI:I1f J Z G Txgo m, w)(s)ds,
x€Ty

where
¢(m, w) := jo1(m,w) —D(w] — wp) — LY (f)(m, )

o(2) = (3)

Entropy inequality — In Lemma 9.6, note that the expectation with respect to the law of the process
PP\ is taken. There is a priori no hope to get any estimate of this expectation, apart from the well-known

entropy inequality. More precisely, let us denote by XfN(co) the following quantity:
x
X{\I(w) = Z G (N) T, p(w).
x€Ty

From the entropy inequality, we obtain

Em HLTX{I(O) s)ds >]

for all @ > 0. Since the entropy is decreasing in time, we know that, for all disorder field m, H(PY| u,?)

11 T
} < EH(PN |U/5) + EIOgEug {exp (aN ‘JO Xy (w)(s)ds

is bounded. From the arbitrariness of a, we are reduced to investigate the convergence of the second
term in the previous right-hand side.

Feynman-Kac formula - Usually, the purpose is to reduce the dynamics problem to the study of the
largest eigenvalue for a small perturbation of the generator N2Sy. This reduction relies on Feynman-Kac
formula and on a variational formula for the largest eigenvalue of a symmetric operator. By Feynman-Kac

B {exp{NLTXfN(w)(s) ds}] < exp{LTAN(s) ds}

formula,

41



9 HYDRODYNAMIC LIMITS

where Ay (s) is the largest eigenvalue of the symmetric operator N2Sy/(+) —i—NXfN (w). From the variational
formula for the largest eigenvalue of an operator in a Hilbert space, we also know that

n(s) < sup { (XL () 8 = NPl v8)

where the supremum is taken over all measurable functions g which are densities with respect to ,ug. In
particular,

Liog,g [ex {JO N w)(6) a5} < [ sup { (X{(@) 8(@)), ~ND(ugi ) o

0

Reduction to microscopic blocks — With the same spirit of the one-block estimate presented in
[27], it is then crucial to replace microscopic quantities with their spatial averages. Here, with the same
ideas of [15], we can replace

Joo  with Z Jxx+1
2£ +1 rer,
1
2 : 2
wy  with 2 w
20 +1 rer, x
1
Ly (f)(w) with DL (Tif)
N 1
2£f+1xeAff spt Tx

where £y = { —s; — 1 so that Esf_H(Tyf) is F,-mesurable for every y € Ag,. Let us introduce the
following notation

1 1 1
whHt .= E j +D | ——— w? — E w? E L T,f) (64)
yy+1 X X Sf+1 y
2w +1 5 20+1 &, 20+1 4, 2ef+1yeAef

with £/ = ¢ — 1. Finally, thanks to the regularity of the function G and the fact that D is constant, we are
able to reduce Lemma 9.6 to Lemma 9.7 below. We also need to perform a cut-off in order to control
high energy values, and this is valid thanks to (63).

LEMMA 9.7. For all 6 > 0,

inf lim sup lim sup sup{< (w) > — 5NDN(,u/3;\/§)} <0, (65)
f€Q (s Now
where
¥4 ( ZG(E)T W (w).

x€Ty

Reduction to a variance estimate — Then, the challenge is to reduce the proof of Lemma 9.7 to
the following result:
inf lim 2¢ XE[<(—SA[)_1Wf,‘3,Wf1> } =0 (66)
feQl—wo B
This convergence holds, since it is equivalent to the conclusion of Theorem 5.9, where the diffusion
coefficient D is defined through the non-gradient approach. Here is the main obstacle. If we follow the
strategy given in [15, Section 7.3], we can bound the supremum in (65) by the largest eigenvalue of
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9 HYDRODYNAMIC LIMITS 43

S, + bW/ where b is a small constant. In order to estimate this largest eigenvalue, we usually use a
perturbation method which provides a bound on the largest eigenvalue in terms of the variance of W/,
This can not be proved, and suggests that the entropy inequality together with the Feynman-Kac formula
are not the good tools to prove the hydrodynamic limits for systems which do not have a spectral gap
(see the last concluded section).

