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Abstract

Systems modelled by linear singularly perturbed partial differential equations are considered in this paper. Precisely, a class of
linear systems of conservation laws with a small perturbation parameter is introduced. By setting the perturbation parameter
to zero, two subsystems, the reduced system standing for the slow dynamics and the boundary-layer system representing the
fast dynamics, are computed. It is first proved that the exponential stability of the full system implies the stability of both
subsystems. Secondly, a counter example is given to indicate that the converse is not true. Moreover a new Tikhonov theorem
for this class of the infinite dimensional systems is stated. The solution of the full system can be approximated by that of
the reduced system, and this is proved by Lyapunov techniques. An application to boundary feedback stabilization of gas

transport model is used to illustrate the results.
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1 Introduction

The early interests in singular perturbation techniques
arose from the physical problems exhibiting both fast
and slow dynamics, such as DC-motors in Kokotovi¢
et al. (1986) where the inductance in the armature circuit
plays the role of a perturbation parameter or semicon-
ducting diodes in Smith (1985) where the Debye length
is seen as the perturbation parameter. The decompo-
sition of a singularly perturbed system into lower or-
der subsystems, namely the reduced system and the
boundary-layer system, provides a powerful tool for sta-
bility analysis (e.g. Habets (1974), Chow (1978), Gru-
jic (1981) and Chow and Kokotovié¢ (1981)). From late
1980s, singularly perturbed partial differential equations
(PDEs) have been considered in research works. This
kind of systems describes numerous phenomenon in var-
ious fields in physics and engineering, such as fluid dy-
namics, chemical-reactor, aerodynamics etc. (see Kadal-
bajoo and Patidar (2003)).

In this paper, we consider a class of linear systems of
conservation laws with a small perturbation parameter.
The principal motivation for this paper is the model
of gas transport through a constant cross section tube
represented by Euler equations (see (Winterbone, 2000,
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Chapter 2)). Two time scales for propagation speed ex-
hibit in this model, which can thus be described by a
singularly perturbed system of conservation laws.

A first contribution of this paper concerns the stability
analysis between a linear singularly perturbed system
of conservation laws and its two subsystems. The expo-
nential stability analysis for hyperbolic systems of con-
servation laws has been considered by many researchers.
For instance, a stability criterion for linear hyperbolic
systems by characteristics method has been given in Li
(1994) and the stability condition considered in Hale and
Lunel (1993) relies on the frequency domain. In Coron
et al. (2008), a stability condition for the quasilinear
systems of conservation laws is introduced by Lyapunov
method. In this paper, the first proposition gives a suffi-
cient stability condition for both subsystems. Moreover
a counter example is used to illustrate that the expo-
nential stability of the two subsystems does not indicate
the stability of the full system. This shows a major dif-
ference with what is well known for linear finite dimen-
sional systems (e.g. (Kokotovi¢ et al., 1986, Chapter 2)).

A second contribution of our work relates to the approx-
imation of the solution for the singularly perturbed sys-
tem of conservation laws by the solution for the reduced
system. A Tikhonov like theorem is established for the
infinite dimensional systems in this paper. Tikhonov the-
orem describes the limiting behaviour of solutions of the

14 October 2014



perturbed system. It is a powerful tool for analysis of
singular perturbation systems. This theorem has been
studied in many works for finite dimensional singularly
perturbed systems (ODEs) (Verhulst (2007)), (Khalil,
1996, Chapter 9). The approximation of the full sys-
tem by the reduced subsystem on the finite interval is
based on the exponential stability of the boundary-layer
subsystem, and that on the infinite interval is achieved
by the exponential stability of both subsystems. In the
present paper the infinite dimensional case on the in-
finite interval is stated. This method of approximation
can lead the new boundary control strategy for linear
hyperbolic systems. For instance, in Tang et al. (2014)
boundary control synthesis has been studied based on
the singular perturbation method and the slow dynam-
ics is stabilized in finite time.

The paper is organized as follows. The linear singu-
larly perturbed system of conservation laws under con-
sideration is presented in Section 2. The reduced and
boundary-layer subsystems are also introduced in this
section. In Section 3, we link the exponential stability of
the full system of conservation laws with the stability of
each of the two subsystems. Section 4 gives a Tikhonov
theorem for linear hyperbolic systems of conservation
laws. In Section 5, an application to a gas transport
model is studied to illustrate the results. Finally, con-
cluding remarks end the paper.

Notation. For a positive integer n, I,, is the identity
matrix in R®*™. Given a matrix A in R"*", A~! and AT
represent the inverse and the transpose matrix of A re-
spectively. For a symmetric matrix B in R"*™ \,,..(B)
is the minimum eigenvalue of the matrix B. The symbol
* in partitioned symmetric matrix stands for the sym-
metric block. | | denotes the usual Euclidean norm in R”
and || || is associated with the usual 2-norm of matrices
in R™ ", || || 12 denotes the associated norm in L?(0,1)

space, defined by ||| 72 = (]01 |§|2d:L') ® for all functions
¢ € L?(0,1). Similarly, the associated norm in H?(0,1)
space is denoted by || || 52, defined for all functions ¢ €
H2(0,1), by [z = (fo [0 + [0 + [ o)

Given a real interval I and a normed space J, C°(I,J)
denotes the set of continuous functions from I to J.

