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ON NORMS OF FORCE FUNCTIONALS
AND STRESS REPRESENTATIONS

R. SEGEV AND G. DEBOTTON JULY 14, 2003

ABSTRACT. Forces in continuum mechanics are analyzed as 0-currents of geomet-
ric measure theory. The representation of forces by stresses is discussed and the
flat norm of a force is expressed in terms of stress fields. An analogous treatment
expresses the Sobolev norm of a force in terms of stress fields. In both cases, one
obtain bounds on the stress fields that are in equilibrium with a given force. The

analysis is universal in the sense that it is independent of any constitutive relation.

Keywords. Continuum mechanics, forces, stresses, norms, flat chains, divergence

measures, Sobolev norms.

1. INTRODUCTION

This work presents some results of analysis in the context of force and stress
theory of continuum mechanics. In particular, we consider various norms on the
vector space of forces acting on a continuous body. The forces are regarded as
continuous linear functionals defined on the vector space of virtual velocities. The
norms of the forces we consider are the dual norms of the respective norms on the
space of velocities.

The usual representation of the force functional in the form (we will use Ein-

stein’s summation convention in the sequel)

F(ZU) = /biwidv + / tiwidu,
B 9B
where w; are the components of the virtual velocity field, suggests that the norm

||w]| of the velocity field w should depend only on the values of field w in the body.
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Thus for example, we may use the Clnorm
lwllco = sup {|wi|}
i,x€B
for the velocity fields. This induces the dual norm for forces as
[Fllco = sup {|F(w)|}

llwllco=1
so the norm is the supremum of the power done by the force when it is evaluated
on all velocity fields satisfying |w;(x)| < 1. Since we may choose the velocity

vector fields arbitrarily one obtains

IFlco = X( [ 1 do+ [ 61 da).

B oB

This way of measuring the magnitude of the force as a power functional is not
satisfactory because we expect from experience that the virtual power should de-
pend not only on the values of the velocity field but also on the values of its gra-

dient w; ,,. This motivates using the C-norm on the space of velocities such that

Wi m (X) | }

lwllcr = sup {|wi(x)],
x,i,m

so the norm of the force,
IFler = sup {IFw)]},
lwl*=1

is the supremum of the power done by the force when it is evaluated on all velocity
fields satisfying both |w;(x)| < 1 and |w;,(x)| < 1forallx € B,i,m =1,2,3.

The new expression for || F||-1 is not so straightforward to evaluate. In order to
write an expression for it, we follow the method used by Federer [8, pp. 367-368]
to represent Whitney’s [15] flat norm of chains and we utilize the interpretation
of the stress as a tensor valued measure representing a C-functional as in [13, 14].
Actually, in Section 3 we treat forces as vector valued flat 0-chains on the body
whose flat norm is expressed in terms of stresses. This may be described roughly

as using the principle of virtual work

F(ZU) = /biwivar/tiwida = /Uimwi,de,
B oB B

where, 0;;,, are the components of the stress tensor, to estimate the power expended

by the force while the velocity gradient is bounded. While we know the power
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performed by the stresses only for compatible velocity gradient fields, the Hahn-
Banach theorem is used estimate the work done by the stresses for non-compatible
fields.

The method is presented in Section 2 and Section 3 considers in some detail the
C%and C'norms described above. Section 4 considers the example of the Sobolev
norms. Finally, the remarks of Section 5 suggest a situation where the foregoing

analysis may be used to evaluate the results of structural optimization.

2. REPRESENTATIONS OF DUAL NORMS

The following is a straightforward generalization of Federer’s [8, pp. 367-368]
method of presentation of Whitney’s [15] flat norm. It is analogous to the standard
construction of the representation of elements in the dual spaces of the Sobolev

spaces and distributions of finite order (e.g., [11, 16]).

2.1. Basic settings. For a generic vector space W equipped with a seminorm ||-||
we consider abounded linear functional F: W — IR, i.e., there is a positive number
C such that |[F(w)| < C ||w|| for all w € W. The dual norm of F is defined by

_ e [E@)]

The representation of dual norms we consider in the next proposition applies to
the following situation. Let W be a vector space with a seminorm |-||° and j: W —
J, an injection into the vector space | equipped with a seminorm ||- |/. We consider

the seminorm ||-|| on W defined by

]| = [lj(w)|”-

It is further assumed that ||w| > ||w|° . The dual mapping j*: J* — W* satis-
fies j*(S)(w) = S(j(w)), where we use W* and [* to denote the spaces of linear

functionals bounded relative to the seminorms on the respective spaces.