We conclude this section by explaining why the perturbation theory does not work. Let us try to
prove Lemma 9.7. Since ug is translation invariant, we may rewrite <YI{I’Z ()g()> p as

;N<G( W @) g(@))

Since the Dirichlet form is convex, the supremum in (65) is bounded from above by

L .
i sgp{b<Wf g>,5—1?e(uﬁ,\/§)}, (67)

x€Ty
where the constant b = b(x, ¢, 5, N) satisfies

bli=[o () 25| <161 2y

Let us denote by Ay 4 ¢ this last supremum inside the sum (67), which does not depend on x. We consider
a sequence {gy }rey that approaches this supremum, such that

Jm (V& (S, +DW) VgD s = Anes

The idea of the perturbation theory is to expand /g, around the constant value 1. We write

(Veu (Sn, +bWH) V) = bW, + 2005 (g~ 1)) + (W (8= 12, ) ~ Dellg Ve

(68)
We know that (W/>*) p = 0, and we use the Cauchy-Schwarz inequality for the scalar product 5 (=Sa) B
in the second term. We obtain that (68) is bounded, for every A > 0, by

b <E<Wf’£, (=Sp) T WH, + %th (ks ﬁk)) + bW (Ve = 1)%)5 — Do(ups VEL)-

It remains to bound the third term in the expression above. This could be done if we had the following
lemma.

LEMMA 9.8. There exists a constant C := C({, f, B,y, A) such that, for every g > 0,

(WH (/g =1)*)5 < CD(1p;51/2)- (69)

As before, we could try to use the fact that W/ is a quadratic function. Even this fact is not helpful,
and we give now a counter-example to this last lemma. We denote by H,, the normalized one-variable
Hermite polynomial of degree n > 3 (see Appendix A). Let us consider

{ Ve (@) = [Hy(wo)]

W (w) = Hy(wp) = w3 —1.
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Let us notice that (H2) = 1, and (H, )5 = 0, so that the two test functions g and WHt satisfy all expected
conditions. By using the recursive relation

H, 1 1(wp) = woH,(wq) — nHy_1(wy),

we get for the left-hand side of (69),

(Ha(JHa| = 1)?) = {wg Ha(wo) ) — CHp g — 2{H,[Hy ) + (Ha g
= <H 41 +2nH, Hyg + nan 1>/3 —1- 2<H2|H |>[j
=1+n’—1-2(Hy[H,[), > n* —2.

Above the last equality comes from the orthonormality of the polynomial basis, and the last inequality
is a consequence of the Cauchy-Schwarz inequality <H2|Hn|>2 < (H3)p(H2)g = 1. Let us assume that
there exists a constant C > 0 which does not depend on n such that

n? — 2 < (Hy(|Hy| - >/3 CDy(pp; [Hal)-

From the convexity of the Dirichlet form, we have

Dy(up; Hpl) < Dy(up; Hy).

In the case where n is an even positive integer, the flip noise gives a zero contribution to the Dirichlet
form, and then, for all n even, we have

Dy(ug; Hy) = %<(Hn(0)1) - Hn(c’)O))2>ﬁ = AH)p — A<Hn(wo)Hn(w1)>ﬁ =4

In the last equality, we use the fact that H,, is unitary, and that H,, (wq)H, (w; ) constitutes another element
of the Hermite polynomial basis, then is orthogonal to the constant polynomial 1. Letting n go to infinity,
we obtain a contradiction to (69).

Ergodic decomposition — Another idea would be to use the ergodic decomposition. The generator
S, restricted to finite boxes does not have a spectral gap, but it becomes ergodic when restricted to some
finite orbits. However, this approach fails, because the space is not compact, and we need to disintegrate
the measure ug with respect to all energy levels in (0, +c0). This enforces us to introduce a cut-off in the
variational formula giving the largest eigenvalue. In other words, an indicator function 1{|w,| < Eq}
will appear in front of W/¢. Finally, we will have to deal with functions of the configurations that are not
quadratic any more, and we do not know how to prove the convergence result (66) for general functions.