=

2 Linear singularly perturbed systems of con-
servation laws

Firstly, let us consider the following linear singularly
perturbed system of conservation laws:

ye(z,t) + My (z,t) =0, (1a)
ezi(x,t) + Aozy(z,t) =0, (1b)
where x € [0,1], ¢t € [0, +00), y : [0,1] x [0, +00) — R™,
z:[0,1] x [0,400) = R™, A; is a diagonal positive ma-
trix in R™*™ A, is a diagonal positive matrix in R™*"™

the perturbation parameter € is a small positive value.
Moreover, we consider the following boundary condi-

tions:
Jt 1,t
YO _ o (VD) et @)
2(0,t) z(1,t)
(Gn G12>. .
where G = is a constant matrix in
Go1 Gaa

R(vtm)x(ntm) with the matrices G1; in R™*™, Gz in
Rnxm’ Ggl in R™*™ and G22 in R™M™>m,

Given two functions y° : [0,1] — R™ and 2° : [0,1] —
R™ . the initial conditions are:

z,0 Oy
y(@,0) _ (y'(2) ze 1. ()
z(z,0) 2%(z)
Remark 1 Let us recall the existence of the solutions
to the Cauchy problem (1)-(3). According to Section 2.1
0
Yy

in Coron (2007), for all ( o] € L?(0,1), there exists

z

a unique solution (
z

y) € CO([0, +00), L2(0, 1)) for the
Cauchy problem (1)-(3). By Proposition 2.1 in Coron
0
et al. (2008), for every <y0> € H?(0,1) satisfying the

z

following compatibility conditions:

<y0<o>> . <y0<1>> | "
29(0) 29(1)

Ay2(0 Ay2(1
W0\ g M\
GilAgzg(O) éilAgzg(l)
the Cauchy problem (1)-(3) has a unique maximal clas-

sical solution (y
z

) € 09([0, +00), H2(0,1)). °

Remark 2 In Perrollaz and Rosier (2014), a 2 x 2 quasi-
linear hyperbolic system is considered in C°([0, 7] x
[0,1]; R?) instead of H?(0,1), avoiding so strong com-
patibility conditions. However, in the following of the
present paper, the H? convergence of a system is manda-
tory thus the compatibility conditions should be consid-
ered. o

Considering infinite dimensional systems (PDEs), let us
compute the two subsystems for (1)-(2), the reduced and
the boundary-layer systems. Inspired by the approach
for finite dimensional systems (ODEs) in (Saberi and



Khalil (1984)) and (Khalil, 1996, Chapter 9), the two
subsystems are formally calculated as follows. Setting
e = 0 in system (1) yields

yt(x7t) + Aly:c(zvt) = Ov (63')
2z (x,t) = 0. (6Db)

Substituting (6b) into the boundary conditions (2) and
assuming (I,,, — G22) invertible yields

y(0,t) = (G11 + Gra(I;m — Ga2) ' Gar)y(1, 1), M)
2(,t) = (I, — G22) ' G21y(1,1).
Then, the reduced system is defined as
Je(x,t) + Mgz (2,t) =0, 2 € [0,1], t € [0,400), (8)
with the boundary condition

y(o’t) = Grﬂ(lat)a te [07 +OO), (9)

where G, = G171 + Gi2(I,, — Ga2) 1Ga1, whereas the
initial condition is given as

y(2,0) = 5°(x) = y°(x), = € [0, 1]. (10)

To define the boundary-layer system, let first perform
the change of variable

Z(w,t) = 2(z,t) — (I — Ga22) " 'Gaay(1,1). (1)
This shifts the equilibrium of z to the origin. Let us use
a new time variable 7 = £. In the 7 time scale, y(1,¢) in
(11) is considered as a fixed parameter with respect to
time. Then, the boundary-layer system is defined as

Zr(x, )+ Aoz (2, 7) =0, x € [0,1], 7 € [0, +00), (12)
with the boundary condition

z(0,7) = G22(1,7), T € [0, +0), (13)

whereas the initial condition is given as

2(%,0) = Zo(x) = ZO(CL')7(Im*G22)71G21y0(1), S [0, 1}

(14)

3 Stability of reduced and boundary-layer sys-
tems

In this section, our aim is to show how the stability of
the singularly perturbed system of conservation laws (1)-
(2) is related to the stability of the two subsystems, the
reduced system (8)-(9) and the boundary-layer system
(12)-(13).

Let us recall the following definition introduced in Coron
et al. (2008):

Definition 1 For all matrices G € R(+m)x(ntm)
p1(G) = mf{[AGAT!,A € Dy 4}, (15)
where D,y + denotes the set of diagonal positive ma-

triz in RMtm)x(ntm)

The following definition is adopted for the exponential
stability of the linear singularly perturbed system of con-
servation laws (1)-(2) in L?-norm.