Proposition 2.1. For the situation described above, the dual norm of a linear func-

tional F on W bounded by ||-|| may be represented as

IFl =i {IF =5 ($)I°+ IS},



4 R. SEGEV AND G. DEBOTTON JULY 14, 2003

where the infimum it taken over all linear functionals S on | bounded by -1V
There is at least one S € J* satisfying F = j*(S) for which the infimum in the

expression for || F|| is attained, so

F|= inf {|S|/}.
Bl = inf {lsI'}

Proof. We first note that by the assumptions above for any linear functional S: | —

R bounded by ||- |/ we have
() (@) = 1G] < ISIP @)l = S| flwl],

so j*(S) on W is bounded. In addition,

17 (5)1 = sup L0
IsG())]
— o ]

11 i)/

< a-n WA 70

" i)

so [7*(S)|| < ||S|/'. Now, given a functional F, for every S € J*

F(w) = (F—j"(S))(w) + S(j(w)),

thus,

[E|l = sup {|F(w)[}

ol =1

< Sup {\(F—J*(S))(wM}+”51ﬁgl{|5(1(w))\}

< sup {[(F—j*(5))(w)|} +”51ﬁp1{\5(1(w))|}
lw]°=1 wi=

where we used the fact that ||w||® < ||w]| to arrive at the third line and we used
the fact that ||w|| = 1 implies ||j(w) |/ = 1 to arrive at the fourth line. It should be
noted that ||F — j*(S)||° might be infinite and in general | F||® > | F|.

We now show that the inequality is exact. Note that for every ¢ € Imagej we

have |F(j=1 ()| < |F|l [li () so

Foj!: Imagejc ] — R
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is a linear functional that is bounded relative to the seminorm ||-||/. By the Hahn-
Banach theorem, Foj~! may be extended to a linear functional $: ] — R such
that F(w) = S(j(w)). Hence, F = j*($) and |SA(1[J)‘ < |IF| ||g] for all p e |
) ||SAH] < ||F|l. In general, if F = j*(S), then ||S|/ > ||F||. We conclude that
181" = 1E. O

Since j* is surjective, we note that the representation theorem may be written

alternatively as
IF| = inf{IGI°+ ISI'},

where the infimum is taken all representations of F in the form
F=G+j(S)

where G: W — R and S: | — R are linear and bounded by the -]© and |-]/
norms, respectively.

Using the notation above, we now add some additional structure.

Proposition 2.2. Assume that | = ]y x J; where the spaces ]y and J; are equipped

with seminorms |-/ and |- |1, respectively, and for ¢ = (g, 1) € ]

(1) = (hwoll®)"+ (lgal)", 1< p <o,

where for p = oo it is understood that ||1p||] = max {||1p0H]0 LY & }
Then,

I = int { (17 = jiso) + (1su")"} Sl =1,

where the infimum is taken over all linear functionals S1 on J; bounded relative to

1|1

Proof. As in the previous proposition F may be represented by some $ € J* such

that F = j*(S), with ||F|| = IS|/. The product structure implies that $ is of the
A A A A A\ A A

form § = (80,81), %, € 15,7 = 0,1, (|8]')" = (Jol)” + (81", s0

~

F(w) = So (jo(w)) + 51 (j1(w)),  F = j§(Sp) + i (51)-
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Since any S such that F = j*(S) may be written in the form S = (F — j{(51), S1),

(FI? = inf L (1s7)"}

= ant {(1Ejicsnsl')"}

S1€jf

~inf {(HF*]'T(Sl)Hh))qu(Hsluh)q}'

S1€j7

O

Remark 2.3. In the following we will be concerned with the mapping j: w —
(w, Vw), where Vw denotes the gradient of w. Thus, j; = V—the gradient op-
erator, and j; = 0, the boundary operator defined by dS(w) = S(Vw). Hence,

may write for this case

(IFI)? = jnf {(1F=asn) "+ (1s:17)"}

3. THE FLAT NORMS OF FORCE FUNCTIONALS

3.1. The force functional. Consider a body B which is assumed to be a smooth
compact 3-dimensional submanifold with boundary of IR®. For simplicity we also
identify the physical space with IR* and identify the body with its current con-
figuration in R®. In traditional continuum mechanics it is assumed that a force F
on B is given in terms of a body force field b: B — R* and a surface force field
t: 9B — R®. Assume that these fields are integrable functions relative to the vol-
ume and area measures respectively. The force F induces a linear functional—the
virtual power functional—on the space of continuous vector fields C%(B, R?). We

use the same notation F for the induced functional and it is defined by

F(w) = /b,-widV + / tiw;dA.
B 9B
The vector fields w are interpreted physically as virtual displacement or virtual
velocity fields and F(w) is interpreted as the virtual power.
We may regard the body as a measure space B = Int B U dB equipped with the

Radon measure p such that

u(P) = V(PNIntB) + A(PNdB),
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where V is the volume measure in Int B and A is the area measure on 0B. Thus,

/udy: /udV—l—/udA

B IntB JB

for any integrable function 1. Since dB is of volume measure zero, we will often
simplify the notation and omit the indication of the interior for the domain of the
volume integral. We may regard the force fields as the restrictions to Int B and 0B
of a vector field f on B such that f(x) = b(x) for x € IntB and f(x) = t(x) for

X € dB, so

F(w) = / faoidp,
B

where f is integrable relative to y. Thus, we may regard the force F as a measure
on B which is absolutely continuous relative to the measure y whose density is
the vector field f, i.e., F = f - y—the product of the measure y by the integrable

function f.