9.4 Conclusion

Even if the non-gradient method can be applied in some cases when the spectral gap does not hold,
(and then the diffusion coefficient is well defined), this does not straightforwardly imply the hydrody-
namic limits.

In order to derive the hydrodynamic theorem, we would need to bypass the entropy inequality to-
gether with the Feynman-Kac formula. The entropy inequality is however a convenient mean to trans-
form the averages w.r.t. the unknown law ,ult\I into equilibrium averages w.r.t. ,ug, which are more easily
tractable. The same problem would arise in the relative entropy method, because of the entropy inequal-

ity.
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A Hermite polynomials and quadratic functions

In the whole section we assume 3 = 1. Every result can be restated for the general case after multi-
plying the process by /2.

A.1 Hermite polynomials on RZ

Let y be the set of positive integer-valued functions £ : Z — N, such that £, vanish for all but a finite
number of x € Z. The length of &, denoted by |£], is defined as

HEDIR®

XEZL

For £ € y, we define the polynomial function on Q

) =] [he, (@

XEZL

where {h,},ey are the normalized Hermite polynomials w.r.t. the centered one-dimensional Gaussian
law with variance 1. The sequence {H¢}s., forms an orthonormal basis of the Hilbert space L*(u, ),
where u, is the infinite product Gibbs measure defined by (2). As a result, every function f € L2(u;) can
be decomposed in the form

flw) =D F(E)H(w).

gex

Moreover, we can compute the scalar product {f, g); for f = >, F(§)H; and g = > G(&)H; as
fog1 = ) FEG(E).
gex

DEFINITION A.1. We denote by y, C x the subset sequences of length n, i.e. y,:={£€y; |§|=n}.A
function f € L?(u,) is of degree n if its decomposition

f=) FEH
gex

satisfies: F(&) = 0 for all & ¢ y,.

In the next paragraph we focus on degree 2 functions, which are by definition on the form

Ecpxxw—l Z(pxy (70)

XEZ X#Y

where ¢ : Z2 — R is a square summable symmetric function.

Local functions — On the set of n-tuples x := (xq,...,x,) of Z", we introduce the equivalence
relation x ~ y if there exists a permutation o on {1,...,n} such that x,;) = y; foralli € {1,...,n}. The
class of x for the relation ~ is denoted by [x] and its cardinal by c(x). Then the set of configurations of
xn can be identified with the set of n-tuples classes for ~ by the one-to-one application:

28~ =
[X] = [(x1,...,x,)] — &M
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where for any y € Z, (§ [X]) y = 2?21 1,_,,. We identify & € y, with the occupation numbers of a

configuration with n particles, and [x] corresponds to the positions of those n particles. A function
F: y, — R is nothing but a symmetric function F : Z" — R through the identification of & with [x]. We
denote (with some abuse of notations) by (-, -) the scalar product on ®L?(y,,), each y, being equipped
with the counting measure. Hence, for two functions F,G : ¥y — R, we have

(F,G) = Z Z E,(§)G Z Z Gp(x),
n=0&ey, n>0er“

with F,, G,, the restrictions of F, G to y,,.

Dirichlet form — It is not hard to check the following proposition, which is a direct consequence of
the fact that h,, has the same parity of the integer n.

PROPOSITION A.1. If a local function f € 12(u,) is written in the form f = dex F(&)He, then
Sf (@) = ) (SF)(§)He(w),
gex
where & is the operator acting on functions F: y — R as
=23, [FE) —FE)] +7 ), (D> —1)E(E).
XEZ XEZ

Here, £* is obtained from & by exchanging £, and & ,..
From this result we deduce:

COROLLARY A.2. For any f = Y., F(§)He € L?(u), we have

Difim) = =85 = ¥ {5 8 FE D -R@) +1 X (0% - )r(e)}

Eey XEZ XEZ

Quadratic functions — In this paper, we deal with the set of quadratic functions f in L?(u; ), namely
degree two functions that are homogeneous, i.e. satisfies the algebraic relation

VAeR, f(Aw)=2A*f(w), U1 —a.s. (71)

We also assume that f has zero average with respect to u;. Therefore, we could also rewrite every f as

)= ) plnx) (@l — o)+ Y Py

XEZ X#Yy

for a suitable function v : Z? — R square summable and symmetric, and we recover the form given in
(3). We first restrict some variational formula to this class of functions, and then we study sequences of
functions that weakly converge in L?(u).