Definition 2 The linear system of conservation laws
(1)-(2) is exponentially stable to the origin in L?-norm
if there exist y1 > 0 and C1 > 0, such that for every

0
<y0> € L%(0,1), the solution to the system (1)-(2) sat-
isfies

y(- 1) y°
z(.,t) 20

Similarly the exponential stability of the linear system
of conservation laws (1)-(2) in H2-norm is defined by the
following definition.

< Cre Mt , t €10,+00).

L2

L2

Definition 3 The linear system of conservation laws
(1)-(2) is exponentially stable to the origin in H?-norm
if there exist 72 > 0 and Co > 0, such that for every

0
<y0> € H?%(0,1) satisfying the compatibility conditions
z

(4)-(5), the solution to the system (1)-(2) satisfies
y( 1) y°
z(.,t) 20

Similarly, we can define the exponential stability in L?-
norm and H?2-norm for the reduced and boundary-layer
systems.
Let us recall the following result for linear hyperbolic
systems:

< Cye™ ! , t €0, +00).

H?2

H?2

Theorem 1 (Coron et al. (2008), Diagne et al. (2012))
If p1(G) < 1 (resp. p1(G,) < 1, p1(Ga2) < 1), then the
linear system (1)-(2) (resp. the reduced system (8)-(9),
the boundary-layer system (12)-(13)) is exponentially
stable to the origin in L*-norm and H<-norm.

With the above theorem, we are ready to give a proposi-
tion which is about the stability of the reduced and the
boundary-layer systems.

Proposition 1 If p1(G) < 1, then the reduced system
(8)-(9) and the boundary-layer system (12)-(13) are ex-
ponentially stable to the origin in L?-norm and H?-norm.



Proof. Let first prove the stability of the reduced system
(8)-(9). Let p1(G) < o® < 1and A € D(pqpm),4+ such
that |AGA™Y|| < a*. Let Ay € D, 4+ and Ay € Dy, 4,

A be such that
A1 0O
A= ("1 .
0 A,

Consider
~ Y ~
Y = , Y e RMT™,
AQ(Im — Ggg)_leA;lY
where Y is an arbitrary vector of R™. It follows directly
AGA™YY = )
AQ(Im — GQQ)_nglAl_ Y

(16)
Since [[AGA™!| < a*, and it follows from (16)

IAGA™YY| < a*|Y],
hence
|A1(G11 + Gia(I, — Ga2) ' Ga1) AT'Y| < o¥|Y.

The previous inequality holds for all Y € R", therefore

|A1(G11 4+ Gra(In — Ga2) *Go) AT < a* < 1, (17)
which implies p1(G,) < 1. Therefore, with Theorem 1,
the reduced system (8)-(9) is exponentially stable in L2-
norm and H2-norm.

Next let prove the stability of the boundary-layer system
(12)-(13). Similarly, consider

- 0 -
Z = . ZcR"M™,
Z

where Z is an arbitrary vector of R™. It follows directly

(18)

AGA™Z = <A1G12A512>

NG ;' Z
Since [[AGA™Y|| < o*, (18) follows
IAGA™'Z| < a*|Z],

hence
|A2G22A51Z| < a*|Z\

The previous inequality holds for all Z € R™, therefore

||A2G22A2_1|| < af < 1, (19)

A1(G11 + Gra(Im — G22)1G21)A11Y>

which implies p1(Ga2) < 1. Therefore, with Theorem
1, the boundary-layer system (12)-(13) is exponentially
stable in L?-norm and HZ?-norm. This concludes the
proof of Proposition 1. O

The stability criterion p;(G) < 1 is a sufficient condi-
tion for stability of the reduced system (8)-(9) and the
boundary-layer system (12)-(13). On the other hand, the
stability of the two subsystems does not guarantee the
stability of the overall system (1)-(2). To see this, let us
consider the following example. Let A; = A2 = 1 in (1)
with n = m = 1. The boundary condition of the sin-
gularly perturbed system in (2) is chosen as G1; = 2.5,
G12 = —1, G = 1, Gos = 0.5. The boundary condition
of the reduced system in (9) is computed as G, = 0.5.
It holds p1(G,) < 1. By Theorem 1 the reduced sys-
tem (8)-(9) is exponentially stable in L?-norm and H?-
norm. The boundary condition of the boundary-layer
system in (13) is Ga2 = 0.5. It holds p1(G22) < 1. The
boundary-layer system (12)-(13) is exponentially stable
in L2-norm and H?-norm according to Theorem 1. Now
let us check the stability condition p;(G) < 1, which is
equivalent to find a diagonal positive matrix A such that
[AGA™Y| < 1 and it is in fact equivalent to (see Coron
et al. (2008) section 4)

GTA%G < A% (20)

There is no loss of generality to look for A = ((1) 2)
Straightforward computations show that there is no
such matrix A which satisfies the condition (20), thus
p1(G) > 1. Note that, Proposition 3.7 in Coron et al.
(2008) implies that p1(G) < 1 is a necessary and suffi-
cient condition for stability of linear hyperbolic systems
with dimension 1 to 5. As this example is a linear sin-
gularly perturbed system of two conservation laws, it
is not exponentially stable neither in L?-norm nor in
H?-norm, although the reduced and boundary-layer
systems are both exponentially stable.