3.2. The Chnorm of a force functional. The force functional F of continuum me-

chanics is continuous relative to the norm
|lw||co = sup {|w;i(x)|; x€B, i=1,2,3}

on C%B, R%). As a member of the normed dual, for a force given in terms of a body

force and a surface force,
HF”CO = sup /biwidV+/t,-wida .
lwll0=1 B 5B

Remark 3.1. In terms of geometric measure theory (c.f. [8, 9]) a force is a (vector
valued) O-current that is represented by integration. The norm ||-||o is the mass

norm of the force.

Since F is represented by the measure f - y, the Riesz representation theorem
and the independence of the components w; imply that ||F||c0 = Y; |fi- 1| (B),

where |f; - 4| denotes the total variation of the respective measure. Since y is posi-

tive, [f; - 1| = |l - 1 s
|ﬂ-u|<B>=/|fi|dy=/|bi|dV+/|ti|dA
B B oB

and



8 R. SEGEV AND G. DEBOTTON JULY 14, 2003

Pl =% [ Il av + 1 [ I61da.
"B ' B

3.3. The Cl-norm of virtual velocities. The principle of virtual work in contin-
uum mechanics represents the equations of equilibrium for the components o3, of

the stress tensor in the weak form

F(w) = /b,«widV + / tiw;dV = /Uimwi,de,
B B B
for all differentiable virtual velocity vector fields w. As mentioned in the intro-
duction, this expression implies that the magnitude of a force functional should be
defined in such a way so the magnitude of the derivatives of the virtual velocity
fields is reflected. In other words, while the traditional representation of a force
in terms of a body force field and a surface force field suggests, as we did in the
preceding subsection, that its magnitude should be evaluated using the Cnorm,

the principle of virtual work suggests using the C-norm

lwllcr = sup {|wi ()], [wim|} -

X,i,m

In fact, the mere requirement that a force be an element of C'(B,R*)* implies
through a representation theorem for such functionals several features we expect
of stress theory of continuum mechanics (see [13, 14]) some of which we will see
below.

Our objective in the rest of this section is to regard a force in continuum me-
chanics as an element of C'(B,R*)* that in addition is a member of C%(B, R%)*. In
particular, we will consider the representation of such forces in terms of a body
force and a surface force fields.

The representation of dual norms we consider in the rest of this section applies
to the following situation. Let W be a vector space with a norm |- ° and jr W —
J =TI, J% a € a an injection. Here, |* are vector spaces with seminorms ||-H(“) SO
we have the seminorm |-/ given by ||y|/ = sup,, ||¢Y«l|. Thus, the seminorm ||-||

on W is given by

ol = ) = sup {1 (@)}
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where j* is the a-component of j. It is further assumed that |w| > w]® so
||-I| is also a norm (for example, when only a subset of a is used to define ||- 19).
The dual mapping j*: J* — W* satisfies j*(S)(w) = S(j(w)) = ¥, Sa(j*(w)) =
Yo 77 (S4)(w), where S, « € a, are the components of S € J*.

Thus, we use the notation and results of Section 2 for the case where W =
CY(B,R?) and the initial norm |-||° is the C%norm as above. The space | is given
by

J=T11% 1*=CABR),

xea

and the index set is
a={a=(ik),ie{1,2,3} ke{0,1,2,3}}.

(In the sequel, the index k will range from 0 to 3.) On J* we use the norm || ¢*|| @) =
sup,. g |$*(x)|. Thus, we make the identification | = CYB,R?).

The mapping j: C}(B,R*) — ] is defined by its components j* as follows. For
a = (i, k), we set

j*: C*(B,R*) — C°(B,R)
as
jio(w) =w; = w;g, andfork#0 jik(w) = Wj .
Thus, for w € C'(B,R%),

[[wl| = SuP{!wzk )|} = llwlicr
x,ik

Clearly, ||w]|® < |Jw| for all fields w.

3.4. Representation of forces by stresses. As stated above, we consider forces
defined as linear functionals on velocity fields that are bounded by both the C°
and the C! norms of the velocity fields. In terms of geometric measure theory,
the requirement that a force be bounded by both norms makes it a flat chain. Its
Clnorm is its flat norm.