PROPOSITION A.3. If f € L?(u, ) is quadratic in the sense above with zero average w.r.t i, then the following
variational formula

sup {2(f,g), —D(g; 1)}

g€L2(u1)

can be restricted over quadratic functions g of zero mean w.r.t .
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B A WEAK VERSION OF CLOSED FORMS RESULTS

Proof. This fact follows after decomposing g as > ey G(§)Hg. Corollary A.2 and the orthogonality of
Hermite polynomials imply that we can restrict the supremum over functions g of degree two (70). As
a result, g writes as the sum of a quadratic function plus an additional constant term.

Then, notice that the constant term gives a zero contribution in the quantity to maximise: indeed,
the Dirichlet form does not change if we add a constant, and the function f is supposed to be centered,
so that < f >1 = 0. Therefore, we can assume that the supremum is taken over homogeneous functions
of degree two, and the same argument shows that g can also be taken with zero average. O

PROPOSITION A.4. Let {f,}, be a sequence of quadratic functions in L?(u;). Suppose that {f,} weakly
converges to f in L2(u,). Then, f is quadratic.

Proof. For all n € N, and & ¢ y5, the scalar product < fns H<§>1 vanishes (by definition). From the weak
convergence, we know that

<fn’H€>1 - <f’ H€>1’

as n goes to infinity, for all £ € y. This implies: <f, H€>1 =0 forall £ ¢ y,.

Besides, the algebraic relation (71) is still valid after taking the weak limit in L?(u, ), as well as the
zero-average property (with respect to ;). This implies that the weak limit f € L2(u,) is quadratic, and
of zero mean if every f, is centered. O

Notice that the set denoted by Q and defined in Definition 2.2 is restricted to cylinder quadratic
functions. The conclusions of Propositions A.3 and A.4 can be restated as:

COROLLARY A.5. If f € Q, then the following variational formula

sup {2E7[f,g] —E[D(g;u1)]}
geL2(P})

can be restricted over functions g in Q. Moreover, if {f,}, is a sequence of functions in Q such that {f,}
weakly converges to f in L%(P}), then f belongs to Q.

B A weak version of closed forms results

In that section we prove a theorem that should be thought as a kind of closed forms results, as they
are stated in [26] or in [15] (Section A.3.4). We give the link between Theorem B.2 below and closed
forms at the end of this paragraph.

B.1 Decomposition of quadratic functions

First, we erase the dependence on the disorder m, and consider the functions to be defined on 2, and
square integrable w.r.t. the Gibbs measure y;. Then, we restate the same result for functions defined on
Qp x Q.

THEOREM B.1 (Decomposition in L2(u;)). Let {f,}nen e a sequence of quadratic functions in L2(u,) and
let us define

g,:=V, (an) and h,:=Vj, (an) .
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B A WEAK VERSION OF CLOSED FORMS RESULTS

If {g,}, respectively {h,}, weakly converges in L2(u,) towards g, respectively h, then there exist a € R and
f quadratic function in L2(u,) such that

g(w) =V, (Iy)(w), (72)
h(w) = a(o)(z) — o)f) + Vo1(Tf)(w). (73)
In view of (72) and (73), and in order to generalize that result, we introduce the set:

g = V() }

©:=<{(g,h) e L*(P}) x L*(P}) ; there exist a € R, f € Q, such that {
{ za(w(z)—w%) +Vo,1(Tf).

Before proving Theorem B.1, we restate it in Lz(]P’I) as:

THEOREM B.2 (Decomposition in L*(P})). Let {f; } e be a sequence of quadratic functions in L*(P}). Let
us define

g,:=V, (an) and h,:=Vj, (an) .

If {g.}, respectively {h,}, weakly converges in L?(P}) towards g, respectively h, then (g,h) belongs to ©.