See also Tang et al. (2013) where under the exponential
stability of the both subsystems, an additional condi-
tion is introduced for the exponential stability of the
linear singularly perturbed system.

4 Approximation theorem for linear singularly
perturbed system of conservation laws

A Tikhonov like theorem is given in this section. It
presents how solutions to the linear singularly perturbed
system of conservation laws (1)-(2) can be approximated
by solutions to the reduced system (8)-(9). It is based on
the stability condition we considered in the last section.

Theorem 2 Consider the linear singularly perturbed
system of conservation laws (1)-(2). Assume that the
boundary conditions G satisfy p1(G) < 1, then, for all



initial conditions y® € H?(0, 1) satisfying the compatibil-
ity conditions y°(0) = G,y°(1), Ay2(0) = G Ay2(1),
and z € L*(0,1), there exists positive values €*, C, c’
and w such that for all0 < € < €* and for allt > 0,

ly(.,t) = G(, )72 < Cee™", (21)

/ ||Z(,t) — (I — G22)71G21g(1,t)||%2dt < CIE. (22)
0

Before stating the proof of Theorem 2, let us first perform
the following change of variables

n(z,t) =y(z,t) — y(z,t),
5(I,t) = Z(I,t) — Im — Ggg)ingly(Lt),

where 7 is the error between y in the full system and 7 in
the reduced system, ¢ is the error between z in the full
system and its equilibrium point (I,,, —Ga2) ~*Ga15(1, t).
In the new variables (7, 0), the system is

e + AlT}x = 0,
65t + Ag(sz = E(Im - G22)71G21A1gz(1,t).

(23a)
(23b)

The boundary conditions are calculated as follows

n(0,t) =y(0,t) — y(0,t)
= Guy(l, t) + G122(17 t) — G,g(l t)

ey (y(l,w - y(l,w)
+Gh2 (2(1-, t) — (I, — Ga2) ' Ga19(1, t))
= G117](1-, t) + Glgé(l, t),
and

5(0,8) = 2(0,t) = (I, — Ga2) "' Gn9(1, 1)
=Gny(L,t) + Gaoz(1,t) — (I, — G22) ' Gy(1,t)

— G (3(1.0) - (1.0

+G222(17t) + <<Im - (]m, - G22)_1>G21y(1:t)>

- Ggl/l](l, IL) + G225(1, IL)

We summarize the boundary conditions for system (23)

as follows
0,t 1,t
UCDANITLICUAY (24)
5(0,1) 5(1,t)
Let consider the following Lyapunov function candidate
for system (23)-(24)

1
Vi(n.6) = / e (T Qy + 6T PS)dz, (25
0

with > 0, @ a diagonal positive matrix in R™”*" and
P a diagonal positive matrix in R™*™,

The time derivative of V(7, §) is estimated in Lemma 1.

Lemma 1 Ifthe boundary conditions satisfy p1(G) < 1,
then there exist a positive value p and diagonal positive
matrices P and @Q such that for alle > 0 and k > 0, it
holds

1
Ve(n,8) < —u/ e 0T QAyndz
0
€| P(Im — G22) ' Ga1 A | /1 —pw 5T
(u N (PA) ; e 0" PAoddx
+6||P(Im — Ga2) 'Ga1 Ay
K

L., epp. (26)

Proof. Computing the time derivative of V,(n, d) along
(23) and integrating by parts yield (see Diagne et al.
(2012))

Vo(n,8) = Ny + Ny + N3 (27)
with:
N, = f(ef”InTQAm)zié - (67”I5TPA25)22(1), (28)
1
Ny = f,u/ e H* (UTQAm + 5TPA25) dz, (29)
0

1

Ny = 2 / 15T P(L, — Gan) ™ Gy Argia (1, )da.(30)
0

Using boundary conditions (24), the first term N7 follows

Ny == (e QA1)
~(Gan(1) + G ()T QMG + Gad(1) )
—(e_“(ST(l)PAQCS(l)
—(Gorn(1) + G226(1))T PAo(Ga1m(1) + G225(1))).

(31)

Developing and reorganizing (31), we obtain

o (1) (eran 0 ()
' 5(1) 0 e nPAy) \5(1)
n(1) '
0

N ( (1 ) (GlTlQAlGH + G, PAyGoy
1)

( *

GT QA G + GL PAyGas ) (n(1)>
G§2PA2G22 =+ G?QQAlGlg 5(1)



(32)

Since p1(G) < 1, let A = ( ) such that
u
Q

[AGA™L|| = o* < 1, there exists 0 <
Choosing matrices ) and P such that
P = A3A; % it follows

< —2Ino*.
= A%Al_lv

N < - <’7(1;> (e7h A% — 5*2A2) <Z(1;> <0, (33)

5(1

The second term N, is always non positive.
According to Cauchy-Schwarz inequality, the third term
N3 is bounded as follows

1

Ny < 2¢| P(L,n — GQQ)—1G21A1||/ 15| 7 (1, £)|d.
0

By Young’s inequality, for all x > 0, it holds

1
N3 g EIﬁJ”P(Im — G22)71G21A1H / 67Mz|5‘2d1'
0

P(I;, — Goz) 1Gor Ay || !
P =) Gl [ 1,0 P
0

(34)