According to the setting described above and using Proposition 2.1, for each
force F there is an element S € J* such that F(w) = S(j(w)). Since | is a prod-
uct space, S is represented by its components S, as S(¢) = Y, Sa(¢a). Thus,
Fw) = ¥, Sa(j*(w)), and F = Y, j**(Sa). We refer to the element S € [* as a

stress representing the force F.
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The Riesz representation theorem implies that every linear functional S, on
J* = CYB,R) that is continuous relative to the C>norm may be represented as

an integral

Sa(Pa) = /lp“dsa, (no sum on w).
B

relative to a Radon measure s, and ||Sx||co = |s«| (B). It follows that for any given

S there is a collection {s, } of measures such that

5(9) = [ pudsa
B

and [|S|” = [IS]|co = Ty [s«| (B). Thus,

7 (8)(w) = /wi,k dsik, k=0,1,2,3,
B
= /widsio—k/wi,mdsim, m=1,2,3.
B B

(Henceforth, we will use k for an index ranging from 0 to 3 and m for an index
ranging from 1 to 3.) Proposition 2.1 implies that given F € C%B, R*) N C!(B, R%)

there is a collection of stress measures s, such that

Hm:/@nm+/wm®m:mawx
B B

which is a generalized form of the principle of virtual work. We note that the
terms involving s;y which do not appear in the traditional formulation of stress
theory, do appear in generalized formulations of continuum mechanics and are
sometimes referred to as “self forces” (e.g., see Capriz [5]).

The assumption that F is representable by integration, i.e., ||F| o is finite, im-

plies that the stress components S1; = {S;1, Si», Si3}, satisfy the condition

sup {|Sim(wim)|} = sup /wi,mdsim < 00, mnosumoni.
[[w;]|°=1 wi| <1

In other words, the boundary 9Sy;, 9S1;(w;) = Siym(w; ) (N0 sum on i), is also
representable by integration. In the terminology of geometric measure theory, as
both Si; and its boundary 0S;; are representable by integration, Sq; is a normal

1-current.
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Let s be a measure on B. Then, we may decompose s into the two measures s |,
on the boundary of B and a measure s|Int p on the interior of B. We have s(D) =
s‘aB(D NoB) + S‘Int z(DNint B) for every measurable subset D. In addition, for

every s-integrable function ¢

/gbds:/des‘zﬁ;+ / sy p-
B 3B

Int B

By the additivity of the total variation measure

‘S|BB‘ = sl |, ‘S|IntB’ = 18] | e -

In particular, |[s||co = |s] (B) = IntB) + |s||aB(aB). If o and T are smooth

Sl
densities on Int B and 9B representing s| and s|, , relative to the volume and
Int B 0B

area measures, respectively, then

lsllco = / |a|dV+/|T|dA.
oB

IntB

Thus, considering the stress measures, for any fixed i,

951 (w;) :/wirmdsim‘ag+ / WimASim |1, p-
9B IntB

Restricting 0Sy; to functions ¢ compactly supported in Int B it is clear that
sup {‘S“mhntB((PM)‘} < oo, Supp¢ CIntB,
HK/’HCO =1

which we will use in the next subsection.

3.5. The Green-Gauss Theorem of Divergence Measures. We now use the re-
sults of a recent work [7] by Chen and Frid. Consider a finite R*-valued Radon
measure y = {y;} defined on an open set U C R®. The measure y is regarded as a
(vector valued) distribution on U so its distributional divergence div u is defined
by
div p(¢) = _/¢,id7/‘i
u

for all differentiable functions ¢ compactly supported in U. In the terminology in-
troduced by [7], the finite measure y is defined to be an extended divergence measure
if

|div p| (U) = ”lpsuulﬁl1 {divu(y)} < oo
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for all differentiable functions ¢ compactly supported in U, so that div y is a finite
measure on U. Thus, in the language of geometric measure theory, i represents a
locally normal current. Being a finite measure on U, div u may be extended to a
Radon measure on R°.

The generalized Green-Gauss theorem is concerned with the difference between
— div u, where div y is considered as a distribution on IR?, and oy, where we adopt
the notation that when we write du we regard y as a current on R® (cf. [9, pp. 138-
139]). Thus, for differentiable functions i compactly supported in R?, one is look-
ing for an expression for du () + div p ().

Restricting the discussion of [7] to the case considered here where the open
set is Int B and 9B is smooth, the generalized Green-Gauss theorem presents the
difference between oy and — div y as a continuous linear functional y;v; defined
on CY9B,R%), called the normal trace of u on the boundary. At this stage, the
notation w;v; is formal and the expression for the normal trace is given below.

Here, v denotes the outwards pointing unit normal to dB. Thus, one may write,

o () + div pu(y) = pivi(P|,p)-
where ¢ is any differentiable function on IR®.

3.6. The Normal Trace for Smooth Boundaries. The assumption that dB is smooth
allows additional simplification of the results of [7] as follows. The mapping
Y: (y,n) — y+nv is a diffeomorphism of 0B x [—¢, €] for some ¢ > 0 onto some
neighborhood of 0B in R? (e.g., a normal tubular neighborhood as in [10, p. 110]).
The mapping h = ¥, L. x = n(x), the second component of ¥~1, may serve with
minor modifications as the function denoted by h in [7, Theorem 3.1]. Clearly,
Vh =v,ie., v is the gradient of the distance function.