Proof of Theorem B.1. From Proposition A.4, we already know that g and h are quadratic functions in
L%(u,). Hence, we look for g and h of the form

g(w) = Z rL/)l(x>.y)(")x°‘)y (74)
X,YEZ

h(w) = 2 wz(ny)way (75)
X,YEZ

where 1,5 : Z?> — R are square integrable symmetric functions. We are now going to give a list or
equalities, being satisfied by the pair of sequences. Let us be more precise. We define, for a pair (!, f?)
of two L?(u;) functions, the following identities, stated in L%(u; ) sense:

(R1) (1) (w) + (1,f1)(w*) =0, for all x € Z.

(R2) (T,f2)(w) + (7£2)(w*T1) = 0, for all x € Z.

(R3) (Tof1) (@) + (782 (™) = (T£2) (@) + (T 1) (T, for all x € Z,

It is straightforward to check that, for all n € N, the pair (g,,h,) satisfies identities (R1-R3). Easily,
one can show that the latter always take place after passing to the weak limit in L2(u,). Precisely, the

weak limit (g, h) of {g,,h,} also satisfy (R1-R3). This follows from the following easy lemma (which is
a consequence of the translation invariance of u;):

LEMMA B.3. If {g,}, weakly converges in L2(u,) towards g, then, for all x € Z,

{gn(w*)} ., weakly converges towards g(w™),

{gn(wx,x-H

) }n weakly converges towards g(w***1).

Notice that all equalities (R1-R3) — now stated for (g,h) — turn into identities for ¢; and 45, defined
in (74) and (75). Namely, ¢, and v, have to satisfy

®D) {wl(x,y) —0 ifx+0andy #0,
11(0,0) = 0.
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B A WEAK VERSION OF CLOSED FORMS RESULTS

Ry | V20 =0 if x ¢ {0,1} and y ¢ {0, 1},
Polx,x) +YPy(x+1,x+1)=0 forall x eZ.

®3) {zwz<x,0)=¢1<x—1,o>—¢1<x,0> if x ¢ {0,1},
¥1(~1,0) = 4;(1,0).

The first two identities imply that g writes on the form

w) = > P (x,0)w, (76)
x#0
and h rewrites as
w) = > Py(x,0)[wr0, — wow, ] +1P2(0,0)(wf — w?), (77)

x#0,1

whereas the final equality makes a connection between g and h. In view of (72) and (73), we are going
to need the following straightforward lemma:

LEMMA B.4. Let f € L2(u,) be of the form

= ), v y)ww

X,YEZ

where ¢ : Z? — R is a symmetric function. Then,

Vo(Ty) = —4 E 0(x +2,2)wowy, (78)
2€7Z
x#0

Vo,1(Tf) =2 Z (x+2,2) —@(x +2,2+ 1) (w0, — Wowy). (79)

2€Z
x#0,1

Confronting (78)-(79) with (76)—(77), and keeping in mind the expected result of Theorem B.2, we
are now looking for a symmetric function ¢ : Z? — R which is square-summable on Z? and satisfies

Zcp(x—kz,z):—lwl(x,o) for all x # 0,
4
Z€EZL 1
Z [o(x +2,2) —p(x+2z,2+1)] = sz(x,o) for all x ¢ {0,1}.
Z€EZL

Such a function ¢ exists if and only if, for all x ¢ {0, 1},

21[)2()(,0) = 1ljl(x - 1’0) - 1,[’1()(,0).

This last equality is true according to (R3), and the result is proved, with a = ¢5(0,0) and f € Q defined

as
= ), v y)ww

X,YEZ
O

Proof of Theorem B.2. Every result that involves the Gibbs measure u; can be translated into the same
result involving the product measure P}. If f € L2 (IP}) is homogeneous of degree two, it rewrites

f(m,w) = Z (P(m,X,_)/)COXO)y,
X,YEZ
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B A WEAK VERSION OF CLOSED FORMS RESULTS

where, for all m € Qp, ¢(m,-,-) is a symmetric function on Z2. Moreover, the translation operator T,
that is involved in identities (R1-R3) also translates the disorder, as it is defined at the beginning of
Subsection 2.3. The crucial point here it that P} is space translation invariant.