Combining (29), (33) and (34), we obtain

1
Ve(n,9) S—u/ e " T QA nda
0

k|| P(Im — G22)_1G21A1||) /1 —pa T
_ _ e M5t PAyddx
<M Amin (PAs2) 0 2

P(I;, — Goz) LGorAq|| !
Al =) Gl 7w 1,0 P
0

K
This concludes the proof of Lemma 1. O

By Poincaré inequality |7, (1,t)| is bounded as follows

1
‘:l]z(17t)|: / (xyzz""yz)d‘r
0
1
</ (Iym|+|yx|+|y|>dw
0

< VBI5(, ) e (35)

Thus, in order to bound the term |g,.(1, t)|, it is necessary
to analyze the stability of the reduced system in H?-
norm.

Since we choose the initial condition of the reduced sys-
tem 7° = y9, thus y° € H?(0,1) and the compatibility

conditions 7°(0) = G,7°(1) and A152(0) = G,A152(1)
are satisfied. The estimate of ||(.,¢)||%. is given in the
following Lemma 2.

Lemma 2 If p1(G) < 1, let i as in Lemma 1, there ex-
ists a positive value Cy such that for any initial condi-
tion y° € H?(0,1) satisfying the compatibility conditions
7°(0) = G,4°(1) and A15°(0) = G, A132(1), it holds

15 )32 < Coe A8 g0 30, ¢ > 0. (36)

Proof. 3° € H?(0,1) and the compatibility conditions
imply that 3(.,t) € H?(0,1) for all ¢t > 0. Therefore we
consider the following Lyapunov function candidate for
the reduced system (8)-(9)

1
Vi(7) = / e M (g Qi + U Qalia + U1 Qs¥ae ) da
0
L (37)
where @1, Q2, Q3 are diagonal positive matrices in R™*™.
We rewrite V1 (y) as
Vi(7) = Vio + Vi1 + Via,

with .
Vio =/ e " yT Q1yde,
0

1
‘/11:/ e Myl QoY de,
0

1
V12 = / e_wﬂszfinxzd%
0

Computing the time derivative of Vo along (8) and in-
tegrating by parts we have

1

1
Vip = —[e " 5" QuMg),_, #/ e My QuAd.
0

(38)
Using the boundary condition (9), it follows from (38)

Vip = <e “gT(1H)Q1A(1) — (GTﬂ(l))TQlAl(Grﬂ(l))>
1 —
—,u/ e gl Q 1 A gda. (39)
0
Developing and reorganizing (39) we get
Vio = -7 (1) (6_“(211\1 - G?QlAIGr> y(1)

1
—u/ e "l QA gde. (40)
0



Similar to the proof of Proposition 1, we show that
[AGA~!| < 1 implies [|A;G, AT < 1 which is equiv-
alent to A? — GTA2G,. > 0. By selecting Q, = AIAT!,
it is deduced from (40)

1
Vip < —u/ e Pl QA jdz. (41)
0

Differentiating system (8) with respect to x yields
Yot + Alng = 07 (42)

differentiating (9) with respect to ¢t and using (8), the
boundary condition is calculated as

J2(0,8) = AT G A1 7.(1, ). (43)

Computing the time derivative of V;; along (42) and
integrating by parts we have

1
y —uz-T A _ qx=1 —uz -T A _
‘/11 = —[e = ngZAIy"E]?{::O —/,L/ e M szQ2Alyzdx
0
(44)
Using the boundary condition (43), it follows from (44)

Vip=— <e‘”y£(l)Q2A1yw(1)
— <A11GTA1yx<1))TQ2A1(A11GTA1yI(1>>>
1 —
— u/ e My Qo N1y da. (45)
0
Developing and reorganizing (45) we get
Vip = —g5 (1A (6_“1\1_1@2 - GzAlezGr> A17.(1)
1
— u/ e gL Qo Ny pd. (46)
0

Similarly, by selecting Q2 = A;A2, it is deduced from
(46)

1
Vii < —M/ e MY Qe Ypda. (47)
0
Differentiating system (42) with respect to z yields

differentiating (43) with respect to t and using (42), the
boundary condition is calculated as

Uoz(0,1) = AT2G A2 5,0 (1, 1). (49)

Computing the time derivative of Vi5 along (48) and
integrating by parts we have

=1

Vig = — [e_“z?ngSAlgw)]xzo

1
- M/ e_wyngz’,A@md% (50)
0
Using the boundary condition (49), it follows from (50)
‘./12 == <6_Mygz(1)Q3A1yxz(1)
- (AIQGTA%gmx(l))TQSAI (A12GT’A%ym¢(1))>
1 —
- ,LL/ eiumgerSAlgmrdlz (51)
0
Developing and reorganizing (51) we get
Viz = =1, (1)A? (6”A12Q3A11
- GIAP QG ) A1)
1 —
- /1'/ e_lmgfoSAlyzxdx' (52)
0
By selecting Q3 = AZA2Ay, it is deduced from (52)
. 1 —
‘/12 < _//"/ e_#mgg‘xQSAlgmxdl‘- (53)
0

Combining (41), (47) and (53), Vi(7) follows
Vi(9) € —pAmin (M) VA (D). (54)
Therefore, there exists a positive value Cy such that
15 )32 < CoeAmim B0 |50 5.
This concludes the proof of Lemma 2. O

Let us state the proof of Theorem 2.