Let H be a smooth function on R such that H is supported in [—¢, €], H(0) =1,
and 0 < H(x) < 1. In particular, one can choose H such that H(n) = 1 for
all n in a neighborhood of 0 in [—¢, €] so the derivative of H vanishes at 0. A
simple extension £(y) € CYR? R) of ¢ € CY(9B,R) to R* may be defined by
E(P)(x) = Y(y)H(n) for x € Image¥, so |n| < ¢ and E(P)(x) = 0 elsewhere.
With the choice of H that is constant in a neighborhood of n = 0, £(¢) (¥ (y,n)) =
P(y) in that neighborhood. Clearly, once one chooses H with these properties,
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IEW)lco = ¢l co- Writing

V(EW)(y,n) = (Vo€ (W), E(W) v)(y, 1)
= (Vap(y)H(n), p(y)H'(n)),

where V51 is the 2-dimensional gradient of ¢, shows that ||£(¢)|| -1 < K|[[¢p|| 1 for
some constant K. (It is noted that in extending a function ¢ defined on a closed
set to R? according to Whitney’s theorem, all the derivatives ¢;, i = 1,2,3 on 0B
should be specified. We arbitrarily choose the independent normal derivative to
vanish.)

In our notation, the expression for the normal trace in [7] is

pivil,p($) = lim — / E(Y)vidp;
¥ (9Bx(np,0))
for any differentiable ¢ defined on dB. Using the particular choice of H as above

this simplifies to

iy (@) = lim o [ p@u)du ¥ ).

ng—0~ Mo
Y(9Bx(ng,0))

It follows that p;vj| aB(l[J) is bounded by SUp, <o {lp(y)|}. Hence, for the case
of a smooth boundary, y;v; is a Radon measure on 9B, i.e., y;v; € CY0B,R)* C
C!(9B,R)* and we may write uivi(@|,,) as Jop @ d(pivy).

We now apply the generalized Green-Gauss theorem for extended divergence
measures to s;, ’Int B and we incorporate the observations made above. Since we
consider forces in C'(B, R?)* N CYB, R®)*, restricting the expression for the repre-
sentation of forces by stress measures to fields supported in Int B we conclude that

for each i the collection {s;,,, m =1,2,3} is a divergence measure. Therefore,
/ Wi dSim |} = /wid(simvm) - / W;dsim,m,
IntB 0B IntB

where we use s;,, to denote div S 1i‘IntB'

3.7. Analysis of the Stress on dB. With the decomposition of the stress measure

to measures on Int B and measures on dB and using the Generalized Green-Gauss
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theorem the representation of the force F assumes the form

F(w) = /widsiolaB—I—/wi,mdsim‘aB—s— / widsio |, p
3B 9B IntB

+ /wid(simvm) - / W;dsim,m-
oB Int B
We first use the decomposition of vectors on dB into tangential and normal
components to represent w; ,, by (Vyw;, w;,), where w;, is the derivative of w;
in the direction of the unit normal. Accordingly, we may represent s;,, ’aB by the

measures (T;, T;,) on 0B so that

/wi,mdsim‘aB = /Vaw[dTia—&-/wi,VdTiu, Nno sum on i.
9B 9B 9B

The expression for the force becomes

F(w) = /widsiolaB+/VawidTia+/wi,udTiu+ / widsio|, .
3B 3B 3B Int B

+ /wid(simvm) - / W;dSiy -
9B IntB
Let i be a differentiable function on dB. Using a normal tubular neighbor-
hood, for every 6 > 0 one can construct a differentiable function ¢ on B such that
¢(y) =0, ¢u(y) = ¢(y) fory € 9B, and sup,.5|p(x)| < 4. Applying the ex-
pression for the representation of F to a vector field w whose i-th component is ¢
and the other components vanish with taking the limit as 6 — 0, only the terms
containing the normal derivative remain finite (Vyw vanishes on the boundary by

the construction) so that
oB

for some constant K. Since any continuous function on the boundary may be uni-
formly approximated by a differentiable function, it follows that T;, = 0.

Next, since in the resulting representation of F,

/ Vow;dT;
3B

is the only term that contains the derivative, it is also bounded by sup, . {|w(x)|}.

Let ¢ be a differentiable function on dB. Using the extension of Paragraph 3.6 we
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may extend it to a function ¢ on B such that

sup {|¢(x)[} = sup {[p(y)]} -

X€B ye€oB
Hence,

VagdTi
3B

is bounded by sup, .55 {|$¥(y)|} and T} is a normal current on 0B. Since d(dB) = &

normal currents are divergence measures and we may write !