Following line to line the previous proof, one can show that there exists a(m) € L2(PP) and f € Q such
that the following decompositions hold in L*(PP%):

g(m) w) = VO(Ff)(m’ 0)),

h(m, ) = a(m)(w] — w}) + Vo1(Ty)(m, w).

The conclusion of Theorem B.2 follows from the following lemma:

LEMMA B.5. Let & € L*(PP}) defined on Qp x Q as £(m, w) := a(m)(w? — w}), for some function a € L*(P).
Then, for any f € Q, the pair

(Vo(rf): &+ Vo,l(rf))
belongs to ©.

Let us prove this lemma, which has been inspired by [11, Lemma 7.7]. By substracting the function
E[a](w? — w?), we can assume E[a] = 0. We first define for any x € Z the function g, € L*(P) as

x—1
g(m) = ) 7xa(m),
k=0

with the convention go(m) = 0. One can check that, for any n € N, for any z € Z such that {z;z+1} € A,
we have
ng(m5 0)) = vz,erl(hn)’ with hn(m’ w) = - 2 gx(m)coi.

XEA,

Let us define 1

En = Evo,l(l—‘hn)-

We are going to show that &, converges to & in L?(P}). Since V(h,) = O for every n € N, this will prove
the convergence

L2(P¥) xL2(P*)
(VO(Ff+hn):v0,l(Ff+hn)) ————15 (Vo(Tf), & + Vo1(IF)),

n—oo

and since (VO(I‘f +h,)> Vo (Ty +hn)) belongs to ©, we got exactly the conclusion of Lemma B.5. After
basic computations, one can check that

_2n+1 1

1
fn= Ty et ol gm) (@] - 02 )+ T g )@, - o? ).

Therefore, from Cauchy-Schwarz inequality and translation invariance of P, it is enough to show that

) 1ol (S ratm) | o0
2

2 n—oo
n P

and that the same holds for ]E[g% n—l] /n?. This convergence is a standard consequence of the translation
invariance of IP. More precisely, let us fix a positive integer £ and introduce for any x € Z the conditional
expectation

aff> = E[Txa(m) ‘ my;y eA[(x)].
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B A WEAK VERSION OF CLOSED FORMS RESULTS

From our assumptions, notice that 5)(66) =T xﬁ((f) and ]E[a,(f)] = 0. As a result,

%E[(:Z::Tka(m)>2] < %EK:Z::){Tka(m) - awl(f)})z} + %EKE%&D)T

< 2E[{a(m) - ag“}z] + ?

The last inequality comes from the fact that >’ a}({e) is a sum of identically distributed variables (because
of the translation invariance of P), for which we have a good control of its variance. Lemma B.5 is proved
by letting n go to infinity and then ¢ go to infinity. O

B.2 Connection with closed forms results

Let us briefly explain the connection between Theorem B.1 and the closed forms as they are defined
for example in [26]. For that purpose, we are going to reformulate identities (R1-R3). First, interpret
1 . . . . . .
fl (w), respectively f2(w), as the price to change the configuration w € Q into w*, respectively to change
w into w***1, In particular,

e the price to flip w, when the configuration is w should be equal to —f! () : this is (R1),

e the price to exchange w, and w, ,; when the configuration is w should also be equal to —f)zc (*+1)

: this is (R2).

In the context of interacting particle systems, closed forms are expected to give the same price for any
2-step path with equal end points. In our setting, the last equality (R3) can be translated into: “The
quantity at site x is flipped, and then exchanged with the quantity at site x + 1. Equally, the quantities
at site x and x + 1 are exchanged first, and then the quantity at site x + 1 is flipped.” There are three
other such paths, that we do not need to prove our statement:

e two quantities are exchanged at sites x, x + 1, and also independently at sites y, y + 1, with {x, x +
LBn{yy+1}=¢,
e two quantities are flipped independently at sites x and y, with x # y,

o the quantity at site x is flipped, and then the quantities at sites y and y + 1 are exchanged, for
¥ ¢ {x,x + 1}, and the converse is also possible.