Proof. Combining (26) in Lemma 1, (35) and (36) in
Lemma 2 yields

1
Ve(n,6) S—u/ e 0" QAynda
0
EKZHP(Im — G22)_1G21A1|| /1 —pa 5T
— — “THE PA
(u v (PA2) ; e Hr§ 20dx

3eCO|P(I,y, — Ga2) " 1Gar1 A1 _ . _
+ || ( m - 22) 21 1”e ’L/\W"(Al)t||yo\\12q2~ (55)




. _ UAmin (PA2)
By choosing k = S P Gas) T Garia] e get

6¢>Col| P(Im — G22)_1G21A1||26—u

Amin (A1)t]] 502

(56)

Where 6 = Inin (Amin(Al)y )‘min (AQ)) .
With Apin(A1) > 2, it follows from (56)

Ve(n,8) < e TV (n°,6°)
662CO||P(Im - G22)_1G21A1”2€_

3

Note that

e Amin(Q) 01|72 + €6 *Amin(P)[16]|72
< Ve(n,d)
< QI InllZ + €llPIl [I5]17-- (58)

It follows that

et

< 2 (2P, 6
)\mzn(Q) ‘ ’

6e°Col|P(I;m — Go2) "G M| _wsy g9
+ sty g0p3,
12 Amin (P As2) ()\mm(/\l) - 5)

InC )z < Ve(n, 0)

et LB
< —==t 012 012
Sy ( (0N 1P + el P 15°13:)

une LU G22>‘1G21A1”2@—“ft||y0|%f>

as 40 = ¢°, i.e. n° = 0, therefore

(., )12 < eCae™ 4|62
I 6€2COCQHP(Im — Ggg)_1G21A1H2 B

~g11
9 5 Y llg2-
H2 Pl Ain(PA) (Amin(A1) = §)

where C, is a given positive value. Thus we get the esti-
mate

_uB
(-, t) = G, t)[|72 < eCae™ 2 |0°|I72
n 6620()Ca||P(Im — Ggg)_nglAle B
P2 || Pl[Amin (PA2) (Amin(AI) - g)

BBy _
= |50 7

This proves (21).

Remarking the first term in the right hand side
part in (55) is negative and taking the same k =

.U‘>\min(PA2)
2€||[P(Im—Ga2)~1G21 A

yield

Ve(1,9) < =S¢ " Mnin(PA2)[5C D72
+66200||P(Im — G22)71G21A1H2 e

A A0,
(59)
Performing the time integration of both sides of (59) and
using tl}+mm Ve(n,d) = 0, we get
0= Vel 8") <~ e N (PA) [ 150 ) e
0

+6€2CO||P(Im — Ga2) 'Ga1 Ay
MQ)\mm(PAz))\mm(Al)

[
197172

(60)
Reorganizing (60), we have

° 2et
S )|2edt < ———— [ V. (n°,8°
| sl ,MMPAQ)( o)

6€°Co||P(In — G22) "G Mi|I* | g2
177 1= |-

Therefore with (58) and 7° = 0, it follows

o0
/ 16(., )IZ2dt < eCorll6®|[ 72 + € Crallg” 172,
0

where Cy; and Cps are positive constants. This is equiv-
alent to

/ lz(.,t) — (I;m — G22)71G21§(1at)||%2dt
0
< 60b1||§0||2L2 + 620172”370”%127

and proves (22). This concludes the proof of Theorem 2.
O

Corollary 1 There exists C" > 0 such that if 20 is the
equilibrium point, that is 2° = (I, — Ga2) 1G215°(1),
then for any ¢ € H?(0,1) and fort > 0, the following
estimate holds,

I2(.,t) = (I, — Ga2) ' G 5(1,1)]|2:, < C"ee™t. (61)

Proof. The proof of this corollary is similar to that of
Theorem 2. Due to (57) and (58), since n° = 0 and



69 = 0, therefore

16, )17
6CoCy||P(I — Ga2) 'Gor Ay ||> _usy,
<e L Al
/lQAnlin(PA2) <)\min(A1) - §>
where Cj, > 0. This proves (61). O

5 Application to a gas transport model
5.1 System description

In this section, we consider a gas transport model which
is an example of linear singularly perturbed system of
conservation laws to illustrate the results of Sections 3
and 4.

The gas dynamics through a tube with constant cross
section, where all the friction losses and heat trans-
fers are neglected, are usually modelled by the follow-
ing Euler equations as considered in Winterbone (2000),
Castillo et al. (2012).