/VawidTia = — /wi d(lea Tia), (IlO sum on Z)
oB oB

We conclude that

/wi,mdsimbB = 7/wid(diVa Tia).

oB 0B

3.8. The Representation of Force Measures. We now combine the observations
of the preceding paragraphs to obtain a representation of forces in C%(B,R*)* N

C!(B,R%)* in terms of the stress measures as

F(w) = j*(S)(w) = / w;d(Si0 — Sim,m) + /wid(sio —divy Tig + SimVm)-
IntB B

Itis noted that this representation applies to any element of C%(B, R*)* N C!(B, R®)*
and it need not be represented a-priori in terms of a body force field and a surface
force field. In addition, the representation contains surface tension terms.

In case the force F is given in terms of a body force field b; and a surface force
field t; we obtain the following conditions for F to be represented by the stress

measures:

bi V= Si0 — Sim,m» ti A= Sio — diVa Tia + SimVm-

Iwe may use here the extension of the generalized Green-Gauss theorem to Riemannian manifolds

(see [7], Remark 3.4).
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3.9. The C-Norm of Forces. In the terminology of geometric measure theory the

Clnorm of the force is its flat norm. In order to use the expression

1) = sup {IF—7*($)° + 1)’}

for the flat norm of a force given in terms of a body force b and a surface force t, one

has to calculate ||F — j*(S) 1° for any measure S. Using the expressions obtained

above we have
(F=7 )@ = [ wdi-V =50+ sinm)
IntB
+ /wid(ti - A —sjp+divy Tig — SimVm)-
JB
Thus,

IF =5 () = Y{|bi -V + Simym — 10| (Int B)
i
+ |ti A —sjp+divy Ty — Simvm| (aB)}
We conclude that

||FH = inf {Z{’bl . V+Sim,m — Si0| (IntB)
i

+ [t - A = sig + divy Ty — SimVi| (9B)} + ) _ |sa| (B)}
14

where the infimum is taken over all stress measures as defined above.

Alternatively, if we consider only stresses S such that F = j*(S), then,
F| = inf S| (B).
IFl = inf Y Js|(B)

3.10. Regularization of Stress Measures. In the expression of the flat norm it
might be easier to evaluate the infimum over a dense subset. Specifically, we will
try to evaluate it by using smooth mappings.

While measures on open sets may be regularized, i.e., may be approximated by
smooth densities, the regions considered here require some additional attention
because they include the boundaries. Radon measures may be approximated in
the weak topology using a regularization process. The basic tool one uses is the
Portmanteau theorem on weak convergence of measures (e.g., [2, p. 196], [3, p. 7]).

Specifically, if the sequence of measures i, converges weakly to the measure y and
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D is a Borel set such that #(0D) = 0, then, y;(D) — p(D). In particular (see [7]),
consider a Radon measure y on an open set {3 C R” and a regularizing sequence
iy of measures represented by smooth densities weakly approximating y. Then, if
D is an open subset whose closure is contained in Q) such that || (dD) = 0, then,
|i| (D) = limg_,0 |pn| (D). This we use in two situations.

Firstly, we consider the measure s;; ’Int p 48 a measure on an open set containing
B. We have symB(aB) = 0, so s, — s weakly implies |s,| (IntB) — |s| (Int B).
Next, we consider a measure T on dB. Since d0(dB) = @, T, — T weakly implies
T,(dB) — T(0B).

We recall that the subset containing distributions represented by smooth densi-
ties with compact supports is a dense subset (in the weak topology) of the space
of all distributions on an open set. Hence, in particular we may approximate the

measure s, on Int B by smooth densities 0, having compact support in Int B

| IntB
such that

/0,,C€4>dV—> /¢dsa|lnt3 and /\UM\dV—>\s“|(IntB)

IntB IntB IntB
as ¢ — 0. Similarly, as the measure s | 9B is a O0-current on the manifold 9B, it may

be approximated by smooth densities 7. on 9B such that

/T,xgc])dA — /¢dsa|aB and /|T,X£|dA — |s4] (3B)
0B 0B JB

as ¢ — 0 (see de Rham [12, pp. 61-70]). In particular, we will use Tj;, to denote the
densities approximating T;,.

As regularization commutes with distributional derivatives and using the con-
struction of the normal trace in [7] through a regularization process, any force F in

CY%B,R*)* N CY(B,R*)* may be approximated in the form (we omit the & index)

F(w) = / (G0 = Tipm)w;dV + /(TiO — divy Tjp + Oip Vi) wid A.
IntB 0B

We conclude that the representation of a force in continuum mechanics by a
body force and a surface force is natural in the sense that the elements of C%(B, R*)* N
CY(B,R®)* may always be approximated this way.