Recall that we have defined Q := RZ. We denote by B the space of real-valued functions
B:={f: Q- R} (80)

We are now interested in the space of forms, which are defined as (f}c,f)zc) +ez Where f)lc € B, and f)zc € B,
for every x € Z. To each function F : Q — R is associated a form:

DEFINITION B.1. A form f = (f},2), 5 is an exact form if there exists a continuous function F : Q — R

such that .
f (w) =F(w*) —Flw),
VxeZ, Vwe, { <) () ()

£(w) = F(0™*+1) — F(w). (61

X

Easily, one can prove that all exact forms are closed forms. We now present two examples of closed
forms that play a central role.
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C PROOF OF THE WEAK SECTOR CONDITION

EXAMPLE B.1. We denote by a = (a!, a') the closed form defined by

al(w) =0,
{ _ .22

Wy = Wyi1s
for all x € Z and configurations w € Q. This closed form corresponds to the formal function F(w) =
>, Xw?, but this is not an exact form.

EXAMPLE B.2. Let h be a cylinder function. Let us recall that we denote by Ij, the formal sum ., 7 h,
and define uj, = (uy,u?) as

() (@) = T (™) — Ty(w),

{ (up)x (@) = Ty(w¥) = Ty(w),

for all x € Z, and configurations w € Q. Though >, 7,h is a formal sum, these two equalities are well
defined. Let us notice that u, is a closed form that is not exact, unless h is constant.

These two examples show that closed forms on Q2 are not always exact forms. Let us introduce the
notion of a germ of a closed form.

DEFINITION B.2. A pair of continuous functions f = (f!, f2), where f' : Q — R, is a germ of closed form
if f=(T,f)yez is a closed form.

Examples B.1 and B.2 provide two types of germs of closed forms. Consider the cylinder function
A(w) = (0,w — w?). The collection (7,A),cz is the closed form a of Example B.1. For a cylinder
function h, the collection (V, I}, V, ,41I}) ez oObtained through translations of the cylinder function
(VoI Vo11I3) is the closed from of Example B.2. For a pair of L*(P})-functions f = (f?, f2), we called
it a germ of closed form if f = (7, f ) .z, satisfies all of conditions as a closed form in LZ(]P’{)-sense. Usually,
Theorem B.2 is replaced with a similar result that concerns every germ of closed form in LZ(IP{): see [26,
Theorem 5.1] or [15, Theorem A.3.4.14].

C Proof of the weak sector condition

In this section we prove Proposition 5.7 that we recall here for the sake of clarity.

PROPOSITION C.1 (Weak Sector condition). (i) There exists two constants Cy(y,A) and C;(y,A) such
that the following inequality hold for all f, g € Q:

| < A™g, Sf »p|| < ColllSflllp ISl

1
| < A™g, Sf »pl| < CllISglllp + SHSf -

(ii) There exists a positive constant C(f3) such that, for all g € Q,

HAgllls < CB)IlISglllp-
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C PROOF OF THE WEAK SECTOR CONDITION

Proof. We prove (i). We assume that

Z pr 0 x+1 32() + Z wx,k(m)wxwwrk

X€EZL X€EZL
k=1
2
}: @xo x+1 x)'+ }: @xk(nocox(ox+k-
X€EZL X€EZL
k=1

We denote by V™ the discrete Laplacian in the variable m, that is
VPip(m) = 24p(m) —3p(7ym) — 3 (7_;m),
and 7, V™ is the operator defined as
(7x V) (m) := V™ (7, m).