Wy + AW, =0, (62)
1
U U O;
withW=|p|, A= p v 0

S

p a’p 0
where
e u = u(x,t) stands for the gas velocity at location z in
[0,1] (we assume that the length of the tube equals 1)
and at time t,
e p = p(x,t) represents the gas density,
e p = p(z,1) is the gas pressure,
e ¢ is sound speed in ideal gas.
The system (62) admits a steady-state u*, p*, p*. The
deviations of the state u, p, p with respect to the steady-
state are defined as

*

U =1u—1u",
p=p—r,
p=p—p"

Then the linearization of system (62) at this equilibrium
is

W, + A*W, =0, (63)
N . 1
) i U 0 >
withW=|p], A" = p* ut 0
ﬁ a*2p* 0 u*

Let perform a change of coordinates for (63) to diago-
nalize A*,

S=L"'W,A=L"1AL. (64)

0 1 1
where L= |1 —£ £
a a

We obtain the following diagonal hyperbolic system of
conservation laws

S; +AS, =0, (65)
u* 0 0
withA=1] 0 u*—a* 0
0 0 u* + a*

Assume that the propagation speed of gas is much slower
than the sound speed, i.e. u << a. By performing the
change of spatial variable S4(1 — z,t) = Sa(z,t), we
may assume without loss of generality that the matrix

A > 0. A small positive value can be defined as € = Z—

and we use a new time scale £ = u*t, then (65) can be
approximated by a linear singularly perturbed system of
conservation laws

S 100\ (S
syl +]0 L ol]sy| =0 (66)
Ss/~ \0 0 1) \Ss

t x

The boundary conditions needed to be imposed in sys-
tem (66) can be expressed as follows

51(0,t) S1(1,¢)
S5(0,1) [ = G | S5(1,1) |, (67)
S3(0,1) S3(1,1)
g11 912 913
where G = | go1 goo go3
931 932 933

In system (66), S stands for the slow dynamics and S},
Ss stand for the fast dynamics. Following the definitions
of the two subsystems in Section 2, the reduced system
of (66) and (67) is computed as follows

S+ 51 =0, (68)
with the boundary condition

51(075 = Grgl(]-vﬁv)a (69)

-1

g22 g23 921
where G, = 911+(g12 913) I - ’
932 g33 931

The boundary-layer system is

S5 Sp\
SRER



with the boundary conditions

(sg(o,%)) o (sg(w))
S5(0,7) S5(1,7))

where Gy = <922 g23>, T=
932 333

ol

5.2  Boundary conditions

The plant is equipped with two fans located at each end
of the tube, the rotation speed of each fan is seen as
control action. The gas mass density at the output and
the gas pressure at both ends of the tube are assumed to
be measured. Precisely, we consider here the following
boundary conditions for system (62):

1. The first boundary condition describes the operation
of the inflow fan (see the fan specification map in Witrant
et al. (2008)). It controls the input flow:

w(0,t)a = greo(t)(p(0,t) = pin), (72)

where « is the constant cross section of the tube, gy is

a constant coefficient, ¢o(t) denotes the rotation speed
which is a control input, and p;, is a constant pressure
before the inflow fan.

2. The second boundary condition is given by the outflow
fan which is used to control the output flow:

U(L t)Ot =grc1 (t)(pout - p(17 ))a (73)
the control input is noted c; (t~) and poy: is a constant
pressure behind the outflow fan.
3. The third boundary condition is a physical constraint,
noting that the change of gas density through the input
fan is small because of the pressure at the boundary
2 = 0 is near atmospheric pressure, (see Castillo et al.
(2012)):

p(0,t) = p/, (74)
where p’ is a constant value.
After the linearization of the above three boundary con-
ditions, we have the following boundary conditions for
system (63):

a(o,Qa = gf[ao@(p* — Din) + cS;ﬁ(O,tNB, (75)
a(1,t)a = gré1(t)(Pour — P*) — c1B(1,1)], (76)
p(0,1) =0, (77)

where cj, c¢] are the constant control actions at the

equilibrium (u*, p*,p*). é(t) = co(t) — ¢t and é(t) =

e (t) — cf.
For a suitable choice of the control inputs co () and ¢; (¢),
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and for constant values go1, go3 # 1, g32 # 1 in R, the
following conditions are equivalent to (75)-(77).

0.5 =0 g5

51(0,% = (78)
S5(0,£) = g2151(1, 1) + g2353(1, %), (79)
S3(0,) = gs2S5(1,1). (80)

More precisely from (64) and (80), under the condition
gs2 — 1 # 0, we can compute 4(0,¢) as a function of

p(0,1),
1+ g32

a*p*(gs2 — 1)

and substituting (81) into (75), the control action at
input of the tube is

a(0,t) = $(0,1), (81)

a(l+g32)

. S (952 —1)
co(f) = ¢ + 4L
() 0 p*_pzn

_CS

p(0, ).

(82)

Similarly, due to (64), (76) and (79), under the condition
1 — go3 # 0, the control action at output of the tube is
given by

a(a”(14g23)—2p" go21)

+c

~ * a*2 *(17923) 1 N ~

c(t)y=cr 22 °° p(1,t

( ) ! Pout 7p* ( )

2aga1
95 (1—=923) ~r1 3

+ —=—p(1,¢). 83
pout—p*p( ) (83)

Since the outputs of (62) are the gas pressure at both
ends of the tube and the gas mass density at the output,
the control actions ¢o(t) in (82) and ¢; () in (83) are the
feedback laws.