We now turn to the evaluation of ||F|| using smooth stress fields. Observing

the expression for || F||, clearly (b; + Oipem — ige) - V converges weakly to (b; - V +
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Simm — SiO)|IntB ase — 0so
|(bi + Cime,m — ige) - V| (Int B) — |b; - V + iy — Sig| (Int B).
Similarly,
(ti — Tioe + divy Tige — OimeVim) - A — ti - A= sjg |, + divy Tip — SimVm
weakly, soase — 0,
|(ti — Tioe + divy Tige — OimeVm) - A| (0B) — |ti - A —sjg + divy Tig — SimVm| (9B).

As the infimum may be obtained using the regularized smooth measures, it fol-

lows that

1Pl =inf 3 [ (X0 + i —io] + L lowl )V
i «

ntB

+ /(2“1’ — Tjo + divy Ty — TimVm | + Z|Ta|>dA/
1 14

B !

where the infimum is taken over all smooth ¢, over Int B and 7, over dB.
If for the calculation of ||F|| one uses only stresses that satisfy f = j*(S), i.e.,
|F —j*(S)|| = 0. The basic representation theorem implies that for any S that is in

equilibrium with F, || F|| < 1S/ and specifically

[F|| = inf / ) |Ua|dV+/§ |w|dA 2,
« «
oB

IntB

where the infimum is taken over all smooth o, T, satisfying

b; + Oim,m = 00 in Int B,

OimVm + Tiop = t; + divy T;3  on dB.

Clearly, other methods (e.g., finite elements) may be utilized to approximate the

stress measures.
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3.11. Representation without Self-Forces. We may use the representation of the
flat norm as implied by Proposition 2.2 and Remark 2.3 for the case g = 1. Such a
representation will not include the self force terms Sy given in terms of the mea-

sures sp;. The resulting expression for the flat norm of the force is
|F|| = inf {Z {|bi - V + Sim,m| (Int B)
i

+ |ti - A+ divy Ty — SimVm| (0B)} + Y _ |Sim| (B)}

im

and the expression using smooth stress fields is

Fl=inf [ (S10+ |+ L loinl )2V
i im

ntB

[ (Xl diva T — cuntin| + 1 [l ) 24,

3B i im

over all smooth stress fields 0;,,, on Int B and T;;;, on 9dB.

4. SOBOLEV NORMS

4.1. The LP-Norms of the Force Functional. Using the same method we present
additional estimates using the LP-norms. Again, we regard the body as a measure

space B = Int B U 0B equipped with the Radon measure u such that
u(P)=V(PNnIntB)+ A(PNaB).

For the initial seminorm on the space of differentiable virtual velocities we will

use the LV

(H)—seminorm, 1 < p < oo, relative to the Radon measure y so

1/p
] = (/Dwivdu
B i
1/p
= ( /Z|wi|pdv+/2|wi|pdA :
B !

ntB '
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We consider force functionals F that are linear and continuous relative to this
seminorm. By the representation theorem of functionals on L? spaces, a force func-

tional is represented by a field f; which is LY relative to u with

1 + 1 =1
P q
in the form
F(w) = /fiwi dﬂ = / biwidV+/tiwi dA.
B IntB 9B
Here, b; = f; |Int pand tj = ﬁ|aB belong to L7(Int B) and L7(dB), respectively. The

dual norm ||F||° of F € L?y)(B, R?) is the L?M)-norm

1/q
IF°

[ Eisr
/4

1/q

/ Z|bi|qdv+/2|ti|qu
i i

IntB 0B
In particular, for p = 1 the dual norm of F is the L*°-seminorm so
|F||° = ess sup |fi(x)| = max {ess sup |b;j(x)|,ess sup |t,-(x)|} ,
i,xeB i,xé€B i,xcoB
where the essential supremum of f is taken relative to the measure y and those
pertaining to b and t are taken relative to the volume and area measures, respec-

tively.
4.2. The Representing Stresses. We wish to use the same mapping
j: W=CYB,R*) — ] = CYB,R'?)

as in the previous section. In order that the general settings apply, it is required
that ||w| = ||](w)||] > |lw||® which puts a restriction on ||I. The appropriate
norm is suggested by the Sobolev embedding, or trace, theorem (see Maz'ja [11,

p- 262], Adams [1, p. 216], Calderon [4]) implying that

@Bl < A5 [0 |,

Here, Aj; is a constant depending only on B that may be regarded as the norm of

the trace mapping w’lnt 5 w|dB. The seminorm |-||,» is the Sobolev seminorm
1
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in Int B defined using the seminorm

1/p
Il = |2 [ lwalPdvi ,  k=0,1,23,
K intB
on CYB,R'2). Thus, [w];p = [j(w)] s, s0
1/p
fwlyy = |2 [ ol v
Kt B

Hence, the definition of the ||-||” seminorm implies that [|w[|® < A ||w|| L for some
positive constant A depending only on B and we assume that A is the infimum of
all such candidates. We set ||-|/ = A I-llrp so lw| = Allj(w)|, = A ||wHL;1a and
the basic requirement is satisfied.