Straightforward computations show that
A, 2
lisellz = L5 | (vor,)*] + 51% | (Voary)?|

o S w2 e[ (D)) |

XEZL XEZL XEZL
k=1
A 2
+ ﬁ Z E|:< Z [T—x(lpx,k) - Tl—x(¢x,k)]> :|)
k=2 XEZ

|||8f|||§>|||sﬂipf|||z=§Eg[(zz%,k<m>wowk)2] i [(Z%,Am))z}. (82)

Z€E7Z k=1 Z2€EZ
k=1

Now we deal with « A™g,Sf >»g. From Proposition 5.1, and by definition,

CA™E,Sf > ==Y By [f, 7. (A™g)]

ZEZL
Z—X;ZE[%O I wiﬁz(Amg»ﬁ]—X;ZE[«Px,k(m)<wxwx+k,rz(Amg)>ﬁ]
k>1
(v
D B ]
TPy .
é {<\/ml:pm:+1 B \/mil’;Hz) Z TZ(‘Pz,z)]
T, .
kgzé K\/ml:bmxil \/mximkaH (sz+1)}

)X
7 2 2| (s~ ) St

k=2 x€Z
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C PROOF OF THE WEAK SECTOR CONDITION

From Cauchy-Schwarz inequality, and recalling 1/,/mom; < C (P-a.s.), we obtain the following bound:

211/2 271/2
< Amg.f >y Il < 528 ( Zravmina)) | [ ( D7 20un) | (83)

XEZ 2EZ

1/2 291/2
+ EE[<,§T11/)X1 wx 1) :| E[(éf—z@zQ) :| (84)
271/2 291/2
Z |:< Z lex,k - 'lpx,k) :| E[(Z T_z(Pz,k+1> :| (85)
k=2 X€EZ ZEZL

2 KZ T_1Yyk— wx,k> 2} " EKZ T—z¢z,k—1)2} 1/2- (86)

k=2 X€EZ 2€E7Z

Now we are going to use two times the trivial inequality vab < a/e + €b/2 for a particular choice of
€ > 0: in (83) we take ¢ = y/C and in (84) we take ¢ = 2}//(3C). This trick gives the final bound

2C2 2 2
| <« A™g,Sf »p || < ﬁzE[(Z Tx(V“‘wx,o)> } 52 [(Z @i T_zm> ]
k=1

XEZL 2€Z
9c2 2

2 |:<Z lex,k _wx,k) ]

k=2 XEZ

Recalling (82), we obtain
|« Amg, 5 11 < 2 llsgllE + 2lIsFIE
&> gl s ) &llip 5 B
If we use the Cauchy-Schwarz inequality, we get:

« A™g,Sf >>/23 <

We have proved (i) with Cy = 4/18C2/(yA) and C; = 9C2/(yA). Now we turn to (ii). From Lemma 5.5
and Statement (i),

< A™g,jo, »p = <88, Jo1 »p < |IISelllpllligalllp-

Moreover, from Statement (i), we also get, for all f € Q,
—2 < A"g,Sf »p < [[ISFIIIf + —IIISgIII,j

As a result, the variational formula (26) for |||A““g|||?5 gives:

A 2
1 9C2 ioallls  oc2
|]A™g||1Z < <A™, jo 1 »5 +—IISglI5 < | == + = | llISgllI3-

P 2x(B) Y p Ax(B)  yA p

The result is proved. O
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D Tightness

In this section we prove the tightness of the sequence {@2}N>1> by using standard arguments. First,
let us recall that the space M; is equipped with the norm defined as

V112 = D (mn) =2 pe,) .

n=1

THEOREM D.1. For almost all realization of the disorder m € Qp, the sequence {@g}N% is tight in

C([0, T, H_).

Proof. The tightness of the sequence {@i} follows from two conditions (see [15], page 299):

lim 1i P N Al =
Ji mswory s 103144 =0 &
(88)
lim lim sup P [w(yg, 6) > s] =0, for all ¢ > 0, (89)
6—-0 N—ow b

where the modulus of continuity w(), §) is defined by

w(Y,6) = sup ||V — V||
je=s[|<8
0<ls<t<T

Let us remind the decomposition of yFm given in (13):
t

YN (H) =V (H) + L DY, m(AnH)ds + 97 - (H) + 2, - (H),

where zm}i fo (H) is the martingale defined in Subsection 3.3, and ZY £ (H) is defined as the sum of the
remaining terms in the decomposition. On the first hand,

2
E (ZN H)
uy LZTET t’m’fk( ) }

can be estimated by the proof of Lemma 3.2 and Theorem 3.3. On the other hand,

| (2,00’

can be computed explicitly. O
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