The boundary condition G in (67) is written as follows

0 p*(1—ga2) 0

G=|gn 0 923 (84)
0 932 0

To ensure that the boundary conditions matrix G satis-
fies p1(G) < 1, a straightforward choice for A is A = I3,
then

0 P (1:932) 0

a

AGA™ = | gy 0 g

0 g2 0
Straightforward calculations show that ||[AGA™!|| < 1
holds if and only if go1, go3 and g3z can be selected as

g5 + 955 < 1,

p*Q(l _ 932)2

2
<1
a*2 + 932



5.8  Numerical solutions

To numerically compute the solutions of (66) and (68),
let us discretize them using a two-step variant of the
Lax-Wendroff method which is presented in Shampine
(2005b) and the solver on Matlab in Shampine (2005a).
More precisely, we divide the space domain [0,1] into
100 intervals of identical length, and 3 as final time. We
choose a time-step dt = 0.9edzr that satisfies the CFL
condition for the stability and select the following initial
functions:

SY = 8Y = cos(4mr) — 1,
S = sin(5mx),
SY = —sin(57x).

The boundary conditions (84) are given by go1 = 0.1,
gos = 0, gso = 0.2, a® = 340, p* = 1.2. The condition
p1(G) < 1 holds, thus Proposition 1 and Theorem 2 ap-
ply.

In the following figures and tables, 1, §; and d2 denote:
n= Sl - Sly _ .

. 51 - Sé - %Sl(la)7

ke 53 - 13212?;32 Sl(l’ ) _
Figure 1 shows the time evolution of the solution S; for
the reduced system (68)-(69). It is observed that S; con-
verges to the origin as time increases, as expected from
Proposition 1. Time evolution of 7 is shown in Figure 2.
It is found that the error between S; in the singularly
perturbed system (66)-(67) and S; in the reduced sys-
tem (68)-(69) is small and close to 0 as time increases.
Figure 3 and Figure 4 represent the time evolutions
of §; and 62, which are the differences between S5, S

and their equilibriums 22— 8, (1,1), ;21925 (1,¢)
923932 923932

respectively. The differences decrease to 0 as time in-
creases.

Table 1 gives the evolution of square of L?-norm of 7
with the different values of €. It indicates that the dif-
ference between S; in (66)-(67) and S; in (68)-(69) is
near zero, and it decreases as € decreases. Table 2 shows
that the time integrals of square of L?-norm of 6; and
02 decrease as € decreases, and they are close to zero, as
expected from Theorem 2.

Solution of S

Fig. 1. Time evolution of the solution S; in the reduced
system (68)-(69).
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-5 Value of 7

Fig. 2. Time evolution of n which is difference between S1
in the full system (66)-(67) and S in the reduced system
(68)-(69).

-3 value of &

b

Fig. 3. Time evolution of d; which is the difference between
S5 and its equilibrium —21L— G, (1,¢).

1—g23932

-3 value of 5,

Fig. 4. Time evolution of d2 which is the difference between

S3 and its equilibrium 2219325, (1, ¢).
Table 1
Evolution of square of L?-norm of 7 for different e
€ 0.004 0.003 0.001
In(.,t=15)|2. | 7.0x 107" | 3.1 x 107" | 7.9 x 107*?

Let us define ¢, which is the difference of the solution
of the slow dynamics between (66) and (65) with the
same boundary conditions matrix (84). Table 3 shows
the value of square of L?-norm of ¢ for different e. It is



Table 2
Evolutions of time integral of square of L?-norms of §; and
d9 for different €

€ 0.004 0.003 0.001
J2N61]22dt | 52x107° | 2.3x107% | 5.8 x 1077
B162])122dt | 1.5x107% | 6.5x1077 | 1.6 x 1077
0 L

observed that ¢ is small and close to zero. This motivates
the approximation of (65) by (66).

Table 3
Evolution of square of L?-norm of ¢ for different e
€ 0.004 0.003 0.001
lle(,t=15)|2. | 1.3x107" | 27 x 1071 | 1.7 x 107'7

6 Conclusion

It has been considered a linear singularly perturbed sys-
tem of conservation laws. The reduced system and the
boundary-layer system have been computed. In Propo-
sition 1 it has been first explained how to apply the sta-
bility condition for the full singularly perturbed system,
p1(G) < 1, to the two subsystems stability analysis.
However, a counter example has been given to show that
the stability of the two subsystems does not guarantee
the stability of the overall system.

Then in Theorem 2 it has been shown that, under the
stability condition p;(G) < 1, the solution of the linear
singularly perturbed system of conservation laws can be
approximated by the solution of the reduced system.
This theorem has been applied to a gas transport setup
which can be modelled by a singularly perturbed system
by employing the fact that the propagation speed of gas
is much slower than the sound speed.

This work leaves many open questions. It is natural to
extend this work to systems of balance laws. Another in-
teresting point is to consider some other physical appli-
cations, like open channels as considered in Dos Santos
and Prieur (2008). The nonlinear case in Coron et al.
(2008) will be also considered in the future works.
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