Again, the representation theorem for LP-functionals implies that every linear

functional S: ] — R bounded by the ||-|| Y _norm may be represented in the form

S(¢) = /Uik¢ide,

IntB

where 0y € L1(B). In addition

1/q
sm-(Dmknzq) = Z/IUiqudV

ik

Thus,
1/q

1/q
1 1
||S||’—A<):||aik|zq> = 2/ 0|7V
ik

Kt B

4.3. Representation of Forces by Stresses. Let a force F € L?M(B’ R*) be repre-

sented by the L9-stress fields oy, i =1,2,3,k =0,1,2,3. Then,

F(w) = S(j(w)) = / w;ojpdV + / W 0iydV, m=1,2,3.
IntB IntB
The requirement that the force is in L?M) (B,R?) imposes regularity restriction on
the stress components. The current S; is represented by the L7 functions o, and

its boundary dS, represented by the integral on the right, should be represented
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by L?H)—ﬁelds. This is a particular case of the theory of divergence-measures of

LP-functions [6, 7] and denoting the divergence of ¢;,, by 0}, ,, we may write

F(w) = /wiUiOdV— / wiaim,deJr/wiUimvmdA.
IntB IntB oB

If the force F is given in terms of fields b, ¢, the condition F = j*(S) becomes
Oimm +bi = Tio,  ti = TiyVm.

4.4. The Sobolev norm of a force. Let F € Lt(]#)(B’ R?) be given in terms of b €
Li(IntB,R?) and t € L9(dB,R?). We wish to express the Sobolev norm of F as a

bound on the stress fields. The expression for F — j*(S) assumes the form

(F— j(8))(w) = / (b5 + G — 00) iV + / (t = O vm)wid A
IntB oB

so || F —j*(S)||0 becomes

1/q
P70 = [ L10i+ i = ciol aV + [ 18~ ciprl? 4
IntB ' 9B
Thus,
1/q
||F|| = inf / Z|bi+(7im,m_ai0|qdv+/|ti_Uime|qu
IntB ' 9B
. 1/q
+Z Z‘O’ikwdA
mtB 7K

As before, we may approximate the stress components by smooth fields. Specif-
ically (see [11, p. 11-14]), C*°(B) is dense in L7(Int B) and in the Sobolev spaces of
functions on Int B. Hence, in the expression above we may assume that the func-
tions o;; are smooth on B.

The infimum is attained for some stress tensors &, satisfying the equilibrium

equations and boundary conditions so

. 1/q
|Fll = 1 Z |G |TdV
Kt B
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Hence we conclude that

1/q
Y. [ lowlTdv
i’klntB
1/q
=inf{ A / Z|bifaioJraim,m{quJr/ZHifaimvm\qu
IntB i JdB i

1/q
+ Z |0’,‘k|q dv
ik

As an example, consider the case where p = 1 so that g = co. We recall that the

L*°-seminorm is the essential supremum hence the last estimate implies that

, |t — OimVm|} + ess sup |0’ik|} ,

ess sup |0j| = inf {A ess sup{ ]bl- — 030 + Oim,m
ix ik,x

i,k,xeB

where the infimum is taken over all smooth stress fields 0;; and self force fields oy.

4.5. Representation without Self-Forces. We consider the analog of Paragraph 3.11
using Proposition 2.2 and Remark 2.3 for the case of the L”-seminorms. For the
space J® we use C%B,R?) and set Hl[)()H]O = A||¢ol|;p. For the space J! we use
CY(B, R%) with [|p1]0 = A || || », where A is defined in Paragraph 4.2. Thus,

ot = [(19ol)" + (1))

as required. The resulting expression for the Sobolev norm of the force does not

contain the self force terms and

1/q
|F| = inf / Z|bi+0im,m|qdv+/|ti7¢7imvm\’7dA
IntB ' 9B
1/q
"’% /Z‘Uimr]d‘q ’
mntB "

where m = 1,2, 3 and the infimum is taken over all smooth tensor fields ¢;,,.

5. CONCLUDING REMARKS

The foregoing material contains the definitions of various norms of force func-
tionals. These norms may be approximated by minimization processes over classes

of stress fields. Once evaluated, the theory states that there is some stress field &
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that satisfies the equilibrium equation and boundary condition for the traction
such that the norm of ¢ is equal to the norm of the force. All the above is com-
pletely independent of the material properties. In fact, the stress field ¢ is in gen-
eral different then the actual stress field o, for a particular material under the given
loading. The norm of ¢ is in general larger than that of ¢. Thus, ||F|| = H[7||] pro-
vides us with an infimum for the norms of all actual stress fields.

The infimum provided by ||F|| may be used as a guideline for the evaluation
of structural optimization where one considers various distributions of material
properties in the body. In other words, ||F|| provides a lower bound for the norm
|loa|| of the actual stress fields obtained for the candidate distributions of material

properties.
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